TRUONG THPT CHUYEN HA LONG DE THI OLYMPIC CAC MON CHUYEN
(D& thi c6 01 trang) DANH CHO HOC SINH THCS LAN THU II, NAM 2025
Mon thi: Toan

Thai gian lam bai: 150 phat, khong ké thoi gian giao dé

Cau 1: (4 diém)
a. Cho hai s6 thuc phan biét a,b # 0, théa man
a® + 2ab = 3b%.

(a+b)(a+2b)

Tinh gia tri biéu thic P = (@ D)a_2D)

3r(r+y—2)=2y

b. Giai hé phuong trinh:
ylx+y—1)=9z

Cau 2: (4 diém)
a b c 3
> —
1+b2+1+c2+1+a2 -2

a. Cho ba sb thuc duong a, b, ¢ théa man a+b+c = 3. Chitng minh rang:
b. Cho mot chiéc hop trong d6 c6 4 vién bi dé, 5 vién bi xanh va 6 vién bi vang, cac vién bi duge coi
12 khac nhau. C6 bao nhiéu cach 13y ra 4 vien bi, sao cho cac vién bi lay ra c6 di cd 3 mau?

Cau 3: (7 diém) Cho tam giac nhon ABC noi tiép (O). Ké cac dudng cao BE,C'F cit nhau tai H véi
E € AC,F € AB. Trung truc ciia doan thing HB cit canh BC tai M. Trung truc ciia doan thing HC
cat canh BC tai N. Dudng tron (M; M B) cit canh AB tai diém J khac B. Duong tron (N; NC) cit canh
AC tai diém I khac C.

a. Chtng minh ring cac diém I, J, B, C cling thuoc mot duong tron.

b. Goi P la giao diém khac H ctia (M; M B) va (N; NC). Chitng minh ring P la giao diem khéac A cia
AH va (0).

c. Lay @ la giao diém khac C ctia duong tron ngoai tiép tam giac PFC va AC. Chting minh ring Q
la trung diém ctia Al.

Cau 4: (4 diém)

a. Chitng minh rang néu boi chung nhoé nhat va uéc chung 16n nhat ctia hai s6 nguyén duong a,b déu
1a céc s6 chinh phuong thi a,b ciing 1a cac s6 chinh phuong.

b. Tim tat cd cac s6 nguyen duong = dé A = 423 4+ 922 — 10z — 15 1a s6 chinh phuong.

Cau 5: (1 diéem) Cho 20 diém phan biét gom 10 diém mau xanh va 10 diém mau dé trén mat phang,
trong d6 khong c6 3 diém nao thang hang. Chitng minh ring ta cé thé ding 10 doan thang néi méi diem

xanh véi mot diém dé tuong tng sao cho 10 doan thing nay doi mot khong c¢6 diém chung.
HET

Thi sinh khong dugc s dung tai lieu. Can bo coi thi khong gidi thich gi them.



TRUONG THPT CHUYEN HA LONG HUOGNG DAN CHAM THI OLYMPIC CAC MON CHUYEN
(Huéng dan cé 5 trang) DANH CHO HOC SINH THCS LAN THU II

Moé6n thi: Toan

Cau So luoe 1% gidi Diém

1(4,0d) | a. Cho hai s6 thic phan biét a,b # 0, théa man

a? + 2ab = 3b°.
, b 2b
Tinh gia tri biéu thic P = (a+b)(a+ )
(a —b)(a — 2b)
Z 2 - b
Bién doi tuong duong: a® + 2ab = 3b* < (a — b)(a + 3b) =0 & ¢ . 1
a=—3b

Két hop gia thiét, loai truong hop a = b, ta con lai a = —3b.

thay vao P: 1
p_ (atb)(a+20)  (=3b+b)(=3b+2b) 1
T (a—b)(a—2b)  (=3b—0b)(—=3b—2b) 10

1
Vay P = —.

3r(x+y—2) =2y

b. Gidi hé phuong trinh:
y(r+y—1) =9z

Nhan theo vé cia hai phuong trinh, phan tich thanh nhan t roi riat gon ta dugc: 1
xy =0
zy =0
3ry(z+y—2)(z+y—1) = 182y & S| x4+y—4=0 .

(x+y—2)(x+y—1)=6
r+y+1=0

Tu day, hoac xy = 0 hoac x +y =4 hodac z +y = —1.

TH1: Néu z = 0 (tuong tng y = 0), thay vao he ban dau ta dugc y = 0 (tuong ting 1
z =0).

TH2: Néu z + y = 4, thay vao he ban dau ta duge (x,y) = (1, 3).
TH3: Néu z + y = —1, thay vao hé ban dau ta duge (z,y) = (;, —g)
Thit lai, ta két luan heé da cho c6 3 nghiém nhu tren.

a,b,c>0 ‘ N a b c 3
2(4,0d) | a. Cho . Chitng minh rang: 5+ 5+ 5> 5
a+b+c=3 1+b 1+c 1+a 2
Ap dung bat ding thic AM - GM: 1
a a(l + b*) — ab? ab? ab? ab
= =a— Za——F—=a— —.
1+ 0? 1+ b2 1402 2b 2




Cau So luge loi giai Diéem
Tuong tur véi hai bicu thiic con lai, cong vé véi vé ta duge 1
2 4 b > (a+b+c)—l(ab+bc+ca) ZS—l.M = §

1+ 14 1+a? 2 2 3 2
Ding thic xdy ra < a=b=c = 1.
b. Cho mot chiéc hop trong dé cé 4 vién bi dé, 5 vién bi zanh va 6 vién bi vang, cdc
vién bi duoc coi la khdc nhau. C6 bao nhiéu cach lay ra 4 vién bi, sao cho cdc bi lay ra
co du cd 3 mau?
Ta tinh s6 cach chon 2 bi trong s6 n bi (n > 2): 2

e Chon bi dau tién, c6 n cach.
e Chon bi tha hai, ¢c6 n — 1 cach.

Tuy nhién v6i mot cach lay, bi thit 2 ¢6 thé duge lay ra trude nén mdi cach duge tinh
N P . P C.onn—1

2 lan, suy ra so cach chon 2 bi trong so n bi la g

Tré lai bai toan, 4 bi ¢6 di 3 mau, ta c6 3 trusng hop:

4.3
TH1: 2 d6, 1 xanh, 1 vang, c6 7.5.6 = 180 cach.
5.4
TH2: 1 do, 2 xanh, 1 vang, c6 4.7.6 = 240 cach.

f 6.5
TH3: 1 do, 1 xanh, 2 vang, c6 4.5.7 = 300 cach.
Vay tat ca c6 720 cach.

3(7d)

Cho tam gidc nhon ABC ngi tiép (O). Ké cic duong cao BE,CF cat nhau tai H vdi
E € AC,F € AB. Trung truc cta doan thang HB cdit canh BC tai M. Trung truc
ctia doan thing HC' cdt canh BC' tai N. Duong tron (M; M B) cat canh AB tai diém
J khdic B. Duong tron (N; NC) cit canh AC tai diém I khdc C.

a. Ching minh rang cic diém I,J, B,C cing thuoc mot duong tron.

b. Goi P la giao diém khdac H cia (M; MB) va (N; NC). Chitng minh ring P la
giao diém khic A cia AH va (O).

c. Lay Q la giao diém khdic C cia duong tron ngoai tiép tam gidc PFC va AC.
Chang minh rang Q la trung diém cia Al




Cau So luge loi giai Diéem
Q
E
A |
F
]
H
J
M D
B N
=]
a. Ta c6: N la tam duong tron ngoai tiép tam giac HIC nén 1
HIA=90°— NCH =90° — HCB = ABC'

Béi vi B, E,C| F cung thudc duong tron duong kinh BC' nén FEA = ABC.
Suy ra duge EF || HI. Tuong tu HJ || EF. 1
Do d6 nén H,I,J cing thuoc 1 duong thing song song véi EF.
= AIJ = ABC. 1
= IJBC noi tiép.
b. Taco MH = MP;NH = NP nén M N la trung tryc ctia HP. 1
Ta lai c6 BC = M N nén BC la trung tryc cua HP.
= HP 1 BC vado d6 nén H, P, A thing hang.
Ta c6: 1

PBC = HBC = 90° — ACB = HAC = PAC

= P, A, B,C cung thudc 1 dudng tron.
Do d6 nén P la giao khac A cia AH va (O)




Cau So luge loi giai Diém
c. Goi K la giao diém khac C ctia HC va (O). Trude hét ta ching minh F' 13 trung 1
diém ctia HK.

Ta c6: BKH = BKC = BAC va BHK = BHF = 90° — HBA = BAC
— BHK = BKH = BK = BH,
Lai c6 BF 1 HK tai F nén F la trung diém cta HK.
Ta c6: PKH = PKC = PAC = PAI, PHK = 180° — PHC = 180° — PIC' = PIA
= APHK ~ APIA(g — g).
Bé6i Q, F, P,C cung thuoc 1 duong tron nén I/QTD = C{Q\P —HFP. 1
Lai c6 PIQ = AIP = KHP = FHP néen APIQ ~ APHF.
Suy ra :
HF PH HEK
10 Pl 1A
TacéHFz%nén]Q:%.
Do d6 nén @ la trung diém ctia T A.

4(4d) | a. Chitng minh rang néu boi chung nhé nhat va udc chung ldn nhat cia hai $6 nguyén
duong a,b déu la cic s6 chinh phuong thi a,b ciing la cdc s6 chinh phuong.
bat a = day, b = dby v6i d = ged(a, b). 1
Khi d6 ged(ay,b1) = 1 va lem(a, b) = dayb; 1a s6 chinh phuong.

Theo dieu kién dé bai d cling 14 s6 chinh phuong nén a;b; 14 s6 chinh phuong.

Lai ¢6 ged(ayg, by) = 1 nén ay, by déu la cac s6 chinh phuong. 1
Ta c6 a = day;d;a; déu la cac s6 chinh phuong nén a la s6 chinh phuong. Tuong ti b

12 s6 chinh phuong.

b. Tim tat cd cic s6 nguyén duong x dé A = 4a® + 92® — 10z — 15 la s6 chinh phuong.

Gia stt x 1a s6 nguyen duong can tim. Xét 2 < 3, ta thay chi c6 z = 3 théa man. Dé y 1
rang 4z° + 92? — 10z — 15 = (z + 1) (42? + 5z — 15) va xét = > 3 thi ca hai nhan tit déu
duong. Dat d = ged(z + 1;42% + 5z — 15) € {1;2;4;8; 16}, ta c6 cac truong hgp sau:

TH1: Néu d € {1;4;16}. Khi d6 4% + 5z — 15 1a s6 chinh phuong, nhung (2z)? < 1

42% + 5x — 15 < (22 + 2)? v6i moi x > 3 nén 42% + 5x — 15 = (22 + 1)2. Gii ra duge
x = 16, thit lai khong thoa méan.
TH2: Néu d € {2;8}. Khi d6 42* + 5z — 15 = 2m? hay

(87 + 5)* — 2(4m)* = 265.

Dé thay 8z + 5 chia hét cho 5 khi va chi khi 4m chia hét cho 5, nhung khi d6 vé trai
chia hét cho 5? (mau thuén). Con néu 8z + 5 va 4m khong chia hét cho 5, xét modulo
5 vé trai ciing khong chia hét cho 5 (mau thuén).

Vay = = 3 la gia tri duy nhat théa man dé bai.




So luge i gidi

a. Cho 20 diém phan biet gom 10 diém mau zanh va 10 diém mau dé trén mdat phdng,
trong dé khong cé 3 diém nao thang hang. Ching minh ring ta cé thé dung 10 doan
thang néi moéi diem zanh vdi mot diém dé tuong ung sao cho 10 doan thdang nay doi

mot khong cé diém chung.

Ta thiy ring khi néi mdi diém xanh v6i mot diem dé tuong ting, ta chi c6 hitu han
cach ndi (cu thé 1a 10! cach). Gia st réng trong cac cach ndi dé c6 mot cach ndi T ma
tong do dai cac doan thang la nhé nhat. Néu & cach ndi T nay c6 hai doan thang cat
nhau:

R, By

=

Ry By
Nhu & trén hinh minh hoa, cac diém Ry, Ry mau d6 va cac diém B, B, mau xanh sao
cho R, B; cat RyB, tai X. Khi d6 ta xét cach noi 7" duge tao thanh tir viéc giit nguyén
cach noéi T cho céc diém con lai, ngoai trit viec ta sé nbéi Ry By va RyBy:

Ry By
[ °

[ ]
Ry By

R6 rang theo bat dang thiic tam giac thi Ry Bo+RoBy < (XRi+XBy)+(XRy+XB)) =
R B, + RyB,. Do ngoai 4 diém nay, cac diém con lai ctia cach ndi 77 duge ndi y het T

nén T’ c¢6 tong do dai cdc doan thing nhé hon T (mau thuan). Vay cach néi T khong

c6 hai doan thang nao cat nhau.

Huéng dan khi cham:

1. Huéng dan cham nay chi trinh bay so luge bai gidi. Bai lam ctia hoc sinh phai chi tiét, 1ap luan chit

ché, tinh toan chinh xdc méi duge diém t6i da. Cac cach giai khac néu ding van cho diém. T6 cham

trao doi va théng nhat chi tiét nhung khong duge qua s6 diém danh cho cau, phan do.

2. C6 thé chia diém thanh titng phan nhung khong duéi 0,25 diém va phai théng nhat trong ci to

cham. Diém toan bai la tong s6 diém cac phan da chadm, khong lam tron diém.

3. Moi van dé phat sinh trong qua trinh cham phai dudc trao doi théng nhat trong ca to cham va ghi

vao bién ban.

TO TOAN - TIN TRUONG THPT CHUYEN HA LONG




