KY THI OLYMPIC TRUYEN THONG 30 THANG 4
LAN THU XXIX - NAM 2025
Mén: TOAN - Khéi: 11
Thoi gian: 180 phiit (khéng ké thoi gian giao dé)
Ngay thi: 05/4/2025
Dé thi gom 01 trang, 05 cdu

Luu y: - Thi sinh lam méi cdu trén mjt to gidy thi riéng va ghi ré so cau & trang 1 cia méi to gidy thi do;
- Thi sinh khéng dwgc sir dung tai liéu;
- Giam thi khéng giai thich gi thém.

Cau 1. (3 diém) Giai hé phuong trinh

16x +l=2—7
x Yy
16y +—9-=21.
Y. X

Ciu 2. (4 diém) Ky hiéu {x} 14 phan 1¢ cta sb thuc x. Pit

x—{x} khi {x}S%

f(x)= 1
x—{+1 Khi (x>,

a. Tim tap hop tt ca céc sé nguyén 7 sao cho f(v/n) = 2025.

b. V6imdi ne N, dit u

1 1 1
ST AT AT
Chimg minh diy s («,) c6 gi6i han hiru han va tim gi6i han dé.
Cau 3. (4 diém) Tim s nguyén duong n nhoé nhét sao cho c6 thé dién vao bang 4x4 mdi 6 mot sb trong
tap hop {1,2,...,n} sao cho mdi sd 1,2,...,n déu c6 mit trong bang, dong thoi trong mbi hang va
trong mdi cot khong c6 hai s bing nhau hoic hon kém nhau 1 don vi.
Ciu 4. (4 diém) Goi a,b 14 cic s6 nguyén duong théa man a'+2-(b!) =a™.
a. Chimg minh b # a—2.
b. Tim tat ca cac cap sb (a;b) thoa man diéu kién d cho.

Cau 5. (5 diém) Cho tam giac nhon ABC ngoai tiép dudng tron (I). Goi M,N va P theo thir tw 14
trung diém cia BC,CA va AB. Goi X,Y va Z theo thir tyr 1a giao diém cua céc tiép tuyén khac
BC,CA,ABkéth N va P, kétir M va P, kétlr M va N t6i (I), sao cho tam gidc XYZ nhén
(/) 1am duong tron ndi tiép va céc diém M, N, P theo thir tir thudc cic doan thing ¥Z,ZX, XY.

a. Chirng minh dudng tron ndi tiép mdi tam giac XPN,YPM,ZMN tiép xtc véi dudng tron ndi tiép

tam gidc MNP.
b. Chimg minh / 13 tdm ding phuong ciia cic dudng tron ndi tiép tam giac XPN,YPM va ZMN.
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SO GIAO DUC VA PAO TAO KY THI OLYMPIC TRUYEN THONG 30 THANG 4
THANH PHO HO CHI MINH LAN THU XXIX - NAM 2025
TRUONG THPT CHUYEN

LE HONG PHONG Mén: TOAN
Khbi: 11
— - - Ngay thi: 05/04/202
[ AP AN CHINH THUC | gay thi: 05/04/2025
Cau Noi dung Piém
Giai h¢ phuong trinh
16x* + 7 = 27
1 X oy 3
16y° + 2 = 2
y X
Piéu kién xac dinh: x =0, y # 0. Khi d6 hé twong duong véi
2
72 =16(3x* +17)
y 1
6 =16(x* +3y°)
X
E Y y+y’
2
. 1
—=x+3x07°
5 9%
L]
8=(y+x)’ )
- {1 (6% X)3 - ?,
=(y—x) =3
A vA £ 13 1
Vay hé c6 nghiém duy nhat (x, y) = 5,5 .
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Céu Noi dung Pi¢m
Cau 1. Ky hiéu {x} 1a phan 1¢ cia sb thuc x. Dit
x—{x} khi {x}< %
fx)= 1
x—{x}+1 khi {x} >5.
2 ) ) 4
a. Tim tap hop tat ca cac so nguyén n sao cho f (\/; ) =2025.
1 1
b. V6imdi neN’, dat u, 4 ———2n.
f(f AT M)
Chung minh diy sb (u,) c6 gi61 han hitu han va tim giéi han do.
V&i mdi s6 nguyén duong k, dat N , latap cac s6 nguyén dwong m sao cho
f(\m)=k. Taco |
N, ={meZ+ | k—l<ﬁsk+l}
2 2
al 1 1
:{meZ+ | K —k+—<m<k’ +k+—}
4 4
=[k* -k +1Lk* +k]=[(k - Dk + 1, k(k +1)]. 1
Do viy {n‘ f&n) = 2025} = N,,s =[2024.2025 + 1;2025.2026].
D@ thiy N . €O 2k phan tir va mdi sb nguyén duong m nam trong diing mot tap 05
N, véi k nao do. ’
bat (= f (\/; ). Trong cong thirc ctia u,, véi mdi s6 nguyén duong k < /-1,
hang tir % xut hién 2k lan; con hang tir % xut hién n — ¢(¢ —1) lan (tuong tmg | 0,5
b. voi m=/0({-1)+1,...,n).
Tur do
_ 2 _ 2
YRRl Gt P . 2t _(=Nn?
1 l 14 1
Dé ¥ rang ‘\/;—é‘ S% va ( tiénra +oo khi 7 tién ra +oo nén (u,) > -1.
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Céu Noi dung Pi¢m
Tim s6 nguyén duong 7 nhé nhit sao cho c6 thé dién vao bang 4x4 mdi 6 mot
: s0 trong tap hop {1,2,...,n} sao cho moi so 1,2,...,n déu cd mat trong bang, dong 4
thoi trong mdi hang va trong mdi cot khong co hai s6 bang nhau hodc hon kém
nhau 1 don vi.
Xét mot cach dién thoa man yéu cau. Do cac s6 trong mdi hang d6i mot khac nhau
nén n > 4. Noi riéng s0 2 budc phai xuat hién trong bang. Xét hang/cot chira mot 15
s0 2. Theo gia thiét cac s trong hang/cdt nay d61 mot hon kém nhau it nhat 2 don ’
vinén n > 8.
Néu n =8 thi trén hang/cot chta s6 2 phai xuat hién cac sb 2, 4, 6, 8.
Xét hang/cot chira s6 7. Khi do hang/cot nay phai chura cac s61,3,5,7. 15
Suy ra 6 giao cua hang chira mot s6 2 va cot chira mot s6 7 phai duoc dién mot
s0 vura chan vura 1é, mau thuan.
Véi n=9, ta cé cach dién sau théa man
214168
911 3|5 1
719113
507191
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Céu Noi dung Pi¢m
Goi a,b 1a cac sb nguyén duong théa man al+2-(b!) = a*.
4 a. Chung minh b # a - 2. 4
b. Tim tét ca cac cdp s6 (a;b) théa man diéu kién di cho.
Gidst b=a—-2. Khidétacod a+2(a—2)!'=a*"".
Do b>1 nén a >3. R rang a =3 khong thoa min diéu kién trén nén a > 4. 15
a. )
Khid6 a** >a’ va a+2((a—-2)))<2(a)=2-2-3---a<a”, voly.
Vay b #a—2.
RO rang a >1.
Véi a=2thi 2+2-(b)=2%.
D& thdy b =1 thoa min vi 2+2-1!1=22 0,5
Néu b>2 thi 2|b! dodd 2+2-(b!)=2(mod4) trong khi d6 4|2, mau thuan.
Xét a>3.
Néu h>a—1 thi (a—1)|b! va (a—1)|a! néntacéd (a—1)|a*, mau thuan do 1
b a—1>2 va a—1 nguyén t6 cung nhau véi a.
Suyra b<a-3 (do b#a-2).Khidd
2b!(1 . (b+1)(b+2)...(a=1) "j _
2
ce(a— , 1
Nhan tr 1+ b+ +22) (@=D -a,lén hon a vanguyén to cung nhau véi a,
vi thé khong thé 1a wdc cua ¢®® duoc, mau thuin.
Vay (a,b)=(2,1) 1a c@p so duy nhat théa man yéu cau cia bai toan.
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Noi dung

Piem

Cho tam gic nhon ABC ngoai tiép dudng tron (7). Goi M,N va P theo thi tu
1a trung diém cia BC,CA va AB. Goi X,Y va Z theo tha ty 1a giao diém cta
céc tiép tuyén khac BC,CA, AB kétr N va P, kétu M va P, kétd M va N
t6i (1), sao cho tam gidc XYZ nhdn (/) 1am duong tron noi tiép va cac diém

M ,N,P theo thir tu thudc cac doan théng YZ,7X, XY.

a. Chimg minh dudng tron noi tiép mdi tam giac XPN,YPM ,ZMN tiép xuc véi
dudng tron noi tiép tam giac MNP.

b. Chimg minh 7 1a tim dang phuong cua cac dudng tron ndi tiép tam giac
XPN,YPM va ZMN.

Gia str cac diém c6 vi tri nhu hinh v&, cac truong hop khéac chimg minh twong tu.
a X

y

Goi (J,), (J,), (J.), (J) 1an lugt 1a dudng tron ndi tiép cac tam giac
XPN,YPM ,ZMN,MNP va U,V R,S lan luot la tiép diém cta (/) véi
YZ,BC,XZ,AC. Goi E latiép diém cia (J,) véi MN.
Taco
ZM —ZN = MU +UZ — NR - RZ = MU — NR = MV — NS
=VC—-MC—-CS+CN=CN-CM =PM — PN.

MN +MZ - NZ _MN + MP— PN

2
Suy ra E ciing la tiép diém cua (J) v6i MN. Suy ra (J) tiép xtc voi (J,).

Do d6 ME =

Tuong ty (J) ciing tiép xuc voi J,),(J,).

Goi F,K latiép diém cua (J,) voi MP, YZ, L latiép diém cta (J,) véi YZ, G
la trong tdm cua tam giac ABC,VV'1a duong kinh cua (7).

Xét phép vi ty tim F bién (J,) thanh (J), bién K thanh H . Khi do tiép tuyén
tai H cua (J) song song voi YZ. Tuong tu ta thu duoc KF cat EL tai H nam
trén (J).

Tacdé ML = ME = MF = MK nén KFEL 1a tt giac noi tiép.

Tir d6 HM 1a truc dang phuong cia (J,) va (J.).
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Chu y rang tiép tuyén tai U ctia (/) song song véi tiép tuyén tai A cta (J) nén

-1

V.2 : AABC +— AMNP , (I)— (J), U - H. 1
Suyra MH || AU.
Mit khic 4,V',U thang hang nén IM || AU. 0,5
Suyra H,I,M thing hang.
Suyra I thudc truc dang phuong cua (J,) va (J,). 0,5
Chting minh twong tu ta thu duoc diéu phai chimg minh.
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