CHUYEN DE SO NGUYEN TO, HOP SO

CHUYEN PE SO NGUYEN TO, HQOP SO
CHU PE 1: PINH NGHIA, TINH CHAT SO NGUYEN TO, HQP SO
PHAN IL.TOM TAT LY THUYET
1.0 NGUYEN TO
-S6 nguyén t6 1a s6 ty nhién 16n hon 1,chi ¢6 2 wéc 1a 1 va chinh né.
-S6 nguyén t6 nho nhat vira 13 s6 nguyén t6 chin duy nhat 1a s6 2.

-Khéng thé gidi han sé nguyén té ciing nhu tap hop s6 nguyén t6.Hay néi cach khac,sd nguyén to
la vo han.

-Khi 2 s6 nguyén t6 nhan v6i nhau thi tich cta chiing khong bao gid 1a mot sé chinh phuong.
-Uc tu nhién nho nhét khac 1 ctia mot s6 tu nhién dugc coi 1a sb nguyén td.

-Dé két luan sd ty nhién a 1a mot s6 nguyén tb ( a>1 ) , chi can chimg minh a khong chia hét cho
moi s6 nguyén t& ma binh phwong khong vuot qué a.

. : a: . .
-Neéu tich ab: p = L, P (p la s6 nguyén to)
p

-Dicbiétnéu a" p=a’p (p 1asdnguyén td)

-Moi s6 nguyén té vuot qua 2 déu c6 dang: 4n+l(neN")

-Moi s6 nguyén té vuot qua 3 déu c6 dang: 6n+1(neN")

-Hai s6 nguyén t6 sinh d6i 14 hai s6 nguyén t6 hon kém nhau 2 don vi.

2.HQP SO

-Hop s6 14 s6 ty nhién 16n lon 1 va ¢6 nhiéu hon 2 wéc nguyén duong.

-Pé chimg t6 mot sb tw nhién @ (a>1) 1a hop sd,chi can chi ra mot udc khac 1 va a.

-Udc s6 nho nhat khac 1 ciia mot hop s 1a mot s6 nguyén té va binh phwong 1én khong vuot qua

no.

-Mot hop s bing téng cac ude cia nd (khong ké chinh nd) duoc goi 13: S6 hoan chinh.

-Moi s6 tu nhién 16n hon 1 déu phan tich dugc ra thira s6 nguyén té mot cach duy nhat (khong ké

thir tu cac thira sd)
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3.HAI SO NGUYEN TO CUNG NHAU

-Hai s6 tu nhién duoc goi 1a nguyén t6 ctung nhau khi va chi khi chung c6 udc chung 16n nhat bang
1.

a,b nguyén té v6i nhau < (a,b)=1;(a,beN")

- Hai sd ty nhién lién tiép luén nguyén t6 ciing nhau

- Hai s nguyén t6 khac nhau ludn nguyén té cting nhau

- Cac sb nguyén t6 khac nhau ludn nguyén t6 cung nhau

- Cac sb a,b,cnguyén td cung nhau (a,b,¢) =1

- a,b,cnguyén té sanh d6i khi chiing d6i mot nguyén té cling nhau a,b, ¢ nguyén té sanh doi
< (a,b)=(b,c)=(c,a)=1

4.MOQT SO PINH Li PAC BIET

- Pinh 1i Pirichlet: Ton tai v6 s6 s6 nguyén t6 p co dang: p=ax+b;xe N',(a,b)=1

- Pinh li Tchebycheff: Trong khoang tir s6 tu nhién »n dén s6 ty nhién 2n c6 it nhit mot sd nguyén t6
(n>2)

- Pinh li Vinogradow: Moi s6 16 16n hon 3° 13 tong cua 3 sb nguyén to.

PHAN II.CAC DANG BAI

Dang 1:Tinh chét diic trung ciia s6 nguyén td va cach nhan biét s nguyén t6,hop sb.

L. Phwong phap gidi

- Dya vao cac dau hiéu chia hét va cac tinh chat vé s6 nguyén to ,hgp so, d€ gidi cac bai toan vé chung minh
hodc giai thich.

- Thong qua viéc phan tich va xét hét kha nang c6 thé xdy ra, doi chiéu voi gid thiét va cac dinh ly, hé qua
da hoc d¢é loai bo céac trudng hop mau thudn va nhan biét dugc dau 1a s6 nguyén t6, hop sb.

I1.Bai todn

Bai 1: Chimg minh rang;

a, Moi s6 nguyén t6 vuot qua 2 déu co dang: 4n+1(neN")

b, Moi s6 nguyén t6 vuot qua 3 déu co dang: 6n+1(neN')
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N, e

Loi gidi:

a, Goi A 1a mot sb ty nhién 16n hon 2. Khi d6 4 s& co dang 4n,4n+1,4n+2,4n+3(ne N')
-Néu A4=4n hay A=4n+2thi 4:2va A4 1a hop sd

Suy ranéu A 1a s6 nguyén t6 thi 4 s&co dang 4n+1,4n+3

Vi 4n+3=4n+4-1=4(k+1)—1 nén suy ra moi s nguyén t& vuot qua 2 déu co dang:
4n+l(neN") (dpcm)

b, Goi 4 1a mot s6 tu nhién 16n hon 3.Khi d6 A sé& c6 dang 6n,6n+1,6n+2,6n+3(ne N')
-Néu 4=6nhay A=6n+3thi 4:3va A 1ahop sb.

-Néu A=6n+2thi 4:2va A4 1a hop sb.

Suy ranéu A4 1a s6 nguyén té thi 4 s& c6 dang 6n+1,6n+5

Vi 6n+5=6n+6-1=6(k+1)—1 nén suy ra moi sé nguyén t6 vuot qua 3 déu co dang:
6ntl(neN") (dpcm)

Bai 2: Ta biét rang c6 25 sd nguyén t6 nhd hon 100. Tong ctia 25 s6 nay 14 sé chin hay sb 162
Loi giai:

Trong 25 sé nguyén t6 nhé hon 100 c6 chira mot s6 nguyén t6 chin 1a 2, con 24 s nguyén td con
lai 1a s6 nguyén t6 1¢. Do d6 tong 25 s6 nguyén t6 nho hon 100 1a s6 chin.

Bai 3: Tong 2 s nguyén td ¢ thé bang 2003 dugc khong ?

Loi gidi:

Ta thdy 2003 1a m6t s6 1¢ nén néu 2003 1a tong cia hai sb nguyén té thi mot trong hai s6 phai 1a s6
chin va bang 2. Vay s6 con lai 1a 2001 nhung 2001 lai khong 13 sb nguyén té vi 2001 = 69.29

Vay tong cua hai s6 nguyén to khong thé bang 2003.

Bai 4: Cho p va p+2 la hai s6 nguyén t6 16n hon 3. Chirng minh rang tong cta chiing chia hét
cho 12.

Loi gidi:

Ta thdy p la s6 nguyén t6 1on hon 3 nén p c6 dang 6n+1,(neN")
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THI: p=6n+1,(neN") thi p+2=6n+3=3(2n+1):3

Ma p+2 1456 16n hon 3 nén p+2 1a hop s6 ( Trai v6i GT, loai )
TH2: p=6n-1(neN )thi p+2=6n+1

Khidé p+p+2=6n—-1+6n+1=12n:12

= DPCM

Bai 5: Cho p 1a s6 nguyén t6 va mot trong hai 8p+1,8p —1 14 s6 nguyén t6 .Hoi sb con lai 1a s6
nguyén t6 hay hop sd.

Loi gidi:

-Néu p=2thi 8p—1=82—-1=15lahop s6

-Néu p=3thi 8p+1=8.3+1=251a hgp sd

-Néu p>3thi 8p khong chia hét cho 3

Vay 1 trong 2 s6 8p—1,8p+1 sé& chia hét cho 3 va 1a hop sd.

Vay s6 con lai 12 hop sb.

Bai 6: Hai s6 2" +1,2" —1(n e N,n > 2) co thé cung la s6 nguyén t6 hay khong ? Vi sao ?

Loi gidi:

Vi 2" +1,2",2" —11a 3 sb tu nhién lién tiép nén c6 1 sb chia hét cho 3.Ma (2,3)=1va 3 1a s6

nguyén t6 nén 2" khong chia hét cho 3. (1)

Ma n>2nén 2"+1>3,2"-1>3  (2)

Tir (1),(2) suy ra 1 trong 2 s6 2" +1,2" —1phai chia hét cho 3.

= Haisb 2" +1,2" —1(ne N,n>2)khong thé cing 1 s6 nguyén tb.

Bai 7: Cho 3 s6 nguyén t6 16n hon 3,trong d6 s6 sau 16n hon s6 trude 1a @ don vi.Ching minh rang d 6.

Céc s6 nguyén t6 16n hon 3 nén p c6 dang 3k +1hodc 3k+2 (ke N")
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C6 3 s6 ma chico 2 dang nén ton tai hai s6 thudc cung mot dang, hi€u ctia chung (1a ¢ hoac 2d ) chia hét
cho 3 ( theo nguyén 1y Drichlet ). Mt khac ¢ chia hét cho 2 vi & 1a hiéu cta hai s6 18.Vay o chia hét cho
6.

Bai 8: Hai s6 nguyén td goi 1a sinh d6i néu chung 14 hai sb nguyén t6 1¢ lién tiép. Ching minh ring mét sb
tu nhién 16n hon 3 nam gitta hai s6 nguyén t6 sinh dbi thi chia hét cho 6.

Loi gidi:

Goi p lasdnguyéntdlonhon3 va p 1énén p+1:2 (1)

Ma p 1 s6 nguyén t6 16n hon 3 nén p c6 dang 3k +1,3k +2(k € N,k > 1).

Dang p =3k +1khong xay ra vinéu p=3k+1thi p+2=3k+3:3 1a hop s6 (Loai)

= p=3k+2= p+1=3k+3:3 (2)

Tu (1),(2) = p+1:6 =DPCM

Bai 9: Cho p va p+8 1a hai s6 nguyén t6 16n hon 3. Hoi p+100 13 s6 nguyén té hay 1a hop s6 ?
Loi gidi:

Ta thdy p 1a s6 nguyén t6 1on hon 3 nén p c6 dang 6n+1,(neN")

THI: p=6n+1,(neN ) thi p+8=6n+9=3(2n+3):3

Ma p+8 lasd16nhon 3 nén p+8 1a hop s6 ( Trai voi GT, loai )

TH2: p=6n—1(ne N )thi p+8=6n+7

Khi d6 p+100=6n—-1+100=6n+99 =3(2n+33):3

Ma p+100 1a s6 16n hon 3 nén p+100 13 hop sd.

Bai 10: Cho p va 2p+1 14 hai s6 nguyén t6 16n hon 3. Héi 4 p +1 14 s6 nguyén t6 hay hop s6 ?
Loi gidi:

Ta thiy p la s6 nguyén t6 16n hon 3 nén p c6 dang 6n+1,(neN")

THI: p=6n+1,(neN") thi 2p+1=2(6n+1)+1=12n+3 =3(4n+1):3

Ma 2p+1 126 16n hon 3 nén 2p+1 1a hop sb ( Trai voi GT, loai )
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TH2: p=6n-1(ne N")thi 2p+1=2(6n-1)+1=12n-1
Khido 4p+1=4(6n-1)+1=24n-3=3(8n—-1)
Ma 4p+1 12 56 16n hon 3 nén 4p+1 1a hop sb.

Bai 11: Chimg minh rang s6 du trong phép chia mot s6 nguyén té cho 30 chi ¢ thé 1a 1 hodc 1a s6 nguyén
t6.

Loi gidi:

Giasit p lasénguyéntdva p codang p=30k+r=235k+r(keN ,reN ,0<r<30)
Néu r 1a hop s6 thi 7 co udc nguyén td g sao cho ¢* <30=>gqe {2,3,5}

Nhung véi g € {2,3,5} thi p 1an luot chia hét cho 2,3,5 (Vo 1y)

Vay r=1 hoidc r 1a s6 nguyén td.

Bai 12: Mot s6 nguyén t6 chia cho 30 ¢6 s6 du 14 7. Tim r biét rang  khong 13 s6 nguyén tb.
Loi gidi:

Goi sdnguyéntéla p (peN')

Taco:p=30k+r=235k+r(ke N ,reN,0<r<30)

Vi p 1a s6 nguyén t6 nén r khong chia hét cho 2,3,5.

S6 nguyén duong khong 1a s6 nguyén t6 nho hon 30 va khong chia hét cho 2,3,5 chi c6 s 1.
Vay r=1.

Bai 13: Mot s6 nguyén t6 chia cho 42 ¢6 s6 du 1a 7. Tim r biét rang 7 1a hop sd.

Loi gidi:

Goisdnguyéntéla p (peN’)

Tacod:p=42k+r=23"7k+r(keN ,reN,0<r<42)

Vi p la s nguyén t6 nén » khong chia hét cho 2,3,7.

S6 nguyén duong 1a hop sé nhé hon 42 va khong chia hét cho2,3,7 chi c6 sb 25.
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Vay r=25.

Bai 14: Trong diy sb ty nhién co thé tim dugc 1997 sb lién tiép nhau ma khong c6 sb nguyén té nao hay
khong ?

Loi gidi:

Chon day so:

a, =1998+2 a:2

a, =1998+3 a,:3

a, =1998+4 a4

@99, =199814+1998 Ay, 11998

Nhu vay: Day s6 a;;a,;a,;....; a4, g0m ¢6 1997 s6 ty nhién lién tiép khong ¢6 s6 nao 1a s6 nguyeén to.

Bai 15: Trong ddy sb tu nhién c6 thé im dugc n s6 lién tiép nhau (7 >1) ma khong c6 s6 nguyén td nao

hay khong ?

Loi gidi:

Chon day sb:

a,=(n+HH+2 a,:2,a,>2 nén a, 1a hop s6
a,=(n+DH4+3 a,3,a, >3 nén a, 1a hop s6
a,=(n+1)+4 a,i4,a, >4 nén a, 1a hop sb
a,=m+)H+(n+1) a, (n+1),a, >n+1nén a, 1a hop sb

Nhu vay: Day so a;;a,;a;;....;a, gdm c¢6 n s6 tu nhién lién tiép khong c6 s6 nao 1a s6 nguyén to.
Bai 16: Ta bict rang c6 25 s6 nguyén t6 nho hon 100. Tong cua 25 s6 nay la so6 chan hay so 1¢?

N o

Loi giai:
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Trong 25 s6 nguyén t6 nhé hon 100 c¢6 chira mot s6 nguyén t6 chin 14 2, con 24 s nguyén t6 con lai 1a s6
nguyén t6 1é. Do d6 tong 25 sb nguyén té nho hon 100 13 sb chan.

Bai 17: Chung minh rang néu tong cua n Iy thira bic 4 cua cac s6 nguyén to 16n hon 5 12 mot s6 nguyén
t6 thi (n,30)=1

Loi gidi:

Sd nguyén t p khi chia cho 30 chi c6 thé du la: 1,7,11,13,17,19,23,29
Véi r=1 thi p* =1(mod30) tuong tu v6i r =11, r=9, r=19

Véi r=7 thi p*>=19(mod30) tuwong tu véi r =13, r=17, r =23
Suyra p° =1(mod30)

Giasu p,, p,,...,p, lacac sd nguyén t6 16n hon 5

Khido g=p*+p,* +..+ p,* =n(mod30)

= p=30k+n(keN") 1asb nguyén té nén (n,30)=1).

Dang 2:Tim s6 nguyén t6 p dé théa méin diéu kién.

I.Phwong phdp gidi ) ) )

- Trong n s0 ty nhién lién tiép chi c6 mdt va chi modt so chia hét cho ».

- Nam chac cac tinh chat dac trung ctia s6 nguyén to d€ giai bai toan.
I1.Bai todn

Bai 1: Tim s6 nguyén t& p sao cho cac s sau ciing 1a s6 nguyén to:
a, p+10,p+14

b, p+2,p+6,p+8, p+12, p+14

Loi gii:

a, Vi p+10, p+14 1a sé nguyén t6 va 10;14 la hop sb= p >2
= p c6dang 3k,3k+1,3k+2(keN").

Néu p=3k+1= p+14=3k+15=3(k+5):3 1a hop s6 (Loai)

Néu p=3k+2= p+10=3k+12=3(k+4):3 1a hop s (Loai)
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p+10=3+10=13

pH14=3414=17 (déu 1 s6 nguyén td,thda man)

Néu p=3k= p=3(vi p lasdnguyén té):>{

Vay p=3thi p+10, p+141as6 nguyén to.

b,Vi p+2,p+6,p+8,p+12,p+14 lasdnguyéntd = p>3.
= p codang 5k,5k+1,5k+2,5k+3,5%k+4(k e N)

Néu p=5k+1= p+14="5k+15:51a hop sb (loai)

Néu p=5k+2= p+8=5k+10:51a hop sb (loai)

Néu p=5k+3= p+12=5k+15:51a hop sb (loai)

Néu p=5k+4= p+6=5k+10:51a hop s (loai)

Néu p=5kma p lasénguyénténén p=5=p+2=7,p+6=11,p+8=13;p+12=17; p+14=19déu

1a s6 nguyén t6 (thoa man, 14y)

Vay p=5thi p+2,p+6, p+8, p+12, p+141a sd nguyén t6.
Bai 2: Tim 3 s6 1¢ lién tiép déu 1a cac s nguyén td.

Loi gidi:

Goi 3 s6 16 lién tiép la: 2k +1,2k+3,2k+5(keN")

Trong 3 s6 1¢ lién tiép ludn c6 1 s6 chia hét cho 3

Néu 2k +3:3=2k+3=3(vi 2k+31a s6 nguyén t6)= k =0=>2k+1=1(Loai vi 1 khong la s nguyén
t6)

-Néu 2k +5:3 =2k +5=3(vi 2k+51a sd nguyén t6)= k =—1(Loai vi -1 khong phai 13 s ty nhién)

-Néu 2k+1:3=2k+1=3(vi 2k +11a s6 nguyén t8)= k =1=> 2k +3=5;2k +5="7(Théa min vi déu 1a

sd nguyén t6)
Vay 3 s6 tu nhién 1é can tim 13 3,5,7.

Bai 3: Tim céc sO nguyén to p sao cho p vura la tong vira 1a hi¢u ctia hai s6 nguyén to.

N o

Loi gidi:
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Gia st p 1a s6 nguyén t6 can tim thita co p = DD, =D =Py (P Py Dy Py déu 1a cac sb nguyén t6 va

Ps> D)

Dé p las6 nguyén td thi p,, p,cd mot trong hai s6 1a s6 chan va P, P, cling c6 mot trong hai s6 1a s6 chan.
Giasu p, > p,thi= p,=p, =2

Taco:p=p,+2=p,—-2= p,=p,+4.

Tathdy p,, p, +2, p, +41a 3 s6 nguyén t6 1¢ lién tiép.

Theocavua= p, =3=p=p +2=5.

Thulai: p=5=5=2+3=7-2.

Vay s6 can tim 1a 5.

Bai 4:Tim k € N dé diy sb k+1,k+2,.....,k +10 chira nhidu s nguyén t6 nhat.

Loi gidi:
Néu k=0 =Tacbd day s6 1;2:3;...:10¢6 cac sb nguyén t6142;3;5,7 = C6 4 86 nguyén td.
-Néu k =1=Taco diy s 2;3:4;...;11¢6 cac sd nguyén t 142;3;5;7;11 = C6 5 s6 nguyén t6.

-Néu k =2 = Ta c6 diy s 3;4;5;...;12 c6 cac sb6 nguyén t6 133;5;7;11 = C6 4 sb nguyén to.

-Néu k>3=Diay sd k+1,k+2,...k+10 déu gdm cac s6 16n hon 3 va bao gém 5 s6 1¢ lién tiép va 5 sb

chin lién tiép.

Vi céc sb trong ddy déu 16n hon 3 nén suy ra 5 s6 chén lién tiép déu 1a hop sd va trong 5 6 1¢ lién tiép ton
tai it nhat mot sé chia hét cho 3 va sb nay ciing 14 hop sb.

Vay k =114 gié tri cAn tim.

Bai 5: Ta goi p,q 1a2 s6 nguyén td lién tiép néu gitra p va ¢ khong c6 s nguyén td nio khac. Tim 3 s6
nguyén t6 lién tiép p,q,r sao cho p’ +¢° + 7" ciing 1a s6 nguyén td.

Loi gidi:
+Néu p,q,r déukhac 3 ma p,q,r 1a cic s nguyén to.

= p,q,rchia 3 du 1 hodc du 2 (hay du -1).
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= p’,q°,r’chia3 du 1.

= p” +¢° +r’ chia hét cho 3.

= Vay ton tai 1 s bang 3.

THI1: Ba sb nguyén t6 d6 14 2, 3, 5 Khi d6 2* +3% +5> =38 la hop s6 ( Loai )

TH2: Ba s6 nguyén t6 d6 14 3, 5, 7 Khi 463> + 5> + 7> =83 12 s6 nguyén t6 ( Thoa man )
Vay 3 s6 nguyén td lién tiép can tim 1a: 3,5,7.

Bai 6: Tim 3 sb nguyén té p,q,rsao cho: p’+q” =r.

Loi gidi:

Vi pl+q” >2=r>2=rlasd1é (r 1a sd nguyén td ).

= p?,q"c6 16 1& va 1 sb chan.

Giasit p?1asé chin= p chin = p=2(vi p lasdnguyén td )=2+q" =r

+Néu ¢ >3=¢g=+1(mod3)=> ¢’ =1(mod3)

Mit khac ¢ 1asb1é = 27 =(~1)" =—1(mod3)

=2’ +¢” =0(mod3)

=274+¢* 3= r3=r=3(Virlasdnguyéntd)

=2%+¢° =3 (Loaivi ¢ la sd nguyén tb nén ¢° >3=>r>3)

+Néu g =3thi = r =3>+2° =171a s6 nguyén t6 ( Thoa man )

Vay (p,q.7)€{(2,3,17);(3,2,17)} .

Bai 7: Dé thi hoc sinh gioi 2020-20121,huyén Yén Mo:

Cho a,b,c 143 s nguyén t6 khac nhau d6i mot. Tim 3 sb a,b,c dé gia tri cua biéu thuc:

1 1 1

= + + dat GTLN.
BCNN(a,b) BCNN(a,c) BCNN(b,c)
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N, e

Loi gidi:
Ta co: a,b,c 1a 3 s6 nguyén t6 khac nhau nén BCNN(a,b) = a.b; BCNN(a,c) = a.c; BCNN(b,c) =b.c

1 1 1 I 1 1

A= + + =t —t—
BCNN(a,b) BCNN(a,c) BCNN(b,c) ab ac bc

Vi vai trd a,b,c¢ nhu nhau nén dé khong mat tinh mat tinh téng quat ta gia sia <b<c

Ma a,b,c 143 86 nguyén tdnén a>2;b>3;¢>5

1 1
> A4A=—+—+—<—+—+—= 4

1111111++1
ab ac bc 23 25 35 6 10 15 3

:>MaxA:§<:>a=2,b:3,c=5

Vay A4 dat GTLN khi a =2,b=3,c=5va cac hoan vi cua no.

Bai 8: Tim 2 s6 nguyén t6 c6 tong bang 2005,

Loi gidi:

Ta thay tong s6 nguyén t6 hai s6 can tim 1a sé 1é nén mot trong hai s6 can tim phai 1a s6 nguyén té chin va
bang 2. Khi d6 so6 con lai 1a 2003 ( 1a s6 nguyén td, thda man)

Vay hai s6 can tim 1a 2 va 2003.

Bai 9: Tim 2 s6 nguyén t6 co tong bang 309.

Loi gidi:

Ta thiy tong s6 nguyén tb hai s6 can tim 13 s6 1é nén mot trong hai s6 can tim phai 13 s6 nguyén té chin va
bang 2. Khi d6 sb con lai 1a 307 (14 sé nguyén t6, thoa man)

Vay hai s6 can tim 1a 2 va 307.

Bai 10: Tong cua 3 sd nguyén td bang 1012. Tim sb nhoé nhét trong 3 sb.

Loi gidi:

Trong ba sd nguyén té ¢6 tong bang 1012, phai cé mot s6 chin, 14 s6 2. D6 1a s6 nho nhat trong ba sd.
Bai 11: Tim tit ca cic s6 nguyén té p dé 4p+11 13 s6 nguyén té nhé hon 30.

N, e

Loi gidi:
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Vi p lasbnguyéntonén p>2=4p+11>19

Ma 4p+11 1a s6 nguyén t6 nhd hon 30 nén 4p+11e{19;23;29}
+Néu 4p+11=19 thi p=2 1asd nguyén t& ( Thoa man, lay )
+Néu 4p+11=23 thi p =3 l1a sd nguyén t6 ( Théoa man, lay )

+Néu 4p+11=29 thi p= % khong 14 s6 nguyén t6 ( Trai voi GT, loai )

Vay s0 nguyén to can tim 1a 2 va 3.

Bai 12: Tim céac sd nguyén t6 x, y thoa man x* —2y* —1=0

Loi gidi:
¥ =2y"-1=0

& (x=1)(x+1)=2y"

Do y lasdnguyén to va x+1> x—1 nén chi xdy ra cac truong hop sau:

THI: x+1=2y<:> x=3
x—1=y y=2

x+1=2y> n A X
TH2: -1 v6 nghiém nguyén to
XxX—1=

2
= :3
TH3: {x” Y @{x

x—-1=2 y=2

Vay cip nguyén té duy nhat thoa man dé bai la x=3;y =2.

N N . A ~ A 5 ~ 2 3 4
Bai 13: Tim céc sO nguyén t0 x,y,z thbaman x" +y” =z".

Loi gidi:
Ta co:

X +y3 =z <:>y3 :(z2+x)(z2 —-X)

Ma (z° +x)>(z° —x); » la sd nguyén t6 nén
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Z+x=y

{2 (1
z-—x=1
2+ — 2

hoic 4~ 777 (2)
Z-x=y

khong ¢6 x, y,z thoamén (1) va (2) Vay khong ton tai x, y,z nguyén té & x* +y° = z*

Bai 14: Tim tat ca cac bd ba s6 a,b,c sao choabc <ab+bc+ac

Loi gidi:

Vi a,b,c c6 vai tro nhu nhau nén gid st a <b <c¢ khi d6
ab+bc+ac <3bc

= abc < 3bc

= a<3= a=2vi a lasdnguyén t0.

Véi a=2 thitacd 2bc <2b+2c+bc=bc<2(b+c)<4c

b=2 . LA A LA
bs4:{b (viplasdnguyéntod)

+Néu b=2 thi 4c < 4+4c théa min v6i ¢ 1a sb nguyén t6 bat ki

+Néu b =3 thi 6c<6+50:>c<6:>ce{3;5}

Vay céc cip sd (a,b,c) can tim 1a (2,2, p);(2,3,3);(2,3,5) va cac hoan vi ctia chung, véi p 1a sé nguyén
t6.

Dang 3: Cac bai toan chirng minh sé nguyén t6,hop sb

L. Phwong phap gidi

-Dua vao céc tinh chat dac trung cua s6 nguyén to va hop so dé giai cac bai toan vé ching minh s6 nguyén
to, hop so.

I1.Bii todn
Bai 1: Cho p va p+4 la cac sd nguyén té (p >3).Chimg minh rang p+81a hop sb .

N, e

Loi gidi:
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Tacod: p 1a s nguyén t6 16n hon 3 nén p c6 dang 3k+1,3k+2(keN")

+Néu p=3k+2thi p+4=3k+6:31a hop sb ( Trai voi GT,loai )

Vay p c6 dang 3k+1, khido p+8=3k+9=23(k+3):3 1a hop sd

=bPCM

Bai 2: Cho p va 8p—1 1a cac s6 nguyén td. Chimg minh rang 8p +1 1a hop so.
Loi gidi:

Ta xét cac trudng hop: p=3k;p=3k+1;p=3k+2(keN")

THI: p=3k+2 thi 8p—1=8(3k+2)—1=24k+15=3(8k+5):3 la cac hop sb ( Trai v6i gia thiét,loai )
TH2: p=3k= p=3(vi p lasbnguyéntd) =8p—1=23 la sd nguyén t&

Va khi d6 8p+1=25 1a hop sd 1)

TH3: p=3k+1thi 8p—-1=24k+7

Vakhi 6 8p+1=24k+9=38k+3):3 lahopsd (2)

T (1), (2)tasuy ra 8p+1 1a hop sé6 =PPCM

Bai 3: Chung minh rang (p—1)! chia hét cho p néu p 1a hop sd, khong chia hét cho p néu p 1a s6
nguyén to.

Loi gidi:

+TH1: p 1a hop sb:

Néu p la hop sb thi p 1a tich céc thira s6 nguyén t6 nhoé hon p va sé mii cac lily thira nay khong thé 16n

hon s6 mil cua chinh cac lity thira iy trong (p—1)!.

Vay: (p—D!:p (DPCM)

+TH2: p la s6 nguyén tb:

Vi p 1a sb nguyén té nén p nguyén té cing nhau véi moi thira s6 cia (p —1)!

Két hop voi p> p—1=(p—1)! khong chia hét cho p (DPPCM)
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Bai 4: Cho 2" —1 14 s6 nguyén t6. Ching minh rang m ciing la s6 nguyén td.
Loi gidi:

Giasa m lahopsé =>m=pq(p,qe N;p,g>1)

Khi dé: 2" —1=277—1=(2")" 1= (27 —=1)(27" + 27 4 +1)

Vi p>1(Giasir)nén =27 —1>1va (274 42742 4 +1)>1nén 2" —1 la hop s6 ( Trai véi
gia thiét )= Gia str 1a sai = m khong thé 1a hop s6 = m 14 s6 nguyén tb (BPCM)

Bai 5: Ching minh rang: moi s6 nguyén t6 ctia 1994!—1déu 16n hon 1994,
Loi gidi:

Goi p 1a udc sd nguyén t ciia 1994!1—1

Gia sit p <1994 =1994.1993........3.2.1 chia hét cho p < 1994! chia hét cho p
Ma (1994!-1):pnén lip (voly)

Viay p>1994 (DPCM )

Bai 6: Chiing minh rang: » > 2 thi gitta n van! cé it nhat 1 sO nguyén to ( tir d6 suy ra c6 vo so
sO nguyén to ).

Loi gidi:

Vin>2nén k=n!-1>1, do d6 k c6 it nhat mot uéc nguyén td p .
Ta ching minh p > n . Thay vay: néu p <nthi n/ip
Mak:p=(n'-1):p.Doddélip (voly)

Vay p<n<n!-1<n!(DPCM)

Bai 7: Hiy chimg minh céc s sau 1a hop sé:

a) A=11111.......... 1(2001 chitsd 1);

b) B=1010101

c) C=1+2H43H+....... +100!

d) D=311141111
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a) Tong cac chitsd ctia 4 1a: 1+1+1.....+1=2001:3= 4:3

ma A>3nén A4 1a hop sb (DPCM )

b) B=1010101=101.100011a hop sb ( dpcm )

¢) Vi 11+2!=3:3va 34+ 4!+ .....+100! ludn chia hét cho 3 nén C:3
Ma C>3nén C 1a hop s6 (DPCM )

d) D=311141111=311110000+31111=31111(10000+1):31111
= D 1a hop s6 (PPCM )

125

Bai 8: Chung minh ring s6 N = Rl 12 hop sd.

|

N o

Loi gidi:

Dit 5% =a, khi do

=a'+a’+a*+a+1

=(a"+9a° +1+ 64’ +6a+2a*>)—(5a’ +10a” +1)
=(a’+3a+1) +5a(a’ +2a+1)

=(a’+3a+1)’ =557 (a+1)

= (a*+3a+1) [ 5% (a+ 1)

=[a’ +3a+1+5"(a+1) ][ +3a+1-5"(a+1)].

N 1 tich ctia hai s6 nguyén 16n hon 1 nén N 1a hop sé (DPCM )

Bai 9: Chimg minh v6i moi sb tw nhién 16n hon 0 thi 2° +3 1 hop sb.
Loi gidi:

Voi 2° =4=1(mod3) = 2" =1(mod3),(ne N )= 2% —1:3 nén 2> —2=2(2>" -1)i6
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Hay 2*""' =6k +2(ke N)
— 27" 13=(2°)"22+3=22+3=0(mod7)
Tacla 22" +3:7(neN")
Ma 22" +3>7(neN') nén 2°" +3 1a hop s6. (DPCM )
Bai 10: Chimg minh v&i moi s6 tur nhién 16n hon 0 thi 19.8" +17 1a hop sd.
Loi giai:
+Néu n=2k(keN") thi 19.87 +17=18.8%* +(63+1)" +(18—-1)=0(mod3)
+Néu n=4k+1(keN") thi 19.8" +17 =13.8%"' +6.8.64* +17
=13.8"%" +39.64” +9(1-65)* +(13+4)=0(mod13)
+Néu n=4k+3(keN") thi
19.8" +17 =15.8"" +4.8°.64* +17
15.8%7 +4.5.10.64™ +4-2(1-65)* +(25-8)=0(mod5)
Nhu vay v&i moi gia tri ne N~ thi $6 19.8" +17 1a hop s6.
Bai 11: Cho a,ne N, biét ¢":5.Chimg minh rang: a* +150:25
Loi gidi:
Taco a":5,ma 5 1a sd nguyén té nén suy ra a:5=a*:25.
Ma 150:25nén o +150:25 = dpcm

Bai 12: Cho A=n"+1,b=n+1(ne N').Chimg minh ring néu A4 chia hét cho B thi B la sb
nguyén to.

Loi gidi:

Gia st B khong 1a s6 nguyén t6.

Do d6 B c6 uéc nguyéntd p,q < B
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Do dé p<n!=n!:ip.

Mait khac 4:B,nén A:p

= A-nlip=1:p(VOoli)

Ma n nguyén duongnén B#0,B#1.

Vay B 1a sb nguyén té ( dpem )

Bai 13: Cho cac s6 nguyén duong a,b,c,d thoamin a":5.Chimg minhring A=a" +b" +c" +d"
13 hop sb.

Loi gidi:

Giasir (a,c)=t(teN")

bat a=at,c=ct;(a,c) =1

ab=cd = abt=cdt=ab=cd

Ma (a,,¢)=1=b:¢,

Pit b=ck=>d=ak,(keN’),

Ta co

A=a"+b"+c"+d" =a"t" +c"k" +¢"t" +a"k" = (a" +¢" (k" +1")

Vi a,,c,,t,k1a sb nguyén duong nén A 1a hop sé.

Bai 14: Ching minh ring c6 vo sb nguyén t6 c6 dang: 3x—1(xe N ,x>1)
Loi gidi:

Moi s6 tu nhién khong nho hon 2 ¢6 1 trong 3 dang: 3x;3x+1;3x—1(xe N")
+Nhimng s6 c6 dang 3x ma x >1nén 1a hop sd.

+Xét 2 56 ¢6 dang 3x+1:d6 1286 (3n+1)va (3m+1)

Xéttich (3m+1)(3n+1)=9mn+3m+3n+1=3x+1

Tich trén c6 dang 3x+1
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+ Liy mot s6 nguyén té p c6 dang 3x—1 (voi p 1a sb nguyén t6 bat ky ) ta 1ap tich ctia p véi tat ca cac

sd nguyén t6 nho hon p roi trix di 1 ta co:

M =2357...9-1=3(23.5.7.....p)—1

M c6 dang: 3x—1

C6 2 kha nang xay ra:

*Kha nang 1: M 1a sd nguyén t6 c¢6 dang 3x—1> p,bai toan duoc chirng minh.

*Kha nang 2: M 1a hop s6: TachiaM cho 2,3,5,......, p déu ton tai mot s6 du khac 0 nén cac ude sd nguyén
t6 cia M déu 16n hon p, trong cac udc nay khong co sd nao co dang 3x +1(da chirng minh trén). Do d6

it nhat mot trong cac wdc nguyén td cia M phai co dang 3x ( hop s6 ) hodc 3x—1.
Vay c¢6 vo s6 nguyén t6 c6 dang: 3x—1(xe N,x >1)

Bai 15: Chimg minh c6 v6 s s6 nguyén t6 c6 dang 4x+3(xe N)

Loi gidi:

Cac s6 nguyén t6 16 khong thé ¢ dang 4x va 4x+2.

Vay chiing chi c6 thé ton tai dudi dang 4x +1hodc 4x+3

+ Xét tich 2 s6 ¢6 dang 4x+11a:4m+1va 4n+1
Taco:(dm+1)(4n+1)=16mn+4m+4n+1=4(4dmn+m+n)+1=4x+1
Vay tich ctia 2 s6 ¢6 dang 4x +11a mot sb cling ¢6 dang 4x +1

+Lay mot s6 nguyén tb p bat ky co dang 4x—1, ta lap tich ctia 4x+1 véi tit ca cac sd nguyén t6 nho hon
p 16i chir di 1 khi ta co:

M=2357...p-1=423.57...p)-1
C6 2 kha nang xay ra:
*Kha nang 1: M 13 sb nguyén t6 c6 dang 4x—1> p ,bai toan duoc chimg minh.

*Kha nang 2: M 1a hop s6: Ta chia M cho 2,3,5,......, p déu ton tai mot sé du khac 0 nén céc ude sb nguyén
t6 cia M déu 16n hon p trong cac udc nay khong co sd ndo c6 dang 4x +1( da chimg minh trén). Do d6
it nhat mot trong cic wéc nguyén td cia M phai c6 dang 4x (hop s ) hodc 4x—1.ma udc nay hién nhién
lon hon p.
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Dang 5: Ap dung dinh li Fermat

L. Phwong phap gidi

-Dinh li Fermat nho: 2”7 =1(mod p)véi p 1a s6 nguyén td.

-Bang cach str dung dinh li Fermat dé giai cac bai toan vé sd nguyén to.
I1.Bai toan

Bai 1: Chting minh dinh 1i Fermat nhé. Néu p 13 sd nguyén té va (a, p) =1thi a’ ~ 1% p véi moi sb nguyén
duong a.

Loi gidi:

Vi a khong chia hét cho p nén céac s6 2a,3a,...,( p-1 )a cling khong chia hét cho p . Gia sir khi cac s6
a,2a,3a,...,(p—1)achia cho p dugc cac s6 du 1a Rslysees Ty -
Hslyseens T, 01 MOt khéc nhau.

That vay néu co 7, = r,(1<i<j< p-1)thi ia= ja(mod p) < a(i—j)=0(modp) (¥
Ma a khong chia hét cho p va i— j khong chia hét cho p nén (*) khong xay ra.

do do6 n.ry..r,  =(p-1)!

2a.3a...(p-1)a=nr,..r, (modp)

(p-Dla"" =(p-1)Y(mod p)
Vi ((p-DLp)=1=a"" =1(modp)

Bai 2: Ching minh rang tong 1' —2'% +3'% — _ +1981'" —1982'" 1200283

Loi gidi:

Vi 200283 =1983.101ma (1983;101) =1 nén chi can chimg minh S:1983va S:101
* Chirng minh chia hét cho 1983

S=(1'° —1982') — (2 ~1981' ) + (3" —~1980'° ) — (4" —1979'" ) + ...+ (991" —992'™ ) + 1983
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=(=D)M Y K (1983 - k)" |+1983

k=l
Taco:

k' — (1983 k)" = k' — (k' +1983m) (m nguyén)

Vay hiéu nay chia hét cho 1983. Tir d6 suy ra S chia hét cho 1983. (1)

* Chang minh chia hét cho 101

Trir cac s6 chia hét cho 101 1a 101';202';...;1919'” trong tdng S con lai cac sb c6 dang +a'"véi

(a,101) =1. Ma 101 1a s6 nguyén t6 nén theo dinh 1i Fermat nho, thi cac sb nay chia 101 du 1. S6 cac s6

hang mang diu cong bang s sb hang mang dau trir. Tir 46 suy ra S chia hét cho 101 (2)

Tir (1) (2) suyra S chia hét cho 200283.

Bai 3: Nha toan hoc Phap Fermat da dua ra cong thirc 2% —1
dé tim cac sd nguyén t6 voi moi sd tu nhién n.

1. Hay tinh gia tri ciia cong thuc nay khi x =4.

2. Vi gia tri nay hiy ching to ba tinh chat sau:
a) Tong hai chit s6 dau va cudi bang tong cac chir s6 con lai.
b) Tong binh phuong céc chit sé 14 sé chinh phuong.

c¢) Hi¢u gitra tong cac binh phuong cua hai chir s6 dau va cudi véi tong cac binh phuong cia cac chit s6 con
lai bang tong cac chir s6 cua s6 do.

Loi gidi:
1. Ta thay x =4 vao cong thirc Fermat va duogc:
2% —1=65537 lasé nguyén to.
2. Sb nguyén t6 65537 co ba tinh chat sau:
a) Tong hai chit s6 ddu va cudi 6 + 7 = 13 ding bang tong ba chit s6 con lai 5+5+3=13.
b) Tong binh phuong cac chit s6 6% +5% +5% +3% +7> =36 +25+25+9+49 = 144 = 12?

1a s6 chinh phuong.
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¢) Tong binh phurong cuia hai chit s6 dau va cudi la 6% +7° =36+ 49 = 85.
Téng cac binh phuong ciia ba chit s6 con lai 1a: 5% + 5> +3% =25+ 2549 =59.
Tong cac chitsb do1a: 6 + 5 + 5 + 3 + 7 = 26.

Ta nhan thay rang: 85—59 =26

Hiéu nay ding bang tong cac chit sd clia sé nguyén t6

Bai 4: Cho ne N", ching minh rang: 2'"*' +19 13 hop sb.

Loi gidi:

21 +19):23 véi moi n>1

Ta chirng minh (
Tac6:2" =1(mod22) = 2" =2(mod22) = 2'""' =22k +2(keN).
Theo dinh ly Fermat:

2% =1(mod23) = 2" =27 = 4(mod 23)

= (2" +19):23

Ma 2" +19>23nén 2'"*' +191a hop s6 (DPCM )

24n

Bai 5: Chon e N, chiing minh rang: 2" 43" 45 1a hop sd.

Loi gidi:

Theo dinh 1i Fermat nho ta c6 3" =1(mod11),2" =1(mod11) .

Ta tim s du trong phép chia 2**' va 3*"*! cho 10, tic 14 tim chit s6 tdn cting ching.
271 =2.16" =2(mod10) = 2" =10k +2,(k e N)

3% =3.81"=3(mod10) = 3" =10/+3,(/e N)

Ma 3" =1(mod11) va 2" =1(mod11) nén

24 n+l

2 437 45231002 L 010 L 52324 93 4 5= ((mod11)

4n+l 4n+l . . e “ A ,
Ma 2° +37" +5>11 véimoi sO tu nhién n khac 0
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Vay 2" 43 s 1y hop s6 v6i moi s6 tu nhién » khac 0.

Bai 6: Tim s6 nguyén t6 p dé (27 +1)ip

Loi gidi:

Vi p lasénguyéntoma (27 +1)ip=>p#2.

Tathdy p khong chiahétcho2vi p#2.

Theo dinh 1i Fermat nho ta c6 2”7 —1: pma (27 +1): p ( Gia thiét)

=22 2431 p=2(2" -1)+3ip=>3ip (vi 27 ~1ip)

= p=3(vi p lasdnguyéntd)

Vay sb nguyén td can tim 1a 3.

Bai 7: Cho p la sd nguyéntd p 16n hon 2. Ching minh rang c6 vo s6 sb ty nhién » thoa man (n.2" —1)i p
Loi gidi:

Taco: 27" =1(mod p), tatim n=(p—1) sao cho 72" =1(mod p).

Tacod: n2"=m(p-1).2"""(mod p)=>n.2" =-m=1(mod p)=>m=kp—1,(keN").

Vay, véi n=(kp-1)(p—-1),(ke N )thi(n.2" -1)ip.

Bai 8: Cho p 1a s6 nguyén t6,chimg minh rang s6 27 —1chi ¢6 udc nguyén té c6 dang 1a: 2 pk +1.
Loi gidi:

Goi ¢ 1a woc nguyén t6 cua 2” —1 thi ¢ 1é, nén theo dinh 1y Fermat:

27 lig=> (27 -1,27" =1) =24 _1ig=g-1ip vindu (¢—1, p)=1 thi lig,vo ly.

Mit khac ¢g—1chin=> ¢—1:2p = q=2pk+1.

Bai 9: Ching minh rang diy s6 2003+ 23k voi k =1,2,3,.... chira vo han s6 1 lity thira cia cing mot sd
nguyén to.

N, e

Loi gidi:

Gia str ton tai s6 nguyén to sao cho:
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2003+23k=p" (1)
Trong d6 k,n 1a cac s6 nguyén dwong nao do.
Tur (1) déthdy p khong chia hét cho 23 nén (23,p)=1.
Theo dinh Iy Fermat thi p** —1:23 = p** =1+ 23s véi moi s6 nguyén duong ¢, .

T d6 p™"™" =(1+23s)p" = p" +23.p" =2003+23k +23s.p" hay p>"™" =2003+23(k+sp")vSi moi

Bai toan dugc giai day du khi ta chi ra sy ton tai s6 nguyén t6 p thoa méan (1) .Chang han:
Véi p=2thi 2003+23.2 =2"
Véi p=3thi 2003+23.8 =3’

Véi p =2003thi ton tai k theo dinh 1i Fermat thoa man 2003 + 23k = 2003% .

P

. Chirng minh ring m 1a mot hop s 1é khong chia hét

Bai 10: Gia sir p 1a s6 nguyén t6 1¢ dat m =

cho 3 va 3" =1(modm)_

N, e

Loi gidi:

, 3211 37 +1
Tacd m= =ab
2 4

dé thdy a,b déu la s6 nguyén duong 16n hon 1 nén m lahgp sé ma m=9""+9"2+ . +1 suyra m 1é va
chia3 du 1.

Theo dinh li Fermat nho: 97 =9: p vi (p,8) =1
Vi m—1 channén ciing c6 m—1:2p

97 -1

Do d6 3" —1:3%" —1: =m=3"" =1(mod p) = DPCM

Bai 11: Cho sé nguyén t§ p, cac sb duong a =1(mod p"). Tim s du khi chia @ cho p""

Loi gidgi:;
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Xét cac truong hop sau:
1) p=2.Tacé a’ =1(mod2")
= a lé.Pit a=2x+1(xeN)
=2(x+1)x:2" = x(x+1):2"?
D& suy ra a =+1(mod2"").
2) p>3tacdt a’ =a=1(mod p) ( dinh li Fermat nhd )
=>d=(a-l;a"" +a" " +..+a+a)'p
= d = p vi d khong chia hét cho p
(a=1)a" " +a" " +...4a+1)ip
ma a’ +a’ +..+a+1= p(mod p*)
=a-1'p"" = a=1(mod p" ™).
Bai 12: Ching minh ring 4=3" 27 —1:42p (véi p 1 s6 nguyén té 16n hon 7)
Loi gidgi:
Taco: 3" —1=0(mod2)= 4:2
27 +1=0(mod3)= 4:3.
vi p lasdnguyénté16nhon 7 nén p chicé thé c6 dang 6ntl(neN')
Néu p=6n+1
A=312 1=3(3" —1)-2(2*" -1).

3°=1(mod7) [3°-1:7 ,
= = A:7.

i
{26 =l(mod7) [2°-1i7

Néu p=6n+5= A=3(3" -1)-2°2% —-1)+3° -2° -1
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Ta ciing ¢6: ¢ 3°—2°—1=0(mod7) = A4:7
Vay A chia hét cho 7
Mat khac theo dinh li Fermat nho ta co:

37 =39(mod p) va 2’ =2(mod p) nén 4A=0(mod p)

2,3,7, p 361 mot nguyén t6 cing nhaunén ¢ A4:(2.3.7.p) = 4:42p (dpcm )
Bai 13: Cho p,q 14 hai s6 nguyén t6 phan biét. Chitng minh ring: p?" +¢”~' —1: pq chia hét cho
Loi gidgi:

Ap dung dinh 1y Fermat nhé ta c6: (p? — p)ig= p(p*" =1)iq do p,q lasb nguyén té). (1)
Vi p,q la cac s6 nguyén t6 nén (p,q) =1
Tu (1) suyra (p" =Dig (2

T (2) suyra (p?' +¢"" =1)ig (3)
Vi p va ¢ c6 vai trd nhu nhaunén (p*" +¢”"' =Dip (4)

Lai vi (p,q) =1 nén tir (3) va (4) ta suy ra diéu phai ching minh.
Bai 14: Tim tit ca cic sb nguyén duong n sao cho 7:2" —1.
Loi gidi:
Ta ¢6 2 khong chia hét cho 7; 7 1a s6 nguyén t6 nén theo dinh 1i Fermat ta c6 2° = 1(mod 7)
Taco 2’ =8=1(mod7)
Do d6 tat ca cac s6 chia hét cho 3 déu thoa man yén cau dé bai.
Bai 15: Tim tit ca cac sd nguyén td p sao cho 5 = 1(mod p?).
Loi gidi:
Gia str s6 nguyén t p thoa man diéu kién da cho.

Khi d6 5% = 1(mod p).
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Vi (p*> 1) p—1 nén theo dinh Ii Fermat nhé ta c6 : 5°* ™ = 1(mod D).
Tir d6 suy ra 5° =1(mod p) nén p €{2;3}

Thir lai ta thdy p =3 thoa man didu kién dé bai.

Dang 6: Cac bai toan vé hai s6 nguyén td cing nhau

L. Phwong phap gidi

- Strdung 1y thuyét va tinh chat cua 2 s6 nguyén té cting nhau dé giai cac bai toan vé hai s nguyén td ciing
nhau.

I1.Bai todn

Bai 1: Chirng minh rang: 5 va 7 14 hai sb nguyén t6 cung nhau.

Loi gidi:

Tacd 5=51; 7=7.1

UCLN(5;7)=1

Vay hai s6 5 va 7 13 hai s nguyén t6 cting nhau.

Bai 2: Ching minh rang: Hai s6 tu nhién lién tiép khac 0 1a hai s6 nguyén té cung nhau.
Loi gidi:

Goi 2 sb tw nhién lién tiép 1a: n,n+1(ne N")

Pit d =(nn+1),(deN")

:d
=" . =>n+l-nid=1lid=d=1.
n+l:d

Vay n va n+1 1a hai s6 nguyén t6 cing nhau.

Bai 3: Chirng minh rang: Hai s6 1¢ lién tiép 14 hai s6 nguyén t6 cting nhau.
Loi gidi:

Goi 2 s6 1é lién tiép 1a: 2k +1,2k +3(k € N).

Pat 2k +1;2k+3)=d(d e N")
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2k+1id .
= =2k +3-2k-1=2id
2k+3id

=d e{1;2}

Ma d laude sd1énén d =1. Vay hai s6 1¢ lién tiép 1a hai s6 nguyén t6 cing nhau.
Bai 4: Ching minh rang : 2n+1va 3n+11a hai s6 nguyén té ciing nhau.

Loi gidi:

(2n+1,3n+1)=d(neN)

2n+1:d 32n+1):d 6n+3:d .
= = =6n+3-6n-2=1:d=d=1.

3n+l:d 2(3n+1):d 6n+2:d
Vay 2n+1va 3n+11a hai sb nguyén t6 cung nhau.

Bai 5 : Cho a va b 1a hai s6 nguyén té cing nhau. Chimg minh rang hai sé sau 1a hai sé nguyén t6 cing

nhau: ¢ va a+b.

N, e

Loi gidi:
Dit (a,a+b)=d(deN")
a:d )
= . =>bd
a+b:d
Ma a va b 132 sb nguyén té ciing nhau nén = d =1
Vay a va a+b 1a hai sb nguyén t6 cing nhau. (DPCM )

Bai 6: Cho « va b 13 hai s6 nguyén td cing nhau. Chting minh rang hai s6 sau 14 hai s6 nguyén té cling

nhau: ¢ va a+b

Loi gidi:

bit (a’,a+b)=d(deN")

a’d a:d ad
= = L=
a+b:d a+b:d b:d

Ma @ va b 132 s6 nguyén té cing nhau nén = d =1
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Vay @’ va a+b 1a hai s6 nguyén t6 ciing nhau. ( DPCM )

Bai 7: Cho a va b 1a hai s6 nguyén td cing nhau. Chting minh rang hai s6 sau 14 hai s6 nguyén té cling
nhau: ab va a+b.

N o

Loi gidi:
Pit (ab,a+b)=d(deN")

. a:d

ab:d .

= . b:d
a+b:d

a+b:d
+THI: a:d = b:d
Ma a va b 132 sb nguyén té ciing nhau nén = d =1
Vay ab va a+b 1a hai s nguyén té ciing nhau. (DPCM )
+TH2: b:d = a:d
Ma a va b1a 2 s6 nguyén té ciing nhau nén = d =1
Vay ab va a+b 14 hai s nguyén t6 cung nhau. ( DPCM )

Bai 8 : Cho 4 va b 1a hai s6 nguyén td ciing nhau. Chirng minh rang hai s6 sau 1a hai sb nguyén té ciing
nhau: bva a—b(a>Db).

N, e

Loi gidi:

bit (b,a—b)=d(deN")

Ma @ va b 132 sb nguyén té cing nhau nén = d =1

Vay bva a—b 13 hai s6 nguyén t6 cing nhau. (DPCM )

Bai 9: Chirng minh rang néu néu ¢ nguyén t6 cung véi @ va b thi ¢ nguyén té ciing nhau véi tich ab
Loi gidi:

Goi p la udc chung nguyén to cia ¢ va ab .
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c:d
= .
ab:d

+ THI1: a:d

Ma @ va ¢ 1a 2 s6 nguyén t6 cing nhaunén = d =1

Vay ab va ¢ 1a hai sb nguyén t6 cing nhau. ( DPCM )

+TH2: b:d

Ma ¢ va b 1a 2 sé nguyén tb cung nhau nén = d =1

Vay ab va ¢ 1a hai sb nguyén t6 cing nhau. (DPCM )

Bai 10: Tim s ty nhién n dé cac s6 9n+24 va3n+4 1a cic s6 nguyén té cing nhau.

Loi gidi:

Gia st 9n+ 24 va3n+4 cung chia hét cho s6 nguyén t6 d thi

9n+24-33n+4):d >12:d >d e { 2,3 }

Diéu kién dé (9n+24;3n+4)=11a d # 2;d =3 Hién nhién d # 3vi 3n+4khong chia hét cho 3.Mudn
d # 2 phai 6 it nhat mot trong 2 s6 9n+24 va3n+4khong chia hét cho 2.Ta thiy:

+Néu In+241as61é6 < Inlé < nle,

+Néu 3n+41asd1é < 3nlé < nle.

Vay diéu kién dé hai s6 9n+24 va3n+4 1a cac sb nguyén tb cung nhau 1a n 1¢.

Bai 11: Tim s6 ty nhién n dé cac s6 18n+3 va2ln+7 1a cac sb nguyén td cing nhau.

Loi gidi:

Gia st 18n+3 va2ln+7 cung chia hét cho s6 nguyén t6 d thi

6(21n+7)-7(18n+3):d =>21:d =>d € {1;3;7;21}.

Diéu kién dé (18n+3;21n+7)=11a d #3;d # 7;d # 21 Hién nhién d # 3;d # 21vi 21n+ 7 khong chia hét

cho 3. Mudn d # 7thi s6 185+ 3 khong chia hét cho 7 (vi 21n+ 7 ludn chia hét cho 7)

18n+3:7 < 18n+3-21:7 < 18(n-1):7 < n-1:7.
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Vay diéu kién dé hai s6 18n+3 va2ln+7 1a cac sb nguyén td cang nhaula n # 7k +1,(k e N').

Bai 12: Chig minh rang hai s6 2n+5 va4n+12 1a cac s6 nguyén t6 cing nhau v&i moi s6 ty nhién 7 .

N, e

Loi gidi:
Goi d =(2n+5;4n+12)

2n+5:d
= .
dn+12:d

2(2n+5)id
= .
dn+12:d

4n+10:d
= .
dn+12:d

=4n+12-4n-10:d
= 2:d
Ma 2n+5lasdlénén d =1
Vay hai 86 2n+5 vadn+12 1a cac s6 nguyén td cing nhau véi moi sb tu nhién 7.
Bai 13: Chimg minh rang hai s6 127 +1 va30n+2 1a cac s6 nguyén t6 cting nhau v6i moi s6 ty nhién 7.
Loi gidi:
Goi d =(12n+1;30n+2)

12n+1:d
= .
30n+2:d

5(12n+1)'d
= .
2(30n+2)'d

60n+5:d
= .
60n+4:d

=6n+5-6n-4:d

=1:d
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=d=1
Vay hai s6 12n+1 va30n+2 1a cac sd nguyén té cting nhau véi moi sb tu nhién 7.

Bai 14: Ching minh rang hai s0 2n+3 va4n+8 la cac s0 nguyén to cung nhau v&i moi so ty nhién 7.

N o

Loi gidi:
Goi d =(2n+3;4n+28)

2n+3:d
= .
dn+8:d

2(2n+3):d
4n+8:d

4n+6:d
= .
dn+8:d

=4n+8—-4n—-6:d

=2:d

=d=1

Vi 2n+3 lasd le.

Vay hai s6 2n+3 vadn+8 1a cac s nguyén t6 cing nhau voi moi sd ty nhién 7.

Bai 15: Chig minh rang hai s6 3n+2 va5n+3 1a cic s6 nguyén té cling nhau véi moi sé ty nhién 7.

N, e

Loi gidi:
Goi d =(3n+2;5n+3)

=

3n+2:d
5n+3:d

U

5(3n+2)id
3(5n+3)d

{15n+105d
=

15n+9:d
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=15n+10-15n-9:d
=1:d
=d=1
Vay hai s6 3n+2 vasSn+3 la cac s nguyén td ciing nhau véi moi sd tu nhién 7.
PHAN III.BAI TOAN THUONG GAP TRONG PE HSG.
2018, 2002

Bai 1: Tim s6 tu nhién n dé 4 =n>"" + 2™ +1 1a s6 nguyén t6.
(HSG Tinh Quang Ngai 2015 — 2016).
Loi gidi:
Xét n=0 thi 4=1 khong phai 13 s6 nguyén to
Xét n=1 thi 4=3 la s6 nguyén tb.

Xétn>1: A=n™" —n* +n"” —n+n*+n+1
:nz((n3 )672—1)+n((n3 )667—1)+(n2+n+1)
Ma (n3 )672—1 chia hét chon® —1, suy ra (n3 )672—1 chia hét cho n* +n+1.

Tuong tu: ( n )667 —1 chia hét cho n* +n+1.
Vay A chia hét cho n* +n+1>1nén A4 1a hop s6. SO tw nhién can tim n=1.
Bai 2 : Tim cic s6 nguyén td p dé p” +2” ciing 1a s6 nguyén to.
(HSG Thanh phé Ha Ngi 2016 — 2017).
Loi gidi:
Néu p=2 thi p* +2” =4+4=8 (khong thoa min).
Néu p=3 thi p’+2” =9+8=17 (thoa man).
Néu p>3 thi p*+2” =(p’-1)+(2"+1)33.
Két luan p =3 1a gia tri can tim.
Bai 3: Tim tit ca cac cip sb nguyén to ( piq ) thoa man p’>—5¢° =4.
(Chuyén Viing Tau 2016 —2017).
Loi gidi:
p’-5¢° =4 p’-4=5¢" <:>(p—2)(p+2):5q2

Do 0< p—2< p+2 va ¢ nguyén tbnén p—2 chi c6 thé nhan cac gia tri 1;5;¢;¢" .
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Ta c6 bang gia tri tuong ing:

p—2 p+2 p q
1 5q2 3 1
5 q2 7 3
q 5q 3 1
q2 5 3 1

Do p,q la cac s6 nguyén t6 nén chi c6 cip ( piq ) = ( 7;3 ) thoa man.

Bai 4: Tim tat ca cac sd ty nhién N (theo hé thap phdn) thoa man cac diéu kién sau: N = aabb , trong d6
abb va aab 1asb nguyén to.

Loi gidi:

Do aab 1a sb nguyén to, tirc 12 110a +b 1a sb nguyén t6 ta cd b=1,3,7 hoic 9.

Tir diéu kién thir nhat ta c6: N =11(100a+5 ).

Theo bang s nguyén t6 ta im dugc cac cip s6 nguyén té abb va aab thda man diéu kién thtr nhét sau
day: ( 223;233 ),( 227,277 ), ( 331,311 ), ( 443;433 ), ( 449;499 ) , ( 557,577 ), ( 773;733 ) ,

( 881;811 ), ( 887,877 ), ( 991,911 ), ( 997,977 )

Tuong tng v6i 100a + b 1a cac sb sau: 203=2.29; 207=9.23; 301=7.43; 403=13.31; 409 1la sb
nguyén td; 507 =3.13%; 703=19.37; 801=3%89; 807 =2.269; 901 =17.53; 907 la s6 nguyén t0.
Vay N =8877=3.11.269

Bai 5: Tim s6 tu nhién p sao cho p va p+3 déu la sd nguyén td.

Loi gidi:

Mot s6 tu nhién bat ki c¢6 1 trong hai dang: 2n;2n+1 v6i ne N.Néu p=2n+1thi p+3=2n+4 chia
hét cho 2.

Tacd p+3>3 va p+3 chiahétcho 2. Nén p+3 1a hop so trai dé bai.

Do d6: p=2n.Nhung p nguyéntdnén p=2 va p+3=>5 nguyén to.

Vay p=2.

Bai 6: Tim s6 nguyén td p saocho p+4 va p+8 déula sd nguyén td.

Loi gidi:

Bét ki s tu nhién nao cling c6 mot trong ba dang: 3n;3n+1;3n+2;ne N. Néu p =3n thi

p+8=3n+9:3,voli.
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Néu p=3n+2 thi p+4=3n+6,voli. Dodd p=3n.
Nhung p nguyénténén p=3;p+4=7,p+8=11 nguyéntd. Vay p=3.
Bai 7: Tim céc s6 nguyén t x, y,Z thoamén x* +1=Z
Loi gidi:
Vi x, y la cac s6 nguyén td
=>x22,y22
= 7Z>5=7 lasdnguyén tb 1¢
= x” 1a 56 chin = x chéan
= x =2 thay vao ta co
Z=2"+1
Néu y 16 =27 +1:3 (a" +b" a+b 18)
= Z:3voli
Do d6 y lasdchin = y=2
Thay x=2,y=2=72=5
Vay x=2,y=2=7=5
Bai 8: Tim ne N* dé n* +4 14 s6 nguyén to
Loi gidi:
a) n*+4=n"+4n* +4-4n°
:(1f12+2)2—(2n)2
=(n2—2n+2)(n2+2n+2)

Dé n* +4 1asd nguyén té thi 2n° —2n+2=1=n=1

Thir lai v6i n=1 thi n* +4 =5 1a sd nguyén t6.

Vay voi n=1 thi n* +4 14 s6 nguyén t0.

Bai 9: Tim s6 nguyén td p sao cho p+2va p+4 la cac sd nguyén t6 (trich dé thi HSG Quéng
Trach)

Loi gidi:
V6i p=3thi p+2=5va p+4=7 la cac sb nguyén tb
Véi p>3thi p=3k=*l

Néu p=3k+1thi p+2=3k+3:3
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Néu p=3k-1thi p+4=3k+3:3

Vay p=3thi p+2 va p+41a cac sb nguyén td.

Bai 10: Tim céc s ty nhién n dé n” +12n 1 s6 nguyén td.( trich dé thi HSG Thanh Oai)
Loi gidi:

Taco n* +12n=n(n+12)

Vi n+12>1néndé n*+12n 1a sd nguyén td thi n=1

Thir lai n> +12n =12 +12.1=13 14 s6 nguyén t6

Vay voi n=1 thi n* +12n 1a s6 nguyén td

Bai 11: Chig minh rang néu p va p® +21a cac sb nguyén tb thi p® +2 cling 1a sb nguyén tb. (trich dé thi
HSG Nga Son)

Loi gidi:

V&i moi s6 nguyén t6 16n hon 3 thi chia hét cho 3 déu c6 dang p =3k +1hodc p=3k+2(keN")

V6i p=3k+1 thi p®+2=9k>+ 6k +3 chia hét cho 3

Vé6i p=3k+2thi p*>+2=9k%>—6k+6 chia hét cho3

Vi plas6 nguyén té nén p >2khi d6 trong ca hai trudng hop trén thi p> +2 déu 16n hon 3 va chia hét

cho 3, tic1a p?+2 1a hop sb

=> p*>+2 chilahop sé khi p=3khidé p>+2=111asd nguyén t6

= p’ +2=3"+2=291a s6 nguyén t6

Vaynéu pva p®+21a cc s6 nguyén té thi p* +2 cling 1a s6 nguyén td.

Bai 12:Cho A=3+3>+3"+...+3' 1a s6 nguyén té hay hop s6? vi sao? (trich dé thi HSG Nam
Truc)

Loi giai:

A=3+3+3F +..+3"=C+3)+ B3 +3)+..+ (37 +3')
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=3(1+3)+3(1+3)+...+3”(1+3)
=34+34+..+3%4=43+3 +..+3”)4
Ma 4>4

Nén 4=3+3*+3"+...+3"1a hop sb

Bai 13: Cho » 13 s6 nguyén t6. Hoi n'® —11a s6 nguyén tb hay hop s6? (trich dé thi HSG Ba
Thudc)

Loi gidi:

Tacd n 1as6 nguyén té suy ra n chia 2 du 1
=>n'"chia 2 du 1

=> n'" —1chia hét cho 2

Vay n'° —1 1a hop sb

Bai 14: Tim s ty nhién »n sao cho p = (n—2)(n> +n—>5)1a s6 nguyén té. (Trich dé thi HSG Hiép
Hoa)

Loi gidi:

Vi p=(n=-2)(n*+n-5) nén n—2 va n>+n-5eU(p)

Vi plasdnguyén té nén n—2=1hodc n’ +n-5=1

+Néun-2=1=>n=3thi p=3-2)3*+3-5)=1.7 =7 (thoa)

+Néu ' +n-5=1=>n"+n=6=>nn+1)=6=23=>n=2

thi p =(2-2)(2*+2—5) = 0khong phai 1a s nguyén t, loai

Vay n=3thi p=(n-2)(n>+n-5)la sd nguyén to.

Bai 15: Tim céc s6 tu nhién »n dé 3" + 614 s6 nguyén to. (trich dé thi HSG Hung Ha).
Loi gidi:

Véi n=0 tacd 3" +6=3"+6="7 la sd nguyén td.

Vé&i n=#0 tacd 3":3,6:3 nén 3" +6:3ma 3" +6>3 do d6 3" +61a hop s6
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Vay n=0thi 3" +61a s6 nguyén td.

o3 HET ©
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CHUYEN PE SO NGUYEN TO, HQOP SO
CHU PE 2: PHUONG PHAP DAY SO PE TiM SO NGUYEN TO
PHAN I.TOM TAT LY THUYET
1. SO NGUYEN TO
-Sé nguyén t6 1a s6 tu nhién 16n hon 1,chi ¢6 2 wéc 1a 1 va chinh né.
-S6 nguyén t6 nho nhat vira 1a s6 nguyén t6 chin duy nhat 1a s6 2.

-Khéng thé gi6i han sb nguyén tb ciing nhu tap hop sb6 nguyén td.Hay néi cach khac,sb nguyén tb
la vo han.

-Khi 2 s6 nguyén t6 nhan v6i nhau thi tich cta chiing khong bao gio 1a mot sé chinh phuong.
-U'éc tu nhién nho nhat khac 1 ciia mot s6 tu nhién dugc coi la sb nguyén td.

-Dé két luan s6 ty nhién a 1a mot s6 nguyén té (a > 1),chi can chimg minh a khong chia hét cho
moi sO nguyén t6 ma binh phuong khéng vuot qua a.

. . a: . .
-Néu tich ab:p = [b'p (p 12 s0 nguyén t0)
‘p

-Dic biét néu a” ‘p=a‘p (p lasd nguyén td)

-Moi s6 nguyén t6 vuot qua 2 déu c6 dang: 4n+1(n e N")

-Moi s6 nguyén t6 vuot qua 3 déu c6 dang: 6n+1(ne N”)

-Hai s6 nguyén t6 sinh d6i 14 hai s6 nguyén t6 hon kém nhau 2 don vi.

PHAN II.CAC DANG BAI

Dang 1: Tim s6 nguyén t6 dé mot hay nhiéu biéu thirc dong thoi 1 s6 nguyén t6.

I. Phwong phap gidai

-Dua vao cc dau hiéu chia hét va cac tinh chét vé sb nguyén t6 ,hop sd, dé giai cac bai toan vé chimg
minh hodc giai thich.

- Trong n s0 ty nhién lién tiép chi co mot va chi mot s6 chia hét cho .

- Nam chéc céc tinh chat dic trung clia s6 nguyén t6 dé giai bai toan.

II. Bai todan

Bai 1: Tim sd nguyén t6 p sao cho céac sd sau ciing la s6 nguyén td.
a,p+10,p+14

b,p+2,p+6,p+8,p+12,p+14
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Loi gidi:

a)

-Véi p=2= p+2=4 lahogpso,nén p=2 khong thoa man d¢ bai.

-Voi p=3 = p+10=13,p+14=17 déula sb nguyén tb. Do d6 p =3 thoa min dé bai.
-Véi p>3, p lasdnguyéntonén p cédang p=3k+lhoic p=3k+2,(keN)

+Néu p=3k+1=p+14=3k+15=3(k +5):31a hop s6 = p =3k+1 khong thoéa min dé bai.
+Néu p=3k+2=p+10=3k+12=3(k+4):31ahop s6 = p =3k +2 khong thoéa min dé bai.
Vay p=3thi p+10,p+141a s nguyén t6.

b,

-Véi p=2 = p+6=8 lahopsd, nén p =2 khong thoa min dé bai.

-Véi p=3 = p+6=9 lahopsd, nén p =3 khong thoa min dé bai.

-Véi p=5 = p+2=T,p+6=11,p+8=13,p+12=17,p+14=19 déu 1a s6 nguyén té, nén p =35 thoa
man dé bai.

-Véi p>5 va p lasénguyénténénnén p c6dang 5k +1,5k +2,5k+3,5k +4, (ke N")

+Néu p=5k+1=p+14=5k+15:51ahop s6 = p =5k +1 khong thoa man dé bai.

+Néu p=5k+2=p+8=5k+10:51a hop s6 = p=5k+2 khong thoa min d¢é bai.
+Néu p=5k+3=p+12=5k+15:51ahop s6 = p =5k+3 khong thoa man d¢ bai.
+Néu p=5k+4=p+6=5k+10:51ahop s6 = p =5k +4 khong thoa man dé bai.
Vay p=5thi p+2,p+6,p+8,p+12,p+141a sb nguyén td.

Bai 2: Tim 3 s6 1¢ lién tiép déu la cac sé nguyén t6.

Loi gidai:

Goi 3 s6 1¢ lién tiép 1a: 2k +1,2k + 3,2k + 5(k e N")

Trong 3 s 1¢ lién tiép luon c6 1 s6 chia hét cho 3.

-Néu 2k +3:3=2k:3=k:3 ma 2k + 314 s6 nguyén t5. Ma 1 khong 1 s6 nguyén to nén .

-Néu 2k +5:3=2k+2:3=2(k+1):3=(k+1):3. Ma 2k +51a s6 nguyén td= k = —1 trai véi diéu
kién.
-Néu 2k +1:3= 2k +1=3(vi 2k +11a s6 nguyén t6)= k =1= 2k +3 =5;2k + 5 = 7 déu la cac sd

nguyén t6 = k =1 théa min d¢é bai.

Vay 3 s6 tu nhién 1é can tim 14 3,5,7.
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Bai 3: Tim cac sd nguyén té p sao cho p vira 1a téng vira 1a hiéu cta hai s6 nguyén td.

Loi gidi:

Gia st p 14 s6 nguyén t6 can timthitacé p=p, +p, = P; =P, (P15D25P35P, déu 1a cac sd nguyén t6 va
P; >Pp,)

Dé p la songuyén to thi p,,p, c6 mot trong hai so 1a so chan va p,,p,cling c6 mgt trong hai so la so
chan.

Giastt p, >p,thi=p, =p, =2

Taco:p=p,+2=p;-2=p, =p, +4.

Ta thdy p,,p, +2,p, +41a 3 s6 nguyén t6 1¢ lién tiép.

Theocau2=p, =3=p=p, +2=5.

Thrlai: p=5=5=2+3=7-2.

Vay s6 can tim 1a 5.

Bai 4: Tim k € N dé diy s6 k + 1,k +2,.....,k +10 chtra nhiéu sé nguyén t6 nhat.

Loi gidi:

Néu k=0 =>Tacod day s6 1;2:3;...:10 6 céc sb nguyén 6 142;3;5,7 = Cb6 4 86 nguyén td.
Néuk=1=Tacé day $6 2:3:4;...:11¢6 céc sb nguyén td 1a2;3;5;7;11=Co6 5 $6 nguyén t6.
Néu k=2=Taco day s6 3;4:5;...;:12 ¢6 céc sb nguyén t61a3;5;7;11 =Cb6 4 s6 nguyén td.

-Néu k >3 = Day s6 k+1,k+2,....k +10 déu gém céc s 16n hon 3 va bao gdm 5 s6 1¢ lién tiép va 5 so
chén lién tiép.

Vi cac sb trong diy déu 16n hon 3 nén suy ra 5 sb chén lién tiép déu 1a hop sb va trong 5 s6 1¢ lién tiép ton
tai it nhat madt so chia hét cho 3 va so nay cling 1a hop so.

Vay k =11a gia trj can tim.

Bai 5: Tim s6 nguyén t& p sao cho: p+94, p+1994ciing 1a s6 nguyén td.

Loi gidai: ’ ’ ) .

-Voi p=2 lasonguyéntonén p+94=96 lahop so. Doddo p=2 khong thoa man d¢ bai.

-Voi p=3 lasbnguyéntd = p+94=97, p+1994=1997 déu la s6 nguyén t6. Do d6 p =3 thoa min
d2 bai.

-Véi p>3, p lasonguyéntdnén p c6dang p=3k+1lhodc p=3k+2,(keN,k>0)
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+Néu p=3k+1 = p+1994 =3k +1+1994:3 1ahop sé = p=3k+1 khong thoa min dé bai.

+Néu p=3k+2 = p+94=3k+2+94:3 lahop s6 = p =3k +2 khong thoa man dé bai.

Vay p =31a s nguyén t6 can tim.

Bai 6: Tim s6 nguyén t6 p sao cho p+18, p+24, p+26, p+32 ciing la sd nguyén t6.

Loi gidai:

-Véi p=2tacép+94=96 lahopsé = p=2 khong théa min d¢ bai.

-Véi p=3 tacd p+94=97, p+1994=1997 déu la s6 nguyén t6, do d6 p =3 thoa méan dé bai.
-Vé6i p>3,plasdnguyén td nén p c¢6 dang p =3k +1hodc p:3k+2,(keN,k>O)

+Néu p=3k+1 = p+1994 =3k +1+1994:3 lahop sé6 = p =3k +1 khong thoa man d¢ bai.
+Néu p=3k+2 = p+94=3k+2+94:3 1a hop s0, do 46 = p =3k +2 khong thoa man dé bai.
Vay p =3 1a s6 nguyén td can tim.

Bai 7: Tim s6 nguyén td p sao cho: p+2, p+8, p+16 déu la sd nguyén to.
Loi gidi:

-Vé6i p=2 lasénguyéntd = p+94=96 1ahop sb = p =2 khong thoa min dé bai.

-Véi p=3 lasénguyéntd = p+94=97,p+1994=1997 déu la s6 nguyén td = p =3 thoa man dé
bai.
-Véi p>3, p 1asbnguyén td nén p c6 dang p =3k +1hoic p=3k+2,(keN*)

+Néu p=3k+1 = p+1994 =3k +1+1994:3 1a hop s6 = p =3k +1 khong thoa mén dé bai.
+Néu p=3k+2 = p+94=3k+2+94:3 la hop s6, do d6= p =3k +2 khong thoa man dé bai.
Vay p =3 13 s6 nguyén t6 can tim.

Bai 8: Tim s6 nguyén td p sao cho:

a, 2p—1,4p—1 ciing 13 sb nguyén .

b, 2p+14p+1 ciing la sb nguyén td.

Loi gidi:

a)

-Voi p=2 =2p-1=3,4p—-1=7 lasonguyéntd = p =2 thoa man dé bai.

-Véi p=3 =2p-1=54p-1=11 déulasd nguyéntd = p =3 thoa man dé bai.

-Véi p>3,plasdnguyén td nén p c6 dang p =3k +1hoic p=3k+2,(keN*)

+Néu p=3k+1 =4p-1=4(3k+1)-1=12k+3:3 lahop s = p=3k+1 khong thoa man dé bai.
+Néu p=3k+2 =2p-1=2(3k+2)—1=6k+3:3 lahop s6 nén = p =3k +2 khong théa man dé bai.
Vay p=3va p=21asd nguyén tb can tim.

b,

-Véi p=2 lasénguyéntd = 4p+1=9 lahopsd = p =2 khong thoa man dé bai.
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-Véi p=3 lasénguyéntd =2p+1=7,4p+1=13 déu la s6 nguyén td= p =3 théa min dé bai.
-Véi p>3, p 1asbnguyén td nén p c6 dang p =3k +1hoic p=3k+2,(keN*)

+Néu p=3k+1 =2p+1=2(3k+1)+1=6k+3:3 lahopsd = p =3k +1 khong thoa man dé bai.

+Néu p=3k+2 = 4p+1=4(3k+2)+1=12k+9:3 la hop s6 nén = p =3k +2 khong théa méan dé bai.
Vay p =31a s6 nguyén t6 can tim.

Bai 9: Tim tat ca cac sb tunhién n dé n+1, n+3, n+7, n+9, n+13, n+15 déula sd nguyénté

Loi gidai:

- V6i n=0 thi n+9=9 1ahgp s6. Do d6 n=0khong thoa man dé bai.

-Vé6i n=1 thi n+3=4 1a hop so. Do d6 n =1khong thoa man dé b‘éi.

- V6i n=2 thi n+13=15 la hop s6. Do d6 n =2khong thoa man d¢ bai.

-V6i n=3 thi n+3=6 la hop s0. Do d6 n =3khong théa man dé bai. ‘ ’ ’
-Véin=4thi thi n+1=5n+3=7,n+7=11,n+9=13,n+13=17,n+15=19 déu la cac s nguyén to.
Do d6 n=4 théa man dé bai.

-Véi n>4thincécodang n=4k+1,n=4k+2,n=4k+3,(keN").

+Véi n=4k+1 thi n+1=4k+2 1a hop s6. Do d6 n =4k +1 khong thoa man.

+Véi n=4k+3 thi n+1=4k+4 1a hop s6. Do d6 n = 4k +3 khong thoa man.

+Voi n=4k+2 thi n+13 =4k +2+13 =4k +15 1a hop s6. Do d6 n =4k +2 khong thoéa méan
Do d6 n=4 théa man dé bai.

Bai 10: Tim tat ca cac s6 nguyén td p, g sao cho 7p+¢ va pg+11 ciing 1a s6 nguyén t6

Loi gidai:

Néu pg +11 1a sb nguyén t6 thi n6 phai 1a sé 1é vi né 1a sé nguyén t6 16n hon 2

Suy ra pq 1a s6 chén, khi d6 it nhat 1 trong 2 s p hodc ¢ bang 2

Giasit p=2=7Tp+q=14+q 1a sb nguyén t6

+Néu g=2=7p+q=72+2=16 lahop s6, = p=2,q =2 khong théa man.

+Néu g=3= pq+11=23+11=17 va Tp+q=7.2+3=17 déula cic s6 nguyén td, = p=2,9=3
thoa man dé bai.

+Néu ¢ >3, glasdnguyén td nén co dang ¢ =3k +1 hoic q:3k+2,(keN*)

+Véi g=3k+1=Tp+q=14+3k+1:3 lahop s6=> ¢ = 3k +1 khong thoa man.

+V6i g =3k+2=> pg+11=2q+11=2(3k+2)+11=6k +15:3 la hop s6= ¢ =3k +2 khong théa man.
Vay p=2,q=3 .

Xét tiép TH ¢ =2 lam tuong tu ta dugc p=3 .

Vay p=2,g=3hodc p=3,q=2.

Bai 11: Tim s6 nguyén t6 p sao cho 5p + 714 s6 nguyén td.

Loi gidi:
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-Nhan thily p=2 lasd nguyéntd, va Sp+7=17 ciing la s nguyén t6

-Véi p>2 va plasdnguyéntdthi p c6dangp = 2k+1,(k € N*)

Néu p=2k+1=>5p+7=5(2k+1)+7=10k+12:2 lahop sb, nén p =2k +1 khong théa man.

Vay p =2 laso nguyén to can tim.

Bai 12: Ta goi p,qla hai s tu nhién lién tiép, néu gitta p va g khdng c6 s6 nguyén td nao khac. Tim 3 s6

nguyén t6 lién tiép p,q,rsao cho p* +¢* +r’ ciing la sd nguyén tb.

Loi gidi:

Néu 3 s nguyén té p,q,rdéu khac 3 thi p,q,r déu cé dang 3k+1 suyra p® +¢* + > chia cho 3 déu du
1.Khido p*+¢° +r*i3va p>+q¢* +r> >3 nénp’ +¢° +r* lahop sb. Vay p=3,q=5,r=7,khi d6

PP +q* +r' =3*+5% + 7% =83 1a s6 nguyén t6.

Bai 13: Tim céc sd nguyén td a sao cho 6a+13 1a s6 nguyén t6 va 25<6a +13<45
Loi gidi:

Ta co : T 25 dén 45 ¢6 5 s6 nguyén td 1a - 29:31;37;41;43

Nén ta c6 bang sau :

6a+13 29 | 31 | 37 | 41 | 43
8 14
a - |3 4 | —
3 3
Ma a 1a s6 nguyén to néna =3hodc a=35.
Vay a=3hodac a=5.
Bai 14: Tim cac s0 nguyén t0 a,b,c sao cho ab.c=3(a+b+c).

Loi gidi:

Vi abc=3(a+b+c)= abc:3

Gia st a:3,vi a 1a sbnguyéntd = a=3.
Taco 3bc=33+b+c)=bc=3+b+c
=>bc—-b=3+c

=b(c-1)=3+c

=blc-1)=4+(c-1)

= b-Dc-1)=4

= (b,c) €{(3,3);(2,5)}

Vay (a,b,c) e {(3,3,3);(2,3,5)}
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Bai 15: Ta goi p,q 13 2 s6 nguyén td lién tiép néu giita p va ¢ khong co sd nguyén t6 nao khac.Tim 3 sb

nguyén t6 lién tiép p,q,r sao cho p* +q* +r’ciing 13 s6 nguyén td.
Loi gidi:

+Néu p,q,r déu khac 3 ma p,q,r 1a cac sb nguyén tb.

= p,q,rchia 3 du 1 hodc du 2 (hay du-1).

= p’,q°,r’ chia 3 du 1.

= p” +q° +r° chia hét cho 3.

Vay ton tai 1 s6 bang 3.

+THI: B6 3 s6 p,q,rtuong Gng 1a: 2;3;5. Khi d6 2? + 3% +4? =38 1a hop s6. Do d6 bo ba s6 nay khong
thoa man.

+TH2: B6 3 s6 p,q,rtuong Gmg 1a: 3;5;7 Khi d63* + 4> + 5% = 8314 s6 nguyén t6 . Do d6 b ba sb nay
théa méan d& bai.

Vay 3 s6 nguyén t6 lién tiép can tim la: 3,5,7.
Bai 16: Tim 3 s nguyén t6 p,q,rsao cho: p* +q° =r.
Loi gidi:
Vipi+q°>2=r>2=rlasdlé( r 1asbnguyén td ).
= p?,q"°¢co 1 s61éva 1l sd chin.
Gia str p?la sb chin=> p chin = p=2(viplasdnguyéntd)=2"+q’ =r
+Néu q>3 = q=+l(mod3) = q* = 1(mod3)
Mit khac ¢ 1asd 1é = 2% = (-1)" = —1(mod 3)
= 2% +q° =0(mod3)
=29+q*3=r13=r=3(Vir lasdnguyéntd).
=29+ =3 (Loaivi ¢ lasénguyéntdnén q> >3=r>3)
+Néu q =3thi = r=3>+2° =171a s6 nguyén t6 ( Thoa man ).

Vay (p,q,1) €{(2,3,17);(3,2,17)} .
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Bai 17: Tim tat ca cac bo ba sb nguyén t6 lién tiép sao cho tong binh phuong cta ba sb nay ciing 1a s6
nguyén to.

Loi gidi:

Goi bd ba s nguyén t6 lién tiép d6 12 p,s,r, (p<s<r)

Néu p,s,r déu khong chia hét cho 3 thi p®,s?,r* déu chia 3 du 1= p* +s° +1°:3
Ma p®+s>+r1>>3 nén p’ +s>+r° 1a hop sd ( Trai voi GT, loai )

Do d6 ¢6 it nhdt mot trong 3 sb p,s,r chia hét cho 3.

+Néu p=3 this=3,r=5

Khi d6 p* +s> +1> =3>+5% + 7> =83 1a s6 nguyén t6 ( Théa min )
+Néus=2thip=2,r=5

Khi d6 p® +s” +17 =2 + 3> + 5> = 28 khong 1a s6 nguyén t6 ( Trai voi GT, loai )
+Néu r=3 thi s=2;p<2 (Vo livi p 1as6 nguyén t6, loai )

Vay 3 s6 nguyén té can tim 1a : 3;5;7

Bai 18: Tim tat ca cac bd ba sd a,b,c sao choabc < ab + be +ac

Loi gidi:

Vi a,b,c c6 vai tro nhu nhau nén gia st a <b <c¢ khi dé

ab+bc+ac <3bc

= abc < 3bc

—a<3=a=2via lasdnguyén td.

Vi a=2 thitacod 2bc<2b+2c+bc=bc<2(b+c)<4c

b_2 \ N A A A
b£4:>[b 3 (vi p lasdnguyénto)

+Néu b=2 thi 4c <4 +4c thoa min véi ¢ 1a s6 nguyén té bat ki
+Néu b=3 thi 6c<6+5c=c<6=>ce(3;5}

Vay cac cip s6 (a,b,c) can tim 13 (2,2,p);(2,3,3);(2,3,5) va cac hoan vi ctiia chung, voi p 13 sb nguyén
t6.
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Bai 19: Tim tat ca céc sb tu nhién n dé :

a, n’ +12n 1a s nguyén td.

b, 3" +6 la s6 nguyén tb.

Loi gidai:

a,Taco: n*+12n=n(n+12), Vi n+12>1=>n(n+12) cothém2udcla n va n+12

Dé n(n+12) lasdnguyéntdthi n=1=>n"+12n=13 lasd nguyént6 = n=1 théa man dé bai.

b,Néu n=0=>3"+6=7 1asb nguyén tb.

Néu n#0=>3"+6:3 1a hop sb.

Vay n=0

Bai 20: Mot s6 nguyén td chia cho 30 ¢6 s6 du 1a ». Tim rbiét rang » khong 1a sd nguyén té.

Loi gidi:

Goi s nguyéntéla p (peN").

Taco:p=30k+r=235k+r(ke N ,reN’,0<r<30)

Vi p 1as6 nguyén td nén r khong chia hét cho 2,3,5.

S6 nguyén duong khong 13 sb nguyén t6 nho hon 30 va khong chia hét cho 2,3,5 chicé sb 1.
Vay r=1.

Bai 21: Mot s6 nguyén tb chia cho 42 ¢6 s6 du 1a ».Tim r biét rang » 13 hop sb.

Loi gidi:

Goisdnguyéntéla p (peN")

Taco:p=42k+r=237k+r(keN,reN,0<r<42)

Vi p 1a s nguyén t6 nén »khong chia hét cho 2,3,7.

S6 nguyén duong 1a hop s6 nhé hon 42 va khong chia hét cho2,3,7 chi c6 sd 25.

Vay r=25.

Bai 22: Ta biét rdng ¢ 25 sb nguyén t6 nhé hon 100. Téng cua 25 s6 nay 1a sb chin hay sb 18?
Loi gidi:

Trong 25 s6 nguyén t6 nho hon 100 c6 chira mot s6 nguyén t6 chin 14 2, con 24 sé nguyén t6 con lai 14 sd
nguyén to 1&. Do d6 tong 25 s6 nguyén to nho hon 100 1a s6 chan.

Bai 23: Tim tat ca cac s nguyén to p dé 27 + p*ciing 13 s6 nguyén to.
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Loi gidi:

Véi p=2 tacd 2 + p* =2 +2° =8khong la sd nguyén t6.

V6i p=3tacod 27+ p* =2°+3% =171a s6 nguyén tb.

V6i p>3tacod p>+27 =(p*—1)+(2”+1). Vi p 1é va p khong chia hét cho 3 nén (p* —1):3 va
(27 +1):3,do d6 27 + p*> lahgp sb. Vay véi p =3 thi 2” + p’1a s nguyén t6.

Dang 2 : Cac bai toan chirng minh vé sé nguyén t6.

Bai 24: Ching minh ring v6i ne N,n>2thi 2" —1,2" +1 khong thé dong thoi 14 sé nguyén to.
Loi gidai:

Xét day sb: 2" —1;2";2" +1 1a 3 s6 tu nhién lién tiép.

Vi (2,3)=1=(2",3)=1

Vi day s6: 2" —1;2";2" +1 1a 3 sb tu nhién lién tiép nén co 1 s6 chia hét cho 3.

Ma (2",3) =1 nén mét trong hai s6 2" —1;2" +1 chia hét cho 3.

Suyra ne N,n>2thi 2" —1,2" +1 khong thé dong thoi 1a sb nguyén td.

Bai 25: Chirng minh rang véi mdi s6 tu nhién n,(n > 1)1udn tim duoc n s6 ty nhién lién tiép déu 1 hop
5.

Loi gidi:

Chon sb tu nhién a = 2.3.4....n.(n + 1)

Khi d6 ta c6 n s6 tw nhién lién tiép 1a a +2,a+3,a +4,....,a+n,a+(n+1) déulahopsdvi n sb trén

1an luot chia hét cho 2,3,4,....,n,n+1 ( diéu phai chimg minh).

Bai 26: Chtng minh rang néu a,a+m,a+2m déu la cac s6 gnuyeen t6 16n hon 3 thi m chia hét cho 6.
Loi gidai:

Céc s6 nguyén t6 16n hon 3 déu 1a sb 1é.

Néu m 1 s6 1é thi a+m 1a sé chin 16n hon 3 nén khong 13 sb nguyén t6. Suy ra m 14 s6 chin.

Dit m=2p,(peN).

Néu p =3k+1,(k € N)thiba sb di cho 1a: a,a+6k+2,a+12k +4

Néu a chia cho 3 du 1 thi a+6k+2:3, khong thoa man dé bai.

Néu a chia cho 3 du 2 thi a+12k +4:3, khong thoa man dé bai.
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Vay p khong co dang p=3k+1,(ke N)

Hoan toan tuong ty ta chirng minh dugc p khong c6 dang p =3k +2,(k € N)
Do d6 p=3k,(ke N)=m=6k=m:6

Vay m chia hét cho 6.

Bai 27:

a) Chimg minh ring s6 du trong phép chia ciia mot s6 nguyén tb cho 30 chi co thé 13 1 hodc 1a sé nguyén
t0. Khi chia cho 60 thi két qua ra sao?

b) Ching minh riang néu téng cua n liiy thira bac 4 cta cac s6 nguyén td 16n hon 5 1a mot s6 nguyén t6 thi
(n,30)=1

Loi gidai:
a) Gia st plasd nguyéntd va p=30+r voi 0<r <30.Néu r1a hop s thi rcd udc nguyén td

g <30 = ¢ =2;3;5. Nhung v&i g =2;3;5 thi » 1an luot chia hét cho 2; 3; 5 (v6 li). Vay r=1 hodc rla
sd nguyén td.

Khi chia cho 60 thi két qua khong con dung nita, chang han p =109 = 60.1+49 ma 49 1a hop s6.
b) S6 nguyén t6 p khi chia cho 30 chicothédula 1, 7, 11, 13, 17, 19, 23, 29.

Véi r=1,11,19,29 thi p* =1 (mod 30).

Véi r=7,13,17,23 thi p> =19 (mod 30).

Suyra p* =1 (mod 30).

Khido g=p‘*+p,* +..+ p,* =n(mod 30)= g =30k +n 1a s6 nguyén té nén (n,30)=1.

Bai 28: Hai s6 2" +1,2" —1(n € N,n > 2) c6 thé cuing 14 s6 nguyén t6 hay khong ? Vi sao ?

Loi gidi:

Vi 2" +1,2",2" —11a 3 s6 ty nhién lién tiép nén co6 1 s chia hét cho 3.Ma (2,3) =1va 3 la sd

nguyén t6 nén 2" khong chia hét cho 3. (1)
Man>2nén 2"+1>32"-1>3 (2)

Tir (1),(2) suy ra 1 trong 2 s§ 2" +1,2" —1phai chia hét cho 3.
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= Hai s6 2" +1,2" —1(n € N,n > 2) khong thé cung 13 s6 nguyén td.

Bai 29: Cho 3 sb nguyén t6 16n hon 3,trong d6 s sau 16n hon sb truée 1a d don vi.Ching minh rang d:6
Loi gidi:

Cac s6 nguyén t6 16n hon 3 nén p c6 dang 3k +1 hodc 3k +2 (ke N*)

C6 3 s6 ma chi co 2 dang nén tdn tai hai sb thudc cung mot dang, hiéu cia chung (1a d hoac 2d ) chia
hét cho 3. Mit khac d chia hét cho 2 vi d 1a hi¢u cia hai s6 1€.Vay d chia hét cho 6.

Bai 30: Hai sd nguyén to g01 1a sinh d61 néu chung la hai sO nguyén t6 1¢ lién tiép.Ching minh rang mot
sO tyr nhién 16n hon 3 nam giira hai s6 nguyén to sinh doi thi chia hét cho 6.

Loi gidi:

Goi p lasdnguyéntdlonhon3va p 1énén p+1:2 (1)

Ma p 1a s6 nguyén t6 16n hon 3 nén p c6 dang 3k +1,3k + 2(k € N).

Dang p = 3k + 1khong xay ra vinéu p =3k +1thi p+2 =3k +3:31a hop s (Loai)
=p=3k+2=>p+1=3k+3:3 (2)

Tu (1),(2) = p+1:6 =DPCM

Bai 31: Ching minh rang s6 du trong phép chia mot s6 nguyén té cho 30 chi c6 thé 1a 1 hodc 1a s6 nguyén
to.

Loi gidi:
Gia st p lasdnguyéntdva p codang p=30k+r=23.5k+r(keN",reN",0<r <30)
Néu 7 1a hop s6 thi r c6 uéc nguyén to ¢ sao cho q° <30=>q € {2,3,5}
Nhung véi q € {2,3,5} thi p lan lugt chia hét cho 2,3,5 (Vo ly )
Vay r =1 hoic r1a sé nguyén t6.
Bai 32: Cho diy sb nguyén duong a,,a,,..., a, dugc xac dinh nhu sau:
=2,a, lauéc nguyén té cua a,a,a, a, ,+1véi n>2. Ching minh rang a, #5,Vk e N*.
Loi gidi:

Tacod a, =2,a, =3, gid sit v61 n >3 nao d6 ma co6 s6 5 14 u6c nguyén t6 10n nhat cua sb
A=23.a,..a, +1 thi 4 khong thé chia hétcho 2, cho 3. Vay chi c6 thé xdyra 4=5"véi m>2.
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Suyra A-1=5"-1:4.
Ma 4-1=23.a,...a, , khong chia hét cho 4 do a,...a,  1acéac s6 1é (v6 1i).
Vay A khong c6 udc nguyén tb cia 5, tic laag = 5, Vk e N *.

Bai 33: Trong diy s ty nhién c6 thé tim duoc 1997 s6 lién tiép nhau ma khong c6 sd nguyén t6 nao hay
khong ?

Loi gidi:

Chon day so:

a, =19981+2 a,:2

a, =19981+3 a,:3

a, =1998+4 a4

8,997 =199814+-1998 8,997 11998

Nhu vay: Diy s6 a,;a,3a,;....;2,6, 20m c6 1997 s6 ty nhién lién tiép khong c6 sd nao 1a sé nguyén to.

Bai 34: Trong ddy sd tu nhién co thé tim duoc 7 sb lién tiép nhau (n > 1) ma khong c6 sb nguyén té nao
hay khong ?

Loi gidi:

Chon dy sb:

a,=(n+HM4+2 a,:2,a, >2 nén a,la hop sb
a,=(n+1)H+3 a,:3,a, >3 nén a,la hop sd
a,=(n+1)+4 a,:4,a, >4 nén a,la hop sb

a, =(n+DHH+(n+1) a_i(n+1),a, >n+1 nén a_lahop sd

Nhu vay: Diy s6 a,5a,3a55....;a, gdm c6 1 s tu nhién lién tiép khong c6 sb nao 1a sd nguyén té.
PHAN III. BAI TOAN THUONG GAP TRONG DE HSG.
Bai1: Cho p va 2p+1 1a sb nguyén t6 16n hon 3. Chirng minh rang 4 p +1 14 hop sb.

( Trich @é HSG I6p 6 Triee Ninh ndm hoc 2017-2018)
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Loi gidi:
Do p 1a s6 nguyén t6 16n hon 3 nén cé dang p =3k +1; p=3k—1 véi k>1,keN.
+Néu p=3k+1 thi 2p+1=6k+3=32k+1).

Suyra 2p+1 1a hop sb (vo 1i).

+Néu p=3k-1Lk>1thi 4p+1=12k-3=3.(4k-1).

Do k>1 nén (4k—1)>3.Do d6 4p+1 1a hop sd.

Bai 2: Biét abcd 13 nguyén t6 c6 bon chir sé thoa man ab;cd ciing 12 s6 nguyén t6 va
b*=cd+b—c. Hay tim abcd.

( Trich dé HSG I6p 6 Séng L6 nam hoc 2018-2019)
Loi gidi:
Vi ab;cd 1a cac sb nguyén td nén b,d 1¢ va khac 5.
Talaico > =b>=cd+b—c < b*—b=9c+d < b(b+1)=9c+d
Néu b=1 ( Khong thoa man)
Néu b=3 nén 9c+d =6=c=0,d =6 ( Khong théa man).
Néu b=7=9c+d=42=d =42-9c= c=4d =6 ( Loai)
Néu b6=9=9c+d=72d=72-9c=c=7,d =9 (thoa min)

Suyra @ €{L2;7}

Vay abed € {1979;2979;7979}

Bai 3: Cho cac sb p=b°+a,q=a" +c,r =c" +b la cac s6 nguyén t6. Chimg minh trong 3 s6
P,q,7 c6 it nhat 2 sd bang nhau.

( Trich @é HSG I6p 6 TP Bdc Ninh nam hoc 2018-2019)
Loi gidi:
Trong 3 sda,b,c c6 it nhat 2 s6 ciing tinh chén 1¢.
Gia sir hai s6 cung tinh chan 1¢ 1a a va b .

Suyra p=>b°+a lasbnguyéntd chinnén p=2.
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Suyra a=b=1.Khidd g=c+1var=c+lnén g=r.

Vay trong ba sb p,q,r c6 it nhat 2 s6 bang nhau.

Bai4: Giasir pva p+2 1acic sd nguyén td. Chimg to p* + p* +1 ciing 1a s6 nguyén t6.
( Trich dé HSG I6p 6 Gia Binh ndam hoc 2018-2019)

Loi gidai:

+) Véi p=2 thi p*+2=8 khong la sé ngayén td.

+)V6i p=3 thi p+2=11 va p’+ p*+1=37 déu la s6 nguyén td.

+Y)Véi p>3= p=3k+l(keN,k=2)

= p?+2=0Bk+1)’ +2=9k>+6k+3=33k>£2k +1):3 nén p* +2 1a hop sb.

Vay chico p=3 thi p>+2 va p* + p>+1 déu la sb nguyén td.

Bai 5: Cho p 13 s6 nguyén t6 16n hon 5. Chimg minh p* —1 chia hét cho 100.

( Trich dé HSG 16p 9 huyén Luc Nam nam hoc 2018-2019)

Loi gidai:

Taco p* —1=(p* -D(p"°+p"” +p*+p*+1).

Do p la sénguyén t6 16n hon 5 nén p 1a mot sb 1é.

= p®+1va p®—1 1a cac s chan.

= p* -1 chia hét cho 4.

= p* —1 chia hét cho 4.

Vi pla sd nguyén té 16n hon 5 = p 1a mot s6 khong chia hét cho 5.

Lap luan ta duoc p* —1 chia hét cho 5.

Lap luan ta duoc p'® + p'? + p* + p* +1 chia hét cho 5.

Suy ra p* —1 chia hét cho 5.

Ma (4;25)=1 nén (p* —1)}100 ( dpcm).
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Bai 6: Ching minh rang hai s6 2n+1 valOn+71a 2 s6 nguyén td ciing nhau véi moi s tu nhién
n.

( Trich dé HSG 16p 6 Nhw Thanh niam hoc 2018-2019)
Loi gidai:
bat d =UCLN(2n+1,10n-17)
= (2n+1):d . Vivay 5Q2n+1):d = 2:d
Do d6 d =2 hoac d =1
+)Néu d =2 thi 2n+1):2 (Voly) =>d=1
1=UCLN(2n+1,10n+7).
Vay 2n+1 y3 10n+7 13 hai nguyén t6 cing nhau v6i moi s tw nhién n.
Bai 7: Cho p 1a s6 nguyén té 16n hon 3.Chimg minh rang p> —1:24.
( Trich @é HSG I6p 9 huyén Kim Thanh nam hoc 2018-2019)
Loi gidi:
Taco p>—1=(p-D(p+1).

Vi plasdnguyén td1énhon 3 nén p 1&. Dodd p—1 va p+1 1a hai sé chin lién tiép. Tir d6
suyra (p—D(p+D:8 (1).

Xét ba sb tu nhién lién tiép p—1; p; p+1.Tacd (p—Dp(p+1):3.

Ma p1a sb nguyén t6 16n hon 3 nén p khong chia hét cho 3. Ma 3 1a s6 nguyén tb nén suy ra
(p-Dp+D:3 (2.

T (1) va (2) kéthop voi (3;8)=1 va 3.8=24 tasuyra p* —1:24 (dpem).
Bai 8: Tim tit ca cac cip sd nguyén tb (p;q) sao cho p> —2¢* =1

Loi gidi:

Tu p°-2¢° =1 tadugc p° =2¢° +1.

Do d6 ta suy ra duoc p 1a sb nguyén t6 1é.

Tudotadat p=2k+1 voi ke N*.

Khi d6 ta duge (2k+1)° =2¢° +1 < 4k> + 4k +1=2¢" +1 < 2k(k+1)=¢°.
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Do d6 ¢* 1a s6 chin nén ¢ 1a s6 chin. Ma ¢ 1 s6 nguyén tdnén ¢ =2.
Thay vao p’>—2¢° =1 tasuy ra dugc p=3.
Vay cip s6 nguyén t6 (p,q) = (3,2) théa min yéu cau bai toan.

Bai 9: Tim s6 nguyén t6 c6 hai chit s6 khac nhau c6 dang xy(x > y > 0) sao cho hi¢u cua s6 do vdi so viet
theo thlr tw nguoc lai cud so do 1a s6 chinh phuong.

( Trich @é HSG 16p 6 huyén Thdi Thuy ndm hoc 2018-2019)
Loi gidi:
Theo d¢ bai ra ta co: E—glé s6 chinh phuong.
Khi d6 10x+y—(10y+x) =10.(x — y) —(x — ) = 9(x — ) 1a s6 chinh phuong.
Suy ra x—y 1a s6 chinh phuong.
Vix>ypy>0nén x,ye{l,2,...,9}.
Ta xét cac truong hop sau:
+THI: x—y=1va E 1a s6 nguyén t6 nén 5243.
+TH2: x—y=4 va xy 12 s6 nguyén té nén xy=73.
+TH3: x—y=9 va E 1a s6 nguyén t& nén khong c¢é sb nao théa man.
Vay xy € (43,73}
Bai 10: Tim céc sd nguyén té p,q va sé nguyén x théa manx’ + px+3g=0.
( Trich @é HSG I6p 6 huyén Kién Xuwong ndm hoc 2016-2017)
Loi gidi:
Tacd x° + px+3¢=0< x(x* + p)=-3q.
Vi ¢1a s6 nguyén t6 vax 1a sd nguyén nén tir phuong trinh trén ta suy ra x € {—1;—-3;—¢; -3¢} .
Ta xét cac truong hop sau:
+ Néu x =—1, khi d6 tir phwong trinh trén ta dugc 1+ p =3¢ . Do ¢la s6 nguyén t nén:

- Khi ¢g=2 thitadugc p=5.
- Khi ¢>2 thi 3glasélénén plasd nguyén td chian. Do dd p =2 nén g =1 khong phai la sd
nguyén to.
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+ Néu x =-3, khi d6 tir phwong trinh trén ta dugc p+81=¢g.Do d6 p 1a sb nguyén t6 chin va ¢ 1a sb
nguyén t6 1. Tir d6 ta duge p =2;q = 83.

+ Néu x = —gkhi d6 tir phuong trinh trén ta duoc p + p*=3. Trudng hop nay khong xay rado p va ¢ la

so nguyén to nén p+ p*>3.

+Néu x = -3¢, khi d6 phuong trinh trén ta dugc p+81p* =1. Trudng hop nay khong xay ra do p va g
1a s6 nguyén td nén p+81p* >1.

Vay cac bo sé (x; p;¢) théa min yéu cau bai toan 1a (—1;5;2),(~3;2;83).
Bai 11: Chtng minh rang néu 2" —1 13 sb nguyén t6 (n>2) thi 2" +1 1a hop sd.
( Trich @é HSG 16p 6 huyén Thanh Ha nam hoc 2015-2016)
Loi gidi:
Xét 3 s6 ty nhién lién tiép 1a 2" —1,2",2" +1.
Trong ba sb tu nhién lién tiép trén c6 duy nhat mot s6 chia hét cho 3.
Do n>2 nén 2" —1> 3, ma theo gia thiét thi 2" —1 13 sb nguyén td, do d6 2" —1 khong chia hét cho 2.
Lai c6 2" khong chia hét cho 3. Do d6 suy ra 2" +1 chia hét cho 3.
Mado n>2 nén 2" +1> 3. Tir d6 ta dugc 2" +1 13 hop sb.
Bai 12: Tim cac sd nguyén td p,q,r thoa man cac diéu kién sau.
5<p<q<r;49<2p’—r’; 2¢° -r* <193
( Trich dé HSG I6p 6 huyén Nam Sdch nam hoc 2012-2013)
Loi gidi:
T 49<2p”> —r*;2p° —r* <193 tacd 2¢° —193<r* <2p*—49 do d6 ¢° — p> <72.
Mit khac tir diéu kién 5< p< g <r taduogc r>11,do d6 2p* >49+121=170 hay p>11.
Vi (g—p)g+p)<72nén g—p=2 hoac g—p=>4.
Xét hai truong hop sau:
+Voi g—p=2va g+ p=>36,khidotadugc p=11,¢g=13 hodc p=17,4=19.

- Néu p=11,¢g=13 thi 145<* <193, suy ra r =13 = ¢ (loai).
- Néu p=17,¢=19thi 529 <r? <529, suyra » =23 (nhan).
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Vé6i g—p>4 va g+ p <18 khong ton tai vi p>11.

Vay ba s6 nguyén td can tim 1a p =17, =19;r = 23.

Bai 13: Tim tt ca cac b ba sd nguyén td a,b,c d6i mot khac nhau thoa man diéu kién:
20abc < 30(ab+bc + ca) < 21abc

( Trich @é HSG I6p 6 huyén Gia Loc ndm hoc 2017-2018)

Loi gidi:

2 0 U 1 7 oz

Tur gid thict suy ra 3 < _+E+_ < 0 Dé khong giam tinh tong quat gia st a >b>c >1.
a C

Suy ra §<§:>2c<9,dod(') ce{2;3}.
c

. 2 11 7 1
Véic=2suyra —<—+—+—<—=>—<
3 2 b ¢ 10 6

Do d6 be{7;11}.

+Véi b=7,khido tr %<l+l<l suy ra L<l<% =a 6{19;23;29;31;37;41}.

a b 5 42 a
+V6ib:11t1‘ll<l+l<lsuyrai<l<£:>a:l3doa>b.
a b 5 66 a
Iy NP I 1 1 11 1 2
V01c=3tu'glathletsuyra§<—+Z<%:>—<—:>b<6:>b=5(d0b>c).

Thay b=5 vao §<l+l<£ ta dugc 6<a<%:>a=7.
a

Vay céac bd ba $6 nguyén t6 khac nhau (a;b;c) thoa man la:
(19:7;2),(23;7;2),(29;7;2),(31;7;2),(37:7:2),(41;7;2),(13;11;2),(7;5;3) va cac hoan vi cia no.
Bai 14: Tim tit ca cac bo ba nguyén to (p;¢;r) sao cho pgr=p+q+r+160.

( Trich dé HSG 16p 9 Ninh Binh ndam hoc 2018-2019).
Loi gidai:
Khong mit tinh tong quat gia sit p< g <r.

Vo6i p=2 thi 2gr=q+r+162 < 4qr—2q—2r=324.
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& 2¢Q2r-1)—-(2r-1)=325 < (2¢g-1)(2r—-1)=325=513.
3<2¢-1<2r-1=9<(2g-1’ <2r-D(2g-1) <9< (2g-1)> <325 3<2g-1<18.
Do 2g-1 la wéc cua 5°.13 nén 2g—1€{5;13}.
Néu 2¢—1=5< g =3=r=33 (loai).
Néu 2g—-1=13 < ¢ =7 = r =13 ( thoa min).
pgr=p+q+r+160<= p(gr—1)—g—r=160.
S@r-D(p-D+gr-1-g—-r=160<= (gr—-1)(p—-1)+q(r-1)—(r—-1)—-2=160.
S @r-D(p-D+(@g-D(r-1)=162.
Néu p 1= g;r 1&6 = (gr—1)(p—1)+(g—-1)(r—1):4 ma 162 khong chia hét cho 4 = (vo li).
Vay bo ba s6 nguyén t6 can tim 1a (2;7;13) va cac hoén vi.
Bai 15: Tim hai s6 nguyén té p,q sao cho 8¢ +1= p*.
( Trich dé HSG 16p 9 Phii Yén nam hoc 2018-2019).
Loi gidi:
Tacod p° chiacho 3 du 0 hodc 1.
Xét p* chiacho 3du 0,vi p lasénguyéntd nén p=3,suyra g=1 (vo li).
Tacd p” chiacho 3 du 1 suyra 8¢ chiahét cho 3 ma (8;3)=1 nén ¢ =3 = p=>5 (théa min).

Vay p=5;9=3.

3 HET
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CHUYEN PE SO NGUYEN TO, HQOP SO
CHU PE 3: CAC BAI TOAN VE HQP SO
PHAN L.TOM TAT LY THUYET
1.S0 NGUYEN TO
-S6 nguyén t6 1a s6 tu nhién 16n hon 1,chi ¢6 2 wéc 1a 1 va chinh né.
-S6 nguyén t6 nho nhat vira 1a sb nguyén t6 chan duy nhét 1a s6 2.
-Khong thé gidi han s6 nguyén td ciing nhu tap hop s6 nguyén td.Hay noi cach khac,sé nguyén td
la vo han.
-Khi 2 s6 nguyén t6 nhan v6i nhau thi tich cta chiing khong bao gio 1a mot sé chinh phuong.
-U6c tu nhién nho nhit khac 1 ciia mot sb tu nhién duge coi 1a sb nguyén td.
-Dé két luan s6 ty nhién a 1a mot s6 nguyén t6 (a > 1),chi can chimg minh a khong chia hét cho

moi s6 nguyén t6 ma binh phuwong khéng vuot qué a.
L . a:p . K A LA
-Néu tich ab: p = b (p 12 s0 nguyén t0)
p

-Dicbiétnéu a" p=a’p (plasd nguyén td)

-Moi s6 nguyén té vuot qua 2 déu c6 dang: 4n+l(ne N")

-Moi s6 nguyén té vuot qua 3 déu c6 dang: 6n+l(ne N")

-Hai sb nguyén t6 sinh déi 12 hai s6 nguyén t6 hon kém nhau 2 don vi.

2.HQP SO

-Hop s6 14 s6 ty nhién 16n hon 1 va ¢6 nhidu hon 2 wéc nguyén duong.

-Dé chimg to mot sd ty nhién a (@ > 1) 1 hop sd,chi can chi ra mot wdc khac 1 va a.

-Udc s6 nho nhét khac 1 ciia mot hop sd 1a mot s6 nguyén t6 va binh phuong 1én khong vuot qua
no.

-Mot hop s6 bang tong cac wdc cia nd (khong ké chinh n6) dugc goi 1a: S6 hoan chinh.

-Moi s6 tu nhién 16n hon 1 déu phan tich duogc ra thira s nguyén tb mot cach duy nhat(khong ké
thi tu cac thira sd)

3.HAI SO NGUYEN TO CUNG NHAU

-Hai s6 ty nhién duoc goi 1a nguyén t6 cing nhau khi va chi khi ching ¢6 wéc chung 16n nhat
béng 1.

a,b nguyén t6 v6i nhau < (a,b)=1;(a,be N")
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- Hai sb tu nhién lién tiép ludn nguyén t6 cung nhau

- Hai s6 nguyén t6 khac nhau ludn nguyén t6 cung nhau

- Céc s6 nguyén td khac nhau ludn nguyén té cing nhau

- Céc sd a,b,cnguyén té cung nhau (a,b,c¢) =1

- a,b,cnguyén td sanh doi khi ching d6i mot nguyén td ciing nhau a, b, ¢ nguyén té sanh doi
< (a,b)=(b,c)=(c,a)=1

4.MOQT SO PINH Li PAC BIET

- Pinh li Dirichlet: Ton tai vo s s6 nguyén to p c6 dang: p=ax+b;xe N, (a,b) =1
- Pinh li Tchebycheff: Trong khoang tir s6 tu nhién n dén sb tu nhién 2n c6 it nhat mot s6 nguyén to
(n>2).

- Pinh li Vinogradow: Moi s6 1¢ 16n hon 3° 1 téng cta 3 sé nguyén t6.

PHAN II.CAC DANG BAI

Dang 1: Phwong phap kiém tra mét s6 1a hop sb

L.Phwong phap gidi

Cach 1. Svr dung dinh nghia.

-Hop s6 13 sb tu nhién 16n lon 1 va ¢6 nhiéu hon 2 wéc nguyén duong.

-bé ching té mot s6 tu nhién a (a>1)lahop sb,chi can chi ra mot ude khac 1 va a.
Cach 2. Véi ne N',n>1 takiém tra theo cac bude sau

- Tim s6 nguyén t6 k sao cho: k% <n < (k+1)

- Kiém tra xem n c6 chia hét cho cac s6 nguyén t6 nho hon hoic bang k khong ?

+) Néu c6 chia hét thi n 1a s6 hop sd

+) Néu khong chia hét thi n 1a sé nguyén tb

I1.Bai todan

Bai 1: Tong, hiéu sau 1a s6 nguyén té hay hop sb

a) 3.4.5+6.7

b)5.7.9.11-2.3.4.7

c) 16354+ 67541

N o

Loi gidi
a) Ta co: 3.4.5+6.7=3(4.5+2.7):3= tong trén 1a hop s6

TAI LIEU NHOM CAC DY AN GIAO DUC Trang 2



CHUYEN DE SO NGUYEN TO, HOP SO

b) Tacd: 5.7.9.11-2.3.4.7=7(5.9.11-2.3.4):7 = tong trén 1a hop s6

¢) Ta c6: 16354+ 67541 c6 chit s6 tan cing 14 5 nén chia hét cho 5, Vay tong trén 14 hop sb
Bai 2: Tong, hiéu sau 1a s6 nguyén té hay hop s6

a) 5.6.7+8.9

b) 5.7.9.11.13-2.3.7

). 7.11+13.17.19
d) 4253 + 1422

N, e

Loi gidgi
a) Taco: 5.6.7+8.9=3(5.2.7+8.3):3= tdng trén 14 hop so
b) Taco: 5.7.9.11.13-2.3.7=7(5.9.11.13-2.3)}7 = tOng trén 1a hop s6

c)Tacod: 5.7.111a1s61éva 13.17.19 ciing 1a 1 sb 1&, nén téng 13 sb chdn :2 = La hop sd
d) Ta c6: 4253 +1422 ¢6 chir sb tan cing 13 5 nén chia hét cho 5. Vay tong trén 13 hop sb
Bai 3: Tong, hiéu sau 1a s6 nguyén t6 hay hop s6

a) 17.18.19.31+11.13.15.23

b) 41.43.45.47+19.23.29.31

¢)987654+54321

N o

Loi giai

a) Ta c6: 17.18.19.31+11.13.15.23 =3(17.6.19.31+11.13.5.23):3 = 17.18.19.31+11.13.15.23 1 hop s6
b) Ta c6: 41.43.45.47 1asé 1é, 19.23.29.31 1a s6 1&, nén 41.43.45.47+19.23.29.31 1a sé chin

nén 41.43.45.47+19.23.29.31 1a hop s6

¢) Ta co: 987654+ 54321 c6 chit s6 tan cung 13 5 nén chia hét cho 5 nén tong trén 1a hop sd

Bai 4: Cac sb tu nhién abab; abcabc; ababab 13 sb nguyén té hay hop sb.

N, e .

Loi gidi

Tacéd abab=101.ab c6 nhiéu hon hai udc sé.

abcabc =1001.abc =1.11.13.abc c6 nhiéu hon hai uéc sé.

ababab =10101.ab =3.7.13.37.ab c6 nhidu hon hai udc sd.

Vay cac so ty nhién abab; abcabe; ababab 13 hop so.

Bai 5: Néu p 1a s6 nguyén t6 thi
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a. p>+ p+2 la sd nguyén t6 hay hop s6

b. p*+200 13 sb nguyén t6 hay hop sb

Loi gidi:

a)Taco: p>+p+2=p(p+1)+2

Vi p; p+1 1a hai s6 lién tiép nén p(p+1) 1a s6 chdn

Nén p”+ p+2 1a s6 chin 16n hon 2 nén 13 hop s6 .

b)

-Véi p=2= p*+200 1a s6 chin 16n hon 2 = p*> +200 13 hop s6
-Voi p=3= p*+200=209:7 = p*+200 1a hop sd

-V6i p>3= p*:3du 1; 200:3du2=>(p* +200):3 = p* +200 1a hop s
Vay p” +200 ludn 14 hop sb.

Bai 6: Cho a,b,c,d e N* théaman ab=cd .

Ching minh rang: A=a"+b"+¢" +d" 1ahop sb voimoi ne N .

Loi gidgi
Taco ab=cd = ab:bd =cd : bd
Hay a:d=c:b

a=dt
c=>bt

bat a:dzc:bzt(teN*):{
Khi do:

A=a"+b"+c"+d"

=(dt)" +b" +(bt)" +d"
=d"t"+b" +b"t" +d"
=d"(t”+1)+b”(t"+1)
=(a"+b")(¢" +1)

Vi b,d,t e N* nén A 1a hop s.
Dang 2: Mt s6 bai toan vé hop sb

L.Phuwong phdp giii

TAI LIEU NHOM CAC DY AN GIAO DUC Trang 4



CHUYEN DE SO NGUYEN TO, HOP SO

-Dya vao cac tinh chét dic trung ctia hop s6 dé giai cac bai toan vé chimg minh hop sd.
I1.Bai todan

Bai 7:

a) Cho p 14 sd nguyén t6. Hoi p° —1 1a sb nguyén tb hay hop sd.

b) Cho p va p+4 lacéac sd nguyén td (p >3). Chimg minh p+8 14 hop sb.

Loi gidi:

a.Néu p=2= p° —1=2°—1=31 la s6 nguyén t6

-Néu p>2

Vi plasdnguyénténén p lasb1e

= p’ lasbleé

= p° —1 12 36 chin 16n hon 2

= p’—1 lahop sé

Vay p° —1 1a hop sb.

b. p, p+4, p+8 ladiy sb cach déu 4 don vi = ¢6 1 s6 chia hét cho 3

Vi p>3= p+4>3,p+8>3 va p, p+4lasdnguyén tdnén p, p+4 khong chia hét cho 3
= p+8:3 va p+8>3= p+8lahop sb.

Bai 8: Cho p va p+8 1a hai s6 nguyén t6 16n hon 3. Hoi p+100 1a s6 nguyén t6 hay 13 hop s6?
Loi gidi:

Ta thiy p 1a sb nguyén t6 1én hon 3 nén p co dang 3n+1;3n+2,(neN")

TH1: p=3n+1,(neN") thi p+8=3n+9=3(n+3):3

Ma p+8 lasélénhon3 nén p+8 lahopsd (VO livip+8 1a sd nguyén td)

TH2: p=3n+2(me N )thi p+8=3n+10

Khi d6 p+100=3n+2+100=6n+102=3(2n+34):3

Ma p+100 13 s6 16n hon 3 nén p+100 1a hop sd.

Bai 9: Cho p va 8p+1 1a cac sd nguyén td (p >3). Chimg minh 4p +1 13 hop sb.

Loi gidi:

Vi p 1a sé nguyén t6 16n hon 3 nén p chia 3 du 1 hodc du 2 = p c6 dang 3k +1;3k +2(k e N")
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Néu p=3k+1=8p+1=24k+9=3(8k+3)3=8p+11ahopsd (Vo livi 8p+1 lasdnguyén td)
Vay p=3k+2 khidé 4p+1=12k+9 =3(4k +3):3 va 12k +9 >3 nén 1a hop sb.

Vaynéu p va 8p+1 la cac sd nguyén t6 (p >3)thi4p+1 1a hop sd.

Bai 10 : Cho p va 2p+1 la cac sd nguyén td (p >3). Ching minh 4p +1 1a hop sb.

Loi gidi:

Vi p 1a s6 nguyén t6 16n hon 3 nén p chia 3 du 1 hodc du2 = p co dangp:3k+1,p:3k+2(keN*)
+) Néu p=3k+1 thi 2p+1=6k+3:3va 6k+3>3nén 1a hop sd ( mau thudn véi gia thiét 2p+1 1a cac
sd nguyén t6)

Vay p=3k+2 Khido 4p+1=12k+9:3val2k+9>3nén la hop sb.

Vaynéu p va 2p+1 1a cac sb nguyén té (p >3) thi 4p+1 1a hop sd.(dpem)

Bai 11:

a) Cho pva p+2 1asénguyéntd (p>3). Ching minh p+1 lahopsdva p+1:6

b) Cho p va p+4 1acac sd nguyén té . Chirmg minh p+ 2021 1a hop sd.

Loi gidi:

a) Voi p>3,tacd p, p+1, p+2 133 sb tu nhién lién tiép

Do d6 trong 3 s trén ¢ 1 s chia hét cho 3 (1)

Ma p; p+2 lacac s nguyénténén p+1:3va p>3 = p+1 lahop sd

Lai c6 sdnguyéntd p >3

Nén p+1 lasd chin= p+1:2 (2)

Tx (D(2)= p+1:6

b) Taco: p+2012=p+2+2010

Xétday p,p+2,p+4

Véip=2=p+4=6:2= p+4 lahop sb (loai)

Véip=3= p+2012=2015:5= p+2012 1a hop sb

V6i p>3= p chia3dulhoacdu2 = p ¢co dangp=3k+l,p=3k+2(keN*)

+) Néu p=3k+1thi p+2=3k+3:3va 3k+3>3 = p+2012=p+2+2010:nén la hop sb .
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Vay p=3k+2 Khidd p+4=>3k+6:3va3k+6>3nén la hop sd( mau thuin voi gia thiét p+4 1a sb
nguyén to).

Bai 12: Cho p va 10p + 1 1a cac s6 nguyén t6 16n hon 3. Ching minh rang: 5p + 1 1a hop sé

Vi p 14 s6 nguyén t6 16n hon 3 nén p chia 3 du 1 hodc du2 = p ¢o dangp:3k+1,p:3k+2(keN*)
+) Néu p=3k+2 thi 10p+1=10(3k+2)+1=30k+21:3va 30k +21>3nén la hop sb ( mau thudn véi
gia thiét 10p+1 1a sd nguyén td)

Vay p=3k+1 Khido 5p+1=15k+6:3val5k+6>3nén la hop sb.

Vaynéu p va 10p+1 1a cac sd nguyén té (p >3) thi 5p+1 1a hop s6.(dpcm)

Bai 13: Cho p va 8p” +1 1a cic s6 nguyén td (p >3).Chimg minh ring 8p* —11a hop sb.

Loi gidi:

Vi p,8p* +1 14 2 sb nguyén t6 16n hon 3 nén khong chia hét cho 3

Khi d6 ta co: 8p*> —1;8p*;8p* +1 1a 3 s6 nguyén lién tiép nén phai c6 1 s6 chia hét cho 3

Ma 8p* +113, pI3=>8p*13.Vay 8p> —1:3 hay la hop sd

Bai 14: Cho p va 8p—1 la cac sb nguyén t6(p >3). Tim s6 nguyén té p dé 8p+1 1a hop sd.

Loi gidi:

Véip>3= p,8p—11a2 sb nguyén té 16n hon 3 nén khong chia hét cho 3

Khidotaco: 8p—1; 8p; 8p+1 1a 3 s6 nguyén lién tiép nén phai cé 1 s6 chia hét cho 3

Ma 8p—113,pt3=>8pi3 .Vay 8p+1:3 hay la hop s6

Bai 15: Chig minh rang diy cac s6 sau 1a hop s6 : 121;11211;1112111;11...1211.....1(n > 2)

—
n n

Loi gidi:

Ta co:

121=110+11=11.10+11=11(10+1)
11211=1110+111=111(10% +1)
1112111=1111000+1111=1111(10° +1)

111..12111...1=111...1000...0+11...1=111....1(10....0+1) =11...1(10" +1) 1a hop )
n n n+l n n+l n+l n n+l
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Bai 16: Chung minh rang 11...122....2(n > 2) 1a hop sb.

%’_/
Loi gidi:
Ta co:
11...122....2=11...100.....0+22.....2

H_/

n n n

11..122....2=11...1.100....0+2.11.....1
—— —_ —

11...122..... 2:11...1.(100 ..... 0+2]léh(_ypsé
—_— — —

n n

Bai 17: Mot s6 nguyén t6 chia cho 42 ¢6 s6 du 14 hop s6. Tim s du d6
Loi gidi:
Goi p1a s6 nguyén t6 theo du bai, khi d6: p =42k +r=23.7k+r(0<r <42)
Vi r lahopsd =2<r<42
Vi p 1a s6 nguyén to
= r khong chia hét cho 2,3,7
Ma 7 1a hop s6 nén=> r = 2513 gia tri can tim
Vay r=25
Bai 18: Mot s6 nguyén t chia cho 60 c6 sé dur 1a ». Tim sb du, biét rang r c¢6 thé 12 hop s6 hay 1a sb
nguyén té khong?
Loi gidi:
Gia st p 1a s6 nguyén t6:
p=60k+r(keN;0<r<60);60=2>35=p=2°35k+r=r12,3,5
= r =1 hodc r 13 s6 nguyén té hodc 1 hop sb va khong chia hét cho 2, 3, 5

r=1

= r=1 hoic r 13 sb nguyén t6 khac 2, 3, 5 hodc r = 49 :{ 49
V=

Bai 19: Cho p va p+2 lacac sd nguyén té ( p > 3).Chirng minh rang tong cta hai sé nguyén t6 d6 chia
hét cho 12.

Loi gidi:

bat A:p+(p+2):2p+2=2(p+l)

Va p+2=p—-1+3
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Xét 3 s6lien tiép p—1, p, p+1 phai co 1 s chia hét cho 3

Vi p 1as6 nguyén t6 16n hon 3, nén p khong chia hét cho 3,

Mit khac p—1/3 vinéu chia hét cho 3 thi p+2 s& chia hét cho 3, nhu vay p+1:3=>2(p+1):3
Laico p lasénguyéntd>3nén p 1& = p+1 1asd chin :2

Vay 2(p+1)512

Bai 20: Cho p 1a s6 nguyén t6 16n hon 3. Ching minh rang (p—1)(p +1) chia hét cho 24.

N o

Loi gidi:
Vi p la sé nguyén t6 16n hon 3 nén p 1a s6 1¢ khong chia hét cho 2 va 3

Véi p khong chia hét cho 2 =>(p—1),(p+1) 1a hai s6 chén lién tiép =>(p—1)(p+1)i8
Mit khéc p khong chia hét cho 3 nén p =3k +1, p =3k +2

-Néu p=3k+1=>(p-1)i3=>(p-1)(p+1)i24

-Néu p=3k+2=>(p+1)i3=>(p-1)(p+1)i24

Bai 16: Ta biét rang c6 25 sb nguyén t6 nho hon 100, héi tong 25 sé nguyén t6 d6 c6 1a hop sd khong?
Loi gidi

Trong 25 s6 nguyén t6 nho hon 100, c6 1 s6 nguyén t6 chén 1a s6 2

Con lai 24 s6 nguyén tb con lai 13 s6 16 => tong ctia 24 s6 1& cho ta 1 s6 chén

Vay xét tong ctia 25 s6 nguyén td d6 cho ta dugc 1 s6 chin nén tong 25 sb nguyén t6 d6 co 1 hop sb .
Bai 17:

2006
a

Chung minh rang vi moi s6 nguyén a >2thi A=a"" + +11a hop s6.

N e

Loi gigi

Tacd A=a""+a™" +1= a(a3‘655 —1)+a2 (a3'668 —1)+(a2 +a +1)
Ma 613'655—1:[(613 )655—1}5a2+a+1; a3'668—1:[(a3 )668—1}a2+a+1

Do dd Aa’>+a+1>1
Vay voi moi s6 nguyén a >2thi A=a""" + 4> +11a hop sd.
Bai 18: Cho a =2.3.4.5....1987 . C6 phai 1986 s ty nhién lién tiép sau déu 1a hop s6 khong?

a+2;a+3;a+4;.....;a+1987

N, e

Loi giai
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Do a la tich céc s tir 2 dén 1987 c6 ngia 1a tich ctia a c6 1996 s6.

a+2=2345....1987+2 = 2(3.4.5....1987)52Vé a+2>2nén a+21ahop sd.

a+3=23.45..1987+3=3(2.4.5...1987):3va a+3>3nén a+31a hop s0.

Chirng minh tuong tu cho cac truong hop con lai.

Vay 1986 s6 tu nhién lién tiép a+2; a+3; a+4;....;a+1987 déu la hop sd.

Bai 19: Cho F(x)=ax’+bx’ +cx+d(aeZ"), biét F(5)-F(3)=2010. Chimg minh ring:
F(7)-F(1) 1a hop sb.

Loi gidgi

Ta c6 2010=F(5)-F(3)=(5"~3")a+(5"-3")b+(5-3)c=98a+16b+2c
=16b+2¢=2010-98a

= F(7)-F(1)=(7"=1")a+(7" -1 )b+(7-1)c =342a+48b + 6¢
=342a+3(16b+2c)=342a+3(2010-98a) = 48a + 6030 =3.(16a +2010):3

Vi a nguyén duong nén 16a+2010>1.

Vay F(7)-F(1) 1a hop so.

Bai 20: Chimg minh rang néu p la s6 nguyén t6 16n hon 3, sao cho 14p + 1 ciing 1a s6 nguyén t6 thi
7p + 113 boi s6 cua 6.

Loi giai

Vi p 1 s6 nguyén t6 16n hon 3 nén p 1a s6 1¢ khong chia hét cho 2 va 3

Khi d6 7p+1 1a 1 s6 chin nén chia hét cho 2

Mt khac vi p khong chia hét cho 3 nénp c6 dang p=3k+1,p=3k+2,(keN’)

Vé6i p=3k+1 gia sir1a s nguyén td, =>14p+1=45k+15:3 nén p:3k+1(l)

Véi p=3k+2=>14p+1=42k+29 gia sir 1a s6 nguyén t6, khi d6: 7p+1=21k+15:3

Nhu vy 7p+1:6

Bai 21: Chig minh rang néu p 1a tich ciia n s6 nguyén t6 dau tién thi p—1 va p+1 khong thé 1a cac sd
chinh phuong

Loi giai

Vi p 1a tich ctia n s6 nguyén t6 dau tién nén p:2 va p khong thé chia hét cho 4 (1)
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- Gid sir p + 1 1a s6 chinh phuong, dat p+1=m’(me N)

Vipchinnén p+11& =>m? lé=>mé

Dit m=2k+1(keN),taco: m* =4k> + 4k +1= p+1=4k" + 4k +1=> p = 4k> + 4k = 4k (k +1)
Mau thuan véi (1)

=>p + 1 khong thé 1a s6 chinh phwong

-Giastp=23.5.... 1a:3=>p—1 c6dang 3k+2= p —1 khong la s6 chinh phuong

Véy néu p la tich ciia n(n>1) s6 nguyén t6 du tién thi p— 1 va p + 1 khong 1a s6 chinh phuong
Bai 22: Cho p 1a s6 nguyén t6 16n hon 3 théa méan : 10p +1 ciing 12 s6 nguyén té. CMR : 5p+1:6
Loi giai

Vi p 1a s6 nguyén t6 16n hon 3 nén p khong chia hét cho 3, nén 10p ciing khong chia hét cho 3 (1)
Laico 10p+1 1asdnguyéntd va 10p+1>3=>10p+1/3 (2)

Ta c6 10p(10p+1)(10p+2) 1a tich 3 s ty nhién lién tiép nén phai c6 1 sb chia hét cho 3
=>10p+2:3=>5p+1:3

Lai ¢6 p 12 s6 nguyén t6 16n hon 3 nén p 1é =>5p+1 1a s chin nén chia hét cho 2, khi d6
5p+1:6

Bai 23: Cho a, b, ¢, d 14 cac s6 nguyén duong théa man: a* +¢* =b* +d’. Chirng minh rang:
a+b+c+d lahop sd

Loi giai

Ta co: (a2 +b°+c° +d2)—(a+b+c+d)=(a2 —a)+(b2 —b)+(c2 —c)+(a’2 —d)
=>a(a-1)+b(b-1)+c(c-1)+d(d-1)2 ma i’ +c* =b>+d’ =>a’+b* +’ +d’ = 2(1)2 +d2)32
Dodd a+b+c+d:2

Vi Cho a, b, ¢, d 1a cac s6 nguyén duong nén a+b+c+d >4

=a+b+c+d lahop sb

Bai 24: Chimg minh cac s6 sau 1 hop sd

a) 12" +13"7 +17" b) 1+23% +29% +25'% c) 45 +37" d) 957 +51%
Loi giai

a) Ta co:
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12" ¢6 chir sb tan cung 13 8
13" ¢6 chir sd tAn cung 1a 3
17" ¢6 chit s6 tn cung 1a 7
= 12" +13"7 +17" ¢6 chit s6 tan cung 1a 8
= 12" +13"7 +17"1a 1 s6 chén
= 12" +13"7 +17" 1a hop sb
b) Tacé:
23% ¢6 chir s6 tan cung 1a 7
29% ¢6 chit s tan cing 14 9
25" ¢6 chit s6 tan cung 1a 5
= 1+23% +29% +25' ¢6 chir s6 tan cing 1a 2
= 1+23% +29% +25'1a 1 s6 chin
= 1+23% +29% +25' 1a hop sb
c)Taco:
45% ¢6 chir sb tan cung 13 5
37" ¢6 chir s6 tan cung 13 3
= 45% +37" ¢6 chit s6 tan cung 1a 8
— 45% +37"1a 1 s6 chin
= 45% +37"1a hop s6
d) Taco
95%4 ¢6 chir s6 tan cing 1a 5
51* ¢6 chir s6 tan cung 1a 1
= 95%* +51% ¢6 chit s6 tan cung 12 6
= 95" +51%1a 1 s6 chan

354
5

=95 1+ 51 1a hop s6
Bai 25: Chimg minh cac s6 sau 1 hop s6

a) 10° +107 +7 b) 17° +24* —13*"  ¢) 425 —37"
Loi giai

a)Taco: 10°+107 +7 c¢6 tong cac chir s6 chia hét cho 9 nén 1a hop s6
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b) Tacod : 17° +24* —13*" 1a sb chin nén 1a hop sd
¢) 425% —37" 1a s6 chin nén 1a hop s6
Bai 26: Chimg minh cac s6 sau 1 hop s6
a) 1427 +3" +5° +77 +11° b) 195 151 0) 2" ~1LneN  d) 2" -6,neN
a) 1+27 +3" +5" + 7" +11"1a s6 chin nén 13 hop sb.
b) Ta c6: 1957 —151% 14 s6 chin nén 1a hop sb
) Tachd: 2% =222 =4"2 =5 2" = %2 _ (24" )2
Taco :
2% ¢6 chit s6 tan cung 13 6
= (24" )2 ¢6 chir s6 tan cling 14 6
= 27" ~1¢6 chit s6 thn cung 13 5
= 27" ~1:5 =2%" 41 lahop sb
d) Taco : 2" =22=16"2=> 2" =22 = (2 )2
Taco:
2'" ¢6 chir sb tan cung 12 6
= (216" )2 c6 chir s6 tan cung 1 6
— 22" _6¢6 chit sb tan cung 12 0
= 22" _6i5nén = 2" —6 lahop sb
Bai 27: Ching minh v6i moi sé tu nhién 16n hon 0 thi 2> +3 13 hop sé.
Loi giai:
Véi 2° =4 =1(mod3) = 2*" =1(mod3),(n e N') = 2*" —1:3 nén 2*""' —-2=2(2*" -1)}6
Hay 2*"*' = 6k +2(k € N)
= 2% 13=(2)22+3=2>+3=0(mod7)

Tacla 27" +3:7(neN")
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Ma 27" +3>7(neN") nén 2°"" +3 la hop sb. ( dpcm )
Bai 28: Ching minh véi moi s6 tu nhién 16n hon 0 thi 19.8" +17 1a hop $6.
Loi gidi:
+Néu n=2k(k eN") thi 19.8% +17=18.8" +(63+1)* +(18—1) = 0(mod 3)
+Néu n=4k+1(keN") thi 19.8" +17 =13.8"" +6.8.64* +17
=13.8%" +39.64* +9(1-65)* +(13+4) =0(mod13)
+Néu n=4k+3(keN") thi

19.8" +17=15.8%" +4.8°.64* +17

15.8%7 +4.5.10.64* +4-2(1-65)** +(25—-8) =0(mod 5)
Nhu vay véi moi gia tri ne N thi s 19.8" +17 1a hop sd.
Bai 29: Chung minh cac s6 sau 14 hop sb:

a) abcabc+7 b) abcabc + 22 ¢) abcabc +39

N e

Loi gidgi
a) Ta c6: abcabc =a.10° +b.10* +¢.10° +a.10* + .10+ c +7

=a.100100+5.10010+1001c+7 = 1001(100a+101b+c)+7

Vi 1001 chia hét cho 7 nén abcabe:7 13 hop sb
b) Tach twong tw, nhung vi 1001:11 nén 1a hop sb
¢) Tach twong tu, nhung vi 1001 13 nén 13 hop s6
Bai 30: Hiy ching minh céc s sau 1a hop sé:

a) A=11111......... 1(2022 chitsd 1);

b) B=1010101

¢) C=14243M.....+100!

d) D=311141111

Loi gidgi:

a) Tong cac chir s6 ciia A 1a: 1+1+1......+1=2022:3= 4:3
ma A4 >3nén A 1a hop sb ( dpem )

b) B=1010101=101.100011a hop s6 ( dpcm )

¢) Vi 14+21=3:3va 31+ 4!+.....+100! ludn chia hét cho 3 nén C:3
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Ma C >3nén C 12 hop s6 (dpem )
d) D=311141111=311110000+31111=31111(10000+1):31111
=D 12 hop sb (dpcm )

125

Bai 31: Chimg minh rang s6 N = 525—__1 1a hop s6.

N o

Loi gidi:
bit 5 =a, khi dé

5
a —1

N = . =a*+d’+a* +a+1
a_

=(a*+9a’> +1+6a’ +6a+2a’)—(5a’ +10a” +1)

=(a’ +3a+1)* +5a(a’ +2a+1)

=(a’+3a+1)"=5.5"(a+1)

=(@* +3a+17 -[5%@+) |

=[a’+3a+1+5"(@+D)][ @’ +3a+1-5"(a+1) ]

N 1a tich ctia hai s6 nguyén 16n hon 1 nén N 13 hop sé ( dpem )

Bai 32: Cho céc s6 nguyén duong a,b,c,d thoéa min ¢”:5.Chimg minh rang
A=a"+b"+c" +d"1a hop s6.

Loi gidi:

Gia str (a,c)=t(teN")

bat a=at,c=ct;(a,,c,)=1

ab=cd = abt=cdt = ab=cd

Ma (a,,¢)=1=b:c

Pit b=ck=d=ak,(keN),

Ta co

A=a"+b"+c"+d" =a/"t" +¢"k" +¢"t" +a"k" =(a" +¢," (k" +1")

Vi a,c,t,kla s6 nguyén duong nén A 13 hop sb.
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Bai 33: Hai s6 2" +1 va 2" —1(n>2)c6 thé dong thoi 1a sb nguyén t6 hay dong thoi 1a hop s6 duoc
khong ?

Loi giai:

Trong ba s6 nguyén lién tiép 2" +1, 2" va 2" —1 ¢ mét sb chia hét cho 3, nhung 2" /3 do d6 2" +1 hoic
2" —1 chia hét cho 3 va 16n hon 3 nén 2" +1, 2" —1 khong dong thoi 1a s6 nguyén t6.

Véi n=6 thi 2" +1, 2" —1 dong thoi 1 hop sb.

Bai 34: Hai sO nguyén to 1¢é lién tiép p, va p, ( D> D, ) , chiing to % 1a hop so.

e

Loi giai:

. Z A A 12 qrA A A A S, +
Vi p, va p, lahaiso nguyén to 1¢ lién tiép nén p, + p, 1a s chan va % eN

p1+p2> ptp,

Mat khac p, > p, nén p, + p, >2p, = p, va 2pl>p1—|—pZ:>pl>T

Vay p2<p1";p2< 20 2

= e 1a hop sd.

Dang 3:Ap dung dinh li Fermat chitng minh mét biéu thikc 13 hop sb.
L.Phwong phap gidi

-Dinh li Fermat nho: 27~ =1(mod p) véi p 13 sb nguyén td.

-Bang cach sir dung dinh 1i Fermat dé giai cac bai toan vé s nguyén td.
I1.Bai todn

Bai 33: Chon e N, chitng minh ring: 2> +19 1a hop s.

Loi gidi:

Ta ching minh 2> +19:23 véimoi n>1

Ta c¢6:2" =1(mod11) = 2" =2(mod 22) = 2'""*' =22k +2(k e N).
Theo dinh ly Fermat:

22 =1(mod23) = 2> =22 = 4(mod 23)

=22" +19:23

Ma 2" +19 > 23nén 2> +191a hop sé ( dpem )

Bai 34: Chon e N, ching minh ring: 2" +3*" +5 1a hop sé.
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N e

Loi gidi:

Theo dinh 1i Fermat nhé ta ¢ 3" =1(mod11),2"° =1(mod11) .

Ta tim s6 du trong phép chia 2*"*' va 3*"*' cho 10, tirc 1 tim chif s6 tan cung chung.
241 22 16" = 2(mod 10) = 2 =10k + 2, (k € N)

31 23 81" = 3(mod 10) = 3" =10/ +3,( e N)

Ma 3" =1(mod11) va 2" =1(mod11) nén

34n+]

) N 324n+1 5= 310k+2 n 2101+3 +5= 32 + 23 +5= O(modl 1)

4n+l 4n+1 . . X “n ,
Ma 2" +3* +5>11 v&imoi s ty nhién n khac 0

4 n+1 4n+l I3 . . X A ,
Vay 2°° +3* +5 1a hogp s6 v6i moi s6 tu nhién n khac 0.

p

Bai 35: Gia st p 1a sd nguyén t 1 va m = . Chting minh rang m 13 hop s6 1é khong chia hét cho 3

va 3" =1(modm).

Loi gidi:
P __ P _ P P _ p
Ta cod m:9 123 1.3 +1=a.bVé’ia=3 l,bz3 *1
2 4 2 4

Vi a,b1a cac s6 nguyén 16n hon 1 nén m 13 hop sd.
Ma m=9""+9"7"_.+9+1 va p lasdnguyén td1é nén m 1¢ va m=1(mod 3).

97 -9.
p

Theo dinh li Fermat ta ¢6 9” —=9:p va (p, 8)=1nén 9” —9:8p = m—1:

P _
Vi m—1:2nén m—1:2p khi d6 ELI R I Prdt.

=m (dpcm).

Bai 36: Chon e N, chitng minh ring: 2°" +7 1a hop sb.
Loi gidi:
Véi neN taco 2¥ —1=16" —1=0(mod 5)

=2 —2=2(2" -1)i10=>2""* =10k +2(k e N)
=27 +7=(2") 22 +7=2"+7=0(mod11)

Mit khac 2° +7>11(neN)
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Vay 2*"" +7 la hop sd.

PHAN III.BAI TOAN THUONG GAP TRONG PE HSG. ( Khoing 15 bai )

Bai 1: (HUYEN BACH THONG NAM 2018-2019)

Téng cta hai sd nguyén t ¢6 thé bang 2015 hay khong ? Vi sao ?

Loi gidi:

Téng cia hai s6 nguyén to bang 2015 13 s6 1¢, nén mot trong hai s6 nguyén to phai 1a 2
Khi @6 s6 kia 14 2013, s6 nay 1a hop sd

Vay khong ton tai hai s6 nguyén tb c¢6 téng bang 2015

Bai 2: (HUYEN TAM DUONG NAM 2017-2018)

2016

Cho p 1a s6 nguyén t6 16n hon 3. Hoi p™'® +2018 14 s6 nguyén t6 hay hop s6

Loi gidi:

Vi p 1a s nguyén t6 16n hon 3 nén p chia cho 3 du 1 hodc p chia cho 3 du 2= p?chia cho 3 du 1
Ma p*'® = (p2 )1008 nén p**'°chia cho 3du 1.

Mt khac: 2018 chia cho 3 du 2, do d6: ( p™'* +2018):3

Vi (p™"*+2018):3va (p™* +2018)>3nén p*'° +20181a hop s

Bai 3: (HUYEN SON TAY NAM 2017-2018)

Véi ¢, pla sd nguyén t6 16n hon 5, chirng minh rang: p* —g¢*:240
Loi gidi:

Taco: p'—q' =(p*~1)-(¢" -1);240=8.235

Chimg minh p* —1:240

Do p>5nén plas6lé

Mit khac p*~1=(p-1)(p+1)(p* +1)

= (p-1)va (p+1)la hai sb chin lien tiép = (p—1)(p+1):8
Do p lasdlénén p°lasdlé = p> +1:2

p >5nén p co dang:

p=3k+1=p-1=3ki3=p*'-1:3

p=3k+2= p+1=3k+313=p* 13
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Mit khéc p c6 thé 1a dang :

p=5k+1= p-1=5k+1-1=5k:5= p* -1:5

p=5k+2=> p?+1=(5k+2)" +1=25k* + 20k +5:5= p* -5

p=5k+3= p’+1=25k+30k+10:5= p* —-1:5

p=5k+4= p+1=5k+5:5=p* -1:5

Vay p*—-1:8.2.3.5hay p*—1:240

Tuong tu ta ciing c¢6: ¢* —1:240

Vay (p*-1)-(g*-1)=p* -¢*:240

Bai 4: (HUYEN QUANG TIEN)

Néu p <5 va 2p+11a cc s6 nguyén té thi 4p +1 13 s6 nguyén té hay hop sb.
Loi gidi:

Xét 3 s6 tu nhién lién tiép 4p; 4p+1; 4p+2, trong 3 s6 d6 c6 1 sb 12 boi ciia 3
Ma p <5vap la so nguyén t6 nén p c6 dang 3k + 1 hodc 3k+2(k eN).

Néu p=3k+1thi 4p=4(3k+1)<=30+1=p va 4p+2=4(3k+1)+2 < p=30:3
Mit khac 4p+2=2(2p+1)=30:3=2(2p+1)i3 ma (2;3)=1nén 2p+1:3 (trdi voi gid thiét).
Néu p=3k+2=4p+1=4(3k+2)+1=12k+9=3M13 = 4p+1 1a hop sb.
Vaynéu p<5 va 2p+11a cic s nguyén t thi 4p+1 1a hop sd.

Bai 5: (HUYEN THANH OAI NAM 2017-2018)

Tim céc s6 nguyén t§ x, ysao cho: x* +45 =y’

Loi gidi:

X’ +45=y" =y’ >45,dodo .y 1asd nguyén t6 18

Suy ra x1a sb nguyén t6 chin nén x = 2.tir d6 ta co:

Y =4+45=49= y=17

Bai 6: (HSG NAM 2018-2019)

Cho n 1a s6 nguyén t6 16n hon 3. Hoi n® + 2006 1a sé nguyén t hay hop sb

N, e

Loi gidi:

TAI LIEU NHOM CAC DY AN GIAO DUC Trang 19



CHUYEN DE SO NGUYEN TO, HOP SO

n1a s6 nguyén t6 nén n >3 va khong chia hét cho 3. Vay n*chia cho 3 du 1 do d6
n® +2006 =3m +1+2006 = 3m +2007 =3.(m+669):3
Vay n® +2006 13 hop sb.
Bai 7: (HUYEN HOANG HOA NAM 2018-2019)
Chung té rang néu p 14 s6 nguyén tb 16n hon 3 thi p® —1chia hét cho 3
Loi gii:
Xét s6 nguyén t6 p khi chia cho 3. Ta cé: p =3k +1hodc p=3k+2(k e N*)

Néu p=3k+1= p* —1=(3k+1)" ~1=9k* +6k:3
Néu p=3k+2=> p*~1=(3k+2)" —1=9k* +12k +3:3

Vay p° —1:3
Bai 8: (TRUONG THCS NGUYEN TRUC — KIM BAI- NAM 2017-2018)
Cho P va P+41a cac s6 nguyén t véi P >3.Chimg minh P—20141a hop sb.
Loi gidi:

Tir gid thiét ta c6 P =3k +1hodc P =3k+2(k e N*)

Néu p=3k+2= p+3=3k+6:3(loai)

Néu p=3k+1= p—2014=3k—2013:3(loai)

Vay p—20141a hop sd
Bai 9: (PHONG GIAO DUC VA PAO TAO THANH BA)
Cho p; p+4 lacac sd nguyén t (p >3). Ching minh p+8 1a hop sb.
Loi gidi:
p 1a s nguyén t6 16n hon 3 nén p c6 dang 3k +1 hodc 3k+2 (keN*)
Néu p=3k+2 thi p+4=3k+2+4=3k+6:3 md p+4>3 nén p+4 la hop sb, trai véi dé bai. Vay p
c6 dang 3k +1.
Khido: p+8=3k+1+8=3k+9:3
Laico p+8>3 nén p+8 lahop sd.

Vay néu p; p+4 1a cic sd nguyén td (p >3) thi p+8 1a hop sd.
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Bai 10: (PHONG GD VA PT HOANG HOA)
Cho ba s nguyén t 16n hon 3, trong d6 sé sau 16n hon sb trudc 1a d don vi. Chirng minh: d chia hét
cho 6.

N o

Loi gidi:
Goi ba sb nguyén t6 lon hon 313 a,b,c. Giast a>b>c .

Vi a,b,c 1 ba s6 nguyén t6 16n hon 3 nén a,b,c 14 ba sd nguyén t 1¢.

a-b=d
Vi s0 sau 16n hon so0 trudc la d donvinén d lasochanva <b—c=d
a—-c=2d

Vi a,b,c 1labasd nguyén t6 16n hon 3 nén a,b,c khong chia hét cho 3.

Do d6 trong ba s6 3s6 a,b,cludn ton tai it nhat hai s6 c6 cung s6 du khi chia cho 3 nén hi€u cua hai s6
d6 chia hét cho 3.

d:3 :
=|__=4d3 (vi UCLN(2;3)=1)
2d:3

Ma d 1asb chinnén d:2 .
Vay d:6.

Bai 11: (PHONG GIAO DUC VA PAO TAO PO LUONG)
Cho pla sb nguyén t6 thoa man p+2 va p+4ciing la sé nguyén t6. Tim sd nguyén x sao cho

p3+54:(2x—1)2.
Loi gidi:
Vé6i p 1a sé nguyén tb
Xét p=2 thi p+2=4;p+4=6 déulahop sb (loai)
Xét p=3 thi p+2=5; p+4="7 déula sd nguyén t6 (nhan)
Xét p>3 thi p codang 3k+1 hodc 3k+2,k 1a s6 nguyén duong
-Voi p=3k+1thi p+2chiahétcho3, p+2>3nén p+21ahop sd.

-Voi p=3k+2 thi p+4 13 hop sb.
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Vay p=3
Khi d6: p* +54 = (2x—1)’

& (2x-1)" =81

2x—-1=9 x=5 L
= = (thda man)
2x—-1=-9 x=-4

Bai 12: (PHONG GIAO DUC VA PAO TAO HUYEN HOA LU)

Cho B =999993"" —555557"" . Chirng minh rang B 1a hop sd.
Loi gidi:
S6 999993 ¢6 chit s6 tan cung bang chit s6 tin cung cua 3"
Ma 3" = (34 )499 3° =81%°.27 ¢6 chir sb tan cing bang 7
S6 555557'°7 ¢6 chit sd tan cung bang chit s6 tan cung caa 7'’
Ma 7% = (74 )499 7 =2041*".7 ¢6 chir s tan cung bang 7
= B =999993"" —555557"7 ¢6 chit s6 tan cung bang 0

= Bi5va B>5nén B 1a hop so.
Bai 13: (PHONG GD&DT HUYEN TIEN DU)

Chtng minh rang néu p 1a s6 nguyén t6 16n hon 3, sao cho 2p+1 ciing 13 s6 nguyén té thi 4p+1 13 hop

s0.

Loi gidi:

+Néu p>3thi p codang p=3k+1;p=3k+2

+Néu p=3k+1taco 2p+1=2(3k +1)+1=6k + 3 chia hét cho 3 nén 14 hop s (loai)

+Néu p=3k+2taco 2p+1=23k +2)+1=6k+5 (thda man)

4p +1=43k +2)+1=12k + 9 chia hét cho 3 nén 1a hop sd

Vay 4p +1 1a hop sb.

Bai 14: (UBND HUYEN PHU XUYEN)

Cho p va p+8déulasdnguyéntd (p>3).Hoi p+1001asd nguyén td hay hop sé.

Loi gidgi:

Vi plasdnguyéntd vap>3nén pi3.Dodé pcédang 3k+1 hodc 3k +2,(ke N*).

Néu p=3k+1 thi p+8=3k+9:3 = p+8 la hop s6 (Khong thoa man).
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— p=3k+2,khidd p+100=3k+102:3 = p+100 13 hop sb.

Bai 15: (UBND HUYEN VU THU)

Cho a, b, c, d 1as6 nguyén duong thoa man a® +b*> —c* —d? chén. Ching minh a + b+ ¢ +d khong 1a
sO nguyén to.

Loi gidi:

Xét: A=(a*+b>-c*-d’)+(a+b+c+d)

A=(a2+a)+(b2+b)—(c2—c)—(d2+d)
A=a(a+1)+b.(b+1)—c.(c—-1)—-d.(d-1)

Vi a 1a s6 nguyén duong nén a e N¥= a.(a+1)l£1 hai s6 tu nhién lién tiép = a.(a+1)52
Tuong tu chimg minh duogc:

b(b+1):2; c(c—1):2;d(d —-1):2 Vb,c,d eN*

Nén ta co :

A=[a(a+1)+b(b+1)—c(c—l)—d(d—l)] 2 Va,b,c,deN’

Mz gi4 tri bidu thie @ +b°—¢”=d” [a 56 chin nén (@+b+c+d)i2 (1)

Lai co a,b,c,deN'nén a+b+c+d>4(2)

Tu(1)va(2)suyra a+b+c+d lahop sd
Vay a+b+c+d khong 1a sb nguyén t6
Bai 16: (PHONG GIAO DUC VA PAO TAO HUYEN LUC NAM)
Cho n 1a s6 nguyén t6 16n hon 3. Hoéi n* +2018 14 s6 nguyén t6 hay hop sé.
Loi gidi:
Vinlasdnguyéntd va n>3=n=3k+1;n=3k+2
-Néu n=3k+1

= n*+2018 = (3k+1)" +2018 = 9k> + 6k +1+2018
=9k’ + 6k +2019 =3(3k" +2k +673):3 1a hop sd.
-Néu n=3k+2=n*+2018=(3k+2)" +2018 =9k +12k +4+2018 1a hop sd.

Vay khi n 14 s6 nguyén t6 16n hon 3thi #* +2018 14 hop sd.
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Bai 17: (PE HSG LOP 9)

Tim tat ca cac s6 nguyén duong n dé 4 = n**' + 1 +1 1a hop sé.
Loi gidi:

Véi n=1= A4 =3khong la hop sd.

Véi n>1= A=n"" +n*" +1=n" =0’ + 0™ —n+n*+n+1

=n’ (n2°19 —1)+n(n2019 —1)4—(;12 +n+1)
Ma ;12019—1:(;1673)3 —1in’ =1 n3—15(n2 +n+1):n2019 —lin*+n+1

=S An*+n+1

Ma neZ',n>1nén A=n>""+n*"°

+1>n’ +n+1>1.
Vay 4 1a hop s6 v6i moi s6 nguyén duong n>1.

Bai 18: (PE HSG LOP 9)

Chtmng minh ring néu a+b+c+d=0thi A=da*+b*+¢* +d° 1a hop sb.
Loi gidi:

Ta co a+b+c+d:0<:>a+c=—(b+d)

= (a+c) =[~(b+d)]
:a3+03+3ac(a+c):—b3—d3—3bd(b+d)
:>a3+b3+c3+d3=—3ac(a+c)—3bd(b+d)
=a’+b’+’ +d’ =3ac(b+d)-3bd (b+d)
=a’+b’+c’ +d’ =3(ac—bd)(b+d):3

Vaynéu a+b+c+d=0thi A=d’+b>+c* +d° 13 hop sb.

Bai 19: (PE THI VO PICH TOAN ANH)

Chimg minh rang 4=19.8"+17 lahop sé véi neN.
Loi gidi:

Xét cac truong hop n =2k, n=4k+1, n=4k +3.

Néu n=2k= A=19.8" +17=18.8 +8 +(18-1)

Ma 8% = 64" =(63+1)", 63=3.21nén 8* :3du 1 = 43,
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Néu n=4k+1
= A=19.8%"+17=13.8%" +6.8.64" +17

=13.8" +39.64% +9.(1-65)" +(13+4)
Chu y ring 65=135.(1-65)" :3du 1 nén 4:3.
Néu n=4k+3 = 4=19.8%" +17=15.8%" +4.8°.64* +17

=15.8"7 1 4.510.64* +4.2.(1-65)" +(25-8)

= A:8

Vay 4=19.8"+17 lahop sé v6i neN.
Bai 20: (PE THI HSG TOAN 9)
Tim sé p nguyén té dé 4 =27 + p* lahop sd .
Loi gidi:

Véi p=2= A=2%+2*>=81a hop sb.

Véi p=3= A4=2°+3%=171a s6 nguyén to.

Véi p>3, p nguyéntdnén plé.

Taco A=2"+p’ =(p’ —1)+(2" +1)

Xét 3 sb tu nhién lién tiép p—1; p; p+1 trong d6 c6 mot sb chia hét cho 3, ma pi3nén p-—1
hoic p+1 chia hét cho 3= p* —1:3

Laic6 2” +1i(2+1)=3 va 2’ + p* >3 nén A=2"+p’ lahop sd .

Vay v6i p=2 hodc p>3 thi 4=27+p* lahopsd.

Bai 21: (PE THI HSG TOAN 9)
Chimg minh rang A =2"" +5%"° 1a hop s6 .

N, e

Loi gidi:
Ta co:

+) 2178 = 22 = 22 ) = 4 ) = (341) 2=(3k +1).2=6k+2, ke N’

= 2" :3du 2 (1).

1005

+) 5010 = 52105 225109 = (24 41)" =(3.8+1)" =3m+1, me N’
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= 57"%:3du 1 (2).
Tur (1) va (2) ta cb A =27 +51:3 va 4>3nén 4 13 hop sb.

o3 HET
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