SO GD&PT QUANG BINH KY THI CHON HSG LOP 11 NAM HQC 2024-2025
VA CHON POI DU TUYEN DU THI CHON HSG
PE CHINH THUC QUOC GIA NAM HOQC 2025-2026
Khoa ngay 31 thang 3 nam 2025
Man thi: TOAN HQC

BAI THI THU NHAT ‘
Thoi gian: 180 phUt (khong ké thoi gian giao dé)
Deé gom co 01 trang va 04 cau

cau 1 (2,5 diém):
a) Giai phuong trinh sin2x—cos2x —5sinx —3cosx+4 =0.
b) Bac Binh vay ctia Ngan hang Chinh sach xa hoi véi so tién 360 triéu dong dé xay nha. Sau
mdi thang, bac Binh phai tra 13i cho Ngan hang véi 13i suat 0,4% /thang va ¢ sau 6 thang thi bac
Binh phai tra 36 triéu dong tién gdc cho Ngan hang. Cr nhu vay, sau 60 thang thi bac Binh da tra
hét tién cho Ngan hang. Tim tong s tién 14i ma bac Binh phai tra.
Cau 2 (2,5 diém):

a) Cho 2024 s6 thuc a,,a,,...,a,,, thoa man a,a,,...,ay,, €[0;2025). Ching minh phwong

trinh x*** —2025(a, +a, +...+ 8y, )X+ &> + a5 +...+a>,, —1=0 ludn c6 nghiém.
_ 3 —
b) Cho f (x) 1a mot da thitc thoa man fim 0= = 2 Tinh tim 1) tw(x)” 3.
-1 x-1 x->1 X"+ X—2

Cau 3 (1,5 diém):

a) Bién s6 xe 6t6 cua tinh Quang Binh c6 dang 73A —abc.de (trong d6: 73A 1a mi sd ¢ dinh
cta tinh Quang Binh; a,b,c,d,e 1a cac chit s6 khong dong thoi bang 0). Mot bién sb xe 6t6 dugc
0i 14 bién s6 “dep” néu thoa min a<b<c<d <e. Bac An chon ngiu nhién mdt bién sé xe 6td cla
tinh Quang Binh. Tinh x4c sudt dé bac An chon dugc bién s6 “dep”.

b) Sip xép 3 ban nam B, B,, B, va 5 ban nit vao 8 cii ghé dugc xép theo hang ngang (mdi
ban ngdi mot cai ghé). Hoi co bao nhiéu cach sip xép thoa man tit ca cac diéu kién sau: B,, B,, B,
ngdi theo thir tw d6 tir trai qua phai; giita B, va B, co it nhat 1 ban nif; giita B, va B, c6 nhiéu nhat
2 ban ntr.

Cau 4 (3,5 diém): Cho hinh lang truy ABC.A'B'C’ va diém M di dong trén canh AB théa man
AM
AB

cac canh AA, A'C’, C'B’, BC tuong tng tai cac diém N, P, Q, K.

=x (0<x<1). Mit phing («) di qua M song song véi cac duong thing AC', A'B va cit

a) Chung minh giao diém cia MN va QK ludn nam trén mot dudng thang c6 dinh. Néu cach
dung cac diém N, P, Q, K.

b) Tinh ti s6 25 khi x = 2.
QcC’ 3

¢) Trong truong hop ABC.A'B'C’ 1 hinh ling tru déu co tit ca cac canh bang 1, tim gia tri 16n
nhat cta dién tich ngii gisc MNPQK.
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Pé gom ¢é 01 trang va 05 cau

Cau 1 (2,0 diém):
3

a) Tim tAt ca cac bd ba s6 thuc X, y, z théa man 2025* "7 4+ 2025Y %+ 4 20257 3+ = o5E

b) Cho da thire bac hai f(X)=x’+bx+c véi b, ¢ 1a hai so nguyén. Ching minh ludn ton tai
sO nguyén a thoaman f(a)= f(2024).f (2025).

u =5

u,, =u® -3u® 1y, vneN"

n+1 n

Cau 2 (2,0 diém): Cho day s6 (u, ) xdc dinh boi {

a) Ching minh lim u, = +oo.

N—+o0

L . Tinh limv,.

b) V6i méi s6 nguyén duong n, dat v, = (U2 +2)(u2 +1)...(u™ +1) e

Cau 3 (3,5 diém): Cho tam gidc nhon ABC (AB < AC) ndi ti€p duong tron (O). Hai dudng cao
BE, CF (E € AC,F € AB) cit nhau tai H. Goi M, N, P, Q tuong tng 1a trung diém ciia céc doan
thang BC, CA, AB, AH. Tia MH cit (O) tai L.

a) Chimg minh AL, BC, EF dong quy tai mot diém T.

b) Goi K 1a giao diém cuia NP va EF. Ching minh AK vudng goc véi OH.

c) Puong thang di qua A song song véi BC cit OQ tai D. Chimg minh giao diém (khac M)
ctia hai dudng tron ngoai tiép hai tam giac MNP va MLT nam trén dudng thing DM.
Cau 4 (1,5 diém): Cho n-giac déu AA,..A, (neN,n>3). Mdi mét dinh ciia n-gidc déu AA,..A,
duoc t6 bdi mot mau trong m mau cho trude (m eN,m2= 3) sao cho hai dinh ké nhau duoc t6 béi hai

mau khac nhau. Tim s6 cach t6 mau c6 thé thuc hién dugc trong cac trudng hop sau:
a) Khi n=4, m=5.
b) Khi n=2024, m = 2025.

Cau 5 (1,0 diém): Tim tt ca céc cdp sO nguyén duong (m; n) théa man m? -2 chia hét cho mn+2.
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YEU CAU CHUNG

* Ddp dn chi trinh bay mét 16i gidi cho méi cdu. Trong bai lam ciia hoc sinh yéu cau phdi
Idp ludn l6gic chdt ché, day du, chi tiét va ré rang.

* Trong moi cdu, néu hoc sinh gidi sai & bude gidi trwde thi cho diém 0 doi véi nhitng bude
giai sau co lién quan.

* O cdu 4 néu hoc sinh khéng vé hinh ¢ phan nao thi cho diém 0 & phan do.

* Diém thanh phcfn clia moi cdu dwoc chia dén 0,25 diém.

* Hoc sinh ¢é 16i gidi khdc dap dn (néu ding) van cho diém toi da tuy theo mirc diém ciia
tung cau.

* Piém cua toan bai la tong diém (khéng lam tron s6) cia diém tdt cd cdc cdu.

Cau Néi dung piém
1a | Giai phuong trinh sin2x—cos2x —5sinx—3cosx+4=0 (*) 1,25
Ta co: (*) < sin2x+(2sin® x—1)-5sinx—3cosx+4 =0 0.25
& 2sinx.cos X +(2sin® x—5sin x +3) ~3cos x =0 025
< cosx.(2sinx—3)+(2sinx—3)(sinx—1)=0
0,25
< (2sinx—3)(cosx+sinx—1)=0
_ sinx = E(VN )
{25|nx—3=0 2 05
=S _ = ,
coSX+sinx—1=0 cos(x—z):ﬁ B
2
V4 \/E T V4 X= z +k27
Giai (1) ta cd: COS| X—— |=— < COS| X—— |=C0S— < 2 kKeZ.
4 2 4
X=k2rx 0,25
Vay phuong trinh c6 hai ho nghiém la X = % +k27; x=Kk27 voi ke Z.
Bac Binh vay clia Ngan hang Chinh sach xa hoi véi so tien 360 triéu dong dé xay
nha. Sau mdi thang, bac Binh phai tra 13i cho Ngan hang véi 13i suat 0,4% /thang
1b | va ctrsau 6 thang thi bac Binh phai tra 36 triéu dong tién gbc cho Ngan hang. Cir | 1,25

nhu vay, sau 60 thang thi bac Binh d tra hét tién cho Ngan hang. Tim tong sd tién
I&i ma bac Binh phai tra.




Goi S, 14 56 tién 14i sau 6 thang lan thir n (n =1,10).

0,25
Sau 6 thang lan thir 1 s6 tién 13i 1a S, = 6.0,4%.360.
Sau 6 thang lan thir 2 s6 tién 14i la S, =6.0,4%.(360-36).
‘ L 0,25
Sau 6 thang lan thir 3 s0 tién 13i la S, =6.0,4%.(360—36.2).
PR 0,25
Sau 6 thang lan thir 10 s6 tién 13i 1a S,; =6.0,4%.(360—36.9).
Tong sb tién 13 1a
2
S=8,+S,+..+S,,=6.0,4%[10.360—36(1+2+...+9) |. 0:25
g - 1188 _ 47,52 (triéu dong).
25 0,25
Viy tong s6 tién 14i ma bac Binh phai tra 1a 47,52 (triéu dong).
Cho 2024 sb thuc a,,a,,...,8,, thda min a,,a,,..., 8y, €[0;2025). Ching minh
2a | phuwong trinh X% —2025(a, + @, +...+ 8y, )X+ + 8% +...+a>,, —1=0 luén c6 | 1,25
nghiém.
Xét f(X)=x"*—2025(, +a, + ...+ 8yppy )X + & +8; +...+ s, —1 12 ham s lién 05
tuc trén R . ’
Taco f(1)=a (a —2025)+a,(a, —2025)+...+ 8y, ( 8y —2025) < 0.
, 0,25
Dau "=" xdyrakhi a, =a, =...=a,,, =0.
f(—1)=a,(a, +2025)+a,(a, +2025)+...+ &y, (2 +2025) > 0.
, 0,25
Dau "=" xdyrakhi a =a,=...=a,,, =0.
TH1: Néu &, =a, =...=a,,, =0 thi (*) c6 hai nghiém x=1x=—1. 025
TH2: Néu ton tai & #0,i=12024 thi f(-1).f(1)<0.Do d6 (*) c6 it nhat mot
nghiém thudc khoang (-1;1). 0,25
Vay (*) luén c6 nghiém.
: - T 3 f 7-
2b | Cho f(X) 1a mot da thirc thoa man |ImM =2. Tinh lim \/ (x) _Z\/ () + 3. 1,25
-1 x-1 x->1 X'+ X-2
vilim T 0= 5 e lim(f(x)-1)=0= f(1)=1. 0,25
x>l x—1 x—1
AT+ F(X)+7 -3 f(x)-1 JT(X)+7-2
TaCOJ ()+3\/ (x) + _ (2) N ()2+ _ 0.25
X° 4 X—2 (x=1)(X*+x+2) (x=1)(x*+x+2)




: f(x) -1 | f(x)-1
lim ()2() =lim ( ) . L =2.1=l. 0,25
x—1 (X—l)(X +X+2) x—1 x—1 (X2+X+2>( f(x)+1) 8 4
: 3 7-2 | f(x)-1
I|rr11 f(x)2+ :Ilrr11 ( )1 . L -
(x-1)(x* +x+2) X (x2+x+2)(3(f(x)+7) +2.3 f(x)+7+4) 0,25
_p,1_1
48 24
: f 3 f 7—
Vay Ilm‘/ (X)t\/ () + 3=1+i:l. 0,25
X1 XT+X—2 4 24 24
Bién s xe 6t6 cua tinh Quang Binh c6 dang 73A —abc.de (trong d6: 73A 13 mi sb
c¢d dinh cta tinh Quang Binh; a,b,c,d,e 14 cac chir s khong dong thoi bang 0).
3a | Mot bién s6 xe 6t0 dugc goi 14 bién sé “dep” néu thoa mdn a<b<c<d<e.Béc|0,75
An chon ngau nhién mot bién sb xe 6t cla tinh Quang Binh. Tinh xac suit dé bac
An chon duoc bién sd “dep”.
S0 phan tir cua khong gian mu 1a: n(Q)=10°-1=99999.
Goi A la bién cd: “bac An chon dugc bién sb xe “dep”. 0.25
Taco 0<a<b<c<d<e<9.DPith=b+lc=c+2,d =d+3e=e+4. ’
Lucdo 0<a<b <c <d, <e <13.
Ta thiy, mdi cach lay mot bd {a;b;c;d;e} thoaman 0<a<b<c<d<e<9 tuong
tmg voi mdi cach lay mot bo {a;hy;c;;d;;e } théamdn 0<a<bh <c <d, <e <13.
. . 0,25
SO cach lay mot b {a;by;c;;d;;e,} théaman 0<a<b <c <d, <e <13 Ia
C., =2002.
Vi a,b,c,d,e 1a cac chit s6 khong dong thoi bang 0 nén sb bién sé xe 6to “dep”
cua tinh Quang Binh 1a 2002 -1=2001.
S0 phan tir thuén loi cho bién ¢6 A 1a n(A)=2001. 0,25
. .z n(A
Vay xac sudt cua bien co A la P(A)= (A) _ 2001 _ 667 :
n(Q) 99999 33333
Sap xép 3 ban nam B,B,,B, va 5 ban nit vao 8 cai ghé dugc xép theo hang
ngang (mdi ban ngdi mot cai ghé). Tim sd cach sap xép thoa man tat ca cac diéu 0=
iy kién sau: B,,B,, B, ngdi theo thir tu d6 tir trai qua phai; gitra B, va B, c6 itnhat 1 | = 2
ban nif; giita B, va B, c6 nhiéu nhat 2 ban nit.
Goi x 1a s6 ban nit ngéi bén trai B, (X € N) . 0,25




y 1a s6 ban nit ngdi giita B, va B, (yeN*).

z 1a 6 ban nir ngdi giita B, va B, (zeN, 2<2).

t 1a s6 ban nit ngdi bén phdi B, (teN).Dat y, =y-1.
X+y, +z+t=4

TUr gia thiét ta c6 {2 <2 (*)
X, ¥, Z,teN

St dung két qua cia bai toan “sd nghiém nguyén khong am ciia phuong trinh

_ 1 S P n-1 29 r r \ .
X +X+..+X,=mvsinnmeN la C  ,” tacocac truong hop sau:

TH1: z =0 thi s6 nghiém cua (*) bang C?. 0,25
TH2: z =1 thi s6 nghiém cua (*) bang CZ.
TH3: z =2 thi s6 nghiém cia (*) bang C?.
Do d6, sé cach sép xép théa mén bai toan 1a (C +CZ +C7 ).51=31.5!=3720. 0.25
Cho hinh lang tru ABC.A'B'C’ va diém M di dong trén canh AB thoa min
% =x (0<x<1). Mit phing (a) di qua M song song véi cic duong thing
AC', A'B va cit cac canh AA', A'C’, C'B’, BC twong tng tai cac diém N, P,
Q, K.
4 a) Chimg minh giao diém cia MN va QK Iluén nam trén mot duong thang cb 35
dinh. Néu cach dung cac diém N, P, Q, K. :
b) Tinh ti s6 22 Khi x = 2.
QC’ 3
¢) Trong truong hop ABC.A'B'C’ la hinh lang try déu ¢ tat ca cac canh bang 1,
tim gi4 tri 16n nhat cta dién tich ngii gidic MNPQK.
N Chtrng minh giao diém cia MN va QK ludn nim trén mot duong thing cb dinh. 0
a )

Néu mot cach dung cac diém N, P, Q, K.




4a
e U ey B
— Q
C
ChU y: Néu hoc sinh vé cac doan thang AN, AP, A'l,BM (theo hinh biéu dién
trén) bang nét lién van chdp nhdn duoc.
Taco MN =(a)n(ABB'A); QK =(a)n(BCC'B'); BB'=(ABB'A)n(BCCB'). | 0,25
Ma MN va BB’ ludn cat nhau. Nén theo dinh 1y ba giao tuyén thi MN,QK, BB’
ddng quy. Do d6 giao diém cia MN va QK lubén nam trén duong thing BB’ ¢6| 0,25
dinh (dpcm)
Trong mit phing (ABB'A’), ké MN || AB,N € AA'. 0,25
Goi 1,J tuong tng 1a giao diém cua duong thaing MN véi cac dudng thang A'B’ 0.5
va BB'. ’
Trong mit phang (ACC'A’), ké NP||AC',Pe AC'. 0,25
Trong mit phang (AB'C'), Q lagiao diém cua IP véi B'C'.
, , 0,25
Trong mit phang (BCC'B'), K la giao diém cua JQ véi BC.
Lo, 2 QB 2
Tinh ti so khi x=—.
4b oc’ 3 1,0
Trong mit phing (ABB'A’), c6 MN || AB nén NA _MA_ X ;
NA" MB 1-x 025

¢6 IN|[AM nen 2M _NA _ X
A NA 1-x




IB" 1A'+ AB 14 AB:1+£ AM :i—x (1)
—X

Suy ra = .
IA IA A x 1A

0,25

Trong mit phing (ACC'A’), ¢ NP || AC’ nén

PC_NA_ X _per= X pa (2)
PA NA 1-X 1-x

0,25

Trong mit phang (A'B'C’), ké B'KK||AC',K e IP

| A’ B'

c' K

, QB KB (1-x)KB' (1-x)IB" 2-x (3)
QC' PC'  xPA  xIA X '

Vaykhix:gth‘l QB _,
3 QC

ChU y: Néu hoc sinh sit dung truc tiép dinh Iy Menelaus trong mdt phang dé tim ti

. QB'

SO - van cho diém toi da cua phan nay (néu diing).

0,25

4c

Trong trudng hop ABC.A'B'C’ 14 hinh ling try déu c6 tit ca cic canh bang 1, tim
gia tri 16n nhét cua dién tich ngii giac MNPQK .

1,0

Theo (1) tacé IB'=(2—x).A'B'=2-x.

2—X

Theo (3) taco QB' = T.B’C’ = ? .

JB MB 1-x
JB  IB 2-x

Trong mit phang (ABB'A'), c6 = JB'=(2-x).BB'=2-X.
Xét tam gidc 1B’ vudng tai B’ taco: 13 =+/IB? +IB? =(2-x)4/2.

Tuong ty, ta c6 JQ =4/JB” +QB"” =(2- X)% .

Ap dung dinh 1y cosin cho tam giac IQB’ ta co

B3

IQ = /18”2 + QB - 21B'QB".cos IB'Q :(2—x).7.

Ta thiy, 12 =1Q%+JQ? nén tam giac 1JQ vudng tai Q. Do d6, dién tich tam

0,25




m

gidc 19Q 12 S, = IQ =2 (2 x)".

2 2
Ta co SAJMK _ ‘]M JK (‘]Bj :(]'__XJ = S,k ZE.(].—X)Z. 0,25

Swe  J1 JQ (IR 2-x 8

Vi AM =x nén AN =1-x,A'l =1-x, AP =1-x.

Xét tam gidc INA'vuong tai A tacd IN =y A% + AN? = (1-x)+/2.
Tuong tu, ta c6 NP =vAN? + AP? =(2-x)~/2

Ap dung dinh 1y cosin cho tam gidc IPA’ ta c6 0,25

IP = A7 + AP?—2A'1 AP.cos IAP =(1—x) /3.

Do d6, dién tich tam giac INP 12 S, =~ (1-x)’

ooﬁ‘
ol

Di¢n tich hinh ngii gidc MNPQK la S =S, ;, —(SAJMK + SA,NP) =

E(1+2x—2x2)_E{—2(x——J += } 3*/_
8 8 2

(1+ 2x—2x2).

S:

2 16
0,25

Dau "=" xay ra khi x :%

3J_

Vay gia tri 16n nhat cia dién tich ngii giac MNPQK bang ——— khi M la trung

diém cua AB.
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YEU CAU CHUNG

* Pdp dn chi trinh bay mét 16i gidi cho méi cdu. Trong bai lam ciia hoc sinh yéu cdau phdi
Idp ludn l6gic chdt ché, day du, chi tiét va ré rang.

* Trong moi cdu, néu hoc sinh gidi sai & bude gidi trwde thi cho diém 0 doi véi nhitng bude
giai sau co lién quan.

* O cdu 3 néu hoc sinh khéng vé hinh hodc vé hinh sai & ¥ ndo thi cho diém 0 doi véi y do.

* Diém thanh phan cia méi cau dwoc chia dén 0,25 diém. Doi véi nhitng phan dwoc chia
dén 0,5 diém thi t6 giam khdo thong nhdt dé chia dén 0,25 diém.

7




* Hoc sinh co loi gidi khac dap an (néu dung) van cho diém toi da tuy theo muc diem cua

tung cau.
* Diém cua toan bai la tong diém (khong lam tron so) cua diém tdat ca cac cau.

Cau Néi dung Piém
Tim tat ca cic bd ba sb thue x, y,Z thoa man
18| 005 -v+1 4 pgpg¥=er 4 pop5E ey - _S_ *) 10
2025
Ap dung bat dang thirc Cauchy ta c6
2 2 2 2,2 2 0,25
202594 4 2025734 4 20257 Y » 3 32025 Y AyD) (g
Mat khac, ta co
X2+ y?+ 22 =2(x+y+2)=(x-1) +(y-1) +(z-1)"-3>-3 (2) 0.25
Dau "="khi Xx=y=2=1.
Vi 2025 >1 nén tir (2) suy ra: 2025 Y+ A+ 5 9053 20]2-53 3
3 0,25
Tir (1) va (3 2025732 1 2025 91 4 20257 W > = (4
u (1) va(3)suyra + + 2075 4)
T (4) suyra: (*) < x=y=z=1.
0,25
Vay X =Y =2z =1 thoa man bai toan.
] Cho da thitrc bac hai f(x)=xX*+bx+c véi b,c 1a hai s6 nguyén. Chimg minh )
= | lusntdn tai s6 nguyén a théaman f(a)= f(2024).f (2025). .
Véimdi xeR taco: f(x).f(x+1)=f (x)((x +1)2 +b(x+1)+ c) 0,25
=f (x)(x2 +2x+1+bx+b+c): f(x)(f(x)+2x+b+1)
0,25
= £2(x)+2xf (x)+bf (x)+ f(x)
:(fz(x)+2xf (x)+x2)+bf (x)+bx+c
:(f(x)+x)2+b(f(x)+x)+c=f(f(x)+x). 0,25
Dodo f(f(x)+x)="f(x).f(x+1),vxeR (¥
Thay X =2024 vio (¥) ta duge f (f(2024)+2024)= f (2024).f (2025).
Vi b,c,2024 13 ba sé nguyén nén a = f (2024) +2024 1a mot sb6 nguyén. 0.5

Vay ton tai s6 nguyén a = f (2024) + 2024 théa man
f(a)= f(2024).f (2025) (dpcm)




u =5
U, =Uu*® 30 4ty vneN"

n+l — Yn

Cho day s6 (u, ) xéc dinh béi {

a) Chung minh lim u, = +oo.

N—-+oo

2 . 2,0
b) Véi moi so nguyén duong n, dat v, = (u12024 +1)(u22024 +1)...(u§°24 +1).
Tinh nlijﬂovn'
23 | Chimg minh nllrﬂo u, = +oo. 1,25
Ta ching minh bang quy nap: U, >3,vne N (*)
Véi n=1taco U, =5>3. Do do, (*) dung. 0,25
Gid sir (*) déng véi n=k >1 hay u, >3, vk >1.
Ta can chimg minh: (*) ding véi n=k +1 hay u,_, >3 (l)
That vay, ta c6: U, =u>° —=3u’* +u, < u, , —3=u-3u"* +u, -3
<:>uk+l—3:(u|f°24+1)(uk -3)>0=u,,>3 0,25
(vi u, >3u2% +1>0,vk >1). Do d6 (1) dung.
Vay theo nguyén 1y quy nap u_>3,vne N’ (*)
Ta cling co :
Uy =U2° =3U2% +u,,VneN < u,, —u, =u(u,-3)>0,vne N’ 0.25
=U_,,>U,VneN". Do dé, diy sb (un) la day sb ting.
Gia st nlilll u, =L (L >Uu, = 5) . L4y gi6i han hai vé cong thtrc truy hoi ta duoc:
L=0 0,25
L= [2%5 _3120% | | o { (Vo 1Y)
L=3
Vay nlLrEo U, =+ (dpcm) 0.25
Véi mbi sé nguyén duong n, dit Vo = 750 = 41 o :
- (U +1)(u3 +1)...(un +1) 075
Tinh nIiﬁrpwvn.
Taco: U, —3=u?-3u +u -3, vneN
0,25

Uy, —3=(u +1)(u, -3),vne N’

n




1 - *
S == u, =3 VneN .
u"+1 u.,-3

n

u-3u-3 u,-3 u -3 u-3 2

Do d6 v, = . . = = ,VneN". 0,25
u-3u,-3 u -3 u,-3 Uu,-3 u,—3
Vay limv, = lim =0. 0,25
N—>-+00 Nn—>-+o0 un+1 -3
Cho tam giac nhon ABC (AB < AC) ndi tiép duong tron (O). Hai dudng cao
BE,CF (EeAC,F e AB) cit nhau tai H. Goi M, N, P,Q tuong tng la
trung diém cua cac doan thang BC, CA, AB, AH. Tia MH cit (O) tai L.
, a) Chimg minh AL, BC, EF dong quy tai mot diém T. -
b) Goi K 1a giao diém cia NP va EF. Ching minh AK vudng goc véi OH.
¢) Puong thang di qua A song song v6i BC cit OQ tai D. Chuang minh giao
diém (khac M) ciia hai duong tron ngoai tiép hai tam giac MNP va MLT nam
trén duong thang DM.
Quy wdc: Trong bai toan ndy ky hiéu (XY ),(XYZ) twong tng 1a ky hiéu cua
duong tron duong kinh XY va duong tron ngoai tiép tam giac XYZ .
35 | Chimg minh AL, BC, EF ddng quy tai mot diém T. 125
Goi A’ 1a giao diém ctua AO véi (0). 05
Vi BHCA' 13 hinh binh hanh nén H,M, A" thing hang. ’
Do d6: L,H,M, A" thing hang nén ALA'=90° = ALH =90°= Le(AH) (1) | 0,25

10




AL 1a truc dang phuong cta hai dudng tron (O) va (AH).
BC la truc ddng phuong ctia hai dudng tron (BC) va (O).
EF 1a truc dang phuong ciia hai duong tron (AH ) va (BC).

0,25

Suy ra AL,BC,EF ddng quy tai tAm dang phuong T cua ba dudng tron (O),
(BC) va (AH) (dpcm)

0,25

3b

Goi K 1a giao diém ciia NP va EF. Chimg minh AK vudng géc véi OH.

1,25

Vi E,F,N,P cing nam trén dudng tron Euler (MNP) cua tam giac ABC nén
KEKF=KN.KP (2

0,25

Vi AEH = AFH =90° nén E,F €(AH), do d6 P, =KEKF (3)

)

Vi ANO = APO =90° nén N,P ¢ (AO),dod6 P, ,, = KN.KP (4).

(AO)

0,25

T (2), (3), (4) suy ra PK,(AH) =P, do d6 AK 1a tryc dang phuong cua hai

duong tron (AH) va (AO)  (5)

(AO)

0,25

Goi Q' 1a trung diém cia AO thi Q' la tim duong tron (AO).
Vi QQ' la duong trung binh cua tam giac AHO nén QQ’'||[OH  (6)

0,25

Tu (5) suyra AK L QQ" (7)
Tu (6), (7) suyra AK L OH (dpcm)

0,25

3c

Puong thang di qua A song song véi BC cat OQ tai D. Chiing minh giao
diém (khac M ) ctia hai dudng tron ngoai tiép hai tam giac MNP va MLT nam
trén duong thang DM.

1,0

Goi X (khac M) 1a giao diém cua DM véi (MLT).
+ Ching minh T, X,Q thang hang:
Vi X €(MLT) va (1) suy ra MXT = MLT =MLA=90° (8)

0,25

Vi AD||BC nén ADX = XMT = ALX (vi MXLT néi tiép)= X e(ADL) (9)
Vi O,Q tuong tmg la tdm cua (O) va (AH) nén OQ 1a dudng trung tryc clia
doan thang AL. Do d6 DLQ = DAQ =90° nén L € (ADQ) (10)

0,25

T (9), (10) suy ra: X e(ADQ)= DXQ =180°— DAQ = 90° = DXQ =90°
(11)
Tir (8) va (11) suy ra T, X,Q thiang hang (12)

0,25

+ Ching minh X e(MNP):
T (9), (12) suy ra TETF=TATL=TQTX ma E,F,Q<c(MNP)
= X €(MNP)

Viy giao diém (khac M ) cta hai duong tron ngoai tiép hai tam giac MNP va
MLT nim trén duong thaing DM (dpcm)

0,25

Cho n-gidc déu AA,..A, (neN,n>3). Mdi mét dinh cua n-gidc déu AA,..A

1,5
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dugc t6 bédi mdt mau trong m mau cho trudc (m eN,m2> 3) sao cho hai dinh ké

nhau dugc t6 bd1 hai mau khac nhau. Tim s0 cach t6 mau c6 thé thuc hién duoc
trong cac truong hop sau:

a) Khi n=4,m=5.
b) Khi n=2024,m=2025.

4a | Khi n=4,m=5. 0,5
Khong mat tinh tong quat gia sir ta t6 mau theo thir tu cac dinh AALALA,.
binh A c06 5 cach té mau.
Dinh A, cd 4 céch td mau.
TH1: dinh A, duoc t6 Mau cing mau voi dinh A . Lic d6, ¢6 1 cach to mau | 0:29
dinh A, vaco 4 cach td mau dinh A,.
Trong truong hop nay, c6 tat ca 5.4.1.4 =80 cach t6 mau.
TH2: dinh A, dugc t6 mau khac mau véi dinh A . Luc do, c6 3 cach t6 mau
dinh A, va co 3 cach td mau dinh A, .
Trong trudng hop ndy, co tat ca 5.4.3.3=180 cach t6 mau. 0,25
Vay c6 260 cach t6 mau khi n=4,m=5.

4b | Khi n=2024,m=2025. 1,0
Goi S, 1a sb cach t6 mau n-giac déu AA,...A, théa min bai toan.
Ta giai bai toan trong truong hop tong quat véi m, n bat ky théa mén
mneN;m>3;,n=>3. 0.95
TH1: dinh A va dinh A _, dugc t6 boi hai mau khac nhau. Ldc do, dinh A ’
dugc t6 mau khac v6i mau cia hai dinh trén nén dinh A c6 tt ca m—2 cach to
mau. Trong truong hop nady, ta ¢6 sb cach to mau la (m—2)S_ .
TH2: dinh A va dinh A , dugc t6 boi cing mdt mau. Ldc do, dinh A duogc td
mau khac v6i mau trén nén dinh A c6 tit ca m—1 cach t6 mau. Trong truong 095
hop nay, ta c6 so cach to mau la (m-1)S,,. ’
Nhu vy, ta ¢6 cong thire truy hoéi S, =(m-2)S,_, +(m-1)S, ,,vn=>5.
Khi n=3: dinh A c6 m cach t6 mau, dinh A, c6 m—1 céch t6 mau, dinh A,
c6 m—2 cach t6 mau. Do d6 S, =m(m-1)(m-2).
Khi n =4 vatheo cau a) ta co:

_ _ _ _ _ _92) = _ 2_

S, =m(m-1)1(m-1)+m(m-1)(m-2)(m—-2) =m(m-1)(m* —3m+3). 0.25

S;=m(m-1)(m-2)
Do do, ta c6 day s6 (S, ) x4c dinh boi {S, =m(m-1)(m* -3m+3)
S,=(m-2)S,_,+(m-1)S,,,vn>5

n-2"
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Tir hé thire truy hdi trén, ta cé S, =(m-1)" +(m-1)(-1)", vn>=3; m>3.
Thay n=2024,m =2025, ta duoc

Syp0s = (2025 1) 1+ 2025 -1 = 2024%* + 2024,
Vay khi n = 2024,m = 2025 ta cd 2024%% + 2024 cch td mau.

0,25

Tim tt ca cac cdp sO nguyén duong (m; n) théa man m? -2 chia hét cho

m.n + 2.

1,0

TH1: m=1

. ., m2 -2 -1 < ~ -1 ~ X1y & A
Khi do6 = . VI n>0 nén —— khong thé 1a s6 nguyén.
mn+2 n+2 n+2

Truong hgp m =1 khong théa man.

0,25

TH2: m>2

Gia su (m; n) 1a cap s6 nguyén duong thoa man bai toan. Ta co:
(m®—2)i(mn+2) =n(m*-2)i(mn+2) = (m(mn+2)-2(m+n))i(mn+2)
=2(m+n)i(mn+2)=2(m+n)=k(mn+2) véi ke N (1)

0,25

TH21: k=1
Tu (1) taco: 2(m+n)=mn+2<(m-2)(n-2)=2 (2)
Vim>2nén m-2>0=n-2>0.

m-2=2 m-2=1 m=4 m=3
Do do: (2) < hodc o hodc .
n-2=1 n-2=2 n=3 n=4

. m
Thu lai, ta thay { thda man bai toan.
n=

0,25

TH22: k>2

T (1) taco: 2(m+n)=k(mn+2)>2(mn+2)<m+n>mn+2
< (m-1)(n-1)+1<0 (3)

Vi m>2,n2>1nén (3) khong xay ra.

Vay c6 mot bo (m; n) = (4; 3) thoa man bai toan.

0,25

13




