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I. VECTO TRONG KHONG GIAN
Vecto trong khong gian 13 mot doan thang c6 hudng.
Do dai cua vecto trong khong gian 1a khoang cach giira diém dau va diém cudi cua vecto do.
Chii y: Tuong tu nhu vecto trong mit phang, dbi véi vecto trong khong gian ta ciing c¢6 céc ki
hi¢u va khai ni¢m sau:
Vecto c6 diém dau 1a 4 va diém cudi la B duoc ki hidu la 4B.
Khi khong can chi rd diém dau va diém cudi cta vecto thi vecto con duoc ki hiéu 1a a, b,X, V...

D6 dai ciia vecto AB duoc ki hiéu 1a \ZE

, d0 dai cua vecto a dugc ki hi¢u 1a |4].

Duong thang di qua diém dau va diém cudi ciia mt vecto dugc goi la gia cua vecto do

Hai vecto duogc goi la cing phwong néu ching co gia song song hoic tring nhau.

Néu hai vecto ciing phuong thi chung ciing hudng hodc ngugc hudng.

Hai vecto @ va b dugc goi la béng nhau, ki hiéu @ =5, néu chiung c6 cung do dai va cung
huong.

Chu y: Tuong ty nhu vecto trong mit phang, ta co tinh chat va cac quy ude sau ddi véi vecto
trong khong gian:

Trong khong gian, v6i mdi diém O va vecto a cho trude, c¢6 duy nhat diém M sao cho

OM =a.

Céc vecto c6 diém dau va diém cudi trung nhau, vi du nhu AA,BB, ... goi la cac vecto -khong.
Ta quy udc vecto-khong c6 do dai la 0,cung hudng (va vi vay cung phuong) véi moi vecto. Do

d6, cac vecto-khong déu bang nhau va duoc ki hiéu chung 13 0.
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II. TONG VA HIEU CUA HAI VECTO TRONG KHONG GIAN
a) Tong cia hai vecto trong khong gian
Trong khong gian, cho hai vecto @ va b . Ldy mot diém A bat ki va cac diém B,C sao cho
AB = a,ﬁ =b . Khi do, vecto AC duoc goi la téng cua hai vecto @ va b ,kihiéula a +b.
Trong khong gian, phép 13y téng cua hai vecto duoc goi 1a phép cong vecto.
Bon diém A4,B, A, B' ddng phang va ti gidc ABB'A’ 1 hinh binh hanh.
Chu y: Tuong ty nhu phép cong vecto trong mit phang, phép cong vecto trong khong gian co
cac tinh chat sau:
Tinh chét giao hoan: Néu @ va b 1a hai vecto batkithi a+b=>b+a.
Tinh chét két hop: Néu @,b va & la ba vecto bat ki thi (a +15) +é=a+ (15 + 5) :
Tinh chét cong voi vecto 0: Néu @ 1a mot vecto batkithi G+0=0+a=a.
Ttr tinh chat két hop ctia phép cong vecto trong khong gian, ta c6 thé viét tong ctia ba vecto
d,b va ¢ 1a d+b+¢ makhong can st dung cac ddu ngodc. Tuong tu dbi v6i tdng ciia nhidu
vecto trong khong gian.
Cho hinh hop ABCD.A'B'C'D'. Khi d6, ta c6 AB + AD + A4’ = AC'.
b) Hiéu cia hai vecto trong khong gian
Trong khong gian, vecto c6 cung do dai va nguoc hudng voi vecto a dugce goi la vecto doi cua
vecto a, ki hiéula —a.
Chu y:
Hai vecto 1a d6i nhau néu va chi néu tong cta chung bang 0 .
Vecto BA 1a mét vecto ddi cia vecto AB .
Vecto 0 duoc coi la vecto ddi cua chinh né.

Tuong ty nhu higu cta hai vecto trong mit phang,
ta c6 dinh nghia vé hi¢u cua hai vecto trong khong gian:
Vecto a +(—I; ) duoc goi 1a hi€u cua hai vecto a va b vakihiéula a—»b.
Trong khong gian, phép iy hiéu cua hai vecto duoc goi 1a phép trir vecto.
III. TICH CUA MOQT SO VOI MOT VECTO TRONG KHONG GIAN
Trong khong gian, tich cia mot s6 thuc k # 0 véi mot vecto a =0 1a mdt vecto, ki hiéu 1a ka ,
duoc xac dinh nhu sau:
Cung hudng véi vecto a néu k > 0; nguge hudng voi vecto @ néu k<0
C6 d6 dai bang |k|-|d|.
Trong khong gian, phép lay tich cia mot s6 véi mot vecto duge goi 1a phép nhan mot sd véi
mot vecto.
Chu y:
Quy udc ki =0 néu k=0 hoic @=0.
Néu ki =0 thi k=0 hodc @=0.

Trong khong gian, diéu kién can va du dé hai vecto @ va b (5 * 0) cling phuong 1 ¢6 mot sb

thuc & saocho @=#kb .
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Chu y: Tuong tu nhu phép nhan mot s6 voi mot vecto trong mit phang, phép nhan mét sb véi
mdt vecto trong khong gian c6 cac tinh chat sau:
Tinh chit két hop: Néu A,k 12 hai sb thuc va @ 1a mot vecto bat ki thi 4 (ka)= (hk)z )
Tinh chét phan phdi: Néu A,k 1a hai s6 thuc va @,b 1a hai vecto bat ki thi (h+k)d = hi + ka
va k(d+b)=k+kb .
Tinh cht nhan véi 1 va-1: Néu d@ 1a mot vecto batki thi ld=a va (-1)d=—a.
Chi y: Twong ty nhu trong mét phang, néu G 1a trong tdm cua tam gidc ABC thi véi diém O
tuy ¥, ta c6 OA+ OB +OC =30G
IV. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
a) Goc giira hai vecto trong khong gian
Trong khong gian, cho hai vecto d,b khac 0. Lay mot diém O bat ki va goi 4, B 13 hai diém

sao cho O4 =a,0B =b . Khi dé, goc A/OTB(O" < AOB< 180") duoc goi 1 goc giita hai vecto

G va b, kihidula (5,15).

&)

Néu géc gilka hai vecto & va
b 14 90° thi ta ndi hai vecto
4 va b vudng géc voi nhau
vakihiéulad L b.

Hinh 2.22
Chuy:
Pé xac dinh goc gitra hai vecto AB va CD trong khong gian ta c6 thé 1ay diém E sao cho
AE =CD , khi d6 (E,C—D) — BAE(H.2.23).
Quy udc goc giita mot vecto bat ki va 0 ¢6 thé nhan mot gia tri tuy y tir 0° dén 180° .
)

s

b) Tich v6 huwdéng cua hai vecto trong khong gian
Trong khong gian, cho hai vecto @,b déu khac 0. Tich v6 hudng ciia hai vecto @ va b 1a mot
sb, ki hiéu 1a @b , dugc xac dinh bai cong thuc:

5-5z‘5|~|5‘-cos(ﬁ,5).
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Chi y:
Quy uéc néu @ =0 hodc b=0 thi G-b=0.
Cho hai vecto d,b déukhac 0.Khidé: @ Lb<>d-b=0.

Vi moi vecto @,tacd @ =|adl.

Néu &,l; la hai vecto khac

0 thi cos(ﬁ,lg):%.
al-

SO PO HE THONG HOA -
Vecto la mot doan —AB
- thang c6 hudng A B
ab =l
cung hudéng a=b A 1xe )
1 Pinh nghia D¢ dai cta vecto la
khodng cach gitta | |—=5
Hai vecto dugc goi 1a 7y diém dau va diém ‘AB ‘ =45
cung phuong néu gia cudi ctia vecto do
cua chung song song
hogc tring nhan. Vecto — khong 1 vecto c6 diém
v dau va diém cuoi trung nhau.
‘a‘ : ‘b‘
ugc huén ddi nh.
nguoc g 01 nhau VECTG
— TRONG
Mot so hé thire vecto R Cac phép toan
trong tim KHONG vecto
GIAN

I1a trong tam cua hé n diém
A5 4554,

A+ I+t T4 =0

Quy tic 3 diém:
AB+BC=AC

|

|

Phép tru:
OB-0A= 4B

a,b khong cung phuong thi a,b va
¢ dong phang khi va chi khi ton tai
cdp s0 (m;n) sao cho ¢ =ma+nb

Sw dﬁng dflng
cua ba vecto

éu ABCD 14 hinh binh hanh thi
AB+AD = AC

F“ |

Néu ABCD.A'B'C'D' 14 hinh hop thi
AC' = AB+ AD + A4
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@ HE THONG BAI TAP TOAN THUC TE.

Cau1: Hinh anh duéi dy la phan d¢ ciia 8 hudng trén la ban. Ménh dé nio sau day sai?
o

Phan dé cua 8 huéng trén la ban
A. Hai vecto a va ¢ cung phuong. B. Hai vecto a va ¢ ngugc hudng.
C. Hai vecto b va d cung phuong. D. Hai vecto a va ¢ cung hudng.

Cau 2: Theo dinh luat II: Gia tdc cia mot vat c6 ciing hudng véi luc tac dung 1én vat. Do 16n cua gia toc
ti 1€ thuan voi do 16n cua luc va ti 1¢ nghich véi khéi luong cua vat:

-' ‘ '

—

F =ma trong d6 F 1a vecto luc (N), a 1a vecto gia toc (m/sz), m(kg) la khoi luong cua
vat. Mudn truyén cho qud bong c6 khéi lugng 0,5 (kg)mét gia toe SO(m /s? ) thi can mot luc
da c6 d6 16n 1a bao nhiéu?

Cau3: Mot chiéc khinh khi cau bay 1én tir dia diém cho trudc. Sau khoang thoi gian bay, chiéc khinh
khi cau cach dia diém xudt phat 2,5km vé huéng nam va 1,7km vé hudéng dong, dong thoi cach
mit dat 1a 0,6km . Chon hé truc toa 46 Oxyz véi gbc O dit tai diém xuét phat cua chiéc khinh
khi cu, mat phang (Oxy) trung véi mit dat, truc Ox huéng vé nam, truc Oy huéng vé phia

d6ng va truc Oz hudng thang dimg 1én troi, don vi do 1dy theo kilomet.

Tinh khoang céch tir dia diém xuat phat dén dia diém hién tai ctia khinh khi cau (don vi ldy
theo kilomet va 1am tron dén 2 chir s sau phan thap phan)
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Cau 4:

Caiu 5:

Cau 6:

Cau 7:

Cau 8:

Cau 9:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot vét c6 khoi luong m(kg) thi luc hép dan P cua Trai Dt tac dung lén vat duoc xac dinh
theo cong thure P= m§ , trong do § 1a gia toc roi tu do c6 46 16n g =9,8m/ s . Tinh khi lugng
cua vat khi chiu tdc dung cua luc hép dan cua Trai Patla P=4,9N .

Mot vat c6 khdi luong m(kg) khi chiu tac dung ciia mot luc F thi vét d6 sé chuyén dong véi

—

.oz F ‘. . :
gia toc a =—. Tinh luc tdc dung 1én vat c6 khoi lugng m = 6(kg) khi vat d6 chuyén dong trén
m

mit phang nam ngang, nhan véi gia toc a =3m /s> ?
Néu vat chuyén dong thfmg déu dudi tac dung ctia mét luc F thi vat d6 dang chiu tdc dung cua
luc ma sat F": ¢6 d0 16n bang lyc tac dung F vaco hudéng nguoc voi hudng cua F. Cong thure
tinh lyc ma sat F, = w.N, trong d6 p 1a hé s6 ma sat, N 1a do 16n ctia ap luc. Gia sir mot thing
gd dang chuyén dong thang déu trén mat phang nam ngang co trong luong N = ISO(N ), hé s6
ma st giita vat va mat phang 1a p = 0,25. Tinh lyc tac dung Ién thing gd dé thung chuyén dong
thang déu?

Mot chiéc dén chum treo c6 khéi luong m =5kg duoc thiét 'h

ke véi dia den dugce gitr boi bon doan xich S4, 5B, SC,SD sao
cho S.4BCD 14 hinh chép tir gide déu c6 ASC =60°. Goi g

\ . A . r A 17 2 \ A 17 5
la vecto gia toc roi tur do ¢6 d6 16n 10m/s” . Tim d6 16n cua
lyc cang cho moi soi xich.

B
r r D
Mot chiéc can don tay dang can mot vat cd khoi lugng
m =3kg dugc thiét ké v4i dia can duoc gilr bdi bdn doan ﬁ
xich S4,8B,SC,SD sao cho S.ABCD la hinh chép tu
giac déu co ASC =90°. Biét d6 16n cua lyc cang cho moi ,."" ;-f :

. 2 . s
s¢i xich c6 dang %. Lay g =10m/s*, khi d6 gid tri ctia

a bang bao nhiéu?

Mot tam go tron dugc treo song song véi mat phang nam

ngang boi ba sgi ddy khong gidn xuat phat tir diém O trén tran nha
va lan luot budc vao ba diém 4, B,C trén tAm g5 tron sao cho cac

luc cang F],E,E lan lugt trén mdi day OA4,0B,0C d6i mgt vudng
goc voi nhau va co 4o 16n ‘FI‘ = ‘FZ‘ = ‘E‘ =10(N) (xem hinh v&).

Tinh trong lugng P cua tim gd tron do.
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Cau 10:

Cau 11:

Cau 12:

Cau 13:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot chiée dén tron duge treo song song vi mat phang nam ngang bai
ba sgi day khong dan xuat phat tir diém O trén tran nha va lan lugt budc
vao ba diém 4, B,C trén dén tron sao cho 04,0B,0C d6i mot vudng
goc voi nhau. Biét khéi lugng cac soi day khong dang ké, cac luc cing
cua soi day dat tai diém O 1a F,, F,, F, c6 d6 16n bang nhau va bing 15
N. Trong luong cta chiéc dén d6 bang bao nhiéu newton (N)? (Két qua
lam tron dén hang phan tram)

Mot chiée 6 t6 duoc dit trén mit day dudi cua mdt khung st dang
hinh hop chit nhat véi day trén 1a hinh chit nhat ABCD, mait %)
phang (ABCD) song song véi mit phang ndm ngang. Khung sat "
d6 duoc dit vao moc E cua chiée can ciu sao cho cac doan day
cap EA;EB;EC;ED bang nhau va cung tao v6i mit phing
(ABCD)mdt géc o. Chiée can cau kéo khung sit 1én theo
phuong thing dung. Biét cac luc cing E,Fz ;E ;E déu co cuong
do la 4800 N, trong lugng cua ca khung sat chia xe 6 t0 la

7200+/6 N . Tinh sina (1am tron két qua dén hang phan tram).

Mot chiéc dén tron dugce treo song song voi mat phang nam ngang bdi ba 0

so1 day khong dan Xuét phat tur diém O trén tran nha va lan luot budc vao / '-_\

ba diém A4, B,C trén dén tron sao cho céc luc cing F, F,, F, lan luot trén J? 1'.__
mdi day O4,0B,0C déu c6 dd 16n bang 60( N). Cho biét cc duong thang / f", _ \
OA,0B,0C cung tao v6i mit phang ngang mot goc bang 30°. Tinh trong ,j:__ _L__ J

luong cua chicc den tron do.

Mot chiée dén tron duoc treo song song v6i mit phang nam ngang boi ba
soi ddy khong dan xudt phat tir diém O trén tran nha lan

luot budc vao ba diém 4, B,C trén dén tron sao cho tam

gidc ABC déu. Do dai ctia ba doan day O4,0B,0C déu

bang L. Trong luong ciia chiéc dén 1a 27N va ban kinh

cta chiéc dén1a 0,5m.

Tim chiéu dai i thiéu cua mdi soi day, biét rang mdi soi
day d6 duoc thiét ké dé chiu duoc luc cing tbi dala 12N
. (Chiéu dai tinh theo don vi cm va lam tron dén 1 s6 sau
phan thap phan)
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Chu 14: Mot chiéc dén chum c6 khéi lugng m =10(kg) duoc thiét ké voi dia dén S
duoc gitt boi bdn doan cap SA4,SB,SC,SD cung chét liéu va khong dan i
hdi sao cho S.4BCD 1a hinh chép tr gidc déu (xem hinh v&). Biét ring
giatdcroitwdola g = lO(m/sz)

Tim d6 16n cua luc cang (don vi (N)) ciia mdi soi day cap.

Céu 15: Mot chiée 6 t6 duge dit trén mat day dudi mot khung sit o dang hinh

hop chit nhat voi day trén 13 hinh chit nhat ABCD, mit phang (ABCD)

song song v&i mat mat phang nam ngang. Khung sat d6 dugc budc vao
moéc E cua chién can cau sao cho cac doan day cap EA, EB,EC,ED c6

d0 dai bang nhau va cung tao véi mét phang (ABCD) mot goc 60° (nhu
hinh v&). Chiéc can ciu kéo khung sat 1én theo phuong thang dimg. Biét
lyc cing F,,F,,F,,F, d&u co cuong do 500(N) va trong lwong khung
sdt1a 200( N ). Tinh trong lugng ciia chiéc xe 6 to (don vi (N)), két qua

lam tron dén hang don vi?

CAu 16: Mot chiée 6 t6 duoc dit trén mit day dudi cia mét khung st co dang
hinh hop chit nhat v6i day trén 1a hinh chit nhat ABCD, mit phing
(ABCD)song song véi mit phang nim ngang. Khung sit d6 duoc
budc vao méc E cua chiéc cin cdu sao cho cac doan day cap
EA, EB, EC, ED c6 d6 dai bang nhau va cung tao v6i mat phang
(ABCD) mot goc bang 60° (Hinh 16). Chiéc can cau kéo khung sat
1én theo phuong thing dung.

Tinh trong luong cua chiée xe 6 t6 (1am tron dén hang don vi), biét

ring cac lyc cang F,, F,, F,, F, déu c6 cuong do 1a 4700 N va trong
lwong ctia khung st 1a 3000 N .

Cau 17: Co ba lyc cung tac dong vao mdt vat tai mat diém. Trong d6 hai luc Fl, 172 tao v&i nhau mét goc
110° va co do 16n 1an luot 1a 9N va 4 N, luc Evuéng g6c voi cac luc E,FZ vacodolon 7 N
. D6 16n cta hop luc cia ba lyc trén 1a bao nhiéu newton (N)? (Két qua lam tron dén hang don
vi)

Cau 18: Cho ba luc 171 = MA , ]72 = MB , ]?; = MC cung tac dong vao mat 0 to tai diém M va 6 to dting
yén. Cho biét cuong do hai luc }71 , ]72 déu bang 25N va goc AMB = 60°. Khi do cuong do luc

E 1a (Két qud lam tron dén hang phan muwoi)
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Cau 19:

Cau 20:

Cau 21:

Cau 22:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Hai con tau xut phat cliing liic tir bd bén nay sang bd bén kia ciia dong song voi van tdc riéng
khong d6i va co do 16n bang nhau. Hai tau ludn giit dwoc 1ai sao cho chiing tao véi bd cing mot
gdc nhon nhung mot tau huéng xudng ha luu, mot tau hudng 1én thuong ngudn (hinh bén). Van
tbc dong nudc 1a dang ké, cac yéu t6 bén ngoai khac khong anh hudng téi van tdc cua cac tau.
Hoi tau nao sang bd bén kia trudc?(Hoc sinh ghi s6 1 hodc s6 2 vao é ddp dn)

Khi chuyén dong trong khong gian, may bay ludn chiu tac dong cua 4 luc chinh: lyc day cua
dong co, luc can cua khong khi, trong luc va luc nang khi dong hoc (hinh dnh bén dudi).

phuong van tdc may bay. Mot chiéc may bay ting van toc tir 900(km/h) 1én 920(km/h), trong qué
trinh tang tdc may bay giit nguyén hudng bay. Luc can ctia khong khi khi may bay dat vén tdc
900(km/h) va 920(kmv/h) 1an luot biéu dién béi hai véc to F, va F, v6i F, =kF, (ke R;k >0).
Tinh gia tri cta & (1am tron két qua dén chir s6 thap phan thir hai).

C6 ba lyc cung tac dung vao mdt vat. Hai trong ba luc ndy hop voi nhau mot goc 120° va déu
c6 dd 1on béng 30N . Luc thtr ba vudng gbdc voi mat phéng tao boi hai luc da cho va c6 do 16n
bang 40N . Tinh hop luc cua ba luc trén.

Co ba lyc cung tac dong vao mot vat. Hai trong ba lyc nay hop véi nhau mot goc 100° va c6 do
16m 1an luot 1a 25 N va 12 N . Luc tht ba vuong goc voi mat phéng tao bdi hai luc da cho va co
do lon 4 N. Tinh dd 16n cua hop luc cta ba lyc trén.
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Cau 23:

Cau 24:

Cau 25:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot vat nang O duogc kéo tir ba huong nhu hinh v€ va chiu tdc dung cua 3 luc E,FZ,E, co do

16n 1an luot 1a 24N,12N,6N . Biét gbc tao bdi 2 luc F,,Fz la 120° va luc thur ba vuong goc véi

hai luc dau tién.

|

B D
a) BO+BA=BD.
b) OE =04+0B+0C.
¢) B0 dai cua vecto oD 1a |@|:12\/7.

d) D6 16 hop luc tic dung vao vat O 1a 63/13N .

Theo dinh luat IT Newton: Néu F 1a véc to luc (N) tac dung 1én vat, a 14 véc to gia tc cua vat
(m/s?) va m (kg) 1a khéi lugng cua vt thi ta co F=ma.

a) Véc to F ludn cung hudng voi a.

b) D6 16n cua lyc tac dung lén vat ludn ty 1€ nghich vai do 16n cua gia toc cua vat.

¢) Mudn mot vat ¢6 khéi lugng 1 (kg) chuyén dong véi gia tée 20 (m/s?) thi d6 16n luc can tac
dung lén vat1a 20 (N).

d) Trong luc c¢6 d6 16n 50 (N) tac dung 1én mot vat lam vat roi voi gia toc tu do 10(m/s’) .

Khi d6 khdi lugng cua vat 1a 500(g).

Mot vat khéi lugng m =10(kg) truot trén mit phiang nghiéng so véi mat dat mot goc 30° tir do
cao HK=1,5 (m). Gia sir mit phang nghiéng khong c6 ma sat va vét chi bi tic dung boi trong

luc P=m.g voi g la véc to gia tde roi tu do cua vat ¢6 do 1on duoc 14y bang 10(m/s?).

H
m
1,5m ﬁ
anb
30 M
K

a) Hu6ng chuyén dong cua vat 1a huéng tir H xubng K .

b) Chiéu dai quing duong HM 1a 3 (m).

¢) D6 16n ca trong lyc P 13 100(N).

d) Cong ciia trong luc P lam vat & trén trugt tir vi tri H dén miat dat bang 15043 (J) (Cho biét
cong A (J) sinh boi luc F (N) lam vat dich chuyén mot doan thang tir C dén D c6 do dai tinh
bang mét, duoc tinh theo cong thirc A=F.@)

Page 54

Swu tam va bién soan



CHUYEN PE Il - VECTO TRONG KHONG GIAN

Cau 26: Mot chiée dia kim loai khdi lwong 4,5 (kg) dugc treo boi ba soi day khong dan S4,SB, SC sao
cho S.ABC 1a hinh chép déu c6 ASB = 60° (hinh v&). Khdi lugng day khong dang ké; luc cing
ctia mdi soi ddy S4,SB,SC dit tai diém S tuong tng 1a E,Fz ,E c6 d6 16n bang nhau. Lay do

16n cla gia toc trong truong |§| =9,8(m/s’).

B
a) Trong luc P cua hé vat co do 16n bé‘mg 34,3 (N).
by PoF+F+F.
c) FIFZ # I—*“;E
d) Do 16n cuia cac lyc E,E,E bang 14,7 (N).
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VECTO
|} TRONG KHONG GIAN

| CHUONG |

BAI: VECTO TRONG KHONG GIAN

@ LY THUYET.

I. VECTO TRONG KHONG GIAN
Vecto trong khong gian 13 mot doan thang c6 hudng.
Do dai cua vecto trong khong gian 1a khoang cach giira diém dau va diém cudi cua vecto do.
Chii y: Tuong tu nhu vecto trong mit phang, dbi véi vecto trong khong gian ta ciing c¢6 céc ki
hi¢u va khai ni¢m sau:
Vecto c6 diém dau 1a 4 va diém cudi la B duoc ki hidu la 4B.
Khi khong can chi rd diém dau va diém cudi cta vecto thi vecto con duoc ki hiéu 1a a, b,X, V...

D6 dai ciia vecto AB duoc ki hiéu 1a \ZE

, d0 dai cua vecto a dugc ki hi¢u 1a |4].

Duong thang di qua diém dau va diém cudi ciia mt vecto dugc goi la gia cua vecto do

Hai vecto duogc goi la cing phwong néu ching co gia song song hoic tring nhau.

Néu hai vecto ciing phuong thi chung ciing hudng hodc ngugc hudng.

Hai vecto @ va b dugc goi la béng nhau, ki hiéu @ =5, néu chiung c6 cung do dai va cung
huong.

Chu y: Tuong ty nhu vecto trong mit phang, ta co tinh chat va cac quy ude sau ddi véi vecto
trong khong gian:

Trong khong gian, v6i mdi diém O va vecto a cho trude, c¢6 duy nhat diém M sao cho

OM =a.

Céc vecto c6 diém dau va diém cudi trung nhau, vi du nhu AA,BB, ... goi la cac vecto -khong.
Ta quy udc vecto-khong c6 do dai la 0,cung hudng (va vi vay cung phuong) véi moi vecto. Do

d6, cac vecto-khong déu bang nhau va duoc ki hiéu chung 13 0.
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

II. TONG VA HIEU CUA HAI VECTO TRONG KHONG GIAN
a) Tong cia hai vecto trong khong gian
Trong khong gian, cho hai vecto @ va b . Ldy mot diém A bat ki va cac diém B,C sao cho
AB = a,ﬁ =b . Khi do, vecto AC duoc goi la téng cua hai vecto @ va b ,kihiéula a +b.
Trong khong gian, phép 13y téng cua hai vecto duoc goi 1a phép cong vecto.
Bon diém A4,B, A, B' ddng phang va ti gidc ABB'A’ 1 hinh binh hanh.
Chu y: Tuong ty nhu phép cong vecto trong mit phang, phép cong vecto trong khong gian co
cac tinh chat sau:
Tinh chét giao hoan: Néu @ va b 1a hai vecto batkithi a+b=>b+a.
Tinh chét két hop: Néu @,b va & la ba vecto bat ki thi (a +15) +é=a+ (15 + 5) :
Tinh chét cong voi vecto 0: Néu @ 1a mot vecto batkithi G+0=0+a=a.
Ttr tinh chat két hop ctia phép cong vecto trong khong gian, ta c6 thé viét tong ctia ba vecto
d,b va ¢ 1a d+b+¢ makhong can st dung cac ddu ngodc. Tuong tu dbi v6i tdng ciia nhidu
vecto trong khong gian.
Cho hinh hop ABCD.A'B'C'D'. Khi d6, ta c6 AB + AD + A4’ = AC'.
b) Hiéu cia hai vecto trong khong gian
Trong khong gian, vecto c6 cung do dai va nguoc hudng voi vecto a dugce goi la vecto doi cua
vecto a, ki hiéula —a.
Chu y:
Hai vecto 1a d6i nhau néu va chi néu tong cta chung bang 0 .
Vecto BA 1a mét vecto ddi cia vecto AB .
Vecto 0 duoc coi la vecto ddi cua chinh né.

Tuong ty nhu higu cta hai vecto trong mit phang,
ta c6 dinh nghia vé hi¢u cua hai vecto trong khong gian:
Vecto a +(—I; ) duoc goi 1a hi€u cua hai vecto a va b vakihiéula a—»b.
Trong khong gian, phép iy hiéu cua hai vecto duoc goi 1a phép trir vecto.
III. TICH CUA MOQT SO VOI MOT VECTO TRONG KHONG GIAN
Trong khong gian, tich cia mot s6 thuc k # 0 véi mot vecto a =0 1a mdt vecto, ki hiéu 1a ka ,
duoc xac dinh nhu sau:
Cung hudng véi vecto a néu k > 0; nguge hudng voi vecto @ néu k<0
C6 d6 dai bang |k|-|d|.
Trong khong gian, phép lay tich cia mot s6 véi mot vecto duge goi 1a phép nhan mot sd véi
mot vecto.
Chu y:
Quy udc ki =0 néu k=0 hoic @=0.
Néu ki =0 thi k=0 hodc @=0.

Trong khong gian, diéu kién can va du dé hai vecto @ va b (5 * 0) cling phuong 1 ¢6 mot sb

thuc & saocho @=#kb .
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Chu y: Tuong tu nhu phép nhan mot s6 voi mot vecto trong mit phang, phép nhan mét sb véi
mdt vecto trong khong gian c6 cac tinh chat sau:
Tinh chit két hop: Néu A,k 12 hai sb thuc va @ 1a mot vecto bat ki thi 4 (ka)= (hk)z )
Tinh chét phan phdi: Néu A,k 1a hai s6 thuc va @,b 1a hai vecto bat ki thi (h+k)d = hi + ka
va k(d+b)=k+kb .
Tinh cht nhan véi 1 va-1: Néu d@ 1a mot vecto batki thi ld=a va (-1)d=—a.
Chi y: Twong ty nhu trong mét phang, néu G 1a trong tdm cua tam gidc ABC thi véi diém O
tuy ¥, ta c6 OA+ OB +OC =30G
IV. TICH VO HUONG CUA HAI VECTO TRONG KHONG GIAN
a) Goc giira hai vecto trong khong gian
Trong khong gian, cho hai vecto d,b khac 0. Lay mot diém O bat ki va goi 4, B 13 hai diém

sao cho O4 =a,0B =b . Khi dé, goc A/OTB(O" < AOB< 180") duoc goi 1 goc giita hai vecto

G va b, kihidula (5,15).

&)

Néu géc gilka hai vecto & va
b 14 90° thi ta ndi hai vecto
4 va b vudng géc voi nhau
vakihiéulad L b.

Hinh 2.22
Chuy:
Pé xac dinh goc gitra hai vecto AB va CD trong khong gian ta c6 thé 1ay diém E sao cho
AE =CD , khi d6 (E,C—D) — BAE(H.2.23).
Quy udc goc giita mot vecto bat ki va 0 ¢6 thé nhan mot gia tri tuy y tir 0° dén 180° .
)

s

b) Tich v6 huwdéng cua hai vecto trong khong gian
Trong khong gian, cho hai vecto @,b déu khac 0. Tich v6 hudng ciia hai vecto @ va b 1a mot
sb, ki hiéu 1a @b , dugc xac dinh bai cong thuc:

5-5z‘5|~|5‘-cos(ﬁ,5).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN
Chi y:
Quy uéc néu @ =0 hodc b=0 thi G-b=0.
Cho hai vecto d,b déukhac 0.Khidé: @ Lb<>d-b=0.

Vi moi vecto @,tacd @ =|adl.

Néu &,l; la hai vecto khac

0 thi cos(ﬁ,lg):%.
al-

SO PO HE THONG HOA -
Vecto la mot doan —AB
- thang c6 hudng A B
ab =l
cung hudéng a=b A 1xe )
1 Pinh nghia D¢ dai cta vecto la
khodng cach gitta | |—=5
Hai vecto dugc goi 1a 7y diém dau va diém ‘AB ‘ =45
cung phuong néu gia cudi ctia vecto do
cua chung song song
hogc tring nhan. Vecto — khong 1 vecto c6 diém
v dau va diém cuoi trung nhau.
‘a‘ : ‘b‘
ugc huén ddi nh.
nguoc g 01 nhau VECTG
— TRONG
Mot so hé thire vecto R Cac phép toan
trong tim KHONG vecto
GIAN

I1a trong tam cua hé n diém
A5 4554,

A+ I+t T4 =0

Quy tic 3 diém:
AB+BC=AC

|

|

Phép tru:
OB-0A= 4B

a,b khong cung phuong thi a,b va
¢ dong phang khi va chi khi ton tai
cdp s0 (m;n) sao cho ¢ =ma+nb

Sw dﬁng dflng
cua ba vecto

éu ABCD 14 hinh binh hanh thi
AB+AD = AC

F“ |

Néu ABCD.A'B'C'D' 14 hinh hop thi
AC' = AB+ AD + A4
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

@ HE THONG BAI TAP TOAN THUC TE.

Cau 1:

Cau 2:

Cau 3:

Hinh anh du6i day 1a phan do ciia 8 hudng trén la ban. Ménh dé nao sau day sai?

2025 § 157,5°
180*

Phan dé cua 8 huéng trén la ban

A. Hai vecto a va ¢ cung phuong. B. Hai vecto a va ¢ nguoc hudng.
C. Hai vecto b va d cung phuong. D. Hai vecto a va ¢ cung hudng.
Loi giai

Phuong an D sai vi hai vecto a va ¢ nguoc hudng.

Theo dinh luét II: Gia tdc cia mot vét co cung hudng véi lyc tac dung lén vat. B 16n cua gia tde
ti 16 thuan v6i do 16n cua luc va ti 18 nghich v6i khdi lwong cua vat:

-
>
-ﬂ... X

i ey

d '.'.:E.. i-.':.; '.::' i L._;TL"-.“":':'. -'I." are |
F =ma trong d6 F 1a vecto luc (N), a 1a vecto gia toc (m/sz), m(kg) 1a khéi luong cua
vét. Mubn truyén cho qua bong ¢ khdi luong 0,5 (kg)mot gia tde 50 (m /s* ) thi cAn mot luc
da co6 do 1on la bao nhiéu?

Loi giai
Taco: F =ma, suy ra|F|=|ma|=m|a|=0,5.50=25(N).

Véy muén truyén cho qua béng khdi luong 0,5(kg) mot gia toc 50(m / sz) thi can mot luc c6
d6 16n bang 25N .

Mot chiéc khinh khi cau bay 1én tir dia diém cho trudc. Sau khoang thoi gian bay, chiéc khinh
khi cau cach dja diém xuét phat 2,5km vé hudng nam va 1, 7km vé huéng dong, dong thoi cach
mit dat 1a 0,6km . Chon hé truc toa d6 Oxyz véi géc O dit tai diém xuét phat cua chiéc khinh
khi cau, mit phang (Oxy) tring v6i mit dat, truc Ox huéng vé nam, truc Oy huéng vé phia

d6ng va truc Oz hudng thing dimg 1én trdi, don vi do 1dy theo kilomet.
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Cau 4:

Cau 5:

Cau 6:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Tinh khoang cach tir dia diém xuat phat dén dia diém hién tai cua khinh khi cau (don vi lay
theo kilomet va 1am tron dén 2 chir s sau phan thap phan)

Loi giai
Vi hé truc toa d6 da chon thi vi tri hién tai cua khinh khi cau 1a A(2, 5;1,7;0, 6) .

Khi d6 khoang cach tir dia diém xuat phat dén dia diém hién tai ctia khinh khi cau la:

04 =+/2,5> +1,7% +0,67 ~ 3,08 (km)

Mot vat c6 khoi lugng m(kg) thi luc hap dan P ciia Trai DAt tac dung 1én vat duge xac dinh

theo cong thure pP= m§ , trong do § 1a gia toc roi ty do c6 6 1on g =9,8m/ s*. Tinh khi lugng

ctia vat khi chiu tac dung cta lyc hap dan cta Trai Patla P=4,9N .

Loi giai:
Tu F:mg :>m=£.
g
£ s P 4,9
Khoi luong ctia vatla m=—= X =0,5(kg)=500(g).
g >

Mot vét c6 khéi lugng m(kg) khi chiu tic dung cua mot luc F thi vat do s& chuyén dong véi
s A _ﬁ ; ; A Ay 7 . c Al 2 A A
gia toc a =—. Tinh lyc tdc dung lén vat c6 khoi lugng m = 6(kg) khi vat d6 chuyén dong trén

m

mat phang nam ngang, nhan véi gia toc a =3m /s> ?
Loi giai

N hd F — -
Th a=—,suyra F=ma.

Luc tac dung lén vatdéla F=m.a=6.3= 18(N) .

Néu vat chuyén dong théng déu dudi tac dung ctia mot luc F thi vat d6 dang chiu tac dung cua
lyc ma sat ITm; c6 d6 16n bang lyc tac dung F vaco huong nguoc voi hudng cia F. Cong thuc
tinh luc ma sat F, = p.N, trong d6 p 1a hé s6 ma sat, N 1a do 16n cua ap lyc. Gia st mdt thung

g6 dang chuyén dong thang déu trén mit phang nam ngang c6 trong lugng N = ISO(N ) , hé s6

Page 6

Swu tam va bién soan



CHUYEN DE II - VECTO TRONG KHONG GIAN
ma sat giita vat va mat phang 1a p = 0,25. Tinh lyc tac dung Ién thing gb dé thung chuyén dong
thang déu?

Loi giai
Luc ma sat mat phang tac dung 1én vat 1a:

F,.=uN=0,25.150 = 37,5(N).
Vat chuyén dong th:fmg déu nén luc tac dunglénvatla F=F =375 (N ) .

CAu7: Mot chiée dén chum treo c6 khdi luong m =5kg duogc thiét ké voi dia dén duoc gilr boi bdn
doan xich S4,SB,SC,SD sao cho S.ABCD la hinh chop tor giac déu c6 ASC =60 Goi g la

. A . Je A 12 2 1 A1 5 - X .
vecto gia toc roi tu do ¢6 do 1on 10m/s” . Tim d6 16n cua luc cang cho moi soi xich.

Ap dung cong thitc P =mg trong d6 g 1a vecto gia tdc roi tuy do ¢6 6 16n 10m /s>, ta c6 do

16n cua trong luc P tac dong 1én chiéc dén chum la

[P|=m.|g|=5.10=50(N).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Goi Fy, Fyp, For Fypy 12

SA4°>+ SB>~ SC»

FSA FSD

FSA+FM+FW+F$:ﬁ

=FSB :FSC =

O vi tri can bang nén ta co

Liy cac diém 4,,B,,C,,D, sao cho S4, = F,,,SB, = F,,,SC, = F,.,SD, = F,, . Goi O, 1a tim

ctia hinh vuéng 4,B,C,D,, ta c6 hinh chop S.4,B,C,D, 1a hinh chép tir giac déu.

Suy ra

Fy, + Fy. :EF:S_/I,+S—C'I=§P

:TQ:%T)

= S0, =l|7>| -2
411772

_ S0, _25\3 ()
~ c0s30° 3 '

2543
3

FSA

Vi tam gidc S4,C,déu nén ta co

54

N.

Vay d6 16n cuia luc cdng cho moi s¢i xich la

Mot chiéc can don tay dang can mot vat co khéi lwong m = 3kg duogc thiét ké véi dia can duoc

gilr boi bdn doan xich S4,SB,SC,SD sao cho S.ABCD 1a hinh chop ti giac dduco ASC =90°.
. x. . 2 Coar i

Bict d9 16n cua luc cang cho moi sgi xich c¢6 dang aT. Lay g =10m/s*, khi d6 gia tri clia a

bang bao nhiéu?
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Cau 9:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

<:>S—A+S—B+§7+S—D:—4a?:4@:‘S—A+S—B+E+S—D‘:‘4@‘:450.
15

Trong lugng clia vat nang 1a P =mg =3.10=30(N). Suy ra 4|§5|=P=30(N):>S0= n

Lai c6 tam gidc ASC vudng can tai S nén

15
SO = SA.sinSAC = S4=—2__ __ 2 :15*5:30‘5:a=30.
sinS4AC sin45° 2 4

Vay a=30.
Mot tim g tron duoc treo song song v6i mit phang nam ngang boi ba soi diy khong gidn xuat
phat tir diém Otrén tran nha va lan luot bude vao ba diém 4, B,C trén tAm gS tron sao cho cac

luc cang 171,1‘72,1'73 lan luot trén mdi day OA4,0B,0C 461 mgt vuong géc voi nhau va cé do 16n

|| =|F|=|F|=10(N) (xem hinh v3).

Tinh trong lugng P cua tim gd tron do.

Loi giai
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Cau 10:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Goi 4,,B,,C, 1an lugt la cic diém sao cho OT‘I{zE, O—B{:FZ, O—C{:F3

Lay cac diém D,, 4', B, D! sao cho OA4,D,B,.C,A/D|B/ 1a hinh hop.

Theo quy téc hinh hdp ta c6: O4, + OB, + OC, = OD; .

Do céc lyc cang F, F,, F, d6i mot vudng goc v6i nhau va co do 16n: ‘E‘ = ‘Fz‘ = ‘E‘ =10(N) nén
hinh hdp OA4 D,B,.C,A'D/B] c6 ba canh 04,0B,0C d6i mot vudng goc va bang nhau. Vi thé
OA,D,B,.C,A/D|B] 13 hinh 1ap phuong c6 d¢ dai canh bang 10, suy ra do dai duong chéo bang
1043.

Vi tdm g6 tron & vi tri cén bing nén: P = 171 + 1?’2 + 1?; .

Suy ra trong luong cuia tim gd tron: ‘13‘ = ‘O—Df‘ = le/g(N).

Mot chiée dén tron dugc treo song song vi mit phang nam ngang boi ba soi diy khong dan xuét
phat tu diém O trén trAn nha va lan lugt budc vao ba diém 4,B,C trén dén tron sao cho
0A,0B,0C d6i mot vudng goc véi nhau. Biét khoi luong cac soi day khong dang ké, cac luc
cang cua soi day dat tai diém O 1a E,_FZ ,E co do 16n béng nhau va bﬁng 15 N. Trong lugong

ctia chiéc dén d6 bang bao nhiéu newton (N)? (Két qua lam tron dén hang phan trim)

Loi giai

Goi 4,B,,C, lan luot 1a cac diém sao cho O—A1 =F1, O—BI=FZ, OC, =F, . Lay cac diém
D,,A',B/,D, sao cho O4,D,B,.C;A'D/B, 1a hinh hop (Hinh v&).
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Cau 11:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

@]

D

Khi do, 4p dung quy tic hinh hop, ta c6: 04, + OB, + OC, = OD,

Mat khéc, do cac lyc cang F;, 1’72 , E d61 mot vuong goc va |17,| = F‘z

=|F|=15(n') nén hinh
hop OA4,D,B,.C,A'D, B, c6 ba canh 04,,0B,,0C, d6i mdt vudng goc va bang nhau. Vi thé hinh

hop d6 1a hinh 1ap phuong c6 d¢ dai canh bang 15. Suy ra d¢ dai duong chéo OD,' cta hinh lap
phuong d6 bang 1543 .

Do chiéc dén & vi tri can béng nén 171 + FZ + 1?; = 13, §do P la trong luc tac dung 1én chiéc deén.

Suy ra trong lugng cta chiéc dén 1a: |13| = |7D;| =15J3 N.
Cach 2.

Gia st P la trong luc ciia chiéc dén. Do chiéc dén & vi tri can bang nén P=F, + F, + F, .

Ta co (75)2 :(171+1[72+173)2 :(f,)2 +(Fz)2 +(F3)2 +2FF, +2F F,+2F,F, .

Vi céc s¢i day O4,0B,0C d6i mot vudng géc nén cac véc to E,F‘z , E d6i mot vudng goc voi

nhau.

~ FF =FF,=FF=0[8= |[F[ +[F] +|F[ =155 ~25.98

Vay trong lugng cua chiéc dén khoang 25,98 N.

Mot chiée 6 t6 duoc dat trén mat day dudi cua mot khung sat dang hinh hdp chir nhat voi day
trén 13 hinh chit nhat ABCD, mit phiang (ABCD) song song v&i mit phang nam ngang. Khung
sit 46 duge dat vao moc E cua chiée can ciu sao cho cac doan day cap EA;EB;EC;ED bfmg
nhau va cung tao véi mit phing (ABCD) mot goc a. Chiée can cau kéo khung sat 1én theo
phuong thang dung. Biét cac luc cing 171; }72,}73 ; }7; déu c6 cuong do 1a 4800 N, trong luong cla

ca khung sit chira xe 6 t6 1a 7200+/6 N . Tinh sina (lam tron két qua dén hang phan trim).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

[ — R ——

Goi A4;B,;C,; D, 1a cic diém thoa man: E—Al=1ﬂ; EB, =FZ; ZTCI=F3; Eﬁzlﬂ.

Vi EA; EB; EC;ED béng nhau va cing tao v6i mit phang (4BCD) mdt géc o nén
EA; EB; EC,; ED, ciing bang nhau va clng tao véi mit phang (4,8,C,D,) mdt goc o.

Mit khac 4BCD 1a hinh chit nhat nén 4,8,C,D, ciing la hinh chit nhat c6 tdm O.
Tur cac diéu kién trén ta suy ra EO L (4,B,C,D,). Khi d6 o =(EA;(ABCD,))=EA0O.

F

Ta co: |F|=|F|=|F|=| Fi| = 4800N nén E4, = EB, = EC, = ED, = 4800
Xét tam giac £E4,0 vudng tai O nén EO = E4,.sino =4800.sin ..
Taco: F,+F, +F,+F, = EA + EB + EC, + ED, = 4EQ .

Mat khac: fl + FZ + F; + E =P véi P la trong luc tac dong 1én khung chira xe 6 0.

Swu tam va bién soan
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Cau 12:

Cau 13:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Suyra: P=4EO.

Trong luong cua ca khung sit chira xe 6 t6 13 | P=4E0 =19200.sin o (N) :

Theo bai ra ta c6: 19200.sin o = 7200+/6 <> sin o = % ~0,92.

Mot chiée dén tron duoc treo song song voi mat phang nam ngang boi ba soi day khong dan xuét
phat tir diém O trén tran nha va 1an lugt budc vao ba diém 4, B,C trén dén tron sao cho cac luc
cang F,,F,, F, 1an lugt trén mdi day O4,0B,0C déu c6 do 16n bang 60 (N). Cho biét céc duong
thang OA4,0B,OC cung tao v4i mit phang ngang mot goc bang 30°. Tinh trong lugng cta chiée

dén tron do.

Loi giai
Theo gia thiét ta c6 O.4BC 14 hinh chop déu véi 04 = OB = OC = 60 va goc tao boi mdi duong
thing O4,0B,0C véi (ABC) 1a 30°.
Goi G la trong tdm cua tam giac ABC thi OG L (A4BC) va OAG =0BG =0CG =30°.

Goi T la trong lugng ctia den tron thi 7' = |@ +OB + &1 = |3%| =30G.

Trong tam giac OAG vudng tai G, ta co: OG = OA4sin OAG = 605in30° = 30.

Vay trong lugng cua dénla 7=3.30=90(N).

Mot chiée dén tron dugc treo song song vi mit phang nam ngang boi ba soi diy khong dan xuét
phat tir diém O trén tran nha lan luot bude vao ba diém A4, B,C trén dén tron sao cho tam giac
ABC déu. Bo dai cua ba doan diy OA4,0B,0C déu bang L . Trong luong cua chiéc dén 1a 27N

va ban kinh cua chiéc dén la 0,5m .
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Tim chiéu dai tdi thiéu cuia mdi soi day, biét raing mdi soi day d6 duoc thiét ké dé chiu duoc luc
cang toi da 1a 12N . (Chiéu dai tinh theo don vi cm va lam tron dén 1 sé sau phéan thap phan)

Loi giai

Goi G la trong tdm tam giac ABC'.

Vi tam giac ABC déunén G 1a tim dudng tron ngoai tiép tam giac ABC.

Do d6, GA=GB=GC =0,5m.

Goi F 1a d6 16n clia cac luc cing F|, F,, F, trén mdi soi ddy. Khi do, F = F (L) 1a mot ham )
voibiénsola L.

Theo bai ra tac O4=0B=0C =L nén OG 1 (4BC) va |04 =|0B|=|0C|= 1

Do do,

F|=[7|=[]

Vi vay, ton  tai héng s6 ¢#0 sao cho:ﬁzc@, Ezc@,ﬁzc?@. Suy
raE+E+E:c(@+@+7C).

Theo quy tic ba diém ta co: 0A+0B+0C =30G.

Do d6: F, +F, + F, =3¢0G .
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Cau 14:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mat khac ta lai ¢6 E + FZ + E =P, v6i P 1a trong luc tac dung 1én chiéc dén.
Y - — 9
Ma trong luong tic dung Ién chiéc dén 1a 20N nén ‘P‘ -2 & 30‘0G‘ =2IN =

Tam giac OAG  vuéng tai G(do  OGL(4BC)) mnén ta suy ra

OG =NOL* —GA* =\ -0,5* (m) v6i L>0,5.
9

J2-0,5

29L — (v6i L>0,5)

JIF-0,5

Ta c6 luc cang tdi da cia mdi soi day 1a 12 N

:>F(L)£12<:>9—L£12c>3L£4\/L2 -0,5°

JIF -0,5

S <16) -4 < 117 24:>L2%z0,756 (m).
7

Do do \W;’\: 2-0,5 =c=

Khi d6 [F|=|F| = c|04| =

Vay chiéu dai tdi thiéu cta mdi soi day 1a L =0,756m =75,6¢m .

Mot chiée dén chum c6 khéi lugng m =10(kg) dugce thiét ké voi dia dén duoc giit boi bén doan
cap SA,SB,SC,SD cung chat liéu va khong dan hdi sao cho S.ABCD 1 hinh chép tir giac déu

(xem hinh v&). Biét rang gia tc roi tw do 1a g = IO(m / sz)

Tim d9 16n cua lyc cang (don vi (N)) cia mdi soi diy cap.
Loi giai
Ta c6 do 16n cua trong luc P tac dong 1én chiéc dén chum la |7’| =m.g =100N .

Goi O 1a tam hinh chit nhat 4ABCD . Theo bai toan thi la hinh chop S.ABCD c6 dudng cao la
SO

—_— — —

Goi F,,F,,F,,F,lan lugt 1a lyc cang trén cac day S4,SB,SC,SD
Theo quy tic hinh binh hanh: F, +F, = 280; F, +F, =250

:>171+F;+FZ+E:4§5
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CHUYEN DE II - VECTO TRONG KHONG GIAN
Vi chiéc dén & vi tri cAn bang nén: TJ:F]+F2+I73+E =450
L A
b0 16n cua lyc cang trén moi day bang nhau va bang |Fl| = 4

_ |7

Suy ra |Fl| :T: 25N

Cau 15: Mot chiée 6 t6 duoc dat trén mat day dudi mot khung st co dang hinh hop chir nhat voi dy trén
12 hinh chir nhat ABCD, mit phang (4BCD) song song véi mit mat phang nim ngang. Khung
sit d6 duge bude vao moéc E cua chién cin ciu sao cho cac doan day cap EA,EB,EC,ED co6
d6 dai bang nhau va cing tao voi mat phang (ABCD) mot goc 60° (nhu hinh v&). Chiéc can cau
kéo khung st 1én theo phuong thing dimg. Biét Iyc cang F, F,, F;, F, déu co cuong do 500(N)
va trong luong khung sat 1a 200(N). Tinh trong lugng clia chiéc xe 6 t6 (don vi (N)), két qua

1am tron dén hang don vi?

Loi giai
Goi O 1a tam hinh chit nhat ABCD, Theo bai toan thi 1 hinh chép E.ABCD ¢ dudng cao la
EO

Theo quy tic hinh binh hanh: ]71 + E = 2EO; Fz + E =2EO
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CHUYEN PE Il - VECTO TRONG KHONG GIAN
= 171 + FS + 172 + 174 = 4E—0

Day cap EA, EB, EC,ED c6 d6 dai bang nhau va cung tao v6i mit phiang (ABCD) mdt goc 60°

V3

nén suy ra £O = EA.sin 60° = 500.7 =25043

Ta c6 |P|+200 = 4|E0| = [P| = 42503 - 200 ~1532(N)
Vay trong luong xe 0 t6 14 1532(N).

Cau 16: Mot chiée 6 to duoc dat trén mit day duoi cua mot khung sét co dang hinh hop chit nhat voi day
trén 13 hinh chit nhat ABCD, mit phiang (ABCD) song song v6i mit phing nim ngang. Khung
sdt d6 duoc bude vao moéc E cua chiée can ciu sao cho cac doan day cap EA, EB, EC, ED c6
d0 dai bing nhau va cung tao v6i mit phang (ABCD) mdt géc bang 60° (Hinh 16). Chiéc can
ciu kéo khung sat 1én theo phuong thang ding.

Tinh trong lugng cua chiée xe 6 t6 (lam tron dén hang don vi), biét rang cac luc cing
]71, E, }73,]74 déu c6 cudng do 1a 4700 N va trong luong ciia khung sit 1a 3000 N .

Hinh I
Loi giai
Goi 4,, B,, C,, D, lan luogt 1a cac diém sao cho

_— - — s — .

E4, =F, EB =F,, EC, =F,, ED, :E
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Vi EA, EB, EC, EDc6 d6 dai bang nhau va cung tao v6i mit phiang (ABCD) mét goc bang
60° nén E4,, EB,, EC,, ED, bang nhau va cing tao véi mat phang (A1B1C1D1) mot goc bang
60°.

Vi ABCD 1a hinh chit nhat nén 4 B,C D, ciing la hinh chit nhat.

Goi O latam cua hinh chir nhat 4,B,CD,.

Tasuyra EO L (4 BCD,).

Do d6, goc giita duong thang E4, va mit phang (A4,B,C,D,) bing géc EA4O.
Suy ra 1541\0 =60".

Tacd |F)|=|F;| =|F|=|F,|=4700( N) nén E4, = EB, = EC, = ED, = 4700.

Tam gidc EO4, vudng tai O nén EO = EA, sin EA0 = 4700sin 60° = 2350~/3 .

ED, = EO+0D,

Vi O la trung diém coa 4,C, va B,D, nén
04, +0C; =0; OB+ 0D, =0

Twr d6 suy ra H+F&+f@+m=4ﬁ.

Do d6, F,+F, +F, + F, =4EO .

Vi chiéc khung sat chita xe 6 t6 & Vi tri cAn bang nén Fl + Fz + 173 + E =P, d6 P 1a trong lyc

tac dung 1én khung sat chira xe 6 0.

Suy ra trong luong ctia khung sat chira chiéc xe 6 t6 1a
|P|= 4| EC| = 4-23504/3 = 940043 (N).
Vi trong luong ctia khung sit 1a 3000 N nén trong lugng cta chiée xe 6 t6 1a

9400+/3 3000 ~ 13281( ).
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Cau 17:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Cé ba luc cung tdc dong vao mot vat tai mot diém. Trong d6 hai luc Fl, 172 tao v&i nhau mét goc
110° va co dd 16m 1an luot1a 9N va 4 N, luc Evuéng g6c voi cac luc E,E vacodolon 7 N
. D6 16n cua hop luc cia ba lyc trén 1 bao nhiéu newton (N)? (Két qua lam tron dén hang don
vi)

Loi giai
Gia st cac luc 131,152,133 tac dong vao vat dat tai diém O. Léy cac diém A4,B,C sao cho OA = 171

_

: OB=F,; OC = F, . Dyng c4c hinh binh hanh O4DB va OCED nhu hinh v&.

D

Hop lyc cua ba luc E,FZ,E a F =E+E+E=@+@+&’=O—D+R’=ﬁ
Ap dung dinh 1y cosin trong AOAD , ta co:

OD? = OA* + AD* =20A4.AD.cos OAD = 9* + 4> —2.9.4.c0s 70° = 97 — 72.cos 70°.
Vi OC 1. 04 va OC 1L OB nén OC 1. OD = ODEC 1a hinh chir nhat.

= OE*> =0C? +CE* =0C? +OD* =7* +97 - 72 c0s 70° = 146 — 72 cos 70°

= OF =/146-72c0s70° ~ 11

Vay d6 16n cia hop luc cua ba lyc trén khoang 11 N.
Cach 2:

Goi F la hop lyc cua ba luc FI,E,E.

— 2

Taco: F=F +F,+F, 3(1?) (171+172+173)2

=|F =(F) +(E) +(F) +2EF, +2FF, +2FF,

2

—_—

£

—

£

5

N

£

—_—

£

—_

£

—_—

2 — 2
+|F, +2 F,

U
=1

2 —
:‘E

_l_

cos(E,E) +2

cos(ﬁ,ﬁ;)+2

COS(E,E)

2

=92 +4>+77+2.9.4.cos110° +2.9.7.c0s90° + 2.4.7.c0s 90° =146 +72cos110°.

U
=
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Cau 18:

Cau 19:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

:>|F|:\/146+72c051100 ~11.

Vay dd 1on cua hop luc cua ba luc trén khoang 11 N .
Cho ba lyc F MA, F MB, F MC cung tac dong vao mot 6 to tai diém M va 6 to dung
yén. Cho biét cudong do hai luc E , F2 déu bang 25N va goc AMB = 60" . Khi d6 cuong do luc

F3 1a (Két qua lam tron dén hang phdan muwoi)

Loi giai

-Tacod: Fi+F2»=MA+MB=MD (V6i D 1a diém sao cho AMBD 14 hinh binh hanh).
- Ta co: MA= |M| = |171| = 25N

MB = |m| = |F2| = 25N

Do AMB = 60" nén AMAB 1a tam giac déu. Khi d6: MD =2.="—"= 25\/_ =253

-Do 6 t6 ding yénnén Fi+ Fa+F3 =0

Suy ra: _ﬁ3 = —(_ﬁl +F2) = |_ﬁ3| =|—(_ﬁ1 +F2)

- |D—AZ| = MD =25\3(N)
Vay cudng do cta F, 1a 253 = 43,3(N).

Hai con tau xuét phat cing luc tir bd bén nay sang bd bén kia cia dong séng véi van toc riéng
khéng doi va co do 16n bang nhau. Hai tau ludn giit duoc 14i sao cho ching tao véi bd cling mot
goc nhon nhung mot tau hudng xudng ha luu, mot tau hudng 1én thuong ngudn (hinh bén). Van
toc dong nudc 1a dang ké, cac yéu t6 bén ngoai khac khong anh hudng t6i van toe cua cac tau.
Hoi tau nao sang b bén kia truéc?(Hoc sinh ghi s6 1 hodc s6 2 vao 6 dap dn)
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Loi gidi
N M M N
% = ] #
\ 4 #~
. \ ! ’ 4
N \ ! P
A “ % ) s
. \ U 5
L \ ] # o
5
. \ ! ’
Y \ I #
\ \ ] I
"B Vi .l'
Tau 2 Tau 1

Ta biéu thi hai bd song 1a hai dudng thang song song d, d, .

Gia sir tau 1 xuét phat tir 4'e d, va banh lai luén duoc giit dé tau tao véi by mot goc a. Goi v,,v,

lan lugt l1a van toc riéng cua tau va van toc dong nudc. Goi B', C' la cac diém sao

cho v. = A'C',v, = C'B'. Khi d6 tau chuyén dong véi vecto vén tbc thyc té 1a

—v+v =A'C'+C'B'=4'B"

Xét AAB'C',c6A'C'B'=a (hai goc so le trong)

~ 2 —*2
|v1| =lv cosa

Gia strtau 2 xuat phat tr 4 € d, va banh 14i luén dugc gilr dé tau tao vai bo mot goc a. Goi v,,v,

lan lugt 1a van toc riéng cuia tau va van toéc dong nudc. Goi B, C la cac diém sao

Khi d6 tau chuyén dong véi vécto vén tde thuc té 1a
V,=v, +v. = AB+BC = AC.

Xét AABC, co: ABC =180° —
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Cau 20:

Cau 21:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

) —2 —12 — |— 2 —

|v2| =v| +v| =2v.|.|v,|.cos(180° —a) = +|v, v |.cosa.
Vi 0<a <90° nén cosa>0. Do do
-2 =P =P — 2 |- —
|v2| =W.| +v,| +2v.|.|v,|cosa > |v1| =y, v, |.cosa

Vi d6 dai hai quang duong AN va A'M’' cia tau 2 va tau 1 chénh nhau khong dang ké va van
tdc tau 2 16n hon tau 1 nén tau 2 14 tau di qua bd bén kia trude.

Khi chuyén dong trong khong gian, may bay ludn chiu tac dong ctia 4 luc chinh: lyc day cua
dong co, luc can cua khong khi, trong luc va luc nang khi dong hoc (hinh 4nh bén dudi).

Lwc'nmang

. Lug day
-% gy ':m -‘._'__.___',,,.-
Lirc.cans_g T |
Feaalkhongtkh et - 4 rc-ngJ WS

wwﬁx’

Luc can cua khong khi nguoc huéng voi luc déy cua dong co va c6 dd 16n ti 1€ thuan véi binh
phuong van toc may bay. Mot chiéc may bay tang van toc tir 900(km/h) 1én 920(km/h), trong qua
trinh tdng toc may bay gilt nguyén hudng bay. Luc can cua khong khi khi méay bay dat van toc
900(km/h) va 920(kmv/h) 1an luot biéu didn boi hai véc to F, va F, véi F, =kF, (ke R;k>0).
Tinh gia tri ctia k& (1am tron két qua dén chir s6 thap phan thir hai).

Loi giai
Vi trong qué trinh may bay ting van toc tir 900(km/h) 1én 900(km/h), may bay giit nguyén hudng
bay nén hai véc to 17l va }72 co cung hudng va E = kE (k>0).

Goi v,, v, lan luot 1a van toc cua chiéc may bay khi dat 900(km/h) va 920(km/h).
Suy ra v, =900 (km/h), v, =920 (km/h).

Vi luc can cua khong khi ngugc hudng véi luc day cia dong co va cd do 1on ti 1€ thuan voi binh

o R vE 9000 2025 1= 20251—=| = 2025—
phuong van toc may bay nén |—=|=—=—— =—:>‘E‘=— F=—-F,.
) 920 2116 2116 2116
Twr do suy ra: k:ﬁzo,%.
2116

C6 ba lyc cung tac dung vao mdt vat. Hai trong ba luc ndy hop voi nhau mot goc 120° va déu
c6 dd 1on bﬁng 30N . Lyc thtr ba vudng gdc voi mat phéng tao boi hai luc da cho va c6 do 16n
bang 40N . Tinh hop luc cua ba luc trén.

Loi giai
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Cau 22:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

@ D

Goi E;E;E 1a ba lyc tac dong vao vat dat tai diém O lan luot c6 d6 16n 1a 30N;30N;40N

—

Vé @:F];?TB:E;@:F;

Dung céc hinh binh hanh OADB va ODEC .

_— —— —

Hop luc tac dung vao vatla F = 04+ OB +0C = 0D +0C = OE .

Hinh binh hianh OADB c¢6 AOB =120° va OA=OB nén AOBD déu, suy ra OB = OD = 30N

Vi OC L (04B) nén OC L OD, suy ra ODEC 1a hinh chir nhat.

Do d6, AODE vudng tai D.
Tacod OE* =0C? +0D* = 40> +30> =507, suy ra OE =50.
Vay hop luc co dol6nla FF=50N.

Cé ba luc cung tac dong vao mdt vat. Hai trong ba luc nay hop vdi nhau mét goc 100° va c6 do
16m 1an luot 1a 25 N va 12 N . Luc tht ba vudng goc voi mat phéng tao bdi hai luc da cho va co
do 16n 4 N. Tinh d6 16n cua hop luc cua ba luc trén.

Loi giai

Hinh 12

Goi 131,1’32,133 12 ba luc tac dong vao vat dat tai diém O 1an luot c6 d6 16n 1a 25 N,12 N,4 N .
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Cau 23:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Dung hinh binh hanh O4ADB va hinh binh hanh ODEC .

Hop luc tac dong vao vat la

—_— — —— —. —

Ap dung dinh 1i cdsin trong tam giac OBD , ta c6

OD* = BD* + OB*~2-BD-0B-cosOBD = OA> + OB> +2-0A4-0B-cos100'.
Vi OC L (0OA4DB) nén OC L. OD, suy ra ODEC 14 hinh chif nhat.

Do do6 tam giac ODE vuong tai D.

Tacd OE* =0C? +OD?* =0C?* + 04> + OB* +2-0A-OB - cos100°.

Suy ra OF = \/OC2 +0A’ + OB* +2-0A4-OB - cos100°

— 42 +25% 4122 +2-25-12-cos1 00" ~26,092.
Vay do lon ciahgop lucla F =0OE =26 N.

Mot vat nang O dugc kéo tir ba hudng nhu hinh vé va chiu tac dung cua 3 luc E,FZ,E, c6 do
16n 1an luot 1a 24N,12N, 6N . Biét goc tao bi 2 lyc F,, F, 1a 120° va lyc thir ba vudng goc voi

hai luc dau tién.

=)

B D
a) BO+BA=BD.
b) OE =04+0B+0C.
¢) B0 dai cua vecto oD 1a |55|:12\/7.

d) D6 16 hop luc tic dung vao vat O 1a 63/13N .

Loi gidi

| a)Sai | b)Ping | ¢Sai | d)Ping

a) sai: Theo quy tic hinh binh hanh, ta co: BO+BD=BA.
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Cau 24:

Cau 25:

CHUYEN DPE Il - VECTO TRONG KHONG GIAN
b) diing: Theo quy tic hinh binh hanh, ta co: OA+OB+0C =0D+0C =OE .
¢) sai: Ta co: |@|2 = @ + @r = (@2 +2040B + OB ) = 0A’ + OB* + 204.0B. COS(Ean)
Suy ra: |@| —1243.
d) dung: D0 16n hop luc tac dung vao vat O la:
|F;+E+E|=|52+5E+55|=|5E| =\JOD? +0C* =613 N.
Theo dinh luat Il Newton: Néu F 1a véc to luc (N) tac dung 1én vat, a 1 véc to gia toc ciia vat
(m/s?) va m (kg) 1a khdi lwong cta vat thita cé6 F =m.a.
a) Véc to F ludn cung hudng voi a.

b) D6 16n cua luc tac dung Ién vat ludn ty 1€ nghich véi dd 16n cua gia tdc cua vat.

¢) Mudn mot vat c6 khdi luong 1 (kg) chuyén dong véi gia toc 20 (m/s?) thi d6 16n luc can tac
dung 1én vatla 20 (N).

d) Trong luc c¢6 d6 16n 50 (N) tac dung 1én mot vat lam vat roi vdi gia tde tu do 10(m/s?).
Khi d6 khéi lugng cua vat 1a 500(g).

Loi giai

‘ a) biang ‘ b) Sai ‘ ¢) Pung ‘ d) Sai ‘

a) Taco m>0 nén F va a cung huéng. Vay ménh dé da cho ding.
b) Ta cé F =ma= |F| = m|Zz| - |‘ﬁ| va |Zz| ty 1¢ thuan véi nhau. Vay ménh d& da cho sai.

¢) Taco m=1(kg);

Zz| =20(m/s?) = |Tv| - m|&| =1.20 =20 (N). Viy ménh d& di cho diing.

- F 7 ,
d) Ta co |F| - m|a| = m= H = % =5 (kg). Péi don vi 5 (kg) = 5000 (g). Vay ménh dé da
a
cho sai.
Mot vat khéi luong m =10(kg) trugt trén mat ph'fmg nghiéng so voi mat dat mot gbc 30° tur do
cao HK=1,5 (m). Gia sir mit phang nghiéng khong c6 ma sat va vat chi bi tac dung boi trong

luc P=m.g voi g la véc to gia tde roi tu do cua vat ¢6 do 1on duoc 1dy bang 10(m/s?).
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Cau 26:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

H
m
1,5 m I:,'
0
30 "
K

a) Hu6ng chuyén dong cua vat 1a huéng tir H xubng K .

b) Chiéu dai quing duong HM 1a 3 (m).

¢) D6 16n cua trong lyc P 13 100(N) .

d) Cong cua trong luc P 1am vat & trén truot tir vi tri H dén mat dat bfmg 150\/3 (J) (Cho biét
cong A (J) sinh boi luc F (N) lam vat dich chuyén mot doan théng tr C dén D c¢6 do dai tinh
bang mét, dugc tinh theo cong thirc A=1?.6[3)

Loi gidi

‘ a) Sai ‘ b) Ping ‘ ¢) Pung ‘ d) Sai ‘

a) Hudng chuyén dong cta vat 1a hudng tir H dén M do vt truot trén mit phang nghiéng. Vay
ménh dé di cho sai.

b) Trong tam giac vuong HKM ta co: % =5in30° = HM=2HK=3 (m). Vdy ménh dé di cho
ding.

¢) Ta co |7>| - m.|§| =10.10=100 (N). Viy ménh d& d4 cho dting.

d) Cong cua trong luc 1am vat dich chuyén tir vi tri H dén vitri M 1a

A=PHM = |73||W|cos(13,H—1\7[) =100.3.c0s60° = 150 (J). Vay ménh d2 di cho sai.

Mot chiée dia kim loai khéi lugng 4,5 (kg) duogc treo bdi ba s¢i day khong dan S4, SB,SC sao
cho S.ABC 1a hinh chép déu c6 ASB = 60° (hinh v&). Khdi lugng day khong dang ké; luc cing
ctia moi sgi ddy SA4,SB, SC dit tai diém S tuong ung la 1?1 , E,E c6 do 16n béng nhau. Léy do

16n clia gia toc trong truong |§| =9,8(m/s’).
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S
A C
B

a) Trong luc P cua hé vat c6 do 16n bang 34,3 (N).
b) P=F +F,+F,.
d) Do 16n cua cac luc }71,1?2,}73 bang 14,7 (N).

Loi giai

| a)Sai | b)Ping | Sai | d)Sai |

a)Taco P=mg = |13| =4,5.9,8=44,1 (N). Vay ménh dé di cho sai.

b) Trong lyc P cua hé vat dat tai diém S duoc phan tich thanh ba lyc F ,172 , 173 nén

P= }71+F2+F3. Vay ménh dé da cho diing.

¢) Ta c6 hinh chop S.ABC 1a hinh chép déu va co ASB =60° nén ASC = BSC =60°. Lai co
véc to E cung hudng vai vée to SA , Véc to E cung hudng véi véc to SB , Véc to 1?3 cung
huéng véi vée to SC nén (1—7;,172) = (1—7;,173) = (anfz) =60°.

2

= F.F-[R||F E

1 |—
cos60° = —|E
2

[ Fleoso0 = L.

Ma |F|=|F|=|F| nén F.F, = F.F, . Vay ménh d& da cho sai.

— — = — —\2 —  —  —\2
d)Taco P=F +F,+F,=(P) =(F+F,+F)

—|2 —2 —2 —||— —|— ——

=(R) +(B) +(E) +2F.F +2E.F,+2F.F, =[F| +[F] +[&[ +[E||E]+[F|E|+[7] 7
=6|E[ =[P =6|F| =|F :%‘73‘:%.44,1z18 (N). Viy ménh d& da cho sai.
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VECTO
|} TRONG KHONG GIAN

| CHUONG |

BAI: HE TRUC TOA PQ TRONG KHONG GIAN

@ LY THUYET.

I. HE TRUC TOA PQ TRONG KHONG GIAN
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Trong khong gian, ba truc Ox, Oy, Oz d6i mot vudng goc véi nhau tai gbc O cua mdi truyc.

Goi 7, j,k 1an luot 1a cac vecto don vi trén céc truc Ox, Oy, Oz .

H¢ ba truc nhu vay dugce goi 1a h¢ truc toa do Descartes vudng goc Oxyz , hay don gidn 1a hé
toa do Oxyz.

Piém O duogc goi la géc toa do.

Céc mit phing (Oxy),(Oyz),(Ozx) d6i mot vudng goe voi nhau dugce goi 1a cac mit phang toa
do.

Khong gian véi hé toa dd Oxyz con dugc goi 1a khong gian Oxyz .

II. TQA PQ CUA PIEM, TQA PQ CUA VECTO TRONG KHONG GIAN

Trong khong gian Oxyz, cho mdt di€ém M tuy y. BO ba sé (x;y;z) duy nhat sao cho
OM =xi + yj +zk duoc goi 1a toa do cia diém M dbi voi hé toa d6 Oxyz . Khi do, ta viét
M =(x;y;z) hodc M (x;y;z), trong d6 x 1a hoanh d9, y la tung do va z 1a cao d¢ clia M .
.. Néu diém M cé toa dd (x; y; z) dbi véi hé toa 6 Oxyz thi:
— Hinh chiéu vuéng géc cuia M trén cac truc Ox, Oy va Oz cb toa d6 lan lwot 1a (x: 0; 0),
©; y; 0) va (0; 0; 2).
— Hinh chiéu vuéng géc clia M trén cac méat phang (Oxy), (Oyz) va (Ozx) c6 toa dd 1an lwot
la (x; y; 0), (O; y; z) va (x; O; 2).
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Trong khong gian Oxyz , cho vecto d tuy y. Bo basd (x;y;z) duy nhét sao cho @ = xi + yj +zk
dugc goi 1a toa do cia vecto a ddi voi hé toa do Oxyz. Khi do, ta viét a =(x; y;z) hoac
a(x;y;z).

Nhin xét

— Toa dd clia vecto & cling 1a toa d6 clia diém M sao cho OM = &.

— Trong khoéng gian, cho hai vecto a=(x; y;z) va 5=(x’; ¥’ Z'). Khi do, a=b néu va

x=xt
chinéuly =y’
Z=Z

Trong khong gian Oxyz, cho hai diém M(x,;y,:z,) va N(x,;yy;zy). Khi do:

WZ(XN Xy VN T Vo Zy —ZM).

@ HE THONG BAI TAP TOAN THUC TE.

Cau 1:

Cau 2:

Mot can phong c6 dang hinh hop chit nhat ABCD.A'B'C'D’' véi chiéu rong AB = 4, chiéu dai
AD =8, chiéu cao A4' =10 duoc gén vao hé truc Oxyz nhu hinh vé. Nguoi ta mudn treo mot
bong deén ¢ tam hinh hop. Tim toa do vi tri diém M dé treo bong den.

Mot cong ty vién thong dang 1én ké hoach xay dung
mot thap vién thong tai mot thanh phd dé cung cép
dich du tét hon. Cong ty can xéac dinh vi tri cua thap
sao cho co thé phu song hiéu qua dén ba toa nha quan
trong trong thanh ph. Gia sir cac toa nha nay dugc dat
tai cac vi tri ¢o toa dd nhu sau:

Toa nha 4(0;0;0)

Toa nha B(6;0;0)

Toanha C(3;4/3;26

Thap vién thong phai dat & vi tri sao cho tong khoang
cach tir thap dén 3 toa nha 1a nho nhat. Khi d6 tong
khoang cach tir vi tri ctia thap dén ba toa nha bang
bao nhiéu?

Hai chiéc khinh khi cau bay 1én tir ciing mot dia diém. Chiéc thir nhit ndm cach diém xuat phat
2,5 km vé phia nam va 2 km vé phia dong, dong thoi cach mat dat 0,8 km . Chiéc thir hai ndm

cach diém xuét phat 1,5 km vé phia bac va 3 km vé phia tay, dong thoi cach mit dat 0,6 km .
Nguoi ta can tim mét vi tri trén mat dat dé tiép nhién liéu cho hai khinh khi cau sao cho tong
khoang cach tir vi tri d6 t6i hai khinh khi cau nho nhat. Gia st vi tri can tim cach dia diém hai
khinh khi cau bay 1én 13 akm theo huéng nam va bkm theo huéng tay. Tinh tong 2a +3b.
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Cau4: Hinh dudi ddy mo td mot san ciu 16ng véi kich thuce theo tiéu chuin quéc té. Ta chon hé truc
Oxyz cho san d6 (don vi trén mdi truc 13 mét) va hai diém 4, B nhu hinh. Xac dinh toa do cua

4B.

CAu5: Hinh v&é la mé ta mot san cau l6ng véi kich thudc theo tiéu chuén quéc té. Ta chon hé truc Oxyz
cho san d6 nhu hinh 15 (don vi trén mdi truc 1a mét). Gia str 4B 1a mot tru cau 16ng dé cing ludi.
Biét toa do cua vecto AB = (a;b;c) .Khidd S=a-b+2c béng bao nhiéu?

(Hinh 1a) (Hinh 1)

Céiu 6:  Hai chiéc khinh khi cau bay 1én tir cing mot dia diém. Chiéc thir nhat ndm cach diém xuét phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 m . Chiéc thir hai ndm cach
diém xuét phat 1 km vé phia bic va 1,5 km vé phia tay, déng thoi cach mat dat 0,8 km . Chon
hé truc toa d6 Oxyz voi gbe O dit tai diém xuét phat cia hai khinh khi cau, mit phiang (Oxy)
tring voi mat dat voi truc Ox hudng vé phia nam, Oy huéng vé phia dong, Oz huéng thang
dung 1én troi, don vi do iy theo kilomét. Tim toa d6 cua mdi chiée khinh khi cau.

Z

10,5 km
0 : e
i =T Bong
b =T 2 km
.......... =+
¥ 1 km
Nam
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Cau 8:

Cau 9:

CHUYEN DE II - VECTO TRONG KHONG GIAN
Trong khong gian v&i mot hé truc toa do cho trudce (don vi do 14y theo kilomét), ra da phat hién
mot chiéc méy bay di chuyén véi van tée va huéng khong doi tir diém 4(800;500;7) dén diem
B(940;550;8) trong vong 10 phut. Néu may bay tiép tuc giit nguyén van téc va huéng bay thi

toa do ctia may bay sau 10 phut tiép theo 1a gi?

m

;.-XHH - qwﬂ"':" r — _h'lf'_::‘__\:‘-_i..i’ T".ﬂ
Mot phong hoc co thiét ké dang hinh hop chir nhat véi chiéu dai 148 m, chidu rong 1a 6 m va
chiéu cao 1a 3 m. Mot chiéc dén duoc treo tai chinh giita tran nha ctia phong hoc. Xét hé truc toa

d0 Oxyz c6 goc Otring v6i mot goc phong va mit phang (Oxy) trung véi mét san, don vi do

duoc 1y theo mét. Hay tim toa d6 cua diém treo dén.

0'[ A’
' I
c :
| B A )
b s Rl .. ..
e I
C B

Nhitng can 1éu gd trong Hinh 1 duoc phéc thao dudi dang mot hinh ling try dimg tam giac
OAB.O'A'B' nhu trong Hinh 2. Vi hé truc toa d6 Oxyz thé hién nhu Hinh 2 (don vi do 14y theo
centimét), hai diém A’ va B c6 toa do 1an luot 1a (240;450;0) va (120;450;300). M3i can nha
gd co chiéu dai 1a @ cm, chiéu rong la bem, mdi canh bén ciia mit tién c6 do dai la cem. Tinh

a+b+c (Lam tron dén hang don vi).
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Cau 10:

Cau 11:

Cau 12:

Cau 13:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot may bay dang cit canh tir phi

truong. Véi hé toa do Oxyz duogc A
thiét 14p nhw hinh bén dusi, cho biét i l
M 1a vi ti coa may bay,

OM =14, NOB =32°, MOC = 65°
. Tim toa do diém M .

X

Trong khong gian chon h¢ truc toa do cho trude, don vi do lﬁy kilomét, ra da phat hién mot may
bay di chuyén véi van toc va huéng khong doi tir diém A(100;50;5)dén diém B(200;100;10)
trong 10 phut. Néu méy bay tiép tuc giit nguyén van toc va hudng bay thi toa do clia may bay
sau 10 phit tiép theo 1a C(x;y;z). Khi d6 tinh x+y+z

Mot chiée may dugc dat trén mot gid do ba chan voi diém dat
E(0;0;6) va cac diém tiép xtic véi mat dét cua ba chan lan

lugt 1a Al(0;1;0),A2(?;—%;OJ,A{—Q;%;OJ (Hinh

2

40). Biét rang trong luwgng cua chiéc may 1a 300 N . Tim toa

dod cua cac luc tac dung Ién gia do E,FZ,P} .

Mot chiéc may bay khong ngudi lai bay 1én tai mot diém. Sau mot thoi gian chiée may bay cach
diém xuat phat vé phia Bic 30(km) va phia Tay 40(km), dong thoi cach mét dat 1,5(km). Chon
hé truc toa do Oxyz , véi gde dat tai diém xuét phat ctia chiéc may bay, mit phang Oxy tring voi
mat dat, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Téy, truc Oz huéng thang dung 1én
troi, don vi do 13y theo kilomet (xem hinh v&). Khoang cach ctia chiéc may bay vai vi tri tai diém
xuat phat gan nhat véi gia tri nao dudi day ( don vi km )?

Bic
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Cau 14:

Cau 15:

Cau 16:

Cau 17:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot gia dinh dinh lap thang médy trong nha &, cabin cua thang
may c6 dang hinh hdp chit nhat c6 day 1a hinh vuéng nhu hinh
v&. Biét rang cong ty cung cip thang méy cho biét thé tich khoang
cabin 1a 5,4m’ va dién tich toan phﬁn cuand la 18,9m>.

Gia dinh dinh lép 1 chiéc camera & vi trf trén tran cabin (diém P
), gan 1 goc vudng sao cho nd cach 2 vach dimg ctia khoang cabin
déula 10¢m (hinh v&). Chon hé truc nhu hinh v&, don vi trén mdi
truc 1a 10¢m . Hay tim toa d§ cua diém P, biét rﬁng canh cua

day cabin khong té1 2m

O mdt san bay, vi tri clia may bay dugc xac dinh bdi
diém M trong khong gian Oxyz nhu hinh vé. Goi H
13 hinh chiéu vudng géc cuia M xudng mit phang
(Oxy). Biét

OM = 79;(?,@’) = 68%(@’,@”) =50°. Goi toa

do diém M (a;b;c). Gid tri cia a+b+c 1a bao

nhiéu? (Iam tron dén hang phan muoi). A

Mot chiée xe dang kéo cang soi ddy cap AB trong cong
truong xay dung, trén do da thiét 1ap hé toa do nhu hinh
bén, v6i dd dai don vi trén cac truc toa do béng 1m.

Tim toa do cua vecto AB .
10 m

O mot san bay, vi tri ciia may bay duoc xac dinh boi 5 ‘-‘—1‘
diém M trong khong gian Oxyz nhu hinh bén duéi. B /I/ ‘

Goi Hla hinh chiéu vuong goéc cuia M xudng mat

phing (Oxy). Cho biét OM =50, (i,0H )=64°,

=W

(ﬁ,m) =48° . Tim toa do cta diém M .
zA
Chre

k
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Cau 18:

Cau 19:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Ngudi ta can lap mot camera phia trén san bong dé phat song truyén hinh mot tran bong da,
camera c6 thé di dong dé ludn thu duogc hinh anh rd nét vé& dién bién trén san. Cac ki su du dinh
trdng bdn chiéc cot cao 30 m va st dung hé théng cap gin vao bon dau cot dé giit camera 6 vi tri
mong mubn. M hinh thiét ké duoc xay dung nhu sau: Trong hé truc toa dd Oxyz (don vi d6 dai
trén mdi truc 1a 1m), cac dinh coa bén chiéc cot lan lwot 1a cac diém
M (90;0;30), N(90;120;30), P(0;120;30), O(0;0;30)(Hinh 34). Gia stt X, 1a vi tri ban dau
clia camera c6 cao d9 bang 25 va K,M = K,N = K,P = K,0 . Dé theo dbi qua bong dén vi tri 4
, camera dugc ha thip theo phwong thing dimg xudng diém K, c6 cao do bang 19

(Nguén: https//www.abiturloesumg.de; Abitur Bayern 2016 Geometrie VI).

(MO 20 30)
L ¢

M(90 ;0 3

K w4

Biét réng vecto KK, cotoadd la (a;b;c);a,b,ce R. Khidd a+b+c b?mg
Hinh minh hoa so 5 mot ngdi nha trong hé truc toa dd Oxyz , trong d6 nén nha, bon birc tudng
va hai mai nha déu 1 hinh chit nhat.

Q2:5:4)

E0:0:3)

= |

00 :0:0) A
a) Toa d6 diém 4 1a (4;0;0).

b) Toa d0 AH = (4;5;3)

c) FG =5k

d) Khi AT = QG thi toa do diém 7 1a T(6;0;-1).
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VECTO
|} TRONG KHONG GIAN

| CHUONG |

BAI: HE TRUC TOA PQ TRONG KHONG GIAN

@ LY THUYET.

I. HE TRUC TOA PQ TRONG KHONG GIAN
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Trong khong gian, ba truc Ox, Oy, Oz d6i mot vudng goc véi nhau tai gbc O cua mdi truyc.

Goi 7, j,k 1an luot 1a cac vecto don vi trén céc truc Ox, Oy, Oz .

H¢ ba truc nhu vay dugce goi 1a h¢ truc toa do Descartes vudng goc Oxyz , hay don gidn 1a hé
toa do Oxyz.

Piém O duogc goi la géc toa do.

Céc mit phing (Oxy),(Oyz),(Ozx) d6i mot vudng goe voi nhau dugce goi 1a cac mit phang toa
do.

Khong gian véi hé toa dd Oxyz con dugc goi 1a khong gian Oxyz .

II. TQA PQ CUA PIEM, TQA PQ CUA VECTO TRONG KHONG GIAN

Trong khong gian Oxyz, cho mdt di€ém M tuy y. BO ba sé (x;y;z) duy nhat sao cho
OM =xi + yj +zk duoc goi 1a toa do cia diém M dbi voi hé toa d6 Oxyz . Khi do, ta viét
M =(x;y;z) hodc M (x;y;z), trong d6 x 1a hoanh d9, y la tung do va z 1a cao d¢ clia M .
.. Néu diém M cé toa dd (x; y; z) dbi véi hé toa 6 Oxyz thi:
— Hinh chiéu vuéng géc cuia M trén cac truc Ox, Oy va Oz cb toa d6 lan lwot 1a (x: 0; 0),
©; y; 0) va (0; 0; 2).
— Hinh chiéu vuéng géc clia M trén cac méat phang (Oxy), (Oyz) va (Ozx) c6 toa dd 1an lwot
la (x; y; 0), (O; y; z) va (x; O; 2).
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Trong khong gian Oxyz , cho vecto @ tuy y. B basé (x; y;z) duy nhét sao cho @ = xi + yj +zk
dugc goi 1a toa do cia vecto a ddi voi hé toa do Oxyz. Khi do, ta viét a =(x; y;z) hoac
a(x;y;z).

Nhin xét

— Toa dd clia vecto & cling 1a toa d6 clia diém M sao cho OM = &.

— Trong khoéng gian, cho hai vecto a=(x; y;z) va 5=(x’; ¥’ Z'). Khi do, a=b néu va

x=xt
chinéuly =y’
Z=Z

Trong khong gian Oxyz, cho hai diém M(x,;y,:z,) va N(x,;yy;zy). Khi do:

WZ()CN Xy VN T Vo Zy —ZM).

@ HE THONG BAI TAP TOAN THUC TE.

Cau 1:

Cau 2:

Mot cin phong c6 dang hinh hop chit nhat ABCD.A'B'C'D’' véi chiéu rong AB = 4, chiéu dai
AD =8, chiéu cao AA' =10 duoc gén vao hé truc Oxyz nhu hinh vé. Nguoi ta mudn treo mot
bong dén ¢ tam hinh hop. Tim toa do vi tri diém M dé treo bong den.

Loi giai

Tur gia thiét ta c6 A(0;0;0),C(4;8;10)

Goi M 1a tam ciia hinh hop. Khi d6 M 1a trung diém ctua AC’

Suy ra M (2;4;5)

Mot cong ty vién thong dang 1én ké hoach xay dung mot thap vién thong tai mot thanh phé dé
cung cap dich du tét hon. Cong ty can xac dinh vi tri ctia thap sao cho c6 thé phu song hiéu qua
dén ba toa nha quan trong trong thanh phé. Gia st cac toa nha nay dugc dat tai cac vi tri c6 toa
do nhu sau:

Toanha 4(0;0;0)

Toa nha B(6;0;0)

Toa nha C(3;\/§; 2\/6)

Thép vién thong phai dat & vi tri sao cho téng khoang cach tir thap dén 3 toa nha 1a nho nhat.
Khi d6 tong khoang cach tir vi tri ctia thap dén ba toa nha bang bao nhiéu?
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Cau 3:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Loi giai
Goi vi tri thép 1a T'(x;;2). VidB = AC = BC = 6 nén tam gidc ABC déu. Khi d6 vi tri cia

thap 1a trong tdm cua tam giac ABC'.

0+6+3 9
x: = —
3 2
NG
, 00+~ 3 9 V3 246
Taco: yy=——"7—==— =T|=—;—
3 6 2 6 3
Z_0+0+2\/8_2\£
3 3

Khi d6 khoang cach tir thap dén céc toa nha la:

N

TA:TB:TC:T.

Viy tong khoang cach can tim 1a: S =TA+TB+TC =

N4 0.8

2
Hai chiéc khinh khi cu bay 1én tir cing mét dia diém. Chiéc thir nhat ndm cach diém xuét phat
2,5 km vé phia nam va 2 km vé phia dong, dong thoi cach mat dat 0,8 km . Chiéc thir hai ndm
cach diém xuit phat 1,5 km vé phia bac va 3 km vé phia tdy, ddng thoi cach mat dat 0,6 km .
Nguoi ta can tim mot vi tri trén mat dt dé tiép nhién liéu cho hai khinh khi ciu sao cho tong
khoang cach tir vi tri d6 toi hai khinh khi cau nhé nhat. Gia sir vi tri cAn tim cach dia diém hai
khinh khi ciu bay 1én 12 akm theo huéng nam va bkm theo hudng tay. Tinh tong 2a +3b.

Loi giai

Dép sb: 3
Chon h¢ truc toa d§ Oxyz véi géc O dit tai diém xudt phat cua hai khinh khi cAu, mat ph?mg
(Oxy) tring v6i mit dét véi truc Ox huéng vé phia nam, truc Oy huéng vé phia dong va truc

Oz huéng thang dimg 1én troi (tham khao hinh v&), don vi do 13y theo kilomét.
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Cau 4:

Cau 5:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

déng

nam

Chiéc khinh khi cAu thir nht va thi hai & vi tri 4, 8. Ta ¢6 A(%; 2;%),3(-%;-3;%) .

Goi C 1a diém déi ximg cia 4 qua mit phang (Oxy), C (%;2 ) Khi d6 7 =BC N (Oxy).

ﬁ':(4;5;—%) Ie(Oxy):I(x;y;O):l_ﬁ (x+—,y+3 ——j

3 X 3 a 3
x+= =— =—
BC,BI clng phuong nén 2 :%H:%: 146 = 24 =2a+3b=3.
y:—— b:—
7 7

Hinh dudi diy mé ta mot san cau 16ng vai kich thic theo tidu chuan qudc té. Ta chon hé truc
Oxyz cho san d6 (don vi trén mdi truc 1a mét) va hai diém A, B nhu hinh. Xac dinh toa d6 cua

AB .

Loi giai
Taco A(6,7;0;0),B(6,7;6,1;1,55). Vay toa dd AB la:
AB=(6,7-6,7;6,1-0;1,55-0)=(0;6,1;1,55).

Hinh v& 1la mé ta mot san cau long voi kich thudce theo tiéu chuan quéc té. Ta chon hé truc Oxyz
cho san d6 nhu hinh 15 (don vi trén mdi truc 1a mét). Gia sir 4B 1a mot tru cdu 16ng dé cang ludi.
Biét toa d6 cua vecto AB = (a;b;c) .Khido S=a-b+2c béng bao nhiéu?
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(Hinh 1a) (Hinh 1)
Loi giai

Vi vecto AB cung hudng véi vecto don vi k cua truc Oz va do dai AB=1,55 nén AB = 1,551;.
Do d6 AB=(0;0;1,55) = S=a-b+2c=3,1.

Hai chiéc khinh khi cau bay 1én tir ciing mot dia diém. Chiéc thir nhit ndm cach diém xuat phat
2 km vé phia nam va 1 km vé phia dong, dong thoi cach mat dat 0,5 m . Chiéc thir hai nam cach
diém xudt phat 1 km vé phia bac va 1,5 km vé phia tdy, dong thoi cach mat dat 0,8 km . Chon
hé truc toa d0 Oxyz voi géc O dat tai diém xuét phat cua hai khinh khi cau, mat phéng (Oxy)
tring v6i mat dat véi truyc Ox hudng vé phia nam, Oy hudng vé phia dong, Oz huéng thing
dang 1én troi, don vi do léy theo kilomét. Tim toa do cua mdi chiéc khinh khi cau.

zF

Loi giai

Chiéc thir nhat ndm cach diém xuat phat 2 km Végphia nam va 1 km vé phia dong, ddng thoi cach
mit dat 0,5 m nén c6 toa do la (2;1;0,5).

Chiéc thir hai nam cach diém xudt phat 1 km vé phia bic va 1,5 km vé phia tiy, dong thoi cach
mit dat 0,8 km nén c6 toa do la (-1;-1,5;0,8).

Trong khong gian v&i mot hé truc toa do cho trudce (don vi do 14y theo kilomét), ra da phat hién
mot chiéce may bay di chuyén vOi van tdc va hudng khong ddi tir diém A(8OO ;500; 7) dén diém
B(940;550;8) trong vong 10 phut. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi

toa d6 ctia may bay sau 10 phut tiép theo 1a gi?
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[0k}

a.-ziu‘-ﬁ“ e g - .J.ﬂel"'-_l'._-'_-f.-;..i‘.i' . |
Loi gidi

Goi C(x; y;z) la vi tri clia may bay sau 10 phut tiép theo. Vi huéng ctia may bay khong doi
nén E,B—C 1a ciing huéng. Do van tdc ciia may bay khong ddi va thoi gian bay tir 4 dén B
bang thoi gian tir B dén Cnén 4B =BC.
Ta c6: AB =(940-800;550-500;8-7)=(140;50;1). B—(f=(x—940 ;¥—550;z-8).

140 = x-940 x=1080
AB=BC < {50=y-550 <{y=600 .Vay C=(1080;600;9).

l=z-8 z=9
Mot phong hoc ¢6 thiét ké dang hinh hop chir nhat v6i chiéu dai 148 m, chiéu rong 1a 6 m va
chiéu cao 1a 3 m. Mot chiée dén duoc treo tai chinh gitra trin nha cua phong hoc. Xét hé truc toa
d6 Oxyz c6 gbc Otring v6i mot goc phong va mit phang (0xy) trung voi mat san, don vi do

duoc léy theo mét. Hay tim toa d¢ cua diém treo dén.

0'[ A’
) I
C' : 1]

I B A \
b - = o gm—

g I

C B
Loi giai

Gia st can phong hinh hdp chir nhat dugc mo phong nhu hinh vé.
Khi d6 ta c6 B'(6;8;3) va 0'(0;0;3).
Goi [ (x; y;z) 1a diém chinh gita trdn nha cua phong hoc.
Vi O'4'B'C’ 1a hinh chit nhat nén O7 = 1B’ .
Taco O = (x—O;y—O;z—3),E” =(6-x;8—y;3—z) nén:
x—0=6-x x=3
Ol=1B < y—0=8—y <1 y=4.Viy toa do diém treo dén 1a [(3;4;3).
z-3=3-2 z=3
Nhimng can 1éu gd trong Hinh 1 dugc phac thiao dudi dang mot hinh ling tru ding tam giac
OAB.O'A'B' nhu trong Hinh 2. Vi hé truc toa d0 Oxyz thé hién nhu Hinh 2 (don vi do 14y theo
centimét), hai diém A’ va B’ ¢6 toa d¢ lan luot la (240;450;0) va (120;450;300) . Mdi can nha
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g5 c6 chiéu daila @ cm, chiéurong la bem, mdi canh bén cua mit tién c6 do dai la ccm . Tinh
a+b+c (Lam tron dén hang don vi).

Loi giai
Vi diém A’ ¢6 toa d6 1a (240;450;0) nén khoang cach tir A" dén céc truc Ox, Oy lan luot 1a
450cm  va 240cm. Suy ra A'A=450cm va A'0'=240cm. T gia thiét suy ra
ﬁ\ = J(=120)? + 0% +300> = 60+/29 ~ 323(cm).

A'B' =(~120;0;300), do d6 A'B'=

Vi 0'0=A'4=450cm va O nam trén truc Oy nén toa do cua diém O’ 1a (0;450;0).

Do d6 O'B’ = (120;0;300) va O'B'=|0'B|=/120* + 07 +300> = 60529 =323 (cm).

Vay moi cin 1éu gb c¢6 chiéu dai 1a 450cm, chidu rong 13 240cm , mdi canh bén ciia mit tién co
do dai la 323 cm.

=a+b+c=1013.

Mot may bay dang cit canh tir phi truong. Véi hé toa dd Oxyz dugce thiét 1ap nhu hinh bén dudi,

cho biét M 14 vi tri ctia may bay, OM =14, NOB =32°, MOC = 65° . Tim toa do diém M .

Tam gidc OCM vuédng tai C ¢6
OC =0OM .cos65°=14.c0s65°~ 5,9 va CM =OM .sin65° =14.sin65° =~ 12,7 .
ON=CM, AN =OB.

Co AON =90°— BON = 58°
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Cau 12:

CHUYEN DE II - VECTO TRONG KHONG GIAN
Tam giac OAN vuong tai A co
OA=0ON.cos58°=12,7.cos58°~ 6,7 va AN =ON.sin58°=12,7.sin58° ~10,8.
OM =0A4i+O0B.j+0Ck=6,7i+10,8.j +5,9.k .
Vay M(6,7;10,8;5,9).
Trong khong gian chon h¢ truc toa d6 cho trude, don vi do léy kilomét, ra da phat hién mot may
bay di chuyén véi van toc va huéng khong doi tir diém A(100;50;5)dén diém B(200;100;10)
trong 10 phtt. Néu may bay tiép tuc giit nguyén vén toc va huéng bay thi toa do ctia may bay
sau 10 pht tiép theo 1a C(x;y;z). Khi d6 tinh x+y+z

Loi giai
o >
A >;.9 L

Goi C (x; V; z) 1a toa d6 ctia may bay sau 10 phut tiép theo.
AB =(100;50;5).
BC =(x—200;y-100;z-10).
Vi méy bay giit nguyén huéng bay nén AB va BC cung hudng.
Do may bay tiép tuc giit nguyén van toc va thoi gian bay tir 4 — B bang thoi gian bay tir
B—>C nén AB=BC
100 =x-200 x =300
Suyra AB=BC <{50=y-100 < 1y=150=>C(300;150;15)
5=2-10 z=15 '
Toa d6 ctia may bay sau 10 phit tiép theo 1a C(300;150;15).
x+y+z=300+150+15=465
Mot chiée may dugc dat trén mot gia do ba chan véi diém dat E (O; 0;6) va cac diém tiép xuc
V3 V3

v6i mit dat ciia ba chéan 1an lugt 1a 4, (0;1;0), 4, (7; —%; 0] , A (—7; —%; oj (Hinh 40). Biét

réng trong luong cua chiéc may la 300 N . Tim toa d§ cua cac luc tdc dung 1én gid do E,E,E

E0:0:6)
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Loi giai

Theo gid thiét, ta c6 céc diém E(0;0;6), 4, (0;1;0), 4, (?;—%;Oj,@ (—ﬁ;—l;OJ.

Suy ra E4, =(0—-0;1-0;0—6) hay E4, =(0;1;-6);
EA2 (ﬁ—o —;—0;0—6] hay @z{?;—%;—6}

EA, = —ﬁ—o;—l—o;0—6 hay EA, = _ﬁ;_l;_é .
2 2 2 2
Vi vay, tdn tai héng s6 ¢ # 0 sao cho:
FlzcE—zél;:(O;c;—6c);

F,=cEA, = [gc;—%c;—&’];

1'?'3 = cE—A3 = (_§C;_%C; —60}

Suyra F +F, + F, = (0;0;—18c).
Mit khac, ta co: F, +F, + F, = F , trong 46 F = (0;0;-300) 1a trong lyc tac dung 1én may quay.
Suy ra 18¢ =-300, tic 1a c:?.

Vay: F = [0? 100) F:[ﬂﬁ —100] F, = ( 253 3.7 —100]

3 3 3

Mot chiéc méay bay khong ngudi l4i bay 18n tai mot diém. Sau mot thoi gian chiéc may bay cach
diém xuat phat vé phia Bic 30(km) va phia Tay 40(km), dong thoi cach mét dat 1,5(km). Chon
hé truc toa d0 Oxyz , véi géc dat tai diém xuit phat cua chiéc may bay, mat phéng Oxy trung véi
mit dat, truc Ox hudng vé phia Bic, truc Oy hudng vé phia Tay, truc Oz hudng thang ding 1én
troi, don vi do 13y theo kilomet (xem hinh v&). Khoang cach ctia chiéc may bay vai vi tri tai diém
xuat phat gan nhat véi gia tri nao dudi day ( don vi km )?

LY
‘
—
]
vl

Véi cach chon hé truc toa do nhu trén ta c6 khoang cach so véi vi tri xuat phat cia may bay 1a

J40% +30% +1,5> =50,02.
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Cau 15:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot gia dinh dinh lap thang may trong nha &, cabin ciia thang may c6 dang hinh hop chit nhat c6
day 1a hinh vudng nhu hinh v&. Biét rang cong ty cung cdp thang méay cho biét thé tich khoang
cabin 13 5,4 m’ va dién tich toan phan cta n6 1a 18,9 m?>.

Y

Gia dinh dinh ldp 1 chiéc camera & vi tri trén tran cabin (diém P), gan 1 goc vudng sao cho no

cach 2 véach ding cua khoang cabin déu 1a 10¢m (hinh v€). Chon hé truc nhu hinh v€, don vi

trén moi truc 1a 10cm . Hay tim toa d6 cua diém P, biét réng canh cua day cabin khong toi 2 m
Loi giai

Goi canh ddy va chiéu cao ciia khoang cabin lan luot 1a x,h (x,h > 0;m)

V=x'h=54 (1)

Theo bai ra ta co:
S, = 2x° +4xh=18,9 (2)

Tu (1)= xh= >4 . Thay vao (2) ta duoc:
x

20 +4.2% 1800 200 —18,9x421,6=0=>x=1,5 (m) (vi x<2)
X

Thay vao (1) ta dugc: h=2,4 (m)

Viay khoang cabin thang may c6 canh day va chiéu cao 1a: x=1,5m =150cm; h=2,4m =240cm
Trong hé toa d6 da chon, x =15 don vi va h =24 don vi.

Tu gia thiét suy ra P c6 3 toa do déu duong va:

P cich mit phang (Oxy) 1 doan bang 24 nén z =24

P céch mit phang (Oyz) 1 doan bing 1 nén x =1

P céch mit phang (Oxz) 1 doan bang 14 nén y =14

Vay toa do cua P(1;14;24).

O mot san bay, vi tri cia may bay dugc xac dinh boi diém M trong khong gian Oxyz nhu hinh
vé. Goi HIla hinh chiéu vudng goéc cua M xudng mit phing (Oxy). Biét
OM = 79;(?,071) = 68°;(0—H,0—M) =50°. Goi toa d0 diém M (a;b;c). Gié tri cia a+b+c 1a

bao nhiéu? (1am tron dén hang phan muoi).
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OC = MH = OM sin HOM = 79sin 68°
OH = OM cos HOM =79 cos 68°
OA = OH cos AOH =79 cos 68°.cos 50°
OB = AH = OH sin AOH =79 cos 68°sin 50°
a="79cos 68°.cos50°
Ta co: {b=79sin 68° =a+b+c=~114,9
¢ =79cos 68°sin 50°
Mot chiée xe dang kéo cang soi ddy cap AB trong cong trudng xay dung, trén d6 da thiét 1ap hé

toa d6 nhu Hinh 16 véi do dai don vi trén cac truc toa do bang Im. Tim toa do cua vecto AB.

10 m

SAe

Hinh 16

Loi giai
Do 04 cung hudng voi k va ‘O—A‘ =10nén 04 =10k .
Xét AOBH vuong tai H , ta co:

15f

OH =c0s830°.0B =co0s30°.15=

BH =5in30°.0B =sin30°.15 = 1?5 .

5\/_ 15\/—

én OH = —=

Do OH cung hudng vai } va |O—H|

Do OK cung hudng voi iva |OK| —nen OK = 125 i
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Cau 18:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Trong hinh binh hanh OKBH , ta c6 OB =0K +0OH = %; 15;/_ j

. 15- 153 -

Tacd AB=OB— OA—?H

15 1543 ]

Vay AB = ———10
iy [2

J- 10 .

O mdt san bay, vi tri ciia may bay duoc xac dinh béi diém M trong khong gian Oxyz nhu Hinh

17. Goi Hla hinh chiéu vudng géc cua M xudng mit phang (Oxy). Cho biét OM =50,
(?,07[) =64°, (O—H,O—M) =48° . Tim toa d0 cua diém M .

<y

Xét AMHO vudng tai H , ta co:

OH = OM .cos48° =50.cos48°~33,46.

MH = OM .sin48° = 50.sin48° ~ 37,16.

Xét AOAH vuong tai A, tacd: BH =0OA=0OH.cos64°=33,46.cos64° ~ 14,67 .

Xét AOBH vudng tai B, ta co: OB =+JOH* — BH* =1[33,46* —14,67* ~30,07..

Do OA cing huéng véi i va @‘ =14,67nén 04 =14,67i .

Do OB cung hudng voi ; va ‘573‘ =30,07nén OB =30, 07.}'.

Do OC ciing hudng véi k va ‘07‘ =37,16nén OC =37,16.% .

Trong hinh binh hanh OAHB , ta c6 OH =0A4+OB.

Trong hinh binh hanh OCMH , ta co
OM =OH +0C = 04+ OB +0C =14,67i+30,07 j +37,16k

Vay M (14,67;30,07;37,16).

Nguoi ta can lap mot camera phia trén san bong dé phat song truyén hinh mot tran bong da,
camera c6 thé di dong dé ludn thu duoc hinh anh rd nét vé dién bién trén san. Cac ki su du dinh
trong bon chiéc cot cao 30 m va str dung hé thng cap gin vao bon dau cot dé giit camera & vi tri
mong mudbn. Mo hinh thiét ké dugc xay dung nhu sau: Trong h¢ truc toa do Oxyz (don vi do dai
trén modi truc 1a Im), cac dinh cua bon chiéc o6t lan luwot 1a cac diém
M (90;0;30), N(90;120;30), P(0;120;30), O(0;0;30)(Hinh 34). Gia st X, 1a vi tri ban dau
clia camera c6 cao d¢ bang 25 va K,M = K N = K,P = K,Q . Dé theo dbi qua bong dén vi tri 4
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, camera dugc ha thip theo phwong thing dimg xudng diém K, c6 cao do bang 19

(Nguodn: https//www.abiturloesumg.de; Abitur Bayern 2016 Geometrie VI).

MO0 - 0 3N

N(OD L 120 300

K . A

Loi giai

M, N
Goit M, N,, P, K lan Iuot 1a hinh chiéu cua M, N, P, K, 1én mat phéng (Oxy).
Ta thiy MNPQO.M V,PO 1a hinh hop chir nhit. Goi K' 1a giao hai duong chéo MP va NQ .
Khidé K'Q=K'P=K'N=K'M. Vi K,;M =K,N = K,P=K,Q va camera dugc ha thap
theo phuong thang dimg tir diém K, xudng diém K, nén cic diém K, K,, K,, K thang
hang.
Khi do, cac diém K, K, K,, K c¢6 hoanh d¢ va tung d¢ bang nhau.

Theo bai ra, cao d¢ cua K,va K, 1an luot 1a 25 va 19. Gia st K, (x;;25) va K, (x;;19).
Ta c6 MNPQ.M,N,F,O 1a hinh hop chit nhit nén K'K = OQ, suy ra cao do cua K' bang 30.
Do d6, K'(x;;30).

Taco K—'Q:FQ—W=30/€—(x§+y}+30/§)=—x?—y}:K—'Qz(—x;—y;o).
NK'=OK'—ON = (x§+ y}'+301€)—(9o?+120}'+301}) =(x=90)i +(y—120)

= NK' =(x-90; y—120;0).

Vi K' 13 giao hai duong chéo cta hinh chit nhat MNPQ nén K' 1a trung diém cua NO.
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—x=x-90
— — x=45
Suyra KO=NK'<{-y=y-120& .
020 y =060

Do vay, K, (45; 60; 25); K, (45; 60; 19) nén ta co

KK, = OK, —OK, =(45i+60; +19k ) -(45i + 60 +25k) = —6k = K,K, =(0;0;~6).
Do d6, a+b+c=-6.
Hinh minh hoa so d6 mot ngoi nha trong hé truc toa d§ Oxyz , trong do nén nha, bén birc tuong

va hai mai nha déu Ia hinh chir nhat.

02:5:4)
s PR SRNR—-. G(4:5:3)
o P2:0:4)
iy
E0:0:3) - F
et TP B(4:5:0)
0:0:0) A v
a) Toa d6 diém 4 1a (4;0;0).
b) Toa do AH =(4;5;3)
¢) FG =5k
d) Khi AT = QG thi toa do diém 7 1a T(6;0;-1).
Loi giai

a) Pung; b) Sai; ¢) Sai; d) Pung.
a) Vi nén nha 1a hinh chit nhat nén t&r gidc OABC la hinh chit nhdt, suy ra x, =x, =4,

Ve=yg=5.Do 4 nam trén truc Ox nén toa do diém A 1a (4;0;0) . Tuong nha 1a hinh chir nhat
nén tr gidc OCHE 1a hinh chitnhat, suyra y, =y. =5, z, =z, =3.Do H nam trén mat phang
(Oyz) nén toa d6 diém H 1a (0;5;3). Ta gidc OAFE 1a hinh chitr nhit nén
X, =x, =4z, =z, =3.Do F nam trén mit phang (Ozx) nén toa do diém F 1a (4;0;3).

b) Ta c6: A(4;0;0) = OA =4i

va H(0;5;3):>@=5}'+3/;

= AH =OH —OA =—4i+5]+3k = AH =(-4;5;3).

¢) Ta co: F(4;0;3) — OF =4i+3k

va G(4,5;3)= 0G=4i+5)+3k

= FG=0G-O0F =5].

d) AT = QG < OT —04=0G - 00
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& OT —4i = 4i+5]+3k—(2i+5] +4k)

< 0T =6i—k = T(6;0;-1).
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VECTO
TRONG KHONG GIAN

| CHUONG |

BAI: BIEU THUC TQA PQ CUA CAC PHEP TOAN VECTO

@ LY THUYET.

I. BIEU THUC TQA PO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOQT SO VOI MOT VECTO
Trong khong gian Oxyz , cho hai vecto d@ = (x;;z) va b =(x";1";z'). Ta cé:
d+b=(x+x5y+y;z+2);
i-b= (x—xy—yiz-2');
ka = (ke ky;kz ) voi k 1a mot sb thye.

Nhan xét: Vecto d = (x;y;z) cung phuong véi vecto b = (x; »';2') # 0 khi va chi khi ton tai s

x = kx'
i A [ . X Y z
thuc k saocho {y=k'. (Neéu x".y"z"#0 thi —=—=—)
, Xy oz

z=kz

Trong khong gian Oxyz , cho ba diém khong thang hang A4(x,;v,:z,), B(x,;¥,:2,) va
C(xc3yeiz¢ ) - Khi do:

Toa d¢ trung diém cua doan thang AB 1a (x”‘ ;XB ;yA eryB ;ZA JZFZB j;

Toa d6 trong tdm cua tam giac ABC la (x*‘ +x33 e ;yA +y33 e ;ZA +Z; +ZCJ.
IL. BIEU THUC TQA PQ CUA TiCH VO HUONG
Trong khong gian Oxyz, tich v6 huéng cua hai vecto @ =(x;y;z) va b =(x;y;z') dugc xéc

dinh bdi cong thie: d-b = xx'+ yy'+zZ'
Nhan xét:

-dlbox'+y+zz'=0
-|a| =X+ P+ 27

-Néu @ =0,b#0 thi COS<ZZ;5)=\/x2+y2+zz,\/x'2+y'2+z'2

xx'+yy'+zZ'

2 2

Chuy: Néu A(xA;yA;zA) va B(xB;yB;zB) thi AB=‘E‘=\/(xB—xA)2+(yB—yA) +(ZB—ZA) .
Dic biét, khi B tring O ta nhan dwgc cong thitc OA4 = /x’ + )" + 27 .
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III. VAN DUNG TQOA PQ CUA VECTO TRONG MQT SO BAI TOAN CO LIEN QUAN PEN
THUC TIEN
Vi du 5: Trong khong gian véi mét hé truc toa do cho trudce (don vi do léy theo kilomét), ra da
phat hién mot chiéc méy bay di chuyén véi van tdc va huéng khong doi tir diém 4(800;500;7)
dén diém B(940;550;8) trong 10 phut. Néu méy bay tiép tuc giit nguyén van toc va huéng bay
thi toa d clia may bay sau 5 phut tiép theo la gi?

Hinh 2.49
Loi giai

Goi C(x;y;z) la vi tri cia mdy bay sau 5 phut tiép theo. Vi huéng clia may bay khong déi nén

AB va BC cung huéng. Do vén tdc cua may bay khong ddi va thoi gian bay tr 4 dén B gip
d6i thoi gian bay tr B dén C nén AB =2BC.

Do dé E:lﬁ:(940—800;550—500;8—7]:(70;25;0’5).
2 2 2 2
x—940="70
Mit khac, BC = (x—940;y —550;z—8) nén {y—550 =25
z-8=0,5.
x=1010
Tirdo < y =575 vaviviy C(1010;575;8,5).
z=38,5

Viy toa do ctia may bay sau 5 phut tiép theo 1a (1010; 575;8,5) .
@ HE THONG BAI TAP TOAN THUC TE.

Cau 1: Theo quy dinh cua lién doan bong chuyén qudc té (FIVB), san bong chuyén c6 hinh dang chit
nhat. Kich thudc tiéu chuan cua san bong chuyén 13 9mx18m . Chiéu cao ctia ludi bong chuyén
1a 2,24m d6i voi nit. Ta chon hé truc Oxyz cho san d6 nhu hinh v€ thir hai (don vi trén mdi truc

1a mét). Gia sit 4B 1a mot tru dé cang ludi bong chuyén. Hay xéac dinh toa do cia vecto AB .

] "FL‘J ?,—
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Cau 3:

Cau 4:

Cau 5:

Cau 6:

Cau7:

Cau 9:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Trong khong gian véi hé truc toa dd cho trudce (don vi do léy theo kilomet), ra da phat hién mot
may bay di chuyén véi van toc va hudng khong doi tor diem A(750;450;7)den diem
B(950;550;9) trong 10 phat. Néu may bay tiép tuc giit nguyén van tdc va hudng bay thi toa do
ctia may bay sau 10 phut tiép theo 1a gi?

Trong khong gian véi hé tryc toa dé cho trudce (don vi do lay theo kilomet), ra da phat hién mot
may bay di chuyén véi van toc va hudng khong doi tu diém A(700;450;7)deén diém
B(900;550;9) trong 10 phut. Néu may bay tiép tuc giit nguyén vén toc va huéng bay thi sau bao
nhiéu phit, may bay bay tir diém A dén diém C(1000;600;10)?

Trong khong gian v&i mot hé truc toa do cho trude (don vi do 14y theo kilomét), ra da phat hién
mét chiéc méy bay di chuyén vé6i van toc va huéng khong doi tir diem A(400; 50;8)dén diem
B(100; 450;10) trong 10 phat. Sau dung 5 phut tinh tir lac méay bay ¢ vi tri 4 thi méay bay ¢ vi
tri ¢6 tong hoanh d6 tung do va cao do 14 bao nhiéu?

Trong khong gian véi mét hé truc toa do cho trudce (don vi do 1ay theo kilomét), ra da phat hién
mot chiéc may bay di chuyén véi van toc va huong khong doi tir diem A(800; 500; 7) dén diem
B trong 20 phat. Néu may bay ti€p tuc gilr nguyén van toc va hudng bay thi toa d§ cua may bay
sau 10 phit tiép theo 1aC(1010;575;10). X4c dinh toa d¢ vi tri diém B

Trén phan mém mo phong viée diéu khién drone giao hang trong khong gian Oxyz , mét drone
giao hang dang ¢ toa do A(1;0;1) di chuyén dén dia diém nhan hang 1a B(4;4;6). M&i don vi
trén phan mém bang 1km ngoai thuc té. Biét toc d6 cua drone 13 80km / h; gia st rang tir vi tri
giao hang va nhan hang khong gap chudng ngai vat, stc can gié khong dang ké dé drone bay
theo duong thang. Thoi gian drone bay tir vi tri ban dau dén dia diém giao hang mat bao nhiéu
phut (1am tron dén hang thap phan)?

Trong khong gian vai hé truc toa d§ Oxyz cho trude, (don vi do: km), ra da phat hién mot may
bay chién dau Su-35 ctia Nga di chuyén véi van toc va hudng khong doi tir diem M (300;150;7)
dén diém N(800;550;13) trong 20 phit. Tinh toa dd cia may bay sau 5 phit tiép theo néu may
bay giit nguyén van tdc va hudng bay.

Tinh cong(don vi N) sinh bdi luc F(6; 8;-10) tao boi
mdt drone giao hang khi thyc hién mét do dich chuyén

d (100;200;200).

Mot em nho can nang 20kg trugt trén cau
trugt dai 3m. Biét ring cau truot c6 goc
nghiéng so véi phwong nam ngang 1a 30°.
Cho biét cong A(J) sinh boi mot luc F cb do
dich chuyén d dugc tinh boi cong thuc
A=Fd. Hay tinh cong sinh bdi trong luc P
khi em nho truot hét chiéu dai cau truot biét

gia téc roi tw do g =9,8m/s”.
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Cau 10:

Cau 11:

Cau 12:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Trong khong gian chon hé truc toa do cho trudc,
don vi do 13y kilomét, ra da phat hién mot may
bay chién ddu X di chuyén véi vén toc va hudng
khong doi tir diém M (1000;600;14) dén diém
N trong 30 phut. Néu may bay tiép tuc giit
nguyén van tc va hudng bay thi toa d6 ctia may
bay sau 10 phit tiép theo bang Q(1400;800;16).
Toa dd vi tri diém N(a;b;c) ,tinh S=a+b+2c
Mot chiéc may do dac tric dia dugc dat trén mot gia d& ba chan vai diém dat S(0;0;4) va cac

diém tiép xtic voi mit dat ciia ba chan 1an luot 1a A(-2;0;0), B(l;\/§ ;O), C (l;—\/§ ;0). Biét rﬁng

trong luc tac dung 1én chiéc may c6 do 1on 1a 30 N va dugc phan bd thanh ba luc 171, Fz, E co
.

d6 16n bang nhau nhu hinh dudi. Tinh tich vé hudng cua F.F, .

Hai chiéc may bay khong nguoi 1ai cting bay 1én
tai mot dia diém. Sau mot thoi gian bay, chiéc
may bay thir nhat cach diém xuat phat vé phia
Béc 20(km) va vé phia Tay 10(km), dong thoi
cach mat dat 0,7(km). Chiéc may bay thir hai

cach diém xuat phat v& phia Dong 30(km) va §

vé phia Nam 25(km), dong thoi cach mat dét
1(km). Xéc dinh khodng c4ch giita hai chiéc mdy bay.

Cho biét bén doan thing ndi tir mot dinh cta tir dién dén trong tim mit dbi dién ludn cit nhau
tai mot diém goi 13 trong tAm cua tr dién d6.Mot phan tir metan CH , duoc ciu tao boi bén
nguyén tir hydrogen ¢ cac dinh ctia mot ttr dién déu va mot nguyén tir carbon & trong tim ciia tir
dién.Goc lién két 1a goc tao bai lien két H—C— H 1a goc giira cac dudng ndi nguyén tir carbon
v6i hai trong sd cac nguyén tir hydrogen. Tim d6 16n goc lién két nay.
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Cau 13:

Cau 14:

Cau 15:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Trén phan mém mo phong viée diéu khién
drone giao hang trong khong gian Oxyz , mot
d6i gdm ba drone giao hang A4, B,C dang c6
toa do0 la  A(L-3;2), B(m;m-2;6),

La

C(m —2;m;5) , trong d6 m la tham s6, don vi
do d6 dai tinh bang kilomet. Biét kho hang
dang ¢ tai diém 1 (1; 1;0). Vi 1y do nhién liéu .
nén cac drone khong dugc di chuyén qua xa e

kho hang, cu thé 1a cac drone khong dugc cach

kho hanh qua 100 km. Xéc dinh gia tri ciia tham s6 m dé cac drone cach kho hang khong qué
100km.

Mot thiét bi tham do day bién dang lin v6i vecto van toc cia thiét bi khi bién dimg yén la

v =(11;7;—4) (don vi: km/h). Cho biét vecto van toc cia dong hai luu cua ving bién la
w=(4;2;0) (don vi: km/h). Tinh toc do cua thiét bi trong diéu kién c6 dong hai luu, cac yéu to
khac khong dang ké (don vi km/h, lam tron dén hang phan chuc).

Mot chiéc dién thoai iphone duogc dat trén mdt gia do c6 ba chan véi diém dat S (0; 0; 20) va cac
diém cham mit d4t ciia ba chan Ian Tuot 14 4(0; —6;0),3(3\/5 :3; 0) : C(—3J§ ;3;0) (don vi cm).
Cho biét dién thoai c6 trong luong 1a 2 N va ba lyc tac dung Ién gia 46 dugc phan bd nhu hinh
vé 1a ba luc F,F,F, c6 do lon bing nhau. Biét toa do cua luc F =(a;b;c), khi do

T =2a+5b+6¢ bang?

Az
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Cau 16:

Cau 17:

Cau 18:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Mot phong hoc ¢co thiét ké dang hinh hdp chit nhat véi chiéu dai 1a 10m, chiéu rong la 8 m va
chiéu cao 12 4 m. Mot chiée dén duogc treo tai chinh gitra trin nha cua phong hoc. Xét h¢ truc toa
d6 Oxyz c6 gbc O tring v6i mot goc phong va mit phang (Oxy) tring v6i mit san, don vi do

duoc 1y theo mét (Hinh v&).

©
|
|
|
|
|
|
|
|
Vv

10 m
X
Tinh khoang cach tir diém treo bong dén dén goc phong hoc (két qua lam tron dén hang phan
tram).
Phan mai cua mot can nha c dang la khéi da dién duoc mé ta va gén trén hé truc toa d Oxyz

nhu hinh v&. Tinh thé tich khéi da dién ctia mai nha.

Yy E(—10;2;0)
Mot db choi co dang hinh tr dién déu lam b?mg thuy tinh c¢6 canh béng 10cm . Bén trong dat mot
dén nho. Pén dit trén dudng ndi tir dinh cua tir dién xubng tm cua dudng tron ngoai tiép da giac

546 e s : .
day va cach dinh mot khoang 1a Tcm . Beén dugc ndi boi hai day qua hai dinh cua tur dién nhu

hinh v&. Cuong d6 luc tong hop cua hai ddy tac dung 1én dén 14 bao nhiéu?
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Cau 19:

Cau 20:

Cau 21:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

MQt kién truc su 1’1’,11161"1 xay dung 1 toa nha biéu tuong d(f?c la cho thanh Yy, z c
pho. Trén ban thiét ké toa nha cé hinh dang 1a mdt khoi lang tru tam S

gidc déu, co canh bén bang canh day va dai 300 mét (tham khao hinh /

v€). Kién triic su mudn xay dung mot cdy cau MN bac xuyén toa nha B

(diém dau thudc canh A'C, diém cudi thudc canh BC') va cdy cau ndy
s& dugc dat vang voi don gia 5 ty dong trén 1 mét dai. Vi vay dé dap
{rmg bai toan kinh té, kién trac su phai chon vi tri cdy cu sao cho MN

ngin nhat (Goi ¥: doan thang ndi hai duong ngan nhét chinh 1a duong
vudng goc chung). Khi dé gia xay cay cau nay hét bao nhiéu tién?

Mot thap trung tAm kiém soat khong luu & san bay cao 80 m st dung ra da c6 pham vi theo ddi
500 km duoc dit trén dinh thap. Chon hé truc toa dd Oxyz ¢ gbc O tring véi vi tri chan thap,

z

mit phiang (Oxy) tring véi mit dat sao cho truc Ox
hudng vé phia tay, truc Oy hudng vé phia nam, truc Oz
hudng thang ding 1én phia trén (Hinh 2) (don vi trén mdi
truc tinh theo kilomét). Mot may bay tai vi tri A cach
mit dat 10 km, cach 300 km vé phia dong va 200 km
vé phia bic so voi thap trung tdm kiém soat khong luu.
Trong cac khang dinh sau day, khang dinh nao dung,
khang dinh nao sai?

a) Ra da ¢ vi trf co toa d6 (0;0;0).

b) Vitri A co6 toa do (300; 200;10).
¢) Khoang cach tir may bay dén ra da 1a khoang 360,69 km (lam tron két qua dén hang phan

tram).
d) Ra da cua trung tdm kiém soat khong luu khong phat hién dugc may bay tai vitri 4.

Hinh v& sau md ta vi tri cia may bay vao thoi diém 9h30 phut. Az
Biét cac don vi trén hinh tinh theo don vi km. Trong cac khang 9
dinh sau day, khang dinh nao dung, khang dinh nao sai?
a) May bay dang & do cao 9km.

b) Toa d6 cua may bay (300;150;9).

¢) Phi cong dé may bay ¢ ché d6 tu dong véi vén tde theo
hudéng dong 1a 750km / h, 46 cao khong doi. Biét rang gio
thoi theo huéng dong voi van toc 10m /5. Gia sir van toe va
hudng gio khong ddi thi lac 10h30phtt may bay ¢ toa do (150;1086; 9).

d) Sau khi bay dén vi tri lac 10h30 thi may bay bay nguoc lai voi van tdc 800km / h véi do cao
khong doi, biét lac do troi lang gi6 thi lac 11h may bay ¢ toa do (686;150;9).

X " (Nam)
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CHUYEN DE II - VECTO TRONG KHONG GIAN
Cau 22: Mot chiéc may bay dang bay trén khong trung. Xét hé truc toa do Oxyz dugce gin nhu hinh v&,
trong d6 gbc O 1a vi tri cua tram kiém soat khong luu va M (x; y;z) (km) bi€u thi vi tri may bay
trén khong trung. Tai thoi diém 8h may bay dang & vi tri (50;120;4) va chuyén dong véi vén toc
v =(300;400;3) (km/h)

a) Tai thoi diém 8h, khoang cach giita may bay va tram kiém soat khong luu néi trén xép xi
130 km (sai s6 khong qua 1km).

b) Tai thoi diém 9h do cao ciia may bay so véi mat dat 1a 8km.

¢) Tai thoi diém 10h, khoang cach giita may bay va mot thap truyén hinh F c¢6 toa do
(1250;1020;0) xép xi 700km (sai s6 khong qua 10km).

d) Khi dat do cao 10km, may bay di van téc méi la v, = (400;300;-5)dé huéng dén san bay
B. Toa do ctia mdy bay khi vira dap xudng san bay B la (1450;1520;0).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

VECTO
TRONG KHONG GIAN

| CHUONG |

BAI: BIEU THUC TQA PQ CUA CAC PHEP TOAN VECTO

@ LY THUYET.

I. BIEU THUC TQA PO CUA PHEP CONG HAI VECTO, PHEP TRU HAI VECTO, PHEP
NHAN MOQT SO VOI MOT VECTO
Trong khong gian Oxyz , cho hai vecto d@ = (x;;z) va b =(x";1";z'). Ta cé:
d+b=(x+x5y+y;z+2);
i-b= (x—xy—yiz-2');
ka = (ke ky;kz ) voi k 1a mot sb thye.

Nhan xét: Vecto d = (x;y;z) cung phuong véi vecto b = (x; »';2') # 0 khi va chi khi ton tai s

x = kx'
i A [ . X Y z
thuc k saocho {y=k'. (Neéu x".y"z"#0 thi —=—=—)
, Xy oz

z=kz

Trong khong gian Oxyz , cho ba diém khong thang hang A4(x,;v,:z,), B(x,;¥,:2,) va
C(xc3yeiz¢ ) - Khi do:

Toa d¢ trung diém cua doan thang AB 1a (x”‘ ;XB ;yA JZryB ;ZA JZFZB j;

Toa d6 trong tdm cua tam giac ABC la (x*‘ +x33 e ;yA +y33 e ;ZA +Z; +ZCJ.
IL. BIEU THUC TQA PQ CUA TiCH VO HUONG
Trong khong gian Oxyz, tich v6 huéng cua hai vecto @ =(x;y;z) va b =(x;y;z') dugc xéc

dinh bdi cong thie: d-b = xx'+ yy'+zZ'
Nhan xét:

-dlbox'+y+zz'=0
-|a| =X+ P+ 27

-Néu @ =0,b#0 thi COS<ZZ;5)=\/x2+y2+zz,\/x'2+y'2+z'2

xx'+yy'+zZ'

Chi y: Néu A(x,;v,:2,) v B(x,5¥,52,)

thi AB=[dB|=\(x,~x,) +(;~y.) +(z-2,) -
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

Dac bi¢t, khi B trung O ta nhan dugc cong thure OA4 = «/xj + yfl + zj .

III. VAN DUNG TQA PQ CUA VECTO TRONG MOT SO BAI TOAN CO LIEN QUAN PEN
THUC TIEN
Vi du 5: Trong khong gian v6i mot hé truc toa do cho trude (don vi do 13y theo kilémét), ra da
phat hién mot chiéc may bay di chuyén véi van téc va hudng khong doi tir diém A4 (800;500,7)
dén diém B (940; 550; 8) trong 10 phut. Néu may bay tiép tuc giir nguyén véan téc va hudng bay
thi toa d6 cia may bay sau 5 phut tiép theo 1a gi?

)

A

Hinh 2.49

Loi giai
Goi C(x;y;z) la vi tri clia may bay sau 5 phut tiép theo. Vi hudng ctia may bay khong doi nén
AB va BC cting huéng. Do van tdc ciia may bay khong doi va thoi gian bay tir 4 dén B gip
d6i thoi gian bay tir B d&én C nén AB=2BC.

Do d6 Rj:%@=(940_800-550_500-8;7J=(7o;25;0,5).

3 5

2 2
x—940=70
Mt khac, BC =(x—940;y—550;z—8) nén < y—550=25
z—8=0,5.

x=1010

T dé 4y =575 vavivay C(1010;575;8,5).
z=8,5

Vay toa d§ cia may bay sau 5 phut tiép theo la (1010;575;8,5) .

@ HE THONG BAI TAP TOAN THUC TE.

Cau1: Theo quy dinh cua lién doan bong chuyén qudc té (FIVB), san bong chuyén c6 hinh dang chi
nhat. Kich thude tiéu chuan ctia sin bong chuyén 13 9m x18m. Chiéu cao cta ludi bong chuyén
14 2,24m d6i véi nit. Ta chon hé truc Oxyz cho san d6 nhu hinh vé& thtr hai (don vi trén mdi truc

la mét). Gia st AB 1a mét tru dé cang ludi bong chuyén. Hay xac dinh toa do cua vecto AB.
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Ciu 2:

Cau 3:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Loi giai

Goi toa do diém A(x,;y,;z,). Vi mdt nira chiéu dai ca san 1a 9m nén x, =9. Do chiéu rong
cua san 1a 9mnén y, =9.Piém A thudc mit phang (Oxy) nén z, =0. Do d6 toa do diem A4
la A(9;9; 0) :
Do dai doan thdng AB =2,24m nén toa do diém B 1a B(9;9;2,24).
Vay taco AB=(9-9;9-9;2,24—0), tirc 1a AB =(0;0;2,24).
Trong khong gian véi hé tryc toa do cho trudce (don vi do léy theo kilomet), ra da phat hién mot
may bay di chuyén véi van toc va huéng khong doi tr diém A(750;450;7) dén diém
B(950;550;9) trong 10 phut. Néu may bay tiép tuc giit nguyén van téc va hudng bay thi toa do
ctia may bay sau 10 phut tiép theo 1a gi?

Loi giai
Goi C(x; y;z)1a vi tri cia may bay sau 10 phut tiép theo. Vi hudng clia may bay khong doi nén
ABva BC cung huéng. Do van tdc ciia may bay khong ddi va thoi gian bay tir A dén B bing
thoi gian bay tir B d@én C nén 4B = BC.
Do d6 BC = AB = (950—750;550—450;9—7) = (200;100;2) .

x—950=200
Mt khac, BC = (x—950;y —550;z—9)nén { y—550 =100
z—9=2
x=1150
Tir dé: { y =650 . Vay C(1150;650;11)
z=11

Viy toa d6 cia may bay sau 10 phut tiép theo 1a C(1150;650;11).
Trong khong gian véi hé tryc toa do cho trudce (don vi do léy theo kilomet), ra da phat hién mot
may bay di chuyén véi van toc va hudng khong do6i tu diém A(700;450;7)deén diém
B(900;550;9) trong 10 phiit. Néu may bay tiép tuc giit nguyén van téc va hudng bay thi sau bao
nhiéu phut, may bay bay tir diém A dén diém C(1000;600;10)?

Loi giai:
Sau 15 phut.
Ta ¢6: AB = (900 — 700; 550 — 450;9 — 7) = (200;100;2) .
Vi huéng ciia may bay khong doi nén ABva BC cung hudng.

Mat khac, BC = (1000 —900;600—550;10—9) = (100;50;1) nén BC = %ZE ,
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Cau 4:

Cau 5:

Cau 6:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Do van téc clia may bay khong d6i nén thoi gian bay tir B dén C bang mot nira thoi gian bay tir
A dén B.
sau 5 phut may bay bay tir B dén diém C(1000;600;10).
Viy sau 15 phut may bay tir A dén C.
Trong khong gian vi mot hé truc toa do cho trudc (don vi do 13y theo kilomét), ra da phat hién
mét chiéc may bay di chuyén véi van toc va huéng khong doi tir diem 4(400; 50;8) dén diem
B (100; 450; 10) trong 10 phut. Sau dung 5 phut tinh tir [ic may bay ¢ vi tri 4 thi may bay & vi
tri co téng hoanh d¢ tung d¢ va cao dd la bao nhiéu?

Loi giai
Goi T (x;y;z) 1a vi tri cia mdy bay tai thoi diém 5 phut sau khi xuét phat tir 4
Tacé AT =(x—400;y—50;z-8); AB =(-300;400;2)
Do vén tc ctia may bay khong d6i va thoi gian bay tir 4 dén B gép doi thoi gian bay tir 4 dén T
nén AT = %AB

x—400=-150 x=250
E@(x—400;y—50;z—8):%(—300;400;2)(:) y=50=200 < <{y=250
z—8=1 z=9

—_—

AT =+
2
Suyra x+ y+z=509
Trong khong gian véi mét hé truc toa do cho trude (don vi do léy theo kilomét), ra da phat hién
mdt chiéc may bay di chuyén v6i van toc va hudng khong dbi tir diém A(800; 500; 7) dén diém
B trong 20 phut. Néu may bay tiép tuc giit nguyén véan téc va hudng bay thi toa do cia may bay
sau 10 phit tiép theo 1aC(1010;575;10). X4c dinh toa d¢ vi tri diém B
Loi giai

Goi B(x;y, z)
Vi hudng ciia may bay khong doi nén AB va BC cung hudng.
Do van toc clia may bay khong ddi va thoi gian bay tir 4 dén C gép ba thoi gian bay tir B dén C
nén AC =3BC
Do d6 AC =3BC; BC =(1010-x;575- ;10— z)
Mit khac AC =(210;75;3)

3(1010—x)=210 x =940
Suy ra 3(575—y) =75 < y=550

3(10-z)=3 z=11

Vay diém B(940;550;11)

Trén phan mém mo phong viée diéu khién drone giao hang trong khong gian Oxyz , mét drone
giao hang dang ¢ toa do A(1;0;1) di chuyén dén dia diém nhan hang 1a B(4;4;6). M&i don vi
trén phan mém bang 1km ngoai thuc té. Biét tc do cua drone 13 80km / h; gia st rang tir vi tri
giao hang va nhan hang khong gip chudng ngai vat, stic can gié khong dang ké dé drone bay
theo duong thang. Thoi gian drone bay tir vi tri ban dau dén dia diém giao hang mat bao nhiéu
phut (1am tron dén hang thap phan)?
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Cau 7:

Cau 8:

CHUYEN PE Il - VECTO TRONG KHONG GIAN
Loi giai

Tinh dugc 4B =/(4-1)" +(4-0) +(6-1)’ =52 (don vi trén phin mém) khodng cach

ngoai thuc té s& 1a 5\/5 km .

gi0, doi sang bang

542 542
Thoi gian bay cia drone la 8£ z\z/o_ .60 = ISf ~ 5,3 phut.

Trong khong gian vdi hé truc toa Ao Oxyz cho trude, (don vi do: km), ra da phat hién mot may
bay chién dau Su-35 cta Nga di chuyén véi van toc va hudng khong doi tir diem M (300;150;7)
dén diém N(800;550;13) trong 20 phut. Tinh toa d6 cia may bay sau 5 phut tiép theo néu may
bay giit nguyén van tdc va hudng bay.

Loi giai
Taco : MN =(500;400;6).

Gia sir sau 5 phut, vi tri may bay & diém P thi NP = %]\TN = (125;100;%).
. A 1R . 29
Do d6, toa do diém P la (925 650; 7]

Tinh cong(don vi N) sinh béi luc 17“(6; 8;—10) tao béi mot drone giao hang khi thyc hién mot
dd dich chuyén d (100;200;200).

—
Loi giai

—_—

|F| d|.cos(F.,d F.d =6.100+8.200 + (~10).200 = 200 (N)

Mot em nho can ning 20kg trugt trén cau truot dai 3m. Biét rang cau trugt c6 gbc nghiéng so
v6i phuong ndm ngang 13 30°. Cho biét cong A(J) sinh boi mot luc F c6 do dich chuyén d dugc
tinh boi cong thic 4 = Fd. Hay tinh cong sinh boi trong luc P khi em nho truot hét chidu dai
ciu truot biét gia toc roi tw do g =9,8m/s>.
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Cau 10:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Loi giai
Ta co: |P’| = P=mg=20.9,8=196(N).
|2| - |A—C'| = AC =3(m).

Cau truot cd goc nghiéng so véi phuong nam ngang 1a ACB =30° nén (13,71) = CAB = 60°
Cong sinh bdi trong luc Pkhi em nho truot hét chiéu dai cau truot 3mla:

A=Pd =|P| |d|cos(P,d) =196.3.cos 60" = 294(J) .

Trong khong gian chon h¢ truc toa d6 cho trudce, don vi do léy kilomét, ra da phat hi€én mdt may
bay chién diu X di chuyén véi van toc va huéng khong doi tir diem M (1000;600;14) dén diém
N trong 30 phat. Néu may bay tiép tuc giir nguyén vén tdc va hudng bay thi toa 46 cia may bay
sau 10 phut tiép theo bang Q(1400;800;16). Toa do vi tri diém N (a;b;c), tinh S=a+b+2c.

Loi giai

M
Goi N(x;y;z) 1a toa d6 ciia may bay sau 30 phiit. ]\TQ = (400; 200; 2)
NO =(1400-x;800- y;16 - 2)

Vi mdy bay gilt nguyén hudng bay nén M—Q va N—Q cung hudng.
Do may bay tiép tuc giit nguyén van tdc va thoi gian bay tir M — O gip 4 1an thoi gian bay tir
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Cau 11:

Cau 12:

CHUYEN DE II - VECTO TRONG KHONG GIAN

N —> Q0 nén MQ=4NQ

400 = 4(1400—x) £ =1300
Suy ra MO =4NQ <1200 =4(800-y) <1y =750 = N(1300;750;15,5)

2=4(16-z) z=15,5
Toa d¢ vi tri diém N 1a (1300;750;15,5)
Mot chiéc may do dac tric dia dugc dit trén mot gia d& ba chan voi diém dit S(0;0;4) va cac
diém tiép xtc v&i mat dat cta ba chan 1an luot 1a A(=2;0;0), B(l;\/g;O), C(l;—\/g; 0). Biét rﬁng
trong luc tac dung 1én chiéc may c6 do 1on 1a 30 N va dugc phan bd thanh ba luc Fl, 1?’2, F; co

d6 16n bang nhau nhu hinh duéi. Tinh tich v huéng cia F,.F, .

/ | S

Loi giai
Ta c6: SA =(—2;0;—4);S—B =(l;\/§;—4);ﬁ' =(1;—\/§;—4) = 84=5SB=S5C =\/%.
Lai c6 AB= (3;x/§;0);R'=(3;—\/§;0);§’=(O;—2x/§;0) = AB=AC = Bsz/E. Dan dén
hinh chép S.4BC déu c6 duong cao la SO =4, véi 0(0;0;0) 1a trong tim tam gidc ABC. Mit
khac,
F = kSA = (-2k;0;-4k), F, = kSB = (k; \Bk;—4k),
F, =kSC =(k;—3k;~4k) = F, + F, + F; = (0;0;-12k)
Ma F, +F, + F, = P=(0;0;-30) nén —12k:—30<:>k=§.

5 53 175

Suy ra F, =(=5;0;-10), F, (E = —10] Vay, F.F, = -
Hai chiéc may bay khong ngudi lai cing bay 1én tai mot dia diém. Sau mot thoi gian bay, chiée
mdy bay thtr nhat cach diém xuat phat vé phia Bac 20(km) va vé phia Tay 10(km), dong thoi
cach mit dat 0,7(km). Chiéc mdy bay thr hai cach diém xuat phat vé phia Dong 30(km) va vé
phia Nam 25(km), dong thoi cach mat dat 1(km). Xac dinh khoang céach giita hai chiéc may
bay.
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Cau 13:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Loi giai
Chon h¢ truc toa do Oxyz, voi géc dat tai diém xuét phat cua hai chiéc may bay, mat phén

(Oxy) tring véi mit dat, truc Ox huéng vé phia Béc, truc Oy huéng vé phia Tay, truc Oz

hudng thang dimg 1én troi, don vi do 14y theo kilomét (xem hinh v&).

'Bi.c‘
Chiéc méy bay thtr nhat c6 toa do (20;10;0,7).
Chiéc méy bay thr hai c6 toa d (—30;-25;1).

Do d6 khoang cich gitra hai chic may bay la: \[(20+30)’ +(10+25)’ +(0,7-1)’ ~ 61 (Jm)
Cho biét bon doan thang ndi tir mot dinh cua tir dién dén trong tdm mat d6i dién ludn cit nhau
tai mot diém goi 1a trong tdm cua tir di€én d6.Mot phan tor metan CH, duoc cau tao bai bdn
nguyén tir hydrogen & cac dinh ciia mot tir dién déu va mot nguyén tir carbon & trong tim ctia ti
dién.Goc lién két 1a goc tao bai lién két H —C — H 1a goc giita cac duong ndi nguyén tir carbon
v6i hai trong sé cac nguyén tir hydrogen. Tim d6 16n goc lién két nay.

o ) e
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Cau 14:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Tir hinh v& ta thiy goc lién két 1a goc (GA, GS)
SH 1 AE

nén ta c6 hé truc toa do nhu hinh véi voi E trung
SH 1 BC

Taco: AE L BC,SH 1 (ABC) :>{

véi goc toado O
Gia str cac canh cua tir dién c6 dd daila a

2
Ta co: SE = AE = AB* — BE* = /az—(%] :“\f:A{a\f;o;oJ

HEzﬂza\/g:H a\/g;O;O
3 6 6
2 2
SH =/SE? — HE? = a3 | (a3 :aﬁzS 6’\6;0;6“/g
2 6 3 6 3
Lai co: E=E:l:>FH//SA va AF cat SH tai G nén GH:GF:FH:HE:l
SE AE 3 GS GE SA AE 3
:»GH:lSH=l~a‘/g=“‘/€:>G aﬁ;o;aﬁ
4 4 3 12 6 12
Do d6: GA = &;o;—ﬁ :GA:“ﬁ
3 12 4
ﬁ:(o;o;a 6]:»(?5:“ 6
4 4
_a 6_a\/g
; eV IeT 12 4 1 = =< .
Ta co: cos(GA,GS)=—~=—F—=——=(GA4,GS) =109,5
( ) a\@a\@ 3 ( )
4 4

Trén phan mém md phong viéc diéu khién drone giao hang trong khong gian Oxyz , mot doi
g(‘A)m ba drone giao hang A4, B,C dang c6 toa d¢ la A(l;—3;2) , B(m;m—2;6), C(m—Z;m;S) ,
trong d6 m la tham s6, don vi do do dai tinh b.':fmg kilomet. Biét kho hang dang ¢ tai diém I (1; I; 0)

. Vi 1y do nhién liéu nén cac drone khong duoc di chuyén qua xa kho hang, cu thé 1a cac drone
khéng duogc cach kho hanh qua 100 km. Xac dinh gia tri cta tham sé m dé cac drone cach kho
hang khong qua 100km.
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Cau 15:

Cau 16:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Tacé I4 =25 <100
IB=(m=1) +(m=3)’+36

1€ =(m=3)" +(m—1) +25

R& rang IC < IB v&i moi m, do vy ta chi can tim m dé done B khong xa kho hang qua
100km. Tirc 1a

& (m—1)" +(m=3)" +36 <10000 < 2m* —8m —9954 < 0

& —68,6<m<72,6

Mot thiét bi tham do day bién dang lin voi vecto van tdc cua thiét bi khi bién dung yén 1a
v =(11;7;—4) (don vi: km/h). Cho biét vecto vén toc cla dong hai luu cia ving bién la
= (4;2;0) (don vi: km/h). Tinh toc do ctia thiét bi trong diéu kién c6 dong hai luu, cac yéu to
khac khong dang ké (don vi km/h, lam tron dén hang phan chuc).

Loi giai
Tacod v+w=(11+4;7+2;-4+0)=(159;—4) 1a vecto van tc cua thiét b trong diéu kién c6

dong hai lwu. Khi d6 tée d6 cua thiét bi trong diéu kién c6 dong hai luu 1a

v+ = \/152 +97+(-4)" =322 %17,9 (kmv/h).
Mot chiéc dién thoai iphone dugc dat trén mot gid do c6 ba chan voi diém dat S (0; 0; 20) va cac

diém cham mat dat cua ba chan lan luot 1a A(0; —6;0),B(3x/§;3; 0) , C(—3\/§;3;0) (don vi cm).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN
Cho biét dién thoai co trong lugng 1a 2 N va ba luc tac dung 1én gid do dugc phan bd nhu hinh
vé 1a ba luc F,F,F, c6 do lon bing nhau. Biét toa do cua luc F =(a;b;c), khi do

T =2a+5b+6¢ bang?

Loi giai
Theo gid thiét, ta c6 céc diém §(0;0;20), Ag(O;—6;0),B(3\/§ :3;0), C(-3v3;3,0)
Suy ra S4 = (0;-6;-20); B = (3v/3;3;-20); SC = (-3+/3;3;-20).
Suy ra $4=SB=SC=+/436 ma |F|=|F|=|F|= 3k eR sao cho
F1 = kSA = (0;-6k;-20k)
F = kSB = (34/3k; 3k, 20k
F = kSC = (~3/3k; 3%;-20k )
Suyra F +F,+F, = (0;0,-60k) . Goi F la trong luc tac dung 1én dién thoai=> F = (0;0,-2)

Mat khac, ta co: E+E+E:ﬁ suy ra —60k:—2:>k:%.

a=0
A 1 2 1
Vay F = 0-5i-3|= b=—§:>|T=2a+5b+6c=0—1—4=—5|.
2
c=——
3

Cau 17: Mot phong hoc co thiét ké dang hinh hdp chir nhat vdi chiéu dai 1a 10m, chiéu rong la 8m va
chiéu cao 1a 4 m. Mot chiéc dén dugc treo tai chinh giita trin nha ctia phong hoc. Xét hé truc toa
d6 Oxyz c6 gbc O tring v&i mot goc phong va mat phang (Oxy) tring v6i mat san, don vi do

duogc 1dy theo mét (Hinh v§).
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Cau 18:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

S
|
|
|
|
|
|
|
|
v

10 m
X
Tinh khoang cach tir diém treo bong dén dén goéc phong hoc (két qua 1am tron dén hang phan
tram).
Loi giai
V6i hé truc toa d6 Oxyz ¢6 gbe O tring véi mot goc phong va mit phang (Oxy) tring véi mit

san, don vi do duoc léy theo mét.

|
M '
B’ T
l4m
|
O,L D y
s
52 > ol 8m
Bl -~
10 m C

R

Phong hoc thiét ké dang hinh hop chit nhat OBCD.A'B'C'D' v6i A'B'C'D' 14 hinh chir nhat. Goi
M 1a giao diém cua hai duong chéo A'C' va B'D' nén M la trung diém cia A'C’ véi
A'(0,0;4), C'(8;10;4).

Vi dén dugc treo tai chinh giita tran nha ctia phong hoc nén diém treo bong dén trung vai diém
M.

XX

X, = 2 =4

M

Co 4y, = % =5 nén M (4;5;4), khoang cach tir diém treo bong dén dén goc phong hoc

_ZatIe _,

Zy )

1a OM =4 +5°+4> =57 =7,55.
Phan mai cua mot can nha c dang 1a khéi da dién duoc mé ta va gén trén hé truc toa d6 Oxyz
nhu hinh v&. Tinh thé tich khéi da dién ctia mai nha.
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

D

M(2342;0)

y ’ E(—1052;0)

B(—8;2;0
Y E(—10;2;0)

Khéi da dién tao ra mai nha duoc tach thanh 3 khéi 1a 2 khdi chop co day 13 hinh chit nhat va
khéi lang tru dimg tam giac nén
V = VS.ADMN + VSAD.KBC + VK.BCFE

Ma Vs ipuw = Vi sere

MN =4
Theo hinh v& hé truc c6 N(2;2;0)suy ra § AN =2
AB =8
1 1

Khi 46, V=20 o + Vi suc = 25423+ 43.8= 64 (v,

Cau 19: Mot do choi c6 dang hinh tir dién déu lam bang thiy tinh c6 canh bang 10cm . Bén trong dat mot
dén nho. Pén dt trén duong ndi tir dinh cia tr dién xudng tim cta dudng tron ngoai tiép da giac

546 ey e s ol
day va cach dinh mot khoang 1a Tcm . Bén dugc nodi boi hai day qua hai dinh cua t dién nhu

hinh v&. Cudng d6 luc téng hop cua hai day tac dung 1én dén 1a bao nhiéu?
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

B

Goi tr dién 13 S.ABC va M,G,G' lan luot 1a trung diém cua BC, trong tam cia AABCva vi
tri dat den.

S.ABC 1a tir dién déu = AABC déu nén G la tim cua duong tron ngoai tiép AABC .

sJ_

= §,G".G thang hang va SG'=

Chon hé tryc toa dd Oxyz nhu hinh v& sao cho M (0;0;0)

Co: AM =53, MG:%AM=¥,
AG:%AM:% SAz—AGzzg.

Khi 6 S[SI IO[J A(543;0;0), B(0;-50), €(0;5;0)
G la trong tam cia AABC = G[?;O;Oj

:SG'z%SG :TG‘:%E
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Cau 20:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

b

3 6

4
3
> , :G’(ﬂ;o-ﬁ)

cos(4G567) = 5 AG _ L
|SG'|.|AG'| 3

Goi F,F,F, lan luot 1a luc téng hop va lyc cta hai day tac dung 1én deén
Co6 F=F +F,=AG'+5G’

—_—

= |F|= (E@E‘Y

—|F|=sG*+ 4G +24G'5G"

~[F= \/SG'2+ AG™+24G'5G".cos( 4G, 5G")

- J[ﬂj{ﬂ]:zﬂﬁ.(g 5
3

2 2 2 2

Mot kién tric su mudn xay dung 1 toa nha biéu tuong doc la cho thanh phé. Trén ban thiét ké
toa nha c6 hinh dang 1a mdt khdi lang tru tam giac déu, c6 canh bén béng canh day va dai 300
mét (tham khao hinh v&). Kién triic su mudn xay dung mot cdy ciu MN bic xuyén toa nha (diém
dau thudc canh 4'C, diém cudi thudc canh BC') va cdy cau ndy s& duoc dat vang véi don gia 5
ty dong trén 1 mét dai. Vi vay dé dap ung bai toan kinh té, kién tric su phai chon vi tri cdy cau
sao cho MN ngin nhit (Goi y: doan thang ndi hai duong ngin nhét chinh 1a duong vudng goc
chung). Khi d6 gia xay cy cau nay hét bao nhiéu tién?

CV

Loi giai
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Cau 21:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

Chon h¢ truc toa d0 Oxyz nhu hinh vé (O 1a trung diém cua BC). Ta co: A'(O;—lSO«/g;SOO),
B(150;0;0), C(~150;0;0), C'(~150;0;300), C4' =(150;~15013;300), BC' =(~300;0:300)
CM =mCA

CM =mCA o M(—150+150m;—150\/§m;300m),

BN =nB(C'

N (150 -3007;0;3007)

Goi m,n thdéa man {

— MN = (—150m—300n+300;150\/§m;300n—300m).

Pudng thing MN 1a duong vudng goc chung cia A'C va BC'nén:
2
m==
5
3

MN.CA' =0 ~dm+n=-1 —
{ c @{ men = MN =(60:6013:60) = MN =605

MNBC'=0  [-m+4n=2 "

5

Sé tién xay cdu la: T =60/5.5~ 671ty dong.

Mot thap trung tdm kiém soat khong luu & san bay cao 80 m st dung ra da c6 pham vi theo ddi
500 km duogc dat trén dinh thap. Chon hé truc toa d0 Oxyz c6 géc O trung vaéi vi tri chan thap,
mit phing (Oxy) tring v6i mit dat sao cho truc Ox hudng vé phia tiy, truc Oy hudng vé phia
nam, truc Oz hudng thang dtng 1én phia trén (Hinh 2) (don vi trén mdi tryc tinh theo kilémét).
Mot may bay tai vi tri 4 cach mat dat 10 km, cach 300 km vé phia dong va 200 km vé phia
bac so véi thap trung tim kiém soat khong luu. Trong cac khang dinh sau day, khang dinh nao
dung, khang dinh nao sai?

z

a) Ra da ¢ vi trf co toa do (0;0;0).
b) Vitri 4 c6 toa do (300; 200;10).
¢) Khoang cich tir may bay dén ra da 1a khoang 360,69 km (lam tron két qua dén hang phan
tram).
d) Ra da cua trung tam kiém soat khong luu khong phat hién dugc may bay tai vitri 4.
Loi giai
a) Theo gia thiét, ra da & vi tri c6 toa do (0;0;0,08). Vay a) sai.
b) Diém A(-300;-200;10). Vay b) sai.
¢) Khoang cach tir may bay dén ra da la:
J(—300 —0)* +(-200-0)* +(10-0,08)* ~360,69( km). Vay c) diing.

d) Vi 360,69 < 500 nén ra da ciia trung tdm kiém soat khong luu c6 phat hién duge may
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Cau 22:

Cau 23:

CHUYEN PE Il - VECTO TRONG KHONG GIAN

bay tai vi tri 4.Vay d) sai.
Hinh v& sau mé ta vi tri ciia may bay vao thoi diém 9h30 phit. Biét cac don vi trén hinh tinh theo
don vi km. Trong cac khiang dinh sau déy, khang dinh nao ding, khiang dinh nao sai?

AZ
ol
1.
~:%
i 300 Y
Os- >
. . .- (Pong)
150 A ... . =L

x 7 (Nam)
a) May bay dang ¢ d0 cao 9km.
b) Toa d6 cua may bay (300;150;9).
¢) Phi cong dé may bay & ché do tw dong v6i van tde theo hudng dong 13 750km / i, 46 cao
khong d6i. Biét rang gi6 thoi theo hudng dong véi van toe 10m / s. Gia st van tde va hudng gio
khong dbi thi lc 10h30phit méy bay & toa do (150;1086;9).
d) Sau khi bay dén vi tri lac 10h30 thi may bay bay nguoc lai voi van tdc 800km / h véi do cao
khong doi, biét lic do troi ling gi6 thi luc 11h may bay & toa do (686;150;9).

Loi giai

a) Dya vao hinh v€ ta thay may bay dang & dd cao 94m.Vay a) dung.
b) May bay ¢ toa do (150;300;9). Vay b) sai.
¢) Vén toc gi6 10m/ s =36km/h
Quang duong may bay bay dugc 1a: 750 +36 = 786km
Do d6 toa do cua may bay la: (150;1086;9). Vay c) ding.

d) Quang dudng may bay bay duoc 1a: 800% =400km . Do d6 toa do may bay 1a (150;686;9).

Vay d) sai.
Mot chiéc may bay dang bay trén khong trung. Xét hé truc toa dd Oxyz dugc gin nhu hinh v&,
trong d6 gbc O 1a vi tri cua tram kiém soat khong luu va M (x; y;z) (km) bi€u thi vi tri may bay

trén khong trung. Tai thoi diém 8h may bay dang & vi tri (50;120;4) va chuyén dong véi vén toc
v =(300;400;3) (km/h)

a) Tai thoi diém 8h, khoang cach giita may bay va tram kiém soat khong luu noi trén x4p xi
130 km (sai s6 khong qua 1km).
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CHUYEN PE Il - VECTO TRONG KHONG GIAN

b) Tai thoi diém 9h d6 cao cua may bay so voi mit dét 1a 8km.

¢) Tai thoi diém 10h, khoang cach giita may bay va mot thap truyén hinh F ¢6 toa do
(1250;1020;0) xép xi 700km (sai s6 khong qua 10km).

d) Khi dat d6 cao 10km, méy bay déi van téc méi 1 v, = (400;300;—5) dé huéng dén san bay
B . Toa d0 ciia may bay khi vira dap xudng san bay B 1a (1450;1520; 0) .

Loi giai
a) b) c) d)
Dung Sai Sai Dung

a) OM = (50;120;4)= OM = J50% +120° +4° ~ 130,06

Vay khoang cach giita may bay va tram khong luu tai thoi diém 8h x4p xi 130km.
b) Ta c6 OM +7 =(350;520;7)

Tai thoi diém 9h, toa do clia mdy bay 1a M| (350;520;7)

Vay d6 cao ciia may bay so voi mat dat 1a 7km.

¢) Taco OM +2¥ =(650;920;10).

Vay tai thoi diém 10h, toa do cua may bay la M, (650; 920;10)

Taco: M, F = (600;100;10) = M,F = V6002 +100> +10> ~ 608,36

Vay khoang cach giita may bay va thap truyén hinh F x4p xi 600km.

d) Tir @6 cao 10km, véi toc d6 ha do cao 1a Skm/h thi may bay can 2h dé dap xudng dit.
Ta c6: OM, +2v, = (1450;1520;0).

Vay toa do ctia may bay khi dap xubng la M, (1450;1520; 0)
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