CHUYEN PE 11_CAC MO HINH THUONG GAP VA CAC BAI TOAN TONG HQP HINH HQC
A. KIEN THUC CO BAN CAN NAM

I. TU GIAC NOQI TIEP
1. Dinh nghia

- T gidc c6 bon dinh ndm trén mot duong tron dwoc goi 1 tir gide ndi tiép dudng tron (hodc don gian
1a tir gidc noi tiép) va dudng tron duge goi 1a dudng tron ngoai tiép tir giac.

2. Tinh chét ciia tir gidc ndi tiép :
- Trong mdt t&r giac ndi tiép, tong sb do hai goc dbi nhau bang 180°

AB

N

Trong hinh v&, ttr gidc ABCD ndi tiép (O) nén ta co:

A+C=B+D=180"
3. Chirng minh ti gisc ndi tiép
- Ta chiing minh bon dinh cta tir giac cach déu mot diém cho trudc
VD : Bé chimg minh tir gidc ABCD (hinh trén) ndi tiép (O;R) ta can chimg minh :
0OA=0B=0C=0D=R
II. CHUNG MINH PANG THUC HINH HQC
Pé chirg minh ding thirc hinh hoc ta ¢6 thé sir dung cac phwong phap nhu sau
1. Phwong phap 1 : Chimg minh tam giac dong dang
2. Phwong phap 2 : Dung dinh li Thales
3. Phwong phap 3 : Dung tinh chat duong phéan giac trong tam giac
4. Phwong phap 4 : St dung két hop cac phuong phép trén.
II1. CHUNG MINH HAI PUONG THANG SONG SONG
Dé chimg minh hai dudng thang song song ta c6 thé str dung cac phuong phap nhu sau
1. Phwong phap 1 : Str dung dau hidu nhan biét hai duong thang song song
- Chimg minh cac goc so le trong bang nhau

- Chimg minh cac goc dong vi bang nhau



2. Phwong phip 2 : Str dung mdi quan hé tir vuong goéc dén song song

- Hai dudng thang phan biét cuing vudng goc voi duong thang thir 3 thi chung song song véi nhau.

Trén hinh v€, a L ¢; b L ¢ nén a//b
3. Phwong phap 3 : Sir dung tinh chat cta cac tir gidc dic biét.
VD : Str dung tinh chit vé canh ctia hinh binh hanh, hinh chit nhét, hinh thoi, .....
IV. CHUNG MINH HAI PUONG THANG VUONG GOC
Pé ching minh hai dudng thang vudng goc ta c6 thé st dung cac phuong phap nhu sau
1. Phwong phap 1 : Stir dung mdi quan hé tir vuong géc dén song song

(v

u a

Trong hinh v€, @ L ¢; a//b nén b Lc
2. Phwong phap 2 : Sir dung tinh chét ba duong cao trong tam giac

A

B~ - C
Trong hinh v&, chting minh duoc H 1a giao diém ctia hai duong cao BE;CF nén H 1a tryc tim clia tam
giac ABC . Do d6, AH L BC

3. Phwong phap 3 : Str dung tinh chat dao ctia dudng trung tuyén Gng v6i canh huyén trong tam giac
vuong.

Pinh Iy : Trong mot tam giac, néu duong trung tuyén Gmg véi mot canh bang nira canh 4y thi tam giac

la tam giac vuong.



A c

Trong hinh v&, Xét tam gidc ABC c6 :

AM:BM:MCzB—ZC

Thi tam gidc ABC vudng tai A.

4. Phuong phap 4 : Str dung tinh chat vé goc ca céc tir giac ddc biét nhu hinh chit nhat, hinh vudng
hodc tinh chat dudng chéo cua hinh thoi, hinh vudng.

IV. CHUNG MINH BA DIEM THANG HANG.
Dé ching minh hai duong thang vudng goc ta co thé sir dung cac phuong phap nhu sau:

1. Phwong phap 1 : Chimg minh dya vao Tién dé Ocid : Qua mot diém nam ngoai duong thang ké
dugc duy nhat mot duong thang song song voi dudng thang da cho.

A B c

a

Vi du : Trong hinh v&, ta can chimg minh : AB//a; AC//a . Tt @6, theo Tién dé Oclid thi dudng thiang
AB va AC 13 hai duong thang tring nhau. Do d6, ba diém 4, B,C thang hang.

2. Phwong phap 2 : Chimg minh dya vao tinh chat : Qua mot diém nam ngoai dudng thiang ké dugc
duy nhat mot dudng thang vudng goc véi dudng thang da cho.
A

B

Vi du : Trong hinh v&, ta can chimg minh : 4B 1 a; AC L a. Tir @6, duong thang AB va AC 1a hai
dudng thing trung nhau. Do dé, ba diém A4, B,C thang hang.

3. Phwong phap 3 : Chirng minh hai canh cua goc trung nhau



B® ° A

Vi du : Trong hinh v&, ta can chtng minh : ABC = ABD . Tu d6, duong thang BC va BD 1a hai duong
thang trung nhau. Do d6, ba diém B,C,D thang hang.

4. Phwong phap 4 : Sir dung tinh chat goc bet.

Ae d o(C
B

Vi du : Trong hinh V€, ta can ching minh : ABD+ DBC =180". Tur do, ta c6 BA, BC 1a hai tia ddi
nhau. Do d6, ba diém B,C, 4 thrfmg hang.

5. Phwong phap 5 : Str dung tinh dudng chéo cta cac tr gidc dac biét.

K

Vi du : Trong bai toan trén, v6i dit kién H 14 truc tim tam giac ABC . Cac duong thang BK va CK lan
luot vudng goc vi AB, AC . Goi M 1a trung diém cua BC . Ching minh : Ba diém H,M,K thing hang.

Dé chirg minh bai toan trén, ta chimg minh t&r giac BHCK 14 hinh binh hanh nén hai duong chéo BC, HK
cit nhau tai trung diém cua mdi duong ma M 14 trung diém caa BC nén M 1a trung diém cua HK. Do
do, ba diém H,M,K théng hang.

V. BAI TOAN CUC TRI HINH HOC.
Trong bai toan lién quan dén Bat dang thirc va cuc tri hinh hoc ta thuong sir dung tinh chat:

1. V&i hai sé duong x, y ta cé: (x—y)2 > 0. Tir d6 chimg minh duoc: (x+y)2 < 2(x2 +y2). Déu bang
dang thirc xay ra khi x =y



2. Bat dang thirc Cauchy: V6i hai sb duong a,b ta co: a+b > 2+ab . Dau bang dang thirc xay ra khi
xX=y

Vi du: Cho duong tron (O; R) duong kinh AB . Goi H 1a diém ndm giita O va B. Ké diy CD vudng goc
v6i AB tai H.Trén cung nho AC liy diém E bat ki (E khac 4 va C). Ké CK vudng goc v6i dudng
thang AE tai K. Pudng thing DE cit CK taiF .

a) C/m: Tt giac AHCK 14 tir giac noi tiép.

b) C/m: tam gidc ACF la tam gic can.

¢) Khi CD, AB cb dinh. Tim vi tri ciia diém E dé dién tich tam giac ADF 16n nhat

Giai:
F

K
C

M
-

A 0 7 B

D

a) C/m: Tu gidc AHCK 12 tir giac noi tiép.
+)Co CK L AK (gt) = AKC =90°
+)C6 CD 1 ABtai H (gt) = AHC =90°
+) Xét tir giac va ¢/m ndi tiép

b) C/m: tam gidc ACF la tam giac can.
+) C/m: KH /| EF

+) Van dung tinh chat duong trung binh cta tam giac CDF ¢/m: K la trung diém cua EC
+) Xét tam giac 1ap ludn AK 1a dudng cao dong thoi 1a duong trung tuyén dé suy ra tam gidc can

¢) Khi CD, AB c6 dinh. Tim vi tri ciia diém E dé dién tich tam gidc ADF 16n nhat
+) AB la dudng trung tryc cua CD nén AC = AD ma AC = AF do tam gidac ACF céan

Suyra AD = AF . Tu do, tacd AADF cantai 4
+) K& AM vuodng goc voi DF tai M

C/m: AAMF = AAMD suyra S, = 25, (1)

+) Ap dung BDT Cauchy cho AM* va MD?cé:



AM?* + MD?* > 2\ AM?*. MD?

2 2
AM,MDSM

Ma AM?* + MD* = AD* (PTG AAMD)

Dau bang xay ra khi: AM = MD

+) T (1), (2) = S, max khi AM = MD hay tam giac AMD can tai M
— ADM =45 hay ADE = 45"

Vay dién tich tam gidc AFD 16n nhat khi £ nim trén cung AC sao cho goc ADE = 45°
NHUNG MO HINH THUONG GAP TRONG PE TUYEN SINH 9 LEN 10
Bai todn 1: Biét 4BC, ADE 1a hai cat tuyén cua (O). Chimg minh: AB.AC = AD.AE

E
D
0
A B\/C

Bai todn 2: ABCla cét tuyén cia (O), AT 1a tiép tuyén. Chimg minh: AT = AB.AC

Bai toan 3: Cho (O; R), ABC lacattuyén, O4 = d. Chimg minh AB.AC = d* -

£

Bai toan 4: Biét BC, DE 1a hai day cung cit nhau tai 4. Chimg minh: AB.AC = AD.AE




Bai toan 5: Cho AABCnhon; AD, BE, CF la 3 duong cao cit nhau

1) DB.DC = DH.DA A
2) HA.HD = HB.HE = HC.HF
3) AF.AB=AH.AD = AE.AC
E
H
-
B D
Bai toan 6: Cho AABCnhon; AD, BE, CF 1a 3 duong cao cit nhau tai H.
1) Chimg minh: AEHF ndi tiép, xac dinh tAm va ban kinh. A
E
H
-
B D
2) Chung minh: BCEF ndi tiép, xac dinh tam va ban kinh. A
E
B D

Bai toan 7: Cho AABC nhon; AD, BE, CF 1a 3 dudng cao cit nhau tai H, I 13 trung diém BC.

Chimg minh: H 13 tAm dudng tron ndi tiép ADEF




Chimg minh: D, F, E, I € duong tron A

B DI . C

Bai toan 8: AABC nhon ndi tiép (O); AD, BE, CF la 3 duong cao cit nhau tai H, AH cit (O) tai D’. Chimg
minh: D’ d6i xtng véi H qua BC.

A

Bai toan 9: AABC nhon ndi tiép (O); AD, BE, CF 14 3 dudng cao cit nhau tai H. AH cat (O) tai D'. Ching
minh: BD’KC 1a hinh thang can

Bai toan 10: AABC nhon ndi tiép (O); AD, BE, CF 1a 3 dudng cao. Ching minh: OA L EF

A

Bai toan 11: 4B, AC 1a hai tiép tuyén cit nhau tai 4, ADE la cat tuyén. F la trung diém day DE. Chimg
minh: 4, B, O, C, F € dudng tron.



AE

C

Bai toan 12. AB, ACla hai tiép tuyén cit nhau tai A. M e BC nhé. H , I, K 1a hinh chiéu cia M trén
AB, BC, CA. Chimg minh: MI* = MH MK

B

N

C

Bai toan 13: Cho (O), dudng kinh AB, day CD L AB tai H. Tiép tuyén tai C cat AB tai M. Ching minh:

BM.AH = BH.AM
C

yB M
D

Bai toan 14: Cho (O; R), duong kinh AB, C e (0), CH L AB tai H. Tiép tuyén tai B, C cit nhau tai D.
Chung minh: AD qua trung diém I cia CH.

A O

Bai toan 15: A4BC nhon noi tiép (O); AD, BE, CF 1a 3 dudng cao cit nhau tai /7, goi M 1a trung diém
BC. V@ duong kinh 4K.



a) Ching minh: BHCK 1a hinh binh hanh

b) M, H, K thang hang. suy ra M 1a trung diém Hk.

c) OM la duong trung binh cia AAHK. suy ra AH =20M

d) Néu O’ ddi ximg v6i O qua BC thi AHO'O 14 hinh binh hanh = O’'H=0A=R. Trong truong hop khi
(BC=R3 < A =60°) thi AHO'O I hinh thoi

B. BAI TAP VAN DUNG

Caul:

Cau 2:

Cau 3:

Cho tam gidc ABC nhon (4B < AC) ndi tiép dudng tron (O). Hai duong cao BE va CF cua
tam giac ABC cit nhau tai diém H. Goi K 1a trung diém BC.

a) Chimg minh AAEF dong dang AABC.

b) Chiing minh dudng thang OA4 vudng goc véi dudng thang EF.

¢) Pudng phan giac goc FHB cit AB va AC lan lugttai M va N. Goi [ 13 trung diém cta
MN, J 13 trung diém ctua AH. Ching minh t&r giac AFHI ndi tiép va ba diém 7, J, K thang
hang.

Cho dudng tron (O), diy CD c6 dinh. Goi B 1a diém chinh giita cung nhd CD, ké dudng kinh
AB cat CD tai I.Lay diém H bat ky trén cung 1on CD, HB cit CD tai E . Pudng thing
AH cat duong thang CD tai P.

a). Chimg minh: T gidc PHIB noi tiép.

b). Chung minh: 4A4H.AP = AIl.AB.

¢). Goi K 1a giao diém cua duong thang AE va BP.Ké KM | AB cit AB tai M , cit
dudmg tron (O) tai N . Ching minh N,/,H thang hang.

Cho duong tron tam (O) va day BC c6 dinh khong di qua O. Trén cung 16n BC' lay diém A
sao cho AB < AC . Ké duong kinh AK,E 1a hinh chiéu ciia C trén AK. M 1a trung diém
cua BC'.

a) Ching minh bon C, E, M, O cung thuoc mdt dudng tron.

b)Ké AD | BC tai D.Ching minh AD.AK = AB.AC va AMDE can.

¢) Goi F 1a hinh chiéu ciia B trén AK . Ching minh khi 4 di chuyén trén cung 16n BC thi
tam duong tron ngoai tiép ADEF 1a 1 diém cd dinh.



Cau 4:

Cau 5:

Ciu 6:

Cau 9:

T gidc ABCD nbi tiép duong tron tam O duong kinh AD- Hai dwong chéo AC, BD cét nhau
tai £. T £ k¢ EF vuong goc véi AD ( F € AD). Puong thing CF cét duong tron tai diém
thir hai 1a M. Giao diém cua BD va CF 1a N.Ching minh:

a) CEFD la tir gidc noi tiép.

—

b) F'A latia phan giac cia BFM .

¢) BE.DN = EN.BD.

Trén nira duong tron (O; R) dudong kinh BC | 1ay diém A sao cho BA=R.

a) Chimg minh tam giac ABC vudng tai A va tinh sb do cac goc B, C cua tam gidc vuong ABC
b) Qua B ké tiép tuyén véi nira duong tron (O), nod cit tia CA tai D. Qua D ké tiép tuyén
DE véi ntra dudng tron (O) (E 1a tiép diém). Goi I 1a giao diém cua OD va BE . Ching
minh rang OD 1 BE va DI.DO = DA.DC

¢) Ké EH vudng goc véi BCtai H . EH cat CD tai G . Chirng minh /G song song v&i BC.

Cho dudng tron (O) ¢ dinh. Tir mot diém A c¢b dinh ¢ bén ngoai duong tron (0), ké cac tiép
tuyén AM va AN voi duong tron ( M;N 14 cac tiép diém). Puong thang di qua A cat dudng tron
(O) tai hai diém B va C (B nam giira A va C). Goi I 13 trung diém cua day BC.

a). Chirng minh rang: AMON 14 tir giac néi tiép.

b). Goi K 14 giao diém ctia MN va BC. Ching minh rang: AK.AI = AB.AC
¢). Xéc dinh vi tri ctia cat tuyén ABC dé /a7 = 2N .

Cho duong tron (O;R), duong kinh 4B vudng gbc véi ddy CD tai diém I (I nim gitra 4 va
0). Lay diém E bat ki trén cung nhé BC (E khac B va C). AE cat CD tai K .

a) Chimg minh bén diém K, E, B,I cing thudc mot dudng tron.

b) Chung minh AK.AE = Al.AB.

¢) Goi P la giao diém cua tia BE vatia DC, Q 1a giao diém cua AP va BK . Chung minh
IK 1a phan giac cua @ Chimg minh OQ 1a tiép tuyén ctia duong tron ngoai tiép tam giac
PQOE .

Cho duodng tron (O) duong kinh AB . Day cung MN vuong goc véi AB,(AM < BM ). Hai

duong thang BM va NA catnhau tai K . Goi H 1a chan dudng vudng goc ké tir K dén duong
thang AB .
a) Chung minh t&r gidc AHKM ndi tiép trong mot dudng tron.

b) Chimg minh ring NB . HK = AN . HB.
¢) Chimg minh HM 1a tiép tuyén ctia duong tron (O).

Cho tam gidc ABC(AB < AC) ni tiép trong dudng tron tim O duong kinh BC, dudng thang

qua O vudng goc voi BC cit AC tai D.
a) Chig minh rang tr giac ABOD ni tiép.



Cau 10:

Cau 11:

Cau 12:

Cau 13:

Cau 14:

b) Tiép tuyén tai diém A véi duong tron (O) cét duong thing BC tai diém P, sao cho
PB=BO =2cm . Tinh d6 dai doan P4 va s6 do goc APC.

PB  AB’®

¢) Chirng minh ring — = .
) Chimg & pc A

Cho tam giac ABC nhon (AB < AC’) ndi tiép dudng tron (O) ¢6 hai dudng cao BD,CFE cit
nhau ¢ diém H .

a) Chimg minh: TG gidc BCDE 1a tir gic noi tiép.

b) Tia CE cét dudng tron (O) tai diém thir hai la G . Chimg minh: ABHG can & B.

¢) Hai diém M va N lan luot 13 trung diém cta hai doan thang CH va C'G . Pudng thaing NO
cit canh AC tai diém P . Chung minh: CD.CP = CM.CG va MB 1. MP.

Cho tam gidc ABC nhon (AB < AC)c6 duong cao AD va dudng phan giac trong 40 (D,0
thudc canh BC). Ké OM vudng goc voi ABtai M, ON vudng gbc véi ACtai N .

a) Chimg minh: Tt giac AMON ndi tiép

b) Ching minh BDM = ODN

BAC BC

¢) Sin <
2 AB+ AC

Cho dudng tron (O;R) va diém M nam ngoai dudng tron. Qua M ké hai tiép tuyén MA, MB
vo1 duong tron (O;R)( A, B 1a cac tiép diém). Poan thaing OM cit duong thing AB tai H
va cit dudng tron (O;R) tai diem 1.

a) Chung minh béndiém M, A, B, O cung thudc mot duong tron.

b) K¢ duong kinh AD cua (O;R). Poan thang MD cat dudng tron (O;R) tai diém C khéc
D Chtng minh MA*> = MH.MO = MC.MD .

¢) Ching minh /H.I0 = IM .OH .

Cho tam giac ABC nhon ndi tiép duong tron (O). AD, BE, CF labaduong cao clia tam giac ABC

cit nhau tai H .
a ) Chimg minh bon diém A, F,H,E cing thudc mot dudng tron.

b ) Ké duong kinh AM cia duong tron (O). Ching minh AD.AM = AB.AC

¢) Goi P 1a giao diém cia AH va EF. I la giao diém cia AM va BC. K la trung diém cua
BC . Ching minh: H,K,M thiang hang va PI//HK .

Cho duong tron (O, R) va diy AB cb dinh (AB khong 13 dudng kinh). Goi N 1a trung diém
cia AB. Qua N, ké duong kinh CD ctia dudng tron (O) (C thudc cung nhé AB). Lay diém
M batky trén cung 1on AB (M # A,M # B) ,MC cit AB tai F. Hai duong thang DM va
AB cét nhau tai E .

a) Chtmg minh bon diém M, N,C, E cing thuoc mot duong tron.



Cau 15:

Cau 16:

Cau 17:

Cau 18:

Cau 19:

b) Hai duong thing DF va CE cit nhau tai /. Ching minh KI.KM = KC.KD va NE la tia
phan giac cﬁam

¢) Chimg minh rang; KC_CN

KD DN

Cho tam gidc ABC c6 ba gbc nhon (AB < AC ) ndi tiép duong tron (O), cac dudng cao BE,CF
citnhau & H .

a) Chung minh bén diém B, F, E, C cung thuéc mot duong tron.

b) Tia EF cittia CB tai M . Chitng minh: MF.ME = MB.MC

¢) Tia AH cit BC tai D.Puong thiang qua B va song song véi AC, cit tia AD tai P, cét
doan thing AM tai Q. Ching minh FC 1a tia phan giac cua goc EFD va BP = BQ.

Cho tam gidc ABC ba goc nhon néi tiép (O;R), hai dudng cao BE, CF cit nhau tai H.
a) Chtg minh tir giac BFCE ndi tiép va 40 L EF

b) Chimg minh: sin> BAC +cos’ BAC =1va BC>=AB>+ AC* —2.4B.AC.cosBAC
c) Goi S la dién tich tam gidc ABC, ching minh: S:%AB.AC.sinEfI\C . Cho

AB=6;AC =8;BC =24/13 tinh dién tich tam giac ABC

Cho (O;R) dudng kinh AB ¢ dinh. Day CD vudng goc v6i AB tai H nam giita A va O. Ly diém
F thu¢c cung AC nho. BF cit CD tai I; AF cét tia DC tai K.
a) Chtg minh rang tr giac AHIF 1a tir giac noi tiép.

b) Chtng minh rang: HA.HB = HI.HK.

¢) Puong tron ngoai tiép A KIF cit Al tai E. Chimg minh rang khi H chuyén dong trén doan
OA thi E thuoc mdt duong tron c¢d dinh.

Cho duong tron (0) duong kinh BC. Piém 4 thudc dudng tron théa man AB < AC (4 khéac B,

A khéc C). Lay diém D trén canh AC sao cho AD = AB. V& hinh vudng BADE. Tia AE cit (O)

tai F.
a) Tam gidc FBC la tam gidc gi? Tai sao?

b) Chirng minh: FDC =FCD.
¢) V& tia Bx 1a tiép tuyén ctia (0) tai B, Bx cat CF tai I. Chiing minh ba diém D, E, I thang hang.

Cho duong tron (O;R) dudng kinh AB . Ké tiép tuyén Ax,ldy P trén Ax
(AP >R). T P ké tiép tuyén PM véi (O).

a) Ching minh rang bn diém A, P,M,0 cing thudc 1 dudng tron.

b) Chting minh: BM //OP . Pudng thang vudng goc v6i AB tai O cittia BM tai N . Chimg
minh t gidc OBNP 1a hinh binh hanh.

¢) Gia st AN cit OP tai K;PM cat ON tai I;PN cit OM tai J.Chimg minh 7,J,K thing
hang.



Cau 20:

Cau 21:

Cau 22:

Cau 23:

Cau 24:

Cau 25:

Cho ntra dudng tron (O) duong kinh 4B. Piém M nim trén nira duong tron (M # A; B). Tiép
tuyén tai M cit tiép tuyén tai A va B ctia duong tron (O) lan luot tai C va D

a) Chting minh rang: t&r gidc ACMO ndi tiép.

b) Goi P 1a giao diém CD va 4B. Ching minh: PA.PO = PC.PM

¢) Goi E 1a giao diém ctia AM va BD; F 1a giao diém ctia AC va BM. Chimg minh: Ba diém E;
F; P thang hang.

Cho tam gidc ABC c6 ba gbc nhon (AB < AC ), ndi tiép dudng tron (O). Tiép tuyén tai diém
A clia dudng tron (O) cét duong thing BC tai diém S. Goi I 1a chan dudng vudng goc ké tir
diém O dén duong thang BC.

a) Chung minh t&r giac SA0I 1a tir giac ndi tiép.

b) Goi H va D lan luot 13 chin cac dudng vudng goc ké tir diém A dén cac dudng thing SO
va SC . Chirng minh OAH =IAD.

¢) V& duong cao CE cua tam gidc ABC . Goi O 1a trung diém ctia doan thing BE . Pudng
thang OD cat dudng thang AH tai diém K . Ching minh BQ.BA = BD.BI

Cho hinh vudng ABCD c6 d6 dai canh bang 4 cm . V& dudng tron tim O duong kinh AD; ké
BM 12 tiép tuyén cua duong tron tim O (M 14 tiép diém, M #4), BM cit CD tai K .
a) Chung minh 4 diém 4, B, M, O cung thudc mot dudng tron.

2
b) Chung minh OB L OK va BM . MK = Af .

¢) Puong thang AM cit CD tai E . Chimg minh K 1a trung diém ctia doan thang ED va tinh
chu vi cua tir giac ABKD .

Cho tam gidc ABC ¢6 ba goc nhon nodi tiép dudng tron (0) , ké duong cao BE cua A4BC. Goi
H va K lan luot 1a chan cac duong vudng goc ké tir £ dén AB va BC .

a) Chirg minh tir gidac BHEK 12 tir giac ndi tiép.

b) Chitng minh: BH.BA=BK.BC .

¢) Ké dudng cao CF cuia tam giac ABC(F € AB) va I 1a trung diém cta EF . Chimg minh ba
diém H,I,K thing hang.

Cho tam giac ABC nhon noi tiép dudng tron (0) , cac dudng cao 4D, BE,CF cit nhau tai 1 .
K¢ duong kinh A0 cta duong tron (O) cat canh BC tai [ .

a) Ching minh bén diém 4, F, H, E cung thudc mot duong tron.

b) Chtmg minh BAD = CAQ .

¢) Goi P 1a giao diém cua AH va EF . Ching minh AAEP ddng dang voi AABI vaPl //HQ .
Cho duong tron (O) va diém M & ngoai duong tron. Qua M ké céc tiép tuyén MA, MB va cat
tuyén MPQ (MP < MQ). Goi I 14 trung diém ctia day PQ.

a. Chung minh bon diém B, O, I, M cung thugc mot duong tron.

b. Goi E 14 giao diém thr 2 ctia duong thang BI va duong tron (O). Chirng minh: BOM = BEA
va AE //PQ.

c. Goi K 1a trung diém cia E4. Ching minh ba diém O; I; K thang hang.



Cau 26:

Cau 27:

Cau 28:

Cau 29:

Cau 30:

Cho duong tron tam (O), duong kinh 4B =2R Trén duong tron (O) liy diéem C bat ki (C
khong tring v6i A va B). Tiép tuyén ctia duong tron (O) tai 4 cittia BC o diém D. Goi H
1a hinh chiéu ctia 4 trén duong thing DO. Tia AH cit dudng tron (O) tai diém F (khong
trang voi A).
a) Chung minh tir giac AHCD ndi tiép duoc mot duong tron.
b) Chitng minh ACFH 1a tam giac vudng.
BH.BC

BF

Tir diém M nam ngoai duong tron (0), ké cac tiép tuyén MA, MB véi (0) (B, C 1acac

¢) Tinh gia tri ctia biéu thirc S =

tiép diém). Ké duong kinh AC cia (0) Poan thing MC cit AB tai K va cit duong tron
(O) tai diém thtt hai D . Goi I, H 14n luot 1a céc giao diém cia MO véi BD, AB.

a) Chung minh bén diém M, A, O, B cung thudc mot dudng tron.

b) Chimg minh MO song song véi BC va IM*> =ID.IB .
¢) Goi L 1a giao diém cua IK, HC . Chimg minh ba diém M, B, L thang hang.

Cho nira (0) dwdong kinh 4B =2R, C 1a diém bt ki nim trén nira dudng tron sao cho ¢ khac 4
va AC < CB.DPiém D thudc cung nhé BC sao cho: COD =90". Goi E 1a giao diém ciia AD va
BC, F la giao diém cta 4C va BD,11a trung diém cia EF .

a) Chirmg minh: CEDF 1a tir giac noi tiép

b) Ching minh: £#'C.FA=FD.FB

¢) Chtng minh IC 14 tiép tuyén cua (0)

d) Hoi khi ¢ thay d6i thoa mén diéu kién Cau toan, E thudc duong tron ¢ dinh nao?

Cho dudng tron (O;R) vaddy MN ¢6 dinh (MN <2R ). Ké dudng kinh 4B vudng goc véi day
MN tai E (diém A4 thudc cung nho MN ). Lay diém C thudc diy MN (C khac M, N, E).
Duong thing BC cét (O;R) tai diém K (K khéc B).

a. Ching minh AKCE 14 tir gi4c ndi tiép.

b. Chimg minh BM* = BK - BC .

c. Goi I 1a giao diém cua hai dudng thing 4K va MN ; D 1a giao diém cua hai duong thang
AC va BI . Chtng minh diém C cach déu ba canh ciia ADEK .

Cho ntra dudng tron tim O, ban kinh 4B =2R va tia tiép tuyén Ax cung phia v6i nira dudong
tron dbi voi AB. Tir diém M trén Ax keé tiép tuyén thir hai MC véi nira duong tron ( C 1a tiép
diém). AC cit OM tai E; MB cit nira dudng tron (O) tai D (D # B).

a) Chirmg minh rang bén diém 4,M,C,0 cung thudc mot dudng tron.

b) Tinh dién tich hinh quat OCB theo R, trong truong hop AMC = 60" va ching minh

ADE = ACO.

¢) Goi H 1a hinh chiéu cia Ctrén 4B.Chung minh ring MB di qua trung diém ctua CH .



Cau 31:

Cau 32:

Ciu 33:

Cau 34:

Cau 35:

Cau 36:

Tirdiém M ndmngoai duong tron (O ; R) ké cac tiép tuyén MP va MQ véi dudng tron (O; R)
, (P va Q la céc tip diém). Ké duong kinh PA . Tiép tuyén tai 4 véi dudng tron (O;R) cat
PQ tai B.

a) Chirng minh: AQ song song véi OM .

b) Chting minh: PQ.PB=4R".

¢) Goi K 1a trung diém cua MO . Tia PK cit AQ tai I . Chitng minh t gidc MIAO 14 hinh
binh hanh.

Cho nira dudng tron (0) , dudng kinh 4B . Tirdiém M batki trén tiép tuyén Ax cla nira duong
tron (O) V& tiép tuyén thir hai MC (C la tiép diém). Goi / 1a giao diém cia OM va AC.

a). Ching minh bén diém 4, M, C, O cung thudc mot duong tron.

b). Chttng minh OI.OM = 0OA4*> va OM // BC .

c). Goi H 1a chan duong vudng goc ké tir C dén 4B, MB cit dudng tron (O) tai D va cit

CH tai K .Chimg minh K 1a trung diém cua CH .
Cho tir gidc ABCD c6 AB nho hon AD; BC nhé hon CD noi tiép duong tron duong kinh BD, AB
cat DC tai E; CB cit DA tai F, DB cat EF tai G.

a. Ching minh rang BD L EF tai G

b. Chirng minh bon diém F, G, B, A cung thudc mdt dudong tron.

¢. Chimg minh ring BA.BE = BC.BF = BD.BG

d. Chting minh rang B 13 tim duong tron ndi tiép AACG

Cho tam giac ABC c6 ba goc nhon néi tiép dudng tron tim O. Cac dudng cao AD, BE, CF cua
tam giac ABC cit nhau tai H.

a) Chung minh bdn diém A, B, D, E cung thudc mdt duong tron.

b) Chung minh DB.DC = DH.DA .

¢) Puong thing AO cit dudng tron tim O tai diém K khac diém A. Goi I 1a giao diém cua hai
duong thang HK va BC.Ching minh I 13 trung diém cua doan thang BC.
AH BH CH
+—+ :
AD BE CF

d) Tinh

Cho tam giac ABC c6 ba goc déu nhon. Cac duong cao AK, BE va CF cat nhau tai H . Goi
I latrung diém cua doan AH, N 1a trung diém cta doan BC.

a) Ching minh bén diém 4, E, H, F nim trén cing mot duong tron.

b) Chiing minh NE 1a tiép tuyén ctia duong tron duong kinh AH .

¢) Ching minh CI* - IE* = CK.CB.

Cho duong tron (O) va ddy cung 4B . Trén tia d6i cta tia 4B 1ay diém C. Tir diém chinh giita
P cua cung 16n 4B ké duong kinh PO cua duong tron (O) cit diy 4B tai D . Tia CP cit
dudng tron (O) tai diém 7 (diém / khéc diém P). Cac ddy 4B va QI cétnhau tai K

a) Chirng minh tir giac PDKI ndi tiép



Cau 37:

Cau 38:

Cau 39:

Cau 40:

Cau 41:

b) Chimg minh ring CI.CP = CK.CD va IC la phan giac goc ngoai tai dinh / cua tam giac
AIB .

¢) Gid sir ba diém 4; B;C ¢6 dinh. Chimg minh khi dudng tron (O) thay d6i nhung vén di qua
hai diém 4 va B thi duong thang OI ludn di qua mot diém cb dinh.

Cho dudng tron (O), tir diém A ¢ ngoai dudng tron v& hai tiép tuyén ABva AC (B, Cla céc
tiép diém), O4 cat BC tai E.

a) Chirng minh tir gidc 4BOC ndi tiép.

b) Chung minh BC vudng géc v6i OA va BA.BE = AE.BO.

¢) Goi I thudc doan thang BE , duong thang qual va vudng goc Ol cit cac tia AB, AC theo
thtr tu tai Dva F . Ching minh F 13 trung diém ctia AC .

Cho dudng tron (O), tir diém A4 & ngoai dudng tron v& hai tiép tuyén ABva AC (B, Cla céc
tiép diém), O4 cat BC tai E.

a) Chimg minh tir gidc 4BOC ndi tiép.

b) Chirg minh BC vudng goc véi OA va BA.BE = AE.BO.

¢) Goi I thudc doan thang BE , duong thang qual va vudng goc Ol cit cac tia AB, AC theo
ther tu tai Dva F . Ching minh F 13 trung diém ctia AC .

Cho tam gidc ABC ¢6 ba goc nhon noi tiép dudng tron tim O ban kinh R va AH 1a dudng cao
ctia tam giac ABC . Goi M, N lan lugt la chan dudong vudng goc ké tir H dén AB va AC.

a) Chirng minh bon diém 4,M,H,N cung thudc mot dudng tron.

b) Chuing minh ABC = ANM va 04 vudng goc voi MN .

¢) Cho biét AH = R\/2 . Chitng minh M, 0, N thing hang.

Cho dudng tron (O;R) va diy BC c6 dinh khong di qua tim. Goi A 1a mot diém bat ki trén
cung 1é6n BC sao cho tam giac ABC nhon (AB < AC) . Ké cac duong cao AD,BE cua tam giac

ABC.
a) Chung minh: Bén diém A,E,D,B cung nam trén mot dudng tron.

b) Ké duong kinh AK ctia dudng tron tim O . Goi F 12 hinh chiéu cua diém B trén AK . Chung
minh rang: AB.AC = AK.AD va DF L AC

¢) Goi M 1a trung diém cia BC . Ching minh: ba diém E;F;M thang hang.

Cho duong tron (O;R) ¢6 hai duong kinh 4B va CD vuédng géc tai O. Goi [ 1a trung diém cia
OB . Tia CI cit duong tron (O) tai E. Goi H 1a giao diém ctia AE va CD.

a) Ching minh bén diém O, I, E, D cung thudc mot duong tron.

b) Chung minh: AH.AE =2R* vaOA=3-OH .

¢) Goi K 14 hinh chiéu ctia O trén BD, O 14 giao diém ciia 4D va BE . Chting minh:
0, K, I thang hang.



Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Cau 47:

Cho (O) duong kinh AB . Ké duong kinh CD vudng goc v6i AB . Lay M thudc cung nhdo BC
, AM cit CD tai E.Qua D ké tiép tuyén véi (O) cat duong thang BM tai N . Goi P 1a hinh
chiéu vudng goc ciia B 1én DN

a) Ching minh cac diém M, N, D, E cing thudc mot dudng tron.

b ) Ching minh EN//CB .

¢) Chimg minh AM .BN = 2R’ va tim vi tri diém M trén cung nhé BC dé dién tich tam giac
BNC dat gia tri 16n nhat.

Cho AABC c6 ba goc nhon (AB < AC) . Ba duong cao AD,BE,CF cit nhau tai H

a) Chiing minh tr giac BFEC ndi tiép. Xac dinh tim O cuia dudng tron ngoai tiép tr gidc BFEC

b) Goi I 1a trung diém ctia AH . Chirng minh /E 1 tiép tuyén cta dudng tron (O)
c) V& CI cat duong tron (O)tai M (M khac C ), EF cit ADtai K. Chimg minh ba diém
B, K, M thing hang.

Cho tam giac ABC nhon (AB <AC ) ndi tiép duong tron (O). Hai duong cao BE va
CF cuatam giac ABC cat nhau tai diém H. Goi K latrungdiém BC.

a) Chung minh AA EF dong dang AABC.

b) Chiing minh dudng thang OA vudng goc v6i duong thang EF.

¢) Puong phan gidc goc FHB cat AB va AC lanluottai M va N.Goi I1a trung diém cua
MN ,J 1a trung diém cua AH. Ching minh tir gidsc AFHI noi tiép va ba diém1,J, K thiang
hang.

Cho AABC c6 3 goc nhon va duong cao BE . Goi H,K lan luot 1a chan dudng vudng goc ké
tir diém E dén 4B, AC.

a) Chung minh t&r gidac BHEK ndi tiép;

b) Chimng minh: BH.BA = BK.BC;

¢) Goi F 1a chan duong vudng goc ké tir diém C dén duong thang AB, I 1a trung diém cua
doan thang EF . Chimg minh rang H,I,K thing hang.

Cho tam giac ABC nhon (AB <AC ) c6 duong cao AD va duong phan giac trong A0 (D, O
thudc canh BC). Ké OM 1 AB tai M, ON L AC tai N.

a) Chung minh bén diém O,M , D, N cung nam trén mot dudng tron. (d4u cach cua diu
phay, dau cham viét khong dung)

b) Chiing minh: BDM = ODN .

¢) Qua O ké duong thang vudng goc voi BC cat MN tai I, Al cit BC tai K .Chimg minh
K 1a trung diém cta BC.

Cho (O;R) duong kinh AB . Ban kinh CO vudng goc voi AB, M 1a diém bat ki trén cung nhod
AC ( M khac 4 va C), MB cit ACtaiH .Goi K 1a hinh chiéu caa H trén AB .

a) Chung minh bén diém C, B, H, K cung thudc mot duong tron.

b) Chung minh CA4 1a phan giac MCK .



Cau 48:

Cau 49:

Cau 50:

AP.MB
MA

R.

¢) Ké Ax 1atiép tuyén clia nira duong tron tai 4. Ly P e Ax sao cho
Chtng minh PB di qua trung diém cua doan thang HK .

Tir diém A4 nam ngoai (O)ve hai tiép tuyén AB, AC véi duong tron (B,C 1a cac tiép diém).
K¢ duong kinh CD cua (0)

a) Chimng minh BD//AO .

b) AD cit (O) tai E (4,E,D theo tht ty). Chimg minh rang AB* = AE.AD.

¢) V& BH 1 DC tai H.Goi I 14 trung diém cua BH . Chimg minh ba diém 4,1, D thing
hang.

Cho tam gidc 4BC nhon v6i AB > AC . Cac dudng cao BM, CN cit nhau tai H.

a/ Chirg minh t gidc AMHN ndi tiép

——

b/ Goi D 1a giao diém cia AH va BC.Chimg minh DA phan giac cia MDN

¢/ Puong thing qua D va song song voi MN ciat AB, CN lan luot tai I, J . Ching minh D 1a
trung diém 77

Cho tam gidc 4BC nhon. Pudng tron (0) duong kinh BC cit AB, AC lanluottai E va D;
BD cit CE tai H, AH cét BC tai . Tir A ké tiép tuyén AM , AN cua dudng tron (O) (M

, N latiép diém).
a) Chig minh tir giac AEHD noi tiép.

b) Ching minh 4B.BE = BI.BC , tlr 36 suy ra AB.BE + AC.CD = BC’

¢) Chimg minh ba diém M , H, N thiang hang.



CHUYEN PE 11_CAC MO HINH THUONG GAP VA CAC BAI TOAN TONG HQP HINH HQC
A. KIEN THUC CO BAN CAN NAM

I. TU GIAC NOQI TIEP
1. Dinh nghia

- T gidc c6 bon dinh ndm trén mot duong tron dwoc goi 1 tir gide ndi tiép dudng tron (hodc don gian
1a tir gidc noi tiép) va dudng tron duge goi 1a dudng tron ngoai tiép tir giac.

2. Tinh chét ciia tir gidc ndi tiép :
- Trong mdt t&r giac ndi tiép, tong sb do hai goc dbi nhau bang 180°

AB

N

Trong hinh v&, ttr gidc ABCD ndi tiép (O) nén ta co:

A+C=B+D=180"
3. Chirng minh ti gisc ndi tiép
- Ta chiing minh bon dinh cta tir giac cach déu mot diém cho trudc
VD : Bé chimg minh tir gidc ABCD (hinh trén) ndi tiép (O;R) ta can chimg minh :
0OA=0B=0C=0D=R
II. CHUNG MINH PANG THUC HINH HQC
Pé chirg minh ding thirc hinh hoc ta ¢6 thé sir dung cac phwong phap nhu sau
1. Phwong phap 1 : Chimg minh tam giac dong dang
2. Phwong phap 2 : Dung dinh li Thales
3. Phwong phap 3 : Dung tinh chat duong phéan giac trong tam giac
4. Phwong phap 4 : St dung két hop cac phuong phép trén.
II1. CHUNG MINH HAI PUONG THANG SONG SONG
Dé chimg minh hai dudng thang song song ta c6 thé str dung cac phuong phap nhu sau
1. Phwong phap 1 : Str dung dau hidu nhan biét hai duong thang song song
- Chimg minh cac goc so le trong bang nhau

- Chimg minh cac goc dong vi bang nhau



2. Phwong phip 2 : Str dung mdi quan hé tir vuong goéc dén song song

- Hai dudng thang phan biét cuing vudng goc voi duong thang thir 3 thi chung song song véi nhau.

Trén hinh v€, a L ¢; b L ¢ nén a//b
3. Phwong phap 3 : Sir dung tinh chat cta cac tir gidc dic biét.
VD : Str dung tinh chit vé canh ctia hinh binh hanh, hinh chit nhét, hinh thoi, .....
IV. CHUNG MINH HAI PUONG THANG VUONG GOC
Pé ching minh hai dudng thang vudng goc ta c6 thé st dung cac phuong phap nhu sau
1. Phwong phap 1 : Stir dung mdi quan hé tir vuong géc dén song song

(v

u a

Trong hinh v€, @ L ¢; a//b nén b Lc
2. Phwong phap 2 : Sir dung tinh chét ba duong cao trong tam giac

A

B~ - C
Trong hinh v&, chting minh duoc H 1a giao diém ctia hai duong cao BE;CF nén H 1a tryc tim clia tam
giac ABC . Do d6, AH L BC

3. Phwong phap 3 : Str dung tinh chat dao ctia dudng trung tuyén Gng v6i canh huyén trong tam giac
vuong.

Pinh Iy : Trong mot tam giac, néu duong trung tuyén Gmg véi mot canh bang nira canh 4y thi tam giac

la tam giac vuong.



A c

Trong hinh v&, Xét tam gidc ABC c6 :

AM:BM:MCzB—ZC

Thi tam gidc ABC vudng tai A.

4. Phuong phap 4 : Str dung tinh chat vé goc ca céc tir giac ddc biét nhu hinh chit nhat, hinh vudng
hodc tinh chat dudng chéo cua hinh thoi, hinh vudng.

IV. CHUNG MINH BA DIEM THANG HANG.
Dé ching minh hai duong thang vudng goc ta co thé sir dung cac phuong phap nhu sau:

1. Phwong phap 1 : Chimg minh dya vao Tién dé Ocid : Qua mot diém nam ngoai duong thang ké
dugc duy nhat mot duong thang song song voi dudng thang da cho.

A B c

a

Vi du : Trong hinh v&, ta can chimg minh : AB//a; AC//a . Tt @6, theo Tién dé Oclid thi dudng thiang
AB va AC 13 hai duong thang tring nhau. Do d6, ba diém 4, B,C thang hang.

2. Phwong phap 2 : Chimg minh dya vao tinh chat : Qua mot diém nam ngoai dudng thiang ké dugc
duy nhat mot dudng thang vudng goc véi dudng thang da cho.
A

B

Vi du : Trong hinh v&, ta can chimg minh : 4B 1 a; AC L a. Tir @6, duong thang AB va AC 1a hai
dudng thing trung nhau. Do dé, ba diém A4, B,C thang hang.

3. Phwong phap 3 : Chirng minh hai canh cua goc trung nhau



B® ° A

Vi du : Trong hinh v&, ta can chtng minh : ABC = ABD . Tu d6, duong thang BC va BD 1a hai duong
thang trung nhau. Do d6, ba diém B,C,D thang hang.

4. Phwong phap 4 : Sir dung tinh chat goc bet.

Ae d o(C
B

Vi du : Trong hinh V€, ta can ching minh : ABD+ DBC =180". Tur do, ta c6 BA, BC 1a hai tia ddi
nhau. Do d6, ba diém B,C, 4 thrfmg hang.

5. Phwong phap 5 : Str dung tinh dudng chéo cta cac tr gidc dac biét.

K

Vi du : Trong bai toan trén, v6i dit kién H 14 truc tim tam giac ABC . Cac duong thang BK va CK lan
luot vudng goc vi AB, AC . Goi M 1a trung diém cua BC . Ching minh : Ba diém H,M,K thing hang.

Dé chirg minh bai toan trén, ta chimg minh t&r giac BHCK 14 hinh binh hanh nén hai duong chéo BC, HK
cit nhau tai trung diém cua mdi duong ma M 14 trung diém caa BC nén M 1a trung diém cua HK. Do
do, ba diém H,M,K théng hang.

V. BAI TOAN CUC TRI HINH HOC.
Trong bai toan lién quan dén Bat dang thirc va cuc tri hinh hoc ta thuong sir dung tinh chat:

1. V&i hai sé duong x, y ta cé: (x—y)2 > 0. Tir d6 chimg minh duoc: (x+y)2 < 2(x2 +y2). Déu bang
dang thirc xay ra khi x =y



2. Bat dang thirc Cauchy: V6i hai sb duong a,b ta co: a+b > 2+ab . Dau bang dang thirc xay ra khi
xX=y

Vi du: Cho duong tron (O; R) duong kinh AB . Goi H 1a diém ndm giita O va B. Ké diy CD vudng goc
v6i AB tai H.Trén cung nho AC liy diém E bat ki (E khac 4 va C). Ké CK vudng goc v6i dudng
thang AE tai K. Pudng thing DE cit CK taiF .

a) C/m: Tt giac AHCK 14 tir giac noi tiép.

b) C/m: tam gidc ACF la tam gic can.

¢) Khi CD, AB cb dinh. Tim vi tri ciia diém E dé dién tich tam giac ADF 16n nhat

Giai:
F

K
C

M
-

A 0 7 B

D

a) C/m: Tu gidc AHCK 12 tir giac noi tiép.
+)Co CK L AK (gt) = AKC =90°
+)C6 CD 1 ABtai H (gt) = AHC =90°
+) Xét tir giac va ¢/m ndi tiép

b) C/m: tam gidc ACF la tam giac can.
+) C/m: KH /| EF

+) Van dung tinh chat duong trung binh cta tam giac CDF ¢/m: K la trung diém cua EC
+) Xét tam giac 1ap ludn AK 1a dudng cao dong thoi 1a duong trung tuyén dé suy ra tam gidc can

¢) Khi CD, AB c6 dinh. Tim vi tri ciia diém E dé dién tich tam gidc ADF 16n nhat
+) AB la dudng trung tryc cua CD nén AC = AD ma AC = AF do tam gidac ACF céan

Suyra AD = AF . Tu do, tacd AADF cantai 4
+) K& AM vuodng goc voi DF tai M

C/m: AAMF = AAMD suyra S, = 25, (1)

+) Ap dung BDT Cauchy cho AM* va MD?cé:



AM?* + MD?* > 2\ AM?*. MD?

2 2
AM,MDSM

Ma AM?* + MD* = AD* (PTG AAMD)

Dau bang xay ra khi: AM = MD

+) T (1), (2) = S, max khi AM = MD hay tam giac AMD can tai M
— ADM =45 hay ADE = 45"

Vay dién tich tam gidc AFD 16n nhat khi £ nim trén cung AC sao cho goc ADE = 45°
NHUNG MO HINH THUONG GAP TRONG PE TUYEN SINH 9 LEN 10
Bai todn 1: Biét 4BC, ADE 1a hai cat tuyén cua (O). Chimg minh: AB.AC = AD.AE

E
D
0
A B\/C

Bai todn 2: ABCla cét tuyén cia (O), AT 1a tiép tuyén. Chimg minh: AT = AB.AC

Bai toan 3: Cho (O; R), ABC lacattuyén, O4 = d. Chimg minh AB.AC = d* -

£

Bai toan 4: Biét BC, DE 1a hai day cung cit nhau tai 4. Chimg minh: AB.AC = AD.AE




Bai toan 5: Cho AABCnhon; AD, BE, CF la 3 duong cao cit nhau

1) DB.DC = DH.DA A
2) HA.HD = HB.HE = HC.HF
3) AF.AB=AH.AD = AE.AC
E
H
-
B D
Bai toan 6: Cho AABCnhon; AD, BE, CF 1a 3 duong cao cit nhau tai H.
1) Chimg minh: AEHF ndi tiép, xac dinh tAm va ban kinh. A
E
H
-
B D
2) Chung minh: BCEF ndi tiép, xac dinh tam va ban kinh. A
E
B D

Bai toan 7: Cho AABC nhon; AD, BE, CF 1a 3 dudng cao cit nhau tai H, I 13 trung diém BC.

Chimg minh: H 13 tAm dudng tron ndi tiép ADEF




Chimg minh: D, F, E, I € duong tron A

B DI . C

Bai toan 8: AABC nhon ndi tiép (O); AD, BE, CF la 3 duong cao cit nhau tai H, AH cit (O) tai D’. Chimg
minh: D’ d6i xtng véi H qua BC.

A

Bai toan 9: AABC nhon ndi tiép (O); AD, BE, CF 14 3 dudng cao cit nhau tai H. AH cat (O) tai D'. Ching
minh: BD’KC 1a hinh thang can

Bai toan 10: AABC nhon ndi tiép (O); AD, BE, CF 1a 3 dudng cao. Ching minh: OA L EF

A

Bai toan 11: 4B, AC 1a hai tiép tuyén cit nhau tai 4, ADE la cat tuyén. F la trung diém day DE. Chimg
minh: 4, B, O, C, F € dudng tron.



AE

C

Bai toan 12. AB, ACla hai tiép tuyén cit nhau tai A. M e BC nhé. H , I, K 1a hinh chiéu cia M trén
AB, BC, CA. Chimg minh: MI* = MH MK

B

N

C

Bai toan 13: Cho (O), dudng kinh AB, day CD L AB tai H. Tiép tuyén tai C cat AB tai M. Ching minh:

BM.AH = BH.AM
C

yB M
D

Bai toan 14: Cho (O; R), duong kinh AB, C e (0), CH L AB tai H. Tiép tuyén tai B, C cit nhau tai D.
Chung minh: AD qua trung diém I cia CH.

A O

Bai toan 15: A4BC nhon noi tiép (O); AD, BE, CF 1a 3 dudng cao cit nhau tai /7, goi M 1a trung diém
BC. V@ duong kinh 4K.



a) Ching minh: BHCK 1a hinh binh hanh

b) M, H, K thang hang. suy ra M 1a trung diém Hk.

c) OM la duong trung binh cia AAHK. suy ra AH =20M

d) Néu O’ ddi ximg v6i O qua BC thi AHO'O 14 hinh binh hanh = O’'H=0A=R. Trong truong hop khi
(BC=R3 < A =60°) thi AHO'O I hinh thoi

B. BAI TAP VAN DUNG
Caul: Cho tam giac ABC nhon (AB < AC) ndi tiép duong tron (0). Hai duong cao BE va CF cua

tam giac ABC cit nhau tai diém H. Goi K 1a trung diém BC.
a) Chimg minh AAEF dong dang AABC.

b) Chiing minh dudng thang OA4 vudng goc véi dudng thang EF.

¢) Pudng phan giac goc FHB cit AB va AC lan lugttai M va N. Goi [ 13 trung diém cta
MN, J 13 trung diém ctua AH. Ching minh t&r giac AFHI ndi tiép va ba diém 7, J, K thang
hang.

Loi giai
a) Vé diing hinh dén y 1)
BE L AC= BEC =90"

CF L AB = CFB =90°

= T gidc BFEC 1a tit gidc noi tiép

= AAEF d6ng dang A4ABC.

b) Chirng minh dwong thing OA vuéng géc véi
dwong thing

Tt giac BCEF noi tiép = AEF = ABC

,
AOAC cn tai O = EAO =120 —A40C



Cau 2:

0—/\ —
ABC =L 4pe =180 -40C 00 %6
2 2
= AEF+EAO0=90"> AO | EF

¢) Chitng minh tir giagc AFHI ngitiépva I, J, K thing hang.

— — =

Ching minh AAMN can tai A vi AMN = MBH + MHB = NCH + NHC = ANM = Al 1 MN
AFH = ATH =90° = T giac AFHI 1a ttr gi4c ndi tiép.

C6 MAH = NAO = IAH =140 = 1J || AO suy ra IJ trung truc EF

C6 JE =JF,KE =KF = KI trungtryc EF = I,J,K thing hang.

Cho dudng tron (O), diy CD c6 dinh. Goi B 1a diém chinh giita cung nhd CD, ké dudng kinh
AB cit CD tai I.Lay diém H bét ky trén cung 1én CD, HB cit CD tai E.Puong thang

AH cit dudng thang CD tai P.
a). Chirng minh: T giac PHIB ndi tiép.

b). Chimg minh: AH.AP = Al.AB.

¢). Goi K 1a giao diém cua duong thang AE va BP.Ké KM 1 AB cat AB tai M, cét
duong tron (O) tai N . Ching minh N,/,H thang hang.

Loi giai
A
H,
X
-
D
P C\ E 1
K M N
B

a). Chirng minh: T giac PHIB ndi tiép.

Ta c6 AHB = 90° (goc ndi tiép chin nira duong tron) = PHB = 90° (ké bu véi AHB = 90° );
PIB = 90° (GT) = H,I cing thudc dudng tron dudng kinh PB = tir giac PHIB ndi tiép
duong tron duong kinh PB.

b). Chung minh: 4H.AP = AIl.AB.
Xét AAHI va AABP co:

HAI chung;

AHI = ABP (cung bu v6i PHI do tir gisc PHIB ndi tiép)



= AAHI# AABP(g.g) = ‘i—? = % & AH.AP = ALAB.

¢). Goi K 1a giao diém cua duong thang AE va BP.Ké KM 1 AB cit AB tai M , cit
dudng tron (O) tai N . Ching minh N,I,H thang hang.

T giac PHIB noi tiép nén HIP = HBP (hai goc noi tiép cung chan I/-ﬁ’) (1);

Tam giac ABP c6 hai duong cao PI,BH cét nhautai £ = E 13 tryc tim cia

AABP = AE 1| BP hay AK | BP = EKB =90°, ma EIB = 90° (GT)= tt gidc BKEI noi
tiép dudng tron duong kinh BE = EIK = HBP (hai goc ndi tiép cing chan EK ) (2);

Ma EKB =90° = K e (O),laico AB L KN tai M = MK = MN (quan hé vudng goc
dwong kinh va day) = AIMK = AIMN (c.gc) = MIK = MIN = 90° — MIK = 90° — MIN
= EIK = DIN (3);

T (1), (2), 3) ta o @:ﬁv(:@:ﬁ):ﬁﬁuﬁvzﬁﬁwﬁ:@:moo

— HIN =180° = H,I,N thing hang.

Cho duong tron tam (O) va day BC c6 dinh khong di qua O. Trén cung 16n BC' lay diém A
sao cho AB < AC . Ké duong kinh AK,E 1a hinh chiéu ciia C trén AK. M 1a trung diém
cua BC'.

a) Chuing minh bon C, E, M, O cung thuoc mdt dudng tron.

b)Ké AD | BC tai D.Ching minh AD.AK = AB.AC va AMDE can.

¢) Goi F 1a hinh chiéu ciia B trén AK . Ching minh khi 4 di chuyén trén cung 16n BC thi
tam dudng tron ngoai tiép ADEF 1a 1 diém c6 dinh.

Loi giai

a) Chirg minh bon C, E, M, O cung thudc mot duong tron.
AOBC cantai O, M 1a trung diém ctia BC nén OM vira la duong trung tuyén vira 1a duong
cao. Suyra OM | BC = OMC = 90°




Theo Cau ra, E 1a hinh chiéu cua C trén AK nén CE L AK = CE 1 EO = OEC =90° .
Goi I 1a trung diém cua OC

Dé dang ching minh 10 = IE = IM = IC

Dodé C, E, M, O ciung thugc mot dudng tron (I ) .

b) *Chirng minh AD.AK = AB.AC
Xét ADBA va ACKA ¢6
+) ADB = ACK = 90°

—_—

+) ABD = AKC (Hai goc ndi tiép cliing chin cung AC)
Nén ADBA «» ACKA
AC

Do d6 ta co: ﬁ = 1K (cap canh tuong ung ti 1¢)
Hay AD.AK = AB.AC (dpcm).

*Chitng minh AMDE can.

AD L BC |ADC = 90°
=4
AE LEC  |AEC = 90°

Theo Cau ra

Goi @ 1a trung diém ctiia AC
Dé dang chimg minh QA = QC = QD = QE
Suy ra bdn diém A,C, D, E cung thudc dudng tron (Q)

Suy ra CAE = CDE (Hai goc ndi tiép cing chin cung CF) (1)
Xét (O) ta c6: CBK = CAE (Hai goc ndi tiép cung chin cung CK ) (2)

Tix (1) va (2) suy ra CBK = CDE ma hai goc ndy & vi tri ddng vi (3)
Suy ra DE// BK

Xét duong tron (I ) c6: EMC = EOC (Hai goc ndi tiép cung chin EC). (4)

1/‘\ /~

Xét duong tron (0)co: KBC = 5KOO (G6c ndi tiép va goc ¢ tam cung chin KC). (5)

Tu (3); (4) va (S) suyra: EMC = 2CDE .

AMDE co ﬁ/l\C = MDFE + ]\7&) (gb6c ngoai cua tam giac) ma EMC = 2MDFE

Nén MDE = MED . Do d6, AMDE cén tai M .

¢) Chung minh khi A di chuyén trén cung 16n BC' thi tim dudng tron ngoai tiép ADEF 1a 1
diém c6 dinh.

Goi P 1a trung diém ctia BO

Dé dang chuing minh duoc PB = PO = PF = PM

Suy ra bn diém O, M, B, F cung thudc dudng tron (P)

—_— /N

Nén OBM = MFO (Hai goc ndi tiép cing chian MO).
Xét duong tron (I) c6: MEO = MCO CK (Hai gbc ndi tiép cing chan MO).

Ma OBM = OCM (AOCBcantai O.
Do d6 MFO = MEO = AEMF cin tai M = ME — MF



Ma ME = MD (Tam giac MDFE cantai M ).

Suy ra: MD = ME = ME'.

Suyra M 1a tdm dudng tron ngoai tiép tam giac DEF .

Ma M 1a trung diém ciia BC nén M 1a diém cb dinh.

Vay khi A di chuyén trén cung 16n BC thi tAm dudng tron ngoai tiép tam giac DEF 1a mot
diém c6 dinh.

T gidc ABCD nbi tiép duong tron tam O duong kinh AD- Hai dwong chéo AC, BD cét nhau
tai £- T £ ké EF vuong goc véi AD ( F € AD). Pudng thing CF cit duong tron tai diém
thi hai 1a M. Giao diém coa BD va CF 1a N.Chang minh:

a)CEFD 1a tir giac noi tiép.

b) FA la tia phan gidc cua BFM .
¢) BELDN = EN.BD.

a) CEFD 1a tir giac noi tiép.

Tacéo ACD = 90° ( goc ndi tiép chin nira dudng tron)

Nén AECD vuong tai C

Goi I 1a trung diém cua ED

Ta co CI 1a dudng trung tuyén ha xudng canh huyén ED

Nén CI = IE = 1D = %ED (1)

Tuong tu trong tam giac FF'D vudng tai F', ta co

FI=IF=1ID= %ED 2

Te(1)va@)suyra CI = FI = IF = ID

Hay tir giac CEFD 1a ti giac ndi tiép dudng tron tim I duong kinh ED

b) FA la tia phan giac cia BFM

Tacé CEFD noi tiép=> CED = CFD ( hai goc ndi tiép cting chan CD )

Chtng minh twong tu ciu a) ta c6 ABEF 14 tir gidc noi tiép



Cau 5:

—_

=> BEA = BFA ( hai goc ndi tiép cung chin cung AB)

—

Ma BEA — CED ( dbi dinh)

—_—

AFM = CFD ( d6i dinh)

Do dé BFA = AFM

—

Hay F'A la tia phan giac BFM
¢) BE.DN = EN.BD.

L —

Tacé EFC = EDC ( hai goc ndi tiép cing chian EC')

—_

EFB = BAE ( hai goc ndi tiép cing chan EB)

/N

Ma BAE = BAC = BDC = EDC ( hai goc ndi tiép cing chian BC')

—

Suy ra EFC = EFB hay FE latia phan giac cia BFC

Trong ABFN c¢6 FE 1a phan giac trong tai dinh F' = bBE = B
EN FN
MaFEF 1 FD = FD laphan giac ngoai tai dinh F' = BD = B
DN FN
Suy ra bE _ BD = BE.DN = EN.BD
EN DN

Trén nira dudng tron (O; R) dudng kinh BC, 1y diém A sao cho BA=R.

a) Chimg minh tam giac ABC vudng tai 4 va tinh sb do cac goc B, C ctia tam giac vuéng ABC

b) Qua B ké tiép tuyén v&i nira dudng tron (O), n6 cat tia CA tai D. Qua D ké tiép tuyén
DE véi nira duong tron (O) (E 1a tiép diém). Goi I 1a giao diém cta OD va BE. Chung
minh rang OD 1 BE va DI.DO = DA.DC

¢) Ké EH vudng goc véi BCtai H . EH cat CD tai G . Chirng minh /G song song v&i BC.

Loi giai




Ciu 6:

a) Tac6 OA =R, BC=2R

:OA:OB:OC:%:R

= AABC vudng tai A
Ta co sinC=£=i=l:> C =30
BC 2R 2
B=90"-30" = 60"
b) Vi DB, DE la 2 tiép tuyén cit nhau = DB = DE va DI 1a phan gidc BDE
— ABDI = AEDI => DIB = DIE ma 2 gbc nay & vi tri k& bu
—> DIB = DIE = 90"
OD la duong trung tryc BE=OD 1 BE
A DBO vuong tai B, BI 1a duong cao

sinEB\[:E;sinD/O\B:% ma EB\I=170\B(cﬁng cdng 1BO1 goc 90%)
BD OD

— DI.DO = DB> (1)
A DBC vuong tai B, BA 1a duong cao. CMTT ta c6

DB* = DA.DC (2)

T (1), (2) = DI.DO = DA.DC

¢) Kéo dai CE cét BD tai F. Vi BEC =90° = BEF =90° (tinh chét k& bu)
ma DB = DE (ching minh trén)

suy ra ED la dudng trung tuyén AFEB vudng tai E= BD = DF

Vi GH //BD (cing 1 BC) =L - 9C (4 _1en3)
BD DC

Vi GE // DF (cing L BC) =22 = 5€ (4
DF  DC

Tir 3)va (4) = 2L 9L 40 BD = DF (emt) = GH = GE
BD DF

Ma IB = IC (OD trung truc BE)
Do d¢ IG la dudng trung binh tam giac EHB
— IG//BH = IG /| / BC (dpcm)

Cho duong tron (O) ¢b dinh. Tir mot diém A cb dinh & bén ngoai duong tron (O), ké cac tiép
tuyén AM va AN v6i dudng tron ( M;N 1a céc tiép diém). Pudng thing di qua A cit dudng tron
(O) tai hai diém B va C (B nam giira A va C). Goi I 13 trung diém cua diy BC.

a). Chirng minh rang: AMON 14 t&r giac ndi tiép.

b). Goi K 1a giao diém ctia MN va BC. Chimg minh rang: AK.AI = AB.AC
¢). Xéc dinh vj tri ctia cat tuyén ABC dé /a7 = 21N .

Loi giai



Cau 7:

a) Tt giac AMON ndi tiép

Vi AM la tiép tuyén nén AM 1 MO

Do d6 AAMO vudng tai M nén noi tiép trong duong tron duong kinh AO
Ching minh tuong tu ta duge AANO ndi tiép trong duong tron duong kinh AO
Do d6 4 diém A, O, M, N cling nam trén dudng tron duong kinh AO

Vay tir gidc AMON ndi tiép

b) Chirng minh I thudc duong tron duong kinh AO

AK  AM

Ching minh AAKM o AAMI (g ) =
£ (eg)=— =0

= AK.AI = AM* (1)

Chimg minh AABM > AAMC(gg) = % = % = AB.AC = AM* (2)

T (1) va (2) suy ra AK.AI = AB.AC

¢) Chiing minh AKINC/JAKMA(gg) = % = % = IN = KN.MA

Chung minh AKIM «» AKNA (gg) = M _KM | - KM.NA_ KM.MA (vi NA=MA)
NA KA KA
KN.MA
IN 1 4 1 KN 1
Dodd IM =2IN & —=— B4~ "
M 2 KM.MA 2 KM 2
KA

1

2

Vay IM=2.IN khi cat tuyén ABC cit MN tai K v6i v

Cho duong tron (O;R), duong kinh 4B vudng géc véi ddy CD tai diém [ (I nim gitra 4 va
0). Lay diém E bat ki trén cung nhé BC (E khac B va C). AE cat CD tai K .

a) Chung minh bdn diém K,E,B,I cung thudc mdt duong tron.

b) Chung minh AK.AE = AI.AB.



¢) Goi P la giao diém cua tia BE va tia DC, Q 1a giao diém cua AP va BK . Chung minh
IK 1a phan giac cua EI\Q Chtmg minh OQ 14 tiép tuyén ctia dudng tron ngoai tiép tam giac
PQE .
Loi giai
D

P
a) Chitng minh bén diém K, E,B,I cung thudc mot dwong tron.
Xét (O;R) co: AEB =90° (goc ndi tiép chin nira duong tron) hay KEB =90°

duong kinh AB vudng goc v6i diy CD tai diém I = KIB =90°

Xét AKEB vuong tai E c6 canh huyén KB suyra K,E, B thudc dudng tron duong kinh KB
(1

Xét AKIB vudng tai I c6 canh huyén KB suyra K,I,B thudc duong tron dudng kinh KB
2)

Hay bon diém K, E,B,I cung thudc mot dudng tron.
b) Chitng minh AK.AE = Al.AB.
Xét AAKI va AABE ,tacé: A la goc chung va AIK = AEB =90° = AAKI * AABE (g-2)

AK Al
=22 = AK.AE = AI.AB (dpcm)

AB AE
¢) Goi P 1a giao diém ciia tia BE va tia DC, O la giao diém cia AP va BK . Chiing
minh /K la phan giac cia F?I\Q . Chirng minh OQ 1a tiép tuyén ciia dwong tron ngoai tiép
tam giac POE .



* Chirng minh /K 1a phan giac cia @ .

Xét AAPB c6: PI L AB(I € AB); AE | PB(E € PB); PI N AE ={K)
— K 14 trong tim ctia AAPB = PQ 1 AP(Q € AP) = AQB=90° hay AQK =90°

Puong kinh AB vudng goc v6i diy CD tai diém I = AIK =90°

Chimg minh duge bbn diém 4,7,0,K cung thudc duong tron duong kinh AK suy ra AIKQ

1a ttr giac noi tiép

= Q/A?{ = Q/H\{ (hai goc nt ciing chan /Q—I\( )

Ta co: KEBI 1a tir giac noi tiép (cmt) = KIE = KBE (hai goc nt ciing chin EK )
Lai co: Q/A?{ - KBE (hai goc nt ciing chan cung EE )

— KIE = @ hay /K la phan gidc cua @ (dpcm)

*Chirng minh OQ 1a tiép tuyén ciia dwong tron ngoai tiép tam giac POE .
Ta c6: AQB =90° = Q< (O;R)

Xét AOQB , ta co:

OQ=0B=R

= AOQB la tam giac can tai O

. G0B - B0 hay OOK =00 (1)

Xét AIBK va AQPK , ta co:

IKB = OKP (hai goc déi dinh)

KOP = KIB = 90°

= AIBK " AQPK (g-g)

— IBK = OPK (hai géc tuong tmg) hay OBK = OPK (2)

Tir (1) va (2) suy ra: OQK = OPK (*)

Ta co: B/Q\E = BAE (hai goc noi tiép cung chan EE) hay 1@ = 4K (3)
Xét AIAK va AEPK | ta co:

IKA = EKP (hai goc déi dinh)

KEP = KIA = 90°



Ciu 8:

= AIAK > AEPK (g-g)
= I4K = EPK (hai géc tuong img) (4)
Tir (3) va (4) suy ra: KQE = EPK (**)

. — 1 — .
Lai c6: AQEP noi tiep = QPE = Esd OF (tc goc ndi tiep)

e 1 —_
= 0Q 1a tiép tuyén cua dudng tron ngoai tiép tam giac POE (dpcm).

Cho duong tron (O) duong kinh AB . Day cung MN vudng géc véi AB, (AM < BM ). Hai

duong thing BM va NA citnhautai K . Goi H 13 chan duong vudng goc ké tir K dén dudng
thang AB.
a) Chimg minh tir gidc AHKM ndi tiép trong mot duong tron.

b) Chimg minh ring NB . HK = AN . HB .

¢) Chtng minh HM 1a tiép tuyén cua duong tron <O> .

Loi giai

N

a) Chung minh tir gidc AHKM ndi tiép trong mot dudng tron.

+)Co: AHK =90° (vi KH 1 AB)

= AAHK vudng tai H =3 diém 4; H;K nam trén dudng tron duong kinh 4K

+)Xét (0) co:
AMB = 90° (goc ndi tiép chan nira duong tron)

[

= AMK = 90° (ké buvéi AMB)

= AAMK vudng tai M =3 diém A; M ;K nam trén duong tron duong kinh 4K

Suy ra tir gihc AHKM nbi tiép duong tron dudng kinh AK .



b) Chimg minh rang: NB. HK = AN . HB .

Xét AANB va AKHB co:

o — —_—

+) ANB = 90° (gbc ndi tiép chan nira duong tron) = ANB = KHB = 90°;

+) Xét AOMN can tai O, ¢6 OA 1a dudng cao => OA 1a dudng phéan giac cua goc MON.

—_ -

= MOA = NOA = ABN = KBH (Géc ndi tiép bang Y% gbc & tim)

Suy ra AANB © AKHB (g.g)

AN _ KH

= — = NB.HK = AN . HB.
NB HB

¢) Chting minh HM 13 tiép tuyén ctia dudng tron (O) .

K

N
+) Tac6 HM giao véi duong tron (O) tai M , ta phai ching minh HM 1 OM . That vay:

—_—

Ta giagc AHKM ndi tiép = HMK = HAK (hai goc ndi tiép cing chin HK);

HAK = NAB (hai goc dbi dinh);

+) Theo phan b) AOMN can tai O, c6 OA la dudng cao => OA 1a dudng trung tryc ciia MN =>

AB la trung tryc cia MN => MB =NM => MB = NB =>ﬁA\B = MAB

+) MAB = OMA (AOAM cantai O);

—

= HMK = OMA|= HAK = NAB = MAB| = HMK + HMA = OMA + HMA :

e — - -

Ma HMK + HMA = AMK = 90° (ké bu véi M = 90°, gbc ndi tiép chin nira dudng tron);

—_—

= OMA + HMA = 90° = HMO = 90° = HM 1 OM tai M € (O)

= HM 1a tiép tuyén cia (0) .



Cau 9:

Cho tam gidc ABC(AB < AC) ndi tiép trong dudng tron tim O duong kinh BC, duong thing
qua O vudng goc voi BC cat AC tai D.

a) Chirmg minh rang tir giac ABOD ndi tiép.

b) Tiép tuyén tai diém A4 voi dudng tron (O) cat duong thang BC tai diém P, sao cho
PB=BO =2cm . Tinh d6 dai doan P4 va s6 do goc APC.

PB _ A’
PC AC*’

¢) Ching minh ring

Loi giai
a) Chimg minh rang tt giac ABOD noi
tiep.
Xét dudng tron (O) co BC la dudng
kinh (gt)
Suy ra BAC=90° (goc ndi tiép chin

X/

nua dudng tron)
Goi M 1 trung diém caa BD.
Xét AABD vuong tai A c6 AM 1a
duong trung tuyén
1
Suy ra AM:EBD (1)
Xét AOBD vudng tai O (OD L BC) c6 OM 1a duong trung tuyén

Suy ra OM:%BD .(2)

Tu (1), (2) suy ra MAzMO:MBzMD:%BD

Do d6 tir gidc ABOD noi tiép duong tron duong kinh BD .

b) Tiép tuyén tai diém A véi duong tron (O) cat duong thang BC tai diém P, sao cho
PB=BO=2cm . Tinh d6 dai doan P4 va sé do goc APC .

Taco6: OA=0OB=BP=2cm suyra OP=4cm .

Ta c6: APAO vudng tai A (PA 1a tiép tuyén)

Suy ra PA* + 04’ =0OP* (dinh ly Pythagore)

Do d6 PA>+2? =4 hay PA*>=12 hay PA=2+/3 (cm).

Ta co: sin@=%=3=l
OP 4 2

Suy ra APO=30° hay APC=30°.

. PB AR’
¢) Chang minh rang — = .
) g g PC _ AC?
Ké OH L AB(H e AB).




Xét AOAB cantai O (0OA=0B) c6 OH 1a duong cao
Suy ra OH d6ng thoi 1a duong phan giac

Do d6 m:ﬁz%@.

Ta lai c6: PAB+BAO=90° (PA la tiép tuyén)

ma AOH +BAO=90° (AOHA vuéng tai H)

Suy ra PAB=AOH =%ZO\B

Mat khac, ACB :%Z—OE (gdc nodi tiép bang nira goc & tim cling chin mot cung)
Suy ra PAB=ACB hay PAB=PCA.

Xét APAB va APCA co:

P la goc chung

PAB=PCA (cmt)
Suy ra APAB ~APCA(g.g)

Dods LA_LB_AB
PC P4 AC
2 2
Suy ra PA’=PB . PC va AB2 = PA2
AC* PC

AB* PB.PC_PB

Tir d6 == 4
AC* PC*  PC

Cau 10: Cho tam giac ABC nhon (AB < AC’) ndi tiép dudng tron (O) ¢6 hai dudng cao BD,CFE cit
nhau ¢ diém H .
a) Chung minh: TG gidc BCDE 1a tt giac ndi tiép.
b) Tia CE cét dudng tron (O) tai diém thir hai la G . Chimg minh: ABHG can & B.
¢) Hai diém M va N lan lugt 1a trung diém ctia hai doan thang CH va C'G . Puong thang NO
cit canh AC tai diém P . Ching minh: CD.CP = CM.CG va MB 1 MP.
Loi giai
a) Chirng minh: Tir gisc BCDE la tir gidc ndi tiép.

A




Chimg minh: BEC = 90"

Chtrng minh: ﬁ‘ =90’ = B/EE' = ﬁ’
Suy ra: Tt giac BCDE 1a tt giac ndi tiép.
b) Chirng minh: ABHG cin ¢ B.

A

N—

Chung minh: £BD = ECD (4o B CDE 13 tiy giac noi tiép).

Chung minh: @ = E/CB (goc noi tiép (0> chén cung AG )
Suy ra: EBD =GBE nén BE 1 phan giac goc GBH

Ma BE 1a duong cao cia ABGH nén ABGH can¢ B

¢) Chirng minh: CD.CP = CM.CG va MB 1 MP.

Chimg minh: PN L GC
oo _cn
Suy ra: ACDH vy ACNP géng dang (g—g)nén CN  CP

CD.CP = CN.CH = ~0G.20M = CM.CG
Suy ra: 2

ACDM vy ACGP ddng dang (c—g—¢)

Suy ra: GPDM 1a tir giac noi tiép (1)

Do PGM = MDC =MCD n¢n ching minh duge BGP = 90°
Suy ra: GPDB 13 tir giac noi tiép (2)

Tir (1) va (2) suy ra GPMB 13 tir giac noi tiép



Suy ra: BMP =90 nen MB 1 MP

Céu 11: Cho tam giac ABC nhon (4B < AC)c6 duong cao AD va duong phan gidc trong 40 (D,0
thudc canh BC). Ké OM vudng goc voi ABtai M, ON vudng gbc véi ACtai N .
a) Chung minh: T{r gidc AMON ndi tiép
b) Chitng minh BDM = ODN

BAC BC

¢) Sin <
2 AB+ AC

Loi giai

.-"__.--"" \z Ay
B D o

2.a. AAOM vudng tai M
Goi I 1a trung diém cua 40

Suy raMI 13 trung tuyén
NénMI =14=10

Xét AAON vuodng tai N
C6 I 1a trung diém ciia 40

Nén M 1a trung tuyén
Do d6 NI = I4 =10
Suy ra MI = IA =10 = IN nén t& gidc AMON ndi tiép

b. Xét ABMO va ABDA cé
B chung

BMO =BDA=90" (AD 1 BC tai D; OM 1 AB taiM)
Suy ra ABMO «» ABDA (g - g)

BO .
Nén —— =—— (ti sO0 dong dan
Y ( g dang)



BM  BD .
Do d6 ——=—— (tinh chat ti 1€ thirc)
BO BA

Xét ABMD va ABOA c6

B chung
BM BD

28 2 o/mt
30 A MY

Suy ra ABMD «» ABOA (¢ —g—c¢)

Nén BDM = BAO (hai goc tuong tmg)
Chimng minh tuong twt ACNO 2 ACDA (g —g)

CN_CO . CN_CD
CD C4  CO cA

Suy ra ACND «» ACOA(c—g—c)
Nén CDN =CAO (2 gbc tuong Gng)
Ma BDM = BAO (c/mt) va BAO =CAO (vi 4O la tia phan gidc BAC)

Suy ra BDM = ODN (dpem)

L]

A
[
|| N
JPjr _.- I /,/’j.
'4' [ | A
‘_ I . Py
\_ [ \__z_? i
._.--______.-- N """-._..I.
B D 0
¢. Sin BAC < BC
2 AB+ AC

TuBkéBH vudng goc A0 tai H
Xét ABAH vudng tai H c6

. BH . )
sin BAH = B (ti sO luong giac)

—

Ma BAH = > (Vi AO 1a tia phan giac BAC)



Cau 12:

. BAC _HB

Nén sin BAH = sin BAC . Do d6 sin = E

HB _BO
Ma BH < BO (quan h¢ duong vudng goc va duong xié€n) nén B < T

) C BO
Su sin <— (1
y ra 1B (1)

XEétABAC c6 AO la tia phan giac BAC nén

CoO ,
Suy ra — =—— (Tinh chat tia phan giac
Yy = ( phén giac)

5, BO_CO_BO+OC __ BC
BA CA BA+CA AB+AC

. BAC BC
Tu (1) va(2)cd sin < d
u(l) va(2)co 7 1B+ AC (dpem)

(Tinh chét ti 18 thtc) (2)

Cho dudng tron (O;R) vadiém M nam ngoai duong tron. Qua M ke hai tiép tuyén MA, MB
v6i dudng tron (O;R)( A, B la céc tiép diém). Poan thaing OM cit duong thing AB tai H
va cat dudng tron (O;R) tai diém 7 .

a) Chimg minh bén diém M , 4, B, O cing thudc mot dudng tron.

b) Ké duong kinh 4D cua (O;R). Poan thang MD cét duong tron (O;R) tai diém C khéc
D Chtmg minh MA®> = MH.MO = MC.MD .

¢) Ching minh /H.I0 = IM .OH .

Loi giai

B D
a) Vi MA 1a tiép tuyén cta (0; R) tai 4nén MAO =90°
= A thudc duong tron dudng kinh OM (1)
Vi MB 1a tiép tuyén ctia (O;R) tai B nén MBO =90°

= B thudc dudng tron duong kinh OM (2)



Tur (1) va (2) suyrabdndiém M ; 4 ; O; B cung thudc dudng tron duong kinh OM .
b) Vi MA ; MB la tiép tuyén cta (O) tai 4, B nén MA=MB
Ma OA=0OB=R

Nén OM 1a dudng trung truc cia AB .

— OM L AB tai H
— AHM =90°

Xét aAMAH va aMOA c6:

OAM = AHM =90°

AMO chung
—=>aMAH -aMOA (g-g)

MA MH £ :
= —— =—— (tinh chat tam giac dong dang)
MO MA

< MA* =MO.MH (3)

Vi 4D la duong kinh cua (0) nén ACD =90°
Xét aAMAD va aMCA c6 :

DAM = ACD =90°

AMD chung

—aMAD ~aMCA ( g-g)

= MA = MD ( tinh chat tam giac ddng dang)
MC MA

< MA> =MC.MD (4)

Tur (3) va (4) suy ra MA® = MH.MO = MC.MD..
c) Xét aAOAH va AOMA c6:

OAM = AHO = 90°

AOM chung

—=a0A4AH ~-AOMA (g-g)

0O4A OH . \
— ——=—— ( tinh chat tam giac dong dan
0 - Od ( g g dang)

< 04 = MO.OH



< O’ =OM.OH (do OA=0I =R)
< OI.OH +0I’° = OM .OH + Ol.OH
< OIL.(OH +0I')=OH (OM +0OI
< OI.IH = OH .MI (dpcm).

Cau 13: Cho tam giac ABC nhon ndi tiép dudng tron (0). AD, BE, CF labadudng cao clia tam gidc ABC

cit nhau tai H .
a ) Chung minh bon diém A, F,H,E cung thugc mdt duong tron.

b ) Ké duong kinh AM cua duong tron (O). Chimg minh AD.AM = AB.AC

¢) Goi P 1a giao diém ctia AH va EF. I 1a giao diém cua AM va BC. K la trung diém cua
BC . Chuing minh: H,K,M thiang hang va PI//HK .

Loi giai

a) Chirng minh bén diém 4, F, H E ciung thudc mot dudng tron.

AFH =90°( Vi CF 1a dudng cao AABC) = F thudc duong tron duong kinh AH

L —

AEH =90° (Vi BE 1a dudng cao AABC)= E thudc duong tron dudng kinh AH
= 4 diém 4, F,H,E cing thuoc dudng tron duong kinh AH

b) Chirng minh AD.AM = AB.AC?

Ta co6 ACM =90° (gbc ndi tiép chin nira duong tron)
ADB =90° (Vi 4D la duong cao A4BC)
= ADB = AMC =90°



L —

ABC = AMC (2 gbc ndi tiép cung chin cung AC cia (0))
= AADB - AACM(g.g)

= A—D = ﬂ = AD.AM = AB.AC
AC AM

¢) Chitng minh: H,K,M thing hang va Pl //HK .

Chung minh: CM //BH , BM / /CH

= Tu gidc BHCM 1a hinh binh hanh.

= Hai duong chéo HK va BC cit nhau tai trung diém mdi duong.
=> K latrung diém cuia HM = H,K,M thang hang

= AADB ~ AACM => BAD = CAM = CAD = BAI

Churng minh A/ﬁ’ = ZB\I

. AP AE

Cht h AAPE - AAIB(g. £ ==
ung min (g g) = VTaDT

AH  AE

Cht inh AAHE -~ AAMB(g. a0 AR
(g min (g.g)=> VIV

AP AH AP Al
— - =
Al AM AH

=PI // HM (Pinh ly Thalés dao).

Vay PI//HK



Cau 14: Cho duong tron (O, R) va diy AB cb dinh (AB khong 1a duong kinh). Goi N 1a trung diém
cia AB. Qua N, ké duong kinh CD ctia dudng tron (O) (C thudc cung nhé AB). Lay diém
M batky trén cung 1on AB (M # A,M # B) ,MC cit AB tai F. Hai duong thang DM va
AB cétnhau tai E .
a) Chtg minh bon diém M, N,C, E cing thuoc mot duong tron.

b) Hai dudng thing DF va CE cét nhau tai /. Chimg minh KI.KM = KC.KD va NE la tia

phan giac cﬁam
¢) Chiing minh rﬁng: K—C = C_N
KD DN
Loi giai
E
M
A
[ F
K
C N 0 D
B

a) Ching minh bén diém M ,N,C,E cung thuc mot dwong tron
Lap luan ENC = 90°
Lap luan EA/TC' =90°

Suy ra ENC = EMC =90°

Suy ra M; N cung thudc dudng tron duong kinh CE hay 4 diém M: N; C; E cung thudc mot
duong tron duong kinh CE.

b) Chitng minh K/.KM = KC.KD va NE la tia phan giac cia géc MNI.

C6 KIC=180° — CIM =CDM (Vi tong cac goc ddi nhau cia tir gide ndi tiép CIMD bang
180%)

Xét AKIC va AKDM co:



K chung; KIC = KDM (cmt)

— AKIC O] AKDM (g.9) = L = KC _ k1 k= kC.kD
KD KM

Chung minh: NE 1a tia phan giac ciaa W .

Xét ACDE c6: CM 1L DE;EN 1 CD va CM giao EN tai F
= F latruc tam ACDE

— DF 1 CE tai I (DF cit CE tai I Yhay DI 1 CE tai I.
= DIC = 90°

= I thudc duong tron tam O, duong kinh CD

Xét ta giac CIFN co:

CIF + CNF =90°+90° =180°

Ma hai goc ddi nhau trong tir giac

Nén tir giac CIFN noi tiép duong tron

= I/C'77 = ]7\[?' (hai goc ndi tiép cung chin IF )

Chimg minh dugce t giic FMDN ndi tiép

= FNM = FDM (hai gbc noi tiép cung chin @ )

Ma ICM = IDM (goc ndi tiép cung chin IM cia duong tron (O))
Hay ]/CT7 = F/l-)]\\/l

= INF = FNM

= NF' la tia phan giac cua ]\7]71 = NE la tia phan giac cua Z\?]VI

¢) Chitrng minh ring: KC =— N
KD DN
Chting minh dugc = AKMC [1AKDI(g.g) = KM =— cM
KD DI
Ma KE - T i o aAkiC O AKDM)
KM DM

nén KC KC KM (I CM()
KD KM KD DM DI

CN (I va DN DM
CE (D DE CD




Cau 15:

CN _CI CE

Do do, = .
DN DM DE

2

Chtrng minh duoc E—C = C—M 3)
ED DI

Tir (1): 2 (3) suy ra o= SV
KD DN
Cho tam giac ABC ¢ ba goc nhon ( AB < AC ) ndi tiép dudng tron (0O) , cac duong cao BE,CF
cit nhau & H .
a) Ching minh bén diém B, F, E, C cung thudc mot duong tron.
b) Tia EF cittia CB tai M . Chiing minh: MF.ME = MB.MC
¢) Tia AH cit BC tai D.Puong thiang qua B va song song véi AC, cit tia AD tai P, cét
doan thing AM tai Q. Ching minh FC 1a tia phan giac cua goc EFD va BP = BQ.

Loi giai
a)
A_—
A -
~ J -
|"I.II
/ :"lf ~E N
/ / M,
{ f AN
‘I.' '/_,/ a o
| }/ -
L~ JH‘ B * 0 ‘
1 { = AN
A S H T AN
_— '\\ i/ T \
- \ TN /
o - \J ey
M /

V& hinh dting dén y 1

Chirng minh duoc BEC =90"

suy ra B, E, C thudc duong tron duong kinh BC

Chtrng minh dugc BFC = 90°

Suy ra B, F, C thuoc duong tron duong kinh BC

Vay bon diém B, F, E,C cung thudc dudng tron duong kinh BC

b) Chitrng minh MF.MFE = MB.MC

Xét duong tron duong kinh BC ta co FEB=FCB ( hai goc noi tiép cling chin cung FB)
Tir d6 suy ra AMBE dong dang AMCF (g—g)

T d6 suy ra MF.ME = MB.MC
¢) Chirng minh FC la tia phan giac cia géc EFD.



~ ¢

Chtrng minh dugc H 1a tryc tam AABC
Tir d6 suy ra bon diém B, F, D, H cung thudc dudng tron duong kinh BH
Suy ra HFD = HBD ( hai goc noi tiép cung chin cung HD)
Xét duong tron duong kinh BC cé EFC = EBC ( Hai goc noi tiép cung chin cung EC)
Suy ra EFC = CFp khi d6 FC 14 tia phan giac EFD (dpcm)
Ching minh BP=BQ.
Ching minh dugc FB 1a phan gic trong tai dinh F cta tam gidc FMD

Ma FC 1a phan giac ngoai tai dinh F tam giac FMD

Suy ra

CD  BD [_ FDJ
CM BM\ FM

AC CM CD _AC
OB BM BD BP

Tw d6 suy ra Suy ra BP = BQ

Céu 16: Cho tam giac ABC ba goc nhon ndi tiép (O;R), hai dudng cao BE, CF cét nhau tai H.
a) Chirng minh tir gidc BFCE ndi tiép va 40 L EF

b) Chimg minh: sin> BAC +cos’ BAC =1va BC>=AB>+ AC*—2.4B.AC.cosBAC
c) Goi S Ila dién tich tam giac ABC, ching minh: S=%AB.AC.sinﬁ7 . Cho

AB =6; AC =8; BC = 2/13 tinh dién tich tam gidc ABC

Loi gidi



a) Chimg minh t&r giac BFCE noi tiép

Xét tam gidc BEC ta co:

BE 1 AC ( BE la duong cao trong tam giac ABC)

Nén tam giac BEC vudng tai E. Do d6 B,E,C cung thugc duong tron duong kinh BC (1)
Xét tam gidc CFB ta co:

CF 1 AB ( CF la dudng cao trong tam giac ABC)

Nén tam giac CFB vuong tai F. Do d6 C,F,B cung thudc duong tron dudong kinh BC (2)
Tur (1) va (2) suy ra B,F,E,C cung thugc duong tron dudng kinh BC.

Hay ti giac BFEC ndi tiép.

Chung minh: A0 | EF

K¢ tiép tuyén tai A cua (O), suy ra ];4\0 =90"

K¢é tia AO cét (O) tai D, khi d6 AD 1a duong kinh, suy ra ACD =90° (goc ndi tiép chin nira
dudng tron)

Ta co: IZ‘E"‘@:@:%U

ACB+BCD = ACD =90°

Ma BAD = BCD (hai gbc noi tiép cung chin cung 1/9—1\) trong (O))
Do dé: pAB = ACB (3)

Ta lai co: ACB+ BFE =180 ( tir gitc BFEC ndi tiép)

Va AFE + BFE =180° (hai goc k& bu)

Nén AFE = ACB (4)

Tir (3),(4) suy ra pAB = AFE

Ma ]@; AFE & vi tri so le trong nén Ap //EF

Kéthop AO L Ap (vi Ap la tiép tuyén).

Vay AO L EF

b) Chirng minh: sin’ BAC +cos*BAC =1

Xét tam gidc AEB vudng tai E, ta co:




BE®
AB’
AE?
AB®
Nén sin’ @+coszb/’AE = BEz + AEj = BE” + sz

AB*  AB AB
Ma BE’ + AE* = AB* (Pinh ly Pythagore trong tam gidc ABE vuong tai E)
BE® . AE? _ BE® + AE? _ AB® _
AB®  AB’ AB® AB®
Hay sin? BAC +cos*BAC =1 (g6¢ BAE ciing 1a BAC )
Chiig minh: BC?>=AB>+ AC?~2.4B.AC.cos BAC
Ap dung dinh 1y Pythagore trong tam giac BEC vuong tai E ta co:
BC? = BE* +CE?
Ma CE* =(AC - AE)* = AC* =2.AC.AE + AE?
Nén BC® = BE> + AC* =2.AC.AE + AE®
Ta lai co:
BE* + AE* = AB’ (cmt)

cosBAE = % (cmt) suy ra AE = AB.cosBAE = AB.cosBAC

sin BAE _BE suy ra sin’ BAE =
AB

cosBAE = j_i suy ra cos’ BAE =

Do d6: sin® BAE + cos* BAE = 1

Vay: BC*=AB*+ AC*-2.4B.AC.cosBAC

c) Goi S Ila dién tich tam gidc ABC, ching minh: S:lAB.AC.sinZ;l\C. Cho
2

AB=6;AC =8; BC =24/13 tinh dién tich tam giac ABC

Taco: S :%BE.AC

Ma BE = AB.sin BAC ( h¢ thuc gitta canh va goc trong tam giac ABE vudng tai E)
Vay: S :% AB.AC.sin BAC

Taco: BC*=AB>+ AC*—2.4B.AC.cosBAC (cmt)

(2132 =67 +8>~2.6.8.cosBAC suy ra cosBAC :%

Ma sinzmz?coszﬂz’:l(cmt) suy ra Sin@?zxﬂ—coszB/A\:?

Vay S :%AB.AC.sinBAC . %.6.8.? =123

Céiu 17: Cho (O;R) dudng kinh AB c6 dinh. Day CD vuéng goc v6i AB tai H nam giita A va O. Lay diém
F thudc cung AC nho. BF cit CD tai I; AF cit tia DC tai K.
a) Chimg minh rang tir giac AHIF 1a tir giac noi tiép.

b) Chting minh rang: HA.HB = HI.HK.



¢) Puong tron ngoai tiép A KIF cit Al tai E. Ching minh rang khi H chuyén dong trén doan
OA thi E thudc mot duong tron ¢ dinh.

Loi giai

D

a) Chirng minh ti giac AHIF ndi tiép.
Ta co: AFI =90° (goc ndi tiép chin nira duong tron duong kinh AB).
CD L AH tai H (gia thiét) va Te CD = AHI = 90°.

Xét tam giac AFI co AFI = 90°nén duong tron duong kinh Al ngoai tiép tam gidc AFI hay 3
diém A,F,I cing thudc 1 dudng tron duong kinh Al (1)

Xét tam gidc AHI co AHI = 90°nén duong tron duong kinh Al ngoai tiép tam giac AHI hay 3
diém A, H, I cing thudc 1 duong tron duong kinh AI(2)

Tir (1) va (2) suy ra 4 diém A, F, I, H cing thudc dudng tron duong kinh Al

Hay tir giac AHIF noi tiép.



Cau 18:

b) Chitng minh ring: HA.HB = HL.LHK.
Ta gidc AHIF ndi tiép (cmt) = FAH + FIH = 180° (Dinh 1y)
Ma BIH + FIH = 180° (hai goc k& bu).

— FAH = BIH hay KAH = BIH.

Xét AHAK va AHIB c6
AHK = THB (cung bing 90°)

K/A\H = gﬁ{ (cmt)
— AHAK ~ AHIB(g - g)
HA HK

— ——~=—" S HAHB=HLHK (dpcm)
HI HB

¢) Chirng minh E ludn thudc dwong tron cd dinh:

Ta cé: AFB =90° (goc nodi tiép chin nira (0)) = AF L. BF = AK L BF tai F
KH 1 AB tai H (vi CD L AH tai H)

KH cét BF tai I.

= I1atruc tdm cia AAKB = AI L KB (1)

AKIF vuong tai F, nén duong tron ngoai tiép AKIF ¢6 duong kinh 1a KI.

— AEK =90° (goc ndi tiép chin nira dudng tron dudng kinh KI).

= Al L KE (2)

Tir (1) va (2) = K, E, B thing hang, khi d6 Al L KB tai E

— IEB =90° hogc AEB =90°

AB
= E Iudn thugc duong tron [O;Tj (dpcm)

Cho duong tron (0) duong kinh BC. Piém 4 thudc dudng tron théa man AB < AC (4 khéac B,

A khac C). Lay diém D trén canh AC sao cho AD = AB. V& hinh vuéng BADE. Tia AE cit (0)

tai F.
a) Tam giac FBC la tam giac gi? Tai sao?

b) Chirng minh: FDC =FCD.
¢) V& tia Bx 1a tiép tuyén cta (0) tai B, Bx cat CF tai I. Ching minh ba diém D, E, I thang hang.

Loi giai



Cau 19:

a) Ta thdy AF chinh la phan giac cla 4 nén FBC = FAC =45".

Mat khac BFC=90". Vay tam giac BFC vuong can tai F.
b) Vi tam gidc BFC can tai /' nén FC = FB.
Ta c6 AF 1a duong trung truc cia BDnén FD =FB ma FC=FB nén FD=FC.

do d6 FDC = FCD (dpem).

c¢) Tam giac BCI vuong tai B c6 BCI =45° nén tam giac BCI can tai B, c6 BF la dudong cao nén

F 14 trung diém CI.
Néi 7 véi D, tam giac IDC c¢6 DF 1a trung tuyén va bang nira canh /C nén tam giac DIC vudng
tai D. Matkhac ED 1 AC nénl E, D théng hang.

Cho duong tron (O;R) dudng kinh AB . Ké tiép tuyén Ax,ldy P trén Ax
(AP >R). T P ké tiép tuyén PM véi (O).
a) Chtrng minh rang bon diém 4, P,M,0 cung thudc 1 dudng tron.

b) Chimg minh: BM //OP . Pudng thing vudng goc voi AB tai O cittia BM tai N.Chung
minh tor gidc OBNP 1a hinh binh hanh.

¢) Gia st AN cit OP tai K;PM cat ON tai I;PN cit OM tai J.Chimg minh 7,J,K thing
hang.

Loi giai
p N J

a) 4,P,M,0 cung nim trén dudng tron dudng kinh PO
b) Taco: OP L AM;BM 1 AM = BM //OP

¢) AAOP =AOBN = OP = BN ,talaic6 BN //OP nén OPNB la hinh binh hanh



Cau 20:

d) Taco: ON LPJ;PM 1. OJ,ma PM 1 ON =1 = [latruc tdim APOJ = IJ 1L OP (1)

Chimg minh duge PAON 14 hinh chit nhat = K 14 trung diém OP
Lai c6: APO =OPI = IOP = AIPO cantai I = IK 1 OP (2)
T (1)(2)= 1,J,K thang hang.

Cho ntra dudng tron (O) duong kinh 4B. Piém M nim trén nira duong tron (M # A; B). Tiép
tuyén tai M cit tiép tuyén tai A va B ctia duong tron (O) lan luot tai C va D

a) Chirg minh rang: t gisc ACMO ndi tiép.

b) Goi P 1a giao diém CD va AB. Chimg minh: PA.PO = PC.PM

¢) Goi E 1a giao diém ctia AM va BD; F 1a giao diém ctia AC va BM. Chimg minh: Ba diém E;
F; P thang hang.

Loi giai

M

a) Goi H 1a trung diém ctia doan thang CO. Xét tam giac CMO vudng tai M va tam gidc CAO
vuong tai A, ta c6: HC = HO =HM va HC = HO =HA

Do d6 HC =HO =HA =HM. Vay bdn diém O, A, C, M cung thuéc mot duong tron

Hay ttr giac OACM noi tiép.

b) Xét tam gidc PAC va tam giac PMO, co: MPO chung va PAC = PMO = 90"

Nén APAC va APMO dong dang

PA  PM

n — = —— Suy ra PA.PO=PC.PM
PC PO

A

¢) Ching minh dugc CA = CM = CF; DB = DM = DE
Goi G la giao diém ctia PF va BD, can chimg minh G tring E.

FC PC_ PC _AC_ AC CF

Dua vao AC//BD chting minh duogc = ; = ; =
DG PD PD BD BD DE

Suy ra DE = DG ma G va E déu thudc tia dbi cta tia DB

Do do6 G trung véi E.



Cau 21:

Vay ba diém E; F; P thang hang.
Cho tam gidc ABC c6 ba géc nhon (AB < AC), noi tiép dudng tron (O). Tiép tuyén tai diém
A ctia dudng tron (O) cét duong thing BC tai diém S. Goi I 1a chan dudng vudng goc ké tir
diém O dén duong thing BC.
a) Chung minh tr gidc SAOI 1a tlr giac ndi tiep.
b) Goi H va D lan luot 1a chan cac dudng vudng goc ké tir diém A dén cac duong thang SO
va SC . Chimg minh OAH = IAD .
¢) V& duong cao CE ctia tam gidc ABC . Goi Q la trung diém cua doan thing BE . Pudng
thing QD cat dudng thing AH tai diém K . Ching minh BQ.BA = BD.BI

Loi giai

A

a) Chirng minh tir giac SA0! 1a ti giac ndi tiép.

Goi M 1a trung diém cta SO, suy ra SM =MO=% (1)

Xét ASAO vudng tai A4 c6 M la trung diém cta SO
— AM 13 dudng trung tuyén Gmg véi canh huyén SO
1

= AM = ESO (2)

Xét SIO vudng tai I c6 M 1a trung diém SO

— IM 13 duong trung tuyén tng véi canh huyén SO
1

IM =750 (3)

Tur (1), (2) va (3) tac6: AM =IM =SM = MO =%

Suy ra bon diém S, A, O, I cing thudéc mot duong tron hay tir giac SAOI ndi tiép dudng tron
duong kinh SO .

b) Goi H va D lan lwot l1a chin cac dwong vudng géc ké tir diém A dén cac duwong thang
SO va SC . Chimg minh OAH = IAD.



Theo y a), ta c: T gidc SAOI ndi tiép nén SOA = SIA (hai goc noi tiép cung chin SA4 );
= 90°— S04 =90°— SIA ;

Ma 90°— SOA = OAH (AAHO vudng tai H ); 90°—SIA = IAD (AADI vuéng tai D)
= OAH =I4D.

¢) V& duong cao CE ciia tam giac 4BC. Goi O la trung diém ciia doan thing BE. Puong
thing OD cit dwong thing AH tai diém K .Chirng minh BQ.BA = BD.BI .

Xét ABOC cantai O c6: Ol L BC
= OI la duong cao

= O/ ciing la duong trung tuyén

= I 1a trung diém cua BC .

Ma QO la ttrung diém ctia BE

= IQ 1a duong trung binh cua ABEC

=10 // CE ma CE 1 4B
= 10 L 4B, lai c6 IDA=90°(AD L SC)

= Tu gidc AODI ndi tiép dudng tron duong kinh A7



Cau 22:

= QAI +0DI =180° ma BDQ+ODI =180° (hai goc ké bu)
:@:@(:1800—@).
Xét ABDQ va ABAI co:

E chung; @ = BAI (chimg minh trén);

= ABDQ » ABAI (g.g)
_BD _BA_ poB4=-BDBI
BO BI

Cho hinh vudéng ABCD c¢6 d6 dai canh bang 4 cm . V& dudng tron tim O duong kinh AD; ké
BM 1a tiép tuyén cua duong tron tim O (M 1a tiép diém, M = 4), BM cat CD tai K .
a) Chung minh 4 diém 4, B, M, O cung thudc mot dudng tron.

2
b) Chung minh OB L OK va BM . MK = Af .

¢) Puong thang AM cit CD tai E . Chimg minh K 1a trung diém ctia doan thang ED va tinh
chu vi cua tir giac ABKD .

Loi giai
A B
0,
M
D K E C

a) Ta co AABO vuong tai 4, do dd6 A thugc duong tron duong kinh BO.

Tacé BM latiép tuyén tai M cua dudng tron(O), suy ra BM L OM nén ta c6 AMBO vudng
tai M ,dodo M thudc duong tron duong kinh BO.

Suy ra 4 diém 4, B, M, O cung thudc mot duong tron duong kinh BO.

b) Tacd BA L OA (A thudc duong tron tam O)

nén BA la tiép tuyén cta duong tron (O)

Tuong tu ta c6 KD 1a tiép tuyén ctia dudng tron (O)

Tacé BA va BM 14 hai tiép tuyén cit nhau

Suy ra OB la dudng phan giac cua AOM (tinh chat hai tiép tuyén cit nhau)

Taco KD va KM 1a hai tiép tuyén cat nhau



Suy ra OK 1a dudng phén giac cua DOM ( tinh chét hai tiép tuyén cét nhau)

Do d6 OB va OK 1a hai tia phan giac ctia hai goc ké bu 4OM va DOM .

Suy ra OB L OK hay BOK =90°

Xét AOBK vudng tai O, OM 1 BK , dé dang chiig minh dugc AMBO » AMOK (g.g) nén suy
BM

ra———O(canhtu:orn ung)
MO MK & e

2
suy ra BM.KM:OMZ:OAZ:AB

A B
01

XM
D K E C

¢) Tacoé ABAM céntai B (BA=BM)

nén BAM = BMA

Laico KEM = BAM (hai goc so le trong)
BMA = KME (hai goc d6i dinh)

Suy ra KEM = KME

Nén AKEM can tai K

Do d6 KE = KM

Mat khac KD = KM

Do d6 KE = KD hay K 1a trung diém cua ED .

Taco BM .KM = 04> =OM* =2° =4(cm)

KD =1 (cm)
Ta ¢6 chu vi tir giac ABKD 1a

P

ABKD

=AB+ AD+ KB+ KD



Cau 23:

=AB+AD+(AB+KD)+KD
=34B+2KD=3.4 + 2.1=14(cm)

Cho tam gidc ABC ¢6 ba goc nhon nodi tiép dudng tron (0) , ké duong cao BE ciua A4BC. Goi
H va K lan luot 1 chan cac duong vudng goc ké tir £ dén AB va BC .

a) Ching minh ti giac BHEK 12 tir giac ndi tiép.

b) Chitng minh: BH.BA= BK .BC .

¢) Ké dudng cao CF cuia tam giac ABC(F € AB) va I 1a trung diém cta EF . Chimg minh ba
diém H,I,K thing hang.

a) Chitng minh tir gidc BHEK néi tiép

Xét tir giac BHEK , c6: BHE =90°(EH | AB) va EKB=90°(EK 1 BC)
nén BHE + EKB =180° ma BHE va EKB 14 hai goc dbi

Do d6 tir giac BHEK ndi tiép

b) Chirng minh BH.BA= BK.BC

Xét ABEC va ABKE cb: BEC = BKE =90°; EBC: goc chung

Do d6 ABEC » ABKE (g.g)

BE B
Suy ra — = B€ _ BE* = BK.BC (1)
BK BE

Chimg minh tuong tu ta duge BE® = BH.BA (2)

Tt (1) va (2), suy ra: BH.BA=BK.BC .

¢) Ké duwong cao CF ciia tam gidc ABC(F € AB) va I 1 trung diém cia EF . Chitng minh ba
diém H,I,K thdang hang.

Theo cu a) ta ¢6 tir gidc BHEK noi tiép nén BHK = BEK (2 goc ndi tiép cing chén BK ) (3)
Xét ABEC vudng tai E 6 EK L BC nén BEK = ECB (cung phu KEC) (4)

Xét ABFC ¢6 BFC =90" (CF L AB) nén B,F,C thuoc dudng tron duong kinh BC

Lai ¢6 ABEC ¢6 BEC =90° (BE L AC) nén B,E,C thudc duong tron duong kinh BC

Suy ra bon diém B, F,E,C cung thudc duong tron dudng kinh BC

hay tt giac BFEC i tiép

Do d6 ECB = HFE (cing bu véi BFE) (5)



Xét AFHE vudngtai H (EH L AB) c6 HI la dudng trung tuyén ing véi canh EF (I 1a trung

X EF
diém cua EF )nén HI = IF :7

hay AHIF cén tai I dodé IFH = FHI (6)
Tu (3), (4), (5) va (6) suy ra BHK = FHI
Do d6 H,I,K thang hang.
Céu 24: Cho tam giac ABC nhon ndi tiép duong tron (0) , cac duong cao 4D, BE,CF cit nhau tai 1 .
K¢ duong kinh AQ cta duong tron (O) cat canh BC tai [ .
a) Ching minh bén diém 4, F, H, E cung thudc mot duong tron.
b) Chung minh BAD = @ .
¢) Goi P 1a giao diém cua AH va EF . Ching minh AAEP ddng dang voi AABI vaPl //HQ .
Loi giai

a)Ta co: BE L AC (gt) = AEH =90"nén AAEH vuéng tai E, canh huyén AH
Suyra 4, H,E cung thudc duong tron duong kinh AH (1)

Taco: CF L AB (gt) = HFA=90"nén AAFH vuong tai F, canh huyén AH
Suy ra A4, H, E cung thudc duong tron dudng kinh AH .(2)

Tt (1), (2) suy ra bén diém A4, H, E, F cing thudc duong tron duong kinh AH
b) Xét duong tron (O) co:

ABC = AQC (hai goc néi tiép cing chén cung AC)

—

ACQ = 90° (gbc ndi tiép chin nira dudng tron)
Xét AADB va AACQO co: A/BTCZ A/Q\C
ADB = 4CQ =90

Suy ra AADB ~ AACQ suy ra BAD = CAQ.

[EE—

¢) Vi BAD = CAQ = BAD + DAQ = DAQ + QAC

Suy ra BAI = PAE



Cau 25:

Hoic ching minh t giac BFEC néi tiép suy ra ABI = AEP
Chung minh AAEP d6ng dang voi AABI (gg)

Vi AAEP ddng dang véi AABI = j—i = i_f (1)
. : A . AE _ AH
Ching minh AAEH dong dang véi AABQ = 15 a0 (2)
AH __ AP _ Al

. . AP _ AH _ AP _ Al
Tu(l)va(2)=>Z_AQ=>AH m

PI// HQ ( dinh 1y Talet ddo)

Cho dudng tron (O) va diém M & ngoai dudng tron. Qua M ké cac tiép tuyén MA, MB va cat
tuyén MPQ (MP < MQ). Goi I 14 trung diém ctia day PQ.

a. Chung minh bdn diém B, 0, I, M cung thudc mot duong tron.

b. Goi E 1a giao diém thr 2 ctia dudng thang BI va dudng tron (O). Chimg minh: BOM = BEA
va AE //PQ.

c. Goi K 1a trung diém ctia EA. Chtrng minh ba diém O; I; K thang hang.
Loi giai

+) C6 MB 1a tiép tuyén cua duong tron (O) nén MB L OB tai B suy ra B thudc dudng tron
duong kinh MO (1)

+) C6 1 1a trung diém cta day PQ cua dudng tron (O) nén OI L PQ tai I suy ra O L MI tai I,
suy ra [ thugc duong tron duong kinh MO (2)

Tir (1) va (2) suy ra bén diém B, O, I, M cing thuéc mot duong tron dudng kinh MO.

Viay bdn diém B, O, I, M cung thudc mdt duong tron.

b. Goi E 1a giao diém thr 2 ctia duong thang BI va duong tron (O). Chig minh: BOM = BEA
va AE //PQ.




+) Xét (0) 6 cac tiép tuyén MA, MB suy ra tia OM la phan giac ciia AOB
= AOM = BOM = BOA
Lai co BEA = %B/OT'\ (gbc ndi tiép bang nira goc & tim cling chan mot cung)

Suy ra BOM = BEA (3)

+) Co bdn diém B, O, I, M cung thudc mot duong tron duong kinh MO (cmt)

— BOM = BIM (hai goc noi tiép cing chan mot cung MB) (4)

Tir (3) va (4) suy ra BEA = BIM , ma hai gbc nay & vi tri ddng vi nén AE /IM hay AE //PQ .

Vay BOM = BEA va AE //PQ.

c. Goi K 14 trung diém ciia EA. Chirng minh ba diém O; I; K thang hang.

Kéo dai IO cat AE tai H. Do OI L PQ va AE //PQ (cmt) nén OI L AE tai H hay OH L AE
tai H, suy ra H 14 trung diém ctia AE.

Ma K 14 trung diém cua AE nén K va H tring nhau. Suy ra K thudc dudng thang OL

Viy ba diém O; I; K thing hang.

Ciu 26: Cho duong tron tam (QO), duong kinh 4B =2R  Trén duong tron (O) lay diém C bat ki (C
khong tring voi A4 va B). Tiép tuyén ciia duong tron (O) tai 4 cattia BC ¢ diém D. Goi H
1a hinh chiéu ctia 4 trén duong thing DO. Tia AH cit dudng tron (O) tai diém F (khong
trang véi A4).

a) Chimg minh tir gidc AHCD ndi tiép duge mot dudng tron.
b) Chung minh ACFH la tam giac vuong.
BH.BC
BF
Loi giai
a)Do AH | DH = AHD =90°nén 4, H, D thudc dudng tron duong kinh AD (1)

¢) Tinh gia tri ctia biéu thirc S =

Laico ACB =90" (goc ndi tiép chin nira dudng tron).
Suy ra ACD =90° nén A, C, D thudc duong tron duong kinh 4D (1)
Tu (1) va (2) = 4, H, C, D thudc duong tron duong kinh AD D

hay ttr gidc AHCD 1di tiép duoc mot duong tron.




Cau 27:

b) Tir gide AHCD ndi tiép = HCB = DAH
Ta co ﬁ,@ noi tiép (0) cling chan BF = Z?C\F — BAF

—

— HCF = HCB + BCF = DAH + BAF = DAB = 90"

Vay ACFH la tam gidc vudng tai C.

c) Ta co: FCB = HAB (3) (hai goc ndi tiép cung chin cung FB ).

Tam gidc OAD vudng tai A.Khi d6 OA> = OH.OD
OH OB

Ma OA = OB nén OB* =OHOD = — =—"—
OB OD

Suy ra hai tam giac OHB va OBD dong dang

Suy ra OBH = ODB (4)

Ta lai ¢6 tir gise AHCD ndi tiép nén ODB = CAH (5)

Tir gidc ABFC noi tiép nén CAH = CBF (6)

Tir (4), (5) va (6) suy ra OBH = CBF (7)

Tt (3) va (7) suy ra hai tam gidc HAB va FCB dong dang

BC BF _ BC.BH _ BC.BH _

Khi do, ta co: = = BA = 2R.
BA BH BF
BC.BH
Vay S = ¢ =2R
BF

Tir diém M nim ngoai duong tron (0), ké cac tiép tuyén MA, MB véi (0) (B, C 1acac
tiép diém). Ké duong kinh AC cia (0 ) Poan thing MC cit AB tai K va cit duong tron
(O) tai diém thtt hai D . Goi I, H 14n luot 1a céc giao diém cia MO véi BD, AB.

a) Chung minh bén diém M, A, O, B cung thudc mot dudng tron.

b) Ching minh MO song song véi BC va IM* =ID.IB.

¢) Goi L 1a giao diém cua IK, HC . Chimg minh ba diém M, B, L thang hang.

Loi giai



a) MA,MB 14 hai tiép tuyén cia (O)nén: MA L OA;MB 1 OB

_Xét AMAO c6 MAO =90° nén 3 diém A,M ,O cung thuoc duong tron dudng kinh OM
- Xét AMBO c6 MBO =90° nén 3 diém B,M,0 cing thuéc duong tron dudng kinh OM
Vay bon diém M, A, O, B cing thudc mot dudng tron. (DPCM)

b) Ta c6: MA=MB (MA, MB 1a hai tiép tuyén cua (0))

OA=0B=R

Nén OM 1a trung truc cia AB hay OM | AB tai H

Ma B thuoc dudng tron duong kinh AC nén ABC =90° hay BC L AB
Suy ra: MO/ /BC

M) = ﬁ) (2 goc so le trong)
Lai co: ]\7[3\[=Z3/C7) nén @zﬁlzﬁ
xét AIMD va AIBM ¢6 :

1\71173 chung
IMD = IBM

Nén: AIMD ~ AIBM (g.g)



IM ID 5
Suy ra: —— =—— hay IM "~ = IB.ID (bPCM)
B IM

¢) Taco ADC =90° nén ADM =90°
Suy ra 3 diém A4, D, M ciung thuoc dudng tron duong kinh AM .
Ma AHM =90°nén 3 diém A, H,M cung thudc dudng tron duong kinh AM

Suy ra bon diém A,D,H, M cung thuoc dudng tron duong kinh AM .

Hay AMDH 1a t& gide néi tiép nén THD = MAD
Ma MAD = ABD nén IBH = IHD

Xét AIHD va AIBH co:

IHD = IBH (cmt)

HIB chung

Nén: AIHD ~ AIBH , suy ra IH* = IB.ID

Ma IM* = IB.ID nén IM = IH

Goi J 1a giao diém cua IL va BC

xét AMKI ¢6 IM//CJ nén £=£
IM KI

B K.
Xét AIKH c¢6 BJ//IH nén B/ _A&J
IH KI

Suy ra: JC=JB
Hay J 1a trung diém cia BC

xét AILH c6 CJ//LH nén LC = ¢J = 2C1 = CB
LH HI 2HJ] MH

Lai co m = B/C\L (d6ng vi)
Suy ra AMHL ~ ABCL (c.g.c)
Tir d6 ta c6: HLB = HLM

Vay M, B, L thang hang.



Céu 28: Cho nta (0) duong kinh 4B = 2R, C 1a diém bat ki ndm trén nira duong tron sao cho C khac 4

va AC < CB.Piém D thudc cung nhé BC sao cho: COD =90". Goi E la giao diém cta 4D va
BC, F la giao diém cta AC va BD,11a trung diém cua EF .

a) Chirng minh: CEDF 1a tir gidc ndi tiép

b) Chitng minh: #C.FA = FD.FB

¢) Chimg minh IC 1a tiép tuyén cua (0)

d) Hoi khi C thay d6i thoa méan diéu kién Cau toan, E thudc duong tron cd dinh nao?

Loi giai

A 0 B
a) Gia sir I 1a trung diém cua EF
Xét (O) co:
ACB =90° (goc ndi tiép chin nira dudng tron) nén BC L AF
A A . e \ \ A A EF
Nén ABCF hay AECF vuong tai C, ¢6 CI 1a duong trung tuyén nén CI = [E = IF = By
ADB =90° (goc néi tiép chin nira duong tron) nén AD | BF

Nén AADF hay AEDF vudng tai C, c6 DI 1a duong trung tuyén nén DI = [E = [F = %

Khi d6 CI = DI = IE = IF suy ra tir gi\c FCED noi tiép dudng tron tim I dudng kinh EF
b) Tam giac vudng FDA ddng dang voi tam giac vuéng FCB (gg)

FA FD
—— =_"—" (2 cap canh tuong Urn
5 FC( ap ce g ung)

nén FC.FA = FD.FB (dpcm)

¢) Vi1 la tam duong tron ngoai tiép tir giac FCED nén €7 = I F
khi 6 AICF cantail = F = FCT (1)

Xét AOAC cantai O nén CAO = 0CA (2)

Xét AABF c6 BC,AD 1a hai dudng cao cét nhau tai .

Nén E la tryc tam cua AABF



Nén EF | AB = F, + CAO =90° (3)

Tir (1); (2); (3) nén ICF + OCA = 90°
Do d6 OCI =90° hay OC L CI

Vay CI 1a tiép tuyén ctia dudng tron (O)
d) Ta co

0,+0,+0, =180°| =~ ~

- nén O, + 0, =90°
0, =90°

Xét (O) ta co:

— 1/\

DAB ==0,

— o~

nén 5@+/@?:=%-90°=450
ABC =0,

Xét AAEB ta c6 DAB+ ABC = 45° nén AEB = 135°
Qua Aké Ax | AE.
QuaBké By LBE.Byn Ax=K

Xét tor giac EAKB ta co

KAE =90°(4x L AE)| = — —
- nén KAE + KBE =180°

KBE =90°(By L BE)

Ma hai goc nam tai hai dinh d6i nhau nén t& giac EAKB ndi tiép.
AKB + AEB =180° nén AKB = 45°

Goi H 1a trung diém cua EK.

nén H 1a tim duong tron ngoai tiép tir giac
Xet (H): AKB = AHB = AHB=90°.

Xét a AHB(AHB =90°) c¢6: HA = HB (bén kinh duong tron tim H)
nén AAHB vudng can tai H. Ma AB khong d6i nén H ¢ dinh.
Ap dung dinh 1i Pytago vao s AHB ta co:

HA® + HB* = AB*

nén 2HA* = 4R?
HA® =2R°
HA=+2R



Vay khi C thay doi E chay trén duong tron (H; \/ER ) ¢6 dinh.

Ciu 29: Cho duong tron (O;R) va ddy MN cb dinh (MN <2R). K¢ duong kinh 4B vudng goc véi day
MN tai E (diém A4 thudc cung nho MN ). Lay diém C thudc ddy MN (C khac M, N, E).
Dudng thing BC cét (O;R) tai diém K (K khéc B).
a. Chung minh AKCE 14 tir gi4c noi tiép.
b. Chting minh BM* = BK - BC .
c. Goi I 1a giao diém cua hai dudng thang 4K va MN ; D la giao diém cta hai duong thang
AC va BI . Chtng minh diém C cach déu ba canh ciia ADEK .
Loi giai
I

N
a. Ta co: AKB =90° (Goc ndi tiép chén nira duong tron (0))
nén AAKC vuong tai K
Do d6, ba diém A4,K,C thudc duong tron dudng kinh AC (1)
+) Ta co AEC =90° (vi duong kinh AB vuéng goc voi day MN tai E theo gia thiét)
Nén AAEC vubng tai E
Do d0, ba diém A4, E,C thudc dudng tron dudng kinh AC (2)
Tir (1) va (2), ta c6 bon diém 4, K, E,C cung thudc duong tron duong kinh AC
Vay tir giac AKCE ndi tiép.
b. + Ta c6 tr gidc AKCE ni tiép (cmt)
nén KAE + KCE =180 (tinh chat)
Do d6, KCE =180° — KAE (1)

+) Ta ¢6 bén diém AKMB thudc dudng tron (O) nén tir giic AKMB ndi tiép



Do d6, KAB+KMB =180° . Suy ra KMB =180° - KAB (2)

+) Tir (1) va (2) ta co: KCE = KMB ma KCE = MCB (dbi dinh)
Nén 1\76’\8 = I@

+) Xét ABMC va ABKM c6:

MBK chung; MCB = KMB (cmt)

Nén ABMC -~ ABKM (goc-goc)

BM  BC
Do d6 ——=——.SuyraBM’ =BK-BC.
BK BM

c. Xét duong tron ngoai tiép tir giac AECK, ta co:

EKC =EAC (hai goc noi tiép cung chan cung EC) (3)

+) Xét tam giac BAI c¢é BK, IE 13 hai duong cao, ma ching cit nhau tai C.

Suy ra C truc tdm tam giac BAI nén ADB =90° .Suyra D thudc duong tron (O)
+) Ta co CKD = EAC (hai goc nodi tiép cung chan cung BD ciia dudng tron (O). (4)

Tur (3) va (4) suy ra E/'K\C = C/'Ia)
Do d6, KC 1a tia phan giac cua goc EKD

+) Chimg minh tuong ty cau a ta duoc tir gidc BECD ndi tiép
Suy ra CDE = CBE (2 goc ndi tiép cung chian cung CE)
Mit khac KDC = CBE (2 gbe ndi tiép cung chin cung AK ciia(0))

Suy ra CDE = KDC , suy ra DC 1a tia phan giac cua goc KDE
Tam giac KDE ¢6 C 1a giao diém cua hai dudng phéan giac goc K va D
Suy ra C cach déu 3 canh cta tam giac KDE
Ciu 30: Cho nira dudng tron tim O, ban kinh 4B =2R va tia tiép tuyén Ax cung phia voi nira duong
tron d6i voi AB. Turdiém M trén Ax ké tiép tuyén thir hai MC voi ntra duong tron ( C 1a tiép
diém). AC cit OM tai E ; MB cit nira duong tron (O) tai D (D # B).
a) Ching minh rang bbn diém A, M,C,0O cung thudc mot dudng tron.
b) Tinh dién tich hinh quat OCB theo R, trong truong hop AMC =60° va chirng minh
ADE = ACO.
¢) Goi H 14 hinh chiéu ctia Ctrén 4B.Chimg minh rang MB di qua trung diém cta CH .
Loi giai



M

A ) H B

a) Do MA, MB 13 tiép tuyén cta nira duong tron (O) nén ta c6 MAO = MCO =90

Suy ra aMAO 1a tam giac vudng tai 4 va aMCO la tam giac vudng tai C

Suy ra M, A,0 cung thugc duong tron duong kinh MO va M,C,0O cung thugc duong tron
duong kinh MO

Do d6 bdn diém 4, M,C,0 cung thudc mot duong tron.

b) Ta c6 AMC =COB = 60" ( hai goc cing bit véi AOC)

2
Dién tich hinh quat COB la ﬂ7T-R2 = 7R
360 6

Do MA, MC 14 hai tiép tuyén cta nira duong tron (O) nén MA = MC va OA=O0C

Tur d6 suy ra M thudc duong trung tryc cua AC,O thudc duong trung tryc cia 4C

Nén MO vudng goc AC tai trung diém E ctia AC, suy ra AEM =90’

Suy ra aAEM vubng tai £, nén aAEM noi duong tron duong kinh MA

C6 ADM =180— ADB = 90° (do ADB chin nita dudng tron nén ADB =90’ ).
Suy ra AADM vudng tai D, nén AADM ndi duong tron duong kinh MA

Do d6 tir giac AMDE noi tiép duong tron dudng kinh MA .

Xét tir gidge AMDE i tiép c6 : ADE = AMO (cing chén AE)

Xét tir giac AMCO ndi tiép c6 : AMO = ACO (cing chin E)

Suy ra ADE = ACO..

¢) Goi K 1a giao diém ctia MB va CH .

Do CH //AM nén theo dinh li Thales thi HE = HB = HB = 1 HB
AM AB 2R 2 R

Tacdé OM //BC ( cung vudng géc véi AC ) suy ra MOA = CBH ( hai goc ddng vi)
Xét AHCB va AAMO ¢6 MAO = CHB =90 ; MOA=CBH

Suy ra AHCB ~ AAMO , nén HB = cH = HB
OA AM R
AM 2 AM 2

Suy ra MB di qua trung diém cia CH (dpcm).

Cau 31: Tudiém M ndmngoai dudng tron (O;R) ké cac tiép tuyén MP va MQ véi duong tron (O; R)
, (P va Q 1a céc tiép diém). K& dudng kinh P4 . Tiép tuyén tai 4 véi duong tron (O;R) cit
PO tai B.



a) Chirng minh: AQ song song véi OM .
b) Chitng minh: PQ.PB =4R’.

¢) Goi K 1a trung diém cua MO . Tia PK cit AQ tai I . Chitng minh t giac MIAO 1a hinh
binh hanh.

Loi giai

a) Chirng minh: AQ song song vé1 OM .
Xét (0) tacé: AQP=90° (goc néi tiép chén nira dudng tron). Suy ra A0 L PQ . (1)
Mit khac, MP va MO 1a hai tiép tuyén cia (O), cit nhau tai M . Theo chat cta hai tiép tuyén

cit nhau ta c6: MP = MQ va MO 1a phan giac cua @ .

Suy ra: AMPQ can tai M , duong phan giac MO dong thoi 1a dudng cao, hay OM L PO . (2)
T (1) va (2) suyra AQ // OM .

b) Ching minh: PQ.PB=4R".

Vi 4B latiép tuyén cta (O) tai 4 nén AB L OA.

Xét AAQP vi ABAP ¢6: AQP = BAP (goc vuong), BPA chung.
Suy ra AAQP «» ABAP (g-g).

PQ PA 2 2 2
Suyra: — =——_Suyra: PO.PB=PA" =(2R) =4R".
yra; L= Suyra: PQ (2R)

¢) Goi K 1a trung diém ciia MO . Tia PK cit AQ tai I . Ching minh t gidc MOAI 13 hinh
binh hanh.

Xét AAIP co:

+ O la trung diém cta AP (vi O la tim dudng tron duong kinh AP)

+ OK /| AI (vi AQ // OM - chling minh trén).

Suy ra K 1a trung diém cua IP (dinh Iy).



Cau 32:

Suy ra OK la duong trung binh ciia A4IP .

1 .
Suy ra: OK = 3 AI (tinh chat dudng trung binh cta tam giac).

1 .
Lai c6: OK :EOM (vi K la trung di€ém cua OM )nén AI =OM .

Xét tir gidc MIAO co: Al // OM va Al=OM (ching minh trén).

Suy ra MIAO 1a hinh binh hanh.

Cho nura duong tron (O) ,duong kinh 4B . Tir diém M batki trén tiép tuyén Ax cianta dudng
tron (O) V& tiép tuyén thir hai MC (C la tiép diém). Goi / 1a giao diém cia OM va AC.

a). Chimg minh bbén diém 4, M, C, O cung thudc mot dudng tron.

b). Chtrng minh OI.OM = 0O4*> va OM // BC .

c). Goi H la chan duong vudng géc ké tir C dén 4B, MB cit duong tron (O) tai D va cit

CH tai K .Chimg minh K 13 trung diém cua CH .
Loi giai

™ C

‘
oY

AA ‘h

A 0] H B

a) Chirng minh bon diém 4, M, C, O cung thu¢c mot dwong tron.

Xét dudng tron (0),
+ Do AM 1 tiép tuyén ctia (O):

MA 1 04
MAO = 90°

Suy ra 4 thudc duong tron duong kinh MO (1)

+ Do MC la tiép tuyén cua (O) :

MC 1 OC
MCO = 90"

Suy ra C thudc duong tron duong kinh MO (2)

T (1) va (2) suyra4 diém A, M, C, O cing thudc mot dudng tron (dpem)



b) Chirng minh OI.0OM = 0A° va OM // BC .

Xét dudng tron (O)

C6 hai tiép tuyén MA, MC cétnhautai M suy ra MA=MC
Ma O4=0C =R

Suy ra OM 1a dudng trung tryc cia AC

— OM L AC(3)

= A4l L OM
e AC }

Xét AOIA va AOAM co

OIA = OAM =90°

- = AOAI 1 AOAM
AOM chung

oL _ o4
04 OM

OI.OM = OA* (dpcm)

Ta c6 ACB = 90" (goc ndi tiép chan nira duong tron)
= AC 1L BC (4)

Tu (3) va (4) = OM // BC (dpcm)

¢) Chitng minh K 1 trung diém ctia CH.

X

D
C
K
I
v/ {1 N
A O H B

Do CH // AM (cung vudng goc voi AB)
HCA =CAM (So le trong)(5)
Ma MA = MC (cmt) => AMAC can tai M

— MAC = MCA (t/c tam giac can) (6)



Tir (5) va (6) = MCA = HCA
= AC latia phan giac MCH
Ma AC L CB(cmt)

. o BK CK
= CBlaphan giac ngoai tai C cia AKCM = ——=——+(7)
BM CM

Xét AABM ¢6

KH // AM (cung vudng goc voi AB)

BK KH
Sl 1
BM  AM
K KH
Tir (7) va (8) = <& KH.
CM — AM

Ma CM = AM (cmt)
= CK =KH
Vay K 1a trung diém ciia CH (dpcm)

Cau 33: Cho tir gidc ABCD c6 AB nho hon AD; BC nhé hon CD néi tiép duong tron dudng kinh BD, AB
ct DC tai E; CB cit DA tai F, DB cét EF tai G.

a. Ching minh rang BD L EF tai G
b. Chtng minh bén diém F, G, B, A cung thudc mot dudng tron.
¢. Chimg minh ring BA.BE = BC.BF = BD.BG

d. Ching minh rang B 1a tAm dudng tron ndi tiép AACG

Loi gidi
L
4
1
G 5 . D
C
-
E

a.Chimg minh rang BD L EF tai G



C6 BAD = BCD = 90" ( goc ndi tiép chan nira duong tron dudng kinh BD)
Suyra AE L DF va FC 1 DE

Ma AE cit FC tai B

Suy ra B Ia tryc tam cua ADEF

Suy ra BD L EF tai G

b. Chtng minh bén diém F, G, B, A cung thudc mot dudng tron.
Goi I 14 trung diém cia FB

Tacd BD L EF tai G (cmt)

Suy ra AFGB vuong tai G suy raG/l = IF=1B (1)

AE 1 DF (cmt) suy ra — AFBA vuong tai A suy ra Al =IF=1B(2)
Tu (1) va(2) suyra GI = Al =1F=1B

Suy ra bén diém F, G, B, A cing thuéc mot dudng tron. (dpem)

¢. Chttng minh rang BA.BE = BC.BF = BD.BG

+c¢/m ABFA- ABEC (g.g)

BF
Suyra — =—— suyra BA.BE = BF.BC (1
y c B W (D

+c¢/m ABGF -~ ABCD (g.g) suy ra % = % suy ra BF.BC = BD.BG (2)

Tu (1) va (2) suy ra BA.BE = BC.BF = BD.BG (dpcm)

d. Chimg minh rang B 13 tAm dudng tron ndi tiép AACG

+ Xét tir gidc ABGF c6 bdn diém F, G, B, A cung thudc mot dudng tron dudng kinh BF ( theo

cau b) suy ra tir giac ABGF noi tiép duong tron dudng kinh BF.

+ Do BCE = BGE =90" nén Tu giac DCEG noi tiép duong tron duong kinh BE.

+Do EAF = ECF =90° nén Tt gidc ACEF ndi tiép duong tron dudng kinh EF.

Do d6 GAB = @(Z%sd cung BG)
@175:@( =%sd cung CE)
Suy ra BAG = @(: E/’I%) suy ra AB la duong phan giac cia AACG (1)

Do d6 @:@(%sdcung AF)



Cau 34:

@'z(ﬁ( :%sdcung BG)

Suy ra FCA= (TCT’(: @) suy ra CB la duong phan giac cua AACG (2)

Tur (1) va (2) suy ra B 1a giao hai duong phan giac cuia AACG
Suy ra B 1a tim duong tron noi tiép AACG (dpcm)

Cho tam gidc ABC c6 ba goc nhon ndi tiép duong tron tim O. Cac duong cao AD, BE, CF cua
tam giac ABC cit nhau tai H.
a) Chung minh bén diém A, B, D, E cing thuéc mot duong tron.

b) Chuing minh DB.DC =DH.DA .

¢) Puong thing AO cit dudng tron tim O tai diém K khac diém A. Goi I 1a giao diém cua hai
duong thing HK va BC.Chimg minh I 13 trung diém cia doan thang BC.

AH BH CH

d) Tinh ——+ ——+ ——
AD BE CF

a) (0,75 diém)

Ta ¢6: ADB=90" (vi AD 1 BC

AEB=90" (vi BE L AC)

Xét tr gidc ABDF c¢6 ADB = AEB = 90"

ma D va F 1a 2 dinh ké nhau cung canh AB
dudi 1 gbc vudng

Nén 4 diém A, B, D, E cung thudc mdt duong
tron.

b) (0,75 diém) Xét duong tron ngoai tiép tir giac
ABDF co6

EBD la gdc ndi tiép chian cung DE

EAD la goc nodi tiép chin cung DE

Nén EBD = EAD (Hé qua goc noi tiép) hay

HBD = CAD

Xét ABHD va AACD c6 HDB = CDA = 90°

HBD = CAD (cmt)

Do d6 ABHD dong dang v6iAACD (g-g)

¢) (0,75 diém) Chirng minh I la trung diém cia doan thiang BC.



Xét duong tron (O) co:

ABK =90° (gbc noi tiép chin nira duong tron), do do
KB 1 AB.

Mit khac: CH 1 AB (gia thiét)

Suy ra: KB//CH (quan hé vuong goc song song) (1)
Xét duong tron (O) ¢o: ACK =90° (g6c ndi tiép chin
ntra duong tron), do do KC 1 AC.

Mit khac: BH 1 AC (gia thiét)

Suy ra: KC//BH (quan hé vuéng goc song song) (2)
Twr (1) va (2) suy ra tir giac BHCK 1a hinh binh hanh
(dau hiéu nhan biét), suy ra hai duong chéo BC va HK
cit nhau tai trung diém mdi dudng (tinh chat).

Ma I 1a giao diém ctia BC va HK nén I 13 trung diém

cua BC.
2 . AH BH CH
d) (0,75 diem) Tinh + + .
AD BE CF
. AH BH CH
bat P = + +
AD BE CF
Khi do
AD—-HD BE-HE CF-HF
P= + +
AD BE CF
P:I—HD+1—HE+1—HF

AD BE CF
P:3_(HD+HE+HFJ

AD BE CF
1HD-BC
Ta co: HD = % = Suinc
L AD-BC Sassc

Ching minh tuong tu ta co:

HE — SAHAC . HF — SAHAB

BE  Sysc CF S, uc

HD  HE HF _Syuc , Suuc S
AD BE CF S

AHAB _ SAHBC +‘SVAHAC +SAHAB — SABC :1

AABC SABC SAABC SABC SABC
vay poAH BH CH o
AD BE CF

Céu 35: Cho tam gidc ABC c6 ba goc déu nhon. Cac dudong cao 4K, BE va CF cat nhau tai H . Goi
I latrung diém cua doan AH , N 1a trung diém cta doan BC.
a) Chung minh bén diém 4, E, H, F nim trén cing mot duong tron.



b) Chiing minh NE 1a tiép tuyén ctia duong tron duong kinh AH .
¢) Chtmng minh CI* - IE* = CK.CB.

Loi giai

a) Chung minh bon diém A4, E, H, F nam trén cung mot duong tron.

Ta c6 AEB =90° (do BE la duong cao cua AABC) hay AEH =90°

AFC =90° (do CF la duong cao cua A4ABC) hay AFH =90°

Suy ra bén diém 4,E,H,F cing nam trén mot duong tron dudng kinh AH (dpcm)
b) Chirg minh NE 14 tiép tuyén ctia duong tron duong kinh AH ;

Vi I 1a trung diém cta doan thang AH nén I 13 tim duong tron duong kinh AH
Suyra IA=1IE

VIAIAE cantai I nén Ai=Er (1)

AEBC vudng tai Eco EN 1a duong trung trrung tuyén tng v6i canh huyén BC

Nén EN = NC (: BTCj

Suy ra AENC cantai N nén NCE =Z/?; (2)

Xét AAKC vuong tai K c6 KCA+ A1 =90° hay NCE + A1 =90° (3)
Tir (1), (2), 3) suy ra Ei+ Eq =90°

Lai co Ei+Es+IEN =180° (do 4; E; C thang hang)

Suy ra 90°+ JEN = 180° hay JEN =90°

Suyra EN L EI tai E

Do d6 NE 1a tiép tuyén cua duong tron dudng kinh AH (dpcm)

¢) Chtng minh CI* —IE* = CK .CB.
Ap dyng dinh 1i Py — Ta— Go ACIK vuédng tai K ,taco: CI° = CK* +IK®

Lai c6 IA=IE =IH (cung ban kinh duong tron tam I)



Cau 36:

Suyra CI’ —IE* =CK* +IK* - IE?

CI* —IE* =CK* + (IK + IE)(IK — IE)

CI’-IE* =CK*+(IK +IEY(IK —1H) =CK’+AK .KH (4)
Ta lai c6 CK.CB=CK(CK +KB) =CK*+CK .KB (5)

Xét AKBH va AKAC ¢6

KBH = KAC (=90°— ACB); BKH = AKC =90°

Do d6 AAHK «» AACB (g—g)

Nén %:% suy raK4A.KH = KB.KC hay AK .KH =CK .KB (6)

T (4),(5) va (6) suyra CI’ —IE* =CK .CB (dpcm)

Cho duong tron (O) va ddy cung 4B . Trén tia ddi cta tia 4B 1ay diém C. Tir diém chinh giita
P cua cung 16n 4B ké dudng kinh PQ cua duong tron (O) cat ddy 4B tai D . Tia CP cit
dudng tron (O) tai diém 7 (diém / khéc diém P). Cac ddy 4B va QI cétnhau tai K

a) Chimg minh t&r giac PDKI noi tiép

b) Chiémg minh raing CI.CP=CK.CD va IC 1a phan gidc goc ngoai tai dinh / cua tam giac
AIB .

¢) Gia sir ba diém 4; B;C ¢6 dinh. Chimg minh khi dudng tron (O) thay doi nhung vén di qua
hai diém 4 va B thi duong thang OI ludn di qua mot diém cb dinh.

Loi giai

a) Chimg minh: Tt giac PDKI noi tiép

Ta c6 PQ la duong kinh ctia duong tron (O). Suy ra @ =90° suyra CI.CP=CD.CK



Do P la diém chinh giira ctia cung 16n AB. Suy ra PA = PB
Ma OA = OB (cung la ban kinh cua (0O))

Suy ra PO la duong trung truc cua AB suy ra OP L AB tai D
Suy ra PQ 1 AB

PDK =90°

Nén PDK + PIK =90°+90° = 180°

Tt giac PDKI noi tiép (hai goc ddi bu nhau )
b) Xét tam gidc CIK vatam giac CDP ta co:
C chung

CIK = CDP =90°

ACIK []ACDP(g.g)

I _CK yra crcP=cpck
CD  CP

CI.CP=CD.CK

Ta ¢6 PO la dudng trung truc cia AB, hay PQ la duong trung truc cia AB
QA=QB hay diém Q 14 diém chinh giita cung nho 4B nén ZQ = @

Do do ZI\Q = @ ( hai géc ndi tiép chan hai cung bang nhau thi bang nhau )
Hay /K la duong phéan giac trong cta tam giac AIB ; valaicod IK 1 IC ( @ =90°)
nén /C la duong phan giac goc ngoai tai dinh I cta tam giac AIB

¢) Ta di chimg minh K 14 diém cb dinh

Ta co diém D 1a trung diém AB( OD L AB)

Do ABPI 1a tir gic ndi tiép

CAI = CPB

ACAI L] ACPB(g.g)

ci_a
CP CB

CA.CB=CI.CP

Vay nén CA.CB=CK.CD(=CI.CP)

CK.CD=(CD—DA)(CD+ DB)



Cau 37:

ek co-[co-2) o, 42

2
2
CK.CD=CD* - 4B
2
CD*-CK.CD = 4B
2
CD.KD = AB
_ AP’
4CD

Vid; B; C; D 1a bbn diém cb dinh nén K diém cb dinh.

Cho dudng tron (O), tir diém A4 & ngoai dudng tron v& hai tiép tuyén ABva AC (B, Cla céc
tiép diém), O4 cat BC tai E.
a) Chimg minh tir gidc 4BOC ndi tiép.

b) Chirng minh BC vudng goc véi OA va BA.BE = AE.BO.

¢) Goi I thudc doan thang BE , duong thang qual va vudng goc Ol cit cac tia AB, AC theo
ther tu tai Dva F . Ching minh F 13 trung diém ctia AC .

Loi giai

D

a) Chung minh t& gidac ABOC ndi tiép.

Xét (O) co: ABla tip tuyén tai B (GT) nén 4B L OB = ABO = 90"

— AABO vudng tai B nén diém B thudc dudng tron dudng kinh 40 (1)
Mit khac: AC la tiép tuyén tai C (GT)nén AC L OC = ACO = 90"

= AACO vudng tai Cnén diém C thudc duong tron duong kinh 40 (2)

Tir (1) va (2) sy ra: 4 diém 4, B,0,C cung thudc dudng tron dudng kinh 40

Do d6, tir gidc ABOC i tiép duong tron duong kinh 40



b) Chimmg minh BC vuodng géc v61 OA va BA.BE = AE.BO.
* Ching minh BC vudng goc voi OA4

Xét (0) co: ABva AC 1a hai tiép tuyén cit nhau & 4 (GT)
— AB = AC (tinh chat hai tiép tuyén cit nhau)

Ma OB =0C (B, C thudc dudng tron(0))

= 04 la dudng trung truc cua BC nén BC 1 OA

* Chiing minh BA.BE = AE.BO

Xét AABO va AAEB co:
ABO = AEB =90"(cmt)

BAO gbc chung

Suy ra: AABO ~ AAEB (g.g)

AB_BO

= — = AB.EB = AE.BO
AE

¢) Goi [ 1a diém thoc doan thang BE , duong thang qua/ va vudng goc O cit cac tia AB, AC
theo thtr ty tai Dva F . Chung minh F' 1a trung diém cta AC .

Vi 4B 1L OB = DBO =90’

— ADBOvudng tai B nén diém B thudc duong tron dudng kinh DO (1)

Vi OI 1L DF = DIO = 90"

— ADIO vuéng tai I nén diém [ thudc dudng tron duong kinh DO (2)

Tir (1) va (2) sy ra: 4 diém D, B, 1,0 cing thudc dudng tron dudng kinh DO
Do d6, tt giac DBIO noi tiép dudng tron dudng kinh DO

= IDO = IBO (2 gbc ndi tiép cung chin cung 10)

CMTT ta co: IF/\O = Ic/b

Mt khic: OB = OC = AOBC can & O = OBC = OCB hay IBO = ICO

Do dé: IDO = IFO = AODF can & O ma OI L DF (GT)

= I 14 trung diém ciia DF

Céu 38: Cho duong tron (O), tir diém A & ngoai duong tron v& hai tiép tuyén 4B va AC (B, Cla cac
tiép diém), O4 cat BC tai E.
a) Chung minh t& gidc ABOC ndi tiép.

b) Chung minh BC vudng géc v61 OA va BA.BE = AE.BO.



¢) Goi I thudc doan thang BE , dudng thang qual va vudng goc Ol cit cac tia AB, AC theo
ther tu tai Dva F . Ching minh F 13 trung diém ctia AC .

Loi giai

a) Chung minh t& gidac ABOC ndi tiép.

Xét (0) co: AB1a tiép tuyén tai B (GT) nén 4B L OB = ABO =90"

— AABO vudng tai B nén diém B thudc dudng tron dudng kinh 40 (1)
Mit khac: AC la tiép tuyén tai C (GT)nén AC L OC = ACO = 90"

— AACO vudng tai Cnén diém C thudc duong tron duong kinh 40 (2)
Tir (1) va (2) sy ra: 4 diém 4, B,0,C cung thudc dudng tron dudng kinh 40
Do d6, tir gisc ABOC i tiép duong tron duong kinh 40

b) Chimg minh BC vudng goc véi OA va BA.BE = AE.BO .

* Chtirng minh BC vudng gbéc véi OA

Xét (0) c6: AB va AC 14 hai tiép tuyén cdt nhau & 4 (GT)

— AB = AC (tinh chit hai tiép tuyén cit nhau)

Ma OB =0C (B, C thudc duong tr(‘)n(O) )

= 04 la dudng trung truc cua BC nén BC 1 OA

* Ching minh BA.BE = AE.BO

Xét AABO va AAEB co:
ABO = AEB =90° (cmt)

BAO gbc chung
Suy ra: AABO ~ AAEB (g.g)

AB_BO

= — = AB.EB = AE.BO
AE EB
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¢) Goi I 1a diém thoc doan thang BE , duong thang qua/ va vudng goc O cit cac tia AB, AC
theo thtr ty tai Dva F . Chung minh F' 1a trung diém cta AC .

Vi 4B 1L OB = DBO =90’

— ADBOvudng tai B nén diém B thudc duong tron dudng kinh DO (1)
Vi OI 1L DF = DIO = 90"

— ADIO vudng tai I nén diém [ thudc dudng tron duong kinh DO (2)
Tir (1) va (2) sy ra: 4 diém D, B, 1,0 cing thuc dudng tron dudng kinh DO
Do d6, tt giac DBIO noi tiép dudng tron dudng kinh DO

= IDO = IBO (2 gbc ndi tiép cung chin cung 10)

CMTT ta co: IFO = ICO

Mit khac: OB = OC = AOBC can & O = OBC = OCB hay IBO = ICO
Do dé: IDO = IFO = AODF can & O ma OI L DF (GT)

= I 14 trung diém ciia DF

Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron tAm O ban kinh R va AH 1a dudng cao
clia tam gidc ABC . Goi M, N lan lugt 1a chan dudong vudng goc ké tir H dén AB va AC.
a) Ching minh bén diém 4,M,H,N cung thudc mot dudng tron.
b) Chirng minh ABC = ANM va 04 vuong goc voi MN .
¢) Cho biét AH = R\/2 . Chitng minh M,0, N thing hang.
Loi giai

a)

Taco HM L ABtai M nén AAMH vuong tai M , suy ra 4,M,H cung thudc duong tron
duong kinh AH .

Taco HN L ACtai N nén AANH vuong tai N, suyra 4, N, H cung thudc duong tron duong
kinh AH .



Do d6 4 diém A4,M,H, N cing thuoc dudng tron dudong kinh AH.

b)

Xét AAMH va AAHB ¢6 AMH = AHB =90° , A chung
AM  AH

— AAMHUAAHB(g.g) = —— ="
(g.g) FTRT.

= AH? = AM .AB(1)
Chung minh tuong ty c6 AH> = AN.AC(2)

Tu (1) va(2) suyra AM.AB= AN.AC = ﬂ:A_N
AC AB
AM AN
Xét AAMN va AACB: { AC 4B
zglchung

— AAMNUAACB(c.g.c) = ANM = ABC (hai goc tuong ting) (3)
Ké duong kinh AD ta co DAC = DBC (hai goc noi tiép cung chan cung DC ) (4)

Tir (3):(4) suy ra ANM + DAC = ABC + DBC = ABD =90°
= A0 1L MN

c)

Theo chtng minh trén c6 AN.AC = AH*> =2R* = AO.AD
AN A0

= —=—
AD AC
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AN _ 40
Xét AANOva AADC: < AD AC
zzlchung

= AANOUAADC(c.g.c)
— AON = ACD =90°

Ching minh tuong tu AOM = ABD =90°

— AOM + AON =90°+90° = 180°
Hay AMN =180° = A,M,N thing hang.

Cho duong tron (O;R) va day BC cb dinh khong di qua tim. Goi A 1a mot diém bat ki trén
cung lon BC sao cho tam giac ABC nhon (AB < AC) . K¢ cac duong cao AD,BE cuia tam giac
ABC.
a) Chimg minh: Bén diém A,E,D,B cung nim trén mot duong tron.
b) Ké dudng kinh AK cua duong tron tim O . Goi F 13 hinh chiéu cta diém B trén AK . Chimg
minh rang: AB.AC = AK.AD va DF 1 AC
¢) Goi M 1a trung diém ctia BC . Ching minh: ba diém E;F;M thang hang.

Loi giai

A

a)
+ Co AD la duong cao cua tam giac ABC

nén AD L BC => ADB =90’
+ C6 BE 1a dudng cao cua tam gidc ABC

nén BE L AC = AEB =90"

+ Goi I 1a trung diém cua AB



AB
AABD vuong tai D=>IA=1B=1D === ()

AABE vuéng tai E=IA=IB=1IE = % 2)

Tir (1);(2) suyra IA=IB=1E = ID(: %)

Nén bén diém A,B,E,D cung nam trén mot dudng tron.
b) Chéng minh: ADB = ACK =90°

+ Chi ra: ABD = AKC

Chimg minh A ABD dong dang A AKC (g.g)

va AB.AC = AK.AD

+ Ching minh tr gidc AFDB ndi tiép

— BFD = BAD (1)

+ Vi A ABD dong dang A AKC

— BAD =KAC (2)

+ Chtng minh tir giac AEFB néi tiép

= EAF = EBF

Hay CAK = EBF (3)

Tu (1); (2); (3) suy ra: EBF = BFD

Ma hai gbéc nay ¢ vi tri so le trong nén BE // DF

Lai co BE 1L AC (GT)

Vay DF 1L AC

¢) Goi M 1a trung diém cta BC

Suy ra M ¢ dinh va OM vuéng goc BC (quan hé giita duong kinh va day)
+ Chirng minh t&r gidic OMBF noi tiép

Suy ra OFM = OBM

0 —_— ROC e ———
+ Chémg minh OBM = M ~90° - BAC = ABE

Ma ABE = AFE

nén ﬁzﬁ/[



Cau 41:

Tur d6 chung minh EFM =180". Suy ra ba diém E, F, M thang hang

Cho duong tron (O;R) ¢6 hai duong kinh 4B va CD vudng goc tai O. Goi / 14 trung diém cia
OB . Tia CI cit dudng tron (O) tai E. Goi H 1a giao diém ctia AE va CD.
a) Chimg minh bén diém O, I, E, D cung thudc mot duong tron.

b) Chung minh: AH.AE =2R* vaOA=3-OH .

¢) Goi K 1a hinh chiéu ciia O trén BD, Q la giao diém ciia AD va BE . Ching minh:
0, K, I thang hang.

Loi giai

Goi J 1a trung diém cua ID

+) AB L CD tai O, ma [ € OB
Suy ra 10D =90° = AIOD vuong tai O, tu do suy ra JO =JI =JD(1)

+) Chting minh: IED =90° = AIED vuong tai E,

tur d6 suy raJl =JE =JD (2)

+) Tu (1) va (2) suy ra O, I, E, D cung thugc mot duong tron
b) +) Ching minh: AAHO# AABE (g.g)

+) Suy ra: AH-AE=AO-AB=R-2R=2R’

0OA AE
+) Suy ra: —=——
OH BE

+) Ma EI 1a tia phan gidc cua goc AEB nén suy ra:

AE_ A1 "

3
A _2
BE IB 1R
2
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+) Suy ra: %=3, do d6 O4=3.0H
OH

: 2
¢) +) Chung minh dugc: OD =3.0H suyra HD = EOD

+) Suy ra: H 1a trong tim AABD

+) Chtrng minh K 1a trung diém cta BD

Suy ra: 4,H,K,E thang hang

+) Suy ra: K 1a tryc tim cua AABQ

+) Suy ra: KQ vuong goc AB

+) Chung minh dugc: K/ vudng goc AB

+) Suy ra: O,K,I thang hang

Cho (O) duong kinh AB . Ké duong kinh CD vudng goc véi AB.Lay M thudc cung nhé BC
, AM cit CD tai E.Qua D ké tiép tuyén véi (O) cit duong thang BM tai N.Goi P 1a hinh
chiéu vudng goc ciia B 1én DN

a) Chuing minh céac diém M,N,D,E cung thudc mdt duong tron.

b ) Chirng minh EN//CB.

¢) Chimg minh AM .BN = 2R’ va tim vi tri diém M trén cung nhé BC dé dién tich tam giac
BNC dat gié tri 16n nhat.

Loi giai
1) Chimg minh cac diém M, N,D,E cung thudc mot dudng tron.

C M

E

D P N
Xét tir gidc MNDE
C6 DN L CD (vi DN la tiép tuyén cua (O))
— CDN =90°

— EDN = 90°



AEDN vudng tai D

Suy ra 3diém E,D, N thudc dudng tron dudng kinh EN (1)

Ta c6 AMB = 90" (g6c noi tiép chin nira dudng tron).

= EMN =90°

= AEMN vudng tai M

Suy ra 3diém E, M, N thudc dudng tron duong kinh EN (2)

Tir (1) va (2) Suy ra cac diém M, N, D, E cing thudc mot dudng tron.

2) Ching minh EN //CB .

Xét (0)co6 CDM = CBM (hai goc noi tiép cung chin cung CM )
— EDM = CBM
Vit gidc MNDE ndi tiép ( cmt)

— EDM = ENM (hai goc ndi tiép cung chan cung EM )

Suy ra CBM = ENM (= EDM ) ma hai goc nay ¢ vi tri so le trong
= EN//CB.

3) Ching minh AM .BN = 2R* va tim vi tri diém M trén cung nho BC dé dién tich tam giac
BNC dat gia tri 16n nhat.

=)

Xét AAMB va ABPN

C6 BP L DN = BPN =90° = AMB = BPN =90° (1)
C6 DN L CD (DN ké tiép tuyén véi (O)

— BA// DN

— ABM = DNB (hai goc ddng vi) (2)

Tu (1) va(2) tacd AAMB «» ABPN (g - g)
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Xét tir gidc OBPD c6 :

DOB = BPD = ODP = 90"

OD=0B=R

= OBPD 1a hinh vuong (DHNB) nén OD=0OB =BP =R

AM  AB
C6 AAMB «» ABPN (cmt) = ——=——
BP BN

= AM BN = BP.AB = R2R = 2R*
*Ké EF L BC,NK L BC

Svse = %NK.BC. Do BC khong d6i nén S, max khi va chi khi NK max .

Do EF 1 BC,NK 1 BC = EF// NK .
Co tr gidc EFKN 1a hinh binh hanh (DHNB)
Co6 EF L BC = EFK =90° nén tur giac EFKN 1a hinh chit nhat (DHNB)
= EF=NK .
Ta c6 NK max khi EF max
khi E=0Okhi M =B
Cho AABC c6 ba goc nhon (AB < AC) . Ba duong cao AD,BE,CF cit nhau tai H
a) Chung minh tir gidic BFEC ndi tiép. Xéac dinh tim O ctia duong tron ngoai tiép tir gidc BFEC
b) Goi I 1a trung diém ciia AH . Chimg minh /E 12 tiép tuyén ciia duong tron (O)
¢) V& CI cat duong tron (0) tai M (M khac C ), EF cit ADtai K. Chiing minh ba diém
B,K.M théng hang.
Loi giai

a) Chimg minh t&r gidc BFEC ndi tiép. Xac dinh tim O ctia duong tron ngoai tiép tir giac
BFEC



A

I
F
H
| 1

B D (0}

Vi CF L AB nén CFB =90° suy ra tam giac BFC vudng tai F

Vi BE L AC nén BEC =90° suy ra tam giac BEC vudng tai £

Goi O’ 1a trung diém doan BC.

Xét tam giac BEC vudng tai E, O’ 14 trung diém doan BC.. Suyra O'E = O’'B = O'C (tinh chit
duong trung tuyén trong tam giac vudng.) (1)

Xét tam giac BFC vudng tai F, O’ 14 trung diém doan BC.. Suyra O'F = O’'B = O'C (tinh
chat dudng trung tuyén trong tam giac vudng.) (2)

T (1) va(2)suyra O'E =0'B=0'C =0’ F ma O la tam dudng tron ngoai tiép tir giac
BFEC,suyra O trung O’

Suy ra Ola trung diém doan BC..

b) Goi I 1a trung diém ciia AH . Chimg minh IE 1a tiép tuyén cia duong tron (O).

A
I
F
H
-
B D (0

Xét AAEH vuong tai H, ¢ EI 1a dudng trung tuyén tmg v6i canh AH nén

EI:%AH:IH

Suy ra: AIEH cantai [ = I/EFI = IH/\E



Ma IHE = BHD (Hai goc dbi dinh)
Suy ra: [EH = BHD (1)
Talai co: OB=0OE=R = AOEB cantai O

= OBE=OEB (2)

— e~ e~

Tir (1) va (2), ta ¢6: [EH + OEB = BHD + OBE

Mit khéc: @ + CTB\E =90° (vi ABHD vuong tai D)

—_— —

Suy ra: IEH + OEB = BHD + OBE = 90° hay OEI = 90°
— OE L EI'va E € (O) Do d¢: IE la tiép tuyén cua duong tron (O).

¢) V& CI cat dudng tron (O) tai M (M khac C ), EF cat AD tai K. Ching minh ba diém
B,K,M thing hang.

Ta c6: gbc BMC 1a goc ndi tiép chan nira dudng tron nén goc BMC = 90 do
= BM L IC

Xét AIEK va AIDE coé:

Eﬁ( la goc chung

IDE = IEK (= ECF)

Do d6: AIEK «» AIDE(g.g)

:>£=E:> ID.IK = IE?
ID IE

Mit khac: IM.IC = IE* (Ban doc tu chimg minh)
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= ID.IK = IM.IC

IM IK
> —=—
ID IC

Xét tam giac IMK va tam gidc IDC co6:

Goc MIK 1a goc chung
M _IK
ID IC

= AIMK o» AIDC

— KMI = CDI =90°
= KM 1 IC

BM 1 1IC

= B, M, K thang hang
KM 1 IC

Cho tam giac ABC' nhon (AB < AC) ndi tiép duong tron (O) Hai duong cao BE va
CF cuatam giac ABC cit nhau tai diém H. Goi K latrungdiém BC.
a) Chung minh AA EF dong dang AABC.
b) Chiing minh dudng thing OA vudng goc voi duong thang EF.
¢) Puong phan gidc goc FHB cat AB va AC lanluottai M va N. Goi I1a trung diém cua
MN,J 1a trung diém ciia AH. Chung minh t gidac AFHI ndi tiép va ba diémI,J, K thang
hang.

Loi giai
a) Chirng minh AAEF dong dang AABC.

V& dang hinh dén y 1)
BE 1 AC= BEC =90 (TGV)

CF 1 AB = CFB =90" (TGV)
= Tu gidc BFEC 14 tir giac noi tiép
= AAFEF dbng dang AABC.
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b) Chirng minh dwong thang OA vuéng géc véi dwong thing
Tt giac BCEF noi tiép = AEF = ABC

0 _ —_—
AOAC cintai 0= E40 =180 ~40C

O—/\ ——
ABC:%ABC:M:%O—ABC

= AEF +EA0=90"> AO | EF

¢) Chirng minh tir giac AFHI ngitiepva I, J, K thang hang.

Chimg minh AAMN cén tai A vi AMN = MBH + MHB = NCH + NHC = ANM = AI | MN
AFH = AIH =90° = Tir giac AFHI 13 t& gide ndi tiép.

C6 MAH = NAO = IAH =140 = IJ || AO suy ra I trung truc EF

C6 JE = JF,KE = KF = KI trung truc EF = I,J,K thing hang.

Cho AABC c6 3 goc nhon va duong cao BE . Goi H,K lan luot 1a chan dudng vudng goc ké
tir diém E dén 4B, AC.

a) Chirg minh tir gidic BHEK ndi tiép;

b) Chung minh: BH.BA = BK.BC;

¢) Goi F 1a chan dudng vudng goc ké tir diém C dén duong thang 4B, I 1a trung diém cua
doan thang EF . Chimg minh rang H,I,K thang hang.

Loi giai
A
H
7 E
F
M N

B\\/K C

a) Taco BHE =90° nén 3 diém B , H, E nam trén duong tron duong kinh BE
BKE =90° nén 3 diém B K, E nam trén duong tron dudng kinh BE

Nén 4 diém B, H, K, E nam trén dudng tron duong kinh BE

Suy ra BHEK 1a tir giac noi tiép

b) Vi BHEK 1a tir gi4c noi tiép nén BHK = BEK (gbc noi tiép
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cung chin BK ) ma BEK = BCE (cung phu KEC )
= BHK = BCE
+) Xét ABHK va ABCA co B chung; BHK = BCA

ABHK dbng dang ABCA(g.g) = % = % = BH.BA=BK.BC;

¢) Gia st HK cit CF tai M . Ta chi viéc ching minh HM di qua trung diém 7 cta EF
_ Vi BHEK nbi tiép HBE = HKE (gbc ndi tiép cing chin HE)
- ABE = ACF (cung phu véi 2[) — MKE = MCE
Gia st CM cat KE tai N
. A NM NK
Ta c6 AMNK dong dang AENC (g-g) suy ra NC = NE
Xét AMNE va AKNC c6

NM_ NK'. VINE = KNC (dbi dinh)
NC ~ NE

Suy ENC = EKC ma EKC =90° = EMC =90°

Hay EHF = HFM = FME =90°

= EHFM 12 hinh chit nhat ma / 1a trung diém cta dudng chéo EF = I 1a trung diém cua
HM

=H,I,M,K théng hang.

Cho tam gidc ABC nhon (AB < AC) ¢ dudng cao AD va dudng phan giac trong 40 (D, O
thudc canh BC). Ké OM 1 4B tai M, ON L AC tai N.

a) Chung minh bén diém O,M , D, N cung nam trén mot dudng tron. (d4u cach cua diu
phay, dau cham viét khong dung)

b) Chting minh: BDM = ODN .

¢) Qua O ké dudng thang vudng goc véi BC cat MN tai I, Al cat BC tai K . Chimg minh
K 1a trung diém cta BC .

Loi giai



M

B 0 Yk c

a) Goi E 1a trung diém AO.
Vi AAMO vubng tai M (gt)

= EA=EM =EO = %AO (dudng trung tuyén (g véi canh huyén trong tam giéc vudng) (1)

Ching minh tuong tu, ta c6: EO=EA=ED = %AO (tinh chat dudng trung tuyén trong tam
gidc vudng 4DO) (2)
Ching minh tuong tu, ta c6: EA=FEO =EN = %AO (tinh chat dudng trung tuyén trong tam

giac vudng ANO) (3)

Tu (1), (2), (3) :OE=DE=ME=AE=NE=%AO

Suyra O,M , A, D, N thudc duong tron taim E duong kinh 40
Suyra O,M, D, N thudc duong tron tam £ duong kinh 40 .
b) Chung minh AAON = AAOM (canh huyén — gbc nhon)

Suy ra AON = AOM (hai goc tuong ung)

Ta c6: BDM + MDA =90° (do 4D 1 BC tai D)

ODN + ADN =90° (do 4D L BC tai D)

ADM = AOM (hai goc ndi tiép cung chin AM coa [E ,%))

ADN = AON (hai goc ndi tiép cing chin AN cia (E,%j)

Suy ra BDM =ODN

¢) Qua / ké duong thang song song voi BC cat AB, AC tai P, Q.
Ching minh P, [, O, M cung thugc duong tron duong kinh PO
Suy ra POI = PMI (hai goc ndi tiép ciing chan IP.

Ching minh tr gidc INQO ndi tiep

Suy ra [O/\Q = INA (cung bu voi [N/\Q)

Ta c6 PMI = INA (cling bang Z)Tv, /1/01\7)

Suy ra POI = é\Ol
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Suy ra OI 1a phén giac cua @

Tacoé: Ol L PO (do OI 1. BC va PQ//BC)
Suy ra APOQ can tai O

Suy ra O/ 1a dudng trung tuyén cia AOPQ
Suyra IP=1Q

Vi PQ//BC

Suy ra AAPI © AABK (g-g)

Tuong tu, AAIN @ AAKC (g - g)
Suy ra 10 = AL
KC AK
Pl 10
BK KC
ma Pl =10 (cmt)
suy ra KB=KC
Vay K 1a trung diém BC.

Cho (O;R) dudng kinh AB . Ban kinh CO vuéng goc véi AB, M 1a diém bat ki trén cung nhd

AC( M khac 4 va C), MB cit ACtaiH .

Goi K 13 hinh chiéu cua H trén AB .

a) Chung minh bén diém C, B, H, K cung thudc mot duong tron.

b) Ching minh CA 1a phan giac MCK .

¢) Ké Ax 1a tiép tuyén cua nira duong tron tai 4. Liy P e Ax sao cho

Chtng minh PB di qua trung diém cua doan

AP.MB _R

thang HK .

Loi giai

a) Goi I 1a trung diém ctia HB = HI = IB =

HB

Xét nira duong tron (O), dudng kinh AB ¢b: ACB =90° (gbc ndi tiép chin nira duong tron)

Suy ra ACHB vudng, ma CI 1a duong trung tuyén
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Tir d6 ¢6 ICzIHzIBz% (1)

Xét ntra dudng tron (O), duong kinh AB ¢6: HKB =90° (goc ndi tiép chin nira duong tron)
Suy ra AKHB vudng, ma KI 1a duong trung tuyén.

Tir do IK:IH:IB:% )

Tu(l)va(2)suyra: IC=IK =1H =1IB

Do d6 bon diém C, B, H, K cung thujc mot dudong tron.

b) C6 MCA = MBA (goc ndi tiép cung chin AM ); ACK = MBA (tir giac CHKB ndi tiép)
Suy ra MCA = ACK

Do d6 CA la phan giac MCK .

. AP.MB AP 04
¢) Theo gia thiét: =R=>— = O_
MA MA  MB
Xét APAO va AMB c6: 2L~ 94 510 = AMB = 90°
MA MB

Do d6 APAO v AAMB (c-g-c)

Suy ra POA = MBA (hai goc tuong tng)

Suy ra OP // BQ

Xét AABQO ¢6: OP // BQ, Ola trung diém ctia AB nén P 1a trung diém cua AQ.
Goi F la giao diém cua BP va HK .

Xét AABPc6 FK // AP nén % = %

FH BF
Xét AOBPco6 FH // QPnén —— =—
OP BP

Tir d6 HF = FK suy ra PB di qua trung diém cta doan thang AK .

Tir diém A nam ngoai (O)vé hai tiép tuyén AB, AC véi duong tron (B,C 1a cac tiép diém).
K¢ dudng kinh CD cua (O).

a) Chung minh BD//AO .

b) AD cit (O) tai E (A,E,D theo tht ty). Chimg minh ring AB* = AE.AD.

¢) V& BH L DC tai H.Goi I1a trung diém ciia BH . Chimg minh ba diém 4,1, D thing
hang.
Loi gidi



Tu diém A nam ngoai (0 ) vé hai tiép tuyén AB, AC véi duong tron (B, C 1a cac tiép diém).
K¢ duong kinh CD cua (0)

a) Chirng minh BD//AO .

b) AD cit (O) tai E (A,E,D theo tht ty). Chimg minh ring AB* = AE.AD.

¢) V& BH L DC tai H.Goi I1a trung diém ciia BH . Chimg minh ba diém 4,1, D thing
hang.
Loi giai

a) Taco B thuoc (O) vaco CD 1a dudng kinh ciia (O)
. CD
Suy ra ABCD ndi tiép (O;Tj

Suy ra ABCD vudng tai B

Suy ra CBD =90°

Suyra BD 1L BC

Vi 4B, AC 14 hai tiép tuyén cia (0) nén AB = AC (tinh chat)
Suy ra AABC cantai 4

Lai c6 AO la tia phan gidc cia BAC

Suy ra A0 1a dudong cao cia AABC

Suyra A0 1L BC
Taco BD 1 BC,AO 1 BC.Suyra BD//AO

b) Ta c6 E thude (O) vaco CD la duong kinh cta (O)
. D
Suy ra ACDE ndi ti€p (O;%)

Suy ra ACDE vudng tai E

Suy ra CED =90°

Suyra CE L AD

Xét hai tam giac AAEC va AACD cé:

AEC = ACD = 90°

A chung

Vay AAEC [J AACD
AE A

Suyra — = —C, suyra AC*> = AE.AD
AC  AD

Ma AB=AC

Suyra AB* = AE.AD



¢)Xét hai tam giac AHDB va ACOA co:
DHB = OCA = 90°

HDB = COA (déng vi vi BD/AO)
Vay AHDB [0 ACOA

HD BH HD BH

Suyra —=——suyra—=—-—
0OC AC 20C 24C

Ma CD =20C,BH =2HI (vi O,I lan luot 14 trung diém caa CD,BH )
HD HI

Suyra —=——+
CD AC

Xét hai tam giac AHDI va ACDA cbé:
DHI = DCA = 90°
HD  HI
CD  AC
Vay AHDI [1ACDA(c.g.c)
Suy ra HDI = CDA
Suy ra hai tia DI, DA tring nhau
Viy ba diém 4,1, D thang hang
Cau 49: Cho tam gidc 4BC nhon véi 4B > AC . Cac dudng cao BM, CN cit nhau tai H .
a/ Chirng minh t gidc AMHN ndi tiép

b/ Goi D 1a giao diém ctia 4H va BC.Ching minh DA phén gic ctia MDN

¢/ Puong thing qua D va song song voi MN cat AB, CN lan luot tai I, J . Ching minh D 1a
trung diém 7/
Loi giai

A

a/ Chirng minh ti gidc AMHN ndi tiép

Céc dudng cao BM, CN cit nhau tai H nén ta c6 AANH, AAMH vuéng tai N, M
Xét AANH co6 ANH =90° nén ba diém 4, N, H nim trén duong tron duong kinh A

Xét AAMH cb6 AMH =90° nén ba diém 4, M, H nim trén duong tron duong kinh AH



Khi d6 bén diém 4, M, H, N nam trén duong tron dudng kinh 4H
Vay tir gidc AMHN ndi tiép dudng tron dudng kinh AH .
b/ Goi D 1a giao diém ciia 44 va BC. Chitng minh D4 phan giac ciia MDN

Y|

C6 HMC = HDC =90°

X6t AHMC ¢6 HMC =90° nén ba diém C, M, H nam trén duong tron dudng kinh CH
Xét ACDH ¢6 HDC =90° nén ba diém C, D, H nim trén duong tron dudng kinh C17
Khi d6 bén diém D, C, M, H nam trén duong tron dudng kinh CH

Suy ra ttr gidc HDCM ndi tiép

Suy ra HDM = HCM (2 goc ndi tiép cung chin cung HM )

C6 HDB = HNB =90°

X6t AHDB ¢6 HDB =90° nén ba diém B , D, H nim trén duong tron dudng kinh BH
Xét AHNB c6 HNB =90° nén ba diém B, N, H nim trén duong tron dudng kinh BH
Khi d6 bén diém D, B, N, H nam trén dudng tron duong kinh BH

Suy ra ttr gidc ZDBN ndi tiép

NDH = NBH (2 goc ndi tiép cung chén cung £ )
Ma HCM = NBH (cung phu v6i BAC )
Suy ra HDM = HDN Suy ra 4D 1a phan giac ctuia goc MDN (dpcm).

¢/ Pudng thing qua D va song song véi MN cit AB, CN 1an lwet tai /, J . Chirng minh D
1a trung diém 77 .



Cau 50:

Cé BMC = CNB =90°

X6t AMCB ¢6 BMC =90° nén ba diém B , M, C nam trén duong tron duong kinh BC
Xét ABNC ¢6 BNC =90° nén ba didm B, N, C nim trén dudng tron dudng kinh BC
Khi d6 bbn diém C, B, N, M' nam trén duong tron dudng kinh BC

Suy ra tr gidc BCMN ndi tiép

Suy ra HNM = HBD (hai goc ndi tiép cting chan mot cung CA7)

Ta gidc HDBN ndi tiép nén HBD = HND ( hai goc ndi tiép cung chan mot cung HD)

Suy ra HNM = HND

Taco 1J// MN (gt) Suy ra HNM = HJI = HID (Hai goc so le trong bang nhau)

Suy ra HND = HJD

Nén tam gidc DNJ cantai D (tam giac co 2 goc & day bang nhau)

Suy ra DN = DJ (tinh chit tam giac can) (1)

Vi HND = HJD (chirng minh trén)

Ma HND + DNI = HNI =90° va HJD + NID =90° ( do AJNI vuéng tai N )

Suy ra DNI = NID

Tam gidc ANID can tai D (tam giac c6 2 goc & day bang nhau)

Suy ra DN = DI (tinh chit tam giac can) (2)

Tu (1) va(2) suyra DI = DJ = DN

Vay D la trung diém 77

Cho tam gidc 4BC nhon. Pudng tron (0) duong kinh BC cit AB, AC lanluottai E va D;
BD cit CE tai H, AH cit BC tai I.Tir A ké tiép tuyén AM , AN ciia duong tron (O) (M
, N 1a tiép diém).

a) Chimg minh tir gidc AEHD noi tiép.

b) Chimg minh 4B.BE = BI.BC , tit d6 suy ra AB.BE + AC.CD = BC’

¢) Ching minh ba diém M , H, N thang hang.

Loi giai



a) Vi BEC va BDC 1a hai goc néi tiép chén nira dudng tron (O) nén: BEC = BDC =90° , suy

ra AEH = ADH =90°

Suy ra hai diém E va D cung thudc duong tron dudng kinh AH

Do d6 bén diém A, E, H, D cung thudc duong tron dudng kinh 4H
Vay tir gidc AEHD noi tiép duong tron dudng kinh 4H

b) Chung minh A 1a tryc tdm cia AABC suyra Al | BC

Chirng minh duwoc AABI > ACBE (g.g)

AB BI
Suy ra: — =—— hay AB.BE = AI.BC (1)
CB BE

Tuong tw: AC.CD = AL.BC (2)

Tir (1) va (2) suy ra: AB.BE + AC.CD = BI.BC +CI.BC =(BI +CI ).BC = BC*

Vay AB.BE + AC.CD = BC?

¢) Chtrng minh 5 diém 4,M ,1,0,N cing thudc dudng tron duong kinh 40, suy ra tir giac
AMIN ndi tiép, suy ra AMI + ANI = 180° (*)

Chirng minh AAEH <> AAIB (g.g), suy ra % = IZ—I; hay AE.AB = Al.AH (3)

Chung minh AAME ©» AABM (g.g), suy ra % = % hay AB.AE = AM* (4)

AM  AH
Tu (3) va (4) suyra hay ——=——
(3) va (4) suy T



Chung minh AAMI © AAHM (c.g.c), suy ra AMI = AHM (**)
Tuong tu: ANI =AHN (*¥**)

Tir (%), (**) va (***) suy ra AHM + AHN =180°

Vay ba diém M, H, N thrfmg hang. Tai liéu duogc chia sé bod1 Website VnTeach.Com
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