PHUONG YEN HOA PE THI CHON HQC SINH GIOI LOP 9
Pé thi gom 01 trang NAM HQC 2025 — 2026
Mo6n thi: TOAN
Thoi gian 1am bai 150 phut (khéng ké thoi gian giao dé)

Bai 1.
1) Giai phuong trinh va hé phuong trinh sau

T L z—-15 c+y—zy=-1
) 1+3+1 4+1 10:6. By 4 s /2 e .
11 13 15 4y -y =-23
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Tinh gia tri biéu thirc: P =
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Bai 2.

1) Véi n la sé nguyén, chimg minh ring n” + 3n + 6 khong chia hét cho 25.

2) Tim céc s6 nguyén x,y thoa man (y +2)z” + (y° +2y)z = y* + 3y — 4.
Bai 3.

1) Dé gy quy tir thién trong chuong trinh Trung thu cta truong, 16p 6A1 clia truong da to chirc hoat dong
ban hang vai hai mat hang la nude ép tao va ngo chién. Tap thé 16p thiét ké hai thuc don. Thuc don 1 ¢co6 gia
35 nghin ddng, bao gdbm hai cc nudc ép tao va mot tii ngé chién. Thue don 2 ¢6 gia 60 nghin dong, bao gdbm
ba cde nude ép tao va hai thi ngd chién. Biét ring 16p chi lam duge khong qua 260 cde nude ép tao va 160 tii

ngd chién. S6 tién 16n nhat ma 16p 6A1 ¢6 thé nhan duge sau khi ban hét hang la bao nhiéu nghin dong?
2) Cho cac so thuc duong a,b,¢ thoa man a + 8b + 2¢ + 8 = abe. Ching minh rang 9a + 2b + 2¢ > 40.

Bai 4.
Cho tam giac ABC' nhon, khong can (AB < AC) ¢6 ba duong cao AD, BE, CF catnhautai H, cac
diém M, I lan luot la trung diém cua BC, AH. Puong thing IF cit canh AC va cit duong thing BC lan

lugt tai P, (). Lay diém K trén tia d6i cia tia FC' sao cho FQK = 90° — EF‘ lay diém 7 ndm trong tam
gidc ABC' sao cho TP song song v6i AB va T() song song véi EF, diém L thuge doan QF sao cho tam
giac TFL cantai T. ‘

1) Chimg minh AE-AC = AF - AB vatam giac HEF dong dang voi tam giac HCD.

2) Chimg minh AFP = FCB va FKLT 14 hinh thoi.

3) Goi G la giao diém cua F'T', CL. Chimg minh G, B, E thang hang.

Bai 5.
1) Tim tit ca cac s6 nguyén duong z,y sao cho z* + y* la s6 chinh phuong va x + y khéng c¢6 udc chinh
phuong khac 1. ‘ ’
2) Xét bang 6 vuéng 7 x 7. Hoi can t6 mau it nhat bao nhiéu 6 vuéng don vi cua bang sao cho moi hinh
vudng ¢ 2 x 2 trong bang déu
a) Chira it nhat mét 6 duge t6 mau.
b) Chira it nhit hai 6 dugc t6 mau.
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2 Ldi giai

Bai 1:
1) Giai phuong trinh va hé phuong trinh sau
z+3 zxz—4 x-15 zt+y—zy=-1
(a) + + —6. (b) e ‘
11 13 15 22 +9y? —2%y% = —-23

a+3b—c_b+3c—a c+3a—-b

2) Véi cac s6 thyc a,b,c # 0 thoA man a +b+c =

c a b
4 b ,
Ttnh gis tri bidu thitc P = (3 4 g) (3 4 —) (3 3 5) .
b c a
Loi giai:
1) a) Ta ¢6 phuong trinh da cho tuwong duong
z+3 r—4 z—15
= == —1=
TR R 9
z—30 z-—30 :c—30_0

11+13+15

1 1 1
<ﬁ+ﬁ+ﬁ) (z—30)=0
=3

Vay = = 30 l1a nghiém duy nhat ctia phuong trinh.
(b) Tt phuong trinh dau cia hé ta c6

(z+y)* = (zy - 1)
2 + 92 + 2zy = %% — 22y + 1
2 + 9y —oy? =1—4zy.

Két hgp véi phuong trinh thit hai ctia hé ta c6 1 — 42y = —23 hay xy = 6. Thay vao phuong trinh
dautacor+y=5hayy=5—=z.
Tt d6 ta c6 (5 — x) = 6 tuong duong 2 —5xr+6 =0, hay (r —2)(r —3)=0.Dodé6 =2,y =3
hodc s =3, =2
Thit lai thoa man. Vay hé ¢6 nghiém (z,y) = (2,3) va (3,2).
ala+b+c)=b+3c—a
2) Tt gia thiét tac6 ¢ ba+b+c)=c+3a—b ,suyra(a+b+c)®>=3(a+b+c).
cla+b+c)=a+3b—c
Dodéa+b+c=0hoaca+b+c=3.
TH1l.a+b+c=0.Khidéa+3b—c=b+3c—a=c+3a—b=0.Suyra (a+3b—c)+(b+3c—a) =
4b — 2¢ = 0, suy ra b = 2¢, tuong tu ta c6 ¢ = 2a va a = 2b.
Suy ra b = 8b, tuong duong b = 0 (méau thuan).

TH2. a+b+c=3. Khidéa+3b:b+3c=c’f'b3a
c a

b ; 5 b
P=28+3<§(—1+3—+%+g+£+—)
b c a c

=4.Ta ¢o

b a

:3(a+3b+b+3c+c+3a
G a b

)+28=3-4-3+28=64.
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Vay P = 64.
Bai 2:
1) Véi n la s6 nguyén, chimg minh ring n? + 3n + 6 khong chia hét cho 25.
2) Tim tét ca cac s6 nguyén z, y thod man (y + 2)z? + (y* + 2y)r = y* + 3y — 4.
Lo gidl:
1) Gia sit phan chimg ton tai n dé n? + 3n + 6 chia hét cho 25.
Tacon?+3n+6=n>-2n+1+5n+5= (n— 1)+ 5n + 5 chia hét cho 25. Suy ra (n — 1) chia
hét cho 5, suy ra n — 1 chia hét cho 5.
Ma n? +3n+6= (n—1)>+5(n — 1) + 10 chia hét cho 25 nén 10 chia hét cho 25. (Vo ly)
Vay véi n 1a s6 nguyén thi n? + 3n + 6 khong chia hét cho 25
2) Ta c6 phuong trinh da cho tuwong duong

(y+2)22 +yly+2)r=(y+2)(y+1)—6
(y+2)(a*+ay—y—1)=—6.

Ta ¢6 bang sau

y+2 B|-A|l=B| =i |2 [ 8] & |8

2+ry—-y—-1]1 ]2 3 EIEIE A
y g|-5|—-4| -8 |20 2 |4
T g |@|40[4,-1|2 |20 -1

Vay phuong trinh ¢6 tat ca nghiém nguyén (z, y) la (4, —4), (0, —4), (4, =3), (=1, -3),(0,1) va (-1, 1).
Bai 3:

(a) Dé gay quy tir thién trong chuong trinh Trung thu ctia truong, 16p 6A1 cia truong da to chite
hoat dong ban hang véi hai mat hang 1a miée ép tao va ngd chién. Tap thé 16p thiét ké hai thic
don. Thie don 1 ¢6 gia 35 nghin déng, bao gom hai céc nurée ép tdo va mot tii ngoé chién. Thre
don 2 ¢6 gia 60 nghin dong, bao gom ba cdc nmude ép tao va hai tii ngo chién. Biét rang lép chi
lam duge khong qua 260 cde nude ép tao va 160 tii ngo chién. S6 tién 16n nhat ma 16p 6A1 ¢6 thé
nhan duge sau khi ban hét hang 1a bao nhiéu nghin dong?

(b) Cho a,b, ¢ > 0 théa man a + 8b + 2¢ + 8 = abe. Chitng minh 9a + 2b + 2¢ > 40.
Loi giai:

(a) Goi z la s6 lugng Thue don 1 ban duge (x € N).
Goi y 1a s6 lwgng Thue don 2 ban duge (y € N).
Tong s6 coe nude ép téo: 2z + 3y < 260. (1)
Tong s6 tii ngo chién: = + 2y < 160.  (2)
Dit T = 35z + 60y la s6 tién nhan duge.
Ta ¢6 35z + 60y = 10(2z + 3y) + 15(z + 2y) < 10 - 260 + 15 - 160 = 5000 (nghin dong).
Dap s6: 5.000.000 dong.

(b) Cach 1: T gia thiét, chia hai vé cho a (véi a, b, ¢ > 0), ta dé dang chitng minh duge be > 1. Bién
doi gia thiét:

albc—1)=8b+2c+8 = a=8bbw:2+1+8



Ldp toan thay Khanh chuyén Su Pham — SDT: 0989 245 256 HSG Yén Hoa 2025 — 2026

Dat P =9a + 2b + 2¢. Ta c6

P-40=9 (8———b+2"+8) +2b+2c— 40
be—1
_ 72b+ 18+ 72+ (2b + 2¢ — 40)(be — 1)
- bc—1
2%+ 2be? — 40be + 70+ 16¢ + 112
be — 1

Dat tit s6 1a 7. Ta can chitng minh 7" > 0.
T = 2c(b—4)?+2b(c — 7)2 + 4(b—4)(c—7)
Dit X =b—4 vaY = ¢ — 7, biéu thitc tré thanh:
T =2 X*44Y - X +2b:¥?
Coi day la tam thitc bac hai theo bién X. Ta tinh biét thic A’
Ay = (2Y)? — (20)(2b?)
= 4Y? — 4bcY?
= 4Y?*(1 — be)

Do be > 1 nén 1 — be < 0, suy ra A’y < 0. Tam thitc bac hai ¢6 hé sé cao nhat 2¢ > 0 va A’ <0
nén luon khong am véi moi gia tri cia bién.

=21 20=P—40>0

Bét dang thitc duge chitng minh. Dau “=" xayrakhi X =0,Y =0& b=4,c=7=a = 2.
Vay 9a + 2b + 2¢ > 40.
Cach 2: Bién doi gia thiét: Chia ca hai vé cho abe, ta dugce:

1 8 2 8

o e T e ™

Dut doén diém roi xay ra tai a = 2,b = 4, ¢ = 7. Ta sit dung phuong phap chon diém rai dé tim
cac hé s6 cho Bat dang thite Co-si (AM-GM).

Ta thiét lap BDT dang: 3 + 21b + yic > 3¢/ ... Dé dan “=" xdy ra tai a = 2,b =4,¢ = 7, cac s6
hang phai bing nhau:

| =

1
—411—7y1:>2—8—411-7y1

1
—=xb=yc=>

be 4.

\]

Suy ra: z; = ﬁ, Y = 1,1,6 Ta c¢6 danh gia (1):

l+L+_' 3“l.i. = 2 (1)
bc 112 19()_ be 112 196 28

Thiét lap dang: 2 + zya + ysc > 3,'/ . Tai diémroi: £ =za=goc=> =20 =Tya => =
2z, = Typ. Suy ra: xy = %, Yo = Ta ¢6 danh gia (2):
8 2a 4e _ 12

8 2 4 12
wt7tz7 @

l‘]

(&3]
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Thiét lap dang: 2 +z3a+ysb >3y Taiditm roi: 2 =z3a=yb=> L =203 =4y; = 1 =
2x3 = 4ys. Suy ra: r3 = %, Y3 = flg. Ta ¢6 danh gia (3):

2 a b

e T . ST W

atstez1 @

Thiét lap dang: abc - x,a + yab + z4¢ > 4,/ . Tai diém roi: a—-— =T4a=Ysb = 25 = 55 =214 =

Ay, = Tzq. Suy 18: Ty = 35, Va4 = 3, 24 = 35- T‘l c6 danh gia (4):

a b c

8
o A Tos

Cong vé theo vé cta (1), (2), (3), (4):

l+§+z+i +a 2+1+1 +b i+_1_+1 +c L_}_i e >§
be  ac ab  abc 7 8 14 112 16 28 196 49 49 - 28

-~

1

®1+§ +ib > >2
56" g  T28°2 7

11'
3(9a+2b+2c)>7°

56
15 56
26 +2¢> — - —
S 9a+ 2b+ 2¢ =g

al

— 40
Dau“="xayrakhia=2,b=4,¢=7

Bai 4: Cho tam giac ABC nhon, khéng can (AB < AC) ¢6 ba duong cao AD, BE, C'F cat nhau tai H,
cac diém M, I lan lugt la trung diém ctia BC, AH. Duong thiang I F cit canh AC va cit duong thang
BC lan lugt tai P, Q. Lay diém K trén tia doi ciia tia FC sao cho ZFQK = 90° — ZBAC, lay diem T
nam trong tam giac ABC sao cho TP song song véi AB va T'Q) song song v6i EF, diém L thuoc doan
QF sao cho tam giac TFL can tai T.

(a) Chiing minh AE - AC = AF - AB va tam giac HEF dong dang véi tam giac HCB.
(b) Chitng minh ZAFP = ZFCB va FKLT la hinh thoi.

(c) Goi G la giao diém ctia FT, CL. Chiing minh G, B, E thang hang.
Loi giai:
Trude khi di vao bai toan, ta phat biéu khong chiing minh bé dé sau:
B6 dé: Cho tit gidc ABCD. Khi d6 céac khing dinh sau la tuong duong:

(i) ZBAC = /BDC.
(ii) ZCAD = ZCBD.
(ili) ZABD = LACD.
(iv) ZACB = ZADB.
(v) ZABC + LADC = 180°.
(vi) ZBAD + Z/BCD = 180°.

Quay trd lai bai toan.
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(a) Ta c6 AABE «~ AACF dan téi %—g— = —g—% hay AE - AC = AF - AB.

Ta ¢6 ZBFC = ZBEC = 90° nén dung bo dé cho tit giac BFEC ta duge ZHEF = ZHCB va
LHFE = ZHBC. Khi d6 AHEF «~ AHBC.

(b) Ta c6 tam giac AFH vuong tai F va I la trung diem AH nén [F = [ A hay tam giac AFI can
tai I. Suy ra LZAFI = LFAI =90° — ZABC (do AD 1 BC) = LFCB (do CF 1 AB).

Ta c6 ZKQF = 90° — LBAC = ZPCF (do CF L AB) nén theo bo dé suy ra ZKPF = ZFCB.
Ma PT | AB nén £LFPT = LAFP = /Z/FCB. Do d6 ZKPT = /LTPF.
Mat khac, QT || EF nén LFQT = LPFE = ZAFE — LAFI = LACB — LFCB = LACF =

ZKQF. T day suy ra APKQ = APTQ dan téi PK = PT va QK = QT hay PQ la trung tryc
cuia KT. Suyra FK = FT va LT = LK.

Ta c6 tam gidc FTL can tai T nén FT =TL. Do d6 LT = LT = KF = FT nén ti giac KFTL
la hinh thoi.

(c) Goi BE cit QT tai N. Ta c6 LFQN = LFQT = LACF = LABE = ZFBN nén theo bo dé suy
ra ZFNQ = £ZFBQ dan té6i LZFNT = LABC.

Lai c6 KFTL la hinh thoi nén LT || KC suyra ZFLT = ZPFC =90°- ZAFI = 90°—ZFCB =

Z/ABC. Vi vay ZFNT = /FLT = ZQFT nén AFTN « AQTF suy ra g—; = %
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i _FC. TN _EF. FPT _BEF
EF - FC FC TF FC QT  FC°

Ta sé di chitng minh

Ta c6 AFTQ = AFKQ va AFKQ -~ AFPC nén AFTQ ~ AFPC suy ra % = }QD_Z: hay
E = E Khi dé6 ta can chiimg minh — rE _IF
or P PC_ FC

TN LT

Diéu nay dung do AFPE «~ ACPF. Vay —

EF ~ FC’
. GT LT TN " s ; ]
Do LT || FC nén GF~FC— EF Va do TN || EF nén theo dinh li Talet dao suy ra N, G, E

thang hang hay B, G, E thang hang, dpcm.

Bai 5:

1. Tim tat ca cac s6 nguyén duong z, y sao cho 2* + y* 1a s6 chinh phuong va x + y khong cé ude
chinh phuong khac 1.

2. Xét bang 6 vuong 7 x 7. Hoi can t6 mau it nhat bao nhiéu 6 vuong don vi dé moi hinh vuong cd
2 x 2 trong bang déu

(a) chita it nhat mot 6 duge t6 mau.
(b) chifa it nhat hai 6 duge t6 mau.
Laoi giai:
1. Dat A2 =23+ y3 v6i A€ Z*. Taco (z + y)(2® — zy + y?) = A%
Do z + y khong ¢6 wde chinh phuong khac 1 va z +y > 1 nén néu goi py, pa,--- . pr 12 tat ca cac
u6c nguyén té phan biét cia v+ y thi o +y = pypa -+ - -
Khi d6 véi méi i = 1,2,--- ,k, A%2ip; = Aip;, = A?:p? dan téi 2° — zy + y* i p;. Ma céc p;
2—zy+ P ipp =1 +y
Dit d = (z;y) va viét = = dx,, y = dy, trong d6 =y, y; € Z*, (z1;11) = 1.

la cac s6 nguyén t6 phan biét nén x

Khi d6 d(z; + y;) = pip2---pr- Néu ton tai p la wdc nguyén t6 chung cia d va z; + y, thi
pip2 - pr i pt, vo li. Vay (d;xy + 1) = 1.

T 2 —zy+y*iz+ysuy rad(z? —zy1 +yi) iz +y- Ma (d; 2 +y1) = 1 nén 22 —zyy +y? iz + .
Suyra (zy+1)? =3z iz +y1 = 3Ty i+ = 32z + .

Do x +y:xy + y; nén x; + y; khong c¢6 wée chinh phuong khac 1. Goi ¢, --- , ¢ 1a tat ca cac wdc
nguyén té6 phan biét cia z, +y; thi 2y + 1 = q1 -+ - q1.

Néu x; + y; khong chia hét cho 3 thi ¢; #3 véimoi i dan téi 22 iz +y; = 22 ¢ = 2,! ¢
véimoiidodé zy:qy---q = xy + yp, VO i

Dodéz, +y;:3. Giasttqy =3. Neuz; +y; =3thiz, =1, y, =2 hoac z; =2, y; = 1. Khi d6
A? = 9d® nén d* 1a s6 chinh phuong, vi vay d la s6 chinh phuong. Ma z + y = 3d khong c6 wdc
chinh phuong nao khéc 1 nén d = 1. Trong truong hop nay (z;y) = (1:2) hoac (2;1).

Néuzy+y, >3thil>2dodéa?:q---qdantéi z;:qo---qsuyradz,:iq---q =z + Y.

8
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Tit d6 3y, : 1 + y;. Khong mat tong quat gia sit oy > vy, khi d6 z; +y; > 2y, ma 3y, : 21 +y; nén
ta c6 dieu vo li.

Vay (z;y) = (1;2) hodc (2;1).

2. (a) Bang 7 x 7 chita 9 6 2 x 2 r&i nhau. Vay can t6 it nhat 9 6.
Minh hoa cach to:

1
) Il 0 N
3
0 H N
5

o Il H W
7

1 2 3 4 5 6 7

Két luan: S6 6 vuong it nhat can t6 1a 9 6.
(b) Ta danh s6 cho & duge t6 mau 1a 1 va 6 khong duge t6 mau la -1.
Xét hinh vuong 3 x 3 bat ky:

al|lb|c
dle|f
g|hl1

Tong S ciia cac 6 vuong trong hinh vuéng 3 x 3 nay la:
S=a+b+c+d+e+f+g+h+z
Ta c6 thé viét lai tong S nhu sau:
S=0b+c+e+f)+(d+e+g+h)+a+i—e

Theo gia thiét, mdi hinh vuong 2 x 2 ¢6 tong cac sd6 > 0. Do dé:

e Tong ctia hinh vuoéng con géc trén phai: b+c+e+ f >0

e Tong ctia hinh vuong con géc dudi trai: d+e+g+h >0
Suy ra:

S>0+0+a+i—e=a+1i—e

Tré lai bang 7 x 7, ta chia bang theo hinh duéi day:

ay

ay

9
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Dé thiy cac bang 4 x 4 chia thanh cic hinh vuong 2 x 2 nén tong céac s6 trén hai bang 4 x 4
sé 16n hon hoac bing ay.
Goi A la tong tat ca cac s6 trén bang, a la s6 cac 6 duge téo mau, b 1a s6 cac 6 khong duge
to mau. Khi do
A Zal — Q9+ a3 —aq4 + as — ag + ay
AZ(ll —CLQ+(l3—"‘+(l7Z (—1)—1+(—1)—"'+(—1)=—7

MiA=a-bdantéia—-b> -7 = b<a+7.Maa+b=49 nén a > 21.
Mot cach danh s6 véi A = —T7 (tuong 1ing véi 21 6) la:

-1(1|-1(1]|-1]|1(-1
-1(1|-1]1|-1]1(-1
L|1]=1|1|=1]1|=1
-1j1|-1(1|-1]1(-1
-1(1]-1(1]-1]1/-1
11| -1(1|-1]1(-1
-1j1]-1(1]|-1]1/-1

Két luan: Can to it nhat 21 6.

10
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