UBND PHUONG \(f-:N HOA PE CHON POI TUYEN HOC SINH GIOI LOP 9
TRUONG THCS CAU GIAY MON TOAN

Nam hoc: 2025 - 2026
Thoi gian lam bai: 120 phat
(D¢ thi gom 01 trang)

| PECHINH THUC |

Bai L. (5,0 diém)

1) Cho hai hop kin, hop thit nhat chita 8 céi thé dugc danh s6 tir 1 dén 8, hop thit hai chira
12 cai thé duge danh s6 tir | dén 12. Cac thé ¢ kich thude nhur nhau. Chon ngau nhién ti
moi hop mot thé. Tinh xac suat chon dugc hai thé ma tich ctia hai sd trén thé 1a mot s8 chia hét
cho 7.

a+l=b+c
2) Cho a,b,c>0 thoaman b’ +1=c’+a.

c+l=a’+b

Tinh P=(a+1)(b+1)(c+]1).
Bai IL. (5,0 diém)
1) Cho céc s6 nguyén a,b,c thoa man a+b+c chia hét cho 7 va a® —2b* +¢* chia hét cho
a+b+c.Ching minh rang ab + bc + ca chia hét cho 49.
2) Tim cac s6 nguyén x,y thoaman 2x° +4xy+7y =6y" +3x+8.
Bai IIL. (3,0 diém)
1) Cho a,b,c la cic s6 nguyén duong, chimg minh riang cé it nhat 1 s& trong 3 s6
a’b+1;b°c +1;¢’a+1 khong chia hét cho a” +b” +¢”.
2) Cho x,y,z la cac s6 khong am ¢6 tong la 1. Tim gia tri 16n nhat va gia tri nho nhét cua
P=x"+y"+2* +6xyz.
Bai IV. (6,0 diém)
Cho tam giac ABC nhon, AB < AC. Dung duong cao AD,BE,CF .Ké AT vudng goc voi
EF tai T.
1) Chtrmg minh ri‘ingE = -IE
IF DC
2) Goi M, N lan luot la trung diém cua BE,CF . Trén EFldy K,L sao cho BK song song
v6i MT,CL song song v6i NT . Chtiing minh rang FK = EL.
3) Giasu TM,TN cit AB, AC tuong tng tai P,Q.Chimg minh rang EF di qua trung diém
cua PQ.
Bai V. (1,0 diém)
Gia str cac tap hop 4,,4,,...,4, chtra cac s6 thuc thoéa man dong thoi cac diéu kién sau:
(1) Mdi tap hop c6 ding 30 phan ti.
(2) Vi hai tap hop bat ky, c6 diing mot s6 thue thudc ca hai tap do.
(3) Khong s6 thure nao thude tat ca cac tap hop trén.
Chtmg minh rang n <871.

HET
Cin bg coi thi khong giai thich gi thém.



Chuong

CHON DOI TUYEN THCS CAU GIAY

[ Baitap 1 | WM olympic - THCS Cau Gidy - Bai 1)

@ Cho hai hop kin, hop thtt nhat chita 8 cai thé duge danh s6 tit 1 dén 8, hop thit hai
chita 12 cai thé duge danh s6 tit 1 dén 12. Cac thé c6 kich thuée nhuw nhau. Chon ngau
nhién tit méi hop mot thé. Tinh xac suat chon duge hai thé ma tich ctia hai s6 trén
thé 14 mot s6 chia hét cho 7.

Ad+1=0+c
@ Cho a,b,c > 0théaman < B3> +1 =2 +a
AS+1=a’+0

Tinh P= (e + 1)(b+ 1)(c+1).

@ Loi giai.
@ Do ta chon tit mdi hop mot thé nén s6 phan tit ctia khong gian mau la n(Q2) = 8.12 = 96.

Xét bién c6 A : Chon ngau nhién tit mdi hop mot thé sao cho tich ctia hai s6 trén thé 1a mot
sO chia hét cho 7.

Dé tich hai s6 trén thé 1a mot sb chia hét cho 7 thi it nhat trong hai thé phéi ¢6 1 s6 chia
hét cho 7. Ma trong mdi hop chi ¢6 mot s6 7 chia hét cho 7.

& Chon thé s6 7 tit hop thit nhat, ta c6 12 cach chon mot thé bat k¥ tit hop thi hai.
& Chon thé s6 7 tit hop thit hai, ta c6 8 cach chon mot thé bat ky tir hop thit nhat.

Ma cach chon hai thé sb 7 tit ca hai hop bi tinh 2 lan nén sé két qua thuan lgi cho bién ¢
Alan(A)=12+8—1=19.

Vay x4c suat can tim 1a P(A) = % = %
n

(2) Cong vé v6i vé cac phuong trinh ta duge a® +b° + & +3=a? + b+ +a+b+c
S (@—-a*—a+ )+ - -b+1)+(c—c—c+1)=0.
= (a—1)%a+1)+b-1*0+1) +(c—1)>%*c+1)=0.(*

Do a,b,c > 0 v (a—1)% (b—1)° (e— ) ciing déu khong am nén vé trai ctia (*) luon

khong am. Dau bang x4y ra khi a = b = 1 (théa man)

suy ra P =22.2=8.
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| Baitép 2 | (LIM Olympic - THCS Céu Gidy - Bai 2)

(1) Cho céc s6 nguyéen a, b, ¢ thoa man a + b + ¢ chia hét cho 7 va a® — 2b% + ¢? chia hét
cho a + b + c¢. Chiing minh rang ab + bc + ca chia hét cho 49.

@ Tim cac s6 nguyén z,y théa man 22 + 4oy + Ty = 6y> + 3z + 8.

@ L&i giai.
@ Doa+b+c=0 (mod 7) nén a = —(b+c) (mod 7).
Doa®>—2b°+c®*:a+b+ci:7néna®—20>+c* =0 (mod 7)
= (b+c)2 =202+ =0 (mod 7) = 262 +2bc—b%> = 0 (mod 7) = 3¢ — (b—¢)> =0 (mod 7)

Ma s6 chinh phuong chia 7 ¢6 cac s6 dula 0, 1, 2, 4 nén ta c6 cac truong hop sau:

& Vé6i ¢ =0 (mod 7) hay ¢ =0 (mod 7), suy ra (b —c)* = 0 (mod 7)
=b—c=0(mod7) =b=0 (mod 7) = a=0 (mod 7).
T d6 ta c¢6 ab + be + ca chia hét cho 49.

& Véic*=1 (mod 7) = (b—c)® =3 (mod 7) (V6 Iy).

® Véi c® =2 (mod 7) = (b—c)? =6 (mod 7) (V6 Iy).

& Véic®> =4 (mod 7) = (b—c)? =5 (mod 7) (Vo ly).

Vay ab + be + ca chia hét cho 49.
@ Phuong trinh da cho tuong duong 222 + (4y — 3)x + (Ty — 63> — 8) = 0.
A = (4y — 3)® — 8(Ty — 6y> — 8) = (8y — 5)* + 48.

Dé phuong trinh da cho ¢6 nghiém nguyén thi A phai la s6 chinh phuong hay (8y — 5)* + 48
13 s6 chinh phuong. Dat (8y —5)* +48 =a®> = 8y —a — 5)(8y + a — 5) = —48.

Do 8y —a—5+8y+a—>5=16y — 10 chdn nén 8y —a — 5 va 8y + a — 5 cung chén.

Xét cac truong hop c6 thé roi thay a nguge lai ta c6 nghiém duy nhéat ctia phuong trinh la
Pe=ij=2
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Chuang 1. Chon déi tuyén THCS Cau Gidy
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Bdi tap 3 ] (LIM Olympic - THCS Céu Gidy - Bai 3)

.

@ Cho a, b, ¢ 1a cac s6 nguyén duong, chitng minh ring c6 it nhat 1 s6 trong 3 s6 a®b + 1;
b*c + 1; *a + 1 khong chia hét cho a® + b* + 2.

@ Cho z,y, 2 1a cac s6 khong am c¢6 tong 1a 1. Tim gia tri 16n nhat va gia tri nhé nhat
clia P = 22 + 9% + 22 + 62yz.

@ Loi giai.

@ Gia stt ca ba sb a®b+ 1; b3c+ 1; 3a + 1 déu chia hét cho a® + b? + 2.
Suy ra a*be + ¢; b*ca + a; c*ab + b déu chia hét cho a® + b? + 2, tit d6 ta co
(a®bc+bca+cab+a+b+c): (a®+b2+c*) = abe(a® +b° +c®)+ (a+b+c) : (a®+b°+2).
Sa+b+ci(@@®+P+A)at+b+e>al+P+E=za(ll—a)+b(l—-b)+c(l—c)>0.
Mal—-a<0,1-06<0,1—c<0néna(l—a)+b(1l—=>b)+c(l—c)<0.
Déu bang xay ra khi @ = b= ¢ = 1. Thit lai khong théa méan.
Vay diéu gia sit sai, hay mot trong ba s6 phai khong chia hét cho a? + b* + 2.

@ Gié st x = min{z,y, z}. Khi d6 z <

W =

& Tacoé P=2z*+ (y+2)® — 2yz + b6zyz
=22+ (1—-2)*+2yz(8z—1) > 2+ (1 — z)* do yz > 0.
Laico 2+ (1—-2)>=22"—-22+1=22(x—1)+1<1do0<z < 1.
Hay P < 1. Dau bing x4y ra ching han tai 2 =y =0,z = 1.

& Tacod P =2+ (y+2)? — 2yz + 6zyz = 2° + (1 — z)® + 2y2(3z — 1).

Do3x—1<Ova2yz§—(§/¥2:>2yz(3x—l)2 (1—x)22(3x—1).
Hay P > 3x3—3a:22+x+1‘

Ta chiing minh ke 31; L > % & 2322 —32+1)>0

& 3z[(z — %)2 + %] > 0 (luon ding do = > 0).

5 1
Hay P > 7 Dau bang xay ra chang han tai z =0,y = 2 = 3
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| Baitap 4 | (M olympic - THCS Cau Gidy - Bai 4)
Cho tam giac ABC nhon, AB < AC. Dung duong cao AD, BE, CF. Ké AT vuong goc véi
EF tai T.
s LB DB
@ Chfl'ng l'nlIlh réng ﬁ = D—C
@ Goi M, N lan lugt 1 trung diém ctia BE, CF. Trén EF lay K, L sao cho BK // MT,
CL//NT. Chitng minh ring FK = EL.
(3) Giastt TM, TN cit AB, AC tuong ting tai P, Q. Chiing minh ring EF di qua trung
diém cta PQ.

@ L&i giai.

(1) D& chitng minh do AAEF «»» AABC va AAET v AABD.
(2) Do BK //MT nén T la trung diém EK, do CL//NT nén T la trung diém FL, tit d6 ta c6
FK=TF-TK=TL-TE=EL.
@ Ap dung dinh 1y Menelaus cho tam gidac ECF ¢6 ba diém T, N, Q thing hang ta c6:
NC TF QE QE DC MB _
NF TE QC QC DB ME
Nén ap dung dinh 1y Menelaus dao cho tam gidc BCE ta c6 ba diém M, D, @) thang hang.
Chitng minh tuong tu ta ciing c6 N, D, P thang hang.

1 =

Ap dung dinh 1y Menelaus cho tam gidc FT'N ¢6 ba diém Q, E, C thang hang ta co:
QT_EF'CN: :@:QE—T.(I)

QN BT CF QN EF
Ap dung dinh 1y Menelaus cho tam giac CDN ¢6 ba diém F, B, P thing hang ta co:
PD.BC.FN:1:>Q:@‘()

PN BD FC PN  BC
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LIV EDU
3 . < o, 0 i La BE  BO . gF PD%
T (1) va (2), két hop v6i dé chiing minh 5F = BO tlt cau a ta c6 ON ~ PN’

= TD//PQ = NM di qua trung dicm X ctia PQ theo bd dé hinh thang.

Chudng 1. Chon dbi tuyén THCS Cau Gidy

Ap dung dinh 1y Menelaus cho tam gidc PDQ ¢6 ba diém M, X, N thing hang ta c6:
MD NP XQ | MD NP _ .
MO ND XP ~ MQ ND

Ap dung dinh 1y Menelaus cho tam giac ADQ ¢6 ba diém M, H, E thang hang ta co:
EA HD MQ_1:>EA_HA MD
EQ HA MD ~EQ HD MQ

Ap dung dinh 1y Menelaus cho tam giac ADP ¢6 ba diém F, H, N thing hang ta c6:
FP HA ND __FP_HD NP
FA HD NP FA HA ND

EA FP X¢g HA MD HD NP X¢ MD NP XQ
EQ FA XP HD M@ HA ND XP MQ ND XP
Tit d6 ap dung dinh 1y Menelaus do cho tam giac APQ ta c6 EF di qua trung diém PQ.

T dé ta ¢6 1. (ds (*))
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| Baitap 5 | (UM Olympic - THCS Cau Gidy - Bai 5)

Gia st cac tap hop A;, Ao, ..., A, chita cac s6 thuc théa man dong thoi cac dieu kién sau:
(1) Mai tap hgp c6 diung 30 phan tit.
(2) V6i hai tap hop bat k¥, ¢6 diing mot s6 thue thude ca hai tap do.
(3

) Khong s6 thyc ndo thuoc tat ca cac tap hgp trén.

Chiing minh ring n < 871.

@ Loi giai.

Goi  1a s6 tap 16n nhat ciing chita chung mot phan ti.

Khi d6 ta sé chitng minh rang x < 30. That vay, gia sit rang x > 31, khi d6 ta luén tim duge 31
t8p; gol 18 Ay Aogos o
Ma theo gia thiét thi a khong thé 1a phan tif clia tat ca céc tap, tic la ta luon tim dude mot tap

iz, 520 cho ¢6 chung duy nhat mot phan tit. Ta goi phan ti d6 1a a.

Aj; sao cho a khong la phan tit cia A;.

Vi ctt méi 2 tap bat ki chi ¢6 diing mot phan t1t chung nén ta goi a, 14 phan tit chung duy nhat ctia
tap A; voi A;, (véit € {1,2,...,31} va a; # a). Mt khac, vi tap A; ¢6 dang 30 phan tit nhung lai
c6 31 phan tit a@; nén theo nguyén li Dirichlet, ton tai hai s6 nguyén duong phan biét m, n khong
vugt qua 31 sao cho a,, = a,. Khi d6 A;, va A;, c6 chung phan ti a,, khac a, mau thuan.

Vi vay gid st sai, ta c6 ¢ < 30. Xét tap A; = {x1,22,...,230}. Khi d6, v6i méi r € {1,2,...,30}
thi chi ¢6 t6i da 29 tap cung chita phan tit b, (loai tap A;).

Do d6 ta ¢6 duge: n < 1+ 30-29 = &71.
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