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Chuong 1

UNG DUNG DAO HAM
KHAO SAT VA VE DO
THI HAM SO

BAI 01: TINH DON DIEU VA CUC TRI CUA HAM SO

1.1 Tinh don diéu ctia ham sb

1.1.1 BDinh nghia:

Cho ham s6 y = f(z) xac dinh trén K véi K 1a mot khoang, mot doan hosic mot

nita khoang

YA

[ .
£ o G
o

eHam s6 y = f(x) dugc goi la dong bién trén K néu Vay, 2o € Koy < 29 =
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f(z1) < f(x2).

eNéu ham s6 dong bién trén K thi do thi ctia ham s6 di lén tir trai sang phai

y = flz)

-
H

eHam s6 y = f(z) dugc goi 1a nghich bién trén K néu Vo, 20 € K 21 < 29 =
Flar) > flan).

eNéu ham s6 nghich bién trén K thi do thi ciia ham s6 di xudng ti trai sang
phai

eHam s6 dong bién hoac nghich bién trén K dudc goi chung 1a don diéu trén K.

eKhi xét don diéu ma khong chi r6 tap K thi ta hiéu la xét trén tap xac dinh

cta ham sb do6

1.1.2 Lién hé gitta dao ham va tinh don diéu

Dinh Ii 1: Cho ham s6 y = f(z) c6 dao ham trén khoang K.

eNéu f/(z) > 0,Vx € K va f'(z) = 0 xdy ra tai mot s6 hitu han diém tren K
thi ham s6 dong bién trén khodng K.

eNéu f'(z) < 0,Vz € K va f'(z) = 0 xay ra tai mot s6 hitu han diém trén K

thi ham s6 nghich bién trén khoang K.

Chi y: Néu ham s6 f(z) dong bién trén tap K hoic nghich bién trén tap K

thi ham s6 y = f(z) con dugc goi la don dieu tren K C R.
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Dinh 1i 2: Cho ham s6 y = f(x) c¢6 dao ham trén tap K C R, trong d6 K 1a
mot khoang, doan hodc nita khoang. Néu f/(z) > 0 (hoac f/(z) < 0) véi moi z

thuoc K va f'(x) = 0 chi tai mot s6 hitu han diém ctia K thi ham s6 y = f(x)

dong bién (hodc nghich bién) trén K.

1.2 Cuc tri cia ham s6

1.2.1 Dinh nghia:

Cho ham s6 y = f(z) lien tuc khodng (a;b) va diém zq € (a;b).
eNéu ton tai s6 h > 0 sao cho f(x) < f(x¢) v6i moi x € (vg — h;x0+h) C (a;b) va

x # xo thi ta néi ham s6 f(r) dat cyc dai tai xo.

x| a £Iij) b
[ B -
f(x) £ (o)

/ cued \

eNéu ton tai 86 h > 0 sao cho f(x) > f(xg) v6i moi x € (vg — h;zo+h) C (a;b) va

x # o thi ta n6i ham s6 f(z) dat ciyc tiéu tai zg.

@ il Iy b

f'(x) |

fi@) \ £ }/
oy

Curc tiéu

Ghi chu:

eNéu ham s6 y = f(x) dat cyc dai tai ¢ thi zg duge goi la diém cuc dai cta
ham s6; f(zg) duge goi la gia tri cyc dai ctia ham s6, ki hieu fog hay yog, con
diém M (xo; f(z0)) dude goi l1a diém cyc dai clia do thi ham sé.

eNéu ham s6 y = f(x) dat cuc ticu tai zo thi 2o duge goi la diém cyc ticu cta
ham s6; f(zg) dugc goi 1a gia tri cyc tieu ctia ham s6, ki hiéu for hay yor, con

diém M (xo; f(z0)) dude goi la diém cyc ticu ciia dd thi ham sb.
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eCéc diem cuc dai va diém cuec tieu dude goi chung 1a diém cuc tri. Gia tri cuc
dai (con goi la cuic dai) va gid tri cue tieu (con goi la cyc tiéu) duge goi chung 1a
gia tri cye tri (hay cuc tri) clia ham sb.

eNéu ham s6 y = f(z) c6 dao ham trén khoang (a;b) va c6 diém cyc tri ;i

zo € (a;b) thi f/(x0) =0

" 2 ¥V .. : :
Diém cue dai Gia trj cye dai

cua dé thi (cre dai) ena
haun sO

. g
The 4 YCD [

\ Diém cue |

.y of | .3 . |I
Diém cire daif \ ticu cua
cia ham s6 |/ ’ "\\ ham sé [
~ / . \ | |
\‘ ! \ | [
NV y \ |
o L
Y SE—— - ---"t\-—f—l\‘—-l
rep () '\. " |ll.' H
| \ '
‘ YT + i N’
o "
Gia tri cue ticu Diém cure ticéu

(cite tiéu) cia cua do thi

ham so

Dinh 1i : Gia st ham s6 y = f(z) lién tuc trén khodng K = (z¢ — h; 29 + h)
va c6 dao ham trén K hodac trén K {x¢} v6i h > 0

eNéu f/(x) > 0 trén khodng (z¢ — h; ) va f'(zg) < 0 trén khoang (wo; o + h)
thi zo 1a mot diém cuc tai clia ham s6 f(z).

eNéu f/(x) < 0 trén khodng (z¢ — h; ) va f'(zg) > 0 trén khoang (wo; o + h)

thi zo 1a mot diém cyc tiéu ctia ham s6 f(x).

Nhan xét: Dinh Ii trén c6 thé hiéu mot cach don gian nhu sau: Diéu kien du
dé ham s6 y = f(z) dat cyc tri tai mot diém zy 1a dao ham f'(x) doi dau khi = qua

xo VO x € (g — h;zo + h).

& |xg—h To zo+ h T |xg— h To rot+h

(=) + - f(z) - +
/ff(-p\\ \ /
e N .

» S T ., /f

@ - e “~ .
-~ ™ N e
« for”
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Néu ham s6 y = f(x) dat cuc tri tai xo thi f/(x9) = 0 hosic f'(z¢) khong ton tai.
1.3 Cac dang bai tap lién quan dén don diéu va
cuc tri cia ham so

1.3.1 Dang 1: Tim khoang don diéu, cuc tri cia ham sb

cho truéc

Phuong phap giai:
B1l: Tim tap xac dinh ctia ham s6 y = f(x).

B2: Tinh dao ham f/(x). Tim céc diém z;(i = 1,2,...n) ma tai d6 ham s6 co6

dao ham bang 0 hoac khong ton tai.
B3: Siap xép céac diém z; theo thit tu tang dan va lap bang bién thién.

B4: Can ctt vao bang bién thién, néu két luan vé cidc khoidng dong bién,

nghich bién, cyc tri ctia ham s6

BAI TAP TU LUAN

Bai tap 1: Tim cac khodng dong bién, nghich bién va céc diém cuc tri clia céc

ham s6 sau:
a) y=2x3+ 322 — 12z + 2024
b) y:—%‘x4+2x2:2
c) y=a*+2025
d) y=a*—222-2
Bai tap 2: Tim cac khoang dong bién, nghich bién clia caAc ham s6 sau:
a) y=+va2—6x+5

b) y=22t2

rx—1
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c) y=(z—2)(2®+1)

_ 2%42z42
d) Y= x+1

Bai tap 3: Tim céac diem cuyc tri clia cac ham s6 sau:
a) y=—a*=22%+3

b) y=2a%—42® +5x -1

_ 2x+3
C) Y=7%51

2_
d) =22t

BAI TAP TRAC NGHIEM

Phan 1: Cau trac nghiém nhiéu phuong an lya chon. Mdi cau héi thi
sinh chi chon mot phuong an
Cau 1. Ham s6 nao sau day dong bién tréen R?

A y=a3—-32>-1. B.y=2a3—2?46z—1.

C.yzﬁ—ﬁ. D.y=a%4+222-1.

Cau 2. Cho ham s6 f(z) c6 bang xét dau dao ham nhu sau

f (@) o0+ 0 -

Ham s6 da cho nghich bién trén khoing nao duéi day?
A. (2;400). B. (—o0; —2). C. (-2;+00). D. (-2;1).
Cau 3. Cho ham s6 y = f(z) c6 do thi la duong cong hinh bén dudéi. Ham s6 da

cho nghich bién trén khodng nao duéi day?

10
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A. (—1;1). B. (1;+00). C. (0;1). D. (—1;4+00).

Cau 4. Cho ham s6 y = =22, khang dinh nao duéi day la khing dinh ding?

r—1

A. Ham s6 nghich bién trén khoang (—oo; 1) U (1; +00).

B. Ham s6 nghich bién trén moi khoang (—oo; 1) va (1; +o0).
C. Ham s6 nghich bién trén R.

D. Ham s6 dong bién tren mdi khodng (—oo; 1) va (1;+00).

Cau 5. Cho ham s6 y = f(z) = az® + ba? + cx + d ¢6 d6 thi nhu hinh vé dudi day

]

i

Ham s6 y = f(x) dong bién trén khoang nao?
A. (—-1;1). B. (—o0;-1). C. (2;400). D. (0;1).
Cau 6. Ham s6 y = 223 — 222 — 22 + 1 dong bién trén khoang nao dudi day?

A. (—-1;1). B. (—o0;1). C. (0;2). D. (1;2).

Cau 7. Ham s6 y = ££3 nghich bién trén khodng nao sau day?

11
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A. (—2;3). B. (—o0;3). C. (—o0; +00). D. (3;+00).

Cau 8. Cho ham s6 f(x) c6 bang xét dau dao ham nhu sau

x —00 -3 0 2 +00

f(x) + 0 - 0 + 0 -

Ham s6 da cho nghich bién trén khoing nao duéi day?
A. (=3;0). B. (0;+00). C. (0;2). D. (—o0; —3).

Cau 9. Cho ham s6 y = 2=2. Menh dé nao dudi day ding?
A. Han s6 dong bién trén R {—1}. B. Ham s6 dong bién trén (—oo; +00).

C. Ham s6 nghich bién trén (—oo; —1). D. Ham s6 dong bién trén (—oo; —1).

Cau 10. Cho ham s6 y = f(x) ¢6 dao ham f'(z) = (z + 1)(2z — 5)? v6i moi » € R.
Ham s6 da cho nghich bién trén khodng nao?

A. (—o0;—1). B. (—1;3). C. (—1;+00). D. (-3;1).

Cau 11. Cho ham s6 f(z) ¢6 bang xét dau dao ham nhu sau

['(x) + 0 - 0 + 0 -

Ham s6 da cho nghich bién trén khodng nao dudi day?
A. (=3;0). B. (0;+00). C. (0;2). D. (—o0; —3).

Cau 12. Cho ham s6 f(r) lien tuc trén R va c¢6 dao ham f/(z) = (z4+1)(z—1)*(2—2).
Ménh dé nao duéi day ding?

A. f(5) > f(4) > f(3). B. f(=1) > f(0) > f(1).

C. f(=3) < f(=2) < f(=1). D. f(0) < f(1), f(2).
Cau 13. Cho ham s6 f(z) xac dinh trén R va ¢6 dao ham f/(z) = 2—2)(z+1)*(z—
1)°. Ham s6 da cho nghich bién trén khodng nao dudi day?

A. (—o00;2). B. (2;+00). C. (-1;2). D. (1;400).

Cau 14. Cho ham s6 y = %. Khang dinh nao dudi day 1a sai?

A. Ham s6 dong bién trén khodng (—oo; 1).

B. Ham s6 dong bién trén khodng (—oo; —1).

12
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C. Ham s6 dong bién trén khoang (1;2025).
D. Ham s6 dong bién trén khodng (—1;2025).
Cau 15. Ham s6 y = —2* + 222 + 1 dong bién trén khoang nao dudi day?
A. (0;400). B. (-2;3). C. (-5;-2). D. (3;+00).
Cau 16. Ham s6 y = v/8 + 2z — 22 dong bién trén khodng nao dudi day?
A. (1:+400). B. (—o0;1). C. (-2;1). D. (1;4).
Cau 17. Cho ham s6 y = f(z) c6 dao ham trén R vA ham s6 y = f/(x) 13 ham s6

bac ba c6 duong cong trong hinh vé

Ham s6 y = f(x) nghich bién trén

A. (—o0;1). B. (—2;0). C. (1;+00). D. (—1;4+00).
Cau 18. Ham s6 y = ‘”2;2%4’5 dong bién trén khodng nao sau day?

A. (—o0;5). B. (—3;+00). C. (3;+00). D. (-3;5).

Cau 19. Cho ham s6 y = f(z) ¢6 dao ham 1a f'(z) = (z — 1)?(3 — z)(2® — z — 1).

Hoéi ham s6 c6 bao nhiéu cuc tieu?

A. 3. B. 2. C.o. D. 1.
Cau 20. Tim gié tri cuc tiéu ctia ham s6 y = —2% + 3z + 4
A. Yyor = 2. B Yyor = 1. C Yyor = 6. D Yyor = —1.

Cau 21. Cho ham s6 y = f(r) lien tuc trén R va ¢6 f/'(z) = (v — 1)?(2? — 52 + 6).
S6 diém cuc tri ctia ham s6 da cho 1a

A. 5. B. 3. C. 2. D. 4.

13
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Cau 22. Cho ham s6 f(z) c6 dao ham f'(z) = (z — 1)(2 — ) véi moi 2 € R. Diém
cuc dai ciia ham sé 1a

A.z=1. B. x=-2. C.zx=2. D.xz=-1.
Cau 23. Cho ham s6 y = 23 — 322 + 2. Diém cuc tiéu ctia do thi ham s6 c¢6 toa do
la

A. (2;2). B. (2;-2). C. (0;-2). D. (0;2).
Cau 24. Cho ham s6 y = f(x) c6 dao ham f'(z) = 2%(z + 1)?(2z — 1). S6 diém citc
tri cua f(x) la

A. 3. B. 0. C. 1. D. 2.
Cau 25. Cho ham s6 y = f(z) c6 bang xét dau dao ham nhu hinh bén. S6 diém

cyc ticu cia y = f(z) 1a

x | —00 —3 1 3 oo
f'(z)] - 0 + 0 - 0 +
A. 3. B. 4. C. 2. D. 1.

Phan II: . Cau tric nghiém ding sai. Trong méi § a), b), c), d) & mbi
cau, thi sinh chon diang hoac sai.

Cau 1: Cho ham s6 y = f(z) = 2* — 222 + 2
a) Tap xac dinh clia ham s6 D = [0; +00).
b) Ham s6 dong bién trén khoang (2;0).
¢) Ham s6 dong bién trén (—3; +00).

d) Ham s6 nghich bién trén cac khoang (—oo; —1) va (0;1)

z—1
r+2

Cau 2: Cho ham s6 y =
a) Tap xac dinh ctia ham s6 1a D = R.

b) Ham s6 nghich bién trén R {-2}.

c) Ham s6 dong bién trén R {—2}.

14
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d) Ham s6 nghich bién trén cac khodng (—oo; —2) va (—2; +00).

Cau 3: Cho ham s6 y = f(z) c6 do thi nhu hinh vé

a) Ham s6 y = f(x) dong bién tren khodng (0;2)
b) Ham s6 y = f(x) nghich bién trén moi khodng (—oc;0), (2;+00)
c¢) V6i moi € (0;2) thi ham s6 y = f(z) luon nhan gia tri duong

d) Ham s6 y = f(—x) nghich bién trén khodng (—2;0)

24r—1

Cau 4: Cho ham s6 y = -
T

a) Tap xac dinh ctia ham s6 1a D =R\ {1}
b) Phuong trinh ¢’ = 0 ¢6 hai nghiém nguyén
¢) Ham s6 dong bién trén moi khoang (0;1) va (2; +00)

d) Ham s6 nghich bién tréen méi khoang (0;1) va (1;2)

T+ 3

Cau 5: Chohamsc‘)y:%_1

a) Tap xac dinh ctia ham s6 1a D = R\ {1}
b) Ham s6 da cho dong bién trén R\ {1}

c¢) Dao ham ctia ham s6 luon nhé hon 0 v6i moi = # 1

15
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d) Ham s6 da cho khong co cyc tri
Cau 6: Cho ham s6 y = V22 +1
a) Ham s6 dat cuc dai tai =0 .
b) Ham s6 khong c6 cuc tri.
¢) Ham sb dat cuc tiéu tai = = 0.
d) Ham sb c6 hai diém cuc tri.
Cau 7: Cho ham s6 y = —32* + 2% + 1.
a) Ham s dat cyc tiéu tai z = 0, gia tri cyc tiéu clia ham s6 1a y(0) = 0.

b) Ham s6 dat cyc tieu tai cac diem z = +1, gid tri cyc tieu clia ham sb 1a

y(£1) =1.

c) Ham s6 dat cyc dai tai cac diém z = +1, gia tri cyc tiéu ctia ham sb la

y(£1) = 3.
d) Ham s6 dat cuc tiéu tai z = 0, gia tri cuc tiéu clia ham s6 1a y(0) = 1.

Cau 8: Cho ham s6 y = f(z) ¢6 dao ham lién tuc trén R va ham s6 y = f'(z)

c6 do thi nhu hinh vé duéi day

a) Ham s6 y = f(z) dat cuc tieu tai diém = = —1 va gia tri cuc dai 1a yog = 4.

16
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b) Ham s6 y = f(x) dat cuc tieu tai diém = = 1 va gia tri cuc tieu 1a yopr = 0.
¢) Ham sb y = f(z) dat cuc tiéu tai diém =z = —2.
d) Ham sb6 y = f(z) dat cuc dai tai diém z = —2.

Cau 9: Cho ham s6 y = f(z) ¢6 bang bién thién nhu hinh vé

x [—oo -2 0 1 +oo
+o0 2 9
Yy
—1 — 00 — 00

a) Gia tri cue tiéu clia ham s6 bang —1.
b) Ham sb dat cuc tiéu tai 2 = —2.

¢) Gia tri cyc dai clia ham s6 bang 2.

d) Ham sb dat cyc dai tai z =0 va r = 1.

Cau 10: Xét mot chat diém chuyén dong doc theo truc Oz. Toa do ctia chat
diém tai thoi diém ¢ dugce xac dinh béi ham s6 z(t) = t3 — 6t2 + 9t v6i t > 0, khi do6
#/(t)]a van toc clia chat diém tai thoi diém ¢, ki hicu v(t); v/(¢) 1a gia téc chuyén

dong ctia chat diém tai thoi diém ¢, ki hieu a(t).
a) Phuong trinh van toc 1a v(t) = 3t2 — 6t + 9.
b) Phuong trinh ham gia toc 1a a(t) = 6t — 12.
c¢) Van toc ctia chat diém tang khi ¢t € (0;1) U (3; +00).
d) Van téc ctia chat diem gidm khi ¢ € (1;3)

Phan 3: Cau tric nghiém tra 18i ngan
Cau 1: Cho ham s6 y = 2% — 322 + 5 ¢6 dd thi (C). Tinh do dai doan thang nodi
hai diém cye tri cia do thi (C). KQ:[ [ | | | |
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Cau 2: Biét ham s6 y = az® + bz® + cx 4+ d ¢6 hai diém cuc tri 1a (—1;18) va

(3;—16). Tinh gid tri biéu thic P=a+b+c+d. KQ: [ | [ [ [ ]

Cau 3: D thi ctia ham s6 y = 2° — 322 — 92 + 1 ¢6 hai diém cuc tri 1a 4 v B.

Tinh khodng cach tit gbc toa do O dén duong thing AB. KQ:| [ | | [ |

2 ax 1. ) £ 2?2 —4x+5 . a2 .
Cau 4: Biet do thi (C) ctia ham s0 y = — 1 c6 hai diém cyc tri. Duong

thang di qua hai diém cyc tri ctia do thi ham s6 (C) tao vé6i hai truc toa do mot

tam gidc c6 dién tich S bing bao nhieu? KQ:| | [ [ [ |
Cau 5: Goi A, B,C 1a ba diém cuc tri ctia do thi ham sbé y = 2* — 222 + 4. Ban

kinh dudng tron noi tiép tam gidc ABC bing bao nhieu? KQ:[ [ [ | | |

Cau 6: Cho ham s6 f(z) lién tuc trén R va c6 bang xét dau f’(x) nhu sau:

T | -0 -2 0 1 2 +o00

f'(x)

Ham s6 ¢6 bao nhieu diém cye tri? KQ:| [ [ [ [ |

Cau 7: Cho ham s6 y = az® + bz? + cx + d dat cuc tri tai cac diém z;, o thoéa
man z1 € (—1;0), 22 € (1;2). Biét ham s6 dong bién trén khoang (z1;x2). DO thi
ham s6 cit truc tung tai diém c6 tung do am. Trong cac sb a,b,c,d c6 bao nhiéu

soam? KQ:| | | [ | |
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1.3.2 Dang 2: Tim tham s6 m dé ham sé don diéu trén mot

khoang cho truéc

eXét ham sb bac ba y = ax3 + bz? + cx + d ¢6 dao ham ¢/ = 3ax? + 2bx + c.

a>0
Ham s6 dong bién trén R khi va chi khi ¢/ > 0Vz € R «—=
Ay <0
. a<0
Ham s0 nghich trén R khi va chi khi ¢/ < 0Vz € R <
Ay <0

Trong truong hop hé s6 a c¢é chita tham sé thi ta kiém tra thém truong hop
a=0
eXét ham phan thitc y = 2+% ¢6 dao ham ¢/ = 2= véi ad — be # 0, ¢ # 0.

Ham s6 dong bién trén khodng xac dinh ctia né khi va chi khi: ¢/ > 0,Vx #
d

T c
Ham s6 nghich bién trén khoang xac dinh ctia né khi va chi khi: ¢/ < 0,Va #
—4 = ad—bc<0

eXét ham phan thitc y = 9 H0te 6 dao ham y = ede’t2eertberde i g £ (

Ham s6 dong bién trén khodng xac dinh ctia né khi va chi khi:

Ham s6 nghich bién trén khoang xac dinh ctia n6 khi va chi khi:

cx+d (cx+d)?

<~ ad —bc >0

(dx+e)?

y > 0,Vr # —S > ada® + 2aex + be — dc > 0,V # —2

y < 0,Vr # —2 — ada® + 2aex + be — de < 0,V # —2

BAI TAP TU LUAN

Bai tap 1: Tim tat cd cac gia tri ctia tham s6 m dé cac ham s6

y = a3 + ma® 4 2max + 2 dong bién trén R
y = —32° — ma? + (2m — 3)z — m + 2 nghich bién tren R
y = —223 —ma? — (2m + 1)z + 1 nghich bién tren khoéng (0;5).

y = 23 — 322 + (5 — m)z dong bién trén khoang (2; +0c0).
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3

e) y=%+ mf + 2 + 6 dong bién trén nita khodng [1; +o00).

f) y=—23 622+ (4m — 9)x + 4 nghich bién trén khoadng (—oc; —3).
g) y =23+ ma? + m nghich bién trén (0;2).
h) y=(m—1)a3—3(m— 1)z2 + 3z + 2 dong bién trén R.

Bai tap 2: Tim tat ca cac gia tri ctia tham sé m dé ham s6

a) y="L%2 dong bién trén timg khoang xac dinh

b) y= 222 nghich bién tren timg khoang xac dinh

¢) y=144

dong bién trén (1;+00).

d) y= Zﬁizn nghich bién trén (—2; +00)

e) y= =6 g3ng bién trén khodng (—oo; —2).

f) y= 222 dong bién trén khoang (—oo; —6).

g) y =22 nghich bién trén khodng (—3;1).

h) y= 223 nghich bién tren khoang (—3;1).

Bai tap 3: Tim tat cd cac gia tri ctia tham s6 m dé ham sd

2 X 4 ~ 2 2 .
a) y= % dong bién trén khoang xéac dinh.

b) y = x2+(m+1)x—1

o (m 1a tham s6) nghich bién trén timg khodng xac dinh.

BAI TAP TRAC NGHIEM

Phan 1: Cau tric nghiém nhiéu phuong an lwa chon. Mdi cau héi thi
sinh chi chon mo6t phuong an

Cau 26. Cho ham s6 f(z) = £=%. C6 bao nhiéu gia tri nguyén am ctia tham s6 m

dé ham s6 dong bién trén timg khodng xac dinh

A. 4. B. 5. C. 3. D. 6.
Cau 27. Cho ham s6 y = ma3 + ma? — (m + 1)z + 1. Tim tat ca cac gia tri cia m
dé ham s6 nghich bién trén R

A.-2<m<0. B.-2<m<0. C.m<0. D.m< -3

N[V
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Cau 28. Tim tat ca cac gia tri thuc clia tham s6 m dé ham s6 y = 23 + 22+ ma +1
dong bién trén (—oo; 4+00).
A.m< % B. m>

C.m2> D.m<

wlrl>~
Ol

wl'—‘

Cau 29. S6 gié tri nguyén ctia tham s6 m dé ham s6 y = (m? —1)2% 4+ (m—1)2® —z
nghich bién trén R 13
A. 2. B. 3. C. 1. D. o.

Cau 30. Cho ham s6 y = g;“fn%, m 1a tham s6 thyc. C6 bao nhiéu gia tri nguyén
cia tam s6 m dé ham s6 nghich bién trén ting khoang xac dinh

A. 1. B. 3. C. 2. D. 5.

Cau 31. S6 gia tri nguyén ctia m dé ham s6 y = (m — 7)2® + (m — 7)z% — 2ma — 1
nghich bién trén R biang
A. 7. B. 9. C. 4. D. 6.

x—|—m

Cau 32. Tim tat ca cic gia tri clia m sao cho ham s6 y = dong bién trén cac

khoang xac dinh
A.m>2. B. m<2. C. m<2. D.m>2.

Cau 33. Tim tat ca cac gia tri cia tham s6 m dé ham s6 y = v/3sinz+cosz —ma+5
nghich bién trén tap xac dinh
A.m>2. B. m<2. C. m> -2 D. 2<m<2.

Cau 34. C6 tat ca bao nhiéu gia tri nguyén clia tham s6 thuc m sao cho f(z) =
tma® — 2ma? + (m — 5)z + 2025 nghich bién tren R?
A. 1. B. 0. C. 3. D. 2.

;t—|—m

Cau 35. C6 bao nhiéu gia tri nguyén clia tham s6 m dé ham sb6 y = dong

bién trén tap xac dinh clia né
A. 5. B. 1. C. 2. D. 3.
Cau 36. Cho ham s6 y = M + (m? — m)z? + mz + 2. C6 bao nhiéu gia tri
nguyén ciia tham sé m dé ham sé dong bién tren R?
A. 3. B. 5. C. 1. D. 2.
Cau 37. C6 bao nhiéu gia tri nguyén am ciia tham s6 m dé ham sé y = = +3 — T

dong bién trén [5; +00)?
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A. 3. B. 2. C. 8. D. 9.

Cau 38. C6 bao nhiéu gia tri nguyén ctia tham s6 m thuoc doan [—2024;2024] sao
cho f(x) = (m —1)z® 4+ (m — )2 + (2m + 1)z + 3m — 1 dong bién tren R.
A. 2024. B. 2023. C. 2021. D. 2022.

Cau 39. Tap tat ca cac gia tri thuc ctia tham s6 m dé ham s6 y = —1a3 — ma? +
(2m — 3)x — m + 2 nghich bién R 1a m € [a;b]. Gia tri clia b — a bang
A. 4. B. 10. C. 12. D. -3.

2cotz+1
cotr+m

Cau 40. Tim tat cd cac gia tri thuc ciia tham s6 m dé ham s6 y = dong
bién tren (3"%)

A.me (—oo;—-1)U [O; ] B. m e (—o0;—1]U [0; %)

NI o=

C. m € (—oo;—1] U (0; 3] D. m € (3; +00).

PHAN II. Cau tric nghiém ding sai. Trong mbi § a), b), c), d) & méi
cau, thi sinh chon diang hoac sai.

Cau 1: Cho ham s6 y = ma® + ma? — (m + 1)z + 1, v6i m 1a tham s6
a) Ham s6 13 ham s6 bac ba khi m # 0.
b) Tap xac dinh ctia ham sb 1a R.
¢) Ham sb dong bién trén R khi va chi khi m < —2 hodc m > 0.
d) Ham s6 nghich bién tren R khi va chi khi —2 <m < 0.

Cau 2: Cho ham s6 y = 123 + (m + 1)z + (m2 + 2m)x — 3, v6i m la tham s6
a) Tap xac dinh ctia ham s6 1a R.
b) Phuong trinh ¢/ = 0 ¢6 hai nghiém phéan biét 1a 1 = —m va 2 = —m — 2.
¢) Khong ton tai gia tri ctia tham s6 m dé ham sé dong bién trén R.
d) Ham s6 nghich bién trén (—1;1) khi va chi khi m > -1 .

245

Cau 3: Cho ham s6 y = £ v6i m la tham s6

a) Tap xac dinh clia ham s6 1a R.
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b) Ham sé dong bién trén ting khoadng xac dinh khi va chi khi m > 5.
c) Ham s6 nghich bién trén ting khoang xac dinh khi va chi khi m < 5.
d) Ham s6 dong bién trén khoang (—oo; —8) khi va chi khi (5;8).
Cau 4: Cho ham s6 y = %
a) Tap xac dinh ctia ham s6 1a D = R {-2}.
b) Phuong trinh ¢/ = 0 ¢6 hai nghiém va hai nghiém nay la nguyén duong.

c) Ham sb6 dong bién trén mdi khodng (—5; —2) va (—2; +00)

d) Ham s6 nghich bién trén méi khodng (—oo; —5) va (1;+00).

N Z 20 2_ L N Z
Cau 5: Cho ham s6 y = cbe=2meotitam —1 "y4i 1y 13 tham s6

a) Néu dit t = cotz thi bai toan tré thanh tim tham s6 m nguyén dé ham sb

y = f(t) dong bién tren (0;1).
b) Tap xéac dinh ctia ham s6 y = f(t) la R.
c) Ham s6 y = f(t) dong bién trén (0;1) khi va chi khi f/(t) > 0 v6i moit € (0;1).

d) €6 2026 gia tri nguyen ctia tham s6 m thuoc doan [—2024; 2024] dé ham s6 da
cho nghich bién tren khoéng (5;73).

Phan III. Cau tric nghiém tra 15i ngin

Cau 1: Cé6 bao nhiéu gia tri nguyén ciia tham sé m dé ham sb6 y = —23 —ma? +

(4m + 9)z + 5 nghich bién tréen R? KQ: \ | | | | \

Cau 2: C6 bao nhiéu gia tri nguyén duong ciia tham s6 m dé ham s6 y =

%coti)’x — mcot®z + cotz + 1 nghich bién trén khoang (0;3)? KQ: HEEEE

Cau 3: Tim tat cid cac gia tri clia tham s6 m sao cho do thi ham s6 y =
23 — 322 4+ 3m — 1 cat truc hoanh tai ba diém phan biét trong d6 c6 ding hai diém
c6 hoanh do 16n hon 1 1a khodng (a;b). Gia tri clia a + b bang bao nhieu? KQ:

L]

Cau 4: Ham s6 y = (v +m)3 + (v +n)? — 23 tham s6 14 m,n dong bién trén

(—o0; 400). Gia tri nhé nhat ctia bicu thitc P = 4(m? + n?) — 2m — 2n bang bao
nhieu? KQ:| | [ | | |
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Cau 5: Goi S la tap hép cac gia tri ctia tham s6 m dé ham s6 y = fracl3z® —
Ima? +2ma — 3m +4 nghich bién trén khoang c¢6 do dai béng 3. Tinh tong cac phan
ticta S. KQ:| | [ | | |

ma+9

Cau 6: C6 bao nhieu gia tri nguyen ciia tham s6 m dé ham sb y = 7249 nghich

bién tren khodng (0;4). KQ:[ | [ [ [ |

~ . Z -z . ~ 2 £ N PO —2025
Cau 7: SO cc gia tri nguyeén cua tham so thuc m sao cho ham s0 y = =75==2=
dong bién tren khodng (—2;2) 1a bao nhieu? KQ:| | | [ [ |
~ . . ‘. Z " ~ ~ 21 Z _ z°45 6
Cau 8: C6 bao nhiéu s6 nguyén khong am m de ham s6 f(z) = £F22En40

dong bién trén khoang (1;+00)? KQ: | [ [ | | |
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1.3.3 Dang 3: Tim tham s6 m dé ham s6 c6 cuc tri hoic

dat cuc tri tai diém cho trudc

Tim m dé ham s6 y = f(z) dat cuc tri tai diém z, cho trude ( f(z) co

dao ham tai diém =)

Giai diéu kien 3/ (xg) = 0 dé tim m

Lap bang bién thién v6i m vita tim dugc va chon gia tri m nao thoa

man yéu cau.

Bién luan cyc tri ham s6 y = aa® + ba? + cox +d v6i a # 0

Tinh dao ham y' = 3az? + 2bz + ¢ v6i A, = b — 3ac

) A}, >0 ) s .
— Neu thi ham so ¢6 hai diém cuc tri.
a#0
. y a=0 . ,
— Néeu A;J < 0 hodc suy bién thi ham so6 khong c6 cuec tri.
b=0
o Luu 5’:
—2b
: . o, T1+ T2 = —5—
— Goi 1, 72 14 hai nghiém phan biét cua 3/ = 0 thi 3a
1T = i
3a

- Hé thie 1: ZL’% + ZL‘% = (:El + :L‘2)2 — 2129
- Hé thice 2: (1’1 — JIQ)Q = (1]1 + 132)2 — 4x1x9
— Heé thitc 3: 23 + 23 = (v1 + 12)® — 3z122(71 + 22)

— (Cac cong thic tinh toan thuong gap:

* Do dai MN = \/(xN — :L‘M)2 + (ynv — yM)2
| , Awy + B
+ Khoang cach tit M dén A: d(M,A) — A2+ By + 01 -
VA% + B?

A:Ax+By+C=0

+ Tam gidc ABC vuong tai A & AB - AC =0

« Dien tich tam gidgc ABC la S = %|a1b2 ~ ashy|, véi AB =
(CLl;bl);I@ = (a2;b2)
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. . gz : 2
Chu y: Phuong trinh duong thang di qua hai diem cyc tri la y = %(b2 —
b
3ac)r +d — 9—2

BAI TAP TU LUAN

Bai tap 1: Tim tat cd cac gia tri ciia tham s6 m dé cac ham s6

1 2 .
a) y:§x3—mx2+(m2—4)x+3 dat cuc tieu tai z =3

1 c, . a2
b) y:§x3—mx2+(m2—m—|—1)m—|—1 dat cuc dai tai diem z = 1

¢) y=—a3 +ma? + (m? - 12)z + 2 dat cyc tiéu tai z = —1
1 .. a2
d) y= gx?’ —ma? + (m? — 4)x + 3 dat cuc dai tai diem 2 =3

Bai tap 2: Tim tat ci cac gia tri clia tham s6 m dé ham s6 (dd thi ham sd)

a) y=22%+ (m — 122+ (m? — 4m + 3)z — 1 ¢6 hai diém cyc tri

e) y= 13— L1(Bm+2)2® + (2m? + 3m + 1)z — 2 ¢6 diém cyc dai vo@ va diém cuc

tiéu zor thoa man 322, = dvor

f) y =23 —3max +1 co hai diém cuc tri B va C sao cho tam gidc ABC can tai A

voi A(2;3).

g) y = —a® 4322+ 3(m? — D)o — 3m? — 1 ¢6 diém ciyc dai va cyc tiéu tao thanh

tam giac vuong tai O.
h) y =23 — 322 + m ¢6 hai diém cuc tri A < B sao cho tam giac AOB can tai O.
BAI TAP TRAC NGHIEM

Phan I. Cau trac nghiém nhiéu phuong an lwa chon. M&i cau héi thi

sinh chi chon mo6t phuong an.

27



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

Cau 41. Tim tat ca cac gia tri thuc ctia tham s6 m dé ham sé y = 2% — 322 +ma +1
dat cuc tiéu tai z = 2

A.0<m<A4. B. m > 4. C. m—0. D.0<m<4.

Cau 42. Cho ham 86 y = 23 + 3(m? — m + 2)2? + 3(3m? + 1)z + 2022m, tim céc gia
tri cia tham s6 m dé ham s6 dat cuc tiéu tai z = —2.

A.m=1. B. m=2. C. m=3. D.m=4.

Cau 43. Goi S la tap hop tat ci cac gia tri ciia tham s6 m dé ham sb6 y =
ma3 — (m? + 1)2? + 2o — 3 dat cyc tiéu tai z = 1. Khi dé
A.5={-3} B. S = {0}. C. 5= {3;0}. D. 5= {3}.

Cau 44. Tim gia tri thuc clia tham s6 m dé ham s6 y = 22° —ma? + (m? —m — 1)z
dat gia tri cyc dai tai x =1
A.m=2. B. m=1. C. m=23. D. m=0.

Cau 45. Cho ham s6 f(z) = —2% +2(2m — 1)2? — (m? — 8)x + 2. Tim tat ca cac gia
tri ctia tham s6 m dé ham s6 dat gia tri cuc dai tai diém z = —1

A.m=3. B. m=-9. C.m=1. D.m=-2.

Cau 46. Tim tat ca cac gia tri clia tham s6 m dé ham s6 y = 2° — (2m + 1)z —
(5m + 4)x + 10 dat gia tri cuc dai tai z = —1
A.m=-1. B. m =3. C.m=1. D.m=-2.

Cau 47. Tim tat ca cac gia tri ctia tham s6 m dé ham s6 y = 123 + ma? + (m? —
2m — 3)x + 4 dat cuc tiéu tai =0

A. m = —1 hoac m = 3. B.m=-1.

C. m=3. D. m =1 hoac m = 3.

Cau 48. Cho biét ham s6 y = 2% — 322 + ma — 1 dat cuc tri tai z1, 22 théa man
z3z3 = 3 khi d6

A.m< -1 B. m e (2;3). C. me (1;2). D. m e (0;1).
Cau 49. Biét mg 1a gia tri ctia tham s6 m dé ham s6 y = 2% — 322 + ma — 1 ¢6 hai

diém cuec tri 21, 29 sao cho x4+ z9— 3129 = 1. Khéng dinh nao sau day dang?

A.mge (-1;-2). B. mge (2;4). C. mp € (0;2). D. mg € (—2;0).
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Cau 50. Cho ham s6 y = (1) 23 + (m? — 4)2% + (m? — 9)z + 1. C6 bao nhiéu gia
tri nguyén clia tham s6 m € [—20;20] dé ham s6 ¢6 hai diém cie tri trai dau?
A. 18. B. 19. C. 17. D. 16.

Cau 51. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé do thi ham s y = 12° —

(m + 3)22 + (12 — m)z + 2020 c6 hai diém ciyc tri ndm vé bén phai truc tung?

A.9. B. 10. C. 11. D. 12.

Cau 52. Cho ham s6 y = 323 — (m+2)2? + (m2+ 4m + 3)z + 2021m + 2022(C). Tim
tat ca cac gia tri ciia tham s6 m dé do thi ham s6 c6 cac diém cuc tri ndm vé cling
mot phia ctia truc tung
m > —1 m > —1

D.

A.meg. B. 3<z<-1. C. )
m < =3 m < —3

Cau 53. C6 tat ca bao nhiéu gia tri nguyén ctia tham s6 m dé ham s6 f(z) =
223 —ma? + (m® + bm + 4)z — 1 ¢6 hai diém cyc tri trai dau?

A. 2. B. 4. C. 3. D. 1.

Cau 54. Tim gia tri ctia tham s6 m dé diém cyc tiéu ctia do thi ham s6 y =
23 — 322 — 9z + m thuoc dusng thang d : y =z + 1
A.m=-5. B. m = 31. C. m=23. D.m=5.

Cau 55. Cho duong cong (Cy,) :y = 23 — 3(m — 1)a? — 3(m + 1)a + 3. Goi S 14 tap
cac gia tri ctia tham s6 m dé do thi ham s6 c6 hai diém cyc tri A, B sao cho ), A, B
thang hang. Tong cac phan tit clia S bang

A. 0. B. 1. C. 2. D. 3.
Cau 56. Co6 tat cd bao nhieu gia tri thuc ctia tham s6 m dé dd thi ham s6 y =
223 — ma? — 2(3m? — 1)z + 2 ¢6 hai diém cuc tri c6 hoanh do x1,z2 sao cho z1zs +
2(331 + 332) =17

A. 0. B. 1. C. 2. D. 3.
Cau 57. C6 bao nhiéu gia tri nguyén ctia tham s6 m dé ham s6 y = 2 + 4(m —
2)z? — 7x + 1 ¢6 hai diém cuc tri X1, xo(r1 < x2) thoa man |z1| — |za] = —47

A. 0. B. 2. C. 3. D. 1.
Cau 58. Tat ca cac gia tri thuc clia tham s6 m dé ham s6 y = 323 —ma® + (2m —

1)x — m+ 2 c6 hai diém cuc tri duong la
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A.me (3:1) U(L;+00). B. m € (3;+00).
C. m € (1;4+00). D.m e (—o0;1)U(1;2).

Cau 59. Cho ham s6 y = 2% — (2m + 1)2? + (m + 1)z + m — 1. C6 bao nhiéu gia tri
ctia s6 tut nhien m < 20 dé ham s6 c¢6 hai gia tri cuc tri trai dau?

A.19. B. 20. C. 21. D. 22.

Cau 60. Cho ham s6 y = 2% — 3(m —2)2? — 3(m — 1)z + 1, m 1a tham s6. S6 gia tri
m > 0 dé ham sb c6 gia tri cuc dai, gia tri cuc tiéu lan lugt 1a yom, yor théa man

2ycwm +yor =4 1a
A. 4. B. 1. C. 2. D. 3.

Phan II. . Cau tric nghiém ding sai. Trong méi § a), b), c), d) & mdi
cau, thi sinh chon diang hoac sai.

Cau 1: Cho ham s6 y = Z4® + 227 + ma + 1, v6i m la tham s6

a) Ham sb c6 hai diém cyc tri khi va chi khi —2 < m < 2.

b) Ham s6 c6 ding mot diém cyc tri khi va chi khi m = 0 hogic m = 2.

¢) Ham s6 khong c6 diém cyc tri khi va chi khi m < —2 hodac m > 2.

d) Ham sb c6 hai diém cyc tri thoa man zcq < zor khi va chi khi 0 < m < 2.
Cau 2: Cho ham s6 y = 2% — 3ma? + 3(m? — 1)z — m3, v6i m 1a tham s6

a) Ham s6 ludn c6 hai diém cyc tri v6i moi m.

b) Ham s6 dat cyc tiéu tai = = 3 khi m = 2.

c¢) Khi dd thi ham s6 c6 hai diém cyc tri thi khodng cach gifta hai diém cuc tri

bang 2v/5

d) Diém cue tiéu clia d6 thi ham s6 luon thude dusng thang c¢é dinh véi hé sd

goc k= —3.

a . 3 4 z’42r+3
Cau 3: Cho ham s0 y = #5754~

a) Tap xac dinh clia ham s6 1a R.

b) Phuong trinh ¢’ = 0 ¢6 hai nghiém nguyén duong phan biét.
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c) Ham s6 da cho c6 hai diém cuc tri va hai diem cyc tri ndy nam vé hai phia

cua truc tung.

d) Khi do thi ham s6 c¢6 hai diém cyc tri thi duong thang di qua hai diém cic

tri ctia do thi ham s6 c¢6 phuong trinh y = z + 1.

~ N £ 2_ L N £
Cau 4: Cho ham s6 y = £=2metmt2 i py 13 tham s6

r—m

a) Tap xac dinh ctia ham s6 1a R {m}.
b) C6 hai gia tri nguyén ctia tham s6 m dé ham s6 c6 hai diém cuec tri

¢) Ham s6 dat cuc dai tai + = —1 khi m = 3.

d) Khi do thi ham s6 c¢6 hai diém cyc tri thi dusng thang di qua hai diém cic

tri ctia do thi ham s6 c¢6 phuong trinh y = 22 — 2m.

Phan III. Cau trac nghiém tra 15i ngan

Cau 1: Biét do thi ham s6 y = 2° + az?z + ¢ (a,b,¢ € R) ¢6 mot diém cuc tri
13 A(—1;29) va di qua diém B(2;2). Tinh a + b+ c.

Cau 2: Cho ham s6 y = 223 — ma? — 2(3m? — 1)z + 2 ¢6 hai diém cuc tri z1, 29
sao cho x1z2 + 2(z1 + x2) = 1 khi m = ¢. Tinh S = a® + V2.

Cau 3: DO thi ham s6 y = 23 — 2ma? + m2z +n c6 diém cuyc tieu 1a 1(1;3). Khi
d6 m +n bang

Cau 4: Dé do thi ham s6 y = 2% — 2ma? + m — 1 ¢6 ba diém cyc tri tao thanh
mot tam giac c6 dién tich bang 4+/2 thi gia tri ctia tham sé m bang bao nhiéu?

Cau 5: Cho ham s6 y = 2 + 3ma® 4+ 4m? — 2 ¢6 do thi (C) va diém C(2;4).
Tinh téng binh phuong cac gia tri ctia m dé (C) c¢6 hai diém cue tri A, B sao cho

tam giac ABC c¢6 dién tich bang 6.

BAI 2 GIA TRI LON NHAT - NHO NHAT CUA HAM SO

1.4 Gia tri 16n nhat, gia tri nho nhat ciia ham sé

1.4.1 Dinh nghia

Cho ham s6 f(z) xac dinh trén tap D . Khi d6 ta co:
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Y

Ymax

--¢ fla)

f{In}T-----

Mmin

e M la gia tri 16n nhat ctia ham s6 néu

f(z) < M,Yz €D
Ki hiéu max flx)=M
Yo € D flwg) = M e

e m l& gia tri nhé nhat ctia ham s6 néu

f(z) >m,VYx € D
Ki hiéu mig flz)=m
Jzg€ D : f(xzg) =m e

1.4.2 Mot sbé luu y
e Khi yéu cau tim max min ctia ham s6 ma khong néi ro xét trén tap nao thi
ta hiéu 14 tim max min trén mién xac dinh ctia ham s6 dé.
e Dé tim max min clia ham s6 y = f(x) trén mién D ta thuong lap bang bién
thién ctia ham s6 y = f(z) trén D. T bang bién thién ta c6 thé két luan:
— Didm & vi tri cao nhat — Két luan max
— Diém & vi tri thap nhat — Két luan min
e Dé tim max min ctia ham s6 y = f(x) trén doan [a;b] ( f(z) lién tuc trén doan

[a;b] v& c6 dao ham trén (a;b) c6 thé trit mot s6 hitu han cac diém va f/(x) = 0

chi tai mot s6 hitu han diém trong (a; b)) thi ta c6 thé giai theo cac buée sau:
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Buéc 1: Giai phuong trinh f/(0) = 0 tim cac nghiém zg € (a; b)
Budéc 2: Tim cac diém z; € (a;b) ma tai d6 dao ham khong xac dinh (néu co)
Budc 3: Tih todn f(a), f(xo), f(z:), f(b) (+)

Budc 4: Goi M, m lan lugt 1a s6 16n nhat va nhoé nhat ctia cic két qua tinh

toan ¢ bude (x) thi ta co thé két luan:

M =max f(x); m =min f(x
[a;] fl@) [a;0] fl)

e Ta c6 thé sit dung cac bat dang thic c6 sin dé danh gia bieu thic can tim

max, min.
— B4t dang thic Cauchy cho hai sé khéng am q, b:
a+b>2vVab

Dau "=" x4y ra khi a = b

— Bt dang thic Cauchy cho ba sé khéng am a, b, c:
a+b+c>3vVabe

Dau "=" x4y rakhia=b=c

— B4t dang thic Cauchy cho n sb khong am a;,as, . . ., an:

ai+ag+---+ay, > nYaras ... an

Dau "="xdy rakhi aj =as =--- = a,
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1.4.3 Cac dang bai tap ve gia tri 16n nhét, gia tri nhé nhét

Dang 1: Bai toan tim max, min cia ham so6 y = f(z) trén mién D

e Phuong phap giai:
Buéc 1: Tinh ¢/. Giai phuong trinh 3/ = 0 tim cac nghiém z; € D va
tim cac diém z; € D ma tai d6 ¢’ khong xéac dinh.
Budc 2: Lap bang bién thién cia ham s trén D

Buéc 3: T bang bién thien dua ra két luan:

— Didm & vi tri cao nhat — Két luan max
— Diém & vi tri thap nhat — Két luan min
e Luu y: Néu D 1a doan [a;b] v ham s6 y = f(z) lién tuc trén doan [a; b]

thi ta c6 thé lam nhu sau:
Buéc 1: Giai phuong trinh f/(x) = 0 roi tim céc nghiém zg € (a;b)
Budéce 2: Tim cac diém z; € (a;b) ma tai d6 dao ham khong xac dinh
(néu co)
Buéc 3: Tinh toan f(a), f(xo), f(zi), f(b) (%)

Buéc 4: Goi M, m lan luct 1a s6 16n nhat va sé nhé nhat clia cac két

qué tinh toan & budc (x) thi ta c6 thé két luan:

M = n[g?b?f(ﬂf); m = min f(z)

e Luu y quan trong:

— Néu ham s6 y = f(z) dong bién trén [a;b] thi r[njl)r]lf(x) = f(a) va
max f(z) = f(b)

[a;0]
— Néu ham s6 y = f(x) nghich bién trén [a;b] thi min f(z) = f(b) va

[a;0]
ma f(x) = J(a)

a;
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BAI TAP TU LUAN

Bai tap 1: Tim gia tri 16n nhat va nhé nhat (néu c6) clia cac ham s6 sau trén

doan da chi ra
a) y=f(z)=2®— 33z trén doan [2;19]
b) f(x)= % trén doan [2;4]
¢) y=1+1tren doan [1;2].
d) y=g(r) =2+ V4 — 22 trén mién xac dinh

e) y=f(z)= x2;22ff1 tren R

f) y=f(z) = £E2EL tren khoang (0;+00) trén khoéng (0; +o0)

g) y=f(z) =2®—32%+3 tren doan [1;3]

h) y= f(z) = 2= trén doan [0;2]
) y=f(z)=2+az+1 tren doan [1;3]

m) y = f(zr) = 2E54 trén doan [0;2]

k) y=3z+ % tren khoang (0; +00)
Bai tap 2: Tim gia tri 16n nhat va gia tri nhé nhat (néu c¢6) ciia cdc ham s6
sau trén doan da chi ra
a) y =z — Inx trén doan [%, e}

s

b) y =+ cos’x trén doan [0; ]
¢) y=f(z) = (22— 2)e> tren doan [~1;2]

d) y = cos2z + 2sinz trén doan [0; %]

Bai tap 3: Tim gia tri 16n nhat va gia tri nhé nhat (néu c6) ciia cdc ham s6

sau trén doan da chi ra

a) f(z)=5smetl tren doan [0; 7]
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b) y = cos®x + 2sin®x + cosx trén mién xac dinh.

Bai tap 4: Do gidm huyét ap ctia mot bénh G(z) = 0,0252%(30 — ) trong do6
z 13 s6 miligam thudc duge tiém cho bénh nhan (0 < z < 30). Dé benh nhan dé c6

huyét ap gidm nhiéu nhat thi liéu lugng thudc tiém vao 1a bao nhiéu mg?
BAI TAP TRAC NGHIEM

Phan I. Cau tric nghiém nhiéu phuong an Iiya chon. Méi cau héi thi
sinh chi chon mo6t phuong an.

Cau 61. Cho ham s6 f(z) = ax® + ba® + cx + d ¢6 do thi nhu hinh vé beén:

yi

1

~1 |0

':r“-""-__--__'_
Mn—-—--—--—-—--—-

L -

P

Gia tri 16n nhat ctia ham s6 da cho trén doan [—3;3] bang
A. £(2). B. f(—1). C. f(-3). D. (3).
Cau 62. Cho ham s6 y = f(z) ¢6 do thi nhu hinh vé& bén. Gia tri 16n nhat cia

ham s6 trén [—3;4] bang
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A. f(2). B. f(-3). C. f(4). D. f(0).

Cau 63. Cho ham s6 f(z) lién tuc trén doan [~2;2] ¢6 do thj nhu hinh vé

Gia tri nho nhat clia ham s6 trén doan [—2; 2]
A. 1. B. —1. C. -2. D. 3.
Cau 64. Cho ham s6 y = f(x) lien tuc trén doan [—1;3] va ¢6 do thi nhu hinh vé

bén . Goi M va m lan luot 1a gia tri 16n nhat va gia tri nhé nhat ctia ham sé trén

doan [—1;3]. Khi d6, tong M = m bing

YA

Y [

A. —6. B. -2 C. —5. D. 2.

Cau 65. Cho ham s6 y = f(z) lién tuc trén doan [—3;2] va c6 bang bién thién nhu

hinh vé
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N

Goi M,m lan lugt 1a gia tri 16n nhat va gia tri nhé nhat ciia ham s6 y = f(z)

trén doan [—3;2]. Tinh M +m
A. -1 B. 1. C. 3. D. 5.

Cau 66. Cho ham s6 y = f(z) c6 bang xét dau dao ham nhu sau

@ |—oc -3 —2 —1 0 1 to0

f'(z) + o + o — 0o + 0o — o -

Biét f(—2) = f(0) = —3. Gia tri 16n nhat ctia ham s6 y = |f(z)] trén doan [—2; 0]

A. f(~1). B. 3. C. —f(-1). D.s.
Cau 67. Cho ham s6 y = f(z) lién tuc trén doan [—3;2] va c6 bang bién thién nhu
hinh duéi. Goi M, m lan lugt 1a gia tri 16n nhat va gia tri nhé nhat ctia ham s f(x)

tréem [—3;2]. Tinh M.m

A. 6. B. 7. C. 5. D. -8.

Cau 68. Cho ham s6 y = f(z) c6 bang bién thién sau
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Ham s6 dat gia tri 16n nhat 1a f(zo) tai zo. Khi d6 tich zq.f(x) bang

A. 30. B. 3. C. 10. D. 0.
Cau 69. Gia tri nhé nhat ctia ham s6 f(z) = 2% — 6 trén [—1;4]

A. —42. B. 5. C. 5. D. 40.
Cau 70. Goi M,m lan lugt 1a gia tri 16n nhat, gia tri nhé nhat ctia ham s6 y =
223 — 222 + 3z 4+ 1 trén doan [0;4]. Tinh tong S =M =m

A. B. 1. C. ¥ D. 4.

Wi

Cau 71. Gia tri 16n nhat ctia ham s6 y = 23+ 322410 trén doan [-5; —1] bang
A. 12. B. 18. C. —40. D. 14.

Cau 72. Gia tri nhd nhat ctia ham s6 y = 23 — 3z + 5 trén doan [2;4] 1a
A. 5. B. 0. C. 3. D. 7.
Cau 73. Gia tri 16n nhat ctia ham sb f(z) = % tren doan [2;4] 1a
A.T. B. 8. C. 2 D. 2.
Cau 74. Goi M,m lan luot la gia tri 16n nhat va gia tri nhé nhat ciia ham s6
f(z) = 3 — vz + 1 trén doan [0;3]. Tong S = 2M — m bing
A.5=0. B. S=-3. C.5=-2 D. 5=4.

Cau 75. Gia tri 16n nhat v gia tri nho nhat ctia ham s6 f(z) = z + cos’r trén

doan [0; §]
A. max f(z) = %; min f(x) = —1. B. max f(z) = §;min f(z) = §.
[0:5] [0:% 0] [0:5]
C. max f(z) = § + %; min f(z) = 1. D. max f(z) = § + %; min f(x) = %
[0:%] [0:5] [0:5] [0:%
Cau 76. Tim gia tri nh6 nhat clia ham s6 y = £X2 tren [1;2]
A. 3. B. 2. C. 3. D. 3.

Cau 77. Gia tri 16n nhat ctia ham s6 y = V16 — 22 1a
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A. 16. B. 4. C. 0. D. 1.

Cau 78. Goi M,m lan lugt 1a gia tri 16n nhat, gia tri nhé nhat ctia ham s6
2V'16 — 22. Tinh M +m

A.5— 8. B. V3. C.o0. D. 8.
Cau 79. Tren doan [—4; —1] ham 6 y = = + =2 dat gia tri 16n nhat bang

A. —5. B. -2. c. - D. 4.
Cau 80. Goi M,m lan luot 1a gia tri 16n nhat va gia tri nhé nhat ciia ham s6
y=2+2+1 trén doan [1;3]. Tinh M —m

A. 9. B. 5. C. 1. D. 4.
Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mbi cau,
thi sinh chon ding hoac sai.

Cau 1: Cho ham s6 y = f(x) xac dinh va lién tuc trén (—4;4) va c6 bang bién

thién nhu sau

r | —4 2 0 4
f'(z) + 0 — 0 +
0 10
(@) / \ /
—10 .
a) max y = 10; min y = —4

(—4;4) (—4;4)

b) max y =10; min y = —10

(—4:4) (—4:4)
=0; min y = —4
R R

d) Ham s6 khong c6 gia tri 16n nhat va nho nhat trén (—4;4).
Cau 2: Cho ham s6 y =z = 2,2 € (0;+00)
a) Ham s6 dat gia tri nho nhat tai z = 2 va khong c6 gia tri 16n nhat trén (0; +oc0)

b) Ham s6 ¢6 gia tri 16n nhat va gia tri nhé nhat trén (0; +00)

¢) Ham s6 dat gia tri 16n nhat tai z = 1 va khong ¢6 gia tri nhd nhat trén khodng

(0; +00)
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d)

Ham s6 khong c6 gia tri nhé nhat va khong c6 gia tri 16n nhat trén (0; +o00)

Cau 3: Cho ham s6 y = f(z) lién tuc trén R v c¢6 bang bién thién trong hinh

vé dudi day:

T | —0o —1 1 +o00
f@ - 0 + o - 0 +
+o0 -1 +oo
f(z)
-9 —2

Ham s6 dong bién trén méi khoang (—1;0); (1; +00) va nghich bién trén khoang

(—o0;1).
Ham s6 dat cuc tiéu tai © = £1 va c6 gia tri cuc tiéu tai y = —2
Ham s6 dat gia tri 16n nhat tai z = 0

Tong gia tri 16n nhat avf gia tri nhé nhat ctia ham sb trén doan [—1;1] bing

—3.

Cau 4: Cho ham s6 y = f(z) lién tuc trén R va c6 bang bién thién trong hinh

vé dudi day:

+00

f(x) + 0 - 0 +

o _m/4\3/ N

N -
|

Cuc dai ctia ham s6 1a 4
Cuyc tiéu ctia ham s6 1a 3
maxy = 4

R Y

miny =4
R Y
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Cau 5: Cho ham s6 y = f(z) c6 dao ham y = f'(z) lién tuc trén R va c6 do thi

ham s6 f/(z) trén doan [—2;6] nhu hinh vé bén

Y

a) max f(x) = f(-1) max f(z) = f(6)

[—2;6] [—2;6]

¢) max f(r) = f(~2)

[—2:6]

d) max f(z) = maz{f(-1); f(6)}

[—2;6]
Cau 6: Cho ham s6 y = f(x) c¢6 dao ham y = f/(z). Do thi ham s6 f/(x) dugc
cho nhu hinh vé duéi day. Biét rang £(0) + f(3) = f(2) + f(5)

P

o

b2

N = = = = =
-

a) Ham s6 nghich bién trén khodng (—oo;0)
b) Ham s6 nghich bién trén khoang (0;2)

¢) min f(x) = f(0) vd max f(z) = f(5) va max f(z) = f(5)

[0;5] [0;5] [0;5]
d) win f () = f(2) va max f () = f(5)
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Cau 7: Cho ham s6 y = f(z) c6 dao ham y = f'(z) lién tuc trén R va c6 do thi

ham s6 f/(z) nhu hinh vé bén

y

=V AN

=

a) Ham s6 c6 hai diém cyc tri.

b) Ham s6 y = f(x) dong bién trén khoang (1;+oc)

c) f(1)>f(2)>f(4)

d) Tréen doan [1;4] thi gid tri 16n nhat cia ham s6 f(z) 1a f(1)

Cau 8: Hinh bén cho biét sy thay doi ctia nhiet do ¢ mot thanh phd trong

mot ngay

t(°C)

25

0 4 8 12 16 20 24 x (gio)
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a) Nhiet do cao nhat trong ngay la 28°C

b) Nhiét do thap nhat trong ngay 1a 20°C

¢) Thai diém nhiét do cao nhat trong ngay 1a lic 16 gio
d) Thai diém nhiét do thap nhat trong ngay 1a lic 4 gio

Phan III. Cau tric nghiém tra 15i ngan
Cau 1: Cho ham sb f(z) = 42 — 922 — 30z. V6i cic sd nguyeén a,b ma a < b thi

gia tri nhé nhat cta f(b) — f(a) bang bao nhieu? KQ:| | [ | | |

Cau 2: Goi gia tri 16n nhat va gia tri nho nhat ciia ham s6 y = sindx — 2cos?x +

3sinz + 6 trén [0; 7] 1an luot 1a M,m. Tinh téng M +m KQ:| | | [ [ |

Cau 3: Cho ham s6 y = e“(2? — 3), goi M = %(a € N,b € N) la gia tri 16n
nhat ctia ham s trén doan [—5; —2]. Tinh gia tri clia biéu thic P = a + b? KQ:

L]

Cau 4: Tim gia tri 16n nhat ctia ham s6 y = 2% + 130—6 trén doan [1;4] KQ:

L]

Cau 5: Cho ham s6 y = 2 + ;. Tim gia tri nhé nhét ctia ham s6 trén [1;2]

K[ [ [ [ [ ]

Cau 6: Mot loai vi khuan duge tiem mot loai kich thich su sinh sén. Sau ¢

phiit, s6 vi khuan duge xac dinh theo cong thiic N(t) = 1000+ 30t2 — t3(0 < t < 30).

Hoi sau bao giay thi s6 vi khuan lén nhat? KQ:| | | | [ |

Dang 2: Bai toan tdi uu, thuc té lién quan dén max min

1. Bai toan chuyén dong
eGoi s(t) 1a ham quang duong; v(¢) 13 ham van toc; a(t) 1a ham gia toc
eKhi d6 /(1) = v(t); /(1) = a(t)

2. Bai toan thuc té - téi uu

eBicu dién dit kien can dat max - min qua mot ham f (t)

eKhdio sat ham f(t) trén mién diéu kién ctia ham va suy ra két qua.
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BAI TAP TU LUAN

Bai tap 1: Mot chat diém chuyén dong c6 van toc tiic thai v(t) phu thuoe vao
thoi gian ¢ theo ham s6 v(t) = —t* = 24t> + 500(m/s). Trong khodng thoi gian tit
t =0(s) dén t = 5(s) chat diém dat van tdc 16n nhat tai thoi diém nao?

Bai tap 2: Su phan huy cta rac thai hitu co ¢6 trong nuée sé lam tiéu hao
oxygen hoa tan trong nudc. Nong do oxygen (mg/l) trong mot ho nude sau t gio
9t > 0) khi mot lugng rac thai hitu co bi ca vao ho duge xap xi béi ham s6 c6 do
thi 1a duong cong y(t) = 5 — wg—ifl nhu hinh bén. Vao cac thsi diem ndo nong do

oxygen trong nudc cao nhat va thap nhat?

]
—_—
o ¥

Bai tap 3: Tinh dién tich 16n nhat S, ctia mot hinh chit nhat noi tiép trong
nita duong tron ban kinh R = 6em néu mot canh ctia hinh chit nhat ndm doc theo

duong kinh ctia hinh tron ma hinh chi nhat dé nai tiép

D C

L

A ) B

Bai tap 4: Mot ngudi mudn xay mot cai bé chita nuée dang mot khéi hop chit
nhat khong nip cé thé tich bang 288dm?. Day 1a bé hinh chit nhat c6 chiéu dai gap
doi chiéu rong, gia thué nhan cong dé xay bé la 500000 dong/ m?. Néu ngudi do

d6 biét xac dinh cac kich thude ctia bé hop i thi chi phi thué nhan cong sé thap
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nhat. Héi ngudi d6 tra chi phi thap nhat dé thué nhan cong xay dung bé dé 1a bao

nhiéu?

= e

Bai tap 5: Mot nha san xuat can lam ra nhiing chiéc binh c¢6 dang hinh tru
v6i dung tich 1000em3. Mat trén va mat dudi ctia binh dude lam bang vat lieu c6
gia 1,2 nghin dong/ cm?, trong khi m#t bén ciia binh duge lam béang vat ligu ¢6
gia 0,75 nghin dong/ cm?. Tim cac kich thude ctia binh dé chi phi vat lidu san xuat

mdi chiéc binh 14 nho nhét.

P —

BAI TAP TRAC NGHIEM

Phan I. Cau trac nghiém nhiéu phuong an lwa chon. Mbi cau héi thi

sinh chi chon moét phuong an.
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Cau 81. Mot chat diém chuyeén dong véi quang dudng s(t) cho bdi cong thiic
s(t) = 6t — 3 t (giay) 1a thoi gian. Hoi trong khoang thoi gian tit 0 dén 4 giay,
van toc tidc thoi ctia chat diém dat gia tri 16n nhat tai thoi diém t(giay) biang bao
nhiéu?
A.t=3s. B. t = 4s. C.t=2s. D. t = 6s.

Cau 82. Trong 3 giay dau tién, mot chat diém chuyén dong theo phuong trinh
s(t) = —t3 4+ 612+t +5, trong do6 ¢ tinh bing giay va s tinh bing mét. Chat diém co
van toc tic thoi 16n nhat bang bao nhiéu trong 3 giay dau tien d6?

A. 13m/s. B. 10m/s. C. 9m/s. D. 12m/s.

Cau 83. Do gidm huyét 4p ctia mot bénh nhan duge cho bdi cong thic G(z) =
0,0252%(30 — ), trong d6 = 1a liéu lugng thudée duge tiem cho bénh nhan (z dugce
tinh bang miligam). Liéu Liéu lugng thudc can tiém cho bénh nhan 1a bao nhiéu
dé huyét 4p duge giam nhanh nhat?

A. 24mg. B. 20myg. C. 15myg. D. 10myg.

Cau 84. Trong thi nghiém y hoc, ngudi ta cay 1000 vi khuan vio méi trudng dinh

dudng. Bing thuc nghiém, ngusi ta xac dinh s6 lugng vi khuan thay doi theo thoi

gian béi cong thiic: N(t) = 1000 + 5= (con). Trong do t la thoi gian tinh bang
giay. Tinh s6 lugng vi khuan 16n nhat ké tit khi thyc hién cay vi khuan vao méi
truong dinh dudng.

A. 1008 con. B. 1012 con . C. 1005 con. D. 1020 con.

Cau 85. Tam gidc vuong c6 canh huyén bing 5cmed thé cé dien tich 16n nhat
bang bao nhiéu?

A. 25e¢m?2. B. %E’cmz C. %cm% D. 125¢m? .

Cau 86. Tit mot tam ton c6 hinh dang 1a ntta hinh tron ban kinh R = 3, ngudi ta
muén cit ra mot hinh chit nhat (hinh vé bén). Dién tich 16n nhat c6 thé ctia tam
ton hinh ch@ nhat la

A. 3. B. 6v2. C.o. D. 9v2.

Cau 87. Cho mot tam ton hinh chit nhat c¢6 kich thude 10cmx16cm. Nguoi ta cat
bd 4 goc clia tAm ton 4 miéng hinh vuong bang nhau roi go lai thanh mot hinh

hop chit nhat khong c6 nip. Dé thé tich ctia hinh hop d6 16n nhat thi do dai canh

47



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

hinh vudng clia cac miéng ton bi cat bé bang

X X

10

16

A. 3m. B. 4m. C. m. D. 2m.

Cau 88. Ong Binh du dinh st dung hét 5,5m? kinh dé lam mot bé ca bang kinh
c6 dang hinh hop chit nhat khong nap, chiéu dai gap doi chiéu rong (cdc mbi ghép
c¢6 kich thude khong dang ké). Bé ca c6 dung tich 16n nhat bing bao nhieu (lam
tron dén hang phan tram)?

A. 1,01m3. B. 1,17m3. C. 1,51m3. D. 1,40m3.

Cau 89. Ngudi ta mudn xay mot chiée bé nude ¢6 hinh dang 13 mot khoi hop chit
nhat khong nép c6 thé tich bang 33%m3. Biét day bé la mot hinh chit nhat c¢6 chiéu
dai gap doi chiéu rong va gia thué thg xay 14 7000000ng/m?. Tim kich thudc cia
bé dé chi phi thué nhan cong it nhat. Khi dé chi phi thué nhan cong la

A. 120 trieu dong. B. 105 trieu dong. C. 115 trieu dong. D. 110 triéu dong.

Cau 90. Mot sdi day c6 chiéu dai 1a 6m dugce chia thanh 2 phan. Phan tht nhat
duge udn thanh hinh tam gidc déu, phan thit hai uén thanh hinh vuong. Hoéi do
dai ctia canh hinh tam gidc déu bing bao nhiéu dé tong dién tich hai hinh thu

duge 1a nhé nhat?
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| )
12 183 3613 18
A.. m B. mm C. mm D. 9+4\/§.

Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & médi cau,
thi sinh chon ding hoac sai.

Cau 1: Ngudi ta bom xiing vao binh xang ciia mot xe 6 to . Biét rang thé tich
V(lit) ctia lugng xang trong binh xang duge tinh theo thdi gian bom xédng t(phit)
dugce cho béi cong thiic: V(t) = 300(t2 —3) +4 v6i 0 < t0,5. Goi V/(t) 1a toc do tang

thé tich tai thoi diém ¢ véi 0 << 0,5
a) Lugng xang ban dau trong binh ban dau la 1 lit.
b) Lugng xang l6n nhat bom vao binh xang 1a 41,5 lit.
c) V(t)=300(2t —3t?)+4, v6i 0 < 0 <0,5.

d) Xiang chdy vao binh xang vao thai diém & giay thi 30 c6 tdc do tang theé tich

1a 16n nhat

Cau 2: Tai mot xi nghiép chuyén san xuat vat lieu xay dung, néu trong mot
ngay xi nghiép san xuat z(m?) san pham thi phai b ra cac khoan chi phi bao gom:
4trieu dong chi phi ¢b dinh; 0,2 triéu dong chi phi cho m&i mét khéi san pham va
0,001z trieu dong chi phi bdo dudng may méc. Biét rang, mdi ngay xi nghiép san
xuat duge t6i da 100m? san pham. Goi C(z) la ong chi phi dé xi nghiép san xuét
z(m?®) san pham trong ngay va C la la chi phi trung binh trén mdi mét khoi san

pham.
a) C =0,2r+0,00122 v6i 0 < 2 < 100.
b) Tong chi phi san xuat 100m?® san pham la 34 tri¢u dong.
¢) C=0,00lz+2+0,2v6i0<z<100.

d) C c6 gia tri thap nhat bang 0,326 trieu dong (két qud lam tron ba chit so)
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Cau 3: Nha méay A chuyén san xudt mot loai san pham cung cap cho nha
méy B. Hai nha méy thoa thuan rang, hang thang A cung cap cho B s6 luong san
pham theo don dit hang ctia B (t6i da 100 tan san pham). Néu s6 lugng dat hang
I x tdn san pham thi gia ban cho m&i tan san pham 1a P(x) = 45 — 0,001z (triéu
dong). Chi phi dé A sdn xuat xtan san pham trong mot thang 1a C(z) = 100 + 30z
(trieu dong) ) (gom 100 trieu dong chi phi ¢d dinh va 30 trieu dong cho méi tan

san pham).
a) Chi phi dé A san xuat 10 tan sdm pham trong mot thang 1a 400 triéu dong.
b) S6 tién A thu duge khi ban 10 tan san pham cho B 1a 600 triéu dong.

¢) Loi nhuan ma A thu dugce khi ban x tan san pham (0 <2 <100) cho B duge

biéu dién bing cong thitc —0, 0123 + 15z — 100.

d) A ban cho B khoang 70,7 tan san pham méi thang thi thu dugdc lgi nhuan l6n
nhat.

Cau 3: Khi nuoi tom trong mot ho tir nhién, mot nha khoa hoc da thong ke
duge rang: Néu tréen mdi mét vuong mit ho tha x con tom giong thi cudi vu méi

con tom c6 can nang trung binh la 108 — 22 (gam)
a) Diéu kién xac dinh 1a z > 0.

b) ) Sau mot vu lugng tom trung binh trén moéi mét vuong mit ho ty nhien

ning (108 — z2)

¢) Dé cudi vu thu hoach duge nhidu tom nhat trén mdi mét vuong mat ho ti

nhién thi can tha 16 con tom giéng

d) Lugng tom nhiéu nhat cudi vu c6 thé thu hoach duge trén mdi mét vuong

mat ho tu nhién 1a 432(gam).

Cau 4: Ong Thanh nuoi ca chim & mot cai ao cé dién tich 1a 50m2. Vu trude
ong nuoi véi mat do 1a 20 con/m?va thu duge 1,5 tan ca. Theo kinh nghiém nuoi
cé ctia minh thi cit tha gidm di 8 con/m2 thi mdi con cé& khi thu hoach tang lén

0,5kg? Gia sit khong ¢6 hao hut khi nuoi.
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a) So ca gibng ma ong thanh da tha trong vu vira qua la 1500 con.
b) Khdi lugng trung binh médi con ca thanh phan trong vu vita qua la 1,5(kg).
c¢) Tong trong lugng ca thu duge & vu nay 1a F(x) = —0, 065222 + 162 + 1500(kg).

d) Vu téi ong Thanh phai tha 488 con ca giéng dé duge tong nang suat khi thu

hoach 1a cao nhat.

Cau 5: Mot ngudi nong dan c¢6 15.000.000 dong mudn lam mot cai hang rao
hinh chit E doc theo mot con song (nhu hinh vé&) dé lam mot khu dat c6 hai phan
chit nhat dé trong rau. D6i v6i mat hang rao song song v6i bd song thi chi phi
nguyén vat lieu 1a 60000 dong mot mét, con déi v6i ba mit hang rao song song
nhau thi chi phi nguyén vat liéu 1a 50000 dong mot mét. Goi x 1a chicu dai 1 mét
hang rao hinh chit E (trong ba mét song song, x > 0 ). Goi y 14 chiéu dai mat hang

rao hinh ch E song song vé6i bo song (y >0 ).

a) So tien phai lam la: 2.60000 + %.3.50000 = 15000000 dong
b) Dieén tich dat: S = 2.y = 2.2905L = 250z — 522,

c¢) Dién tich 16n nhat cia dat rao thu duge [min] S = 6250(m?).
0;+00

d) Dieén tich 16n nhat ctia dat rao thu duge khi chiéu dai 1 mat hang rao hinh

cht E 13 50m

Phan III. Cau tric nghiém tra 16i ngan

Cau 1: Bac Nam mudn xay dyng mot ho ga khong nap hinh tru véi dung tich
3m3. Hay tinh chi phi it nhat ma bac Nam phai bé ra xay dung hd ga, biét tien
cong va vat lieu cho 1m? thanh beé tong ciia h6 ga (thanh be tong day va thanh be

tong xung quang) 1& 685000 dong.
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h

d=2R

K[ [ [ [ [ ]

Cau 2: Cho mot tam nhom hinh vuong canh 24cm. Ngudi ta cat 6 bon goc

clia tam nhom d6 boén hinh vuong bang nhau, mdi hinh vuong c6 canh bang x cm,

roi gap tam nhom lai nhu hinh vé bén dé dude mot cai hop khong nip. Tim x dé

hop nhan dude ¢6 thé tich 16n nhat. KQ:| [ | | [ |

L] ]

24 cm

..........................................

] i

Cau 3: Mot soi day kim loai dai 120cm dude cat thanh hai doan. Doan day
thit nhat duge uon thanh hinh vuong, doan day thit hai dudge udn thanh vong tron

(tham khao hinh bén dudi).

Téng dién tich ctia hinh vuéng va hinh tron dat gia tri nhé nhat 14 (lam tron

dén hang don vi)? KQ:| | | | | |

Cau 4: Luu lugng xe 6 t6 vao duong ham dugce cho béi cong thic f(v) = %

(xe/ giay) trong d6 v (km/h) la van téc trung binh ctlia cic xe khi vao duong ham.
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Tinh van toc trung binh ciia cac xe khi vao duong ham sao cho luu lugng xe 1a 16n

nhat ?KQ:[ | [ [ [ |

Cau 5: Mot loai thuéc duge diing cho mot bénh nhan va nong do thudc trong
mau clia bénh nhan duge gidm sit bdi bac si. Biét rang nong do thudc trong
méu ctia bénh nhan sau khi tiém vao co thé trong t (gi) duge cho béi cong thiic
c(t) = 4 (mg/L). Sau khi tiém thudc bao lau (gio) thi nong do thude trong mau
ctia bénh nhan cao nhat? KQ:| [ | | | |

Cau 6: Mot vat chuyén dong theo quy luat s = —1#% + 6t véi ¢ la khodng
thoi gian tinh tit khi vat bat dau chuyén dong va s 1 quang duong vat di chuyén
dugc trong khodng thai gian d6. Héi trong trong khoang thsi gian 6 giay, ké tit
khi bdt dau chuyén dong, van téc 16n nhat ctia vat dat duge biang bao nhieu? KQ:

L]

Cau 7: Mot cita hang ban vai Thanh Ha vé6i gia ban mdi kg 14 50.000 dong.

V6i gia ban nay thi cita hang chi ban dugc khoang 25kg. Cita hang nay du dinh
gidm gia ban, udc tinh néu cita hang cit gidm 4000 dong cho mot kg thi s6 vai ban

dugc tang them la 50kg. Xac dinh gia ban dé cita hang d6 thu dugc lgi nhuan 16n

nhat, biét ring gia nhap vé ban dau mdi kg 1a 30.000 dong. KQ:| [ | | | |

Cau 8: Trén manh dat hinh chi nhat ABCD c6 dién tich 25m?, ngusi chu lay
mot phan dat dé trong co. Biét phan dat trong cé nay cé dang hinh chit nhat véi
hai dinh d6i dién 1a A va H, v6i H thuoc canh . BD Ho6i s6 tién 16n nhat ngudi
chti can chuan bi dé trong cé (mién t6 dam) 1a bao nhiéu véi chi phi trong cé la

70.000dong/ m2 2 KQ:[ | | | | |

Cau 9: Ngudi ta can lam mot cai bé ca c6 hai ngan, khong c¢6 nap & phia trén
véi thé tich 1,296m?. Ngudi ta cit cac tam kinh ghép lai mot bé ca c6 dang hinh
hop chit nhat (hinh vé@ minh hoa) véi ba kich thudce 1a a,b,c. Ngudi ta phai thiét

ké cac kich thudc 14 bao nhiéu dé d6 tén kinh nhat ( gid stt do day ctia kinh khong

dang ké). Khi d6 hay tinh gia tri biéu thic T=a+b+c¢KQ:| | | [ [ |
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Cau 10 (Dﬁ) MINH HOA 2025): Mot doanh nghiép dy dinh sén xuét
khong qua 500 san pham. Néu doanh nghiép san xuat x sdn pham (1 < z < 500)
thi doanh thu nhan dugc khi ban hét s6 san pham dé dude bieu dién bang ham 1a
F(x) = 2% — 199922 41001000z + 250000 (dong), trong khi chi phi sdn xuat binh quan

cho mot sdn pham la G(z) = z + 1000 + 299 (d6ng). Doanh nghiép can san xuat

bao nhiéu san pham dé lgi nhuan thu duge 1a 16n nhat? KQ:| | | | | |

BAI 3: DUONG TIEM CAN CUA DO THI HAM SO

1.5 Dudng tiém can cua doé thi ham sé

1.5.1 Dudng tiém can ngang
Dinh nghia: Duong thang y = m dugc goi 1a dudng tiém can ngang (hay tiém
can ngang) ctia do thi ham s6 f(z) néu:

lim f(x) = m hoac lim f(z) =m
T——00 r——+00

Dudng thiang y = m 1 tiém can ngang ctia do thi ham s6 y = f(z) dude minh hoa
nhu hinh vé sau
Cac buéc tim dudng tiém can ngang:
Buéc 1: Tinh gi6i han lim f(z) va lim f(z)
T—r—00 T—>+00

Budéc 2: Xem 6 “vi tri ” nao ra két qua hitu han thi ta két luan c6 tiém can

ngang ¢ “vi tri” do
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y ¥
y=fx)
y=m ™~ %
I
\ m y=m
o x o x
a) lim f(x)=m b) lim f(x)=m

1.5.2 Dudng tiém can ding

Dinh nghia: Duodng thang z = a goi 13 dudng tiém can ding (hay tiém can
ding) clia do thi ham s6 y = f(x) néu it nhat mot trong cac dicu kien sau dugc
thod man:

lim f(x) = 400, lim f(z) = 400, lim f(x) = —o0,lim f(z) = —oc0

r—a~ r—at T—a~ rz—at
Dudng thing = = a 1a tiém can ding ctia dd thi ham s6 y = f(z) dugc minh hoa

nhu hinh vé duéi day

/x=a \y:f{x) . x=a x=a /'

y=Ff(x) } \ J*=f(x)h\ /
/ \0 a x Oa \ x 0 \ a x Ola /\J! x
\/ I \

a) lim f(x)=+o b) lim f(x)=-+w ¢) lim f(x)=-o d) lim f(x)=—0

x—ra x—a x—ra x—a

Cac buéc tim dudng tiém can ding
Buéc 1: Tim nghiém ctia mau, gid sit nghiém do la x = g
Buéc 2: Tinh giéi han mot bén tai x = xg.

Néu xay ra lim f(z) = oo hodc lim f(z) = oo thi ta két luan = = g 1a tiém can

— +
T, T

ding.
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1.5.3 DPuong tiém can xién

Dinh nghia: Duong thang y = ax + b(a # 0) goi la dudng tiém can xién (hay

tiém can xién ) ctia do thi ham s6 y = f(r) néu:

lim[f(x) — (ax + b)] = 0 hoac lim [f(x) — (ax +b)] =0

T——00 r——+00

Duodng thing y = az + b 1 tiém can xién ciia do thi ham s6 y = f(z) dugc minh

hoa nhu hinh duéi

y=flx)

y=F /—\ T

e\

/ 0 x

a) lim[f(x}—(aﬂ b)] =0

X—3—=m

O

b) lim [ £(x)-(ax+b)]=0

K—p i

Cac budc tim dudng tiém can xién: Ta xac dinh hé s6 a v b trong céc

truong hop sau:
Buéc 1: Tinh a = lim@; b=1lim[f(x)— ax]

T—+00 r—+00
Buéc 2: Tinh a = lim@; b=Llim[f(z)— ax]
T—00 T—r—00
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1.5.4 Cac dang bai tap lién quan dén dudng tiém can cta
ham sb

Dang 1: Bai toan tim tiém can ding va tiém can ngang ctia dé thi ham

Oon

S

Cho ham s6 y = f(z). Dé tim duong tiéem can ding va dudng tiém can ngang
ciia do thi ham s6 thi ta lam nhu sau:
e Cac buéc tim dudng tiém can ngang:

— Budc 2: Xem & “vi tri” nao ra két qua hitu han thi ta két luan co
tiém can ngang 6 “vi tri” dé

e Cac buéc tim duong tiém can ding:

— Budéc 1: Tim nghiém ctia mau, gid sit nghiém do 1a x = x
— Buéc 2: Tinh giéi han mot bén tai x = xo.
Néu xdy ra limg 4, f(z) = oo hodc lim, ., f(z) = —oco thi ta két

luan z = z¢ la duong tiém can ding.

e Luu y: D6 thi ham s6 y =

b d
“H 0 Juon ¢6 TCD: y = — % va TCN: y = &
cr+d c c

BAI TAP TRAC NGHIEM

Phan I. Cau trac nghiém nhiéu phuong an lwa chon. M&i cau héi thi
sinh chi chon mo6t phuong an.
Cau 91. Do thi ham 6 y = 4% ¢6 dudng tiem can ngang la:

A.y=2. B. y=0. C.y=1. D.y=-2

Cau 92. Dudng tiém can ciia do thi ham s6 y = ' ¢6 phuong trinh

A.y=2. B. y=3. C.y=1. D.y=0.

Cau 93. DO thi ctia ham s6 nao dudi day c6 tiém can ngang?

3 2
A.y=s3—2z-1. B.y=+2:2+3. C.y:‘;ﬁ. D.y:—gzzga"”gl.
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R )
r—2

A.x=2. B. x=-2. C.y=-2. D.y=2.

Cau 94. Duong tiem can ding ctia do thi ham s6 y =

Cau 95. Phuong trinh dudng tiém can ding ctia do thi ham s6 y = 35

A.x=-2 B. z=0. C.z=3. D.y=0.

Cau 96. Tiem can ding ctia do thi ham s6 y = 2240 1a dudng thang

A. z=3. B. = -2. C. z=-3. D. x=2.

Cau 97. Tiem can ngang ctia do thi ham s6 y = —%; 1a dudng théang:

A.z=1. B. y=2. C.z=0. D.y=0.

Cau 98. Cho ham s6 f(z) c6 bang bién thién nhu hinh sau

X -0 0 3 +00
f'(x) - - 0 +
1 2 3
I ~
—00 -3

S6 tiem can ding ctia do thi ham s6 da cho la

A. 3. B. 1. C. 2. D. 0.

Cau 99. Cho ham s6 y = f(z) xac dinh va lién tuc trém (oo;0) va (0; +00) c6 bang

bién thién nhu hinh vé. Ménh dé ndo sau day ding?

T |—o0 0 3 +o0
f'(z) — - 0 +
2 +oc +00
f(z)
* o 2

A. Duong thing = = 2 1 tiém can ding ctia do thi ham so.
B. D6 thi ham s6 c¢6 hai duong tiém can ngang.
C. Do thi ham s6 ¢6 hai duong tiem can. .

D. D6 thi ham s6 chi c6 mot dudng tiem can. .

Cau 100. Cho ham s6 f(x) c¢6 bang bién thién nhu sau
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T — 00 0 1 +00
Y = - 0 +

2 +00 +00

NI~

—4 -2

Tong s6 tiém can ngang va tiem can ding ctia do thi ham s6 da cho 1a

A. 1. B. 3. C. 4. D. 2.

Cau 101. Cho ham s6 f(x) ¢6 bang bién thién nhu sau

T |—oc 0 3 +0o0
f(x) + 0 - 0 +
+00
f()
—00 —1

Menh deé nao sau day dang?
A. D6 thi ham s6 c62duong tiém can ngang. .
B. D6 thi ham s6 ¢6 duong tiém can ngang y = 4.
C. Do thi ham s6 khong c6 tiém can. .

D. D6 thi ham s6 c¢6 dudng tiem can ding = = 0.

Cau 102. Cho ham s6 y = f(z) xac dinh trén R {1}, lién tuc trén moi khodng xac

dinh v& c¢6 bang bién thién nhu hinh sau:

T —00 -1 1 + 00
Y + + 0 -
4 3
Y / / \
2
-0 -1

Ho6i do thi ham sb ¢6 tat cd bao nhiéu duong tiém can ding va tiém can ngang?
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A. 1. B. 0. C. 3. D. 2.

Cau 103. Cho ham s6 y = f(r) x4c dinh la lién tuc tren R {1}, ¢6 bang bién thien

nhu sau
!
Yy + =
+oo —2
- — oo

Khang dinh nao sau day ding?
A. D6 thi ham s6 c6 tiem can ding y = —1 va tiém can ngang » = —2.
B. D6 thi ham s6 c6 duy nhat mot tiem can.
C. D6 thi ham sb c6 ba tiém can.

D. D6 thi ham s6 c6 tiém can ding z = —1 va tiém can ngang y = —2.

~ 2 PPN ~ P NIEPN ~ 5 PN TR Z 2_
Cau 104. Tong s6 tiem can ding va tiém can ngang ctia do thi ham s6 y = 225324

N

1a

A. 1. B. 0. C. 3. D. 2.

Cau 105. Tong s6 dudng tiem can ding va tiém can ngang ciia do thi ham sé
y= TR )y

A. 3. B. 4. C. 1. D. 2.

Cau 106. Cho ham s6 y = 2952;%_1 c6 do thi (C). S6 tiém can ding va tiém can
ngang cua (C) la
A. 0. B. 1. C. 3. D. 2.

Cau 107. Tong s6 dudng tiem can ding va tiém can ngang ciia do thi ham s6

y =2t

A. 3. B. 2. C. 0. D. 1.

Cau 108. D6 thi ham s6 y = ?)_‘giﬁ c6 bao nhiéu duong tiem can ding?

A. 0. B. 1. C. 2. D. 3.
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Cau 109. Tong s6 duong tiem can ding va tiém can ngang ctia do thi ham sé

Y=
A. 2. B. 3. C. 1. D. 0.
Cau 110. Cho ham s6 y = %L~ . Tong s tiem can ding va tiém can ngang

ctia do thi ham sbé da cho 1a
A. 2. B. 4. C. 3. D. 1.

32?221

Cau 111. Tong sb tiem can ding va tiém can ngang clia do thi ham s6 y = A

N

la:

A. 4. B. 2. C. 1. D. 3.

Cau 112. Tong s6 dudng tiem can ding va tiém can ngang ciia do thi ham s6

y=2%—la
A. 0. B. 1. C. 2. D. 3.
Cau 113. Duong tiém can ngang ciia do thi ham s6 y = £tL ¢6 phuong trinh
13
A.y=-2. B.y=2. C.y=0. D.y=-1
Cau 114. Tim s6 duong tiém can ding ctia ham s6 y = “mﬁ‘ﬁg‘i
A. 0. B. 3. C. 2. D. 1.

Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mbi cau,
thi sinh chon dang hoac sai.

Cau 1: Cho ham s6 y = f(z) ¢6 bang bién thién nhu hinh vé dudi day:

X le o] 0 92 +00
y - - +
92 +00 +00
S IRN N
—00 2

a f(=5) < f(4)

b Ham s6 c6 gia tri nhé nhat bang 2.
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¢ Do thi ham s6 ¢6 tiém can ding z = 0
d Do thi ham s6 khong c6 tiém can ngang

Cau 2: Cho ham s0 y = 5= ¢6 do thi la (C)

a Ham s6 da cho khong c6 cic tri
b Do thi ham s6 c6 tiem can ding « = —3
¢ Do thi ham s6 ¢6 tiém can ngang y = —2

d Céac duong tiém can ctia do thi ham s6 tao v6i hai truc toa do mot hinh chit

nhat c6 dién tich bang 3
Cau 3: Cho ham s6 y = 23552 ¢6 d5 thi 1a (C)
a Tap xac dinh ctia ham s6 da cho 1a D = R.

b Do thi ham s6 da cho c6 hai dudng tiém can ngang, trong d6 c6 mot duong

14 dudng thang c6 phuong trinhy = —1.
¢ Do thi ham s6 c¢6 mot duong tiem can ding la dudng thang « = —2
d Tong s6 tiem can ding va tiém can ngang ctia do thi ham s6 1a 3

Cau 4: Cho ham s6 y = f(z), xac dinh tréen R {1}, lién truc trén méi khoang

xac dinh va c6 bang bién thién nhu sau

r | —00 1 2 +00
Y = - 0 +
3 +00 5
—00 —2

a Ham s6 da cho nghich bién trén khoang (—oo;2) va dong bién trén khodng

(2; +00)
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b Do thi ham s6 y = f(x) c6 mot dudng tiem can ding 1a z = 1
¢ DO thi ham s6 y = f(z) c6 mot duong tiem can ngang y = 3

d D6 thi ham s6 y = f(+)+2 c6 hai duong tiém can ding

Phan III. Cau trac nghiém tra 15i ngian

Cau 1: Biét rang do6 thi ham s6 y = £+ ¢6 tiem can ding la « = 2 va tiem

can ngang y = 3. Tinh gia tri ctia biéu thic a — 2b

Cau 2: Coi I(a;b) 1a giao diém clia duong tiém can ding va tiém can ngang
ctia d6 thi ham s6 y = 25, Tinh T = a + b.

Cau 3: Cho ham s6 y = % c6 do thi 1a (C). Tong s6 dudng tiem can

diing avf tiém can ngang ctia do thi (C) bang bao nhiéu?

Cau 4: Dien tich hinh chit nhat tao bdi hai duong tiém can ctia do thi ham

sO y = 2;j31 va cac truc toa do bang bao nhieu?
Cau 5: Cho ham s6 f(z) = 2= (a,b € R) c6 bang bién thien nhu sau
T |—o0 2 +00
f'(x) + +
+o0 1
f(z)
1

Tinh gia tri ctia biéu thitc a? + b2.
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Dang 2: Bai toan tim tiém can ding va tiém can xién cia do thi ham so6

Cho ham s6 y = f(). Dé tim duong tiém can ding va dudng tiem can xien

ciia do thi ham s6 thi ta lam nhu sau:
e Cac buéc tim duong tiém can ding:

— Buéc 1: Tim nghiém ctia mau, gia sit nghiém do 1a x = x

— Buéc 2: Tinh giéi han mot bén tai x = xp.
Néu xdy ra lim f(z) = co hodic lim f(x) = oo thi ta két luan z = x
Ty x—)wa'
la duong tiém can ding.
e Cac buéc tim dudng tiém can xién: ta xac dinh hé s6 clia a va b

trong cac truong hgp sau:

— Buéc 1: Tinh a = lim M, b= lim [f(z)— az]
r—+o0o X T—+00
— Buéc 2: Tinh a = lim @7 b= lim [f(z)— az]
r——00 T T——00
e Luu y:

— Néu a = 0 thi tiém can xién chinh 13 tiém can ngang.

azr® + br + ¢

— D6i v6i ham s6 phan thitc f(z) = ——————— ta c6 thé chia da
mx +n
thiic dé bién ddi ve dang:
=dz+V 01 0
flz)=dx+ +mx+n véi e #

Suy ra, y = a’z + b’ 14 dudng tiém can xién ctia do thi ham so.

BAI TAP TRAC NGHIEM

Phan I. Cau tric nghiém nhiéu phuong an Iya chon. Méi cau héi thi

sinh chi chon mo6t phuong an.

Cau 115. Cho ham s6 y = 22321 Tigm can xién ciia dd thi ham s6 la
A.y=2z-1 B. y=2z+1. C.y=2zx-3. D. y=2x+3.
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Cau 116. Biét do thi ham s6 y = ””2;;7?“2 c6 tiem can xién la duong thing vy =

azr +b. Tinh a? = 2b
A. 4. B. 2. C. 5. D. 3.

242

LE2 cat truc toa do tai hai

Cau 117. Biét tiem can xién ctia do thi ham s6 y =

diém A va B khi d6 dién tich tam gidac OAB la

A. 2. B. 4. C. 8. D. 3.
Cau 118. Biét do thi ham s6 y = % c6 tiem can xiéen la dudng thang d : ax+b.
Diém nao duéi day thuoc duong thang d

A. M(-1;2). B. N(2;2). C. P(2;-2). D. Q(2;-1).

Cau 119. Duong thang y = z+1 1a tiém can xién ctia do thi ham sé dusi day?

A.y:;;jrll. B. y=+v1z2 -2z +3.
C.y= 9“;:2_21. D. y = 2z trtl

2z+1

Cau 120. Duong tiém can xién ctia do thi ham s6 f(z) = 2 + 3 + Tlﬂ c6 phuong

trinh 1a
A.y=2x+1. B.y=z-3. C.y=x+3. D.y=2x—-1.
Cau 121. Tim dudng tiém can xién ctia do thi ham s6 f(z) = :‘;“LT%T
A.y=2x-5. B.y=x2-2. C.y=xz+5. D.y=x2-5.
Cau 122. Tim dudng tiém can xién cta do thi ham so f(z) = 22324
A.y=x+1. B.y=-3z+1. C.y=x-2. D.y=xz-1.
Cau 123. Duong tiém can xién ctia do thi ham s6 f(z) = Qf:% di qua diém nao
sau day?
A. (5:3). B. (—4:—5). C. (6:—1). D. (2 —10).

Phan II. Cau tric nghiém ding sai. Trong méi ¥ a), b), c), d) & mdi cau,
thi sinh chon ding hoac sai.

Cau 1: Cho ham s6 y = % c6 do thi la (O)
a Do thi ham s6 khong c6 tiém can ngang.

b Dudng tiém can xién ctia do thi tao vé6i hai truc toa do mot tam giac c6 dién

tich bang 1
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¢ Giao diém hai tiém can ctia do thi nam trén parabol y = z2.
d Duong tiém can xién ctia do thi vuong goc véi duong thing = +y — 7 = 0.
Cau 2: Cho ham s6 y = £=2243 ¢6 d5 thi la (C)

a DO thi ham s6 c6 hai duong tiem can

b Duong tiém can xién ctia do thi tao v6i hai truc toa do mot tam gidc vuong

can.
¢ Giao diém ctia hai tiém can nam trén truc hoanh.
d Duong tiém can xién ctia do thi song song véi duong thang z +y =0

Cau 3: Cho ham 86 (O) : y = f(z) = 22532=5 hidt d6 thi ham s6 c6 duong

tiem can xién la dudng thing A :y = ax + b
a Giao diém ctia A va truc Oz ¢6 hoanh do 16n hon 2
b Giao diém ctia A va tiém can dim cia (C) ¢6 toa do 1a (—3; —9)
¢ Goi A=ANOx,B=ANO0Oy thita coé Soap > 3.
d Gi4 tri 16n nhat ctia ham s6 y = az + b trén [0;3] 1a 4.

Phan III. Cau tric nghiém tra 15i ngian
Cau 1: Tinh tong s6 dudng tiém can ding va tiém can ngang ctia do thi ham

2242243

80 y = x2—4

~ N A A 5 N A ~ A 2 N TR 2 3 2_
Cau 2: Tim he s6 goc k clia dudng tiem can xién ciia do thi ham s6 y = 24521

BAI 4: kHAO SAT SU BIEN THIEN VA VE DTHS

1.6 Khao sat su bién thién vaA vé do thi ham s6

1.6.1 Cac buéc khao sat ham sb y = ()
Dé khao sat ham s6 y = f(z) thi ta thiyc hién theo céc bude sau

1. Buée 1: Tim tap xac dinh ctia ham so
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2. Buéc 2: Khao sat su bién thién ctia ham sb
eTinh dao ham ¢/. Tim céc diém tai d6 v = 0 hosic dao ham khong ton tai

oTim céc gidi han tai vo cuc, giéi han vo cyc va tim cac duong tiém can cua

do6 thi ham s6

eLap bang bién thién, xac dinh chiéu bién thién va cac diem cyc tri clia ham

On

S

3. Budc 3: Cho thém diém va vé dd thi ham s6 dua vao bang bién thien

1.6.2 Ham sb6 bac ba y = az® + bz? + cx +d

a) Trudng hop 1: ' =0 c6 hai nghiém phan biét 14 z; va xo. Khi d6 ham s6 ¢6

hai diém cuc tri la z = 21 va z = 29

a<0 2 ¥

a) Trudng hop 2: 3 =0 ¢6 nghiém kép x = z9. Khi d6 ham s6 khong c¢6 cic

tri

=

a = a<0 2 ¥

/
/D o\

b) Trudng hgp 3: 3 =0 vo nghiém. Khi d6 ham s6 khong c6 cuc tri

L 3

L J
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. Y

a>0 |‘3{U]

Mot s6 lwu ¥ can nhé vé ham sé bac ba:

1.

a=20
Ham s6 khong c6 diém cyc tri khi va chi khi b2 — 3ac < 0 hodc
b=0
) , a#0
Ham s0 ¢6 hai diém cuc tri khi va chi khi
b2 —3ac >0
. NP _Jmtre =32
Lién hé gitta tong va tich ha nghiém
r1.209 = %

Toa do tam dbi xting ciia do thi chinh 1a trung diém ctia doan néi hai diém cuc

. N ~ L~ O N ‘s 5 s _ __2b
tri. Hoanh do tam doi xing la nghiém ctia phuong trinh ¢ = 0 <=z = —2=.

Tiép tuyén tai tam doi ciing sé c6 hé s6 goc nhé nhat néu a > 0 va 16n nhat

néu a < 0

1.6.3 Ham s6 y =2+ ¢ £0,ad — be # 0

1.

cx+d’

Tap xac dinh D =R {-4} va ¢6 dao ham y' = (gg;%z.

D6 thi nhan giao diém ctia hai dudng tiem can lam tam doi xing
NI Al $iam cAn AT _d
Tiém can ngang: y = %; tiém can ding » = —£.

Giao v6i Oz 1y = 0=z = —2; giao v6i Oy : y = &.

Hinh dang do thi dugc minh hoa nhu sau:
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Y,

y <0

¥ >0 : Y
P
_______________ S
IE //”_
d? 0 '
]

1.6.4 Ham sb y =

1.

ax’+br+c

mx+n

,a7#0,m#0

Tap xac dinh D =R {-2} va c6 dao ham 3 =

L L R L

amz>+2an.z+b.n—m.c

(mz+4n)?

khong c6 cuce tri khi phuong trinh ¢’ = 0 vo nghiém.

. Hinh dang do thi dugc minh hoa nhu sau:

. Ham s6 c6 hai diém cie tri khi phuong trinh ¢/ = 0 ¢6 hai nghiém phan biét,

D6 thi nhan giao diém ctia tiém can ding va tiém can xién lam tam déi xing.

i y . - i y ] ] J"
1 ,’ W | I '
1 ’d ~ | ] 1
1 b ~ | ] 1
1 i ) 1 1 1
1 ’f I i ]
[ 1 i 1
e el ' '
) | I I
A |0 - b 1O x 1 ?
Ea] [ ] 1
’ ] 1 [, ] ]
” i | N I ]
1 1 1 '
/\I I( A I I
% 1 | ] ]
% .
4 I | ] ]
% i | N H i i
a>0, ¥ =0 c6 2 nghiém phan biét a <0, y' =0cd 2 nghiém phan hiét | a>0, ¥ =0 vo nghiém a<0, ¥" =0 vd nghiém
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1.6.5 Cac dang bai tap c6 lién quan

Dang 1: Khao sat va vé do thi ham sb

1. Tim tpaj xac dinh ctia ham s6.
2. Khao sat su bién thién ctia ham sé.

(a) Tinh dao ham 3. Tim cac diém tai d6 3’ = 0 hoac dao ham khong

ton tai.

(b) Tim céc gi6i han tai vo cuc va tim cac duong tiém can clia do thi

ham sb.

(c) Lap bang bién thién, xac dinh chiéu bién thién va cac diém cuec tri

ctia ham sb.

3. Cho thém diém va vé dd thi ham s6 dua trén bang bién thien.

BAI TAP TU LUAN
Bai tap 1: Khao sat sy bién thién va vé do thi cadc ham s6 sau:
ay=az>—32%+1.
b y=—22%—-322+1
cy=a>+322+3z+2
dy=2>—322+42 -2

Ggi y lam cau a tat ca cac cau con lai lam tuong tu
a)y=a>—322 +1
Tap xac dinh: D =R

. x =0
Su bién thien: y' = 322 — 62 = 0 < va lim f(x) = —oo; lim f(z) = +o00

T =2 T——00 T—+00

Bang bién thién:
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X —00 0 +00
y' - 0 - +
1 +00
’ / \ e
—00 -3

Tu bang bién thién ta thay ham s6 nghich bién trén khoang (0;2) va dong bién
trén khoang (—o0;0) va (2; +00).

Ham s6 dat cuc dai tai = 0;yop = 1 va cuc tiéu tai z = 2; yor = —3.

Do thi ham s6 di qua cac diem (2; —3); (—1; —3); (3; 1).

Do thi nhan diém I(1;—1) lam tam déi xtng
BAI TAP TRAC NGHIEM

Phan I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi thi
sinh chi chon moét phuong an.
Cau 124. Ham s6 y = az® + bz? + cx + d ¢6 do thi nhu hinh vé bén. Ménh dé nao

sau day ding?
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;I.y

X
1 O g
A.a<0,0<0,c<0,d<0. B.a>0,b>0,c<0,d>0.
C.a>0,b>0,c>0,d<0. D.a>0,0<0,c<0,d>0.

Cau 125. Bang bién thién 6 hinh bén 13 mot trong bon ham sé ndo sau day?

L —00 0 2 +0oo
y.l" — + 0 -—
+00 5
y SN / \
1 —-00
A.y=—23— 322 B.y=23-322-1.
C.y=a3+222+1. D.y=—-2+3z+1.

Cau 126. Do thi sau day 1a ctia ham s6 nao?
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A.y=a3—-3z+1. B.y=23-3z—-1.
C.y=—2%—-3z-1. D.y=—23—-32+1.

Cau 127. Cho ham s6 y = az® 4 bz? 4 cx + d c6 do thi nhu hinh bén. Khang dinh

nao sau day ding?

A.a>0,0<0,c<0,d>0. B.a>0,b>0,c<0,d>0.
C.a>0,b<0,c>0,d>0. D.a<0,0<0,c<0,d>0.

Cau 128. Duong cong trong hinh bén 1a do6 thi clia ham s6 nao?

4V
X
>
1o
A.y:%x?’—l—%x?—QQ:—l—l. B.y=2%—-32>+1.
C.y:—%x?’—i—?)xz—i—%x—l—l. D.y:%x3—3x2:%x+1.

Cau 129. Cho ham s6 y = ax® + ba? + cz + d (a # 0) ¢6 do thi nhu hinh vé

Meénh dé nao sau day diung?
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by

b e e = —

/ ol N0/ =

A.a>0,0<0,c<0,d>0. B.a>0,b>0,¢>0,d>0.
C.a>0,b<0,c>0,d<0. D.a>0,0>0c<0,d>0.

Cau 130. Cho ham s6 y = az® + bz? + cx + d ¢6 do thi nhu hinh vé bén. Ménh dé

nao dudi day la dang?

a

A.a<0,0>0,¢>0,d<0. B.a<0,0<0,¢>0,d<0.
C.a>0,0<0,c<0,d>0. D.a<0,6>0,¢<0,d>0.

Cau 131. Cho ham s6 y = ax® + b2? 4 cx + d ¢6 do thi nhu hinh vé
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Jl._-l_.-

VAR

Meénh dé nao sau day diung?

A.a<0,0>0,c>0,d>0. B.a>0,0>0,¢<0,d>0.
C.a<0,b<0,c<0,d>0. D.a<0,0>0,¢c<0,d>0.

Cau 132. Cho ham s6 y = ax3 + bx? + cx + d ¢6 do thi nhu hinh vé

Y

y

Menh deé nao sau day dang?
A.a<0,0<0,c<0,d>0. B.a>0,0<0,¢>0,d<0.
C.a>0,0<0,c<0,d>0. D.a>0,0<0,¢>0,d>0.

Cau 133. Cho ham s6 y = az® + bz + cx + d ¢6 dd thi nhu hinh vé. Chon khéng
dinh ding?
A.ab>0,bc <0,cd < 0. B. ab> 0,bc < 0,cd > 0.
C.ab>0,bc>0,cd > 0. D. ab<0,bc <0,cd > 0.
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Uy

Cau 134. Cho ham s6 y = az® + baz? + cx + d ¢6 do thi nhu hinh vé. Ménh dé nao

\l y
O\\/\@

sau day ding?

A.a<0,0>0,¢>0,d>0. B.a<0,b<0,e<0,d>0.
C.a>0,b>0,c<0,d>0. D.a<0,0>0,c<0,d>0.

Cau 135. Cho ham s6 y = ax® + bz + cx + d ¢6 do thi nhu hinh vé
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B |

a — —

0 1

S6 16n nhat trong cac sb a, b, c,d 1

A. a. B. b. C. c D. d.

Cau 136. Tim m dé do thi ham s6 y = 23 + 3ma? — 2z — 4 cat truc hoanh tai 3
diém phan biét ¢6 hoanh do 1a z1, z9, x5 thdéa man z; + z2 = 223

A.m=0. B. m=1. C. m=2. D.m=3.

Cau 137. Cho ham s6 y = 2% + 322 +mz +m, (¢,,). Tim cac gia tri clia m dé duong
thang d di qua I(—1;2) c6 hé s6 géc bang —m cat do thi ham s (C,) tai 3 diem
phan biét

A.m<%. B.m>%. C.m< -2 D.m> 2.

Phan II. Cau tric nghiém ding sai. Trong méi ¥ a), b), c), d) & méi cau,
thi sinh chon ding hoac sai.

Cau 1: Cho ham s6 y = f(z) = ax® + br? + cx + d ¢6 do thi nhu hinh vé

v Y
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a Ham sb dat cuc tiéu tai z = 1.

b D& thi ham s6 cit truc Oy tai diem c6 toa do (0;1).

¢ Ham s6 dong bién trén khoang (—oo; —1)

d2a+3b+c=9

Cau 2: Cho ham s6 f(z) = ax® + ba? + cx + d ¢6 d6 thi nhu hinh vé bén dudi

2 Y
3

a Do thi ham s6 ci truc tung tai diém c6 hoanh do (0;1)

b Dudng thang di qua diém (0; 1) luén cit do thi tai ba diém phan biét c6 hoanh

do lap thanh cap s6 cong.
ca—b+c+d=-1.
d D3 thi ham s6 di qua diém (3;18).

Cau 3: Cho ham s6 y = f(v) = az® + ba? + cx + d c6 bang bién thién nhu hinh

x -0 -2 +00
y' - 0 + -
+00 4
y \ / \
0 -0
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a Ham s6 dat gia tri 16n nhat 1a 4

b Duong thing y = 2 cit do thi ham s6 tai ba diém phan biét
¢ Trong boén hé s6 a,b, c,d c6 dung hai s6 am.

d Do thi ham s6 di qua diém (4;20).

Cau 4: Cho ham s6 y = az® + bx? + cz + d (a # 0) ¢6 do thi nhu hinh ben.

'“'J.

of \ x

L J

a Hamfsoos c¢6 hai diém cuc tri trai dau.

b Tong gia tri cuc dai va gié tri cuc ticu 1a s6 am.

¢ Phuong trinh ¢/ = 0 ¢6 ba nghiém phan biét.

d Trong cac hé s6 a,b,c,d c6 2 hé s6 duong.

Cau 5: Cho ham s6 y = f(z) = 2% — 3m?zx + 2024 ¢6 do thi (O)

a (C) luon c6 hai diém cye tri.

b Khi m thay doi thi do thi (C) luon c6 tam déi xing c6 dinh.

¢ Khi m thay doi thi dd thi (C) luon cit truc hoanh it nhat 1 diém.

d Khi (C) ¢6 2 cyc tri thi dudng thang di qua 2 diém cuc tri cla (C) c6 dang
y=ar+0b. Dat S =a+0bthi S <2024.
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Phan III. Cau triac nghiém tra 15i ngian

Cau 1: C6 bao nhiéu gia tri nguyén ctia tham s6 thuc m dé dudng thang

y = 3x+m—2cit do thiy = (x—1)% tai ba diém phan biet W KQ:| [ | | | |

Cau 2: Cho ham s6 y = 23 — 322 + ma + 1 ¢6 do thi (C) va duong thing

d:y =2z + 1. C6 bao nhiéu gia tri nguyen duong ciia tham s6 m dé do thi (C) cit

duong thng d tai 3 diém phan biet? KQ:| [ [ [ [ |

Cau 3: Vdi m la tham s6 thuyc thi do thi ham s6 y = 23 — 222 + 2 — 1 va duong

théng y = m c6 nhiéu nhat bao nhicu giao diem? KQ: | [ [ [ [ |

Cau 4: C6 bao nhiéu gia tri nguyén ctia tham sé m dé phuong trinh 2 — 322 —

m2 + 5m = 0 ¢6 ba nghiem thyc phan biet? KQ:| | [ | | |

Cau 5: Cho ham s6 y = 2% — 222 — 1 ¢6 dd thi (C), duong thang (d) : y = mz —1
va diém K (4;11). Biét ring (C) va d cit nhau tai ba diém phan biét A, B,C trong

dé A(0; —1) con trong tam tam gidc AKBC nam trén duong thang y = 22+ 1. Tim

gid tri cia tham sé m. KQ:| | | | | |

. L P ~ ~ X . ~ 2 ~ - ~ 2 . b
Dang 2: Khao sat va vé do thi ham so6 phan thitc hitu ti y = %=

Dé khéo sat ham s6 y = f(z) = 2 thi ta thyce hien theo cac bude sau:

1. Tim tap xac dinh cia ham s6: D =R {2}

ad—bc
(cx+d)?

2. Khao sat sy bién thién ciia ham s6 eTinh dao ham 3 =

o¢Tim cac gidi han tai vo cuc, giéi han vo cuc va tim cac duong tiém can

ctia do thi ham sb

eLap bang bién thien, xac dinh chiéu bién thién va diém cyc tri cla

ham sb

3. Cho thém diém va vé do thi ham s6 dua vao bang bién thien

BAI TAP TU LUAN
Bai tap 1: Khao sat sy bién thién va vé do thi cac ham sb sau:

_ xz+1
ay= r—2
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_ 2z+1
b y= z+1
_ z+3
Cy= 11—z
__ 5tz
dy=5=

Huéng dan giai cau a tat ca cic cau con lai lam tuwong tu

a)y =5

Loi giai
Ta c6: Tap xac dinh ctia ham s6 R {2},

Su bién thién: y = — e 2)2 < 0 v6i moi x # 2.

Ham s6 nghich bién trén ting khodng (—oo;2) avf (2; +00) va ham sb khong c6

cuc tri.
Tiém can:
olim f(z) = lim £t} = —oo; lim f(z) = lim £ = +o0;lim f(z) = lim £ = 1;lim f(z) =
r—2- 92— x—2+ x—>2+ T—+00 w—)—l—oo T——00
lim 7 ‘”H = 1.
1’—> o0

Do dé6, do thi ctia ham s6 c6 tiem can ding la duong thang z = 2, tiém can

ngang la duong thang y = 1. Ta c¢6 bang bién thien:

T |—o00 2 +o0
f'(z) - —
1 +00
f(z)
— 00 1

Do thi
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r

V4

e —————————=—

x=2"7"71"

-y

Giao diém ctia do thi ham s6 véi truc tung la diém (0;—3).

Giao diém ctia dd thi ham s6 vé6i truc hoanh 1a diém (—1;0).

Do thi ham s6 nhan giao diém 7(2;1) cia hai dudng tiém can lam tam déi ciing
va nhan duong phan giac clia cac goc tao béi hai duong tiém can nay lam truc doi
xing.

Bai tap 2: Mot coc chita 30ml dung dich KOH ((Potassium Hydroxide) véi
nong do 100mg/ml Mot binh chita dung dich KOH khéc véi nong do 8mg/ml duge

tron vao coc.

a Tinh nong do KOH trong coc sau khi tron z(ml) tit binh chita, ki hieu la
C(x).

b Coi C(z) 1a ham s6 x4c dinh v6i z > 0. Khdo sat sy bién thién va vé do thi
clia ham s6 nay.
¢ Giai thich tai sao nong do KOH trong coc gidm theo x nhung luon 16n hon

8mg/ml.

Cau 3: Trong Vat li, ta biét rang khi mac song song hai dién tré R; va Rs thi
dién tré tuong duong R ctia mach dién dugc tinh theo cong thic R = il (theo

Ri+R>
Vat li Dai Cuong, NXB Gido duc Viet Nam 2016).

Gia st mot dien trd 8Q dudc mac song song véi mot bién trd nhu hinh bén. Néu
dién tréd do duge ki hieu 1a x(Q) thi dién trd tuong duong R 1a ham s6 clia z. Vé

do thi ctia ham s6 y = R(x),z > 0 va dua vao do thi hinh vé, hay cho biét:

a Dién tré tuong duong ciia mach thay doi thé nao khi x tang.
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b Tai sao dién tré tuong duong ciia mach khong bao gis vugt qua 8.

BAI TAP TRAC NGHIEM
Phan I. Cau trac nghiém nhiéu phuong an luya chon. Mdi cau héi thi
sinh chi chon mo6t phuong an.

Cau 138. Ham s6 ndo sau day c¢6 bang bién thién nhu hinh duéi day?

T |0 2 +o0o
! —_—
2 +oo
y \ \
* o 2
P 2c41 2c41 1-2
A y=25 B°y:5f_j2- C.y== D.y= "=

Cau 139. Cho ham s6 y = %45 ¢6 d6 thi ham s6 nhu hinh vé dudi day

Tim khéng dinh ding trong cac khang dinh sau
A.0<b<a. B.0<a<b. C.b<0<a. D.a<b<0.

Cau 140. Ham s6 ndo sau day c6 do thi dang hinh vé bén dudi?
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Ya
l
|
I
...... y=l T
ok N
B x
al
R
l
_ _ a+l _ a+l _
A y=1%. B.y=1>. C.y=25. D.y="%4.
Cau 141. Bang bién thién sau day ctia ham s6 nao?
T [—oo —1 +oco
! + +
+oo 2
y / /
2 —od
_ 2243 _ 221 _ 221 _ atl
A y=257 B. y=2=. C.y=27 D.y=5.

Cau 142. Cho ham s6 y = 22=" ¢6 do thi nhu hinh vé bén

z—1

yn :
0 E 2 X
: e
\ TiTy=S4T
2\ 11
L
Tich a.b bang
A. 2. B. -3. C. —2. D. 3.
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Cau 143. Duong cong trong hinh dué6i day 1a do thi ctia ham s6 nao trong cac

ham s6 sau?

YVa
1 I
y== I
________ 2 S S
\ Oi ."C’
il
! Ly
A, y=2t B. y:—QJf__fl. C.y=£t. D. y= 2.
Cau 144. Cho ham s6 y = %45 v6i a,b, ¢, € R ¢6 d6 thi nhu hinh vé ben.
ya o
ol 1 2 X
| [
N i
-2 I
Gia tri clia a + 2b + 3¢ bang
A. 2. B. 0. C. 6. D. -8.

Cau 145. Duong cong 6 hinh dudi day la do thi ciia ham s6 y = &2, (a,b,c € Z).

Khi d6 gia tri ctia bicu thitc 7' = a — 3b — 2¢ bing
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|
|
I
I
|
|
I
L
T
|
(R T R ——

A. 3. B. 2. C. 0. D. -3.

Cau 146. Cho ham s6 y = %2 ¢6 do thi nhu hinh vé dudi day. Tim khing dinh

ding trong céc khéng dinh sau

il Ay
“"---..._____\ : N
e X
A.0<a<d. B.v<0<a. C.0<b<a. D.a<b<O.

Cau 147. D6 thi ham s6 nao dudi day c6 dang dudng cong trong hinh vé dudi
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b

----------------------------

—— i ] B

_..-—-'"'-:
O 1 2 X
_ 3 _ x42
A y=212°-3z+2. B. y= o=,
C.yzﬁ—:%. D.y=—z*+522-1.

Cau 148. Duong cong bén 14 do thi cia ham s6 nao dudi day?

VA .
i
]
]
]
/ -
i
]
o y=2
i
]
ol 5
5
i
I,
"
i
A y=23 B. y= 21 C.y==2 D. y = 243,

Cau 149. Cho ham s6 f(z) = £ (a,b,¢, € R) ¢6 bang bién thien nhu sau:
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T |—o0 3 ‘o0
f'(x) — -
1 +oC
2
f(z)
1
* o 2
Khang dinh nao duéi day ding?
b> 2 b>0 ) )
A. ) B. . C. -5<b<0. D.0<b<3.
b<0 b< —2

Cau 150. Cho ham s6 f(z) = $2£L (a,b,c € R) ¢6 bang bién thién nhu hinh vé

x —0 -1 +

f'(x) - +
+0
7(x) \

Trong cac s6 a,b,c ¢c6 bao nhiéu s6 duong?

A. 2. B. 1. C. 0. D. 3.

[ S

2

-0

Cau 151. Cho ham s6 y = 248 ¢6 d6 thi nhu hinh ben dudi. Biét réng a 1a mot

s6 thyc duong, héi trong cac s6 b, ¢, d c¢6 tat ca bao nhiéu s6 dudng?

-~ J.‘

A. 3. B. 0. C. 2. D. 1.
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Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mbi cau,

thi sinh chon ding hoac sai.

= 248 v6i g, b, c € Z c6 do

Cau 1: Cho ham s6 y = £2 thi nhu hinh vé duéi day:

_—

a Do thi ham s6 c6 tiém can ding = = 1.
b Do thi ham s6 c6 tiém can ngang y = 0.
¢ Ham s6 dong bién tréen R

dT=a—-3b—2c=-3.

ar—1

Cau 2: Cho ham s0 f(x) = 2= v6i a,b, ¢ € R ¢6 bang bién thién nhu hinh vé

dudi.
X -00 3 +00
f'(x) - -
1 +00
2 \
f(x) \ 1
—-00 2

a Ham s6 nghich bién trén khoang (oo; 3).

1

[\

b Do thi ham s6 c6 tiem can ding « =
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¢ Do thi giao véi truc hoanh tai diém c6 hoanh do6 16n hoen 3.

2
b<0

Cau 3: Cho ham s6 y = c6 do thi 1a (Cp,) v6i m 1a tham s6

2m+m
a Khi m = 2 thi do thi ham s6 c6 duong tiém can ngang y = 1

b Khi m = 2 thi giao diém ciia cidc duong tiém can cé toa do I(1;-1)

¢ Duong tiém can ditng ctia do thi ham s6 di qua diém A(—1;+/2) thi m = 2.

d Véi moi gia tri ctia tham sé m thi ham s6 luon dong bién trén méi khoang

xac dinh.

Phan III. Cau trac nghiém tra 15i ngan
cau 1: Cho ham sb y = Zm=UI=m (1) 2 () ¢6 dd thi (Cpy). Biét riing ton tai

T+m

duy nhat mot duong thing (d) c6 phuong trinh y = ax + b sao cho (Cy,) ludn tiép

xtic v6i (d). Tinh gid tri ctaa+b. KQ:[ [ [ [ [ |

Cau 2: Tap tat ca cac gia tri thuc ctia tham s6 m dé dudong thang d : y = 2 —2m

cat do thi ham s6 y = (C) tai hai diém phan biét c6 hoanh do duong 13 (a;b).

a:+1
Tinh gia tri bidu thitc a+b. KQ: [ [ [ [ [ |

Cau 3: Cho ham s6 y = ZH2 ¢6 do thi 1a duong cong (H) va duong thang A
c6 phuong trinh y = = + 1. S6 gia tri nguyén ctia tham s6 m nhoé hon 10 dé dudng
thang A cit dudng cong (H) tai hai diém phan biét nim vé hai nhanh ctia do thi.
KL | [ | [ ]

Cau 4: Tap hop tat ca cac gia tri thuc ctia tham s6 m dé dudng thang

7 (C) tai hai diém phan biét c¢6 hoanh do duong la

L[]

Cau 5: C6 bao nhiéu gia tri nguyén duong ctia tham s6 m dé do thi ham so

d:y=xz—2m cat do thi y = Z=
(a;b). Tinh T = a + b. KQ: |

|

y = 2?;1’1” cat dudng thing y = 1 — x tai hai diém phan biet KQ:| | [ | | |
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Dang 3: Khao sat va vé dd thi ham sé phan thic hitu ti y = @ thrtc

mx+n

Dé khio sat ham s6 y = 2ZEbrte ¢ £, £ 0 thi ta thue hien theo cdc bude

mx+n

sau
1. Tap xac dinh D =R {-=}.
2. Khao sat su bién thién ctia ham sé

. N 2 _ s p .2 . 32
(a) Tinh dao ham y' = emet2enstinome Tim cac diem tai d6 y' =0

(b) Tim cac giéi han tai vo cuc, giéi han vo cye va tim cac duong tiém
can ctia do thi ham sb
(c) Lap bang bién thién, xac dinh chiéu bién thien va cac diém ciec tri

ctia ham sb

3. Cho them diém va vé do thi ham s6 dua vao bang bién thien

BAI TAP TU LUAN
Bai tap 1: Khdo sat sit bién thién va vé do thi cac ham sb sau:

2
_ x—z—1
ay= r—2

_ 2’4z-2
by =55

_ 222 —z+4
Cy= z—1

22 4927+1
dy=*"55-
Goi y giai cau 1, cac cau con lai thuc hién tuong tu

2__
a)y:wx—x21

Tap xac dinh ctia ham s6 R {2}
A i o 1

Sy bién thién: y =z + 1+ —=.

1 2’ —47+3

2 ~
o) =R Yy =0 <= ”(;_4;;53 =0<«= z =1 hoiic z = 3.

7 /_ o
Tacoy_l—(x =

Trén céc khodng (—oo;1) va (3;+00) y > 0 nén ham s6 dong bién trén ting

khoang nay.

91



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

Trén cac khoang (1;2) va (2;3), ¢’ < 0 nén ham s6 nghich bién trén ting khodng
nay.

Ham s6 dat cuc dai tai z = 1 v6i yop = 1; ham sb6 dat cuc tiéu tai z = 3 véi
yor = 9.

2 2
: i T —z—1 o~ TG i =1
elimy = lim*——5— = —oo; limy = lim *—=5— = +o0.
T——00 T——00 T—+00 T—+00
. otz —1 ) x—l—% ' o221
e lim y= lim — lim ———* = —o0; lim lim — =
r—+00 T—>+00 r—2 T—+00 - T——00 r—>—00 r— 2
.o —1-— %
lim 5~ = +00
T—r—00

Tiém can: lim y = lim (m +1+
r—2~ r—2~
“+00

. . 1
x—Q):_OO’ xligl+y_ lim (x+1+x—2) N

r—2+

. 3 1 i 1
.xllf:?oo[y_(a:—{_l)] :vgr:ilool'—Q_O’ mEIEloo[y_<x+1)]_mll>I—noox—2_
Béng bién thién:

oo 1 2 3 +oo
1 —+00 +00

Yy
—00 —Cco 5
D6 thi:
Yy

B R
3 ,,,,,,,,,
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BAI TAP TRAC NGHIEM

Cau 152. Bang bién thién sau 1a clia mot trong bén ham sé sau. H6i ham s6 do6

13 ham s6 nao?

x -00 -10 -4 2 +00
y - 0 + + 0 -
+00 +00o 0
Y ~ 7 SN
24 —00 —00
Ay—£sll B y_ilep g D, gt

Cau 153. Bang bién thién sau la clia mot trong bén ham s6 sau. H6i ham s6 do6

13 ham s6 nao?

x | —oo 1 3 5 +0c0
y' - 0 + + 0 -
+00 +00 -9
y . / S N
-1 —00 —00
A. P B. —T -2 C. =z tzi2 D. et

Cau 154. D6 thi dudi day 1a clia mot trong bén ham s6 sau. Hoi ham sd d6 1a

ham s6 nao?

1 2 3 4
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2 2 2 2
A y=2=3 B. y=%—"5= $4_”§+2. C.yy=2=". D.y=%— Jﬁg‘%.

Cau 155. Do thi dudi day 1a clia mot trong bon ham s6 sau. Héi ham s6 do 1a

ham s6 nao?

-1

x=

=2

2

_r—x I 1 e ) _ —a?
Ay =57 B.y =55 Cy=%3 Doy=g5

Cau 156. D6 thi dudi day 1a clia mot trong bén ham s6 sau. Hoi ham s6 do6 1a

ham s6 nao?

_ xi—x44 _ x22—2z+3 _ —x?—x2 _ 2i4z—1
Ay=5. Boy=55es Coy==3p=. Doy=%57

Cau 157. D6 thi dudi day 1a clia mot trong bén ham s6 sau. Hoi ham sd d6 1a

ham s6 nao?
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JF

O\

2 2 2 2
_ z°+3 _ z°+x-3 _ —2z+3 _ +3
A y=217. B. y ===, C.y=""=1" D.y=%==.

Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mbi cau,
thi sinh chon ding hoac sai.

Cau 1: Cho ham s6 y = £+ ¢6 15 thi (C). Khi do:

a Ham sb c6 tap xac dinh D =R

b D& thi ham s6 (C) ¢6 tiém can xién 13 duong thang y =« + 2.
¢ Db thi ham s6 (C) c6 tiem can ding 1a duong thing = = —2.
d D6 thi ham s6 (C) nhan diém I(—2;0) lam tam déi xiing.
Cau 2: Cho ham s6 y = 2222242 ¢ 45 thi (C).

a Ham s6 nghich bién trén khodng (oo;0) U (2; +00).

b Ham s6 dat cuc tiéu tai z = 2.

¢ Gia tri nhoé nhat cia ham s6 trén doan [%, g] bang —4.

d D& thi ham s (C) c6 tiém can xién 1a duong thang 2z + y = 0.

Cau 3: Cho ham s6 y = =2+2+L ¢6 46 thi (O).
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a Ham s6 dong bién trén mdi khoang (—2; —1) va (—1;0)
b Ham s6 ¢6 hai diém cuc tri.

¢ Do thi (C) khong cét truc Oz.

d Do thi (C) c6 tiem can xién di qua diem A(1;2)

Cau 4: Cho ham s6 y = =£=32+4 ¢6 45 thi 1a (C)

a Do thi (C) c6 tiém can xién la y = —z — 6.

b D6 thi (C) nhan giao diém I(3; —9) lam tam déi xting.

(@)%

¢ Do thi (C) ¢6 hai diém cyc tri ndm 2 phia dbi véi Oy.
d Do thi khong cit truc Ox.

Cau 5: Cho ham s6 y = £=2=1 ¢6 d5 thi la (O).

thi ham s6 c6 mot tiém can ngang.

or

ab

b Do thi ham s6 cat truc tung tai M. Phuong trinh tiép tuyén ctia do thi ham

so tai diem M 1a 3z — 4y + 2 = 0.
¢ Db thi (C) c6 hai diém cyc tri ndm 2 phia déi véi Oy.
d D6 thi khong cat truc Oxz.

Phan III. Cau trac nghiém tra 15i ngan

Cau 1: Do thi hinh bén dudi la ctia ham s y = az + b+ -1

ka
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Khi d6 téng a + b+ c bing bao nhieu? KQ:[ | [ [ [ |

Cau 2: Tim m dé dudng thing y = —2x + m cat do thi ham sb6 y = % tai

hai diém A, B sao cho trung diém doan AB thuoc Oy. KQ:| | | | | |

Cau 3: Tim tat ca cac gia tri ctia m dé duong thang y = —z+m cat do thi ham

56 y = £=1 tai hai diém phan biet 4, B sao cho AB=v6. KQ:[ [ [ | [ |

Cau 4: S6 diém c6 toa do nguyen thuoc dd thi ham sb y = 223210 13 hag

nhien? KQ:| | | [ | |

UNG DUNG DAO HAM GIAI BAI TOAN THUC TIEN

1.7 Ung dung dao ham giai bai toan thuc tién

1.7.1 Tbc do thay déi cha mot dai luong

Ta c¢6 dao ham f'(a) 1 toc do thay doi tiic thoi cia dai lugng y = f(z) doi véi =
tai diem z = . Duéi day, ching ta xem xét mot s6 tng dung ctia ¥ tudng nay doéi

v6i vat 1i, hod hoc, sinh hoc va kinh té:

e Néu s = s(t) 1a ham vi trf clia mot vat chuyén dong trén mot dusng thing
thi v = /(t) biéu thi van toc titc thoi ctia vat (tdc do thay doi ctia do dich
chuyén theo thoi gian). Téc do thay ddi tiic thoi ctia van toc theo thoi gian

14 gia toc tiic thoi clia vat:
a(t) =v'(t) = s"(t).

e Néu C = CO(t) 1a nong do ctia mot chat tham gia phan ting hoa hoc tai thoi
diém ¢, thi C’(¢) 1a t6c do phan ting tiic thai (tiic 1a do thay doi nong do) cia

chat do6 tai thoi diém ¢.

e Néu P = P(t) la s6 lugng cé thé trong mot quan thé dong vat hoic thuc vat
tai thoi diém ¢, thi P’(t) bicu thi téc do tang trudng tiic thsi clia quan the

tai thoi diém ¢.

e Néu C' = C(z) 1 ham chi phi, tiic 14 tong chi phi khi sdn xuat z don vi hang
hoa, thi téc do thay ddi titc thoi C’(z) clia chi phi déi vé6i s6 lugng don vi

hang dude san xuat duge goi 1a chi phi bién.
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e V@ ¥ nghia kinh té, chi phi bién C’(x) xap xi v6i chi phi dé sdn xuat thém
mot don vi hang hod tiép theo, titc 1a don vi hang hoa thit » + 1 (xem SGK

Toan 11 tap hai, trang 87, bo sach Két ndi tri thiic v6i cudc song).

1.7.2 Mot sb bai toan téi vu hoa don gian

Mot trong nhing tng dung pho bién nhat ctia dao ham la cung cap mot phuong
phéap tong quat, hieu qua dé giai nhitng bai toan t6i wu hoa. Trong muc nay, ching
ta sé gidi quyét nhiing van dé thuong gip nhu tdi da hoa dién tich, khoi lugng, 1oi
nhuan, ciing nhu t6i thiéu hoa khoang cach, thoi gian, chi phi.

Khi giai nhiing bai toan nhu vay, kho khin 16n nhat thuong la viec chuyén doi
bai toan thuyc té cho bang 16i thanh bai toan t6i wu hoa toan hoc bang cach thiét
lap mot ham s6 phit hop ma ta can tim gia tri 16n nhat hodc gia tri nhé nhat cta
no6, trén mieén bién thien phit hop ciia bién s6. Quy trinh gidi mot bai toan téi wu
hoa:

eBuéc 1: Xac dinh dai lugng @ ma ta can lam cho gia tri ctia dai lugng ay 16n
nhéat hodc nhé nhat va biéu dién né qua cac dai luong khéac trong bai toan.

eBudc 2: Chon mot dai lugng thich hop nao dé, ki hieu 1a z, v biéu dién cac
dai luong khac 6 Bude 1 theo x. Khi d6, dai lugng Q sé 1a ham s6 ctia mot bién x.
Tim tap xac dinh ctia ham s6 Q = Q(x).

eBu6c 3: Tim gia tri 16n nhat hodic gia tri nhé nhat ctia ham s6 Q = Q(z) bang

céc phuong phap da biét va két luan.
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1.7.3 Cac dang bai tap c6 lién quan

Bai toan téc do thay déi cia mot dai lugng

Ta c6 dao ham f’(a) 1a toc do thay ddi titc thoi ciia dai luong y = f(x) déi véi
z tai diém z = a. Duéi day, ching ta xem xét mot s6 tng dung clia ¥ tudng

nay déi v6i vat i, hoa hoc, sinh hoc va kinh té:

e Néu s = s(t) 1a ham vi tri cia mot vat chuyén dong trén mot duong
thang thi v = s/(¢) biéu thi van téc tiic thoi clia vat (toc do thay doi
ctia do dich chuyén theo thoi gian). Toc do thay déi tic thoi cta van

toc theo thoi gian 1 gia toc tic thoi clia vat:

a(t) =v'(t) = s"(t).

e Néu C = O(t) 1a nong do ctia mot chat tham gia phan ting hoa hoc tai
thoi diém ¢, thi C’(¢) la toc do phan tng tic thai (tic 1a do thay doi

nong do) clia chat do tai thoi diém .

e Néu P = P(t) 1a s6 lugng ca thé trong mot quan thé dong vat hoac thuec
vat tai thoi diém ¢, thi P’(t) bicu thi tdc do tang trudng tiic thoi ciia

quan thé tai thoi diém ¢.

e Néu C' = C(z) 1 ham chi phi, tiic 14 tong chi phi khi san xuat = don vi
hang hod, thi téc do thay doéi titc thai C’(x) ciia chi phi dbi v6i s6 lugng

don vi hang duge san xuat dude goi 1a chi phi bien.

e V& ¥ nghia kinh té, chi phi bién C’(z) xap xi véi chi phi dé san xuét
thém mot don vi hang hoa tiép theo, tiic 14 don vi hang hod thi x + 1
(xem SGK Toén 11 tap hai, trang 87, bo sach Két noi tri thitc véi cude

song).

BAI TAP TU LUAN

Bai tap 1: Khi bd qua stic céan ctia khong khi, do cao (mét) ctia mot vat duge
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phong thing ding lén trén tit diém cach mat dat 2m véi van téc ban dau 24, 5m/s

1a h(t) = 2+24,5t — 4,92 (theo Vat 1y Dai Cuong, NXB Gido duc Viet Nam, 2016).

a Tim van toc clia vat sau 2 giay.
b Khi nao vat dat do cao 16n nhat va do cao 16n nhat do 14 bao nhiéu?
¢ Khi nao thi vat cham dat va van téc ctia vat liac cham dat 14 bao nhiéu?

huéng dan giai

(a) Theo ¥ nghia co hoc clia dao ham, van tdc ctia vat 1a v = W (t) = 24,5 —

9,8t (m/s).
Do d6, van toc clia vat sau 2 giay 1a v(2) = 24,5 — 9,8 -2 = 4,9 (m/s).

(b) Vi h(t) 1a ham s6 bac hai c6 hé s6 a = —4,9 < 0 nén h(t) dat gia tri 16n nhat tai

t =352 =245 _ 9 5(giy). Khi d6, do cao 16n nhat ciia vat 1a 2(2,5) = 32,625 (m).

2a

(c) Vat cham dat khi do cao bang 0, tic 1a h = 2 + 24,5t —4,9t> = 0 hay

5,08 (giy).

t ~

Van toc clia vat lac cham dat 13 v(5,08) = 24,5 —9,8-5,08 = —25,284 (m/s). Van

téc am chiing t6 chiéu chuyén dong ctia vat 1a nguge chiéu duong (huéng lén

trén) ctia truc da chon (khi lap phuong trinh chuyén dong ciia vat).

Bai tap 2: Gia sit s6 lugng cia mot quan thé ndm men tai moi truong nuoi

cay

trong phong thi nghiém duge mo hinh hoa bang ham s6 P(t) = j-%ms, trong dé

thoi gian ¢ duge tinh bang gis. Tai thoi diém ban dau ¢ = 0, quan thé c6 20 té bao

va tang v6i toc do 12 té bao/gio. Tim cac gia tri clia a va b. Theo mo hinh nay,

diéu gi x4y ra véi quan theé nam men veé lau dai?

Loi giai
4. pliyy _ 0,75ae” %7
Ta co: P'(t) = (e 07507 t>0.
Theo dé bai, ta c6: P(0) =20 va P'(0) = 12.
a

— =20, a=20(b+1),
Do dé6, ta c6 hé phuong trinh: (;L75a & 15
(b+1)2 b+1
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T, . N . 1
Giai hé phuong trinh nay, ta duge a =25 va b = 7

2 / 18,757 275 P TP X 2z
Khi do, P'(t) = ———— >0, Vit > 0, tic la so0 lugng quan the nam men

14,670,7515
4

Tuy nhién, do lim; 4o P(t) = limy_ 4 oo 12—5 = 100, nén sb luong quan thé nam

— e—0,75

ludn tang.

men ting nhung khong vudt qua 100 té bao.
Bai tap 3: Gia sit chi phi C(z) (nghin dong) dé san xuat x don vi ctia mot

loai hang héa nao dé duge cho bdi ham s6 C(z) = 30000 + 300z — 2, 522 + 0, 12523
a Tim ham chi phi bién.
b Tim C’(200) va giai thich ¥ nghia.
¢ So sanh C’(200) véi chi phi san xuat don vi hang héa thi 201.

Bai tap 4: Dé loai bo 2% chat gay 6 nhiém khong khi tit khi thai ctia mot nha

may, nguoi ta uéc tinh chi phi can bo ra la C(z) = 230 0 < z < 100 (tricu dong).

Khao sat sy bién thién ctia ham sé y = C(x). Tt do6, hay cho biét:
a Chi phi can bé ra sé thay doi nhu thé nao khi x tang?
b C6 thé loai bé duge 100% chat gay 6 nhiém khong khi khong? Vi sao?
BAI TAP TRAC NGHIEM

Cau 158. Mot chat diém chuyén dong theo quy luat S(t) = 2 — 1t*(m). Tim thoi
diém t (giay) ma tao d6 van téc v(m/s) ciia chuyén dong dat gia tri 16n nhat

A t=2. B.t=0,5. C.t=25. D.t=1.

Cau 159. Cong suat P (don vi W) ctia mot mach dién dugc cung cap bdi mot
ngudn pin 12V duge chuyén dong bdi cong thitc P = 127 — 0,51% v6i I (don vi A)
la cuong do dong dién. Tim cong suat t6i da ctia mach dién

A. 72. B. 12. C. — 5 D. %.

Cau 160. Mot vat chuyén dong theo quy luat s = —2¢3 + 24¢2 + 9t — 3 v6i ¢t 1a
khoang thoi gian tinh tit ldc bat dau chuyén dong va s la quiang duong vat chuyen
dong trong khoang thoi gian d6. Hoi trong khoang thoi gian 10 giay, ké tit lac bt

dau chuyén dong, van toc 16n nhat ctia vat dat duge bing bao nhieu?

101



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

A. 289(m/s). B. 105(m/s). C. 111(m/s). D. 487(m/s).

Cau 161. Do gidm huyét ap ctia mot bénh nhan duge do bdi cong thitc G(z) =
0,252%(30 — z) trong d6 z(mg) va z > 0 1a Iugng thude can tiem cho beénh nhan.
Dé huyét ap giam nhiéu nhat thi can tiem cho bénh nhan mot liéu lugng bing bao
nhiéu:

A. 15mg. B. 30myg. C. 40mg. D. 20myg.
Cau 162. Sau khi phat hien mot bénh dich, cac chuyén gia y té uwdc tinh s6
ngudi nhidm bénh ké tit ngay xuat hien bénh nhan dau tien dén ngay thi t 1a
G(t) = 45t? — 3 (két qua khéo sat duge trong 10 thang vira qua). Néu xem G/(t) 1a
téc do truyen bénh (ngusi / ngay) tai thoi diém ¢ thi téc do truyen bénh 16n nhat
sé vao ngay thi:

A. 25. B. 30. C. 20. D. 15.
Cau 163. Hing ngay muc nudc ciia con kénh lén xudng theo thiy tricu. do sau
h(m) ctia mic nude trong kénh tinh theo thoi gian ¢(h) trong ngay cho bdi cong
thic h = 3cos(Z + %) + 12. . Khi ndo muyc nudc ciia kénh la cao nhat vé6i thoi gian
ngan nhat?

A. t=10(h). B. t = 14(h). C. t = 15(h). D. t = 22(h).

Cau 164. Khi nudi ca thi nghiém trong ho, mot nha khoa hoc da nhan thay rang:
néu trén moi don vi dién tich ctia mat ho cé n con ca thi trung binh méi con ca sau
mot vu can nang la P(n) = 480 — 20n(g). . Hoi phai tha bao nhiéu con cé trén mot
don vi dién tich ctia mat ho dé sau mot vu thu hoach duge nhiéu ca nhat?

A. 14. B. 13. C. 12. D. 11.

Cau 165. Dé giam nhiét do trong phong tit 28°C, mot he théng lam mat dudc
phép hoat dong trong 10 phut. Goi T (don vi °C) 1a nhi¢t do phong & phut th ¢
dugce cho bdi cong thidc T = —0,008t3 — 0,16t + 28 v6i t € [1;10]. Tim nhiét do thap
nhat trong phong dat dugc trong thdi gian 10 phit ké tit khi hé théng lam mat
bat dau hoat dong.

A. 27,8320C. B. 18,49C. C. 26,29C. D. 25,3120C.

Cau 166. Mot cong ty bat dong san c6 50 can ho cho thué. Biét rang néu cho

thué méi can ho véi gia 2.000.000 dong moi thang thi moi can ho déu c6 ngudi
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thué va cit mdi lan tang gia cho thué moéi cin ho 100.000 dong mdi thang thi co
thém 2 can ho bi bo tréng. Mudn c6 thu nhap cao nhat, cong ty dé phai cho thué
v6i gia moi can ho 1a bao nhiéu?

A. 2.250.000. B. 2.350.000. C. 2.450.000. D. 2.550.000.
Cau 167. Mot cita hang ban budi Doan Hung ctia Pha Tho vé6i gia ban moéi qua
1a 50.000 dong. Véi gia ban nay thi cita hang chi ban duge khodng 40 qua budi.
Ctta hang nay du dinh gidm gia ban, uéc tinh néu ctta hang cit gidm méi qua 5000
dong thi s6 budi ban dude ting thém la 50 qui. Xac dinh gia ban dé cita hang
d6 thu dude 1gi nhuan 16n nhat, biét rang gia nhap ve ban dau mai qua 1a 30.000
dong.

A. 44.0000). B. 43.0000. C. 42.0000. D. 41.0000).

Cau 168. Mot xe khach di tit Viéet Tri vé Ha Nai ché t6i da duge 1a 60 hanh khach
mot chuyén. Néu mot chuyén chd duge m hanh khach thi gia tién cho moéi hanh
khach duge tinh 1a (30 — )2 dong. Tinh s6 hanh khach trén mdi chuyén xe dé
nha xe thu duge 1¢i nhuan mdi chuyén xe 1a 16n nhat.?

A. 30. B. 40. C. 50. D. 60.

Cau 169. Mot khéach san c¢6 50 phong. Hién tai moéi phong cho thué véi gia 400
ngan dong mot ngay thi toan bo phong dude thué hét. Biét rang cit mdi lan tang
gia them 20 ngan dong thi c6 thém 2 phong trong. Giam doc phai chon gia phong
méi 1a bao nhiéu dé thu nhap ctia khach san trong ngay la 16n nhat.

A. 480 ngan. B. 50 ngan. C. 450 ngan. D. 80 ngan.

Cau 170. Mot doanh nghiép ban xe gan may trong dé co6 loai xe A ban é nhat
v6i gia mua vao moi chiée xe 1a 26 trieu VND va ban ra 30 trieu VND, véi gia ban
nay thi s6 luong ban mot nam 1a 600 chiéc. Ctta hang can day manh viéc ban duge
loai xe nay nén da dua ra chién Iuge kinh doanh gidm gia ban va theo tinh toan
ctia CEO néu gidm 1 trieu VND mdi chiéc thi s6 luong xe ban ra trong mot nam
sé tang them 200 chiéc. Hoi cita hang dinh gia ban loai xe d6 bao nhiéu thi doanh
thu loai xe d6 clia ctta hang dat 16n nhat.

A. 29 trieu VND. B. 27,5 triéu VND.

C. 29,5 tricu VND. D. 27 trieu VND.
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Phan II. Cau tric nghiém ding sai. Trong méi y a), b), c), d) & mbi cau,

thi sinh chon ding hoac sai.

Cau 1: S6 dan ctia mot thi tran sau t nam ké tit ndm 1970 duge uée tinh bdi

cong thite f(t) = 20 (f(¢) duge tinh bang nghin ngusi).

a SO dan ctia thi tran vao nam 1980 13 18 nghin nguoi.
b S6 dan ctia thi tran vao dau nam 1995 1a 23 nghin ngudi.

¢ Xem f 1a mot ham s6 xac dinh trén nita khodng [0; +00). Vay ham s6 dong
bién trén [0; +o00).

d Dao ham ctia f biéu thi toc do tang dan s6 ciia thi tran (tinh bing nghin

ngudi/nam). Vao ndm 1998 thi téc do tang dan s6 1a 0,125 nghin nguoi/nam.

Cau 2: Su phan huy cua rac thai hitu co ¢6 trong nude sé lam tiéu hao oxygen
hoa tan trong nudec. Nong do oxygen (mg/l) trong mot ho nude sau t gio (¢ > 0)
. —~ P 2. ~, . 2 N X P 2 2. N A . 15t
khi mot lugng rac thai htu co bi xa vao ho duge xap xi b6i ham so y(t) =5 — 9T

(c6 d6 thi nhu duong mau d6 ¢ hinh beén)

~y

0 1’ 2 3

a Vao thoi diém ¢ = 1 thi nong do oxygen trong nuéc 1a 3,5(mg/1).

b Nong do oxygen (mg/l) trong mot ho nuée khong vuot qua 5 (mg/1).
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¢ Vao thai diem ¢ = 0 thi nong do oxygen trong nuéc cao nhat
d Nong do oxygen (mg/1) trong mot ho nuée thap nhat 1a 3,5 (mg/1).

Cau 3: Mot chat diém chuyén dong theo truc Oz. Toa do ciia chat diém tai

N

thoi diém ¢ duge xac dinh bdi ham s6 z(t) = t3 — 62 + 9t v6i t > 0. Khi d6 2/(¢) 1a
van toc clia chat diém tai thoi diém ¢ ki hieu v(t); v/(t) 1a gia tdc chuyen dong ciia

chat didm tai thoi diém ¢, kf hicu a(t).
a Ham van toc 1a v(t) = 3t2 — 12t +9
b Ham gia toc 1a a(t) = 6t — 12
¢ Trong khoang tit t = 0 dén ¢ = 2 thi van toc clia chat diem tang.
d Tt =2 trd di thi van téc ctia chat diém gidm.

Cau 4: Gia st mot hat chuyén dong trén mot truc thang ding chidu duong
huéng lén trén sao cho toa do ctia hat (don vi: mét) tai thoi diém ¢ giay la y =

3 =12t +3,t >0
a Ham van toc 1a: v(t) = 3t — 12,¢ > 0.
b Hat chuyén dong xudng dudi khi ¢ > 2.
¢ Quang duong hat di duge trong khoang 0 <t < 3 1a 9m.
d Khu ¢ > 0 thi hat tang toc.

Cau 5: Mot nha san xuat trung binh ban duge 1000 ti vi man hinh phang méi
tuan véi gia 14 trieu dong mot chiée. Mot cuoc khao sat thi truong chi ra rang néu
ctt gidm gia ban 500 nghin dong, s6 lugng ti vi ban ra sé ting them khoang 100 ti

vi moi tuan.

a Goi p (trieu dong) 1 gia ctia moi tivi, = 14 86 ti vi. Vay ham cau 1a : p(z) =

— 55 + 19 .

b Cong ty giam gia 4,5 (trieu dong) /1 ti vi cho ngudi mua thi doanh thu clia

cong ty 1a 16n nhat.
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¢ Néu ham chi phi hang tuan la C(z) = 12000 — 3z (trieu dong), trong d6 = 1a
sO tivi ban ra trong tuan, vay c6 2300 ti vi duge ban ra thi lgi nhuan 1a cao

nhét.

d Néu ham chi phi hdng tuan 1a C(x) = 12000 — 3z (trieu dong) trong dé x 1a
s6 ti vi ban ra trong tuan, nha sin xuat nén dat gia ban 8,5 tricu dong/1 ti

vi dé lgi nhuan 1a 16n nhét.

Phan III. Cau trac nghiém tra 15i ngan
Cau 1: Cho biét dién lugng truyén trong day dan theo thsi gian biéu thi béi
ham s6 Q(t) = 2t2+t trong d6 t dugce tinh bang giay (s) va Q dugc tinh theo Culong

(C). Tinh cuong do dong dien tai thuoi diém ¢t =4s. KQ:[ [ | | | |

Cau 2: Trong 5 giay dau tién, mot chat diém chuyén dong theo phuong
trinh s(t) = —t3 + 6t + ¢t + 5 trong d6 t tinh bang giay va s tinh bang mét. Chat
diém c6 van tbc tiic thoi 16n nhat bing bao nhiéu trong 5 giay dau tien d6? KQ:

L]

Cau 3: Mot tén ltta bay vao khong trung v6i quang duong di duge 1a s(t) (km)

13 ham phy thuoc theo bién t (gidy) tuan theo biéu thic sau: s(t) = ef T3 + 2¢e3t+!
(km). Van toc clia tén Iita sau 1 giay 14 me™ . Tinh T = m + n (Biét ham biéu thi
van toc 1a dao ham cap mot ctia ham bicu thi quang duong theo thsi gian)? KQ:

L]

Cau 4: Mot vat dude phong thang ding lén trén tit do cao 2 m véi van téc ban

dau 1a 24,5 (m/s). Trong Vat 1y, ta biét rang khi b6 qua stic can ctia khong khi thi
do cao h (mét) ctia vat sau t (giay) duge cho béi cong thiic h(t) = 2+ 24, 5t — 4, 9t2.

Hoi sau bao nhiéu giay thi vat dat do cao 16n nhat? KQ:| | | | | |

Cau 5: Gia sit doanh sb (tinh bing s6 san pham) ctia mot san pham méi (trong
vong mot s6 nam nhat dinh) tuan theo quy luat Logistic dugc mo hinh hoa bang
ham s6 f(t) = 1222 ¢ > 0 trong d6 thoi gian t duge tinh bang nam, ke tir khi phat
hanh san pham mdi. Khi d6, dao ham f/(t) sé biéu thi tdc do ban hang. Hbi sau khi

phat hanh bao nhiéu nam thi téc do ban hang 1a 16n nhat? KQ:| [ | | | |

Cau 6: Trong mot thi nghiem y hoc, ngusi ta cdy 1000 vi khuan vao moi
truong dinh dudng. Bang thuc nghiem, ngudi ta xac dinh dude sb luong vi khuan

thay doi theo thoi gian béi cong thiic: N(t) = 1000 + 1002t (con), trong d6 ¢ 1a thoi
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gian tinh bang giay. Tinh s6 lugng vi khuan 16n nhat ké tit khi thyc hien cay vi

khuan vao méi truong dinh duéng. KQ: \ | | | | \

Cau 7: Ho ép khi quan co lai, anh huéng dén téc do cta khong khi di vao
khi quan. Téc do ctia khong khi di vao khi quan khi ho duge cho béi cong thic
V =k(R—7)r?0 <r < R trong d6 k 1a hiang s6, R 14 ban kinh binh thuong cta
khi quan, r 1a ban kinh khi quan khi ho. H6i ban kinh ctia khi quin khi ho bang
bao nhiéu so véi ban kinh khi quan lic binh thuong thi toc do ctia khong khi di
vao khi quan 1a 16n nhat? KQ: | [ [ [ [ |

cau 8: Nguoi quan i ctia mot khu chung cu ¢6 100 can ho cho thué nhan thay
rang tat cd cic can ho sé c6 ngudi thué néu gia thué mot can ho 1a 8 tricu dong
mot thang. Mot cudc khdo sat thi truong cho thay rang, trung binh ct mdi lan
tang gia thue can ho them 100 nghin dong thi sé c6 thém mot cin ho bi bo trong.
Ngudi quan 1f nén diit gia thué méi can ho 1a bao nhiéu dé doanh thu la 16n nhat?
KQ: L [ [ [ [ |

Cau 9: Gia st chi phi tién xing C (dong) phu thudc téc do trung binh v(km/h)

theo cong thiic: C(v) = 0990 4 34(0 < v < 120) Dé biéu dién truc quan su thay doi

(%

ctia C(v) theo v, ngudi da da vé do thi ham s6 ctia C(v) nhu hinh bén.

Civ) A
830
BOO 1
TE 1
700 1
G630 1
GO0 1
5500 4
SO0 1
450 -
400 + - === ==
350 - ;
300 1 :
250 4 1

200 :

|
I
I
I

150
100 4
50 4

1 T

-20 |0 20 40 60 B0 100 110
]

Huéng dan giai
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Tap xac dinh: D = (0; 120].

Dao ham ('(y) = — 16000 4 5 _ S@-80480) _ o, ; — 80 (loai) hoiic v = 80.

Trén khoang (0;80), C’(v) < 0 nén ham s6 nghich bién trén khoang nay.
Trén khoang (80;120), C’(v) > 0 nén ham s6 dong bién trén khoang nay.
Cuc tri: Ham s6 dat cuyc ticu tai v = 80, Cor = C(80) = 400.

Gidi han v6 cuc va tiém can:

16

000 . %v) — +00 = nén duong thing v = 0 la tiem can ditng ctia ¢

lim,_,o+ C(v) = lim,_,o+ ( o

Bang bién thién:

v 0 80 120
C'(v) - 0 +
+o0 +o0
C(v)
400

D6 thi ham s6 ¢6 diém cuc tieu (80;400) va di qua cac diém (40; 500), (100; 410), (120; 1390)
nhu hinh

C(v)
550
500 x
1300 450 H
ey« B
3 410
400 - :
350 5 i |
300 . i ] i
250 |
200
--168 ——— ———————
50

1 1 1 L]
-100] 10 20 30 40 30 60 70 80 90 100 110 120 »

Quan sat do thi ham s6, ta nhan thay ham s6 dat GTLN khi v = 80 va GTNN Ia
400.

Cau 10: Mot cong ty kinh doanh bat dong sin c6 20 can ho cho thueé. Biét
rang néu cho thué méi can ho véi gia 2 trieu dong/1 thang thi tat ca cac can
ho déu c6 nguoi thue. Nhung cit mdi lan tang gia cho thué moi can ho them 200
nghin dong/1 thang thi ¢6 them mot can ho bi bo trong. Hoi cong ty nén cho thue

mdi can ho bao nhiéu tién mot thang dé tong s6 tién thu duge 1a 16n nhat? KQ:
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L]

Cau 11: Mot con ca hoi boi ngude dong nuée dé vuot mot khoang cach 1a

300 km. Van téc dong nude 1a 6(km/h). Néu van téc boi clia ca khi nude ding
yén la v(km/h) thi nang lugng tiéu hao ctia ca trong t gic duge cho béi cong thic
E(v) = cvt (trong d6 ¢ 1a hiang s6 duong, E duge tinh bang don vi Jun). Ca bo

ngudc dong quing dudng 300 km trén trong khodng thoi gian t véi van toc bang

bao nhiéu dé ning luong tieu hao 1a thap nhat? KQ:| | | [ [ |

Cau 12: Thé tich V ctia 1 (kg) nude & nhiet do t (¢t ndm gitta 0°C dén 30°C")
duge cho béi cong thiic V = 999, 87—0, 06426¢+0, 0085043t2—0, 0000679¢3 (m?) O nhict

do bao nhieu do C thi nude c6 khoi lugng rieng 16n nhat? KQ:| | [ | | |

Cau 13: Mot cong ty danh gia rang sé ban dude N 16 hang néu chi hét sb tien
la x (trieu dong) vao viéc quang cao. Biét rang N va x lien hé v6i nhau bang biéu

thic N(z) = —22 4+ 30z + 6,0 < z < 30. Hay tim s6 16 hang 16n nhat ma cong ti c6

thé ban sau dot quang cao? KQ: \ | | | | ‘

Cau 14: Cong ti truyen hinh cap Vista hién c6 100000 thué bao. Méi thué bao
dang tra cuéc thué bao 40$ thang. Mot cudc khdo sat cho thay cit méi lan gidm
0,25$ cude thué bao, cong ti c6 thé c6 them 1000 thué bao. Dé doanh thu thu duge
1a t6i da, cong ti can xac dinh mic cuéc thué bao mdi thang 1a bao nhieu? KQ:
NN

Cau 15: Mot bai bao trong tap chi xa hoi hoc phat biéu ring néu mot chuong

trinh cham so6c stc khoe dac biét cho ngusi gia duge khdi xudng, thi t nam sau
khi né duge khéi dong, n ngan ngudi gia co thé truc tiép nhan dude cac phic 1o,
trong d6 n = % —6t2432t(0 < t < 12) . V6i gia tri ndo clia t thi s6 nguoi nhan phic
lgi t6i da 1a bao nhieu? KQ:| | [ | | |

Cau 16: Mot chat diém chuyen dong c6 phuong trinh chuyen dong la s =
—13 + 6t% + 17t v6i t(s) 1a khodng thai gian tinh tit lic vat bat dau chuyén dong va
s(m) la quang duong vat di dudc trong khoang thoi gian dé. Trong khoang thaoi
gian 8 giay dau tién, van téc v(m/s) ciia chat diém dat gia tri 16n nhat bang? KQ:
NN

Cau 17: Mot cong ty san xuat dung cu thé thao nhan duge mot don dit hang

sdn xuat 8000 qua boéng tennis. Cong ty nay sé hitu mot s6 may moc, moi may
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c6 thé san xuat 30 qua béng trong mot gis. Chi phi thiét lap cac may nay la 200
nghin dong cho mdéi may. Khi dugc thiét lap, hoat dong san xuat sé hoan toan dién
ra tu dong dudi su giam sat. S6 tien phai tra cho ngudi giam sat 1a 192 nghin dong
mot gio. S6 may méc cong ty nén st dung la bao nhiéu dé chi phi hoat dong la

thap nhat? KQ:[ | [ [ [ |

Dang 2: Mot s6 bai toan t6i vu don gian

Quy trinh gidi mot bai toan t6i wu hoa:

e Bu6c 1: Xac dinh dai lugng Q ma ta can lam cho gia tri ctia dai lugng ay
16n nhat hoac nhé nhat va bicu dién né qua cac dai lugng khéc trong bai
toan.

e BuGe 2: Chon mot dai lugng thich hgp nao do, ki hiéu la x, va bidu dién
cac dai luong khac 6 Buée 1 theo x. Khi d6, dai lugng Q sé 1a ham s6 clia
mot bién x. Tim tap x4c dinh clia ham s6 Q = Q(x)

e Budc 3: Tim gia tri 16n nhat hofic gia tri nhé nhat clia ham s6 Q = Q(x)

bang cac phuong phap da biét va két luan.

BAI TAP TU LUAN

Bai tap 1: Mot bac nong dan c¢6 ba tam luéi B40, mdi tAm dai a(m) va muén
rao mot manh vuon doc theo bg song ¢6 dang hinh thang can ABCD nhu hinh vé
duéi day biét ring bo song la duosng thing CD khong phai rao luéi. Héi bac nong

dan dé6 c6 thé rao duge manh vudn c6 dién tich 16n nhat 14 bao nhiéu mét vuong?

A a(m) B

a(m) a(m)

Bai tap 2: C6 hai xa A, B cung 6 mot bén bo song. Khoang cach tir hai xa do

dén bo song lan lugt 13 AA’” = 550m, BB' = 600m. Nguoi ta do duge A'B’ = 2200m
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nhu hinh vé duéi day. Cac ky st muodn xay dung mot tram cung cap nuéc sach
nam canh bén bo song cho ngudi dan ctia hai xa st dung. Dé tiét kiem chi phi, cac
k¥ st phai chon mot vi tri M ctia tram cung cap nudc sach d6 trén doan AB sao
cho tong khoang cach tit hai xa dén vi trf M 14 nhé nhat. Hay tim gia tri nhd nhat

clia tong khoang cach dé.

500(m) 600(m)
2200(m)

A’ B'

BAI TAP TRAC NGHIEM
Cau 171. Mot man anh hinh chit nhat cao 1,4 mét va dat ¢ do cao 1,8 mét so véi
tam mat (tinh tit ddu mép dudi ctia man hinh). Dé nhin 16 nhat phai x4c dinh vi

tri d6? Biét rang goc BOC 1a géc nhon.

A. AO =2,4m. B. AO =2m. C. AO = 2,6m. D. AO = 3m.

Cau 172. Tu hinh vudng c6 canh bang 6 ngudi ta cat bo cac tam giac vuong can
tao thanh hinh t6 dam nhu hinh vé. Sau d6 nguci ta gap thanh hinh hop chi nhat
khong nip. Tinh thé tich 16n nhéat ctia khéi hop.
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FEEEES SR EEE FRER R R RREEEE
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L]
L]
L]
L]
L]
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-
L}
LJ
L]
L]
L]
-

LIE R R L L LR 22l

LEREER SN RN ] Ll LR R R L LRE LS ]

A. 8V2. B. 10v2. C. 9Vv2. D. 11V2.
Cau 173. Cho hinh vuong ABCD c¢6 canh bang 4, chinh gitta ¢c6 mot hinh vuong
dong tam véi ABCD. Biét ring bon tam giac 1a bon tam giac can. Hoi tong dien

tich ctia hinh vuong & gitta va bon tam gidc can nhé nhat bang bao nhieu?

A B

D C
A ¥ B. i C. 1 D. .
Cau 174. Trong mot bai thyc hanh huan luyén quan st ¢6 mot tinh hudng chién
si phai boi qua song dé tan cong muc tiéu ¢ ngay phia bo bén kia song. Biét rang
long song rong 100m va van téc boi clia chién si bang mot phan ba van toc chay
tren bo. Hay cho biét chién s phai boi bao nhiéu mét dé dén duge muc tiéu nhanh
nhat? Biét dong song la théng,muc tieu cach chién sy 1km theo duong chim bay

va chién sy cach bo beén kia 100m.
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A. 200v2 B. 75/3. C. 2003, D. 75v/2.

Cau 175. Mot ngudi du dinh lam mot bé chita nude hinh tru bang indc cé nip
day v6i the tich 1(m?) . Chi phi méi m? day la 600 nghin dong, méi m? nip la 200
nghin dong va mdi m? mit bén 1a 400 nghin dong. Héi ngusi d6 an kinh bé 1a bao
nhiéu dé chi phi lam bé it nhat?

A. 3. B. i/ C. i/ D. {/L.
Cau 176. Tim dién tich 16n nhat ctia hinh chit nhat noi tiép trong nita duong tron
ban kinh R, néu mot canh ctia hinh chit nhat ndm doc theo duong kinh ctia hinh
tron ma hinh chit nhat dé noi tiép?

A. 2R% B. 5R%. C. R% D. 3R%.
Cau 177. Dé thiét ké mot chiéc bé ca hinh chi nhat cé chiéu cao la 60cm, thé
tich 1a 96.000cm? , ngudi thg ding loai kinh dé st dung lam miit bén c6 gia thanh
70.000 dong/m? va loai kinh dé lam mat déy c6 gia thanh 14 100.000 dong/m?. Chi
phi thap nhit dé hoan thanh bé ca la:

A. 83.200.000 dong. B. 382.000 dong.

C. 83.200 dong. D. 8.320.000 dong.

1.8 On tap chuong 1

Phan I. Cau trac nghiém nhiéu phuong an Iya chon. Méi cau héi thi
sinh chi chon mo6t phuong an.
Cau 178. Ham s6 y = 23 — 3z + 1 nghich bién trén khoang nao dudi day?
A. oo 1). B. (-1:1). C. (-2;2). D. (1; +o0).
Cau 179. Tich gid tri 16n nhat va gid tri nhd nhat ctia ham s6 f(z) = v + 2 tréen
doan [1;3] bang
A. % B. 2. C. 20. D. 6.
Cau 180. Phuong trinh tiém can ngang clia d6 thi ham s6 y = 322 1a
A.x=-1. B. x=3. C.y=3. D.y=2.
Cau 181. Cho ham s6 y = f(z) c6 bang bién thién sau

Gia tri cuc tieu ctia ham s6 da cho 1a
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00
A. 0. B. 3. C. —4. D. 2.
Cau 182. Duong tiém can xién ctia do thi ham s6 y = % la duong thing c6
phuong trinh la
A.y=x+4. B.y=z+1. C.y=x-2. D.y=2z—-4.

Cau 183. Gi4 tri 16n nhat ctia ham s6 y = 2% — 8Inz trén doan [1;¢] 1a

A. 1. B. 10. C. 4 —8In2. D. ¢ — 8.

Cau 184. Tam ddi xting ctia do thi ham s6 y =z — 1 + —5 €0 toa do la
A. (-2;-3). B. (2;-3). C. (-2;3). D. (2;3).

Cau 185. Mot vat chuyen dong thing véi phuong trinh chuyén dong la s = —2¢3 +
24t? + 9t — 3 v6i t tinh bang giay va s tinh bang mét. Hoi trong khodng thoi gian 8
giay, ké tir ldc bat dau chuyén dong, van téc 16n nhéat ctia vat dat duge bang bao
nhiéu?

A. 289m/s. B. 487m/s. C. 111m/s. D. 105m/s.

Cau 186. Biét dudng thang y = 2z — 3 cit do thi ham s6 y = 2253 tai hai diém A
va B. Toa do trung diém I ctia doan thang AB la
A T(-L -1 BUI(-L 1) Cor-h-B). D.r(-li-

[\S[EN

).
Cau 187. Cho ham s6 y = f(r) ¢6 dao ham trén R thoa man f/(z) < 0,Vz € (—1;3)
va f'(x) > 0,Vz € (3;5). Phat biéu nao sau day ding?

A. Ham s6 f(z) nghich bién trén cac khoadng (—1;3) va (3;5).
B. Ham s6 f(z
C. Ham s6 f(z
D. Ham s6 f(z

Q.

(3;
)
) nghich bién trén khoang (3;5) va dong bién trén khoang (1;3).
) dong bién trén cac khoang (—1;3) va (3;5).

)

Q.

ong bién tren khodng (3;5) va nghich bién trén khoang (—1;3).

Cau 188. Cho ham s6 y = f(x) c¢6 bang bién thién nhu sau
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Ham s6 da cho dong bién trén khoang nao duéi day?

A. (—o0;-2). B. (—2;+00). C. (~2;0). D. (—o0;1).

Cau 189. D6 thi ham s6 nao dudi day c6 ding ba duong tiem can?

_ _1 _ T _ 222243 _ 1-2x
Acy=rg B.y=otrs  Coy=%55E"  Doy=T%7

Cau 190. Cho ham s6 y = f(z) ¢6 do thi nhu hinh vé. Ham s6 y = f(x) dong bién

trén khoang nao dudi day?

A. (—o0;—2). B. (-2:0). C. (=2 +00). D. (—o00;2).

Cau 191. Cho ham s6 y = f(x) c¢6 do thi nhu hinh vé bén. Goi M va m lan lugt
la gid tri 16n nhat va gia tri nhé nhat ctia ham s6 y = f(z) trén doan [0;5]. Khéng

dinh nao sau day dang?
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1'I|.

8 b=

37

12

g

3/

|
A.3m+ M = 16. B. 8n + 3M = 16.
C. 12m —3M = 13. D. 12m — 4M = 5.

Cau 192. Cho ham s6 y = f(x) c6 dd thi nhu hinh bén. Phat biéu nao dudi day

diang?

=Y

A. D6 thi ham s6 ¢6 tiem can ding x = 2 va tiém can ngang y = 2.
B. D6 thi ham s6 ¢6 tiem can ding = 2, tiém can ngang y = 1.
C. Do thi ham s6 ¢6 tiém can ding x = 2, tiém can ngang y = 0.
D. D6 thi ham s6 ¢6 tiem can dung x = 0, tiém can ngang y = 1.

Cau 193. Ham s6 nao sau day khong cé cuc tri

_ .2 _ 221
A.y=2°-3x+2. B.y=H
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C.y=2% D.y=—-2%+z.

Cau 194. Cho ham s6 y = f(z) théoa man: lim f(z) = 1;lim f(z) = 1;lim f(z) =

x—2- r—2+ T—+00

2;lim f(z) = 2. Khing dinh nao sau day ding?

T——00

A. Duong thang = = 2 1 tiém can ding ctia do thi ham s.

B. Duong thang y = 2 1a tiéem can ngang ctia do thi ham sé.

C. Dudng thang y = 1 la tiém can ding clia do thi ham s6.

D. Dudng thang = = 2 1a tiém can ngang ciia do thi ham sb.
Cau 195. Cho ham s6 y = f(r) c6 dao ham f/(z) = x(z—1)?(2+2)* véi moi x € R.
S6 diém cuc tri cia ham sé da cho 1a

A. 1. B. 0. C. 2. D. 3.

Cau 196. C6 tat ca bao nhiéu gia tri nguyen duong clia tham sé m dé ham s6

etm . dong bién trén ting khodng xac dinh ctia n6?

Y= 272023

A. 2021. B. 2024. C. 2023. D. 2022.
Cau 197. Cho ham s6 y = % Ham s6 dat cuc dai tai diem z = 2 1a

A.m=-1. B. m=-3.

C.me {-3;—-1}. D. khong c6 gia tri ctia m.
Cau 198. Gia tri nho nhat ciia ham s6 y = 2£1 tren doan [2;3] bang

A. —5. B. 2. C. 0. D. 1.

Cau 199. Cho ham s6 y = f(r) xac dinh trén R vd ¢6 bang bién thién nhu hinh

ve

€T o0 0 1 3 oo

0 } 0 0 }
0 0
flz) / \ / \
00 ! o0

S6 diém cuc tri cia ham sb 1a:
A. 3. B. 2. C. 1. D. 0.
Cau 200. Gia tri 16n nhat M va gia tri nhé nhat m ctia ham s6 y = = — sin2z trén

doan [0; 7] 1an lugt 1a:
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A M=rmm=2%—3. B. M =n,m=0.

C.M=mm=

ol wy

—1. D.M:W,m:%"—\/g.

Cau 201. Cho ham s6 y = % Tong s6 cac duong tiém can ctia do thi ham
s6 da cho 1a
A. 1 B. 2. C. 3. D. 4.

Cau 202. Do thi ctia ham s6 nao dudi day c6 dang duong cong nhu hinh vé

_ 3 _ =
A.y=—2"+3c+1. B.y=1=.
C.y=a23-3z+1. D.y:“;::;’.

r |—0C 0 1 2 Foo
f’(;iﬁ) f 0 — — 0 }
9 o b0
§]
—00 —00
2 2 2 2
A.y==¢ Jgfmf? B. y = £t22=2 C.y=22= Jgfﬁ”. D. y= 242,

Cau 204. Gia tri 16n nhat ctia ham s6 y = 23 — 322 — 9z + 10 trén doan [—2;2]
bang

A. 1. B. 15. C. 10. D. —-12.
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Cau 205. Cho ham sb y = Z. Khang dinh nao sau day dang?
A. Ham s6 dong bién trén cac khodng (—oo; —1) U (—1; +-00).
B. Ham s6 dong bién trén cac khodng (—oo; —1) va (—1;+00).
C. Ham s6 nghich bién trén cac khodng (—oo; —1) va (—1; +00).

D. Ham s6 nghich bién trén khoang R {—1}.
Cau 206. Cho ham s6 y = f(z) ¢6 bang bién thién nhu hinh vé

€T 00 0 1 00

f'(x) 0 +

2 o oo

@) \ ~.

Tong s6 duong tiém can ding va tiém can ngang ctia do thi ham s6 da cho 1a

A. 3. B. 1. C. 2. D. 4.

Cau 207. Mbi dot xuat khau gao ctia tinh A thudng kéo dai trong 60 ngay. Ngusi
ta nhan thay luong gao xuat khau tinh theo ngay thit ¢ duge xac dinh béi cong
thite: S(¢) = 2t3 — 63t% + 3240t — 3100 (tan) (1 < ¢ < 60). H6i trong 60 ngay do, ngay
thit may c6 luong gao xuat khau cao nhat?

A. 60. B. 45. C. 30. D. 25.

Cau 208. Do thi ham s6 y = 23 — 27z + 2 ¢6 hai diém cuye tri 1a A va B. Do dai
doan AB bang
A. /5. B. 2v/5. C. 30V13. D. 15v/13.

Cau 209. Cho ham s6 f(z) lién tuc va xac dinh trén R, Biét f(z) c6 dao ham va
ham s6 y = f/(z) c¢6 dd thi nhu hinh vé, khing dinh nao sau day ding?
A. Ham s6 y = f(z) nghich bién trén R.

x) nghich bién trén khoadng (—o0;0).

f(z)
B. Ham s6 y = f(x) dong bién trén R .
C. Ham s6 y = f(x)

f(z)

D. Ham s6 y = f(r) dong bién trén khoang (—oo;0).
Cau 210. Gi4 tri nho nhat ctia ham s6 f(z) = 23 — 24z trén doan [2;19] bang

A. 32V/2. B. —40. C. —32V2. D. —45.
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0 1 A

Cau 211. Duong cong hinh bén 1a do thi clia mot trong bon ham s6 dudi day.

Ham s6 d6 14 ham s nao?

L3 -

i x
A.y=—-2+32+2. B.y=az'—22+1.
C.y=a?+22+1. D.y=a% -3z +2.

—_

r—

Cau 212. Tiém can ding ctia do thi ham s6 y = -

l\?‘

A.z=-2. B. 2z =2. C.z=2. D.z=-1.

Cau 213. Cho ham s6 y = f(z) ¢6 do thi 1a duong cong nhu hinh bén.

Ham s6 da cho dong bién trén khoang nao duéi day?

A. (—0;0). B. (0;1). C. (1;+00). D. (—1;0).

Cau 214. Ham s6 ndo sau day nghich bién tréen R?
A.y=2a3—3z+2. B.y=—23+22% -4z + 1.
C.y=z"+222+2. D.y=—2%— 22> 452 — 2.
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'”.l

s

|
I
I
|
|
10

Cau 215. Tiém can xién ctia do thi ham sé y = 3z + %

A.y=23. B. y=3z. C.y=x+1. D.y=xz-1.

Cau 216. Ham s6 f(z) c6 dao ham f'(x) = 22(z — 1)(x — 2)?,Vz € R. Ham 86 f(z)
¢6 bao nhiéu diém cuc dai?

A. 2. B. 0. C. 1 D. 3.

Cau 217. Cho ham s6 f(x) ¢6 bang bién thién trén [—5;7) nhu sau

ro| 2 1 T
y 0 l
y | 6 )

~_ _
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Meénh dé nao duéi day ding?

A. minf(x) = 1. B. minf(x) = 2. C. minf(z) =9. D. minf(x) = 6.
[=557) [=5:7) [=5;7) [=5:7)

Cau 218. Cho ham s6 y = f(z) lien tuc va c¢6 do thi trén doan [—2;4] nhu hinh

vé. Tong gia tri 16n nhat avf gia tri nhé nhat ctia ham sé y = f(x) trén doan [—2; 4]

bang
)
" y = fiz)
(] /\ % =
- \\/ 3

e

A%

A. 5. B. 3. C.o. D. 2.

Cau 219. Ham s6 y = f(z) c6 do thi nhu hinh vé. Khéng dinh nao sau day ding?

A. D6 thi ham s6 ¢6 diém cyce dai 1a (1;-1).

B. D6 thi ham s6 c¢6 diém cue tiéu 1a (1;—1).
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C. D6 thi ham s6 ¢6 diém cie tiéu 1a (—1;3).

D. D6 thi ham s6 c¢6 diém cue tiéu 1a (1;1).

Cau 220. . Hinh bén cho biét Iugng mua trung binh cac thing nam 2019 tai Thanh
phé Ho Chi Minh do theo don vi milimet. Hay cho biét vao thang nao trong nam

2019 thi lugng mua (mm) 1a cao nhat ?

¥ Lugng mua trung binh céc thing nim 2019 tai Thanh phé Hé Chi Minh
400
350 T — /jf
300 /" —
250 e ‘2‘7/\ \2 =

213 \

200 f’.{ ‘.\
e .f/ \r:-;
100 . £ Y

o 14 4 9 - . \

o Lo 0" a7 x

1 2 3 4 5 L] 7 g 9 10 n 12 (Thang)
A. Thang 6. B. Thang 8. C. Thang 9. D. Thang 10.

Cau 221. Mot ctta hang tra sita c6 do thi biéu dién s6 ly tra sita ban duge trong
mot tuan nhu sau. S6 ly tra sita ctta hang d6 ban duge nhiéu nhat trong mot ngay

1 bao nhiéu

Ha

(o] Thar2 Third Third TharS Thor & Thar 7 Chi nhit

A. 62 ly. B. 52 ly. C. 68 ly. D. 58 ly.

Cau 222. Cho ham s6 f(r) xac dinh va lién tuc tréen R —1 ¢6 bang bién thién nhu

Sau

f'(z) - I +
flz) | 2 o0
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D6 thi ham s6 y = f(z) c6 duong tiem can ding 1

A.x=-1. B. x=2. C.z=-2 D.y=-1.

Cau 223. Duong cong ¢ hinh ben 1a dd thi ctia ham s6 y = 24 v6i a,b, ¢, d 1a cac

s6 thyc. Ménh dé nao duéi day dung?

VA

&

-

A\

e

\

A.y <0vzeR. B.y>0Vr#1. C.y <0,Vanel. D.y >0VzreR.

Cau 224. Cho ham s6 y = f(z) ¢6 bang bién thién nhu hinh vé bén dudi.

D6 thi ham s6 y = f() cit duong thang y = /2 tai bao nhiéu diém
A. 1. B. 2. C. 3. D. 0.

Cau 225. Ham s6 nao dudi day dong bién trén khodng (—oo; +00)?

27
Ay =(5" B.y=a'+z.  Coy=ig. D.y =3

Phan II. Cau tric nghiém ding sai
Cau 1: Cho ham s6 f(z) c6 bang bién thién nhu sau. Cdc ménh dé sau 1a ding

hay sai?
a Ham s6 nghich bién trén khodng (—1;1).
b f(=5) > f(=3).

., . - 2 2 N A N}
¢ Gia tri cyc tieu ctia ham so bang —2.
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r | —oC —1 1 +00
y’ - 0 — 0 -
2 +00
y / \ /
—0C —2

d Ham s6 dat cuc dai tai diém z = 2

Cau 2: Cho ham s6 y = f(z) lién tuc trén R va c¢6 do thi nhu hinh vé ben.

Céc khang dinh sau day la ding hay sai?

tl..:i e o o o o Ee Ee e

-1 1

a Ham s6 da cho dong bién trén (1;3).
b Gia tri nhé nhéat ctia ham s6 tren [0; 3] bang 1.
¢ Gia tri 16n nhat clia ham s6 trén [—1;3] bang 5.

d Téng gia tri 16n nhat va gia tri nho nhat cia ham s6 y = f(|z|) trén doan

[—1;2] bang 6

Cau 3: Cho ham s0 y = 222, Xét tinh ding sai cia ménh deé sau.

a DO thi ham s6 c6 duong tiem can ngang la duong thang y = 2.
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b D6 thi ham s6 c¢6 duong tiem can ding la duong thing = = 1.
¢ Do thi ham s6 c6 tat ca hai duong tiém can.

d D06 thi ham s6 c6 giao diém I clia hai duong tiém can nim trén dudng thang

A:x+2y—3=0.
Cau 4: Cho ham s6 y = 2% — 322 — 22+ 4
a Ham s6 da cho dong bién trén khoang (0;2)
b Ham s6 da cho nghich bién trén khoang (—oo; 1).
¢ Ham s6 da cho c6 2 cuc tri
d Néu ¢/(x) = f(x) thi ham s6 g(x) c6 3 cuc tri.
Cau 5: Cho ham s6 y =z + 1. Khi d6
a Ham s6 dat gia tri nho nhat trén (0;3) khi z = 2.
b Gia tri nho nhat ciia ham s6 trén tap xac dinh bang 2
¢ Gia tri 16n nhat ctia ham s6 trén (0;3) bang 4
d Co6 dung 2 gia tri nguyen ctia m dé phuong trinh f(z) = m cé 1 nghiem.
Cau 6: Cho ham s6 y = ﬁ%ﬁ“ Cac ménh dé sau l1a ding hay sai?
a Ham s6 c6 hai duong tiém can.
b Giao diém ctia hai tiem can la I(—2; —6).
¢ Khoang cach tit O dén duong tiém can xién bang 4v/2.
d Tiém can xién ctia ham s6 di qua diém M (0; —4)
Cau 7: Cho ham s6 y = ‘”2;—::;” nhu hinh vé.
a Tap xac dinh ctia ham s6 da cho 1a D = R.
b Tiém can ding ctia do thi ham s6 1a duoeng thing = = 3.

¢ Tiém can xién ctia do thi ham s6 1a dudng thing y = = — 2.
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d Tam déi xting ctia do thi ham s6 14 diém (1;3).

2 2 — . N Z
Cau 8: Cho ham s6 y = w v6i m 1& tham so

r—

a V6i m = —1 do thi ham s6 c6 tiém can ngang y = 2.
b V6i m =0 do thi ham s6 c6 tiém can xién y = x — 1.

¢ V6i m = 2 thi dudong tiém can xién ctia do thi ham s6 tao véi hai truc toa do
mot tam gidc ¢6 dien tich bang 3.

d Véi m = 1, tich khodng céch tit mot diém bat ki trén do thi dén cac dudng
tiem can bang 3v5

= -

Cau 9: Cho ham s6 y = f(z) ¢6 do thi (C) nhu hinh vé
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a Do thi (C) cat truc Oy tai diém c6 tung do bang 2.
b Db thi (C) c6 tiem can ding 14 duong thing 2 — 1 =0
¢ Ham s6 y = f(x) ¢6 hai cuc tri trong d6 yor > yop.

d Hai duong tiém can ctia do thi cling v6i truc hoanh tao thanh tam giac c6

dién tich bang 2.

Cau 10: Cho ham s y = f(z) = ax3 + br* + cz + d ¢6 do thi nhu hinh vé ben.

L}

o

a Do thi ham s6 cit truc hoanh tai duy nhat mot diém.
b f(1) =0
cad>0

d be<O

Cau 11: Cho ham s6 y = f(z) c6 dao ham f'(z) = (23 — 22?)(2® — 22), v6i moi

z e R.
a Ham s6 y = f(z) dong bién trén khoang (0;2).

b D& thi ham s6 y = f(x) c6 4 diém cuec tri.
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¢ f(x) =0 c6 dbi da 5 nghiém phan biét.

d Ham s6 y = f(x) nghich bién trén khoang (—+/2;0).

Cau 12: Cho ham s6 f(x) = 4% — 2%3. Xét tinh ding sai cac phat bic¢u sau
a Dao ham ciia ham s6 f(x) 1a f'(x) = 4%.In4 — 2+3[n2.

b Phuong trinh f(x) =0 c¢6 2 nghiém phan biét.

¢ Gia tri nho nhat ctia ham s6 f(x) trén doan [0;3] dat = = 2.

d Gi4 tri 16n nhat ctia ham s6 f(z) trén doan [0;3] bang 0.

Cau 13: Cho ham s6 y = f(z) xac dinh trén R va c¢6 do thi nhu hinh vé:

a Ham s6 da cho ¢6 hi diém cuc tri

b Ham s6 da cho dong bién trém khodng (—1;1)

¢ Gia tri 16n nhat ctia ham s6 da cho nén nita khoang (1;2] bing 2.

d f(z) =2 - 3.

Cau 14: Cho ham s6 y = f(x) ¢6 do thi ham s6 y = f/(z) nhu hinh vé.
a Ham s6 dong bién trén khodng (2;3).

b Trén khodng (0;3) ham s6 c6 mot diem ciyc dai.

¢ Trén khoang (—1;3) phuong trinh f/(x) = 0 ludn c¢6 3 nghiém phan biét.
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77 |

[ ) +'_]_\ &

d Cho f(—=1) + f(0) = 2f(1) = f(3) — f(2) thi min f(z) = f(3)

[—1:3]
Cau 15: Cho ham sb f(x) = 2sin2x + 27 — 5.
a f(5)~10)=%.
b Dao ham ctia ham s6 da cho 1a f/(z) = —4cos2x + 2.

¢ Tren doan [0; 3] Phuong trinh f(x) = 0 ¢6 ba nghiém phan biet.
d Gié tri 16n nhat ctia f(z) trén [0;3] 1a 37 — 5.

Cau 16: Cho ham s6 f(z) = inx — 222

a f(1) = =2, f(e?) = 2¢ — %

b Dao ham ctia ham s6 trén khodng (0; +00) 1a f/(z) = L — 4a

¢ Ham sb f(z) dong bién trén (3;+oo) va nghich bién tren (0;3).

d Tong gia tri 16n nhat ctia ham s6 f(z) trén [3;e?] bing 3 — ina — ae’. Khi d6

ab = 6.
Cau 17: Cho ham sb f(r) =e — 3z +2
a f(0)=2,f3)=e3—-T1.
b Dao ham ciia ham s6 1a f/(z) = e* — 3.
¢ Phuong trinh f'(z) = 0 c6 nghiém la z = In3.

d Gi4 tri nho nhat ctia ham s6 f(z) trén doan [0;3] bang 3 — 3In3.
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Cau 18: Mot cita hang ban do thii cong véi gia ban 1a 39000 dong/san pham.
Gia nhap vao clia san pham d6 1a 15000 dong/san pham. Véi gia nay clta hang udc
chimg ban dugc 120 san pham/ngay. Ctia hang du dinh gidm gia ban, uéc tinh ci

gidm 1000 dong/san pham thi sé san pham ban dugc sé tang theém la 15 sdn pham.
A. Néu gia ban 1a 25000 dong/san pham thi cita hang ban dugc 135 san pham /ngay.

B. Loi nhuan t6i da theo ngay clia ctta hang khi chua gidm gia sin pham la

2880000 dong.
C. Lgi nhuan t6i da theo ngay ma cita hang thu duge 1a 3840 (nghin dong).

D. Goi z (nghin dong) 1a gia tién ma ctta hang du dinh ban sdn pham do6 (15 <
z < 39), khi d6 1¢i nhuan theo ngay ciia ctia hang duge xac dinh béi ham s6

f(x) = (z — 15)(705 — 15x).

Cau 19: Mot vat chuyén dong theo quy luat s(t) = 3 — 3t2 4+ 9t + 36, Vi t
(giay) 14 khodng thai gian tinh tit ltic chat diém bit dau chuyén dong va s 1a quang
duong vat di chuyén trong khodng thoi gian do, tinh bing mét (m).

A. Quang dudng vat di duge sau 4 giay ké tit lic bat dau chuyén dong 1a 82 (m).
B. Van toc clia vat tai giay thit ¢ 1a v(t) = 3t> — 6t + 9.

C. Gia tbc clia vat tai thoi diém 2 giay 1a 4 (m/s?).

D. Trong khodng thai gian 10 s (dau tién), van tdc clia vat nhé nhat 1a 6 m/s.

Cau 20: Ngudi ta udc tinh rang sé luong ca thée ctia mot loai c6 nguy co tuyét

chling van con trong tu nhién t nam sau khi chinh sach bao vé dudc thiét lap c6

thé dugc mo hinh hoa biang ham s6 N(t) = %, t>0.

A. S6 lugng ca thé ciia loai d6 tai thai diém khi bat dau thiét 1ap chinh sach bao

vé 1a 150 con.

B. Sau khi chinh sach bao vé dugc thiét lap, s6 luong ca thé cta loai do lac dau

tang nhung sau d6 sé gidm dan.
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C. Can it nhat 50 nam ké tit khi chinh sach bao vé dugc thiét lap dé s6 lugng ca

thé ctia loai d6 sé vuot mie 300 con.
D. S6 luong ca thé ciia loai d6 khong bao gis vuct qua 600 con.

Cau 21: Huyét ap la 4p lyc mau can thiét tac dong len thanh dong mach
nham dua mau di nudi dudng cac mo trong co thé. Nho lic co bop ciia tim va stic
can ctia dong mach ma huyét ap duge tao ra. Gia sit, huyét ap ctia mot nguoi thay
doi theo thoi gian dude cho bdi cong thiic p(t) = 120 + 15 cos 150t, trong dé p(t) 1a
huyét 4p tinh theo don vi mmHg (milimét thuy ngan) va thoi gian ¢ tinh theo don

vi phit.
A. Tai thoi diém ban dau, t = 0, huyét 4p ngusi nay la 135 (mmHg).
B. Ham s6 p(t) tuan hoan véi chu ki 7' = & pht.
C. Huyét 4p thap nhat clia nguoi nay la 120 (mmHg).

D. Trong 1 phit tit thoi diém ban dau, c6 75 lan huyét ap ngudi nay ¢ miic 120

mmHg.

Cau 22: Nhi may A chuyén sdn xuat mot loai san pham cho nha may B.
Hai nha mAy thoéa thuan rang, hing thang nha may A cung cap cho nhd may B
s6 lugng san pham theo don dit hang ctia nha may B (t6i da 100 tan sin pham).
Biét rang, néu s6 lugng dit hang 1a = (tan) san pham thi gia ban cho méi tan san
pham 1& P(z) = 45 — 0,001z (trieu dong) va chi phi dé nha may A san xuat dugc
z (tdn) sdn pham trong mot thang 1a C(x) = 100 + 30z (triéu dong), gdom 100 triéu

dong chi phi ¢6 dinh va 30 trieu dong cho mdi tdn san pham.

A. Chi phi dé nha may A san xuat 10 tAn san pham trong mot thang 13 400 triéu
dong.

B. S6 tién nha may A thu dude khi ban 10 tan san pham cho nha may B 1a 600

trieu dong.

C. Lgi nhuan ma nha may A thu duge khi ban = (tan) san pham (0 < 2 < 100)

cho nha may B 1a H(x) = —0,00123 + 15z — 100.
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D. Nha may A ban cho nha may B khoang 70,7 tan san pham méi thang thi thu

dugce 1gi nhuan 16n nhét.

Cau 23: Sau khi tiém thudc cho bénh nhan thi nong do thubc trong mau cta
bénh nhan theo thdi gian ctia bénh nhan theo thoi gian duge thong ké theo cong

thie
0,052

C(x>:x2+:)s+1

(tinh theo mg/cm?), trong d6 z 1a thoi gian tinh theo giv.
A. Nong do thudce trong mau bénh nhan khong bao gio bang 0 sau khi tiem.
B. Sau khi tiém, nong do thudc trong mau bénh nhan gidm dan theo thoi gian.
C. Nong do thubc trong mau 16n nhat ¢ thoi diém 1 gio sau khi tiem.
D. Tai thoi diém nong do thudc trong mau bénh nhan dat 0,02 mg/cm?.

Cau 24: S6 dan ctia mot thi tran sau ¢ nam ké tit nam 1970 duge ude tinh béi

cong thite f(t) = 20 (trong d6 f(¢) duge tinh bang nghin ngudi).

A. Coi f(t) 1a mot ham s6 xac dinh trén [0; +o00). Khi d6 f(t) luon nghich bién

va do vay s6 dan clia thi tran gidm theo thai gian.

B. Trong giai doan tit nam 1970 dén ndm 2000, s6 dan l6n nhat cta thi tran

khong vugt qua 23 nghin ngusi.
C. Do thi ham s6 y = f(t) xét trén tap R\ {-5} ¢6 tam doi xting 1a I(—5;26).

D. Dao ham ctia ham s6 f(t) biéu thi téc do ting dan sb clia thi tran (tinh bing

nghin nguoi/nam). Khi d6 nam 1998 ¢6 toc do ting dan s6 16n nhat.

Cau 25: Mot soi day kim loai dai 60 cm dugce cat thanh hai doan. Doan thi
nhat uén thanh hinh vuong canh a, doan thi hai uén thanh duong tron ban kinh

r (hinh vé).
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! )

O

A. Diéu kién 0 < a < 15.
B. Chu vi duong tron dugc tao ra la 27r = 60 — 2a.
C. Ban kinh dudng tron duge tao ra la r = 30-2¢,

D. Tong dién tich hinh vuong va hinh tron nhé nhat khi ti s6 ¢ =

D[ —

Phan III. Tric nghiém tra 15i ngan
Cau 1: Cho ham s6 y = e“(2? — 3), goi M = %,(a € N,b € N la gia tri 16n
nhat ctia ham s trén doan [—5; —2]. Gia tri cia biéu thiic P = a + b bang. KQ:

Cau 2: Cho ham s6 y = % v6i m 1a tham s6. Goi S 1a tap hop cac gia tri

nguyéen ctia m dé ham sbé nghich bién trén khoang xéc dinh. Tim sé phan ti& cia

SKQ[ [ [ [ [ ]

Cau 3: Ngudi ta mudn xay mot bé chita nuée dang hinh hop chit nhat khong

nip co6 theé tich bang 200m? day bé 1a hinh chi nhat c6 chiéu dai gap doi chiéu rong.

Gia thué nhan cong xay bé 1a 300000 dong/m?. Chi phi thué nhan cong thap nhat

la bao nhiéu? (don vi trieu dong, lam tron dén hang don vi) KQ:[ [ [ | | |

Cau 4: Do gidm huyét ap ctia mot bénh nhan duge cho bdi cong thic G(z) =
0,0352(15 — ) trong d6 = 1a liéu lugng thube duge tiem cho bénh nhan (z dudc tinh
bang miligam). Tinh liéu lugng thudc can tiem (don vi miligam) cho bénh nhan

dé huyét ap giam nhiéu nhat
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- Blood pressure monitor

Systole

K[ [ [ [ [ ]

Cau 5: Nguoi ta thong ké duge chi phi sita chita, van hanh may moc trong mot

2000z—1500

pe— 200 (trigu dong).

niam ciia xuéng san xuat duge tinh bdi cong thic f(z) =
Biét x 1a s6 nam ké tir lic may méc van hanh lan dau tién, s6 nam cang nhiéu thi

chi phi cang cao. Khi s6 nam « du 16n thi chi phi van hanh may méc trong mot

nam gan véi so nao? (lam tron két qua dén hang phan chue) KQ:[ [ [ | | |

Cau 6: Mot cong ty san xuat san pham va doanh thu (don vi: trieu dong) tit
viec ban san pham mo ta bdi ham s6 R(z) = —22% + 922 + 122 + 100. Trong d6 =
la s6 lugng san pham dudce ban ra (tinh bing ngan sin pham). Hoi s6 lugng san
pham to6i thiéu phai ban ra dé doanh thu bat dau ting la bao nhiéu san pham?
KQ:[ [ [ [ [ |

Cau 7: Mot cong ty muodn thiét ké mot hop chita hang c6 day 1a hinh chit nhat

khong nip vdi dién tich day 14 100cm?. Chuyén vien thiét ké dé xuat chiéu cao cia
hop sé bang tong do dai clia 2 canh day. Goi 2 canh day la = va y. Thé tich nho
nhét ciia hop la bao nhieu? KQ:| | | | [ |

Cau 8: Mot ctia hang ban mot loai san pham vé6i 1gi nhuan thu duge khi ban
z (tram) sdn pham dugc mo ta bsi ham s6 L(x) = —0, 522 4 62 — 10. Trong d6 = 1a
s6 lugng san pham ban ra, va L(z) 14 lgi luan thu duge (don vi: triéu dong). Hay
xac dinh s6 lugng sdn pham ma ctia hang can ban ra dé lgi nhuan dat miic cao

nhat? KQ: [ [ [ [ [ |

Cau 9: C6 bao nhiéu gia tri nguyén ciia tham sé m dé ham s6 y = 23 — 3(m +

2)22 + 3(m? + 4m)x + 1 nghich bién trén khoang (0; 1)? KQ:[ | | | | |

Cau 10: Ong An mudn xay mot cai bé chita nuée 16n dang mot khoéi hop chit

nhat khong nip c6 theé tich bing 288m?. DAy bé la hinh chi nhat c¢6 chiéu dai gap
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doi chiéu rong, gia thué nhan cong xay be 1a 500000 dong/m?. Néu ong An biét xac
dinh cac kich thuée ctia bé hop i thi chi phi thué nhan cong sé thap nhat. Héi ong
An tr4 chi phi thap nhat dé xay dung bé d6 1a bao nhieu? (don vi trieu dong) KQ:

L]

Cau 11: Cho ham s6 y = f(x) ¢6 dao ham f'(x) = (2> —1)(z —4) v6i moi = € R.

Ham s6 g(z) = f(3 — ) dong bién treén khodng (a;b) va (c; +o00). Tinh a+ b+ c. KQ:

L LTI

Cau 12: Trang trai heo dang bi lay lan mot dich bénh do virus gay nén va

duge mo hinh héa bang ham s6 f(t) = 27t — 3 0 < t < 12, trong do6 f(t) 1a s6 heo
bi nhiém (tinh bang tram con) va ¢ 1a thoi gian (tinh béng tuan). Vi da phat hién
muon, nén quan sat tit tuan tht 2 tré di dinh diém cao nhat s6 heo bi mic bénh

la bao nhiéu con? KQ:\ | | | | \

Cau 13: Nguoi ta thiy rang trong vong 3 nam tinh tit dau nam 2020, gia
thanh P ctia mot loai san pham vao thang thit ¢ thay doi theo cong thitc P(t) =
8013 — 3600t2 4 48000t + 100000 (dong) v6i 0 < ¢ < 36. Biét gia thanh dat cyc dai vao
thoi diém ¢ va gia thanh dat cuc tiéu vao thusi diém t,. Khi dé gia tri clia 2t; +to
bing bao nhieu? KQ:| | | [ [ |

Cau 14: Cho ham s6 f(z) ¢6 dao ham 1a f’(x). D6 thi ham s6 f/(z) nhu hinh

vé. Biét rang f(0) — f(2) = f(4) — f(3). Gid st gid tri nhé nhat m v gid tri 16n

nhat M cua f(x) trén doan [0;4] dat dugc lan lugt tai zg avf x1. Tinh 2o + 71 KQ:

vk

L]

~ N % 2 _ N © 1~ 4 N ‘a ~ ‘A ,
Cau 15: Cho ham so y = %, do thi ham so c¢6 duong tiém can xién co

dang (C) : y = ax +b. Tinh gia tri cfia bidu thae P=¢. KQ:| | [ | | |
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Cau 16: Mot vat chuyén dong theo quy luat s = —3t3 + 9¢2, v6i t (giay) la
khodng thoi gian tinh tit lic vat bat dau chuyén dong va s (mét) 1a quang dudng
vat di dugc trong khoang thoi gian dé. Hoéi trong khoang thai gian 10 giay, ké tit ldac
btws dau chuyén dong, van téc (m/s) 16n nhét ctia vat dat duge bang bao nhicu?

K[ [ [ [ [ ]

Cau 17: Cho mot tAm nhom c6 dang hinh vuong canh 6dm. Nguoi ta cit &

bén géc bén hinh vuong cung c6 do dai bang z (dm), roi gap tam nhom lai nhu
hinh vé dé dugc mot cai hop c6 dang khéi hop chit nhat khong c6 nép. Goi V 1a
thé tich ctia khdi hop d6 tinh theo 2. Tim z (dm) dé khdi hop tao thanh c6 the
tich lon nhat. KQ:| [ | | | |

Gdm

Cau 18: Mot ngudi nong dan c6 15000000 dong dé lam mot hang rao hinh
chit E doc theo mot con song bao quanh hai khu dat trong rau c6 dang hai hinh
chit nhat bang nhau (hinh bén duéi). D6i v6i mat hang rao song song véi bo song
thi chi phi nguyen vat li¢u 14 60000 dong/mét, con d6i v6i ba mit hang rao song
song v6i nhau thi chi phi nguyén vat lieu 1a 50 000 dong/mét, mit gidp véi bd song
khong phai rao. Tim dién tich 16n nhat ctia hai khu dat thu duge sau khi lam hang

N

Irao.

DR RN nnnnnnnlg

K | [ [ | |

Cau 19: Mot ong nong dan c6 2400 m hang rao va mudn rao lai canh dong

hinh ch@® nhat tiép gidp véi mot con song. Ong khong can rao cho phia giap bo
song. Hoi ong c6 thé rao duge canh dong véi dien tich 16n nhat 14 bao nhiéu hecta?

K[ [ [ [ [ ]
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Cau 20: Mot nha may san xuit xe dap cho thi truong chau Au theo don gia
120 euro. Chi phi mdi ngdy ctia nha may duge cho bdi ham sb K(x) = 0,0223 —
322 + 1722 + 2400, trong d6 x 1a s6 luong xe dap san xuat duge trong ngay hom
d6. Méi ngay c6 thé san xuat toi da 130 xe dap. Gia st s6 xe dap san xuét dudc
trong mdi ngay déu duge ban hét vao cudi ngay d6. Goi G(x) 1a ham s6 biéu dién
lgi nhuan hang ngay ctia nha may. Loi nhuan hang ngay 1a ham dong bién theo
khi € (a;b), trong d6 a va b 14 cac gia tri nguyén duong. a + b 16n nhat bang bao
nhieu? KQ:| | | [ [ |

Cau 21: Mot doan tau chuyen dong thang khéi hanh tit mot nha ga. Quang
duong S (mét) di duge ctia doan tau 1a mot ham s6 clia thoi gian ¢ (gidy), ham sb

do 1a S = 6t2 — t3. Tim thoi diém ¢ (giay) ma tai d6 van toc v (m/s) ctia chuyén

dong dat gia tri lén nhat. KQ:[ | | | [ |

Cau 22: Biét ham s6 f(z) = 2% + az® + bz + ¢ dat cuc dai tai diém z = —3,
f(=3) = 28 va do thi ctia ham s6 cit truc tung tai diém c6 tung do bang 1. Tinh
S=a2+ - KQ:| | | [ | |

Cau 23: Vi khuan E.coli séng chii yéu & dudng ruot va co sb lugng 1én nhat

trong hé vi sinh vat ctia co thé. Mot bo quan thé vi khuan E.coli duge quan sat
trong diéu kién thich hop, c6 toc do sinh sdn duge cho bdéi ham s6 f(t) = 480.21.In2.
Trong d6 ¢ tinh bang gis (¢t > 0), f(¢) tinh bang ca thé/gis ( Nguon R. Larson
and B. Edwards, Calculus 10e, Cengage) . Biét tai thoi diem bt dau quan sat, so

luong ca thé duge uée tinh mot cach chinh xac khoadng 480 c& thé. Héi sau 3 gio

s6 lugng ca thé biang bao nhieu? KQ:| [ | | [ |

Cau 24: Hai con tau A va B dang 6 ciing mot vi tuyén va cach nhau 6 hai
1i. C4 hai tau dong thoi ciing khdi hanh. Tau A chay vé huéng Nam véi van toc 5
hai 1i/gio, con tau B chay ve vi trf hién tai clia tau A véi van toc 7 hai 1i/gio. Hoi
sau bao nhiéu gio thi khoang cach gitta hai tau la bé nhat (14 tron dén hang phan
tram) KQ:| [ | [ [ |

Cau 25: Mot nha may san xua z san pham trong mdi thang. Chi phi san xuét
z san pham duge cho bdi ham chi phi C(x) = 16000 4 500z — 1, 622 + 0, 0042® (nghin
dong). Biét gia ban ctia mdi sdn pham 14 mot ham sé phu thuoc vao sé lugng séan

pham = va dugdc cho béi cong thiic p(x) = 1700 — 7z (nghin dong). Héi méi thnags
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m
<7 S W
A B

nha m&y nén san xuat bao nhieu san pham dé 1gi nhuan thu duge 1a 16n nhat? Biét
rang két qua khao sat thi truong cho thay san pham xuét ra sé dugc tieu thu hét.

K[ | [ [ | ]

Cau 26: Trong trung tam thuong mai Lotte c6 mot nha hang ban buffet hai

san. Khi nha hang ban véi gia 200 ngan dong mot suat thi méi ngay nha hang
ban dugc 100 suat. Nha hang du dinh c¢6 dot gidm gid ban dé kich cau trong dip
cudi ndm. Theo khio sat tir thi truong thi méi lan gidm gia 10 ngan dong mot
suat thi nha hang ban them dugc 10 suit, héi nha hang can ban véi gida mdi 1a
bao nhiéu ngan dong mot suat dé doanh thu trong mot ngay la 16n nhat? KQ:

L LTI

Cau 27: Mot thanh dam hinh hop chit nhat duge cat tit mot khic gb hinh tru

c6 ban kinh day bang 19 cm sao cho thanh dam cé dién tich mit cit ngang l6n
nhat, tic 1a thanh dam c6 méit cat ngang 1a hinh vuong. Sau khi cat thanh dam
do6, ngusi ta lai cat bon tAm van hinh hop chit nhat tit bén phan con lai ctia khic
gd (tham khao hinh vé dudi day). Xac dinh dién tich phan gd bo di clia mat cat
ngang khiic g6 hinh tru khi dién tich mat cit ngang clia mdi tam van dat toi da

(theo don vi 2 cm va két qua lam tron dén hang don vi).
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Cau 28: Mot duong day dién duge ndi tit mot nha may dién ¢ (ndm tai bo

bién 14 dudng thing AB ) dén mot hon ddo C , khodng cach ngan nhét tit déo vé
b bién 13 doan BC dai 1km , khoang cach tit B dén A 1a 4km dugc minh hoa bang
hinh vé bén. Biét rang moi km day dien diat dudi nude chi phi mat 5000 USD, con
dat dudi dat chi phi mat 3000 USD Héi diém S trén bo cach A bao nhiéu km dé khi

méc day dien tit A qua S 16i dén C ¢6 chi phila it nhat? AKQ:| [ | | | |

2
=

—y

o i e || mmm
- X, |||
5 A

Cau 29: Mot cong ty muén lam mot dudng éng dan tit vi tri A trén bo bién
dén vi tri B trén hon dao. Khodng cach tit diém B dén bo bién 1a BH = 6km (hinh
vé). Gia tién dé xay dung dudng dng trén ba 1a 50.000 USD méi kilomet va gia tién
xay dung dudong éng trén bien 1a 130.000 USD méi kilomet, biét réng AH = 9km.
Xac dinh vi tri diém C trén doan AH dé khi 1ip 6ng dan theo dudng gap khic
ACB thi chi pho cong ty béralathaip nhat KQ:| | | [ | |

Cau 30: Giam déc mot nha hat dang phan van trong viéc xac dinh mitc gia
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vé xem cac chuong trinh duge trinh chiéu trong nha hat. Viéc nay rat quan trong
né sé quyét dinh nha hat thu duge bao nhiéu lgi nhuan tit cac buoi trinh chiéu.
Theo nhitng cubn s ghi chép ctia minh, 6ng ta xac dinh duge ring: néu gia vé vao
ctia 1a 200 nghin dong/ngudi thi trung binh c¢6 1000 ngusi dén xem. Nhung néu
tang them 10 nghin dong /ngudi thi sé mat 100 khach hang hodc gidm di 10 nghin
dong /nguoi thi sé ¢6 them 100 khach hang trong s6 trung binh.Biét rang, trung
binh, moéi khach hang con dem lai 20 nghin dong lgi nhuan cho nha hat trong cac
dich vu di kem. Hay gitp giam doc nha hat nay xac dinh xem can tinh gia vé vao

ctia 1a bao nhiéu dé thu nhap la 16n nhéat
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Chuong 2

VECTO HE TOA DO
TRONG KHONG GIAN

BAI 1: VECTGO VA CAC PHEP TOAN TRONG KHONG GIAN

2.1 Khai niém vecto trong khong gian; hai vecto
ciing phuong, cung huéng, bang nhau, vecto
- khong

2.1.1 Dinh nghia:

eVecto trong khong gian 13 mot doan thing c6 huéng

D06 dai ctia vectd 1a khoang cach gitta diem dau va diem cudi clia vecto. Ki

hieu: ||

¢Gia ctia vecto 1a dudng thing di qua diém dau va diém cudi ctia vecto do.

‘/{};/'a/

eHai vecto ciing phuong néu gia clia chiing song song ho#ic tring nhau.
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/
/

eHai vecto bang nhau néu ching c6 do dai va cling huéng. Néu hai vecto

= »
@, b bing nhau thi ta viét @ = b
/
/
eHai vects d6i nhau néu chiing c6 ciing do dai va ngude huéng. Vecto déi clia

@ duoc ki hieu 1a —a.

eVecto - khong c6 diém dau va diém cubi triing nhau, ki hieu la 0.
Quy udc vecto - khong c¢6 do dai bang 0 va cling phuong, cing huéng véi moi

vecto.

Chu y:
oKi higu AB chi vecto c6 diém dau A, diém cudi B.
eNéu khong can chi 16 diém dau va diém cudi thi vecto con duge ki hieu la

2.1.2 Tong va hiéu cta hai vectd

Phép cong hai vecto
Trong khong gian, cho hai vecto @, 7. Lay mot diém A tiy .
oVé f@ =, B? = ? Vecto 1@ la tong ctia hai vecto @, ?

oKy hicula @+ 0.
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ePhép lay tong clia hai vecto con dugc goi 1a phép cong vecto .

Nhan xét: Phép cong vecto trong khong gian ciing c6 cac tinh chat nhu

phép cong vecto trong mat phang.

1. Tinh chat giao hoan: @ + T=1+7.

L — —
2. Tinh chat ket hgp: (7—# b)—l—?:ﬁ—l— b+7).
3. V6i moi vecto @, ta ludn cé: @ + ﬁ = 6> +d

£ 1.4 : 2 — —
Tt tinh chat két hop, ta xéc dinh duge téng ba vects @+ b +7¢ = (7 + b )+
?

Phép truw hai vecto

Trong khong gian cho hai vecto @, 7.

_ , , — —
eHicu ctia hai vecto @; b 1a vecto @ + (— b

oKihicula @ — 1.

).

ePhép lay hieu ctia hai vecto con dugde goi 1a phéo tric vecto
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a LY

0 N

2.1.3 Cac quy tac
Quy tic ba diém va quy tic hinh binh hanh

V6i ba diém A, B, C bat ki, ta c6 AB + BC = AC (quy tac ba diém phép cong)
Néu ABCD la hinh binh hanh thi AB + AD = AC' (Quy t&c hinh binh hanh)

A
A D
B B ] C

Quy tac hinh hop

) — —
Néu ABCD.A'B'C'D' 1a hinh hop thi AB + AD + AA' — ACY
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Quy tac hiéu

Véi ba didm A, B,C bét ki, ta c6 AB — AC = CB

2.1.4 Tich ctiia mét sb6 v6i mét vecto

Go6c gitrta hai vecto trong khong gian

Trong khong gian, cho ¥ va o 1a hai vecto khac 0.

eLay mot diem A bat ki, goi B va C la hai diém sao cho AB =, AC = 7.
Ta goi géc BAC la géc gitta W va .

Ki hicu (U, )

Tich v6 huéng hai vecto

Trong khong gian, cho @ va @ la hai vecto khac 0.
e Tich vo huéng clia hai vecto @ va ¥ 1a mot s6.
e Ky hiéu la - v.
e Dugc xac dinh bdi cong thiic:

- U= |dl |V - cos(u, V)
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Chu y:
e Trong truong hgp @ = 0 hodc 7 = 0, ta quy udc @ -7 = 0.

o i-i=|iU? titdosuyra: @-i=0<i=0.

—

u-v

e V6i hai vecto @, 7 khéc 0, ta c6 cos(@, 7) = T

|u| - |v

e V6i hai vecto @, 7 khéc 0, ta c6 @ -7 = 0 < cos(i, 7) = 0.

2.1.5 Bai tap luyén tap

Phan I. Trac nghiém nhiéu phuong an
Cau 226. Cho hinh hop chit nhat ABCD.A'B'C'D’

A

Vecto nao sau day cung phuong véi BC ?

A. DC. B. DA. C. BB. D. C'C.

Cau 227. Trong cac vectd sau, vecto nao sau day c6 diem dau la A, diém cudi 1a
B
A. A4 B. BA. C. AD, D. BE.

Cau 228. Trong khong gian cho 3 diém phan biét A, B, C. Vectd nao trong cac
vectd sau day la vecto - khong?
A. BB. B. BA. C. AB. D. CA.

Cau 229. Cho hinh hop chi nhat ABCD.A'B'C'D’.

—> N . N ~
Vecto BA bang véi vectd nao sau day?
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A D

A AB B. CD. C. BC. D. AL.

Cau 230. Cho hinh chép S.ABC. Tim vecto tong ciia hai vecto SA va AB?

L
1 [
5
A. BS. B. BA. C. SB. D. 5C.
Cau 231. Cho hinh hop ABCD.A'B'C'D’. Tim tong ciia hai vecto AD va AB
A. DE. B. BD. C. AC. D. CA.

Cau 232. Cho hinh hop ABCD.A’B'C'D’. Ménh dé nao sau day ding?
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|

A

A. AB + AD + A4 = AC'. B. AB + AC + AA = AD.

C. 4B + AD + AC = AC'. D. AB + AD + AC' = AC.
Cau 233. Cho hinh chép S.ABC. Ménh dé nao sau day dang?

A.SA- AL = SB. B. SA - SB = AD.

C. SA - SB = BA. D. SA - SB = 3C.

Cau 234. Cho hinh hop ABCD.A'B'C'D’. Ménh dé nao sau day ding?

A D

H/

¥

— —
A. AB+ A'D = AC. B. AB+ A'D' — BD.
— —
C. AB+ A'D = AC', D. AB+ A'D = CA.
Cau 235. Cho hinh chép S.ABCD. Goi M, N lan lugt la trung diém clia AD va
BC. Tinh tong AB + DC bang
A. 0. B. 24D. C. 2N, D. 20N,
o —
Cau 236. Cho hinh hop ABCD.A'B'C'D'. Tinh téng AL + AD + A'C'.
— e
A. 244", B. 0. C. 24C. D. 20°A’.
Cau 237. Cho khéi lap phuong ABCD.A'B'C'D'. Khi d6, goc giita vects AB va
vecto ﬁ la:
A. 90°. B. 60°. C. 45°. D. 30°.
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A b

e Y

Cau 238. Cho hinh lang tru ding ABC.A’B'C’. Déy la tam giac ABC vuodng tai
. — sy AN .
B. Kho do6 gbc gitta vecto BA va vects B'C’ bang bao nhiéu?
A. 45 B. 120°. C. 90°. D. 30°.
Cau 239. Cho hinh hop chit nhat ABCD.A’B'C'D’. Khi dé, vecto bang vecto AB
la vecto nao dudi day?

— —
A. DO B. BA. C. CD. D. B'A.

—
Cau 240. Cho hinh lang tru tam giac ABCA'B'C’. Dat AA’ = 7,1@ = ?,/ﬁ =
7, BC = 7 trong cac biéu thiic vecto nao sau day, biéu thiic nao dung?
A T+b+2=1d. B.7=10+7.

C.7+b+7=d=1. D.bJ-C+d=10.

Cau 241. Cho hinh hop ABCD.A'B'C’'D’. Tim gi4 tri ctia k thich hop dé dién vao

d&ng thitc vects BD — D'D — B'D' — kBB’
A. k=4. B. k=1. C. k=0. D. k=2
Cau 242. Cho tit dien ABCD, goi I, J lan lugt 1a trung diém ctia AB va C'D; Dang

thitc nao sau day dang?

A. TJ = Y(AC + BD). B. IJ = L(AD + BO).
C.ﬁ:%(l)*cﬁ,ﬂ)ﬂ@). D. IJ = Y(DC + AD + BD).

Cau 243. Cho hinh hop ABCD.EFGH. Goi O la trung diém CH. Khang dinh

NI~ D=

nao sau day la dang?
A. B = 1BA 4 5O+ 1FE. B. 50 = BA + 150+ 1.

C. BO = 1BA+1BC + 1BF. D. BO = BA+ BC + BF.

Cau 244. Cho hinh lap phuong ABCD.A'B'C'D’. Khang dinh nao sau day la sai?
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A. (AB; A'D') = 900, B
C. (AC; B'D') = 90°. D.

Cau 245. Cho hinh tit dien déu ABCD c¢6 canh bang a. Tinh géc (1@, @)
A. 60°. B. 90°. C. 120°. D. 180°.

Cau 246. Theo dinh luat IT Newton: Gia toc clia mot vat ¢6 ciing huéng vé6i e
tac dung len vat. Do 16n ciia gia toc ti lé thuan véi do 16n cia lyc va ti 1é nghich
v6i khoi lugng clia vat: F - md, trong dé @ la vecto gia toc (m/s?), F 1a vecto
luc (N) tac dung len vat. m (kg) 1a khéi lugng ctia vat. Mudn truyén cho qua béng

c6 khoi lugng 0,5 kg mot gia toc 20m/s? thi can mot hye da c6 do 16n 1a bao nhiéu?

a1 il e e g T A
: iﬂ-ﬂ'&_:\;‘x_ o 2 R ]
A. 100(N). B. 20(N). C. 25(N). D. 10(N).
Cau 247. Cho hinh hop ding ABCD.A'B'C'D’, trong d6 mat day 1a hinh binh
hanh véi goc DAB = 120°. Biét do dai cac canh AB = 25¢m, AD = 12em va AA! =
—
12c¢m. Tinh ‘zﬁ + AD + AA
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A B’
D, ! C
.."';} ““““““ .---/ B
D C
A. 12(cm). B. v469(cm). C. V613(cm). D. 25(cm).

Cau 248. Mot chiéc ban hoc sinh can déi hinh chit nhat duge dit trén mat san
nam ngang, mat ban song song v4i mat san va bon chan ban vuong goéc véi mit
san nhu hinh vé. Trong luc tac dung len ban duge bicu thi béi vecto a phan tan
déu qua bén chan ban va gay nén cac phan Iuc tit mat san lén cac chan ban duge

.2 c o -
bieu thi bdi cac vecto b, 7,7, .

Trong cac ménh dé sau, ménh dé nao sai?
A. Vecto q ngugc hudng véi @ .
B. Cac vecto ?, 7,7, ¢ cling phuong va nguge chiéu véi vecto .
C. Vecto b véi vects @ déi nhau .

p - PURPUREIN TN A1z
D. Cac vecto b, ?,7, ¢ doi mot cing chiéu va ciing do 16n.

Cau 249. Mot tam gb tron dudc treo song song véi mat phing nim ngang béi
ba soi day khong gian xuat phat tit diém O trén tran nha va lan lugt budc vao ba

+ 2 A = N 2 - - = X ~ X ~
diem A, B,C trén tam go tron sao cho cac luc cang Fi, ?2, F3 lan lugt trén moi day
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OA,0OB,0OC do6i mot vuong goéc v6i nhau va c¢6 do 16n ‘]Fi’ = ‘?2‘ = ‘]?3‘ = 10(N)

(xem hinh vé)

Tinh trong lugng P clia tam gd tron do.
A. 30V/3. B. 10. C. 10v2. D. 10vV3.

Cau 250. Mot chiéc 6 to duge dat trén mat day dudi mot khung sat ¢6 dang hinh
hop chit nhat v6i day trén 1a hinh chit nhat ABC'D, mat phang (ABCD) song song
v6i mit phang nam ngang. Khung st dé dudgc budc vao méc E ciia chién can cau
sao cho cac doan day cap FA, EB,RC,ED c6 do dai bang nhau va cling tao véi
mat phang (ABCD) mot goc 60° nhu hinh vé. Chiée can cau kéo khung sit lén
theo phuong thing ditng. Biét lyc cing P, By, By, Fy déu c6 cuong do 5000(N) va
trong luong khung sat 2000(N). Trong luong ctia chiée xe 6 t0 gan nhat s6 nao sau

day?
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A. 15321(N). B. 6660(N). C. 5000(N). D. 10000(N).
Phan II. Cau tric nghiém ding sai
Cau 1 Cho hinh hop chit nhat ABCD.A'B'C'D' ¢6 AB =2,AD =3, A’A = 4.

L s
a Vecto BA' bang vects CD'.

_ ﬁ]: \ﬁ]

—
b ’BA’

£ 2 2 — 2 - 2 X N « 2 FEEETN 2 2 2 N ~ N
¢ S0 cac vecto khac 0 ¢6 diem dau va diem cudi la cac dinh ctia hinh hop la

A
. — .
d Do dai ctia vects BD' bang 3v/3.

Cau 2: Cho hinh hop ABCD.A'B'C'D’

=
=

D

}Q----------X‘
2

I
9!
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a AB+A'D + BB = AC.
b AB + AA' = BA.

¢ AB—AD = D'B.

d 4B+ BD — AC = DC.

Cau 3: Cho hinh lang tru ABC.A'B'C’. Goi M la trung diém ctia BB’ va G la

trong tam cla tam giac ABC.
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Cau 4: Cho hinh chép tit giac déu S.ABCD c¢6 O la tam ctia ddy ABCD, canh
day bang a canh bén bang 2a (tham khao hinh bén)

a Goc gitta vecto AD va OB 1a 0°.

b Goc gitta hai vecto BD va BO 1a 180°.

¢ Cosin cua goc gitta hai vecto BAva C8 béng 1.
d Géc gitta hai vecto A0 va 5D bang 60°.

Cau 5: Cho tit dien déu S.ABC c6 tat ci cac canh bing a, M la trung diém

cua canh BC

a SA.SE =5B.5C = SA.SC.
b AM = —SA+ 158 + 15¢C.
¢ Goc gitta SA va BC bang 90°.

d AM.SC = 0.
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B A

C

Phan III. Cau trac nghiém tra 15i ngan
Cau 1: Cho hinh hop ABCD.A'B'C'D’, tut cac dinh cua hinh hop da cho, ¢6
bao nhiéu vecto ddi (khac vecto khong ) clia vecto AB? KQ:| | [ | | |
Cau 2: Cho tt dien ABCD goi M, N lan luct la trung diém ctia AB va CD.
Biét ring MN — aAB + bAC + cAD. Gia tri ciia bidu thic a + b + ¢ bing: KQ:

L]

Cau 3: Cho hinh lap phuong ABCD.A'B'C'D’. Gia tri tan ctia goc gitta hai

vectd AD' va A'CY bing (lam tron téi hang phan nghin) KQ:| | | | | |

Cau 4: Cho ba vects @, ?, @ khong dong phing. Xét 7 =24 — T - 7Y =
—7+2€>+?, 7 = 7+43> +m@. Gia tri ctia m dé cac vecto @, i/, 7 dong phang
bang? KQ:[_ [ [ [ [ |

Cau 5: Cho hinh chép S.ABC ¢6 SA = SB = SC va ASB = BSC = CSA. Hay
xac dinh goc gitta cap vecto SC va AB? KQ:| | | | | |

Cau 6: Cho hinh chép S.ABCD c6 day 1a hinh vuong ABCD canh bang a va

cac canh bén déu bang a. Goi M va N lan lugt 1 trung diém ctia AD va SD. S6

do ctia géc (MN,SC)bang KQ:| | | [ | |

Cau 7: Mot tau kéo mot xa lan trén bién di chuyén duge 3km véi mot luc kéo
c6 cuong do 2000N va c¢6 phuong hgp véi phuong dich chuyén mot géc 30°. Tinh
cong thyc hien bdi lyc kéo noi trén (két qua lam tron dén hang don vi ctia Jun)
KQ:[ [ [ [ [ |

Cau 8: Mot chiéc can cau, cau tam kim loai ¢6 trong lirc 2000(N), duge thiét ké
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v6i tam kim loai duge gitt béi ba doan cap AB, AC, AD sao cho AB = AC = AD va
BCD la tam giac déu, dong thai cac canh AB, AC, AD tao méi mat phang (BCD)

mot géc 30° (xem hinh v&). Tim s6 16n cia lyc cing ciia mdi sgi day cap. KQ:

L]
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BAI 2: TOA DO VECTO TRONG KHONG GIAN

2.2 Toa do vecto trong khong gian

2.2.1 Heé toa do trong khong gian
Dinh nghia
Trong khong gian, cho ba truc Oz, Oy, Oz déi mot vuong goc.

e Goii,j, k 1an lugt 1a ba vecto don vi tren céc truc Oz, Oy, Oz.

e Heé ba truc nhu vay dudc goi 1a hé truc toa do Dé-cac vuong goc Oxyz trong

khong gian hay goi don gian la hé toa do Oxyz.

Cha ¥:
oTa goi 7, 7, ? lan luct 1a cac vecto don vi trén céc truc Oz, Oy, Oz.
oTrong khong gian Oxyz, ta goi :

+ Diém 0(0;0;0) la textbfgde toa do

+ Truc Oz: truc hoanh , truc Oy: Truc tung, Truc Oz: truc cao.

+ Cac mat phang (Oxy), (Oyz), (Ozz) la cAc mat phang toa do.

eKhong gian vGi hé truc toa do Oxyz con duge goi la khong gian Oxyz.

eCac mat phang toa do (Ozy), (Oyz), (Ozz) doi mot vuéng géc nhau.
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2.2.2 Toa dd cuia diém va vecto
Toa d6 diém
Trong khong gian Ozyz, cho diém M.

P — - -2 - . Z N ~ o + 2 A
e Neu OM = zi+ yj + zk thi ta goi bo ba so (z;y; z) la toa do cua diem M doi

v6i hé truc toa do Oxyz.
e Viét M = (x;y; 2) hodc M(x;y; 2).
Trong do:
e 1 la hoanh do,
e y la tung do,

e 2 1 cao do cua diem M.

Toa do vecto
Trong khong gian Oxyz, cho vecto a.

o Néu @ = a1i+ agj + ask thi ta goi bo ba s6 (a1; az; as) 1a toa do clia vects @ doi

v6i hé toa do Oxyz.
e Viét @ = (ay1;az;a3) hodc d(a;az;az).

Trong do:
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e a1 la hoanh do,
e a9 la tung do,

e a3 la cao do cua vecto d.

Cha ¥:
Trong khong gian Ozyz, ta co:

o Néu @ = ayi+ agj—i— aglg thi @ = (a1;a9;a3). Nguoc lai, néu @ = (a1; as; a3)

thi d = a1?+ aﬁ—l— agE.
~ 2 < 2 N ~ 2 —_—
e Toa do cua diem M la toa do cua vectoc OM:
—
M = (z;y;2) & OM = (z;y; 2)

—

e Dicu kién hai vecto bang nhau: Cho @ = (z;y;2), b = (2;9/;2'), khi d6

a=bs
x =21
/
y=1y
z=2

e Vecto don vi trén truc Oz ¢6 toa do 1a 7 = (1;0;0).

e Vecto don vi trén truc Oy c6 toa do la j = (0;1;0).

e Vecto don vi trén truc Oz ¢6 toa do 1a k = (0;0;1).
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Chiéu diém trén truc toa do

Cho diém M (zpr;ynr; 2a):
e Chiéu vao truc Oz (gitt nguyén x): Mj(xy;0;0)
e Chiéu vao truc Oy (gitt nguyen y): Ma(0;yas;0)
e Chiéu vao truc Oz (gitt nguyén z): Msz(0;0; zps)

Chiéu diém trén mit phing toa do

Cho diem M (xar; yar; zar):
e Chiéu vao mat phang Ozy (gitt nguyen =, y): My (zar; yar;0)
e Chiéu vho mat phang Oyz (giit nguyén y, z): Ma(0; yar; zar)
e Chiéu vao mat phang Oxz (gi®t nguyén z, z): Mz(zyr;0; 2p7)

D6i xing diém qua truc toa do

Cho diém M (xpr;ynr; 2a):
e Déi xiting qua truc Oz (giit nguyén z, doi dau y, z): My(zn; —yar; —2r)
e Déi xiing qua truc Oy (gitt nguyén y, ddi dau z, 2): Ma(—zr; yar; —20)
e Déi xiing qua truc Oz (git nguyen z, doi dau =, y): M3(—zar; —yar; 2ar)

Pé6i xiing diém qua mit phang toa do

Cho diem M (xa; yar; 2 ):

e D6i xiing qua mat phang Ozy (git nguyén =z, y, déi dau z):

Mi(zars ynms —2mr)

e D6i xiing qua mat phang Ozz (git nguyeén =z, 2, doéi dau y):

Ma(xars —yar; 2um)

e D6i xiing qua mit phang Oyz (git nguyen y, z, doi dau x):

M3(—=x a5 ynr; 2umr)
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BAI TAP TU LUAN
Bai tap 1: Xac dinh toa do diem M trong cac truong hop sau

a MO =27 —3F%.

b OM =204 + 7 véi A(2; —3;1)

Bai tap 2: Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 5. Chon hé truc
toa do goc O trung véi A; cac diém B, D, A’ lan lugt nam trén cac tia Oz, Oy, Oz.
xac dinh toa do cac diem B, C,C’.

Bai tap 3: Trong khong gian toa do Oyyz cho ba diém M(1;1;1),N(2;3;4), P(7;7;5).
Tim toa do diem Q dé ti gidc MNPQ la hinh binh hanh.

Bai tap 4: Mot chiéc xe dang kéo cang s¢ day cap AB trong cong trudng xay
duwgj, tréen d6 da thiét lap hé toa do Ozyz nhu hinh bén duéi véi do dai don vi

rén cac truc toa do bang 1m. Tim toa do cia vecto /@

Z

Bai tap 5: Mot may bay dang cat canh tit phi truong. Véi hé toa do Ozyz dugc
thiét lap nhu hinh bén, cho biét M la vi tri ctia may bay, OM = 14, NOB = 320,
MOC = 65°. Tim toa do diém M.

Bai tap 6: Dé theo déi hanh trinh ctia mot chiéec may bay, ta c6 thé lap heé toa
do Ozyz c6 gbc O trung véi vi trf clia trung tam kiém soat khong luu, mat phang
(Ozy) trung v6i mit dat (dude coi 1a phang) véi truc Oz huéng vé phia tay, truc
Oy huéng vé phia nam va truc Oz huéng thang ding lén trai (hinh vé). k) Sau khi

cat canh va dat do cao nhat dinh, chiéc may bay duy tri huéng bay vé phia nam
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véi téc do khong doi 1a 890km/h trong nita gis. Xac dinh toa do cta vecto biéu
dién do dich chuyén ciia chiéc may bay trong ntra gio dé déi véi hé toa do da chon,

biét ring don vi do trong khong gian Oxyz dugdc 1ay theo kilomét

BAI TAP TRAC NGHIEM

Phan I. Tric nghiém nhiéu phuong an lwa chon
Cau 251. Trong khong gian Oxyz gia sit OM =27 + 37> - ?, khi d6 toa do diém
M la

A. (=2;3;1). B. (2;,-3—-1). C. (2;3;-1). D. (2;3;1).
Cau 252. Trong khong gian Oxyz, cho A0 = ?—2?+3?. Toa do diém A 1a

A. (—1;2;-3). B. (2;-3;-1). C. (-3;2;-1). D. (2;-1;-3).
Cau 253. Trong khong gian Ozyz, diém nao sau day thuoc truc Oy?

A. M(0;5;0). B. N(4;0;0). C. P(0;0;6). D. Q(4;5;0).
Cau 254. Trong khong gian Ozyz, diém nao sau day nam trén mit phang toa do
(Oyz)

A. N(0;4;-1). B. (—2;0;3). C. M(3;4;0). D. (2;0;0).
Cau 255. Trong khong gian Ozyz, cho A(2; —1;0) va B(1;1;—3). Vecto AB ¢6 toa
do 1a

A. (—-1;2;-3). B. (1;-2;3). C. (-1;-2;3). D. (1;-2;3).

~ . s 1A . .2 - —
Cau 256. Trong khong gian véi hé toa do Oxyz, cho diem A thoa OA = 247 —
37 + 47 va B(2;1;4). Toa do cia vecto BA 1a
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A. (0;—4;0). B. (4;,-2;8). C. (-1;,-1;2). D. (-2;-2;4).

Cau 257. Trong khong gian Oxyz cho hinh lap phuong ABCD.A'B'C'D’ ¢6 do dai

canh bang 1 nhu hinh vé.

B C
| ) B i i)
. * )

Bl

¢
€I
Toa do cua vecto 1@ l1a
A. (1;1;0). B. (0;1;1). C. (1;0;1). D. (1;1;1).

Cau 258. Trong khong gian Ozyz, toa do hinh chiéu ctia M(2;1;4) len truc Oz
la

A. (2;0;0). B. (0;1;0). C. (0;0;4). D. (0;1;4).

Cau 259. Trong khong gian Oxyz, toa do hinh chiéu ctia M(—2;1;4) len Oyz 1a
A. (=2;0;0). B. (0;1;0). C. (0;0;4). D. (0;1;4).

Cau 260. Trong khong gian Ozyz, cho ba diem A(1;2; —1), B(2; —1;3),C(—3;5;1).
Tim toa do diem D sao cho tit gidc ABC'D 1a hinh binh hanh
A. (—2;8;-3). B. (—2;2;5). C. (—4;8;-5). D. (—4;8;-3).

Cau 261. Trong khong gian Ozyz, cho hinh hop ABCD.A'B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1;
Tinh toa do dinh A’ ctia hinh hop
A. A'(3;4;-6). B. (4;6;—5). C. (2;0;2). D. A(3;5;-6).
Cau 262. Trong khong gian Ozyz, cho @ = (2;—2;1) va T = (x — 1)7> + (22 —
3)7 +y k. Khi @ = b thi gid tri ciia z — y bing ?
A. 0. B. 1. C. 2. D. —1.
Cau 263. Trong khong gian Ozyz cho A(1;0;0), B(0;2;0), M(x — 1;2y — 2;7). Goi
M’ 1a hinh chiéu ctia M trén mat phang (Ozy). Khi tit gidc OBM’A 1a hinh binh
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hanh thi gia tri « + y bang?
A. 4. B. 2. C. 1. D. 1.

Cau 264. Trong khong gian Ozyz, hinh chiéu vuong goc ciia diém A(1;2;3) trén
mat phiang (Ozz) 1a
A. P(0;2;3). B. P(1;0;3). C. N(0;2;0). D. Q(1;2;0).

Cau 265. Trong khong gian Ozyz, cho A(1;2;3). Diém dbi xing véi A qua truc
Oz c6 toa do la

A. (1;2;-3). B. (-1;-2;3). C. (0;0;03). D. (-1;2;3).

Cau 266. Trong khong gian Ozyz, cho cac diém A(1;0;3); B(2;3; —4); C(—3;1;2).
biém D sao cho ti gidc ABC'D 1a hinh binh hanh c6 toa do la
A. D(—4;-2;9). B. D(4;2;9). C. D(6;2;-3). D. D(-2;4;5).

Cau 267. Trong khong gian Ozyz, hinh chiéu vuong géc ctia diém A(3;5;2) len
truc Oz ¢6 toa do la

A. (0;5;2). B. (0;5;0). C. (3;0;0). D. (0;0;2).

Cau 268. Trong khong gian Ozyz, hinh chiéu vuong géc clia diém M(3;1; —1) len
truc Oy c6 yoaj do la

A. (3;0;-1). B. (0;1;0). C. (3;0;0). D. (0;0;—1).
Cau 269. Trong khong gian Ozyz, hinh chiéu vuong goéc clia diém M(3; —1;1) len
truc Oz c6 toa do la

A. (3;-1;0). B. (0;0;1). C. (0;—-1;0). D. (3;0;0).
Cau 270. Trong khong gian Ozyz, cho diém A(1;2; —3). Hinh chiéu vuong goc clia
A lén mat phing (Oxy) co toa do la

A. (0;2;-3). B. (1;0;-3). C. (1;2;0). D. (1;0;0).
Cau 271. Trong khong gian Oxyz hinh chiéu ctia diém M (2;1; —1) trén mat phang
(Ozzx) cb toa do la

A. (0;1;0). B. (2;1;0). C. (0;1;-1). D. (2;0;-1).

Cau 272. Trong khong gian Ozyz diém nio sau day ndm trén mit phing (Oyz)?

A. M(3;4;0). B. P(-2;0;3). C. Q(2;0;0). D. N(0;4;-1).
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Cau 273. Trong khong gian Ozyz, cho diemA(2;—3;5). Tim toa do diem A’ 1a
diém déi xitng véi A qua truc Oy
A. A'(2;3;5). B. A'(2;-3;-5). C. A'(-2;-3;5). D. A'(-2;-3;-5).
Cau 274. Trong khong gian véi hé toa do Ozyz cho diem M(1; —v/2; —v/3). Tim
diém M’ € Ox sao cho do dai doan thang MM’ ngan nhat/
A. M'(—1;0;0). B. M'(1;0;0). C. M'(1;0;3). D. M'(1;—/2;0).
Cau 275. Trong khong gian Oxyz, cho hinh hop ABCD.A’B'C'D’, biét rang A(—3;0;0), B(0;2;0),
Tim toa do diém ¢’
A. C'(10;4;4). B. C'(—13;4;4). C. C'(13;4;4). D. C'(7;4;4).
Phan II. Cau trac nghiém ding sai

Cau 1: Trong khong gian Oxzyz, cho hinh binh hanh ABCD. Biét A(—1;1;2), B(1;0;3),C(0;2; -
a Toa do vecto B? = (—1;2;-5).

b Toa do Vectdﬁ:27—7+?.

¢ Toa do diém D 1a D(—2;3; —3).

%
d Toadévectozﬁ:—?+27+5k:.

Cau 2: Cho hinh chép S.ABCD day la hinh thang vuong tai A va B, AD =
2AB = 2BC = 2a, canh bén SA vudng goc v6i mat phang day (ABCD),SA = 2a.
Goi H 1a hinh chiéu diém C trén canh AD.

a Toa do cac diém A, B 1a A(0;0;0), B(a; a;0).

167



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

b Toa do cac diem C, D 1a C(a;a;0), D(2a;0;0).
¢ Toa do diém S 14 S(0;0;2a).

d Toa do diém H 1a H(a;0;0).

. . Lo L —

Cau 3: Trong khong gian v6i hé toa do Oxyz, cho diem M(2;4;6) va ON =
- =
29 + k.

a Toa do diém N(2;1;0).

b Hinh chiéu vuong géc ctia M lén truc Oz la diem M’(0;0;6).

¢ Hinh chiéu vuong goc ctia M trén mit (Ozy) la diem N(2;4;0).
d Déi xtng véi diém M qua mat (Oyz) 1a diem K(—2;0;0).

Cau 4: Trong khong gian Ozyz, cho hinh binh hanh OABC vé6i A(1;2;3), B(5;0; —1)
va C(a; b;c).

a Toa do diém O(0;0;1).

b Toa do vecto O—1>4 = (1;2;3).

¢ @ = 5? - ?

d Néu OABC 1a hinh binh hanh thia +b+c=2.

Cau 5: Trong khong gian Ozyz, cho hinh hop ABCD.A’B'C'D’ ¢6 A(0;0;0), B(3;;;0;0), D(0; 3;

.”, E {--.r

Bl
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a AB=37 + 7.

b A’(0;0;3).

¢ M la trung diém DD’. Khi do, toa do diém M (0;3; —3).

d Toa do diém C’(3;3;0).

Cau 6: Trong khong gian Ozyz, cho diem M théa man OM = 2 i
a Toa do diém M la (2;1;1).

b Hinh chiéu ctia diém M lén truc Oz 1 (2;1;0).

¢ Hinh chiéu ctia diém M lén truc Oy la (0;1;0).

d Hinh chiéu ctia diém M lén mit phang (Ozy) 1a (2;0;1).

Cau 7: Trong khong gian Ozyz, cho hinh lap phuong ABCD.A'B'C'D’ c6
canh bing 4 dinh A trung véi gbc O, cac diem B, D, A’ lan lugt ndm trén céc tia

Ozx,0y, 0z
a Toa do diem D la (4;0;0).
b Toa do clia OC 1 (0;4;0).
-

¢ Toa do ctia OA' 1a (0;0;4).

-
d Toa do cua vecto OC’ 1a (4;4;4).
Cau 8: Trong khong gian Ozyz. cho hinh hop ABCD.A’B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1; —1;
a Toa do AL = (1;1;1).
b Toa do C(2;1;2).
¢ Toa do A'(3;5;—6).
d Toa do trong tam tam giac A’B'C la G(3;4; —3).

Cau 9: Cho hinh chép S.ABCD c6 didy ABCD la hinh vuong c6 cac canh bang
1, SAD la tam giac déu va ndm trong mit phing véi day. Goi O, M va N lan luot

la trung diém ctia AD, BC' va C'D. Thiét lap hé truc toa do nhu hinh veé.
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a Toa do cac diém A, B 1a A(0; —3;0), B(1; —3;0).
b Toa do cac diem C, D 1a C(1; %;0),D(O; %;0).

¢ Toa do diém S 1a 5(0;0; ).

d Toa do céc diem M, N 1a M(1;0;0)N(3;3;0).

Cau 10: Duéi day la mot gia dé chiu hai lye. Biéu dién ting luc dudi dang

vecto Descartes

— —
a Fy=—2007 +2817 +200%.

— —
b F, — 86,547 + 185,601 ] — 143,394 K .
¢ Do 16n luc tong hop lén gia ds bing 485, 207N .

d Goc tao béi luc tong hgp len truc Oy 1a 16, 145°.
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Phan III. Tric nghiém tra 13i ngan
Cau 1: Trong khong gian Oxyz, cho OA — 3?4—4?—5?. Toa do A(z;y; 2) tinh

gia tri ciia biéu thiic S = 100z + 1000y + 10z bing bao nhieu? KQ:[ [ [ | | |

Cau 2: Trong khong gian Oxyz cho hinh hop cht nhat OABC.EFGH c¢6 cac
canh OA =5,0C =8, OF = 7 (xem hinh vé duéi day). Toa do H(z;y;z). Tinh gia

tri clia biéu thitc P = 50z + 75y +10002. KQ: [ [ [ | | |

HT I

I ' (r

3

Cau 3: Trong khong gian Ozyz, cho hai diém A(4;2;1), B(—2; —1;4). Goi M la

diém thoa ding thiic AM = 2MB. Tim do dai vecto OM. KQ:[ | | | | |

Cau 4: Trong khong gian Ozyz cho A(3;2;1), B(—1;0;5). Diém < (a;b;¢) thay
déi thuoe mit phang (Oxy). Tinh gia tri ctia biéu thitc 7' = a+b+c khi ‘Z\—/[z + ]\ﬁ‘
nhé nhat. KQ:| | | | | |
Cau 5: Trong khong gian Ozyz cho A(1;0;2), B(—1;2;2),C(3;1;1). Goi M (a; b; c)
la diém thuoc miat phang (Ozz) sao cho biéu thitc S = IMAMB + MB.MC -
3MC.MA dat gia tri nhé nhit. Khi d6 T = 6a—50+3c co giatrilaKQ:[ | | | | |
Cau 6: Trong khong gian Ozyz, cho hinh hop ABCD.A’B'C'D’ ¢6 A(0;0;0), B(3;0;0), D(0; 3;0

Goi G la trong tam cua tam giac A’B'C va toa do vecto 1@ = (a;b;c). Tinh
S—atbre K T T T T
Cau 7: Cho tu dién SABC c6 ABC la tam giac vudng tai B SA = BC =

3, BA =2, SA vuong goc véi mit phang (ABC) va c6 do dai bang 2. Chon hé truc
toa do nhu hinh bén duéi. Diém D(a;b;c) sao cho SBCD la hinh binh hanh. Khi

d6 a + b+ ¢ bang bao nhieu?
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K | [ [ | ]

Cau 8: Trong khong gian v6i mot hé truc toa do cho truée (don vi do 14y theo

kilomét), ra da phat hién mot chiéc may bay di chuyén v6i van téc va hudng khong
doi tir diém A(800;500; 7) dén diem B(940;550;9) trong 10 phit. Néu may bay tiép
tuc gitt nguyén van toc va hudng bay thi toa do clia may bay sau 5 phit tiép theo
Ia O(z;y;2). Tmhz+y+2 KQ:| | | [ [ |

Cau 9: Trong khong gian Oxyz, cho hinh hop OABC.O'A'B'C’ va céac diém
A(2;3;1),C(—1;2;3) va O'(1; —2;2). Vecto 7 = @ + O? + ﬁ + @ cO toa do la
(a;b;e). Tmha+b+c KQ:| | | | | |

Cau 10: Nhitng can nha go trong Hinh 1 dugce phéc thao dudi dang mot hinh
lang tru ding tam giac OAB.O’A’B’ nhu trong Hinh 2. V6i hé truc toa do Oxyz
thé hien nhu Hinh 2 (don vi do lay theo centimét), hai diém A’ va B’ c6 toa do
1an lugt 13 (240;450;0) va (120;450;300). Mdi can nha gb c6 chieu dai 14 a cm, chiéu
rong 1la b cm, mdi canh bén clia mit tién ¢6 do dai la ¢ cm. Tinh a + b + ¢ (Lam

tron dén hang don vi). KQ:| | [ [ | |
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BAI 3: BIEU THUC TOA PO CUA CAC PHEP TOAN

2.3 Biéu thiic toa do ctia cac phép toan vecto

2.3.1 Biéu thitc toa d6 ctia téong, hiéu hai veccto va tich
cia mot sd6 v6i moét vecto

Dinh nghia

Trong khong gian Ozyz, cho hai vecto @ = (a1;as;a3) va = (b1;b2;b3)) va 80 k.

Khi do:

al

+ (a1 + by;ag + be;as + b3).

?:
?:

Al

(a1 — b1;az — ba;az — b3)
ok'd = (kay; kasg; kas).

al = kbl
Nhan xét: Hai vecto a; T VG b # I ciing phuong @ = KD s

ao = k‘bg
Cha y: Tit nay, cac bai tap liéen quan dén toa do déu dudc xét trong khong
gian Ozyz.
2.3.2 Biéu thic toa d6 cta tich vo huéng
Dinh nghia
Trong khong gian Ozyz, tich vo huéng clia hai vecto @ = (ai1;a2;a3) va T =

(b1; ba; bg) dugce xac dinh bdi cong thiic

%
a. b = a1by + agby + asbs

2.3.3 Van dung

Toa d6 diem dau cuoi

Trong khong gian Ozyz, cho hai diém A(xa;ya;24), B(xp;yp; zB). Ta co 1@ =

(B — TA;YB — YA; 2B — 2A)-

173



Taw lieu hoc tap HKI lop 12 2025-2026 Bién soan: Minh Kha

Toa do trung diém doan thang

Trong khong gian Ozyz, cho hai diém A(xa;ya;24), B(xp;yp; z5). Toa do

trung diem M clia doan thing AB la:

fJEA+£L‘B_yA+yB_ZA+ZB)

M( I )
2 2 2

Toa do trong tam tam giac

Trong khong gian Ozyz, cho AABC ¢6 A(xa;ya;za), Blxp;yp;zp) avl

Clxzcyyc; 2c)-

Toa do trong tam G clia tam gidc AABC la G(£atzptic, y”yf“LyC; 2ateptic)

2.3.4 Cac dang bai tap
Dang 1: Toa do téng hiéu vecto

Bai tap 1: Trong khong gian Ozyz cho hai vecto @ = (2; —1;5) va T = (0; —2;4).

. . — — —
Tim toa do clia cic vecto saw: @ + 6,7— b,5ﬂ>, 2d — 0.

[\

Bai tap 2: Trong khong gian oxyz, cho ba diém A(—1;—3;—2), B(2;3;4) v&
C(3;5;7). Chitng minh riang ba diém A, B, C tao thanh tam giéc.
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Dang 2: Toa do diém - vecto théa diéu kién

1. Tich vo6 huéng ctua hai vecto: a - b= ajas + biby + c1co.
2. dvagvuéng goe @d-l;:O(:)alangblbgchlcg =0

3. I la trung diém AB:

I($A+$B Ya+YyYp 24+ 2B

B AT M )é[ﬁ+[P—G¢VM:MA+MB_2MI

4. G la trong tam AABC"

G($A+$B+$C YA t+yYB +yc ZA—l—zB—i-zC)
3 ’ 3 ’ 3

- GA+GB+GC =0=VYM:MA+ MB+ MC =3MG

5. G la trong tam chop ABCD:

G(mA+xB+xc+xD YA +yB +yc + Yp zA+zB+zc+zD)
4 ’ 4 ’ 4

=~ GA+GB+GC+GD=0=VYM: MA+MB+ MC + MD = 4MG

Bai tap 1: Trong khong gian Oxyz cho ba diém A(3;2;1), B(1; —1;2) va C(1;2; —1).
Tim toa do clia vecto @ thoa U = B? = 3/@.

Bai tap 2: Trong khong gian Oxyz cho ba diem A(1;2 — 1), B(2; —1;3) va
C(—3;5;1). Tim toa do diém D sao cho AB = 2DC.

Bai tap 3: Trong khong gian Ozyz, cho bén diém A(2;0;0), B(0;2;0), C(0;0;2)
va D(2;2;2). Goi M, N lan lugt la trung diém ctia AB va CD. Xac dinh toa do
trung diém I ctia M N.

Bai tap 4: Trong khong gian Ozyz, cho hai diém A(1;2; —1) va B(0; —2;3).

Tim toa do chan duong cao ké tit dinh O cta tam giac OAB.
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Dang 3: Do dai vecto

1. 1@ = (B — ZA;YyB — Ya;2B — 24) = AB = ‘ﬁ‘

V(@p—24)2+ (yp —ya)? + (25 — 2a)%

2. Do dai vecto @ : [@] = /(a1)? + (a2)? + (a3)? = |@|* = @2 = (a1)? +

(a2)* + (a3)*.

Bai tap 1: Trong khong gian Ozyz, cho A(1;2;—1) va B(0;3;1). Tinh do dai
doan thang AB.

Bai tap 2: Trong khong gian Oxyz, cho tam giac ABC biét A(1;0; 1), B(2;1; —1); O(1;

Tinh chu vi cta tam gidc AABC.
Bai tap 3: Trong khong gian Oxyz, cho ba diém A(2;0;0), B(0;3;1), C(—3;6;4).
Tim diém M thudc doan BC sao cho MC = 2M B. Tim do dai doan AM.

Dang 4: Su cung phuong cta hai vecto

Xét hai vecto @ = (ay; ag; az) va b= (by;by; b3)

;

1. Hai vects biing nhaw: @ = b <= as = by

(

a] = kbl

2. Vecto @ cling phuong vecto ? A =kb = as = kbs

asz = kb3
\

Bai tap 1: Trong khong gian Oxyz, cho cac vecto @ = (4;1;2); ? =(1;-2;,-1); ¢ =
(8;2;—4). Vecto @ = (4;1; —2) ciing phuong vé6i vecto nao da cho.

Bai tap 2: Trong khong gian Oxyz, cho ba diém A(2; —1;5), B(5; —5:7), M (x; y; 1).
V6i gié tri ndo clia z,y thi 4, B, M thang hang.

Bai tap 3: Trong khong gian Ozyz, cho hai diém A ;1) va B(5;6;2). Duong

A(-2;3
£ AM
thang AB cit mit phang (Oxz) tai diém M. Tinh ti s6 B
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Dang 5: Tich vd6 huéng va tng dung

Xét hai vecto @ = (a1;a2;a3) va b= (by;ba; bs), ta co:
1. Tich v6 huéng hai vecto:

@-b=|al-|b|- cos(a;b)

a b= a1b1 + agbs + agbs

— Goc gitta hai vecto:

cos(d: 5) = ib a1b1 + azbs + agbs
’ @l - o] \/(a1)? + (a2)2 + (a3)2 - v/ (b1)% + (b2)2 + (b3)?

Chu y:

=,

e Khi@-b> 0 thi cos(@b) > 0= (ab) la gbc nhon,

- —

e Khi @-b< 0 thicos(@;b) < 0= (ab) la gbc ti.
2. Vectd @ vudng géc vectad b:

J-E:0®a1b1+azbz+a3b3:0

» Bai toan lién quan gitta do dai va tich vo huéng:
Cho hai vecto @ va v ¢6 |i] = m; |U] = n va tao v6i nhau mot goc a.
Tinh |7 + @] ho#ic |@ — ¥] tiy vao yéu cau bai toan.

Hudng giai quyét:

e Bién doi

e Ap dung:

i@+ 0] = |@|* + 2|d| - |0] cos(@; D) + |T]*  (¥)

4 pd

h 1= 1 o 22 4l AL S [
L Liap Cal au KICIL 51(1 UIIICL Vau \
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Bai tap 1: Trong khong gian Ozyz cho @ = (—3;4;0),3> = (5;0;12). Tinh
~ 2 P .~ _> %
cosin cua goc gitta @; b .
Bai tap 2: Trong khong gian Oxyz. cho A(—1;-2;3), B(0;3;1),C(4;2;2). Cosin
CUA BAC DENG. o oo e e
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Dang 6: Tam ty cu

Cho n diém A, As, ..., A, va céc hé sb ky, ko, ... ky sao cho k= ki +ko+...+
k, # 0 va dudng thang d hodc mat phang (P). Tim diém M trén dudng thang

d hodc mat phang (P) sao cho

\ \ %
‘k’lMAl + koMAy + ...+ anAn‘
nhé nhat.
Huéng giai quyét

) 2 . . — — —
e » Budc 1: Goi I 1a diém théa man ki TAy + kolAs + ...+ k,IA, =0.

e » Budc 2: Ap dung quy tic ba diém bién déi:

b b —
by MAY + koM Ag + ...+ kp MAy| = (k1 + ko + .. + k) M| = |k| - |71

e » Budc 3: Tim do dai nhé nhat ciia cic vecto di cho xay ra khi M

chay & vi tri nao?

» Bai toan ciec tri do dai binh phuong vecto:

Cho da giadc Ay, As, ..., A, va cac hé 80 ki, ko, ..., kpsaocho k =k +ko+.. .+
ky > 0.

Tim diém M trén dudng thang d hodc mit phang (P) sao cho tong

S=Fky-MA +ky - MA2+ .. +k, MA?

dat gia tri nhoé nhat.
Huéng giai quyét

) s 302 ) . — — —_—
e » Budc 1: Goi [ 1a diem théa man ki TA| + kolAs + ...+ k,IA, = 0.

e » Buédc 2: Thay rang:

MA? = |MA? = M1 + TA2 = MI? + 2(M1 - TA;) + 1A2
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Ap dung quy tdc ba diém bién ddi:

S =k MA? + kogMA3 + ...+ k,MA2

=k (M12+2(]\7[>-I—141>)+IA%) ..tk (M12+2(m-m)+lAi)
n
— —
= (k4 h)MI 4 2M - (i TAY 4 kDA + Y KIA
=1

n
=k MIP+ 0+ kiIA?
=1

1. » Buéc 3: Do k > 0, dé S dat gia tri nho nhat thi ta xac dinh vi tri

- 2 X N
diem M can tim.

» Chu y: Cho da gidc Aq, As, ..., A, va cac hé s6 ki, ks, ..., k, sao cho k =
ki+ko+...+k, <0.
Tim diém M trén d hodc (P) sao cho tong S = ki-M A3 +ky- MAZ+. . 4-ky,-MA2

dat gia tri 16n nhat. Ta ciing thic hién tuong t.

Bai tap 1: Trong khong gian Oxyz, cho bén diem A(2; —3;7), B(0;4;1),C(3;0;5)

va D(3;3;3). Goi M 1a diém niim trén mit phing (Oyz) sao cho bidu thitc |[MA + MB + MC + ML
dat gia tri nho nhat. Khi d6 xac dinh toa do diém M.

Bai tap 2: Trong khong gian Oxyz, cho O—z>4 -7 + 7 — 3?, B(2;2;1). Tim toa
do diém M thuoc truc tung sao cho M A2 + M B? nhé nhét.

BAI TAP TRAC NGHIEM

Phan I. Trac nghiém nhiéu phuong an luwa chon.
Cau 276. Trong khong gian Ozyz, cho hai vecto @ = (—1;5;0) va v = (1; —5;=3).
Toa do clia vecto o + ¥ 1a
A. (2;-10;3). B. (2;10;3). C. (0;0;-3). D. (2;0;3).
Cau 277. Trong khong gian Ozyz, cho hai vecto @ = (—2;5;2) va T = (1;-3;—1),
. s
vecto @ — b c¢6 toa do la

A. (1;-2;3). B. (—3;8;3). C. (-1;2;1). D. (3;-8;-3).
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Cau 278. Trong khong gian Oxzyz, cho vecto @ = (—2;6;2), vecto %7 c6 toa do

N

la

A. (—6;9;6). B. (-3;9;3). C. (6;9;6). D. (-3;6;3).

Cau 279. Trong khong gian Ozyz, cho ba vects @ = (2; —1;0),
(—2; —4; —3), toa do clia ¥ =24 — 30 + 7 1a
A. (5;3;-9). B. (—5;-3;9). C. (-3;-7;-9). D. (3;7;9).

Cau 280. Trong khong gian Ozyz, cho hai vecto @ = (3;0; 1),7 = (1;1;0). Tim

2 - 2 ~ 2 - - —
toa do cia b sao cho thoa man dang thic b — d+27 =07
_>

AT = (—1;2;-1). B. b = (-2:1,—1).
C. 0 =(1;-21). D. b =(1;21).

Cau 281. Trong khong gian Ozyz, hinh chiéu vuong goéc ciia diém M (2; —2; 1) trén
mat phang (Oxy) co toa do la

A. (2;0;1). B. (2;-2;0). C. (0;-2;1). D. (0;0;1).
Cau 282. Trong khong gian Ozyz, cho hai diém M (1; —2;2) va N(1;0;4). Tim toa
do trung diém I ctia doan thang MN la

A. (1;-1;3). B. (0;2;2). C. (2;,-2;6). D. (1;0;3).
Cau 283. Trong khong gian Ozyz, cho hai diém A(1;1; —2) va B(2;2;1). Vecto AB
c6 toa do 1a

A. (-1;-1;-3). B. (3;1;1). C. (1;1;3). D. (3;3;-1).
Cau 284. Trong khong gian Ozyz, cho dieém A(2; —3;5). Tim toa do A’ 1a diém dbi
xing v6i A qua truc Oy

A. A'(2;3;5). B. A'(2;-3;-5). C. A'(-2;-3;5). D. A'(-2;-3;-5).
Cau 285. Trong khong gian Ozyz, cho hai diém A(1;3;2) va B(3;—1;4). Toa do
vecto U = 2521 — @

A. (—=7,7;-8). B. (-7;3;-8). C. (-7;5;-8). D. (-7;9;-8).
Phan II. Triac nghiém ding sai

Cau 1: Trong khong gian Ozyz, cho @ = (2; —1;3),3> = (—1;5;2).
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¢ 30 = (—3:15:6).
d 2@ — b = (5,-7;4).

Cau 2: Trong khong gian Ozyz, cho @ = (2;1;0),? = (—1;0;—2),? =
(m; —2;4).

%
b bL7 <= m=S8.

c 003(7,?) =2
d|Z|=2|d| <= m=0

Cau 3: Trong khong gian Oxyz, cho AABC biét A(—1;0;3), B(4;2;0),C(3;1; —3)
a G(2;1;0) la trong tam tam giac ABC.

b D(—2;—1;0) la mot dinh ctia hinh binh hanh ABCD.

¢ M(a;b;¢) thoa man AM = 30B. Khi d6 a+ b+ ¢ = —13.

d M(a;b;¢) € Ox sao cho BM vuong géc véi dudng thing AC. Khi dé 4a® + b +

2 = 162.

Cau 4: Trong khong gian Ozyz cho ba diém A(1;2;3), B(2;5;4), C(0;2;0). Trong

cac khang dinh sau, khang dinh nao ding? khang dinh nio sai?
a Khi vecto ¥ = (1;3; —2n) cliing phuong véi AB thi n c6 gia tri la —%.
b Khi ABCD Ia hinh binh hanh thi D(—1; —1; —1).

¢ Vé6i diem E(z;y; —2) dé A, B, F thang hang thi z +y = —

o=

d Diém M € (Oxy) sao cho A, B, M thang hang c6 toa do la M(—2;7;0).

Cau 5: Trong khong gian Ozyz, cho ba diém A(2; —1;1), B(—1;3; 1), C(5; —3; 4).

Trong cac khang dinh sau, khang dinh nao ding? khang dinh nao sai?
a Tich vo huéng clia vecto AB va BO bang —52.

b Géc ABC' la gbc tu.
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¢ Cosin gitta hai vecto AB, AC bang JT%'

d Diém D(1;2;z) v6i AABD vuong tai B thi gia tri = —6.
Phan III. Tric nghiém tra 15i ngan

Cau 1: Trong khong gian Oxyz cho hinh hop ABCD.A'B'C'D’ ¢6 toa do cac
diem A(1;2;-1),C(3;—4;1), B'(2; —1;3), D'(0; 3;5). Gia st toa do diém Al(z;y; z) thi

t4+y+z2bingKQ:| [ | | [ |

Cau 2: Trong khong gian Ozyz, cho hai diem B(1;2;—3) va C(7;4; —2). Goi
E(z;y; z) théa man dang thiic CFE — 2EB khi d6 c4y+zbingKQ:| | | | | |
Cau 3: Trong khong gian Ozyz cho ba diém A(2;0;0), B(0;3;1),C(—3;6;4). Goi

diém M nim trén doan BC sao cho MC = 2MB. Tinh do dai doan AM (két qua

lam tron dén chit s6 thap phan thit nhat) KQ:| | | | | |

Cau 4: Trong khong gian v6i hé toa do Ozyz, cho hai diem A(—2;3;1) va
B(5;6;2). Dudng thang AB cit mat phang (Ozz) tai diém M. Tinh ti s6 é—%. KQ:

L]

Cau 5: Trong khong gian Ozyz, cho hai vecto @ = (1;1; —2) v& ¢ = (1;0;m).

Goi S 1a tap hop cac gia tri m dé hai vecto @ va ¥ tao véi nhau mot goéc 45°. S6

phan tit ciia S bing bao nhieu? KQ:[ [ [ | | |

2.4 On tap chuong 2

Phan I. Trac nghiém nhiéu phuong an lua chon
Cau 286. Trong khong gian Ozyz, cho hai vects @ = (—2;5;—=3), ? = (4;—4;-6).
Toa do vecto —27d — 37 1a
A. (8;-19;10). B. (2;1;-9). C. (—8;2;24). D. (10;2;15).
Cau 287. Cho hinh hop ABCD.A'B'C'D’. Vecto ¢6 diem dau va diem cudi ciia

. e
hinh hop bang vecto B'D’ 1a vecto nao dudi day?
—— -
A. DB. B. D'B. C. BA'. D. BD.
Cau 288. Trong khong gian Ozyz, cho hai diém P(—1;—8;10) va Q(—6; —1; —3).
Toa do cua vecto 1@ la
A. (=5T7,7). B. (6;8;30). C. (5;=7;,-T7). D. (-7;-9;-13).
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Cau 289. Trong khong gian Ozyz, cho vecto ¥ = (—1;6;3) va diém A. Biét vecto
@)1 = ¥. Toa do clia diém A 1

A. (1;-6;3). B. (-1;6;3). C. (-1;-6;-3). D. (-1;6;0).
Cau 290. Cho tit dien ABCD. Ménh dé nao sau day dtng?
A. 4B+ BC = BD. B. 4B + BC = AC.
C. 4B+ BC = C4A. D. 4B + BC = AD.
Cau 291. Cho hinh hop ABCD.A'B'C'D’. Vecto ddi clia vecto AA T
— — — —
A. AC. B. C'C. C. BB D. BA'.

_>

. _> 2 N
Cau 292. Trong khong gian Ozyz, cho @ = —?+2j —3k.Toa do clia @ 1a

A. (3;-2;1). B. (-1;2;-3). C. (2,-3;-1). D. (1;-2;3).

Cau 293. Cho hinh hop ABCD.A'B'C'D’ (minh hoa nhu hinh vé). Phat biéu nao

sau day ding?

1 B
A. AB+ BB + BA' = AC'. B. AL + BC+ C'D' = AC,
C. AL + AC + AA' = AC". D. AB + AA + AD = AC".

Cau 294. Cho hinh lap phuong ABCD.A'B'C'D’. Géc gitta hai vecto AB va C—D>’
bang

A. 30°. B. 135°. C. 45°. D. 60°.
Cau 295. Trong khong gian Oxyz, cho hai diém A(3; —2;3) va B(—1;2;5). Toa do
trung diém I ctia doan thing AB la

A I(=2:2;1). B. I1(1;0;4). C. I(2;0;8). D. 1(2;—2;—1).
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Cau 296. Trong khong gian Ozyz, cho ba diem A(1;2;—1), B(2;1; —3),C(—3;5; 1).
Toa do diém D dé tt giac ABCD la hinh binh hanh I3
A. D(—4;6;3). B. D(-2;2;5). C. D(-2;8;-3). D. D(—4;6;-5).

Cau 297. Trong khong gian Oxyz, cho ba diém A(1;3;5), B(2;0;1),C(0;9;0). Toa
do trong tam G cua AABC la

A. (3;12;6). B. (1;5;2). C. (1;0;5). D. (1;4;2).
Cau 298. Trong khong gian Oxyz, goi « 1a géc gitta hai vects @ = (0; —1;0), v =
(v/3;1;0). Gia tri clia o 1a

A. B. 7. C. 3. D. Z.

ol

Cau 299. Trong khong gian Oxyz, cho @ = (2;—2;1) do dai vecto W biang

A. 9. B. 3. C. 2 D. 4.
Cau 300. Khoang cach giita hai diém I(1;4;—7) va K(6;4;5) 13

A. 169. B. 13. C. 26. D. 65.
Cau 301. Trong khong gian Ozyz cho A(—1;2;3), B(1;0;2). Toa do diém M thoa
man 1@ = 2]\—471 la

A. M(-2;3; %) B. M(-2;-3; %) C. M(-2;3;7). D. < (-4;6;7).
Cau 302. Trong khong gian Oxyz, cho A(2; —1;1), B(—1;3;—1),C(5; —3;4). Tich vo
huéng AB.BC ¢6 gia tri bang

A. 48. B. 52. C. —48. D. —-52.

Cau 303. Cho tit dien ABCD. Goi G la trong tam ciia tam gidc BCD. Khing

dinh nao sai ?

A.BG+CG+DC=T. B. AB + AC + AD = 34G.

C. BC + BD = 3BC. D.GA+GB+GC+GD=1.
Cau 304. Cho hinh hop ABCD.A'B'C'D’. Goi M la trung diém ctia CC’. Vecto
AM bang

A. AB + AD + AA" B. AB + AD + 1AA"

C. AB + 14D + 144, D. 1AL + AD + AA.
Cau 305. Cho hinh hop ABCD.A'B'C'D’. Khang dinh nao sai?

A.AB+CC = AB'. B. AB+ AD + A4 — AC'.
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— - —
C.AD + BB = AD', D. AL + CC' = AC',

Cau 306. Trong khong gian véi hé toa do Oxyz, biét toa do hinh chiéu ciia diém A
len cac truc Ox, Oy, Oz lan lugt 1a M(1;0;0), N(0; —2;0), P(0;0; 3). Toa do ciia vecto
OA 1a

A. (1;-2;3). B. (1;2;3). C. (-1;2;-3). D. (-1;2;3).
Cau 307. Cho diém A(3;—1;1). Hinh chiéu vudéng géc A léen mit phing (Ozy)

la

A. (3;0;0). B. (0;—-1;1). C. (0;-1;0). D. (0;0;1).

Cau 308. Trong khong gian Oxyz, cho diem M(—3;2; —1). Diém déi xitng M qua
mat phiang (Ozy) cb toa do
A. (=3;2;1). B. (3;2;1). C. (3;2;—-1). D. (3;-2;-1).

Cau 309. Hinh chiéu vuong géc diém M (2;1;—1) trén truc Oz c6 toa do la
A. (2;1;0). B. (0;0;—-1). C. (2;0;0). D. (0;1;0).

Cau 310. Cho diém A(—3;1;2), diém déi xtng A qua truc Oy c6 toa do la:
A. (3;-1;-2). B. (3;-1;2). C. (3;1;-2). D. (-3;-1;2).

Cau 311. cho hinh lap phuong ABCD.A'B'C'D’' ¢6 do dai bang 1. Tinh do dai
—
vects AC + C'D.
A. 1. B. 2V2. C. V3. D. V2.

Cau 312. Mot phong hoc c6 thiét ké dang hinh hop chit nhat véi chiéu dai 8m,
chiéu rong 1a 7m va chiéu cao 1a 3,2m. Tai vi tri chinh gitta tran nha ctia phong
hoc duge gan mot chiéc quat tran. Xét hé truc toa do Oxyz c6 goc O trung véi
mot géc phong va mit phang (Ozy) trung v6i mat san (hinh vé), don vi do duge
lay theo mét. Tim toa do diém gin quat.

A.(3,5:4:3,2).  B.(4353,2). C.(43,51,6). D.(3,541,6).
Cau 313. Trong khong gian Ozyz, cho hai diém A(1;2; —4) va AB = —4:;0;6). Toa
do ctia diém B 1a

A. (—1;6;—6). B. (5;2;-10). C. (-3;2;2). D. (0;4;-5).

Cau 314. Trong khong gian Ozyz cho hinh vuéng ABC'D c¢6 B(3;0;8), D(—5; —4;0).

Do dai canh ciia hinh vudng da cho bang
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iZm .;-.J_ _____ . _1
.r'" T m
by F m
A. 6. B. 12. C. 5v2. D. 6v2.

Cau 315. Trong khong gian véi hé truc toa do Ozyz cho trude (don vi do lay theo
mét ), mot cong ty xay dyng can xac dinh chiéu dai clia mot sgi day cap ndi gitta
hai diém cao trén hai toa nha dé 1ap dit he thong dien. Toa nha thit nhat c6 dinh
& vi tri A(3;5;12) va toa nha thit hai c6 vi tri & dinh B(8;2;20). Hoi cong ty can
chuan bi soi day cap cho chiéu dai t6i thiéu la bao nhiéu mét dé néi hai dinh toa
nha (lam tron dén hang don vi)

A. 11. B. 12. C. 10. D. 9.

N . . -
Cau 316. Cho hinh lang tru deu ABC.A’B'C’. Khi do6 goc gitta vects 4B’ A’ va BC
bang bao nhiéu?

A. 60°. B. 120°. C. 309. D. 90°.

Cau 317. Mot s6 vung qué 6 Viet Nam, truée moéi nha thudng c6 khoang san rong
dé phoi lta vao mila gat va ciing 1a noi t6 chiic mot s6 sy kien: dam cudi, dam hoi
thoi noi. Bac Nam tinh xay mot san trude ciia nha hinh chi nhat ABCD ¢6 do dai
canh lan lugt 1a AB =5 viv AD = 12m. Dé tién cho viéc thoat nuée khi troi mua
va rita san nén bac Nam xay vi tri B thap hon vi tri A 1a 5em, vi tri D thap hon
vi tri A 1a 8em. Chon hé truc Ozyz nhu hinh vé, hay xac dinh xem vi trf C thap
hon vi tri A 1& bao nhiéu cm?

A. 5. B. 13. C. 12. D. 30.

Cau 318. Cho ba diém A(3;1;0), B(2;1; —1),C(x;y; —1). Tim toa do diem C dé
tam giac ABC' la tam giac vuong tai A.

A, (41++2;—-1). B. (41-+v2;-1). C. (41-1). D. (2;-1;-1).
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Cau 319. Trong khong gian Ozyz, cho hai vecto @, T khéc 0. Chon khang dinh

ding trong céc khang dinh sau?

— — — - — —

A. 3D :|7|.‘b sin(@, D). B. 7.0 :2|E>|.’b cos(@, D).
2

C. 3.7 =d|. ‘? cos(@, D). D. 7.0 = 7. m sin(@, D).

Cau 320. Mot san cau long c6 kich thude cho trong hinh bén dudi (Hinh bén) hée

truc toa do Oxzyz da duge chon.

Hinh 3

Toa do cua B 1a
A. (6,1;3,9;0). B. (6,7;0;0). C. (6,7;0;1,55). D. (6,1;0;0).

Phan II. Triac nghiém ding sai
Cau 1. Trong khong gian, cho lang tru ding ABC.A’B'C’ ¢6 day la tam giac
déu canh a, canh bén 2a. Goi M la trung diéem B'C’. Khi doé:

\
7

A. AB'— A'C" = BC'.

NO\3

—
B. AC'- BB — 0.
—
C. ’ﬁ+AA’ — 3a.
— —— 3
D. cos (AB’,AM) = .
2v/15

Cau 2. Trong khong gian Ozyz, cho A(1;0;1), B(2;1;2),C(1;—1;1).
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A. Ba diém A, B, C thang hang.
B. Toa do diém D théa man AB = DC 1a D(0;2; —1).
C. Do dai BC = 2.

D. cos /BAC = —i.

V3
Cau 3. Trong khong gian Oxyz, cho A(—5;0;7), B(1;2;1),C(16;5; —2). Khi dé:
A. AB = (6;2; —6).
B. Goc gitta hai vecto AB v AC bang 158,7°.
C. ’@ + @‘ = 5v/22.

D. Diém N(a;b;¢) thuoc doan AB théa man NA =3NB. Khi d6 a +b+c =4,5.

Cau 4. Cho hinh lang tru ABC.A’B'C’, M la trung diém ctia BB'. Dat CA —
o
i CB—=b AA = ¢,
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—

-
M = C.

D. A

DN | —

b—a-+

Cau 5. Trong khong gian Ozyz, cho hai diém M (2;3; —1), N(—1;1;1).

C. Do dai vecto MN bang v/17.
D. Cho P(1;m — 1;3). Tam giac MNP vuong tai N khi va chi khi m = 1.
Cau 6. Trong khong gian Oxyz, cho hai vecto @ = (2;1;7) va b=>5i+4j — 2k.
A b= (5:4;-2).
B. |d| = V10.
C.a—2b=(87T9).
D. dLb.

Cau 7: Mot toa nha 6 tang c6 dang hinh hop chit nhat ABCD.M N PQ. Trong
d6 mat san ctia toa nha 1a hinh chit nhat c6 kich thuéc 18m x 12m, mdi tang clia
toa nha cao bing nhau va bang 5m. Dé dinh vi cac vi tif trong toa nha, ngudi ta
dat mot hé truc toa do Ozyz nhu hinh vé, v6i A trung véi O, mat san tang 1 1a mat
ohanwgr (Ozy) va 1 don vi trén moéi truc tng véi 1 mét. Thang may & san tang 1

& vi trf T(2;2;0) (Gia sit be day ctia mit san, mat tuong la khong dang ké ). Co

Dao lam viéc tai toa nha nay.

a Toa do diem P(12;18;30).
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b Khi thang méay dén tang 2 thi vi tri thang may c6 toa do (2;2;10).

¢ Co Dao lam viéc 6 tang 2, viét vi trf ban lam viéc ctia ¢6 c6 hoanh do z = 8
va tung do y = 10. Khodng cich tit ban lam viéc clia ¢6 dén thang may & san

tang 2 1a 9m.

d Bo Phat Wifi ctia toa nha ducc dat & vi tri tang 3 tai vi trf c¢6 hoanh do
x = 10,5 va tung do y = 10,5 v caAch mat san tang 3 1a 3 mét. Néu co Dao
uong ca phé ¢ toa nha bén canh vi tri (5;20;5) thi dién thoai ciia co van bat
song wifi tit toa nha ma co lam viéc, biét rang vung pht séng bo phat wifi do

c6 ban kinh 20m (gi& stt khong giap van dé vé dudng truyen).

Cau 8: Mot thap trung tam kiém soat khong Iuu & san bay cao 80m sit dung
ra da ¢6 pham vi theo doi 500km dugc dat trén dinh thap. Chon hé truc toa do
Ozyz ¢6 gbc O trung véi vi tri chan thap, mit phang (Oxy) triung véi mat dat sao
cho truc Oz huéng vé phia tay, truc Oy huéng vé phia nam, truc Oz huéng thang
ding phia trén, Mot may bay tai vi tri A cach mit dat 10km cach 300km vé phia
dong va 200km vé phia bac so véi thap trung tam kiém soat thong luu

i

'

\

-

i ha
- H ii

- 3
x" Hinh 1

a Ra da clia trung tam kiém soat thong luu khong phét hién dugc may bay tai

vi tri A.
b Ra da & vi tri d6 c6 toa do (0;0;0),

¢ Khodng cach tit may bay dén ra da 1a khoang 360, 69km.
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d Vi tri A ¢6 toa do (300;200; 10).

Cau 9: Mot san van dong véi san béng phang hinh chi nhat ¢6 cham tring
trung tam la noi giao bong, mot duong ké vach chia doi dan va cac khan dai. Khan
dai A gom nhiing day ghé ndm vuong goc véi vach chia doi san c6 do cao tang dan
(céc ghé cuing hang thi ciing do cao so v6i mat san). Chon hé truc toa do Oxyz sao
cho O tring vé6i diém giao béng, mit phang Ozy tring véi mit san, truc Oz tring
vdi vach chia do6i san, Tia Oz vuong goc v6i mit san (don vi do 1ay theo mét). Mot
khan gid ngoi tai vi tri M clia khan dai A, c6 hinh chiéu vudéng géc lén mat phang

-, ~ N ~ « 2 ~ 2 2,0 — N - ~ N P .
chita san la mot diem thuoc Ox. Goc hop bdi OM va mat san la a véi sina =

Y

AEEGUE

néu ngudi nay di chuyén 10(m) trén hang ngang dé dén ngdi tai vi tri N thi géc
oo L R N P . <« 3 . L. o
hgp bdi ON va mat san la g véi sinf8 = \{—(1:0. Goi h(m) la do cao tai M so v6i mat

san.

E"-.' 0 /

a Diém M c6 cao do biang 0.

b Diém N c6 cliing tung do véi diem M.
¢ OM = 3h.

d h = 10m.

Phan III. Trac nghiém tra 15i ngan
Cau 1: Cho ba diém phan biét A, B,C va mot diém O tuy ¥. Biét ring OA =
mOB +n0C (m,n € R), ba diém A, B,C thing hang khi va chi khi m +n bing KQ:

L]
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[it]

Cau 2: Trong khong gian, cho hinh hop ABCD.A'B'C'D’ c6 tat ci cic canh
bing a va BAA' = BAD = DAA’ = 60°. Tinh do dai dudng chép AC”. KQ:

L]

Cau 3: Mot may bay dang cat canh tit phi truong. Véi hé toa do Oxyz dude

thiét lap nhu hinh ben dudi, cho biét M 1 vi trf clia may bay, Om = 14, NOB =
320, MOC = 65°. Khi d6 toa do didm M c6 dang (a;b;c) (lam tron dén hang phan

tram) [ [ [ [ ] |

Cau 4: Mot tamam gb tron dudc treo song song v6i mat phing ndm ngang baéi
ba sgi day khong gian xuat phét tit diém O trén tran nha va lan lugt buoc vao ba
< 2 = N 2 - - g X ~ X ~
diem A, B,C trén tam go tron sao cho cac lyc cang Fi, ? , F3 lan lugt trén moi day

OA,0OB,0OC d6i mot vuong goéc v6i nhau va c¢6 do 16n ‘]Fl> = ‘?2‘ = ‘]?3’ = 25(N)

(xem hinh v&). Tinh trong lugng P ctia tam go tron d6 (tinh chinh xdc dén hang

phanmuoi). | | | | | |
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Cau 5: Trong khong gian Ozyz (don vi do 1ay theo km), radar phat hién mot
chiéc méy bay di chuyén véi tdc do va hudng khong doi tit diem A(800;500;7) dén
diém B(940; 550; 8) trong 10 phit. Néu may bay tiép tuc giit nguyeén téc do va huéng
bay thi toa do clia may bay sao 10 phut tié theo 1a D(z;y;2). Khi d6 2 +y + 2 bang

bao nhiéu?
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Chuong 3

CAC SO PAC TRUNG DO
MUC PO PHAN TAN
CHO MAU SO LIEU
GHEP NHOM

3.1 Khoang bién thién va khoang t& phan vi ctia

mau so6 liéu ghép nhém

3.1.1 Khoang bién thién

Khoang bién thién, ki hieu R clia mau s6 lieu ghép nhém 1a hiéu so gitta dau

mut phéi clia nhém cudi cling va dau mut trai ciia nhém dau tién c6 chia

dit licu ctia mau sé lieu

Luu ¥.
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e Xét mau s6 lieu ghép nhém cho bang sau:

Nhom | [ug;u2) | [ug;uz) | -+ | [ug; ug41)

Tan so ni n9 00 ng

Néu n; va n cung khac 0 thi

R=wupy1 —w

e Khoang bién thién ctia mau sb lieu ghép nhém luon 16n hon hodc bang

khoang bién thién ctia mau s6 lieu goc.

Y nghia ctia khodng bién thién ctia mau sé liéu ghép nhém

e Khoang bién thién ctia mau s6 lieu ghép nhom 1 gia tri xap xi khoang
bién thién ctia mau s6 lieu goc va c6 thé ding dé do mic do phan tan

clia mau sb liéu.

e Khoéng bién thién R = up,; — u1 chua phan dnh duge day du mic do
phan tan ctia phan 16n cac s6 lieu. Hon nita, gia tri cia R thuong tang
vot khi xuét hién gia tri ngoai lé trong mau s6 lieu. Do d6, dé phan anh

miic do phan tan ciia s6 liéu, nguoi ta con dung cac s6 dac trung khéc.

3.1.2 Khoang t@ phan vi
Luu ¥.

e Xét mau s6 lieu ghép nhém cho bang sau:

Nhoém | [uj;ug) | [ug;us) | -+ | [ug; ugs1)

Tan so ni n9 ce N

e Tt phan vi thit ¢, ki hieu 1& Q; v6i i = 1,2, 3 clia mau s6 lieu ghép nhém duoge

xac dinh nhu sau:
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Qi:uer(@_c).M

Nm,
Trong do:
—n=nmny+ny+---+n; la c6 mau.
— [Um, Um+1) 1& nhom chita t@ phan vi thi q.
— n,, 1a tan s6 ctia nhém chita t1 phan vi thi .
—C=n1+ng+ - +nm_1.

Khoang t phan vi ctia mau s6 lieu ghép nhém ciing duge xac dinh dira trén t

phan vi thit nhat va t phan vi thid ba nhu déi véi mau s6 lieu khong ghép nhom.

Khoang t1t phan vi ctia mau s6 lieu ghép nhom, ki hieu AQ, 1a hiéu gitta ti
phan vi thit ba Q3 va t phan vi thit nhat Q1 ctia mau s6 lieu ghép nhém do,
tuc la:

AQ = Q3 — Q1

Y nghia ctia khoang ti¢ phan vi ctia miu s lieu ghép nhém

Khoang tit phan vi clia mau so lieu ghép nhém la gia tri xap xi cho

khoang t@& phan vi ctia mau s6 lieu goc va co thé dung dé do mic do
phan tan clia nita gitta ctia mau s6 lieu (tap hop 50% s6 lieu nam gitia

glé tl“i Ql va Qg)

e Khodng ti phan vi ctia mau s6 lieu ghép nhém cang nhé thi dit licu

cang tap trung xung quanh trung vi.

e Khoéang t1t phan vi dugc ding dé xac dinh gié tri ngoai lé trong mau s6
lieu. Gia tri « trong mau so6 lieu 1a gia tri ngoai lé néu = > Q3 + 1,5AQ

hodac z < Q1 — 1,5AQ.

e Khodng tit phan vi cia mau so lieu ghép nhom khong bi anh hudng

nhicu bédi cac gia tri ngoai lé trong mau so liéu.
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BAI TAP TRAC NGHIEM

Cau 321. Théng ké diém kiém tra hoc ki 1 mon toan ctia 300 hoc sinh 16p 12 duge

mo ta ¢ bang sau:

Diém (2; 4] | [4; 6) | [6: 8) | [8: 10)

S6 hoc sinh | 20 50 70 160

Khoang bién thién ctia mau s6 lieu trén 1a

A. 160. B. 8. C. 7. D. 140.
Cau 322. Mdi ngay ban Nguyeén déu phai lam bai tap mon toan c6 bang thong
ke vé thoi gian lam bai tap mdi ngay clia ban Nguyén (don vi: phit) trong 60 ngay

nhu sau:

Thai gian (phat) | [70:80) | [80:90) | [90:100) | [100; 110) | [110; 120)

S6 ngay 1 7 24 3 25

Khoang bién thién ctia mau so lieu ghép nhom la:

A. 24. B. 50. C. 120. D. 25.

Cau 323. Cho bang thong ké chiéu cao ciia hoc sinh 16p 124 va 16p 12B nhu sau:

Chiéu cao (cm) [150;155) | [155;160) | [160;165) | [165;170) | [170:175) | [175:180) | [180:185)
12A 1 ] 23 10 2 3 0
12B 0 0 35 G 1 0 2

Khoang bién thién chiéu cao 16p 124 va 12B lan lugt 1a A4, Ag. Khing dinh nao
duéi day dang?

A. Ap=A4+5 B.Aps=Ap+5 C. Ay<Ap. D. Ay =Ap.
Cau 324. Cho mot mau s6 lieu ghép nhém c6 chita t1t phan vi thit nhat, thi hai
va thi ba lan luct 14 Q1, Q2, Q3. Khodng ti phan vi cia mau sb lieu ghép nhém
do

A AQ=01-Q3. B.AQ=Q3-Q2. C. AQ=0Q2—-Q1. D. AQ=0Q3— Q1.
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Cau 325. Théng ké diém thi danh gi4 nang luc cia mot nhém c6 120 hoc sinh

qua thang diém 100 dudc cho & bang sau:

Diém | [0: 20) | [20; 40) | [40; 60) | [60; 80) | [80: 100]

S6 hoc sinh | 25 35 37 15 8

Khoang tit phan vi ctia mau s6 lieu ghép nhom trén bang (két qua lam tron dén
hang phan muoi)

A. 229, B. 3,4. C. 56,2. D. 79, 1.

Cau 326. Mot vuon thu ghi lai tudi tho 20 con ho va thu dude két qua nhu sau:

Tudi tho | [14;15) | [15;16) | [16;17) | [17;18) | [18;19)

S& con ho 1 3 8 6 2

Nhém chita t phan vi thi nhat &

A. [14;15). B. [15;16). C. [16;17). D. [17;18).

Cau 327. Mot vuon tha ghi lai tudi tho ctia 20 con ho va thu dude két qua nhu

sau:

Tudi tho | [14:15) | [15:16) | [16;17) | [17;18) | [18:19)

S6 con ho 1 3 8 6 2

Nhoém chita tit phan vi thit ba la

A. [14;15). B. [15;16). C. [16;17). D. [17;18).

Cau 328. Két qua diéu tra téng thu nhap binh quan trong nam 2024 ctia mot sb

ho gia dinh thanh phé Nha Trang nhu bang sau
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Téng thu nhap )
[200; 250) [250; 300) [300; 350) [350; 400) [400; 450)

(triéu dong)
S6 ho gia dinh 24 62 34 21 9

Tt phan vi thit nhat bang
16175 16175 16157 16751
A_c T. Bc T. C- T. Dp T.
Cau 329. Mot mau s6 lieu ghép nhéom c6 t phan vi Q1 = 4,Q2 = 6,Q3 = 9.

Khoang ti phan vi ctia mau s6 lieu ghép nhom dé 1a bao nhiéu?

A. 5. B. 4. C. 6. D. 9.

Cau 330. Doanh thu ban hang trong 20 ngay dugc lya chon ngau nhién ctia mot

ctta hang dugc ghi lai 6 bang sau (dob vi: triéu dong).

Doanh thu [5:7) 7:9) 9:11) [11:13) [13;15)
S6 ngay 2 7 7 3 1

Tt phan vi thtt ba clia mau s6 liéu trén gan nhat véi gia tri ndo trong cac gia tri
sau?

A. 10. B. 11. C. 12. D. 13.

3.2 Phuong sai va dé léch chuan ctia mau sb liéu

ghép nhém

Phuong sai ctia mau s6 lieu ghép nhom, ki hieu S?, duge tinh bang cong thitc

1
F = - [n1(c1 —2)® + na(ca = T)° + -+ + mg(cx — T)7]

trong dé: n = ny +ng + -+ - + ny 1a ¢ mau;

1
= E(nlcl + ngco + -+ + nkck)

14 s6 trung binh.

~ 1~ 2 = FEREPS ~ - - PN N N - ~ « A
Do léch chuan ctia mau so liéu ghép nhom, ki hiéu 1a S, 1a can bac hai s6 hoc

cua phuong sai, nghia la S = v/.S2.
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Luu ¥.

a) Phuong sai clia mau s6 licu ghép nhém c6 thé duge tinh theo cong thiic
sau:

1
g = ﬁ(nlc% + noch + -+ nger) — T

b) Trong théng ke, ngudi ta con dimg dai lugng sau dé do mitc do phan

tan ctia mau so lieu ghép nhom:

. 1 _ 3 -
5= n—1 [nl(cl - .T)z + na(co — x)2 + o (e — x>2:|

Y nghia ctia phuong sai va d6 léch chuan ciia mau so liéu

e Phuong sai (do léch chuan ) ctia méu s6 liéu ghép nhém 1a gia tri xap
xi cho phuong sai (do léch chuan ) ctia mau s6 lieu géc. Chitng duge
diing dé do mitc do phan tan clia mau s6 lieu ghép nhém xung quanh
s6 trung binh ctia mau sb lieu. Phuong sai va do lech chuan cang lén

thi di lieu cang phan tan.
e Do lech chuan c¢é ciing don vi véi don vi ctia mau sb lieu.

e V6i mau sb licu ¢6 cung s6 trung binh (ho#ic xap xi nhau ), ta thuong
stt dung phuong sai va do lech chuan dé so sanh mtc do phan tan cta

cac mau so lieu do.

BAI TAP TRAC NGHIEM

Cau 331. Mau s6 lieu ghép nhom c6 do lech chuan bang 9 thi c6 phuong sai
bang

A. 9. B. 3. C. 18. D. 81.
Cau 332. Mot méau s6 lieu ghép nhém c6 phuong sai bing 16 thi c6 do lech chuan

bang bao nhiéu?

A. 5. B. 8. C. 256. D. 32.
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Cau 333. Hai mau so6 lieu ghép nhém My, My c6 bang tan s6 ghép nhém nhu sau

M, | [8:10) [[10;12) [ [12:14) | [14;16) | [16:18)
Tansb | 3 1 8 6 1
Mo | [8:10) | [10;12) | [12:14) | [14;16) | [16:18)
Tansb | 6 8 16 12 8

Goi s1, 59 lan luot 1a do lech chuan ctia mau s6 lieu ghép nhém My, M. Phéat biéu

nao duéi day dung?

A. S1 = S92.

B. S1 = 252.

C. 281 =

S9.

D. 481 = S9.

Cau 334. Khoi lugng 66 qui budi da xanh ¢ 16 hang A dugce ghi lai 6 bang sau:

[1,4:1,6)

[1,6:1.8)

1,8:2.0)

[2.0:2,2)

[2,2,:2.4]

Khéi luong (kg) (1,2:1,4)
S6 qua budi 5

—
i

9

16

21

8

Khoéi lugng trung binh clia mdi qua budi gan nhat véi két qua nao duéi day?

A. 5. B. 8.

C. 2

D. 3.

Cau 335. Dé danh gia chat lugng ctia mot loai pin dién thoai méi, ngusi ta ghi

lai thoi gian nghe nhac lién tuc ctia dién thoai dugc sac day pin cho dén khi hét

pin cho ra két qua nhu sau:

Thai gian (gio)

o
|
o

Sofen

[G;ﬁ,

5) | [6,5:

=
"l_-d

S6 chiée dién thoai (tan so)

-

10)

-
-

Tinh do lech chuan ctia mau s6 lieu ghép nhom trén (lam tron dén 4 chit s6 thap

phéan)
A. 0,4252.

B. 0,5268.

C. 0,5314.

D. 0,6214.

Cau 336. So tien ghi trén hoa don ciia 150 khach hang 1ay ngau nhién trong mot

siéu thi cho vao bang duéi day:
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S5 tien (nghin dong) | [50:100) | [100;150) | [150:200) | [200:250] | [250;300)
Tan s6 §] ] 39 66 30
Hay tinh do lech chuan ctia mau sé lieu ghép nhém tren.
A. 49.24. B. 21,03. C. 24,25, D. 49, 41.

Cau 337. Cho mau sb lieu ghép nhém vé chiéu cao ctia 25 cay dita gidng nhu sau:

S tien (nghin dong) | [0;10) | [10;20) | [20;30) | [30:;40] | [40;50)
S6 cay 4 6 7 5 3
Phuong sai clia mau s6 lieu trén 1a
A. 154,45. B. 154, 56. C. 24,25. D. 66, 35.

3.2.1 On tap chuong 3

Phan I. Trac nghiém nhiéu phuong an lua chon
Cau 338. Bang sau thong ke khoi lugng mot s6 qud mang cut duge Iya chon ngau

nhién trong mot thung hang

[ (W]

Khoi Ivong (gam) [80;82) [82;84) [84;86) [8&;88) [88;9[})
S6 qua 17 20 25 16 12
Khoang bién thién ctia mau s6 lieu ghép nhom trén la:
A. 10 gam. B. 12 gam. C. 2 gam. D. 20 gam.

Cau 339. Mot cong ty cung cap nudc sach thong ké luong nuée cac ho gia dinh

trong mot khu vyc tiéu thu trong mot thang & bang sau.
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Luong nude tiéu thu (m*) | [3;6) [6;9) | [9:12) | [12;15) | [15:18)

S8 ho gia dinh 20 60 40 32 7

Khoang bién thién ctia mau s6 lieu ghép nhém trén la:

A. 3m3. B. 15m3. C. 18m3. D. 20m3.

Cau 340. Ngudi ta théng ke téc do ciia mot s6 xe 6to di chuyen qua mot tram

kiém soat trén dudng cao téc trong mot khoang thoi gian & bang sau.

Téc dd (km/h) [?5;3(}] [30;35] [85;90) [9(};95) [95;100)
58 xe 15 22 28 34 19

Khoang bién thién ctia mau s6 liéu ghép nhém trén la
A. 75km/h. B. 25km/h. C. 100km/h. D. 5km/h.
Cau 341. Két qua diéu tra vé s6 gio lam thém trong mot tuan ciia 100 sinh vién

duge cho & bidu do sau.

Khoang bién thién ctia mau s6 lieu duge cho trong bicu do tren

A. 2. B. 3. C. 10. D. 37.

Cau 342. Tham nién cong tac clia cac cong nhan hai nha may A va B duge cho

trong bang sau
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Thim nién cong tac (nim) [0;5) | [5:10) | [10;15) | [15;20) | [20;25)
S0 cong nhan nha may A 35 13 12 12 8
SO cong nhan nha may B 19 26 24 11 0

Stt dung khodng bién thién, hdy cho biét tham nién cong tac cac cong nhan clia

nha may nao c6 do phan tan 16n hon?

A.
B.

Khong so sanh dugc.

Nha méay A c¢6 tham nién cong tac clia cac cong nhan phan tan 16n hon nha

may B.

mayB..

mayB. .

. Nha may A ¢6 tham nién cong tac ctia cac cong nhan phan tan nho hon nha

. Nha may A c6 tham nién cong tac clia cic cong nhan phan tan bang nha

Cau 343. Biéu do duéi day thong ke thoi gian tap thé duc budi sang mdi ngay

trong thang 9/2022 ctia bac Binh va bac An.

S6 ngay

30

[15;20)

[20:25)

[25:30)

[30:35) 35:40)

phiit

Hoi gitta bac Binh va bac An thi ngudi nao c6 thoi gian luyén tap deu?

A. Bac Binh c¢6 thoi gian tap déu hon. .

B. Bac An c¢6 thoi gian tap déu hon. .

C. Khong xac dinh dugc..

D. . Bac Binh va Bac An c6 thdi gian tap déu nhu nhau. .

Cau 344. Ban Ngoc rat thich nhay hién dai. Thoi gian tap nhdy clia mdi ngay

trong thoi gian gan day ctia ban Ngoc dude thong ké lai ¢ bang sau:

Cu li (m)

[19;19,5)

[19,5;20)

[ 20;20,5)

[20,5;21)

[21;21,5)

Tan sO

13

45

24

S6 trung binh ctia miu s6 lieu ghép nhom 1a

12

6
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A. 100. B. 20,015. C. 2001, 5. D. 2.
Cau 345. Gia dong cita ciia mot c¢o phiéu 1a gia clia ¢d phiéu dé cudi mot phién
giao dich. Bang sau thong ké gia déng cita (don vi: nghin dong) ctia hai ma co

phiéu A trong 50 ngay giao dich lién tiép.

Gia déng cura [120;122) [122; 124) [124;126) [126;128) [128; 130)
S6 ngay giao
dich cua cd 8 9 12 10 11
phiéu A

S6 trung binh ctia miu s6 lieu ghép nhom 1a
A. 50. B. 12528. C. 125,28. D. 10.
Cau 346. Mb6i ngay Nguyen déu di bo dé ren luyen stc khoe. Quang dudng di bo

mdi ngay (don vi: km) ctia Nguyéen trong 20 ngay dudc thong ke lai 6 bang sau:

Quéng duong _ _ _ . .
(km) [2,7:3,0) | [3,0;33) | [333,6) | [3639) | [3.942)
Songay 3 6 5 1 5

Phuong sai ctia mau s6 liéu ghép nhom 1 (lam tron dén hang phan tram)

A. 3,39. B. 11,62. C. 0,13. D. 0, 36.

Cau 347. Diing 1a hoc sinh rat giéi choi rubik, ban c6 thé giai nhiéu loai khéi
rubik khac nhau. Trong mot lan tap luyén gidi khéi rubik 3 x 3 , ban Diing da tu
thong ke lai thoi gian giai rubik trong 25 lan giai lién tiép 6 bang sau:

Thotgian giai rublk | re.10) | r10;,12) | [12;14) | [14;16) | [16:18
on 85 T 10) [ [10:12) [ [1219) [ 1) [ o
55 1an 1 6 8 4 i

Do léch chuan ctia mau s6 lidu ghép nhom 1a (lam tron dén hang phan tram)

A. 5,98. B. 6. C. 2,44. D. 2,5.

Cau 348. Ngudi ta ghi lai tién 1ai (don vi: trigu dong) ctia mot s6 nha dau tu (véi
s6 tien dau tu nhu nhau), khi dau tu vao hai linh viic A, B cho két qui nhu sau
Ngudi ta c6 thé diing phuong sai va do lech chuan dé so sanh mitc do rai ro dau tu

cac linh vic c6 gia tri trung binh tién 1ai gan bang nhau. Linh vic ndo c¢6 phuong

206



Tazr liéuw hoc tap HKI lop 12 2025-2026

Bién soan: Minh Kha

Tién lai [5:10) | [10;15) | [15;20) | [20;25) | [25;30)
S6 nha dau tu vao linh vire A 2 5 8 6 4
S6 nha dau tu vao linh vue B 8 4 2 5 6

sai, do lech chuén tién lai cao hon thi dudc coi 1a ¢6 do rii ro 16n hon. Theo quan
diém trén, do rii ro clia ¢6 phiéu nao cao hon?

A. Linh viie A ¢6 do rti ro bang linh viye B. .

B. Linh vuc A ¢6 do rii ro cao hon linh vue B. .

C. Linh viic A ¢6 do rii ro thap hon linh viye B..

D. Khoéng so sanh duge. .
Cau 349. Gia dong ciia clia mot ¢o phiéu la gia ctia co phiéu d6 cudi mot phien
giao dich. Bang sau thong ké gia déng cita (don vi: nghin dong) ctia hai ma co
phiéu A va B trong 50 ngay giao dich lién tiép.

a

Gid déng ctta | [120;122) | [122;124) | [124;126) | [126;128) | [128;130)
Co phiéu A 8 9 12 10 11
Co phiéu B 16 4 3 6 21

Ngudi ta c6 thé dung phuong sai va do lech chuan dé so sanh mic do rai ro cla
céc loai co phiéu c6 gia tri trung binh gan bing nhau. Co phiéu nao c6 phuong sai,
do lech chuan cao hon thi dude coi 1a ¢6 do rii ro 16n hon. Theo quan diém trén,
do rii ro clia ¢ phiéu nao cao hon?

A. C6 phiéu A c6 do rii ro bing c¢d phiéu B. .

B. C6 phiéu A ¢6 do rii ro cao hon ¢6 phiéu B..

C. Cb phiéu A c6 do rti ro thap hon co phiéu B..

D. Khong so sanh dugc. .

Cau 350. Két qua 40 lan nhay xa ctia hai van dong viéen nam Diing dudc lan luot

thong ke trong cac bang sau (don vi: mét)
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Nhém Tén s
6,22: 6, 46)
6,46:6, 70)

6,70: 6,94) 5
)
)

6,94;7,18
7,18;7,42

n

n = 40

Gia tri trung binh cia mau s6 lieu ghép nhom biéu dién két qua 40 lan nhay
xa clia van dong vien Diing c6 gia tri gan véi gia tri

A. 6,92. B. 7.34. C. 9,86. D. 5,85.
Phan II. Tric nghiém ding sai

Cau 1: Thoi gian ché kham bénh ctia hai phong pham 1 va phong kham 2 &
thanh phé X dudc cho trong bang sau:

”Thﬁ';gian(phﬁt) [0;5) | [s10) | [10;15) | [15;20)
Phong kham so 1

(S6 bénh nhan) 3 12 15 18
Phong kham so6 2
(SO bénh nhan) > 10 12 0

Xét tinh diung sai clia ménh dé sau:
a Tong s6 benh nhan chs kham bénh & phong kham s6 1 duéi 5 phit 1a 3.

b Khodng bién thién ctia mau s lieu ghép nhéom ve thoi gian chs kham bénh

ctia phong kham s6 1 1a Ry = 15.

¢ Khoang bién thién ctia mau s6 lieu ghép nhém vé thoi gian chd kham bénh
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ctia phong kham s6 2 1a Ry = 20.

d Thoi gian chd kham bénh ¢ phong kham s6 2 phan tan hon thoi gian cho
kham bénh ¢ phong kham s6 1.

Cau 2: Thong ké thu nhap theo thang (don vi: trieu dong) cia mot nhom

ngudi chay Grab dugce cho trong bang sau:

|3:5)

SH nguoi 5

Thu nhap

15:7) | [7;9) | [9:11)

10 5 2

(triéu dong)

Xét tinh ding sai ctia ménh dé sau:
a C3 mau la n = 22.
b Tt phan vi thit nhat ciia mau so lieu ghép nhom 1a Q = 10.
¢ Tt phan vi thit ba ctia mau s6 lieu ghép nhém 1a Q3 = 5.
d Khoang t phan vi clia mau s6 lieu ghép nhom 1a Ag =5

Cau 3: Thu nhap theo thang (don vi: tricu dong) ctia 20 ngusi lao dong & ba

nha may nhu sau:

Thu nhap [5:8) [8:11) [1;14) | [14:17) | [17:20) | [20:23)
S6 nguoi ciia nha may A _ 2 5 4 4 E 5 0
S6 ngudi cia nha may B 0 6 4 3 7 0
S6 nguwdi cia nha may C 1 5 8 6 0 0

Xét tinh diung sai clia ménh dé sau:

a Trong 20 ngudi lao dong 6 nha méay A, hiéu sd thu nhap ctia hai ngudi lao

dong bat ki khong vuot qua 15 trieu dong.

b Trong 20 nguoi lao dong & nha mAay B, hiéu s6 thu nhap ctia hai nguoi lao

dong bat ki khong vuot qua 18 trieu dong .

¢ Néu duya vao khodng bién thién thi thu nhap ciia nguoi lao dong 6 nha may

A phan tan hon so véi ngudi lao dong & nha méy B.
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d Néu dira vao khodng bién thién thi thu nhap ctia ngusi lao dong & nha may

C phan tan hon so v6i ngusi lao dong 6 nha may A .
Cau 4: Diém kiém tra cudi khoa mon Tiéng Anh ciia hai 16p 6 mot trung tam
ngoai ngtt dugc thong ké trong cac bang sau

Béng a. Diém ciia lép A Bing b. Diém ciia I6p B

DPiém Sé hoc vién Diém Sé hoc vien
[50; 60) 3 [50; 60) 15
[60; 70) 20 [60; 70) 20
[70: 80) 50 [70; 80) 30
[80: 90) 17 [80; 90) 20
[90: 100) 5 [90:100) 15

Xét tinh ding sai clia ménh deé sau:
a Nhom chita ti phan vi thit nhat ctia mau s6 lieu ¢ Bang a 1a [60; 70).
b Nhoém chita ti¢ phan vi thi ba clia mau s6 lieu 6 Bang b 13 (90; 100].
¢ Khodng tit phan vi cia mau so lieu ¢ Bang a 1a 10.
d Khoéang tt phan vi ctia mau s6 lieu & Bang b 1a 20.

Cau 5: Cho mau s6 lieu thong ké chiéu cao ciia cac hoc sinh 16p 1241, 12A42012A3

cua mot truong THPT nhu bang sau :

Chiéu cao (don vi: cm) | [150;155) | [155:160) | [160:165) | [165:170) | [170;175) | [175:180)
S6 hoc sinh lop 12A1 1 13 18 5 3 0
S6 hoc sinh lép 12A2 0 12 20 7 1 0
S6 hoc sinh lép 12A3 1 8 12 15 1

Xét tinh ding sai ctia ménh dé sau:

a Néu duya vao khodng tit phan vi thi mau s6 lieu thong ké chiéu cao ctia hoc

sinh 16p 12A1 phan tan hon so vé6i 16p 12A2.

b Néu dia vao khodng ti phan vi thi mau s6 lieu thong ké chiéu cao ciia hoc

sinh 16p 12A2 phan téan hon so véi 16p 12A3.

¢ O 16p 12A2 ¢6 mot hoc sinh ¢6 chidu cao 1a 173 cm, chidu cao ctia hoc sinh

do 1a gia tri ngoai 1é ctia mau s6 liéu ciia 16p 12A2.
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d O 16p 12A3 ¢6 mot hoc sinh ¢6 chidu cao 1a 177 cm, chidu cao ctia hoc sinh

do6 1a gia tri ngoai lé clia mau s6 lieu cua 16p 12A3.

Cau 6: . S6 lugng khach hang nit mua hang thoi trang trong mot ngay ciia

mot ctta hang dude thong ké trong bang tan sd ghép nhém sau:

Khoang tudi [20;30) | [30;40) | [40;50) | [50;60) | [60;70)

S0 khach hang nie 3 9 6 4 2

Xét tinh ding sai ctia ménh dé sau:
a Gia tri dai dién ctia nhom [30;40) 1a 35.
b C& mau n = 20.

¢ S6 trung binh clia mau s6 lieu ghép nhom 1a 42,08 (lam tron két qua dén

hang phan tram )

d Phuong sai clia mau s6 lieu ghép nhom 1a 129,99 (lam tron dén hang phan

tram).

Cau 7: Thoi gian (phit) dé hoc sinh hoan thanh mot cau héi thi duge cho

nhu sau:
Thoi gian (phut) [0,5; 10,5) [10,5,- 20,5) [20, 5;30,5) [30,5; 40,5) [40, 5;50,5)
S6 hoc sinh 16p 11A 2 10 6 4 3
S6 hoc sinh 16p 11B 3 8 10 2 4

Xét tinh diung sai clia ménh dé sau:
a Phuong sai ctia mau s6 lieu 16p 11A 1a: 133,44 (lam tron dén hang phan tram).

b Do léch chuan ctia mau s6 lieu 16p 11A la: 11,77 (lam tron dén hang phan

tram).

¢ Do lech chuan ctia mau s6 lieu 16p 11B 1a: 11,55 (lam tron dén hang phan

tram).

d Néu so sanh theo do lech chuan thi thoi gian dé hoc sinh hoan thanh mot cau

hoi thi cta 16p 11A it phan tan hon 16p 11B.
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Cau 8: Nguoi ta ghi lai tién 1ai (don vi: trieu dong) clia mot s6 nha dau tu
(v6i s6 tien dau tu nhu nhau), khi dau tu va hai linh vigc A, B cho két qua bang

bidu db dudi day

lsf'h"'“a d:” W Tienlai cua ;‘“‘;‘ s6 “:a dau W VA0 o5 s gay tu Tién I3i ctia mat s& nha dau t vao
Inh viic i i Vite finh vic B ‘r linh vyec B
T

7+ e 71

6f 6l |

51 54

4 4

3 3

2 24

1 1

> | >
510 15 20 25 30 Tién lai 5 10 15 20 25 30 Tign 3
(trieu dong) (triéu dong)

Xét tinh ding sai ctia cdc ménh dé sau:

a Do lech chuan ctia mau s6 lieu s6 nha dau tu vao linh vuc A 1a: 5,83 (lam

tron dén hang phan tram).

b D6 léch chuan ctia mau s6 lieu s6 nha dau tu vao linh vyc B 1a: 7,01 (lam

tron dén hang phan tram).
¢ Ve trung binh, dau tu vao linh vic B dem lai tién 14i cao hon linh viic A.

d Néu so sanh theo do lech chuan thi tién lai ctia cac nha dau tu trong linh vic
A ¢6 xu huéng phan tan rong hon so véi tien lai clia cac nha dau tu trong

linh vye B.

Cau 9: Dé danh gia do chinh xéc ctia hé théng dong goéi tur dong cac tii ca
phé nguoi ta tién hanh thu thap mau ssoo liéu vé khdi luong clia mot s6 goi ca
phé (don vi tinh 14 gam). May dudc coi la hoat dong t6t theo tiéu chuan ctia nha
may néu khéi lugng trung binh ctia cdc géi cd phé nam trong khoang (198;202) va

do lech chuan nhé hon 3 gam. Két qua kiém tra duge théng ke trong bang dudi day?

a et et

Céan ning (gam) | [190;194) | [194;198) | [198;202) | [202;206) | [206;210)

S6 goi 2 5 6 5

a C3 mau la n = 20.
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b Khéi lugng trung binh cac géi ca phé bang 200 gam.

¢ Phuong sai ctia mau s6 lieu ghép nhém trén bang 22.

d May hoat dong t6t theo tiéu chuan ciia nha may.

Cau 10: SO gio stt dung smartphone trong 1 ngay nghi clia hoc sinh 16p 1247

duge théng ké trong bang sau:

S6 gia

0:1)

[1;2)

[3:4)

[4:5)

[5: 6]

S6 hoc sinh

3

15

a Khodng bién thién ctia mau so liéu trén bang 6.

226

b Gia tri trung binh ctia méu s6 liéu trén bang 2%

¢ S6 trung vi clia mau s6 lieu tren béng £

d Do léch chuan ctia mau s6 lieu trén bang

Phan III. Trac nghiém tra 18i ngan

2v730

45

o

Cau 1: Cho bang théng ké thoi gian tap thé duc budi sang mdi ngay trong

thang 9/2022 ctia Bac An va Béac Binh.. Goi Ry, Rp lan lugt 14 khoang bién thien

ctia mau s6 lieu veé thoi gian tap thé duc ctia Bac An va Bac Binh, khi d6 R4 + Rp

bing KQ:[ | | [ [ |
Thoi gian (phut) | [15;20) | [20;25) | [25;30) | [30;35) | [25; 40)
Bac An 5 12 8 3 2
Bac Binh 0 20 5 5 0

Cau 2: Mot hang xe 6t6 thong ké lai s6 lan gap su ¢ vé dong co ciia 100 chiée

xeciing loai sau hai nam st dung dau tién dudc cho & bang sau

S6 lan gap su c6

[1:2]

[3:4]

[5:6]

[7:8]

[9:10]

S0 xe

17

33

23

20

5

Khoéang bién thién ciia bang s6 lieu tren 1a KQ: | |

L[]
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Chiéu cao (cm) | [155:160) | [160;165) | [165;170) | [175;180) | [180;185)

Lop 124 3 5 12 1 0
Lop 12B 6 10 7 0 2

Cau 3: Ban Loc thong ké lai chiéu cao (don vi: cm) ciia cac ban nam 16p 12A
va 16p 12B & bang sau.
Khoang bién thién chicu cao ctia hoc sinh nam 16p 12B c¢6 do phan tan lén
hon khodng bién thién chiéu cao ciia hoc sinh nam 16p 12A bao nhiéu cm? KQ:

L]

Cau 4: Thoéng ké s6 thé vang ctia moi cau lac bo trong gidi ngoai hang Anh

mila giai 2021 — 2022 cho két qua nhu sau:

101 79 79 T8 | 751 73| 68 | 67 | 67 | 63
63 61 60 | 59 [ 57 | 55| 55 | 50 | 47 | 42

Tinh khoang bién ctia mau s6 liéu ghép nhém day s6 lieu trén thanh cdc nhém c6

do dai bing nhau véi nhém dau tien 1a [40;50). KQ:| | | [ [ |

Cau 5: Két qua do chiéu cao clia 100 cay keo 3 nam tudi tai mot nong truong

duge cho 6 bang sau:

Chiéu cao (m) | [8,4;8,6) | [8,6;8,8) | [8,8;9,0) | [9,0;9,2) | [9,2;9,4)
S cay 5 12 25 44 14

Trong 100 cay keo trén c6 1 cay cao 8,4 m. Héi gia tri ngoai lé ctia mau s6 liéu 1a

bao nhiéu? KQ:\ | | | | ‘

Cau 6: . Doanh thu ban hang trong 20 ngay dugc lya chon ngau nhién cla

mot cita hang duge ghi lai ¢ bang sau (don vi: tri¢u dong):
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Doanh thu [5,7) [7';9] [9;11) [15;13) [13;15)
S6 ngay 2 7 7 3 I

S6 trung binh ciia mau s6 lieu trén bing bao nhieu? KQ:| [ | | [ |

Cau 7: Diéu tra 42 hoc sinh ctia mot 16p 12 vé s6 gis tu hoc 6 nha, ngusi ta

c6 bang thong ké sau:

' S6 gitr tw hoc | [1:2) - [2:3) | [3:4) ‘ [4:5)
' S6 hoc sinh 8 0 | 12 | 9

[5:6) ‘

3

Tinh phuong sai ctia mau s6 lieu ghép nhom tren. KQ:| | | [ [ |

Cau 8: Thoéng ké diém tric nghiem mon Tiéng Anh ctia 40 hoc sinh, ngusi ta

¢6 bang sau:

biém [20;30) | [30:40) | [40;50) | [50;60) | [60;70) | [70;80) | [80:90) | [90:100)

S4 hoc sinh 3 5 5 8 7 5 3

Tinh phuong sai ctia mau s6 lieu ghép nhom tren. KQ:| | | [ [ |

Cau 9: . Mot giéng cay xoan dao dugc trong tai hai dia diem A va B. Nguoi
ta thong ké dudng kinh than ctia mot s6 cay xoan dao 5 nam tuoi ¢ bang sau. Goi
phuong sai duong kinh than ctia mot s6 cay xoan dao 5 nam tudi & dia diem A va

dia diém B lan lugt 1a S%, S%. Tinh S% — S% biang bao nhieu?

215



Tazr liéuw hoc tap HKI lop 12 2025-2026

Bién soan: Minh Kha

Duong kinh (cm) [30;32) | [32;34) | [34;36) | [36;38) | [38;40)
S8 cay trong & diadiém A | 25 38 20 10 9
SO cay trong o dia diém B 22 27 19 14 14

KQ:L | [ | |

Cau 10: Két qua 40 lan nhay xa ctia van dong vien HUY dudc théng ké trong

béng sau (don vi: mét):

Nhoém Tan s6
[6.22:6.46) 3
[6.46:6,70) 7
6.70:6,94) 5
6,94:7,18) 20
7,18:7,42) 5

n=40

Do léch chuan ctia mau s6 lieu ghép nhom trén 1a bao nhiéu? (lam tron két qua

dén hang phan tram) KQ: |
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