PAI HOC QUOC GIA HA NOI ) DE THI TUYEN SINH VAO LGP 10
TRUONG PAI HQC KHOA HQC TU NIIIEN  TRUONG THPT CHUYEN KHTN NAM 2025

D& chinh thire

MON THI: TOAN (VONG 1)
Thoi gian lam bai: 120 phit (khong ké thoi gian phat dé)
Cau L (3,5 diém)
1) Gidi phuong trinh

x+2y(x+1)(x+6) +2x+1 = 2+ 2/x +6.
2) Giai hé phuong trinh
X' +6y* +7xy+x+6y =21,
21(22-5y" - 5xy + x - 4y)=27(x+6y).
Cau 1l (2,5 diém)
1) Tim (4L ca chc cép s6 nguyén (x;y) théa man

| x'+6x'+1

;— 2:((3(2 + l) '
2) Véi a,b,c 12 céc so thyc duong thda min a+b+a=%, (im gi4 trj nhé nhét cia
biéu thirc
A A
(2-a)2(a+2b) (2—.b)z(b+20) (2—c)2(c+2a)'

Ciiu 111. (3,0 diém)
Cho tam giac ABC nhon, khong cédn. Trén c4dc canh CA4,A4B lan luot léy cac diém E,F
(khéng tring cac dinh tam giac) sao cho AE = AF. Trén duong thang EF lay cac diém
M, N sao cho CM vudng goc CA, BN vudng géc BA. K la giao diém ciia BN va CM.
1) Chirng minh ring KM = KN.
2) Dung céc hinh binh hanh ANOF va AMRE. Chimg minh ring NOK = MRK.
3) Goi L,J lan lugt la hinh chiéu vuéng goc ciia M,N lén duong thing BC, S la
giao diém cua JF va LE, T la diém dbi xtmg v6i S qua EF. Chimng minh ring
A,T,K thing hang.
Cau 1IV. (1,0 diém)
Tim s6 nguyén duong % nho nhit sao cho véi moi cach sip xép 99 diém mau do va 100
diém mau xanh trén mat phéng (khéng c6 3 diém nao thing hang), 1a lun vé duge k didng
théng, mdi duong thing khéng di qua diém nao trong céc diém trén va c4c dudng thing do
chia mat phang thanh cc mién ma trong m&i mién khéng c6 2 diém khéc mau.

sHET s
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Bai 1 (3.5 diém).

a) Giai phuong trinh

42/ (x4 Dz +6) +2¢x% + 1 =2+ 2/% +6.
b) Giai hé phuong trinh

x% 4+ 6y% 4+ Txy + x + 6y = 21,
21(22 — 5y% — 5xy + x — 4y) = 27(x + 6y).

Loi gidi. a) Cach 1. Diéu kién: x > —1. Dita = /x + 1 vab = /x + 6, khi d6 phuong
trinh c6 thé dudc viét lai thanh a®? — 1 + 2ab + 2a = 2 + 2b, hay

2b(a—1)+a*+2a—-3=0.
Mot cach tuong duong, ta dugdc
(a—1)2b+a+3) =10

Ma2b+a+3>0néna = 1, hay +/x + 1 = 1. Ti d6, ta cé x = O (thit lai thdoa man). Vay,
phuong trinh di cho c¢6 nghiém duy nhit x = 0.

Cach 2. Diéu kién: x > —1. Dé thdy x = 0 la nghiém cta phuong trinh. Xét trusng hop
x # 0, khi d6 phuong trinh c6 thé dudc viét lai thanh

x=2(1—\/x+1)<\/x+6+1),

hay
= (Vx+6+1)
X=————-(4/x :
14X+ 1
Mot cach tuong duong, tacé 1 = — 1+jﬁ - (+/x + 6 + 1), mau thudn vi v& phai c6 gid tri

am. Vay, phuong trinh da cho ¢6 nghiém duy nhat x = 0.
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b) Phuong trinh thi nhat ctia hé ¢6 thé dudc viét lai thanh (x + 6y)(x + y + 1) = 21. Thay
vao phuong trinh thi hai ctia hé, ta dudc

(x +6y)(x+y+ D[(x +6y)(x +y + 1) +1—5y* = 5xy + x — 4y] = 27(x + 6y),

hay
x+6)x+y+1D)-(x+y+1)?=27(x + 6y).

T day, v6i chd y x + 6y # 0 (suy ra tif phuong trinh thi nhat), ta dudgc x + y = 2. Két hop
voi (x + 6y)(x +y + 1) =21, tadudc x + 6y = 7. Tu d6 x = y = 1. Thit lai théa man.

Viy, hé phuong trinh da cho ¢6 nghiém duy nhat (x, y) = (1, 1). O
Bai 2 (2.5 diém).
a) Tim tit c4 cic cip s6 nguyén x, y thoa man

" 1 _x4+6x2+1
¥ y  2x(x24+1)

b) Xét cdc sb thuc duong a, b, ¢ théa man a+b+c =3, tim gid tri nhd nhat cla biéu thic

v ¥ G
= C—ar@+t2b)  C-bPB+20  C—cPlc+2a)

Loi gidi. a) Piéu kién: x, y # 0. Chd y ring néu (x, y) 1a nghiém thi (—x, —y) ciing 1a
nghiém va x, y cling diu nén khong mat tinh tdng quat, ta c6 thé gia st x, y > 0.

Tiép theo, ta c¢6 hai cach giai sau.
2

x“+1
2x ‘a

Cach 1. Tu gia thiét, ta c6 y + % = Chuyén vé, phan tich nhén ti, ta dugc

x2+1

5° ] 1 2% _
(y_ 2x )[ _y(x2+1>}‘

Tu do, ta co hai truong hgp sau.

® Trtfo‘ng hop 1: y = 2 +1 . Trong tmdng hop ndy, v6i chi y y la sb nguyén, ta suy
ra x” + 1 chia hét cho x Tu d6 1 chia hét cho x, kéo theo x = 1 (do x > 0). Suy ra

¥ = x24 L — 1. Tha lai thda man.

xZZil = y. Chi y riang

=1, hay (x — 1)> = 0.

e Truong hgp 2: 1 — = 0. Trong truong hop nay, ta cé

(\2+1)

+1—§—1 tac60 <y <1,suyray = 1. Tudé

Suy rax = 1. Thit lai thoa man.

2+1

Viy, ¢6 tit ca hai cip s6 (x, y) thda man yéu cau dé baila (1, 1) va (—1, —1).

Céch 2. Phuong trinh c6 thé dudc viét lai thanh

2x(x> + D2+ 1) = y(x* + 6x2 + 1).
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Tir day, ta suy ra y(x* 4+ 6x% + 1) chia hét cho x. Ma (x* 4+ 6x% 4+ 1, x) = 1 nén y chia hét
cho x. Bay gio, dit y = kx v6i k nguyén duong. Phuong trinh c6 thé dugc viét lai thanh
202 + D(k2x2 + 1) = k(x* + 6x2 + 1). (1)
V6i x = 1, thay vao phuong trinh trén, ta dé dang tim dudc k = 1. T d6 y = 1. Thit lai thoa man.
Véi k = 1, thay vao phuong trinh trén, ta dé dang tim dugc x = 1. Tir d6 x = 1. Thi lai théa man.
Xét truong hop x > 2 va k > 2. Khi do, phuong trinh (1) khong thé théa man, vi
262 D> 1) = 22+ D) 2 Akx* (x4 1) = k(x4 = Bi* 6224 1).
Viy, ¢6 tht ca hai cip s6 (x, y) thda man yéu cau dé baila (1, 1) va (=1, —1).
b) Xin gidi thiéu hai cach giai nhu sau.
Cach 1. Sit dung bat dang thitfc Cauchy-Schwarz, ta c6
B Ya L Jb " e
2-a)@+2b) (2-b*(b+2c) ((2-c)(c+2a)
A AN ¥Z\
=) | % |, 5
a?+2ab  b2+2bc 2+ 2ca

(2—aa+2—b+2—(c) 4(2—aa+2—b+2—cc)

v

(@a+b+c) 9
Mit khac, theo bat dﬁng thic AM-GM, v6imoi 0 < x < % thi
Ve B X 1 X - 1 3x
2—x IYx(2—x) 34 3/x_%,%(2_x) T4 (x+3+3)2-x)
3 ¢ - 3 X 3 4 4
—_ ¥ . = g =K =X,
Vi x+DQ-x) T V4 (2 Y49 34
St dung danh gia nay, ta c6
Va2 Ip2 Y2 4 "
> b = &f 2
2—a 2-p T2-c23yg0tbto) V2
Do do .
4(\3/5) 3
M > = 4‘/1.
-9 9
Miit khic, véia = b = c = L thi M = & Vay min M = 44
Cach 2. Sit dung bat dang thiic AM-GM, ta c6
Ja 3a/4 . 3a/4 B 12av/4
2—-a)? 332a-2a-12-a)?  (4a+1)2—-a) (4a+1)(4—2a)(4—-2a)
27-12a /4 _ 4ai/4

= —
“(da+1+4—-2a+4-2a) 9
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Chung minh tuong tu, ta cing co
Vo _wdh e _4c
@-b62" 9 ' (2-¢2~ 9
Tt d6, theo bat dang thiic Cauchy-Schwarz, ta cé

z43/1( a b ¢ )_43/1( a? b2 c? )

M

a+2b+b+20+c+2a a2+2ab+b2+2bc+c2+2ca

9 9
>4€/Z (a+b+c)? 44
=~ 9 a4+ b2+c2+2ab+2bc+2ca 9
Déu dang thidc x4y ra khivachikhia = b = ¢ = % Vay min M = 43#. O

Binh luan. O ciu b), sau khi sit dung bét dang thiic Cauchy-Schwarz nhu céch 1, ciing c6 thé

gidi tiép biang phuong phap hé s6 bit dinh.
Trong c4 hai 15i gii, c6 thé thiy gid thiéta +b +¢ = % 1a thita, chi can 0 < a, b, ¢ < 2 1a dd.

Bai 3 (3.0 d’ié,m). Cho tam gidc ABC nhon, khong can. Trén cic canh CA va AB, lan
lugt 14y céc diém E, F (khong trung cdc dinh cla tam giac) sao cho AE = AF. Trén
dudng thang EF, liy cac diém M, N sao cho dudng thang CM vuong géc v6i duvng
thang CA va dudng thing BN vudng goc véi dudng thang BA. Goi K 1a giao diém ciia
hai dudng thang BN va CM.

a) Chiing minh ring KM = KN.
b) Dung cdc hinh binh hanh ANQF vi AMRE. Chiing minh ring /NQK = /MRK.

c) Goi L, J 1an lugt 12 hinh chiéu vudng géc ctia cac diém M, N trén duong thang BC;
S 1a giao diém clia hai dudng thang JF va LE; T la diém d6i xding v6i diém S qua
dudng thang EF. Ching minh riang ba diém A, T, K thang hang.
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Lai gidi. a) Do AE = AF nén tam gidc AEF cén tai dinh A, suy ra ZAEF = ZAFE. Tu
d6 /BFN = ZCEM. Bay gio, xét hai tam gidc BFN va CEM, c6 /BFN = ZCEM va
ZFBN = ZECM = 90° (do BN L. BA,CM 1 CA)nén ABFN ~ ACEM (g-g). Tu d6
/ZBNF = /CME,hay /ZKNM = ZKMN. Suy ra tam gidc KM N can tai dinh K, tu day
taco KM = KN.

b) Do i gidc ANQF la hinh binh hanh nén NQ = AF va NQ || AF. Vi NQ || AF va
BN L BAnén NQ 1 NK,tidé ZKNQ = 90°. Chiing minh tuong tu, taciingco MR = AE
vi/KMR = 90°. Tud6 NQ = MRva /KNQ = ZKMR = 90°. Kéthop v6i KN = KM,
ta suy ra hai tam gidc K NQ va K MR bing nhau (c-g-c), tit d6 ZNQK = Z/MRK.

c) Qua diém K, ké dudng thang song song vdi dudng thang EF, cit cic dudng thang AC
va AB theo thi tu tai cic diém X, Z. Ké dudng thang K H vudng goéc véi dudng thang BC
tai diém H.

ViKH | NJvaKZ | FN nén 2L = BX = B2 'suyra FJ || HZ. Ching minh tuong tu,
taclingcé HX || EL.

Do XZ | EF, HZ | SF va HX || ES nén hai tam gidc SEF va HXZ dong dang (g-g).
Tu do % = % = %, suy ra hai tam’ giac AES v?} AXH ddng dang (c-g-c). Do d6
LSAE = ZHAX. Tu day, ta suy ra ba diém A4, S, H thang hang.

Chi ¥ ring ti gidac ABKC noi tiép dudng tron dudng kinh AK, do d6 /ZKAB = /KCH.
Ma /KBA = /ZKHC = 90°nén ZAKB = /ZHKC.Laic6 AE = AF va EF | XZ nén
AX = AZ,suyra LZAXZ = LAZX. Tud6 LBKZ = /CKX.Suyra ZAKZ = /ZHKX.

Goi G 1a diém dbi xing v6i diém H qua dudng thang XZ. Tacé L XKG=/XKH =/AKZ
nén ba diém A, K, G thiang hang. Pén day, véi chiy /TEF = /SEF = /ZXH = /ZXG
va/AES = LAXH,tacé LZAET = LAXG.

Xét hai tam gidc AET va AXG, c6 4% = £ = £L va ZAET = ZAXG nén hai tam gidc
nay dong dang (c-g-c). Suy ra ZEAT = /XAG, do d6 ba diém A, T, G thang hang. Ti day,

ta suy ra ba diém A, T, K thang hang. O

Bai 4 (1.0 diém). Tim s6 nguyén duong k nhd nhit sao cho véi moi cach sip xép 99 diém
mau d6é va 100 diém mau xanh trén mit phang (khong c6 ba diém nao thang hang), ta luén
vé dudc k dudng thang, mdi dudng thang khong di qua diém nao trong cic diém trén va
cac dudng thang d6 chia mit phang thanh cic mién ma trong mbi mién ma trong mdi mién
khong c6 hai diém khac mau.

Loi giai. Xét cAu hinh gdm 99 diém mau dé va 99 diém mau xanh xép xen ké nhau trén dudng
tron. Néu ké dudc k dudng thang ma chia dudc mit phiang thanh cidc mién ma khong c6 hai
diém khac mau thi k dudng thang nay chia dudng tron thanh khong qua 2k cung tron rdi nhau.
Ta thdy mdi cung tron ndy chi chifa nhiéu nhit mot diém xanh hodc mot diém dd (that vay, néu
ton tai cung chita khong it hon hai diém thi hai diém d6 phai cling mau va néu hai diém d6
cung mau thi sé ¢ mot diém khac mau nam gitta dan t6i vo 1y). Nhu vay, k dutng thang nay
phai chia dudng tron thanh khong it hon 2 - 99 cung tron. Tu day, ta ¢6 2k > 2-99, hay k > 99.

Ta chitng minh ring v6i k = 99 thi ta ludn c6 thé ké dudc 99 dudng chia 99 diém dé va 100
diém xanh vao cidc mién ma mbi mién khong c¢6 di€ém khac mau. D€ y rang ban dau, véi hai
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diém A, B cing mau thi ta c6 thé ké hai dudng thang song song véi canh AB va gan AB dé
tao ra mot mién mGi ma mién nay chi chia diing hai diém A4 va B do khong c6 diém nao niam
trén dudng thang A4, B. (1)

Xét bao 10i cua cac diém 1a S.

e Néu bao 16i c6 mot diém do thi ta ké dudc mot dudng thang tach diém do6 nay véi cac
diém xanh. V6i 98 di€ém dé con lai, ta chia cc di€ém nay thanh 49 cip roi 4p dung nhan
xét (1) lién tiép 49 lan, tuong Wng véi mdi cip thi ta ké thém 98 duong nita. Nhu vy, ta
da ké dugc tit ca 99 dudng va sau khi ké thi mdi di€ém d6 sé nam trong mién chi chifa
toan diém do khac.

e Néu bao 16i gom toan diém xanh thi ké mot dudng thang song song, dii gin canh ctia bao
16i thi ta tich dudc hai diém xanh ra mot mién méi. Tir d6, con 98 diém xanh, ta chia cac
diém nay chia thanh 49 cip r6i 4p dung nhan xét (1) lién tiép 49 1an, tuong ng véi mbi
cip thi ta ké thém 98 dudng nita. Sau khi ké 99 dudng nay thi mdi diém xanh sé nam
trong mién chi chita toan diém xanh khéc.

Vay kumin = 99. 0
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