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Phin 1: PAI SO
CHUYEN PE 1: GIOI HAN
TIM GIOI HAN CUA DAY (1) CO
GIOI HAN HUU HAN

P(n)
Q(n)

DANG 1: «, 1a m{t phan thirc hiru ti dang ., - (trong do

P(n),Q(n) 12 hai da thirc cua n).
Phuong phép: Chia ca tit va mau cho n* véi n* 1a liy thira ¢6 s6 mii 16n nhat cta P(n) va Q(n) (hodc
rat n* 12 liy thita c6 s8 mi 16n nhat cua P(n) va Q(n) ra lam nhén tt) sau d6 ap dung céc dinh ly vé

gidi han.

Vi du: Tim giéi han ciia day (u, ) biét:

2n?-3n+1 -2n% +3n?% +4 2n* +3n%-n
a.u =——— bl.u =—— 0. u_ =

" 5n%+3 BTt rdn®ien " (2n+1)(1—3n)(2n2+1)

LOI GIAI

a). Ta thay n”1a lity thita cao nhat ctia t&t va mau, nén chia ca tir va mau ctia u, cho n? duoc:

2n% -3n+1 3 1
2n®-3n+1 2 Y 3 1 3
L= 5 = I; = N Taco lim—=0,lim—2=0 va lim—2:0 nén
5n° +3 5n“ +3 5+i n n n
n? n’
. 2-0+0 2
limu, = =—.
5+0 5

b). Dé dang thay n*la lity thita cao nhat ctia tir va mau, nén chia ca t va mau ctia u,, cho n* duoc:

-2n° +3n?% +4 2 3 4

5.3 2 - i 2 4 2 4 4
u, = 22 +3‘3‘ T4 0 -0 0N Tacs lim==0, 1imiz=o,1im—4=o,1im—=o
n +4n” +n n" +4n” +n 1+é+i n n n n
n* n n’

THAY GIAO: DAT NGUYEN TIEN 4
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TA QUANG BUU
va limi=O.Dodc') limu =0+0+0=0
n® " 1+0+0

4 2
0. Cé ant+3n% —n=nt | 23T el 3 LY o 2 a2,
nt n nd n n
_ 2
1-3n=n| 130 o[ 1 3] va 2n?41=n2| 22 2[00 L Teds
n4[2+3—1) “4[“3—13} 5,3 1
n n’ n n n n .
o = 1) (1 1Y) 1)1 1) (. 1)1 R
n[2+—|n| —-3|n?|2+— | n*[2+ | —-3| 2+ | |2+~ | —-3| 2+
n n n? n)\n n2 n)\n n2
lim> =0, lim—~ =0, lim>=0 v& lim—=0.Nén limu, =— =20 ___1
n e n 2 2+0)(0-3)2+0) 6

DANG 2: ., 12 mdt phan thirc hiru ti dang u_- P((i)) (trong do

P(n),Q(n) 12 cdc biéu thirc chira ciin cia n).

®)

Vi du: Tim giéi han ciia day (u, ) biét:

V4n®’ -n+1-n N2n+1-+n+3

a). u, =——— b). u, =——F———
9n® +3n 4n-5
LOI GIAI
2 4in“ —n+1

T e Y RN P R N

4n“ -n+1-n n n n? n n2 L1
a). u, = = = = .Vicéd lim—=0,

\V9n? +3n 9n? +3n 3 3 n
n2 n,|/9+ 9+
2 n n
n
lim— =0, va lim>=0. Neén limu, —Y+-2*0-1_1
n n J9+0
2n+1 n+3 1 3 1 3
n —.n 1_ 4 2 2

V2n+1-+n+3 \/ [ n \/ ( n j V. 2+n V. 1+n \/2+n \/1+n .

b). u, = N = = = .Vicod
4n-5 n(4n—5j \/;.\/4_5 \/4_5
n n

liml=0, limg=0 va Iim§=0.
n n n

THAY GIAO: DAT NGUYEN TIEN 5
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V240140 _2-1

Tt d6 c6 limu,_ =
! N4-0 2

P(n)

0 (trong do

P(n),Q(n) 1a cac biéu thirc chira ham mii ",v",c",.... Chia ca tir va mau

DANG 3: . 1a m¢t phan thirc hiru ti dang u, =

cho o véi a 1a co so 16n nhat ).

Vi du: Tim gi6i han cua day (un) biét:

21’1 +4I’1 3‘211 _5n 41’1+2 +6I’1+1
b). u, =—= > Jou =
4" 3" 54" +6.5" 571 +2.6"

a). u, =

2" gm0 gn o (2)
g g0 gt 4) 7 2" 3)"
= = = .Taco im|—| =0 va lim|—| =0.Nén
4n_3n 4n_3n g_g 1 3 n 4 4
40 LU

a).Taco u, =

limu, =§)j=l.

3.2 —5" 32" 5" 2)'
32" _5" n P -1 2\ 4\
b). Tac6 u, =— - 5 -_5 5 _ . Ta co lim(—) =0 va lim[—] =0.
54"+65" 54"+65" 54" 65 5 [4J“ ; 5 5
+

5" 51 5t
3.0-1 1

5046 6

Do d¢ limu, =

4" 4% 166 4n 42 . 6".6
4m+2 p et 4" 4% 166 6" 6" 6"

57714 06m3  5n5liogned  5n 5106763 BN5Tl 2606
6" o 6

c).Tacé u, =

42[2) +6 o .
=—n.Ta co Iim[g) =0 va lim[g] =0.
(5
5 1[} +2.6°
6

2
Do dé limu, =M—i.

5104268 72

THAY GIAO: DAT NGUYEN TIEN 6
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DANG 4 : Nhan lwgng lién hop:

PHUONG PHAP : St dung cac cong thitc nhan lwong lién hop sau:

a’ -b?
a-b=
. az—b2=(a+b)(a—b)—> at+b
a? —b?
a+b=
a-b
3 13 3,13
e a-b= a’-b e at+b= a’+b .
aZ+ab+b? a’ —ab+b?

3
e Ya_b= _ a-b

(5’/;2+§/;.b+b2 ({’/a_)2+§/;.b+b2'

)
o) () et
() Rapeb?  (Ya) ~Yabeb?

(a_%)[aua.m(%)j

a’-b

a-3b = =
a2 vado+(Po) ¥ raldb ()
(a+%)[a2—a.3b+(%)2} B b
e a+ib = 5 = >
a? ~a3lo +(¥b) a? ~ailb+(Ub)
e (R o
(R A0 (B (S]]
B (10 Rt 0 I

SR (][] ()

Vi du 1: Tim gi6i han cua diy (un) biét:

THAY GIAO: DAT NGUYEN TIEN
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a). u, =Vn’+3n+5-n b). u, = 9n’+3n-4-3n+2

). u, =¥n®+3n% -n d). u, =38n’+4n? +2 -2n+3
LOI GIAI
(\/n2+3n+5—n)(\/n2+3n+5+n) 3n+5
a). Tacod un:\/n2+3n+5—n: = .Vaco
\/n2+3n+5+n \/n2+3n+5+n
2
3n+5=n 3n+d =n 3+E va Vn? +3n+5= [n? n7+3n+d =n 1+E+i.
n n n? n n?
( j 3+E 3 5 3
Do dé u , Vi hm——O lim—=0 va lim—-=0.Nén limu .
3 3 5 n n? 2
n,|l1+— +—+n I+—+—+1
n n n n2

NHAN XET : Tai sao phai nhan lwong lién hop ?

Quay lai vi du a) thong thwong ta dit n* 1am nhan tir chung nhung sao lai phai nhan luong lién hop. Bay

gio ta thir 1am lai ciu a) theo phrrong phép dit n* trong cin thitc thir xem sao ,va sau d6 rit ra nhan xét.

Tacou, =vn?+3n+5-n= ’ 2 n +3n+5 —n n /1+ +——r1 n[ /1+ +%—1] Vi
n p? n
.3 .. 5 A1 3 5 T (1 AT A
lim—=Ilim—-=0 nén lim| ,/1+—+—-1|=0 va limn =+ do dé limu, = +w.0 (day la dang vd
n n2 n n2

dinh). Nén cach lam nay khong 1a khong dwoc roi, ta phai sit dung phuong phap nhan luong lién hop dé
khtt v6 dinh sau d6 cach lam hoan toan nhu dang 1.

Dé&u hiéu nhan biét nhan luong lién hop : D& nhan biét mot bai tap ¢d nhan luong lién hop hay khong
cac ban chi cht y t6i n c6 mii cao nhat sau d6 dua ra ngoai dau can thiec, néu ching trit nhau bang 0 thi
bai nay ta phai nhan luong lién hop. Cu thé ta lam lai cau a) u, =+vn? +3n+5—n biéu thirc trong cin
thtec c6 n? 14 cao nhat va ta quan tAm dén « né », nhitng thita s§ sau bo hét c6 nghia xem
u, = \/rTZ —-n=n-n=0 (nén cac ban phai nhan luong lién hop). Ching ta xem thtt bai nay c6 nhan
luong lién hop hay khong u =+/2n”+3n+5-n chiing ta cling quan tdm dén s& hang c6 chita mii ¢6
nhét d6 1a 2n?, cé nghia u, duoc viétlai u, = E—n =ny2-n= n(\/z—l) ta cé 2 10 nén bai

nay dugc lam truc tiép khong can nhan luwong lién hop. Cu thé bai nay ta lam nhw sau

THAY GIAO: DPAT NGUYEN TIEN 3
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2
un=\/2n2+3n+5—n= n? 2n+3n+5 -n=n 2+g+i—n=n 2+§+i—1 do
n? n n? n n?

limizlimizo nén lim 2+i+i—1 =+2-1 va limn =+ do dé limu, =+oo.(\/§—1)=+oo (cu
n r12 n r12

thé cac ban xem phuwong phap tim gidi han day s6 c6 giéi han vo cuc).

( 9n2+3n—4—3n)(\/9n2+3n—4+3n) 34

+2 = +2.Ta

b). u, =V9n>+3n-4-3n+2= =
\V9n® +3n—4+3n J9n® +3n -4 +3n
2 —_—
¢d 3n-2=n Sn -2 =n 3—E va Y9n?+3n-4 = |n? on” +on-4 =n 9+g—i.Tfrdésuyra
n n nz n nz
n(3—2] 3_%
n n . 2 .3 L. 4 N
u, = +2= +2,vilim—=0, lim—=0 va hm—2=0.Nen
n,9+———+3n 9+ ———+3
n nz n nz
3-0

1

limu, =————=—
J9+0-0+3 2
2
(\3/n3 +3n? —n) (%/ng’ +3n2) +n.%/n3 +3n? +n?
2
(\3/113 +3n2j +n.\3’/n3 +3n?% +n?

2 3 2
- - 3n .Tacé In®+3n? = 3’n3 [%] = n.§‘3{1+3 .Do do
n
(%/n3+3n2) +r1.%/n3+3r12 +n? n

3n? 3
u_ = n = , taco limizo.Nén limu, =1

n 2 2 n
n2[13/1+3} +r12.§>/1+§+r12 (3,/1+3} +13/1+§+1
n n n n

d). u, =38n’ +4n? +2 -2n+3

2
(\3/8n3 +4n%+2 - 2n){(x3/8n3 +4n? + 2) +2nd8nd +4n? 42 + 4n2}
_ +3

2
(\3/8n3 +4n? + 2) +2n3/8n% +4n2 + 2 +4n?

_3[ 3 2 _
¢).u, =VYn”+3n" —n=

THAY GIAO: DAT NGUYEN TIEN 9
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2
_ 24n +2 43

(\3/8r13 +4n% 42 j +2n3/8n% +4n? + 2 +4n?

3 2
Ta co \3/8113’+4r12+2=3n3 M =n38+i+i.Dodé
n® n n?

n2(4+22j 4_,_% ’
u, = - = 1 Vi lim—=-=0,
n
N T S N I Y ST S [ Y S B S S
n n3 n n3 n n3 n n3
limizo va 1imi=0.Nén limu, =l.
n n3 3

THAY GIAO: DAT NGUYEN TIEN
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GIOI HAN HAM SO LY THUYET VA
PHUONG PHAP GIAI TOAN

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TOM TAT LY THUYET

Dinh1i 1: Gia stv lim f(x)=L va lim g(x)=M (véiL, M € R )Khi dé:

X—)XO X—)XO
e lim [f(x)+g(x)J:L+M e lim [f(x)—g(x)]:L—M
e lim [f(x).g(x)] =LM eNéu M #0 thi lim f(X) =L
X—>Xq X=X, g(X) M
Heé qua:

e Néu cla mot hing s8 thi lim [ cf(x)]=cL.

X=X

e lim (a.xk) =ax§ (ahdngsdva keZ").
X—)XO

Dinh li 2: Giasir lim f(x)=L.Khi do:

X=X

e lim
X—> XO

(=] e lim () =

eNéu f(x)20 véimoi xeJ\{x,}, trong d6 J 1a mot khoang nao d6 chira x,, thi L>0 va
fim () =L

Cha y:

DPinhli 1 va dinh li 2 van dung khi thay x — x; bdi x — +e hodc x — —0.

Dinh 1i 3: Néu lim

X=X,

N 1
f(x)‘:+oo thi }Lrglm:O.

4). M6t vai quy tic tim giéi han vé cuc:

THAY GIAO: DAT NGUYEN TIEN 11
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Qui tic 1: Néu lim f(x) =+0 va lim g(x) =L (v6i L#0) thi lim [f(x).g(x)} dugc cho boi bang sau:

X=X X=X X=X,

i) Pt | i[5
400 + +o0

Quy tac 2: Néu lim f(x)zL,(L¢O), lim g(x)zO va g(x)>0 hodc g(x)<0véi moi xe(a;b)\{xo} thi

X=X X=X
f(x)

lim dwoc cho boi bang sau:

0 g ()
Déu ctia L Fu ct
Dau cta g(x) tim %
+ + +o0
+ - o
- - o0
- - o0

5). Cac dang vo dinh:
, A a . . 0 o
Cac dang v6 dinh treong gap: 6,—,0.oo,oo —o.
(e 0]

6). Giéi han mot bén:

a). Gidi han httu han:

* Gi6i han bén phai: Gia sit ham s6 f xac dinh trén khoang (x0 ,'b),(x0 € R) . Tanéi rang ham s6 f 6 gidi
han bén phai 1a s6 thuc L khi x dan dén x, (hodc tai diém x,) néu voi moi day s (xn) trong khoang

(x0;b) ma limx, =x,, ta déu cé limf(x, )=L.Khi d6 ta viét:

THAY GIAO: DAT NGUYEN TIEN 12
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lim f(x)=L hodc f(x) > L khi x - x{.

+
X=X,

* Gi6i han bén trai: Gia st ham s0 f xac dinh trén khoang (a; Xo ),(x0 e R) . Tanoi réng ham s6 f ¢6 gidi
han bén trai la sd thiee L khi x dan dén x,, (hodc tai diém x;, ) néu véi moi day s (xn) trong khoang

(a;xo) ma limx, =x,, ta déu co limf(xn) =L . Khi d6 ta viét:

lim f(x) =L hogc f(x) > L khi x - x; .

X=X,

Pinh 1i 5: lim f(x) =L < lim f(x): lim f(x) =L

X=X, X=Xy X=X,
* Gioi han vo cuc:
lim f x) =400, lim f x) =—, lim f(x) =400 lim f(x) =—ow duoc phét biéu twong tw nhu cac dinh nghia &
X=X XX X=X X=X
phén gidi han hiru han.
Dinh li 5 van dung véi gidi han vo cuc.
Cac dinh li vé gi6i han hitu han va cac quy tac tim giéi han v6 cuc van dung trong truong hop x — x;

hay x — x .

PHUONG PHAP GIAI TOAN

CACH KHU DANG VO DINH
(Dang nay thuong gap khi x-x).

DANG 1: Ham s £(x)= g((i)) trong d6 r(x),Q(x) 1 da thirc theo bién x.
PHUONG PHAP: Phan tich da thitc thanh nhan tit, sau d6 rat gon bidu thikc lam ca tie va mau béng 0.
Phan tich da thitc thanh nhan t& c6 cac phwong phap sau:

e St dung bay hang dang thiic dang nho.

e Néu tam thirc bac hai thi st dung ax’> +bx+c= a(x— X4 )(x —X, ),(a # 0) voi X{,X, langhiém cta

THAY GIAO: DAT NGUYEN TIEN 13
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phuong trinh ax? +bx+c=0.

e St dung phuong phap Hoocner . Phép chia da thtic P(x) =ax? +bx® + ox? +dx+e cho (x—x,) theo so

dd6 Hoocner nhuw sau:

a b c d e

_ 2 _ U3 2
X a bl_ax0+b clzax0+bx0+c d, =axy +bxg +cx, +d 0

Hang thit nhét dién hé s6 cua da thic P (x) tir 6 thit hai dén 6 cudi ciing. O hang thit hai 6 d4u tién dién
gia tri x, la mot nghiém cua P(x) , 0 thit hai viét lai a, 18y (Xo a+ b) dat vao 6 thtt ba, 18y

Xo (xoa +b) +c=ax} +bx, +c dién vao 6 tht tu, 13y x, (axg +Dbx, + c)+d =ax) +bx] +cx, +d diénvao &
thii nam, 18y x, (ax) +bx{ +cx, +d)+e =0 (bit budc tong nay phai bing 0, thi day méi la phép chia hét).

Khi d6 P(x) dwoc viét lai

P(x) =(x—x0)(ax3 +b1x2 +C1X+d1)

Vi du: Tim cac gidi han sau:

B 3 5 2 oy 3 2
), T X" +8 15, 1L = T 2x° —5x" —-2x-3 o). lim 2x° +5x° +4x+1
x=>-2x2 4+ 11x+18 =3 4x% —13x% +4x -3 x>l 53 4 x? x—1

d). lim| ————12

a).Tac6 x> +8=x" +27 = (x+2)(x* +2x+4) (dp dung hing déng thirc), va x* +11x+18 = (x+2)(x+9)

(véi X, =-2 vax, =-9 1a hai nghiém ctia phwong trinh x* +11x+18=0).

o x> +8 C(x#2)(¥-2x+4) e ovia 12
Do d6 lim =lim =lim =—,
=>2x2 +11x+18  x>-2 (x+ 2)(x+9) 2 x+9 7

3 mu2 ao
b). L = lim 2x” —5x i 2x-3
>3 4x3 —13x> +4x -3

Thay x =3 vao ca tir va mau thay déu bang 0, nén x = 3 1a mdt nghiém cta hai da thirc cad mau va t. C6
nghia (x—3) la nhan tt chung, ta phan tich da thitc & tit va mau thanh nhéan t bang phuwong phap

Hoocner. Cach lam nhuw sau:

THAY GIAO: DAT NGUYEN TIEN 14
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Phan tich t& s6: 2x® —=5x* —2x -3 = (x—?:)(2x2 +x+1)

Ké bang nhu sau. Sau d6 dién hé s cua tirng sO hang véi s6 mi giam dan vao cac 6 ¢ hang dau tién véi 6
tht nhat dé trong. O hang thi hai: dién gia tri lam da thitc bing 0 & day 1a chit s6 3. O thit hai dién lai gi4
tri 0 6 th hai ctia hang mot xudng (ta thuong hay néi “dau roi xuéng”), sau d6 1ay 3.2+(-5)=1 dién

chir s6 1 vao 0 thit ba, 1ay 3.1+ (-2) =1 dién chir s6 1 vao 0 thit tw, cudi cung lay 3.1+(-3) =0 dién vao 6

cudi cung.
2 -5 -2 -3
3 2 1 1 0

4 -13 4 -3

3 4 -1 1 0
Do d6 L=1im(x_3)(zxz+x+l)=1imw=£.
X"3(x—3)(4x2—x+1) =3 4x* —x+1 17

3 2
c). L=1Iim 2 Hax ] .Tathdy lim (2x3 +5x° +4x+1) =0va lim (x3 +x? —x—l) =0 nhu vay day
x——1 X3 +X2 _X_1 x—-1 x—-1

la dang gidi han v6 dinh %ta phai phan tich ca ttr va mau thanh nhan t d€ khit v dinh. Phan tich nhan

tit bang phuong phap Hoocner

Phan tich tir 6 2x° +5x” +4x+1=(x+1)(2x* +3x-+1)

-1 2 3 1 0

Phan tich miu s8: x> + x> —x—1=(x+1)(x2 +0x—1)=(x+1)(x2 —1)

THAY GIAO: DAT NGUYEN TIEN 15



SO 8NGO 17

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU
1)(2x* +3x +1 2
Tir d6 L= lim )2 e oxe )=lim 2HXHL 4 thay lim (2x® +3x+1) =0 va lim (x*~1)=0 ta
x——1 (X+1)(X2 _1) x——1 X2 -1 x—-1 x——1

I P VR A s s T \
van con dang v6 dinh 0 nén phan tich thanh nhan t ti€p, ta lam nhw sau:

L g 2°3x 1 () D)(2x4]) L 2x1 1
o1 21 o (x#+1)(x=1) o1 x=1 2

d). Budc dau tién ta phai quy dong mau, sau d6 phan tich da thiic ctia tir thanh nhan t& va rtt gon hang

2 f—
t& v6 dinh L=lim[ L 312 J—hm ! 12 ~ lim X *2x=8
o2(x=2 x3-8) x-2(x-2 (x- 2)(x2 +2x+4) ) x22(x=2)(x* +2x +4)

lim (x=2)(x+4)  lim x+4 _

1
2 (x = 2)(x% +2x+4) x2x24+2x+4 2

DANG 2: NHAN LIEN HQP

Tinh cac gi6i han sau: (CAN BAC 2)

. Nx-=3 Vx+3-3
a).lim - b) lim
x=9 Oy — x—6 X—6
a). lim V-3 =lim x=9 lim _2

=9 _x(x=9)(x +3) x(\/§+3) 4
Vx+3-3 (x+3-9) xX—6

b). lim =lim =lim ! =

1
6 x—6 Héu 6)(Nx+3+3) 0 (x—6)(vx+3+3) *°x+3+3 6

Tim cac gi6i han sau: (CO 2 CAN BAC 2)

a)) Tim 3x+1-+/x+3 by, lim—3= Jx
x—1 m_3 xag\/— 2

Sxr1-Vx13 (3x+1-x-3)(Jx+8+3)

a). lim =lim

U837 (x+8-9)(VBx+ T+ +3)

2(x—1)(\/H+3) 2(M+3)
Xlgll(x—l)(\/3x+1+\/E) N Bxalexes
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SO8NGO 17
TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

b). lim 3-Vx (9—x)(\/ﬁ+2)=hm—(x—9)(\/ﬁ+z) =hm@=_3,

“9\/3—2:1*133@—5—4)(3“/;) =9 (34dx) T B 3

Tim céc gi6i han sau: (CO CAN BAC 3)

3 _ _31_
a). lim ¥5x=3+2 b). Jim A= V1=X
x—-1 x+1 x—0 X
. ABx=3+2 5x-3+8
a). lim =lim

X—— X 2
box+d 1(x+1)[(%/5x—3) —2%/5x—3+4}

=lim Sx+1) =lim > _2

. (x+1)[(%/5x-3 —235x-3 +4)} o [(%/5x-3)2 ~23f5x-3 +4} 12

1-¥1-x . 1-(1-x) 1
— — =lim

b). lim =lim =

1
T Tl ) | e ()

Tim cac gi6i han sau: (THEM BOT PE NHAN LIEN HOP)

VX+9 +/x+16 — AP +7 —Ix* +3
X x—1

7 b). lim

x—1

a). lim
x—0

=lim

x—0

a). lim
x—0

VX+9 ++4/x+16 -7 VX+9 =3 +/x+16 -7
X X

=lim +1im

x>0 (m+3)x 0 (m+4)x

lim

x—0

=1lim

x—0

\/x+9—3+ .
X

Vx+16 -4 x+9-9 . x+16-16
X

=lim +lim X =lim ; +1lim 1 7

X - _
**°(m+3)x HO(\/X+16+4)X S0 fx 4943 0 x+16+4 24

I +7 x> +3 =1im%’/x3+7—2+2— x*+3
x—1

b). lim

x—1 x—1 x—1
_ AXC+7-2 . 2-4x*+3

=lim +lim
x—1 x—1 x—1 x—1
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SO8NGO 17
TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

. x*+7-8 . 2-x*-3
=lim= = +1lim

! (%/x3+7)2+2%/x3+7+4 x-1) QI 3)(x-1)

tim- (xz—l)(x2+x+1)_ i ~(x-1)(x+1)
v (%/x3+7) T4 |xm1) @ £3)x-])

. X2 +x+4 . x+1 3
=lim +lim

X— 2 X— o
1(%/x“°’+7) 1237 a T4 43 4

GIOI HAN KHI x TIEN TOI VO CUC

Cau 1: Tim cac gi6i han sau:

2 _ 2 _
) i 3X" —x+7 ), Than (4x 3+1)(7x 1)
x> 23 -1 x40 (2% —1)(x+3)
1 7
3x* —x+7 X 3_X-i-xzj 3_14_12
a). lim ————"=lim =lim —2XX_=1i =0

SUx X)L im 3 -
X—>=0 3 — X—>=0 X—>—00 X—>—00
2x° -1 X3[2—13j X(2_13J 2x
X X

x* [4+1Jx[7—1j
lim (4x* +1)(7x-1) _ xl2 X

= lim

' 2% —1)(x +3 40 3 1 3 imz
(2x7=1)(x+3) x3[2— 3jx(l+J X[2—3J(1+J X
X X X X

Cau 2: Tim cac gidi han sau:

2), lim C=D 622" o

2|x
o= (Bx+ 1) o= ixe5 2 4x+5

2 2 2 2
(5 s 012 xz[l—l) x2[5+2] (1—1J [5+2J -
2). lim XD OXF2T gy X X~ fim X X) -2

X—>—0 3x+1 4 X—>—0 4 X—>—0 4 81
) X4(3+1J (3+1J
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TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

X( 2+3J ) 3
2|x[+3 _ ey et
C)- 111}1\/ 2| | =11II1 2x+3 =111’}'1 X =1i1}11—X5=—2
X" +x+5 \/Xz[1+1+52J x\/1+1+52 T+=+—
X X X X X X

GIOI HAN MOT BEN

Vidu1: Tim cdc gidi han sau:

a). lim M b). lim ﬂ
x—3* bx—15 x—0" X—\/;

LOI GIAI

a). Vi x> 3" = x>3e x-3>0.Vay |[x-3=x-3

Lo |X_3| . x—3
Tacé lim = lim .
>3 5x =15 x53'5(x=3) 5

x+vx .. \/;(\/;H) N

b). Tacod lim ——L=1

= lim m
x—0" X—\/; x—0" \/;(\/;_1) x—0" \/;_1

HAM SO LIEN TUC

=-1.

DANG 1: XET TINH LIEN TUC CUA HAM SO TAI MOT DIEM
PHUONG PHAP 1:
Budc 1: Tinh £(x,).

Bude 2: Tinh lim f(x). Néu lim f(x)=f(x,) thi ham s& f(x) lién tuc tai x,.

X=X X=X
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SO8NGO 17
TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

PHUONG PHAP 2:

Bude 1: Tim lim f(x)

X=X,

Bude 2: Tim  lim f(x).

+
X=X

Néu lim f(x) = lim f(x)=f(x,) thi ham s& f(x) lién tuc tai x, .

+ -
X=X X=Xy

Vi du : Xét tinh lién tuc tai gia tri x, ctia cAc ham s6 sau:

x* —3x+2 5
1.£(x)=1" x—2 77 tai x,=2 vatai x, =4
1 x=2
ﬁ x#1
2). f(x)= . el tai x, =1
— x=1
4
x—5
—_— x>5
3). f(x)z V2x-1-3 tai x, =5, tai x, =6 vatai x, =4

(x-5)+3  x<5

2x+3 -1

> -1
4). £(x)= \/3%1 tai x, =1
<-1
2
x> —3x+2 .
x> -1
5). f(x)z % x=1 tai x, =1
x—§ x <1
2
1).

o Xét tinh lién tuc tai x, =2:

Co f(x,)=£(2)=1

THAY GIAO: DAT NGUYEN TIEN 20



SO 8NGO 17

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU
C6 lim £(x) = lim X~ X+2 T e (e B
x—2 x—2 X—=2 Xx—2 X—=2 x—2

Ta cé limf(x) = f(2) = ham s0 lién tuc tai x = 2.
X—2

e Xét tinh lién tuc tai x, =4:

2 2
C6 limf(x)—lim X =+2 _ 43442

3= f(4) = ham s6 f(x) lién tuc tai x, =4.
x—4 x—4 x—2 4—2

2). C6 f(x,)=£(1)== (1)

Jx+3-2 x+3-4 x-1 1 1
— - @

Cé6 limf (x) =lim =lim =lim =lim = =

ol ol o (asa2)(x-1) 7 (VeBe2)(x-1) T Wxede2 4

Tt (1) va (2) suy ra Iinllf(x) =£(1). Vay ham s& lién tyc tai x=1.

X—-5
—_ x>b
3). f(x)z V2x-1-3 tai x, =5, tai x, =6 vatai x, =4

(x-5)+3  x<5
e Xét tinhlién tuctai x,=5

Ap dung néu lim f(x) = lim f(x) = f(xo) = ham s0'lién tuc tai x,.

+ -
X—>Xg X—>Xg

5 (x=5)(V2x-1+3)  (x-5)(v2x-1+3]
Cé lim f(x) =1lim =lim =lim
X5 x5 \Ix—1-3 x5 2x—-1-9 x5 2x-10

(x-5 (Mm) L (\/2x—1+3) 25143 .

x—5" 2 (X - 5) Xx—5° 2 2

C6 lim £(x) = lim| (x~5) +3]| =043 =3=£(5).

x—>5" x—>5"

VA lim f(x) = lim £(x) = £(5) = ham s& lién tuc tai x, =5.

x—5"

e Xét tinh lién tuc tai x, =6
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TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

x—5 6-5 1 ,
Co limf(x)=1lim = = =f{(6). Vay ham s6 f(x) lién tuc tai x, =6.
lim £(x) 6 2x—1-3 26-1-3 11-3 (6)- Vay °

e Xét tinh lién tuc tai x, =4

C6 limf(x)zlim[(x—5)2+3}=(4—5)2+3=4=f(4):> ham s8 f(x) lién tuc tai x, =4.

x—4 x—4

\/2x+3—1_1. 2x+3-1

4). C6 lim f(x) = lim ~———

x—-1" x—>-1" x+1 XiI}} (\[2X+3 +1)(X+1)

. 2(x+1) i 2 2 1
= lim = lim = =1
Hr( /—2X+3+1)(X+1) ST 2x 4341 ([2.(-1)+3+1

Co lim f(x)z lim J3-x = “3_(_1) =1.
2

2

x—>-1" x—>-1"

Vi lim f(x) = lim f(x) =f(-1)= ham s5lién tuc tai x, =-1.

5). Ta c6 f(x0)=f(1)=%
Co 1imf(x)=1imx2_3x+2=lim(x_1)(x_2)=limX_2=1_2=_l
X1 o -1 or (x=1)(x+1) e x+1 141 2

Cé limf(x) = lim[x—éJ =l-—=—=.
x—>1" - 2

Vi f(l) # limf(x) = ham s6 khong lién tuc tai x, =1.

x—>-1

x> —3x+2
Vi du 2. Cho ham s& f(x) = x—2
a x=2

X#2

Vi gia tri nao cua a thi ham s6 da cho lién tuc tai diém x=2 ?

LOI GIAI
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TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

Ta cé linzlf(x)zlim xE = 3x+2 =lim (x—l)(x—2) =lim(x—1) =1.

x—2 X—=2 x—2 X—=2 x—2
Ham lién tuc tai x=2 khi va chi khi limf(x)=f(2) & a=1.

Vay ham sd da cho lién tuc tai x=2 khi a=1.

‘2x2—7x+6‘
—— khi x<2
Vidy5:ChohamsS y=f(x)=¢  x-2 . Xéc dinh a d& ham s6 f(x) lién tuc tai x, =2.
1-x .
a+ khi x>2
2+X
LOI GIAI
Tacé:
2x* -7 6‘ ~2)(2x-3 _ _
. hmf(x)_\x 6 [(x=2)(2x-3)  (2-x)(2x-3)
X—2" x—2 X—2" x—2 x—2" xX—2
= lim (3—2x)=—1

Xx—2"

e lim f(x)= lim [a+ 1_XJ=a—l=f(2).

x—2* x—2* 2+x

Ham s0 lién tuc tai x, =2 @Xli_)1121_f(x)=Xli_)n;f(x)zf(Z)@a—i:—l@az—z.

PEM SO NGHIEM

Chting minh phwong trinh sau ¢6 it nhat mot nghiém:

a).x’-5x*+7=0 b). x> +x-3=0

LOI GIAI

a). bat f(x) =x>-5x*+7. Tap xac dinh ctia ham s6 f(x) 1a D =R. Vi f(x) la ham da thiic = f(x) lién tuc

trén R.

Tacé f(-1)=-1-5.1+7 =1 va f(-2)=-21, nén suy ra f(-1)f(-2)=-21<0 véi moi m. Do d6 f(x)=0
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TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

luodn c6 it nhat 1 nghiém x,, € (—2; —1) v moi m.

b). Dat f(x)=x"+x-3. Tap xac dinh ctia ham s§ f(x) 1a D =R Vi f(x) 1a ham da thitc = f(x) lién tuc

trén R.

Taco £(1)=-1 vacé £(2)=31, nénsuy ra f(1)f(2)=31.(-1)=-31<0 véi moi m.

Do do f(x) =0 ludn cd it nhat 1 nghiém n; € (1;2) vGi moi m.

Chting minh cac phuong trinh sau ¢ it nhat hai nghiém :

a). 4x* +2x* -x-3=0 b). x° +x* —2x3 +4x*> -1=0

LOI GIAI

a). Dat f(x) =4x* +2x* —x-3. Tap xac dinh ctia ham s6 f(x) 1a D =R. Vi f(x) 1a ham da thiic = f(x) lién

tuc trén R.

Taco £(0)=-3, f(-1)=4, f(1)=2

Vi £(-1)£(0)=-12<0,Vm = phuong trinh (1) ludn c6 it nhat 1 nghiém «(-1;0) (2)

Vi £(0)f(1)=—6<0Vm = phuong trinh (1) c6 it nhat 1 nghiém < (0;1) (3)

Tir (2),(3)= phuong trinh (1) ludn c6 it nhét 2 nghiém phén biét.

10. Chitng minh rang véi moi a, b, ¢ phwong trinh x* +ax” +bx+c =0 ludn cé nghiém.
LOI GIAI

Dt f(x)=x" +ax’ +bx+c thi f(x) lién tuc trén R.

Tacéd: lim f(x)=+oo:>EIx1 >0 dé f(x1)>0.

X—>+0

lim f(x)=—oo:EIX2 >0 dé f(x2)<0.

X—>—0

Nhu vay ¢6 x,,x, d€ f(xl).f(x2 ) <0 suy ra phuong trinh c6 nghiém x e (xl; x2) vay phuong trinh da

cho luon cé nghiém.
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SO 8 NGO 17 PE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU

SU DUNG MAY TINH: TINH GIOI
HAN

1. Y tuéng;
* Gan cho bién X moét gia tri gan dung roi tinh gia tri bi€u thic (dung phim
CALC)
*Vidu:
Giodi han Giatri cua X
X— a* a +0.00000001
X— a a —0,00000001
X— a a+000000001 hoéc a-0,000000001
X— + 00 9999999999
X—> - o0 - 999999999

(Néu may béo 16i thi 14y it chir s§ thap hon)
CHU Y: KHONG NHAT THIET PHAI LAY NHIEU SO 0 Y NHU THAY, UOC LUONG
THOI

Céc két qua hay gip trong may Y nghia

S6 c6 s6 mii 16n : VD: 2.10% Duwong vo cuc

S6 ¢6 s6 mii 16n : VD: -2.10% Am vé cuc

S6 ¢6 s6 mit nho: VD: 2.10% 0

56 lusa deps VD:23333, 2.3333333333333>
Ta go lai vao may tinh lan nira:
2,3333333333333

May sé ty lam tron giup

L
5

2. M6t s6 vi du:

. . 7
Vidul: llm 1
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SO 8 NGO 17 PE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU

Math A O] Math A

An [CAY) 999999= 3. DxiplZ

Roi vao treong hop két qua ¢ s6 mii nho: Két qua la 0

Vi du 2: hm2x2;3x (Bac t&t = bac mau, 18y hé s& X mii cao nhat t&r mau chia

o= 3x +]
nhau dwoc 2/3)
[O] Math A 0] Math A
ZHE —SH+5 22 TN L
IXE+1 S
(5)999999= 0. BEEEEEETET

Ta lam tron két qua: nhap vao may:
Math &

0. 6666EEEE666656
2

]

Vidu 3: hmw (Bac t&r > bac mau két qua ra vo cuc)

S% 342
® Math A Math A
SHE —Tr+1 SHE —Tr+1
SR S+
(=)999999= -250000004 . 8

Ta thay két qua am mot so to. => Két qua - o0

Vidu4: lim (— x? +3x? —2x +5)
— X—>—®
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TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

Math A

Y, W

|

két qua la + ee.

B,

Vi du 5: Giéi han ctia day s6(u, ) v6i u, = 2

A. limu, =24/2. B.limu, =%. C.limu, =%+\/5. D. limu, =%+\/§.
Gidi

An () (os])

THAY GIAO: PAT NGUYEN TIEN 27



SO 8 NGO 17 PE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU

CHUYEN DPE 2: PAO HAM VA BAI TOAN
LIEN QUAN

LY THUYET PAO HAM
TOM TAT GIAO KHOA

1). Chohamsd y = f(x) xac dinh trén khoang (a;b) va x, € (a,'b) . Gi6i han hitu han néu c6 cua ti sO

f(x)~f(x,)

X—X0

khi x — x, dwoc goi la dao ham ctia ham s6 da cho tai x,, ki hiéu f'(xo) hay y'(xo) . Nhu

f(x)-f
vay ta cé f'(x,)= lgw
! %o

Nhan xét:

, s . . . A . 1y A
Néu dat x—x, =Ax va Ayzf(x0 +Ax)—f(x0) thi ta c6 f'(xo)zlm})A—y.Trong dé Ax duoc goi la s6 gia
x—>0 AX

cua bién so tai x, va Ay goila s6 gia cua ham s6 ting véi s6 gia Ax tai X, .
Néu ham s6 f(x) c6 dao ham tai diém x, thi f(x) lién tuc tai x,. Tuy nhién diéu nguoc lai chuwa chac dung.

2). Cho duong cong (C), diém M, ¢ dinh thudc (C) va M € (C) . Goi k,, lahé s6 goc cua cat tuyén MM .
Gia str ton tai giéi han hitu han k, = lim k,,. Khi d6 duong thang M, T qua M, cé hé s6 géc k, duwoc
goi 1a tiép tuyén cta (C) tai M, . Diém M, goi la tiép diém.

3). Dao ham ciaham s6 y =f (x) tai di€ém x, la hé sG goc ctia ti€p tuyén ctia d6 thi ham s6 tai d6 tai

diém M, (xo;f(xo)) .

Hé qua:

Néuhamsd y=f (x) c6 dao ham tai di€ém X, thi tiép tuyén ctia d6 thi ham sd y =f (x) tai diém
M, (xo;f(xo)) c6 phuong trinh: y = f'(x0 )(x -X, )+ f(xo) .

4). Khi hiéu D 1a mot khoang hay la hop cua nhitng khoang nao d6. Néu ham s f(x) c6 dao ham tai tai

moi diém x, € D thi ta n6i ham s6 c6 dao ham trén D. Khi d6 dao ham cua ham s6 f(x) tai diém x tuy y

ctia D dwoc ki hiéu y' hay f'(x) .Tanoi y'hay f'(x) la dao ham ciia ham s6 y = f(x) trén tap D.
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DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

B.PHUONG PHAP GIAI TOAN.
DANG 1: Tim s6 gia ctia ham sd.
PHUONG PHAP

DE tinh s6 gia ctia ham s6 y = f(x) tai diém x, twong ting v&i s6 gia Ax cho trwdc ta dp dung  cong thiic:

Ay:f(x0+Ax)—f(x0) .

Vi du 1: Tim s6 gia cia ham s0 y = f(x) = x> —3x? +2, biét ring:

a). x, =1, Ax=1 b). x, =1, Ax=-0,1

LOI GIAI
a). Tacod Ay =f(x, +Ax)—f(x, ) =£(2)-f(1)=2° -3.27 +2- (1> -3.1* +2) = 2
b). Ta cé Ay = f(x, +Ax)—f(x,)=£(0,9)—f(1)

=0,9°-3.0,92+2-(1° -3.1* +2) = 0,229

A , s
Vi du 2: Tinh Ay va A_y ctia cac ham so sau theo x va Ax
X

a). y=2x+3 b). y=2x*-3x+1 0. y=v2x>+1  d). y=2x>-3x>

LOI GIAI
a). Taco Ayzf(xo+Ax)—f(x0)=2(xo+Ax)+3—(2x0+3)=2A.Suyra %=2
X
b). Ta co Ayzf(xo+Ax)—f(x0)=2(x0+Ax)2 —3(XO+AX)+1—(2X§—3XO+1)

= 4x0Ax+2(Ax)2 —3Ax = Ax(4x0 +2Ax—3) .

A Ax(4x, +2Ax—-3
Suy ra &y ( 0 )
Ax Ax

=4X0+2AX—3.

c). Tacod Ay=f(x0 +Ax)—f(x0)= 2(x0 +Ax)2 +1 —,l2x§ +1
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_ AX(2x, + Ax)
,[2(xo +Ax)2 +1+42x5 +1

Suy ra ﬂ _ AX(2x, + Ax) _ 2x,, + Ax

ax Ax[ 2(x0+Ax)2+1+,/2x5+1j \/2(x0+Ax)2+1+./2x3+1.

d). Tacod Ay = f(x0 +Ax)—f(x0) = 2(xO +Ax)3 —?)(xO +Ax)2 —(ZXS’ —3x§)
= Z(XS + 3x§Ax+ 3x, (Ax)2 + (Ax)3 ) - S(XS +2X,AX + (Ax)2 ) —(ZXS —3x(2,)
= AX(6x§ +6x,Ax+3(A%) ~ 6%, ~3AX)

Ay AXx (6x5 +6x,Ax + 3(Ax)* — 6x, — 3Ax)
Suyra —=

AX AX

= 6] +6X,Ax +3(Ax)” —6x, —3AX .
DANG 2: Tim dao ham béng dinh nghia

PHUONG PHAP

D@ tim dao ham ctia ham s6 y = f(x) tai diém x; bdng dinh nghia ta c6 thé st dung mét trong hai cdch

sau day:
Cach 1:
e Cho x,mét s8 gia Ax = f(x, +Ax)—f(x, ). Lap ti s§ &y .
0 Ax
A
e Tim gidi han lim =
Ax—0 AX

e Két luan:

v 1. Ay R - \ ~ N . A
+Néu lim &y ton tai htru han thi tai x, ham s0 c6 dao ham la: f (x ) =lim 2y
Ax—0 AX 0 0 Ax—=0 AX
o Ay .
+ Néu ilmo A khong ton tai hitu han thi tai x;, ham s6 khong c6 dao ham.
X —> X

Cach 2:
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e Tinh gia tri cia lim —————~= .

£ —f(x)

X—)XO X XO
e Két luan:
oo FO)=E(x) . o e
+Neéu lim ————= t0n tai hitu han bang L thi tai x,, ta c6 f (xo) =L
=N X=X,
oo E)=E0G) e \
+Neéu lim ————= khong ton tai hitu han thi tai x, ham s6 khong c6 dao ham.

X=X, X XO

Vi du : Tinh dao ham (bf?mg dinh nghia) ctia mdi ham sé sau tai cac diém da chi ra:

a). y=2x*+x+1 tai Xy =2 b). y=x+x-2 tai Xy =—2
. 2x-1 .
c). y=+2x+1 tai x, =1 d). y= tai x, =3
x+1
LOI GIAI

a). Cach 1: Cho x, =2 mdt s6 gia Ax. Khi d6 ham s6 nhan mét s6 gia twong ting:

Ay = £(xo + )~ £(xg ) =2(2+ Ax) + (24 Ax) +1-(222 +2+1) = Ax(9+24%)

Ax(9+2Ax
Tac6 £(2) = lim 2 = lim M)y (9+24x)=9.
Ax—0 AX  Ax—0 AX Ax—0
f(x)-£f(2 2 - 2 -
Cach 2: lim ( ) ( )=lim2X Fx+lo1l imzx *x=10
x=2  x-=2 x—2 x—-2 X—2 x—2

=1imw=lim(2x+5)=9

x—2 X—2 x—2

K&t luan theo dinh nghia, ham s6 6 dao ham tai x, =2 va £'(2)=9.

b). y=x>+x-2 tai Xy =—2

Cach 1: Cho x, = -2 mot s0 gia Ax. Khi d6 ham sd nhan mot sd gia tuong tng:
Ay =f(-2+Ax)—f(-2) = (-2+ Ax)3 +(-2+Ax) - 1+12 =13Ax - 6(Ax)* +(Ax)®

= Ax(13— 6AX + (Ax)2)
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Ax(13—6Ax+(Ax)2)

Tacé £'(-2)= lim A _ fim = lim (13—6Ax+(Ax)2)=13.

Ax—>0 AX Ax—0 AX A0
f(x)-f(-2 3 L y— 3
Céch 2: lim ()~ )zhmx +x=2+12 . X7 4+x+10
X—>-2 xX+2 x—>-2 X+2 o2 x42

(X+2)(X2 —2X+5)

= lim = lim (x2—2x+5)=13
X—-2 X+2 X——2

Két luan theo dinh nghia, ham s6 c¢6 dao ham tai x, =-2 va f'(—Z) =13.

c). y=+2x+1 tai x, =1
Céch 1: Cho x, =1 mot s6 gia Ax. Khi d6 ham s6 nhan moét s6 gia twong Gng:
2Ax
Ay =f(x, +Ax)—f(x,)=f(1+Ax)—£(1)=+/2(1+ Ax +1—\/_=—
y =f£(xo +Ax)—f(xg ) = f(1+Aax) - £(1) = {2(1+Ax) oD

Ta c6 f'(1)= lim ﬂz lim 28x = lim 1

2
Ax—0 AX Ax—)OAX( ,3+2AX+\/§) Ax—>0 /3 4 2Ax +\/§ B \/g

f(x)-£(1 - 2(x-1)
Céch 2: lim =1lim =lim

x—1 x—1 x—1 x—1 x—>1(X_1)( ,2X+1+\/§)

=lim

2 1
x>12x+1+/3 - V3

Két luan theo dinh nghia, ham s c6 dao ham tai x, =1 va f'(l) =

-

2x -1
d). y= tai x, =3
)y x+1 0

Cach 1: Cho x, =3 mot s gia Ax . Khi d6 ham s6 nhan mét s gia twong ting:

2(3+Ax)-1 5 b5+2Ax 5 3A
Ay = £(xo +&x)~f(x) = £(3+4x) ~£(3) = (3+AXXJ)rl e 4+A>:(_Z:4(4+);x)

Tac £(3) = lim 2L = fim — X _jjm 33
x>0 AX A0 AXA(4+AX)  ax—04(4+Ax) 16
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¢ y 2x-1 5

x)—f£(3 T _

Céch 2: lim () ():lim x+1 4 _p, 3x=3% . 3 3
x->3  x-3 x->3  x-3 -3 (x=3)(x+1)4 x-3(x+1)4 16

Két luan theo dinh nghia, ham s6 c¢6 dao ham tai x, =3 va f'(3) = %

CAC QUY TAC TINH PAO HAM
TOM TAT GIAO KHOA

1). Binh 1y 1: Cho cac ham s u = u(x),v = v(x) c6 dao ham trén (a;b) thi tong va hiéu cua chung cting ¢
dao ham trén khoang (a;b) va
(u +v)' =u'+v} (u —V)' =u-v'
Cht y: Binh 1y 1 ¢ thé mé rong cho tong hay hiéu cta hiru han cac ham sd.
2). Binh 1y 2: Cho cac ham s6 u = u(x),v = v(x) c6 dao ham trén (a;b) thi tich ctua ching ciing c6 dao
ham trén khoang (a;b) va (u.v)' =u'v+uv'.
Dac biét : (a.u)' =au' (ala héng s0),
Chti y: Dinh 1y 2 ¢6 thé mé rong cho tich ctia hitu han cdc ham s3. Chang han:

(u.v.w)' =u'vw+uv'w+uvw'

3). Binh 1y 3: Cho cac ham s6 u = u(x),v = v(x) ¢6 dao ham trén (a;b) va v(x) # 0 trén (a;b) thi thwong

u . ; \ ~ ) \
— cling c¢6 dao ham trén khoang (a;b) va
v

ul, u'v-uv'
v v:

'

Hé qua: [lj' = —Lz(v #* O).

\' \'
4). Cho hai ham s8 y =f(u) va u=g(x) . Ta goi ham s& y = F(x) = f[ g(x)] 12 ham s hop ctia hai ham
s6 u=g(x) va y=f(u). Tap xac dinh cia ham s§ f[g (x)] la tap hop tét ca cac gia tri cua x lam cho biéu
thirc f[ g(x)] c6 nghia.
5). Binh 1y 4: Néu ham s6 u = u(x) c6 dao ham tai di€ém x, vaham sd y = f(u) c6 dao ham tai diém
u, =u(x,) thi ham s8 hop y =F(x)=f[ u(x)] cling c6 dao ham tai diém x, va F'(x,)=f'(u,)u(x,) hay
YL =Y uo

Hé qua: (u“)':n.u“’l.u'(neN va n>2); (\/E)'

1 A\l
=——u
2Ju

QUY TAC TINH PAO HAM
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Gia st u=u(x),v=v(x),w =w(x) la cdc ham s6 c6 dao ham, khi do:

1). (utu-w)=u+v-wj 2). (uv) =u'v+v'y; 3) (ku)' =ku' (keR)

u / u'v-v'u 1
o[t cwve g
v v v

/ '
__Vv
j v?

BANG DPAO HAM CUA CAC HAM SO SO CAP CO BAN

Pao ham ctia ham s8 so cip co ban

Pao ham ctia ham s6 hop (u = u(x))

(©) =0

(x“ )/ = ocx“’l,(oc eR,x> 0)

1
VX)'=—— 0
(Vx) . (x>0)

1
|=__ 0
)= (20

=
X

X

(L] 2teo)

(u“ )/ =ou*! u',(a eR,u> 0)

I NS
() N (u>0)

1., u'
(5) =5 @=0)
u u
/
[LJ = nl.u',(u;tO)
un un+

(sinx)' = cosx

(cosx)' = -sinx

=1+tan?x

(tanx)‘ =
Cos~ X

(x # g+krc,k e”Z)

(cotx)'=— _1 =—(1+cot2 x)
SN~ X
(x#km, k € Z).

(sinu)' = cosu.u'

(cosu)' = -sinu.u’

(tanu)'= =(1+tan2 u)u'

Ccos™ u

(u g+kn,k e Z)

(cotu)‘=— .u' =—(1+cot2u)u'
sin“ u
(uzkn k € Z).
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MOT SO CONG THUC TINH PAO HAM NHANH

/
.[ax+bj/= ad—bc . ax® +bx+c zadx2+2aex+be—dc
ex+d ) (ex+d)? dx+e (dx+e)?
/
. ax? +bx+c B (ae —bd)x? +2(af —dc)x + bf —ec
dx* +ex+f (dx* +ex +f)?
BAI TAP TONG HOP

DAO HAM

1l y= L2003 axs
2 3 2

/ / / /
y'=[%x5 +§x4—x3 —%x2+4x—5J = y'=[%x5] +(§x4j —(x3)/—[%x2] +(4x)/—5/

y' 280 3 ki
2 3

3: y=2x" —%x3+2\/;—5

/ /
1 I (1 / 1
- 24__ 3 2 _5 " 24 [ 2 _5/ v=8 3_ 2 .
y [x 3x+\/x j@y (x) (3xJ+(\/x) < y'=8x x+\/;

xt X

1 N
4:y="-Z +-x*-x+a (alahang sd
y=2-2% 425 -x+a (ala hing sd)
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/
4 3
y'=[%—%+%x2—x+aJ & y'=x-x"+x-1.

5: y=%— X+EX\/;
X 3

y'z[%—\/;+§xx/;) o y'=(3.x’2)/—(\/;)/+§(x\/;)/

X

L6 1 2 Jx ) -6
SRt e

Bai 2: Tinh dao ham ctia cac ham sd sau:

a).y=(x2+3x)(2—x). b) y=(2x—3)(x5—2x) Q). y=(x2+1)(5—3x2)

a).y= (x2 +3x)(2—x).

y'= ((x2 +3x)(2—x))/ = (x2 +3x)/ .(2—x)+(x2 +3x).(2—x)/
= (2x+38)(2-x)+(x* +3x)(~1) =-3x* —2x +6.

b). y= (2x— 3)(X5 —2x)

y'= |:(2x—3)(x5 —2X)j|/ = (2x—3)/ (X5 —2x)+(x5 —ZX)/ (2X—3)
=2(x" = 2x)+(5x" —2)(2x~3) = 12x ~15x" ~8x+6.

0 y=(e 1)(5-3¢)

y =[x +1)(5-3¢)] =( +1) (5-3x*)+(5-3x) (x* +1)
=2x(5-3x" ) =6x(x* +1) =10x = 6x> = 6x* —6x = —12x" +4x.

Bai 3: Tinh dao ham ctia cAc ham s6 sau:

THAY GIAO: DAT NGUYEN TIEN

36



SO 8NGO 17

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

TA QUANG BUU

a). y=(x7+x)2 b). y=(2x3—3x2—6x+1)2 Q). y=(1—2x2)3

a). y=(x" +x) . Stt dung cong thirc (u*) = cu""u’ (v6i u=x"+x )

y' =2(x +x).(x +x) =2(x +x)(7x" +1)

b). y =(2x’ ~3x* ~6x+1) . Str dung cong thirc (u”) Vi u=2x" ~3x* ~6x+1
y'=2(2¢ =3x" +6x+1)(2 -3x* +6x+1)/ =2(2x° =3 +6x+1)(6x" —6x+6).
¢). y=(1-2x) . Six dung cong thirc (u*) véi u=1-2x

y'=3(1-2¢) (1-2x¢) =3(1-2¢) (~4x) = -12x(1-2¢*) .

Bai 4: Tinh dao ham ctia cAc ham s6 sau:

a).y=x2+x\/;+1 b). y=v1+2x-x* Q). y=~/x2+1_ -2

a).y=x2+xx/;+1

y' =(x2)/ +(x\/;)/‘ +1/ =2X+X'.\/;+(\/;)/ .x=2x+&+ﬁ.x=2x+¥.

b). y=v1+2x-x* .St dung cong thirc (JH)’ véi u=1+2x-x>

(1+2x—x2)/ 1—x
CJTe2x—x2 1r2x—x2

Q). y=vIx*+1-~1-x

yl

Y'=(\/x2+1)/—(\/1—x2)/—(XZH) (1-x') X X

= - = + )
Wi +1 201-x2 I +1 N1-x

Bai 5: Tinh dao ham ctia cdc ham s6 sau:

. 3
a).y = Xcosx b). yz(lil?on) 0). y =sin’ (2x+1)
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d). y=sinv2+x’ e). y =+/sinx+2x f). y =2sin” 4x-3cos’ 5x

a).y =xcosx . Ta ap dung dao ham tich.
1 1 / .
y =X COSX+X.(COSX) = COSX—XSInx.

sin x sin x

3
b) y =[ j . Budc dau tién ta 4p dung cong thike (u“ )/ véi u=

1+ cosx 1+ cosx

'_3 sin x ’ sin !
y 1+cosx ) | 1+cosx

Tinh [ sin x j/ _ (sinx)/(1+Cosx)—(1+cosx)/.sinx _ Cosx(1+cosx)+sin2x

(1+cosx)2 (1+cosx)2

_cosx+cos’x+sin’x 1
= - = .
(1+cosx) T+ cosx
. 2 .2
~ , sinx 1 3sin” x
Vay y'=3 . = T
1+cosx ) 1+cosx (1+cosx)

¢). y =sin®(2x+1). Budc dau tién 4p dung cong thire (u* ) voi u =sin(2x+1)
Vay y'=(sin (2x+1)) =3sin? (2x+1).(sin(2x+1)) .

Tinh (sin(2x+1)) : Ap dung (sinu)’, v6i u =(2x+1)

Ta duoc: (sin(2x-+1)) = cos(2x+1).(2x+1) =2cos(2x+1).

= y'=3.sin’(2x+1).2cos(2x +1) = 6sin* (2x+1)cos (2x +1).

d). y=sinv2+x* . Ap dung cong thirc (sinu) véi u=v2+x*

24x%)
y'=cosv2+x2.(\/2+x2)/=cos\/2+x2.( +X) =X cosv2+x2.
22+x* N2+X°

e). y =+sinx+2x . Ap dun \/E/,V('yiuzsinerZx
y p g
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(sinx+2x)/ COSX+2

- 2\/sir1x+2x - 2\/sinx+2x.

f). y = 2sin’ 4x—3cos’ 5x . Budc dau tién ap dung (u+v)
y'=(2sin? 4x) ~3(cos®5x)

Tinh (sin”4x) : Ap dung (u*), v6i u =sin4x, ta duoc:
(sin? 4x)/ = 2sin4x.(sin4x) = 2sindx.cos4x(4x) =4sin8x.

Tuong tu: (cos3 5x)/ = 3cos” 5x.(cos 5x)/ = 3cos’ 5x.(-sin 5x).(5x)/

=-15cos® 5x.sin5x = TSCOS 5x.sin10x.

Két ludn: y'=8sin8x+ 4?5cos 5x.sin 10x

32
Cho f(x) = X?+?— 2x . Véi nhitng gia tri nao cta x thi:

a. f'(x)=0 b. f'(x)=—2 C. f'(x)=10
LOI GIAI
x> x?
Ta céd f'(x)=[—+——2xj=x2+x—2
3 2
a). f'(x)=0<:>x2+x—2=0<:>x=1vx=—2
b). f'(x)=—2<:>x2+x—2=—2<:>x2+x=0<:>x=0vx=—1
0. f'(x)=10x* +x-2=10 = x* +x-12=0< x=3vx=—4
Cau : Giai

a). ChOf(X) =2x° +X—\/E,g(x) =3x? +x+\/5 . Giai bat phuong trinh f'(x) > g'(x) .
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2
b).Cho f(x) =257 —x* +\/§,g(x) =x’ +X7—\/§. Giai bat phuwong trinh
f'(x)>g'(x).
Cho f(x)=3x+@—%+5.Giéi phuong trinh f'(x)=0
X X
LOI GIAI
a). Ta c6 f'(x)=(2x3+x—\/5)/ =62 +1, g'(x)=(3x2+x+\/§)/ =6x+1
£'(x)>g'(x) = 6x* +1>6x+1 e 6x* —6x >0 < x € (—0;0) U(1;+o0)

/
b). f'(x)=(2x3—x2+\/§)/ =6x2—2x, g'(x)z[x3+§—\/§] =3x% +x

f'(x) >g'(x)<:> 6x%> —2x>3x> +x = 3x* -3x >0 = xe(—oo;O)u(l;+oo)

/
¢). Ta cod f'(x)= 3x+@—%+5 =3_@+g
X x3 x2 x4
, 60 192 5 1
f(x)=0<:>3——2+—4=0(1).Datt=—2,(t>0)
X X X
) 1 1
(1)<:>192t —60t+3=0ct=—vt=—
4 16
Véit=l©%=l<:>x2=4<:>x=i-2
X
Voite Lot oL o jgex—na
16 x2 16

Vay f'(x)=0 c6 4 nghiém x=12, x =14

VI PHAN
TOM TAT GIAO KHOA

Chohams6 y = f(x) c6 dao ham tai x,,. Goi Ax la s6 gia ctia bién s6 tai X, . Ta goi tich f'(x0 ).Ax 1a vi
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phan ctia ham s6 f(x) tai diém x, tng voi s6 gia Ax. Ki hiéu df(x,) =f'(x,).Ax.

Chohamsg y=f (x) c6 dao ham tai x. Ta goi tich f '(x).Ax la vi phan cuia ham s6 f(x) tai di€ém x Gng véi
s6 gia Ax (goi tat 1a vi phan cua f tai diém x). Ki hiéu df(x) = f'(x).Ax . Néu chon ham s§ y = x thi ta ¢6
dy = dx =1.Ax = Ax. Vi vay ta thuong ki hiéu Ax=dx va dy = f'(x)dx .

Cong thtrc tinh gan dang nho vi phan la: f(x0 + Ax) ~ f(x0 ) +f'(x0 ).Ax

PHUONG PHAP GIAI TOAN

DANG 1: Tim vi phan cua ham sd

PHUONG PHAP

a). Tinh vi phan cta ham sd f(x) tai x, cho trudc:

Tinh dao ham ctia ham s6 tai X,,.

Suy ra vi phan ctia ham s8 tai X, tng v6i s6 gia Ax 1a df(x,) =f'(x,).Ax .

b). Tinh vi phan ciia ham s6 f(x).

Tinh dao ham ctia ham sd .

Suy ra vo phan ctia ham s6: dy = df(x) = f'(x)dx

Vi du 1: Cho ham s8 y =x° —4x* +2. Tinh vi phéan ctia ham s6 tai diém x, =1, tng véi s8 gia Ax=0,02 .

LOI GIAI
Tacd y'=f'(x)=3x> —4x. Do d6 vi phan ctia ham s8 tai diém x, =1, tng véi s8 gia Ax =0,02 la:
df(1) = £'(1).Ax = (3.12 —4.1).0,02 -0,02.

Vi du 2: Tinh vi phan cta cdc ham s sau:

2_

a)'y:2x2—3x+1 b). y=v3x°+2x* o). y=sinxcosi d). y =xsinx—cosx
x“+x+1 2

LOI GIAI

(2x* =3x+1)' (0 +x+1)— (x* +x+1)'(2x* = 3x+1) _

(x2+x+1)2 (x2+x+1)2

a). Taco y'=£f'(x) =

suy ra dy =f'(x)dx =
DANG 2: Tinh gin dang gia tri ctia ham s6:
Dé tinh gan dung gia tri cua ham s6 f(x) tai diém x = (x,, + Ax) cho trudc, ta ap dung cong thirc

f(xO +Ax):f(x0)+f'(x0).Ax.

Vi du tinh gan dung céc gia tri sau (18y 4 chir s6 thap phan trong két qua).
1
©0,9995

a). 4/16,25 b). cos30°15' c). sin46° d)

e). tan53°15".

LOI GIAI

1

2x

a). Ta ¢ /16,25 = \[16+0,25 . Xét ham 8 £(x) = x = f'(x) =

chon x, =16 va Ax=0,25, taco f(x0+Ax):f(x0)+f'(x0).Ax
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TA QUANG BUU
— J16+0,25 ~ 16 + ——— 0,25 = 4+0,03125 = 4,03125 = /16 + 0,25 ~ 4,0313
2416
b). Ta 6 cos30°15' = cos(30° +15') —cos| T+ |
6 720

Xét ham s6 f(x):cosx:f'(x):—sinx.
Chon x, :g va Ax:% ,tacod f(x0+Ax)zf(x0)+f'(x0).Ax.

Y \/5 I

T T . T
= CO0S| —+—— |=COS——SIN—.—— =——— .
(6 j 6 6720 2 1440

c). Ta c6 sin46° = sin(45° +1°)= sin(£+ij .
4 180
Xét ham s6 f(x) =sinx = f'(x) =CosX

Chon x, =% va Ax:% ,tacod f(x0+Ax)zf(x0)+f'(x0).Ax.

T n . T T on N2 2
=sin| —+—— |~ sin—+cos—.——=—+——

4 18 4 4180 2 360
d). Tacd ! = ! .

0,9995 1-0,0005

Xét ham s& f(x)=%:f'(x)=—i2.
X

Chon x, =1 va Ax=-0,0005 , ta cé f(xO +Ax)zf(x0)+f'(x0).Ax.

1

——— ~1-1.(-0,0005) ~ 1,0005 .
1-0,0005

e). tan53%15' = ’car1(600 —(6045')) = tan(g—z—gj .

Xét ham s& f(x)=tanx:>f'(x)=1+tan2x.

Chon x, =§ va Ax=—% , ta co f(x0 +Ax)zf(x0)+f‘(x0).Ax.

= tan 2_3_15 ztan£+ 1+tar1ZE . —ﬁ ~1,2608 .
3 80 3 3 80

PAO HAM CAP CAO
A.TOM TAT GIAO KHOA.

1.Choham g y = f(x) c6 dao ham f'(x) . Ham s6 f'(x) con goi la dao ham cdp 1 ciia ham s6 f(x) . Néu
ham s& f'(x) c6 dao ham thi dao ham d6 duoc goi 1a dao ham cép 2 ciaham s6 f (x) , ki hiéu la y” hay

f"(x) . Dao ham ctia dao ham cdp 2 duoc goi la dao ham cdp 3 cua ham s6 f(x) , ki hiéulay”” hay "’ (x)
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. Tuong tu, ta goi dao ham cua dao ham cdp (n-1) 1a dao ham cdp n cua ham 8 f(x), ki hiéu 1a y'"

hay £ (x) , tiic 1a ta c6:

y(“) = (y(“_l) )'(n eN,n> 1) .

2.Dao ham cdp 2 cua ham s6 {(t) la gia tOc tic thoi ctia chuyén dong s=£(t) tai thoi diém t.
B.PHUONG PHAP GIAI TOAN.

DANG 1: Tinh dao ham cdp cao ctia ham sd.

1.PHUONG PHAP

Ap dung tryc tiép dinh nghia: y" = (y(“_l))' dé€ tinh dao ham dén cap ma dé bai yéu cau.

Vi du: Tinh dao ham dén cap da chi ra ctia cac ham s6 sau:

a). y =xsin2x,(y") b). y = cos’ x,(y'”) ). y=x*+4x* -3x2 +1,(y(“))

d). y=x* —sin2x,(y(4)) e). y =sin’ le(y(S)) f.y= %,(y(‘l))

LOI GIAI
a). Co y'=x'sin2x+x.(sin 2x)" = sin 2x + 2x cos 2x
= y" =(sin2x)'+(2x)"' cos 2x + 2x(cos 2x) ' = 4 cos 2x — 4x sin 2x
= y" =4(cos2x)'-(4x)'sin 2x—-4x(sin2x)"' = -8sin2 x—4sin 2x—8cos 2 x
=-12sin2x-8cos2x .
b). Ta c6 y = cos® x =%(1+c052x) =y'=-sin2x

=vy"=-2cos2x = y" =4sin2x
o). y=x*+4x>-3x* +1

=y =4 +12x3 —6x = y"=12x% +24x -6 = y " = 24x + 24

:y(4)=24:>y(5)=0:>...:>y(“) =0.
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d). y =x* —sin2x
=y =4 —2c0s2x = y" =12x* +4sin 2x
=y =24x+8cos2x = y* =24 -16sin 2x
e.y= sin? 2x = l(1— cos4x)

2
= y'=2sindx=y" =8cosdx = y" =-32sin4x
= y® =128 cos4x = y = 512sin4x

b y= 2L ()

3 / 4 /
14[(x+2) } " " —42[(x+2) } 168
:>y = = :)y = =

(x+2)  (x+2)" (x+2)  (x+2)

DANG 2: Tim dao ham cap n cua mét ham sd

PHUONG PHAP

"

Bude 1: Tinh y',y",y"". Dua vao cac dao ham vira tinh, dw doén cong thire tinh y™.

Budc 2: Chting minh cong thiic vita du doén la dting bang phuong phéap quy nap.

"

Cht y: Can phan tich ki cac két qua ctia dao ham y',y",y" tim ra quy luat d€ du doén cong thiec y™

chinh xac.

Vi du 1: Tim dao ham cap n cia ham s6 y = sinx(n € N*)

LOI GIAT

Buwdc 1: Ta cd: y'=cosx = sin(x+l.gj;y” =—sinx = sin[x+2§}
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Du doan: y(n) = sin(x +ngj (1),Vn eN’

Bude 2: Chitng minh (1) bang quy nap:

+ n=1:(1) hién nhién dung.

* Gia s (1) ding v6i n=k>1 nghialata cé: y* = sin(x + kgj ta phai chtrng minh (1) cung dung voi

n =k+1 nghia la ta phai chtng minh

g sin(x+(k+1)g) (2)

/
That vy : v& trai (2) =y*" = [yk ]/ = {sin[xH(gﬂ = cos(x+k§} = sin(x+(k+1)§j ==v&phai (2)

= (2) dung, nghia la (1) dung véi n=k+1.

Budce 3: theo nguyén li quy nap suy ra y" = sin[x + ngj,Vn eN'.

Vi du 2: Tim dao ham cap n ctia ham s6 y = L (n € N*)
X+3
LOI GIAI
1 T
Tacé: y'=(-1) =(-1 ;
= )(X+3)Z )(x+3)2
12 2 21
=(-1)’ =(-1
y'=() (x+3) 1) (x+3)
Dy dodn: y" =(-1)' —™ (1), ¥neN'.
(x+3)

Chitng minh (1) bang phuong phap quy nap:

+#n =1:(1) hién nhién dung.

l
+ Giast (1) ding v6i n=k>1, nghialatacé: y* = (—l)k k—M ta phai chting minh (1) cting dting

(x+3
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voi n=k+1 , nghia la ta phai chitng minh:

(x+3)"" [(x+3')k+1}
et KI(k+D) e (k1) o
- )

Vay (2) ding nghiala (1) ding véi n=k+1.
Theo nguyén li quy nap tasuy ra y" = (—1)n —_—

DANG 3: Chiitng minh dang thic:

Bai 11:
a). Cho ham s6 y = xsinx . Chtimg minh x.y"-2(y'-sinx)+xy =0 (*)
b). Cho ham s8: y =v2x—x* chimg minh: y*.y"+1=0 ()

c). Cho ham s8: y =xtanx chimg minh: x*.y"=2(x* +y*)(1+y)=0 (*)

x-3

d). Cho ham s6: y = 1 chiing minh: Z(y')2 =(y-1)y" (*)

X+

LOI GIAI

a). Cho ham s6 y = xsinx . Chimg minh x.y"-2(y'-sinx)+xy =0 (*)
Lo . / ' Vs . / , .
Tacd y'=(xsinx) < y'=x".sinx+x(sinx) < y'=sinx+xcosx

: IV / / .
y"=(s1nx+xcosx) =(smx) +(xcosx) =cosx+x'.cosx+x.(cosx) =2cosx—xsinx
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(1) p= x(2cosx—xsinx)—2(sir1x+xcosx—sir1x)+x2 sinx=0
& 2xcosx— X’ sinx—2xcosx+x’sinx =0« 0=0 (dpcm).

b). Cho ham s§: y =v2x-x* chitng minh: y’.y"+1=0 (%)

Ta co: y':(\/2x—x2 )/ @y':;.(ZX—XZ)/ __L-x

24/2x — x? Ix—x*

yn_ —

(M)z ( 2x—x2 )2

~ —(2X—X2)—(1—X)2 4

) \/ZX—Xz.(\/ZX—XZ )2 (\/2x—x2 )3 .

(*)@(\/ZX—XZ )3._—13+1=0©—1+1:0 (dpcm).

2x -2
c). Cho ham s&: y =xtanx chimg minh: x*.y"=2(x* +y*)(1+y)=0 (*)
Tacé: y'=(xtanx) =x".tanx+x.(tanx) =tanx+x(1+tan’x)
y"=(tanx) +x".(1+ tanx)+x.(1+tanx) =2(1+tan’ x) + x.(2tan x).(tan’ +1)
=2(1+tan’ x)(1+xtanx)
(*) & 2x* (1+tan” x).(1+xtanx) - 2(x* +x tan” x)(1+xtanx) = 0
& 2x* (1+tan” x)(1+x tan x) - 2x* (1+ tan® x ) (1+ x tan x) = 0

< 0=0 (dpcm).

x-3

d). Cho ham s6: y = chiing minh: Z(y')2 =(y-1)y" (*)

x+4

Taco: y'= X_3/— 7
) Ty
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—7((x+4)2)/ u

(X+4)4 (x+4)3

:
(*)@'2[(“74)2] :[;2_1}[(:1)3}@ (xi84)4 ) (xif (dpem)
e) Cho ham s6 y = cos’ 3x chting minh: 18(2y—1)+y" =0 (*)

Ta c6: y =cos’ 3x

y' =2.cos3x(cos3x) =2cos3x.(~sin3x)(3x) = -3sin6x

y" = —18cos6x

(*) o 18(2 cos’ 3x—1)—18 cos6x =0 <> 18.cos6x—-18cos6x =0 (dpcm).

Bai 12:

sin® x + cos® x

a).Cho ham s8 y = .Chitng minh y"+y =0 (*)

1-sin x.cosx

2
b). Cho ham s8 y =(x* ~1) . Chting minh: y* +2xy"~4y" =40 (¥)

c). Cho ham s§ y =yx++v1+x* . Chtng minh: 4(x2 +1).y"+ dxy'-y=0 (*)

k
d). Chttng minh (1+x2).y”+x.y'—k2.y=0 néu y=(x+\/x2+1)

LOI GIAT

s 13 3
a).Cho ham s8 y = % ching minh y"+y =0 (%)

(sinx + oS x)(sin2 X +cos® x — sinxcosx)

Taco: y=
1-sinxcosx

(sinx + cosx)(l—sinxcos x) )
= - =sin X+ cosx
1-sinxcosx
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y'=cosx—sinx

y'" =—sinx-cosx

(*)<:>—sinx—cosx+sinx+cosx:O<:>0:0 (dpcm).

b). Cho ham s§ y =(x* ~1)". Chitmg minh: y*+2xy"~4y" =40 (#)

Tacéd: y=x"-2x>+1

y'=4x" —4x
y"'=12x* -4
y'" =24x
y" =24,

(¥) < 24 +2x(24x) - 4(12x* —4) = 40.
& 24 +48x - 48x* +16 = 40 <> 40 = 40 (dpcm).

). Cho ham s6 y =4x+v1+x* . Chting minh: 4(x2 +1).y"+ dxy'-y=0 (*)

. 1 ( X J VX +VT+x2
Tacod: y'= J 1+ =
Wxidlrx U N1+ ) 21453

(\/x+\/1+x2 )/ 21+ —(2\/1+><2 )/ Ax+1+xE

y'= :
(2 1+x2)
\/x+\/1+x2.( 1+x° —4x)
8(1+x) 1+
Pxfex® (241 2—4) s
(x) = 4(x* +1) il ey PR 5.0C 5 SN N el

8(1+x2)\/1+x2 201+
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\/X+J1+7.(z 1+x2_4x)+2xm_ ——

o +41+x% =0
2W1+x2 J1+x2

> 2

< 0=0 (dpcm).

k

d). Chttng minh (1+x2).y”+x.y'—k2.y=0 néu y=(x+\/x2 +1)

k k-1
Tacéd: y= x+\/X2+1) :>y'=k(x+\/x2+1) .(1+Lj
g ( Vx* +1

=)

= k(x+\/m)ki1 [Xj/g} =k

{(x+\/x2 +1)k}/ X2 +1—(\/x2 +1)/ .(X+M)k

"=k.
y x?+1
k
k(x+\/x2 +1)
7 +1—L.(x+\/x2 +1)k
K Vx2 +1 VxZ+1
(x2+1

k(x+\/x2 +1)k(k\/x2 +1—x)
(x2+1)m

. k(x+m)k.(km—x) x.k(x+\/m)k
Ot e e

k(x+\/x2+1)k.(k\/x2+1—x) x.k(x2+\/1+x2 )k
=N +
x> +1 N1+x2

Quy dong dat thira s6 chung duoc:

k
—kz(x+\/x2+1) =0
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k
(x+x/x2 +1)
?(kwxz +1-kx+kx—k*vx? +1)=0 < 0=0 (dpcm).
x"+1

Vi du 3: Chiing minh rang véi moi s6 nguyén n>1 ta cé:

n n!

ton+l

X

a)Néu y = i y" =(-1)
X

b) Néu y =cosx thi y*" =cosx.

Vi du 4: Chiing minh rang:

a)Néu y =sinax thi y*" =a*".sinax (ala hang sd).

b) Néu y =sin’ x thi y*" =-2"" cos2x.
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PHUONG TRINH TIEP TUYEN

I - Kién thitc can nhé

— Phuong trinh tiép tuyén ctia (C):y =f(x) tai di€ém M(x,;y,) c6 dang:

Aty =k(x=x, )+, Véi k=y'(x, ) ahé s8 géc tiép tuyén,
R
© o 0o ———— Dé'viét phuong trinh tiép tuyén A, ta

— Diéu kién can va du dé hai dudig {t )7 2r By 68 NCY): v 5 (x) tiép xic nhau < he
f)=glx) (s o
' 7 conghiém (nhd: "hdm = ham, dao = dao”)
£(x)=8'(x)

II - Cac dang toan viét phuong trinh ti€p tuyén thuong gip

® Viét PTTT A ctia (C):y =f(x), biét A 6 hé s8 goc k cho tredc

— Goi M(xo;yo) la tiép diém. Tinh y'= y'(xo).

— Do phuong trinh tiép tuyén A c6 hé sd gock = y'(x, )=k (i)

— Gidi (i) tim dwoc x, —y, =f(x,)— Ay =k(x-x, ) +y, .

w Luuy. Hé s0 goc k=y'(x,) cta ti€p tuyén A thuong cho gian tiép nhu sau:

— Phuong trinh ti€p tuyén A //d:y=ax+b=k=a.

— Phuong trinh ti€p tuyén A Ld:y=ax+b=k N
a

— Phuong trinh tiép tuyén A tao véi truc hoanh goc a = |K| = tana.
— Phuong trinh tiép tuyén A tao véi d:y=ax+b goc o= ‘;(;ka‘ =tana
+ka
@ Viét PTTT A ctia (C):y =£(x), bi€t A di qua (ké tir) diém A(x,;y,)
— Goi M(Xo;yo) la ti€p di€ém. Tinh y,_ :f(xo) va k= y'(xo) theo x,.
— Phuong trinh tiép tuyén A tai M(Xo;yo) laA:y= k(x—xo)+y0 .
— Do A(XA;yA)eA:yA:k(xA—x0)+y0 (1)
— Giai phuong trinh (i)—>x, —y, va k—— phuong trinh A.
® Viét PTTT A ctia (C):y=£(x), biét A cat hai truc toa d¢ tai A va B sao cho tam giac OAB

vuong can hoac c6 dién tich S cho trudc

— Goi M(x,;y,) latiép di€ém va tinh hé s6 goc k=y'(x,) theo x, .

THAY GIAO: DAT NGUYEN TIEN 52



SO8NGO 17
TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

_ Pacho AOAB vudng cdn < A tao véi Ox mot géc 45° va O g A (1)
S,onp =S < OA.OB=2S (ii)

— Giai (i) hodc (i) —x,—y,;k phuong trinh ti€p tuyén A.
@ Tim nhitng diém trén duwong thang d:ax+by+c=0 ma tir d6 vé dwgc 1,2,3,..,n tiép tuyén
v6i d6 thi ham s6 (C):y =f(x)

— Goi M(xy;yy)ed:ax+by+c=0 (sao cho c6 mot bién x, trong M)
— PTTT A quaM va cd hé s6 gock c6 dang A:y =k(x—xy )+yy-
f(x):k(x—xM)+yM (1)
f'(x)=k (ii)
— Thék tir (i) vao (i), dwoc: f(x)=f'(x).(x=xy )+ yy (i )

— S0 tiép tuyén cua (C) vé tit M = s6 nghiém x ctia (iii).

— Ap dung diéu kién tiép xtc: {

® Tim nhitng diém M(xy;y,,) ma tir d6 vé dwoc hai ti€p tuyén véi d6 thi ham so

(C):y=f(x) va hai ti€p tuyén d6 vudng géc nhau

— PTTT A quaM va cé hé s6 gock cd dang A:y =k(x—xy )+yy-
f(x):k(x—xM)+yM (1)
f'(x)=k (ii)
— Thék tir (i) vao (i), dwoc: f(x)=f'(x).(x=xy )+ yy (i )

— Qua M vé duoc hai tiép tuyén voi (C) < (iii) cd hai nghiém phan biét x;,x, .

— Ap dung diéu kién tiép xtc: {

— Hai tiép tuyén d6 vubng géc nhau <k k, =—1<y'(x;).y'(x,)=-1.
= Luuy.
— Qua M vé duoc hai tiép tuyén voi (C) sao cho hai tiép diém nam vé hai phia véi truc
. L |i): c6 hai nghiém phan biét x,,x, .
hoanh thi (i) gniem p =%
f(xl).f(xz) <0.
— DG véi bai todn tim diém Me(C):y =£(x) sao cho tai do tiép tuyén song song hodc vudng
goc voi dudng thang d cho trudc, ta chi can goi M(x,;y,) va A la ti€p tuyén voi k=f'(x, ). Roi
ap dung k=f'(x,)=k; néu cho song song va f'(x,)ky=-1 néu cho vudng goc

=X, =Y, :M(xo;yo).
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BAI TAP TONG HOP

Cho duong cong (C):y =f(x)=x>-3x*. Viét phwong trinh tiép tuyén ctia (C) trong cac truong
hop sau:

a) Tai di€ém M, (1;-2).

b) Tai diém thudc (C)va cé hoanh do x, =-1.

c) Tai giao di€ém ctia (C) v6i truc hoanh .

d) Biét ti€p tuyén di qua diém A(-1; -4) .

LOI GIAI
Ta cd f'(x) =3x" —6x
a). Taco f'(x,)=£'(1)=-3
Vay phuong trinh tiép tuyén tai diém M(1; -2): y=£'(x,)(x—X,)+y,
<:>y=—3(x—1)—3<:>y=—3x
b). Taco x, =-1=y, =—4,f'(x,)=9
Vay phuong trinh tiép tuyén tai diém N(-1;-4)1a y =f'(x,)(x—x,)+Y,
y=9(x+1)-4 < y=9x+5.

¢). Phuong trinh hoanh d9 giao diém cua (C) véi truc hoanh: x*-3x* =0 |
X =

Véi x,=0=y,=0,f'(x,)=f'(0)=0

Vay phuong trinh tiép tuyén tai diém (0;0) 1a y =f'(x,)(x—x,)+y, < y=0
Véi x,=3=y,=0,f'(x,)=f'(3)=9

Vay phuong trinh tiép tuyén tai diém (3;0) 1a y =f'(x,)(x—x,)+Y,
©y=9(x-3)ey=9x-27.

d). Goi (x,;y,) 1a toa d6 tiép diém ctua phuong trinh tiép tuyén d di qua diém A
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Vidiém (x;y,)€(C)=y, =x; -3x;, va f'(x,)=3x; —6x,

Phuong trinh d: y = £'(x,)(x=X,)+y, <y =(3x; =6x, )(x =X, )+x; =3x]
Vi A(-1;-4)ed nén: (3x]-6x, )(-1-x,)+x) =3x; =—4

& 2xX—6x,-4=0&x,=2vXx, =1

V6i x, =2=>y, =—4,£'(2) =0, phuong trinh tiép tuyén y =—4

V6i x, =-1=y, =—4,f'(-1)=9, phuong trinh tiép tuyén y =9(x+1)-4 <y =9x+5

_ 3x+1

1-x
a). Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén song song véi dudong thang
(d):x—4y-21=0.
b). Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén vudng géc véi duong thing
(A):2x+2y-9=0.
c). Viét phurong trinh tiép tuyén ctia (C) biét ti€p tuyén tao véi duong thang :

Cho dwong cong (C):y

(d):x-2y+5=0 mot gbc 30°.

Tap xac dinh D=R\{1}. Ta c6 y'=f'(x)=( )
1-x

a). Co (d):x—4y—21=0©y=ix_%:kd =%

Vi ti€p tuyén song song v6i d nén k, =k, =

A~ =

Goi M(x,,y,) la toa do ti€p diém cua tiép tuyén, ta cd f'(x,)=k, < =

& (x,-1) =16 & x, =5v X, =-3

Véi x, =5=y, =—4, phuong trinh ti€p tuyén tai di€ém nay la: y =£'(x,)(x—x,)+y,

=2 :i(x—5)—4 =2 =ix—%(10ai, vi trf,u’lg vai d)

Véi x, =-3=y=-2, phuong trinh ti€p tuyén tai di€ém nay la: y =f'(x,)(x—x,)+y,
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@yzi(x+3)—2<:>y=%x—%.

b). (A):2x+2y—9=0<:>y=—x+§3kA =-1

Vi tiép tuyén vudng goc voi A nén, k, k, =-1=k, =1

Goi N(x,,y,) la toa do tiép diém cua tiép tuyén, ta cd f'(x,)=k, < T =1
1-x,

S(x-1) =4 x,=3vx, =-1.

Vi x, =3 =y =-5, phuong trinh ti€p tuyén tai di€m nay la: y =f'(x,)(x—x,)+y,

<:>y=—1(x—3)—5<:>y=—x—2

Véi x, =-1=y=-1, phuong trinh ti€p tuyén tai di€ém nay la: y =£'(x,)(x—x,)+y,

c>y=—1(x+l)—1c>y=—x—2 .

1 5 1

C). (d):x-2y+5=0cy==x+—=k, ==
). (d):x—2y y=oX+o =k =2

R e ~ |k, -k, .
Ta c6 tiép tuyén hop véi d mot goc 30°, nén co o™ tan30

+ ttd

1

k —= 2 2
“1 2 =%©3[kﬂ—%) =(1+%kﬁj <:>14—1kft—4ktt—%=0

1+§ku 3

2
Cho ham s8 y =f(x) == _X1+2 (Q)
X_

a). Viét phuwong trinh tiép tuyén cta (C) tai diém M(2; 4).

b). Viét phuong trinh ti€p tuyén cta (C) biét tiép tuyén cd hé s6 goc k=1.

LOI GIAI

2
Ta co: f'(x) = X Z2x-1
(x-1y?
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a). Tacod x, =2=f'(x,)=£'(2)=-1

Phuong trinh ti€p tuyén cta (C) tai di€m M(2; 4) la y =f'(x,)(x—x, )+,
=2 =—1(x—2)+4 S y=-x+6

b). Goi x, la hoanh d9 tiép diém ctia tiép tuyén véi do thi, ta c6 f'(x,)=1

x,” —2x, -1

o ~le1=l (vO 1y).
0

K&t luan khong c6 tiép tuyén nao cé hé s3 goc bang 1.

Cho ham s0 (C): y =v1-x-x* . Tim phuong trinh ti€p tuyén véi (C):

a) Tai diém c6 hoanh d6 x, =

N | =

b) Song song véi duong thang (d): x + 2y =0.

LOT GIAI

Téap xac dinh D=

Gl SV I 0 ——
2 2 2V1-x—x>

. 1 11 1 (1
a).VOl X0=E$y0= 1_E_Z=§’f (Xo)zf(EJZ—z

Vay phuong trinh tiép tuyén tai diém [%,%j la y=£'(x,)(x=x,)+y,

1) 1 3
=2 x-2 |4t y=2x+2.
y [X 2) 2 TYTT,

b). Ta co (d):x+2y=0<:>y=—%x:>kd=—%

Vi tiép tuyén song song voi d nén, k, =k, = —%. Goi x, 1a hoanh do tiép diém cua ti€p tuyén voi

S , -1-2 1+2x,20
do thi, ta co f'(xo)z—%c)—xoz—%@l+2xo=,[1—X0—x§ @{ 0

2\/1-x,-x} X =0vx, =-1
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TA QUANG BUU

So v6i diéu kién x, =0 (nhan), x, =-1 (loai)

Véi x, =0=y, =1, phuong trinh tiép tuyén tai diém (0;1) la: y =—%(x—0)+1 Sy= —%x+1.

Choham s6 y =x’+3x* -9x+5 (C). Trong tat ca cac tiép tuyén cuia d6 thi (C), hay tim tiép

tuyén cé hé sd goc nho nhat.

LOI GIAI
Taco y'=f'(x)=3x"+6x-9
Goi x, 1a hoanh d9 tiép diém cua tiép tuyén, vay f'(x,)=3x; +6x, -9
Ta 6 3x2+6x,-9=3(x2 +2x,+1)-12=3(x, +1) ~12>-12,¥x, € (C)
Vay minf'(x,)=-12 tai x, =-1=y, =16
Suy ra phuong trinh tiép tuyén can tim: y =-12(x+1)+16 < y =-12x+4
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Choham s y= 2X—+23 (1). Viét phuong trinh tiép tuyén ctia d6 thi ham s& (1), biét tiép tuyén
X +
dé cit truc hoanh, truc tung lan luot tai hai diém phéan biét A, B va tam giac OAB can tai gdc toa

d6 0. (Khsi A - 2009) .

LOI GIAI

3

Tap xac dinh D:R\{—E}.Ta co y':f'(x): -1

(2x+3)’

Vi ti€p tuyén (d) cit hai truc Ox, Oy lan luot tai A, B tao thanh tam gidc OAB vuong can, nén
duong thang (d) hop véi truc Ox mot goc 45°.

Vay c6 k, =+tan45’ <k, =+1

Goi x,la hoanh d¢ tiép diém cua ti€p tuyén, ta cd f'(x,)==1

Véi f'(x,)=1< ﬁ =1 (phuong trinh v nghiém).
2x,+3
Véi f'(xo):—laﬁ:—lepxo +3) =1 x, =-1vx, =2
0

V6i x, =-1=y, =1, phuong trinh tiép tuyén tai diém nay y =-1(x+1)+1< y=—x. Ti€p tuyén
nay loai vi duong thang nay di qua géc toa d6 nén khong tao thanh dwoc tam giac.
V6i x, =-2=y, =0, phuong trinh ti€p tuyén tai diém nay y =-1(x+2) < y=-x-2

Cho ham s8 y =x’ +3mx* +(m+1)x+1 (1), m la tham s6 thuc. Tim c4c gid tri cia m d€ ti€p tuyén

ctia d6 thi ciia ham s& (1) tai diém c6 hoanh d6 x =-1di qua diém A(1;2). (Dw bi A1 - 2008)

LOI GIAI
Tap xac dinh D=R
y'=f'(x)=3x> +6mx+m+1
Véi x, =-1=>y, =2m—1, f'(-1)=-5m +4

Phuong trinh ti€p tuyén tai diém M(-1;2m-1): y =(-5m+4)(x+1)+2m-1 (d).

s _ L _5
Tacd A(1;2)e(d) < (-5m+4)2+2m-1=2<m g

3x+1
x+1

do thi ctia ham s6 (1) tai di€ém M(-2;5) .(Dw bi D1 - 2008)

Choham sd y = (1). Tinh dién tich ctia tam gidc tao boi céc truc toa d6 va tiép tuyén cua
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LOI GIAI
2
(x + 1)2
Phuong trinh ti€p tuyén (d) tai di€ém M(-2;5): y=2(x+2)+5< y =2x+9

Tap xac dinh D=R\{—1}. Coy'=

Goi A 1a giao diém cua d va truchoanh =y, =0=x, = —%, vay A[—%;Oj
Goi B la giao diém cua d va truc tung=x, =0=y, =9, vy B(0;9).

Ta ¢4 tam gidc OAB vuong tai Onén S %OA.OB =% —%‘|9| = %

AOAB —

Cho ham s8 y =+/3x’ +4 (C). Viét phuong trinh tiép tuyén ctia d6 thi (C) biét tiép tuyén tao véi

duodng thing (d): —x+v3y+6=0 goc 30° .

LOI GIAI
Tap xac dinh D=R. Ta cd y'=3\/§x2
(d):\/gy—x+6=0<:>y=§x—2\/§:kd=%
N e A A 7. \ < A 7 0 A 2 ktt_kd 0
Vi tiép tuyén tao vdi duong thang d mot goc 30" nén thoa Tk = tan30
ttd

V3
k, -2 ’ N
1 3 3 N|
—33=ﬁ©3[k“_?J =[1+—3 kﬂj < k2 -3k, =0k, =0vk, =3

1+ 5 k.,
Goi x, lahoanh d¢ ti€p diém
Véi k, =0« 343x> =0 < x, =0 = y, =4. Phuong trinh tiép tuyén tai diém (0; 4): y =4.

Véi kﬁ=\/§©3\/§x§=\/§©x§=%©xo —+ L

V3

Vi x, =i:>y0 =§, phuong trinh ti€p tuyén y=ﬁ£x—%)+g <:>y=\/§x+%.

V3

Vi x, -1 Yo =%, phuong trinh tiép tuyén y=\/§[x+ij+% <:>y=\/§x+%.

V3 V3

Cho ham s§ y = —x’ -3x* +9x-5 (C). Trong tat ca cac tiép tuyén cuia d6 thi (C), hay tim tiép

tuyén c6 hé sd goc 16n nhat.

LOI GIAI
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Tap xac dinh D=R.Tacd y'=-3x*-6x+9

Goi x,la hoanh d6 tiép diém cua ti€p tuyén, ta cd f'(x,)=-3x; —6x,+9
& £'(x,)=-3(x2 +2x, +1)+12=-3(x, +1) +12<12

Tir d6 suy ra maxf'(x,)=12 tai x,=-1.

V6i x, =-1=>y, =-16, phuong trinh ti€p tuyén can tim: y=12(x+1)-16 < y =12x—4

Choham s y = 2x _11 (C) . Goi I(1;2). Tim di€m M (C) sao cho tiép tuyén cta (C) tai M
X_
vudng goc véi duong thang IM .(Dy bi Bz - 2003)
LOI GIAI
Tap xéc dinh D=R.Tac y'=—
(x-1)
2x, -1
Goi M(xo,yo) € (C) =y, = Xy
x, 1
Ta c6 IT/I=£XO—1;2X°_1—2jc>IM=(x0—l, ! ] S — -
x,—1 x,—1 (Xo_l)
1

Hé s8 goc cuia tiép tuyén tai M k, =f'(x, )= —( 1)2
X0 —

Vi tiép tuyén vudng goc véi duong thang IM nén c6 k, k,, =1

=

" =leox,-1=t1x,=0vx, =2

(x,-1)

Vay ¢6 2 diém M, (0;1),M, (2;3) thoa yéu cau bai toan.

Choham 6 y = 2—X1 (C). Tim diém M &(C), biét ti€p tuyén ctia (C) tai M cit hai truc toa dd tai
X+

A,B va tam gidc OAB co dién tich béngi (Khi D - 2007)

LOI GIAI

Tap xac dinh D=R\{-1}.Tac6 y'= P

2x,

X, +1

Goi M(XO;YO)E(C): Yo =
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Phurong trinh tiép tuyén cua (C) tai M: y =f'(x, )(x—x, )+,

2 2x 2 2x32
TY k) (x=x0)+5 -:1<:>y=(x ) (x +01)2 (4)
0 0 0 0

Goi Ala giao diém cua d va truc Ox, c6 y, =0=x=-x.. Vay A(—xg;o)

2 2

. \ . .« A2 2. \ 4 2 Py 2
Goi B 1a giao diém ctia d va truc Oy, c6 x, =0=>vy, = al Vay B(O;%}
X, +

(X, +1) 1y
Ta c6 tam giac OAB can tai O, theo gia thiét ta co: S,,, = i = %OA.OB =%

S N I | @{2x§=x0+1 @{2xg—x0—1=0

2x2 =—x, -1 2x2 +x,+1=0

Vi 2x} +x,+1=0 phuwong trinh v6 nghiém.

Voi ZXg—XO—]_:OC)XO:l\/XU:_%
‘- , .. 1 , 1
Véi x, =1 tacd M(1;1). Vi x, == taco M _E;_Z

Vay c6 hai diém M thoa méan yéu cau bai toan la M(1;1), M[—% ;—ZJ

(*) Cho ham s§ y = %xs ~2x*+3x (C). Qua diém A[% %) c6 thé ké duge méy tidp tuyén dén do

thi (C). Viét phuong trinh cac tiép tuyén ay .

LOI GIAI

2
X

—. Viét phuong trinh tiép tuyén cta d6 thi ctia cdc ham so da

1 .
—=vays=
w2 7T

cho tai giao di€ém cta chiing. Tim gdc gitta hai ti€p tuyén trén.

Cho hai ham s@ y =

LOI GIAI

Cho ham sé : y=31XJr1 (C) .
=X
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a) Viét phuong trinh tiép tuyén ctia (C) tai di€ém M(-1;-1) ;

)
)

c) Viét phuong trinh tiép tuyén cua (C

b) Vét phuong trinh tiép tuyén cua (C) tai giao di€ém ctia (C) véi truc hoanh;

tai giao diém cua (C) véi truc tung ;

d) Viét phuong trinh tiép tuyén ctia (C) bét tiép tuyén song song véi duong thang
(d):4x—y+1=0 ;

e) Viét phuong trinh tiép tuyén ctia (C) biét tiép tuyén vudng goc véi dudng thing
(A):4X+y—8 =0 .

LOI GIAI

Tim cac diém trén d6 thi (C):y = %x3 -x +§ ma tiép tuyén tai d6 vudng goc véi duong thang

=——x+=.
Y=73%73

LOI GIAI
Tap xacdinh D=R.Tacd y'=x*-1
Goi M[x0 ,%xg =X, +§] la toa d0 ti€p diém cua ti€p tuyén d véi do thi (C), sao cho d vuong goc
re \ 2 1.2
voi duong thang A:y = —3X*t3e

3

\ n ~ \ , 1
Phuong trinh tiép tuyén d la: y =f (xo)(x—x0)+y0 @yz(xé—l)(x—xo)+§x0—xo+§
<:>y=( ;—1)x—§xg+§.

(d) vudng goc voi (A) khi va chi khi (xg —1)[—%] =-1ox, =12

Két luan c6 hai toa dd diém M can tim 1a M[Z;%} va M(-2;0).

~_ (Bm+1)x-m

.Tim m d€ ti€p tuyén tai giao diém cua (C, ) voi Ox song song
X+m

Cho db thi (C,,):y

véi duong thang d: y=-x-5.

LOI GIAI
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2
Tap xac dinh D=R\{—m} .Tacd y' _Sm +2m

(x+m)

m

Toa d9 giao diém cua (C,, ) va truc Ox la A[ N ;O]. Phuong trinh ti€p tuyén A cua (C,) tai

3m+

o 3m+1) 3m+1)  m(3m+1
diem A la: y=f'(x0)(x—xo)+y0 @yz( ) (X_3nr1n+1j @y_( ) _ ( )

3m? +2m © 3m2+2m 3m?+2m

D€ A song song véid: y=-x-5 khi va chi khi:

(3m+1)2 .

A ) B

3m? +2m - 12m +8m+1_0@m=—lvm=—l.
m (3m +1) 12m? +9m # 0 6 2
— 7 %5

3m? +2m

Kétludn m = —%v m = —% thoa yéu cau.

Cho ham s6 (C): y = X—Jr; . Viét phuong trinh tiép tuyén di qua A(-6;5)cua do thi (C).
X —_—

LOI GIAI

Tap xac dinh D=R\{2}.Ta coy'= .
(x-2)

X, +2

Goi M(x,;y,) 1a toa d ti€p diém ctia ti€p tuyén (d) can tim v6i d6 thi ham s§ (C) nén y, = >
X0 -

va f'(x,)=———— . Phuong trinh tiép tuyén (d):

5 .

(x0—2
_ 2
y=f'(x0)(x—xo)+y0 oy= (XO_Z > (X—x0)+§zt2
+2

Ta co A(—6;5)ed & 4 (—6—x0)+xo

Két luan c6 hai ti€p tuyén can timla y=—x-1 va y = —ix+%.
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Goi (Cm) la d6 thi cia ham s6 y = %x“” —%xz +% (*) (m la tham s6).

Goi M la diém thudc (Cm) c6 hoanh dd bang 1. Tim m d#& tiép tuyén ctia (Cnm) tai diém M song
song v6i duong thang 5x—y =0.

LOI GIAI

Tap xac dinh D=R.Tacd y'=x>—mx

Diém thudc (C,, ) cé hoanh d6 x=-1 1a M[—l;—%)

Phuong trinh tiép tuyén cua (C,,) tai M la:

m+2

(A):y=f‘(1)(x+1)—%<:>y=(m+1)x+

~ . R +1=5
Dé A song song vdi d: 5x—-y =0« y=5x khi va chi khi: o om=4.
m+2#0

Kétludn m=4.

Choham s6 y=4x"-6x>+1 (1). Viét phuong trinh ti€p tuyén cta (1), biét ti€p tuyén di qua
diém M(-1,-9).

LOI GIAI
Tap xac dinh D=R.Cé y'=12x* -12x.

Goi A(x,;y,) 1a toa do tiép diém cua tiép tuyén (d) can tim voi d6 thi ham s (1) nén

y, =4x; —6x; +1 va f'(x,) =12x; —12x,. Phuong trinh tiép tuyén (d):
y=£(x,)(x=%,)+y, & y=(12xg —12x0)(x—x0)+4x8 —6x; +1

Ta cd M(-1;-9) ed & (12xg —12x, ) (~1-x, ) +4x) —6x; +1=-9

< -8x; —6x; +12x,+10=0 < x, =-1vX, =g
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Két luan c6 hai ti€p tuyén can timla y =24x+15 va y = %x —% .

Cho d6 thi (C): y = ix‘* -2x7 —%. Viét phuong trinh ti€p tuyén cua (C) tai giao diém cua (C) véi

Ox.

LOI GIAI
Tap xacdinh D=R.Taco y'=x’—4x

Phuong trinh hoanh d¢ giao diém cua (C) va truc Ox: ix4 -2x° —% =0 ©x*=9 vx*=-1(loai).

Véi x> =9< x=3=y=0
x=-3=>y=0

Phurong trinh tiép tuyén tai M(3;0) ctia (C): y =£'(3)(x-3) < y =15x—45.

Phurong trinh tiép tuyén tai M(-3;0) cua (C): y=f'(-3)(x-3) <y =-15x+45.

Tim A, Be(C):y= 2X1 sao cho tiép tuyén cta (C) tai A, B song song v6i nhau va AOAB

X —

vuong tai O ?

LOI GIAI
o Goi A a;z—a , B| b; 2b e(C), (a;b;tl;a;tb).Ta co: y'= 2
a—-1 b-1 X—1)2
> N N LA WA -2 -2
e Ti€p tuyén tai A va B lan luot c6 hé s6 goc: k, = 5 kg = 5
(a-1) (b-1)
-2 -2

Do tiép tuyén tai A va B song song nhaunén k, =k; < =

@1 (1)

@(a_1)2=(b_1)2@{a‘f';‘l@{a:'; eas2b ()

o 3 p A .~ oA JOxAZB
Do ba diém O, A,B tao thanh tam giac vuong taiOnén .
OA 1L OB
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<b=3=a=-1vb=-1=a=3.

e Vay A(-1;1), B(3;3) hoac A(-3;3), B(-1;1) la cac diém can tim.

- o -1
Tim nhing diém Me(C):y=—

8 (=22
tam giac c6 trong tam nam trén duong thang d:4x+y =0 ?

sao cho ti€p tuyén véi (C) tai M tao véi hai truc toa do mot

LOI GIAI
e Goi M(x0 ; 2);00;12J €(C), (x, #-1) vatiép tuyén A tai diém M c6 phuong trinh
1 X, —1
Ay = X=X, |+ —— i
(XO +1)2 ( ) 2(X0 +1) ( )

2 2
—x- +2x_+1 “2x -1
® Goi A=AnOx= A| 2720 0| B=AnOy = B| 0,0 __|.
2 2(x, +1)

2 2
A . \ Sox -1 x2-2x -1
e Khi d6 toa dd trong tAm ctia AOAB la G[_ Xo =2%, —1 X5 —2X, J

6 ' 6(X0+1)2

2 2
“ox -1 X2 -2x -1
o Do Ged:4x+y=0 e 40 "X 71 Xo T -
6 6(x0+1)

& (x,+1) =4 (do:A#B=0=xZ-2x,~1#0]

‘ Tim Ae(C):y=x"-3x+1 biét rang tiép tuyén ctia d6 thi (C) tai diém A, cat d6 thi (C) tai B ‘
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‘ (khac diém A) thoa: x, +x5 =1 ?

LOI GIAI

e Goi A(x X = 3%, +1) &(C) va phuong trinh tiép tuyén tai diém A c6 dang

A:y=(3xi—3)(x—xA)+x‘Z—3XA+1.

e Tacd An(C)=B c6 hoanh d6 nghiém ctia phurong trinh hoanh d6 giao diém:

(BXZA—B)(XB—xA)+xi—3xA+1=x%—3xB+1 (1)

e Theo gia thiét, ta co: x, +x5 =1=> x5 =1-x, (ii)

(i) (1) = (34 =3)(1-2x,4 ) +33 =3, =(1-x, )" =3(1-x,)

_4X3A+3XA_1=0 Xy, =—1=>x5=2
- < 1 1, \=A(-13).
Xp # Xg, (do:A;tB) XA=E:>XB=E (L)

Cho ham s8 y =x>-3x+2 (C).Tim diém M thudc (C), sao cho ti€p tuyén cua (C) tai M cat (C) tai
diém thit hai 1a N va MN =645 .

LOI GIAI
Goi M(m;m’ ~3m +1)(C). Phuong trinh iép tuyén ctia (C) tai M la
y= (3m2 —3)(x—m)+m2 -3m+2 (d). Phuong trinh hoanh d¢ giao diém cua d va (C):
3 _ 2 _ 2 _ 2 _ X=m A7 < . .
x* =3x+2=(3m” ~3)(x-m)+m? ~3m+2 & (x-m)’ (x+2m) =0 @{ ..+ dé d it (C) tai hai

X=-

di€m phan biét < m #-2m < m # 0, khi d6 N(-2m;-8m’ +6m+2).

C6 MN? =81m® —2.81m* +90m? =180 . Dt t=m?2,t>0=9t> ~18t2 +10t-20 =0 <> t =2 m = +y/2

Vay c6 hai diém N can tim N(-2v2;-1052 + 2),N(2\/§ ;1042 +2)

Chting minh rang véi moi m thi duong thdng d:y=x+m ludn cit do thi (C):y = 21_X1 tai hai
X —_
diém phan biét A va B. Goi ki, k, 1a hé s§ goc cua céc ti€p tuyén voi (C) tai A va B. Tim m dé tong
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k, +k, dat gia tri 1én nhat?

LOI GIAI

1-x

e Phuong trinh hoanh d¢ giao diém gittad va (C): =Xx+m, VX ¢%

X —

@g(x)=2x2+2mx—(m+1)=0,Vx¢%

Ag=m’+m+2>0
e Taco: (1j 1 :luén dlng Vm e R =dn(C)={A;B}.
g =——=0

2

e Goi A(a;a+m),B(b;b+m) vGi a,b la hai nghiém ctua g(x)=0.

P lmerTehr _y'(a)+y'(b)_{(2a11)2 +(21311)2}

4[(a+b)2—2ab}—4(a+b)+2

—T=- ——4(m+1)"—2<-2

[4ab-2(a+b)+1]

e Dau"="xayra ©m+l=0em=-1thi T =(k+k,) =-2.

min

Choham s§ y =x’ —(m+2)x* +4m-3 (1)

Tim gid tri ctia tham s8 m d€ duong thang y =2x-7 cat d6 thi ham s6 (1) tai ba diém phan biét
A, B, C sao cho tdng hé s6 gdc ctia cac tiép tuyén véi do thi ham s6 (1) tai cac diém A, B, C bang
28.

LOI GIAI

Phuong trinh hoanh d6 giao diém ctia duong thang d:y =2x-7 va d6 thi ham sg (1):

x3—(m+2)x2+4m—3=2x—7<:>x3—(m+2)x2—2x+4m+4=0

x=2 . )
S . Dat g(x)zx -mx—2m-2
x"—-mx-2m-2=0 (2)

Duong thang d cat d6 thi ham s8 (1) tai ba diém phan biét A, B, C < phuong trinh (2) ¢6 hai
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m<—4-2J2vm>—-4+22

1 (3)-

Ay >0 2
nghiém phan biét va khdc 2 o @ oM +8m+8>0
2-4m #0 n‘l;tE

g(2)=0

Goi A(2;y,),B(xy;y,),C(x35y3) VOi x,x, 1a hai nghiém cua (2). Hé s6 goc cua tiép tuyén tai cac
diém A, B, C v6i do thi ham s8 (1) 1an luot 1a:

ky=y'(2)=4-4m kg =y'(x,) =3x5 -2(m+2)x,, ke =y'(x;) =3x3 —2(m+2)x, . Theo dé bai

ky +kp+ke =28 ¢ 4-4m+3x5 —2(m+2)x, +3x; —2(m+2)x, =28

& 4-4m+3(x3 +35 ) -2(m+2)(x, + ;) = 28 <:>4—4m+3[(x2+x3)2—2x2x3}—2(m+2)(x2+x3)=28

@4—4m+3[m2—2(—2m—2)}—2(m+2)m=28©m2+4m—12=0©m=—6vm=2Ké’thqp voi

diéu kién (3) dugc m = 2.

Cho ham s8 y =x’ -3x* +m’x+2-m” (1). Dinh m d€ d6 thi ham s& (1) cit truc hoanh tai ba

diém A, B, C phan biét sao cho tong cac hé s6 goc cua cac ti€p tuyén véi do thi (1) tai ba diém A,
B, C 16n nhat.

LOI GIAI
Ta cd: y'=3x> —6x+m?

Phuong trinh hoanh d¢ giao diém cua d6 thi ham s6 (1) véi truc hoanh:
x=1

LR R B RN R s S

D06 thi ham sd (1) cét truc Ox tai ba diém phan biét < phuong trinh (*) c6 hai nghiém phan biét

A(*) >0 3- III2 >0
o

8(1)#0 ~ |m?-320

hai nghiém ctia phuong trinh () theo dinh Iy Vi ét c6 x; +x, =2 va x;.x, =m”-2.

va khéc 1@{ o 3<m<+3. Goi A(l;yA),B(xl;yB),C(xz;yc) voi x;,x, la

Taco P=k, +ky+kc=y'(1)+y'(x)+y'(x;)
=—3+m2+(3xf—6x1+m2)+(3xg_6xz +m2)

=3[(x1+x2)2—2x1x2}—6(x1+x2)+3m2—3=9—3m2 <9
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Vay maxP=9 khi m=0.

Két luan v6i m =0 thoa yéu cau bai toan.

Choham s y=-x"+3x"-2 (1)

Tim tham s6 m d€ duong thing d:y=m(2-x)+2 cit do thi (C) cia ham s6 (1) tai ba diém phéan
biét A(2;2),B,C sao cho tich cic hé s6 goc tiép tuyén vé6i d6 thi (C) tai B va C dat gia tri nho

nhat ?

LOI GIAI
e Phuong trinh hoanh d giao diém: —x* +3x* ~2=m(2-x)+2

~ SV x=2=y=2
@(x 2)(x X—m 2)—0 ng(x)zxz—x—m—Zzo
e D&d cit (C) tai ba diém phan biét A(2;2),B,C < g(x)=0 c6 banghiém phéan biét =2

{Ag=9+4m>0 {m>_ '
SN SN 4 (1)
g(2)=—m¢0

e Tacod:y =-3x*+6x va goi B(xl;m(Z—xl)+2),C(x2;m(2—x2)+2) v0i x;,x, 12 hai nghiém cta

g(x)=0. Theo Viét: {Xl et
X)X, = —(m +2)

e Tacd: kk,=y (xl).y' (xz) = (—3xf +6x1)(—3x§ +6x2)
< kk, = 9(X1X2 )2 -18x;x, (X1 +x2)+36x1x2 = 9(m+2)2 —18(m+2) < kik, = 9(X)

okk,=9(m+1)" -92-9 = (kk,) =-9 khi m=-1 (thoa (i)).

min

Cho ham s& y=(x+2)(x—1)2 (Q)

b). Tim cac di€ém M thudc duong thang d:y =-2x+19, biét rang tiép tuyén ctia d6 thi (C) dai
qua diém M vudng géc véi duong thang x+9y-8=0.

LOI GIAI
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Vi tiép tuyén vudng gdc véi duong thang x+9y-8=0<y = —éx+§ (A) nén
kyky =—1=k, =9, goi toa d0 tiép diém ctia tiép tuyén 1a I(x,;y, ), tir d6 ta cd

y'(xo):ktt <:>xé—1:3<:>x0 =2vxy,=-2

e Vi x, =2=y, =4 khi d6 phuong trinh tiép tuyén d, :y :y'(l)(x—2)+4<:>d1 1y =9x-14. Suy
y=9x-14

v :_2X+19:>M(3;13).

ra M 1a giao diém cua d va d, toa d¢ diém M la nghiém cua hé {

e Véi x, =-2 =1y, =0 khi d6 phuong trinh ti€p tuyén d, : y =9x+18. Suy ra M la giao di€ém cua

=9x+18
y =9x :M[l .201)

dva d, toa do diém M la nghiém ctia hé — =
y =-2x+19 11 11

Két luan toa do diém M can tim 1a M(3;13) hodc M[%%) _

Cho ham s8 y =x’ -3x* +(m-2)x+3m (C, ) (m la tham s6).

Tim m d€ tiép tuyén cd hé s6 géc nho nhét caa d6 thi (C,, ) cia ham s§ da cho vudng goc véi

duong thang d:x-y+2=0.

LOI GIAI
Co y'=3x* —6x+m-2

Goi M(xy;y,)€(C,, ), suy ra hé s& goc tiép tuyén cua (C,,) tai M 1a
k:y'(xo):3x§—6x0+m—2:3(x0—1)2+m—52m—5, ddu "=" xdy ra < x, =1 suy ra hé s6 géc

ctia tiép tuyén nho nhatla k_,, =m-5 tai di€ém M(1;4m-4).
Dé€ tiép tuyén vudng goc void <k kg =-1< (m-5).1=-1<m=4.

Két luan v6i m =4 thoa yéu cau dé bai.

X+m 7.
vOl1 truc

Goi k; la hé s§ goc cua tiép tuyén tai giao diém cta d6 thi ham s6 (C,,):y =
X +

hoanh. Goi k, 1a hé s6 gbc cua tiép tuyén véi do thi (C,,) tai diém c6 hoanh d6 x=1. Tim t&t ca

cac gia tri ctia tham s6 m sao cho [k, +k,| dat gia trj nho nhat ?

LOI GIAI
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1-m

e Tactd:y'= . Hoanh d giao diém (C,, ) véi truc hoanh: x=-m.
(x+1)° "

‘ -

e Hé s6 goc ti€p tuyén tai di€ém c6 hoanh d6 x=-m la k; =y'(-m)=

Bo

e He s8 gbc tiép tuyénTai diém c6 hoanh d x=1 Ia k, =y'(1)= 1_T

|_|1 1-m
2 1-m 4

Ta co: |k1 +k

c>|k +k |21, vm=#1.D4au "=" xay ra ol |_lmm
12 1-m 4

@(1—m)2=4© m_ m=-1

m=3

Z;l.Véy |k1+1<2|min =1 khi {

_2x-1

Viét phuong trinh tiép tuyén d cta (C):y = biét rang tiép tuyén cat truc Ox,Oy Ian luot

X —

tai A,B sao cho AB=+/82.0B ?

LOI GIAI
= Phan tich va tim hudng giai

TT A cét truc Ox,Oy tai A,B= AOAB vudng tai B

O va tao véi truc Ox mot goc a voi |k| =tano = % .

, |AB=+82.0B
Ta co: V82 :81.OB2=0A2©@=1:>|1<|=1.

OA? + OB? = AB? OA 9 9

Bai gidi
. 2X _1 \ Y A2 - \ A7 A 4
o Goi M| x,;—>—|, (x, #1) la tiép diém =k = - Phuong trinh tiép tuyén c6 dang
Xo -1 (Xo —1)
1 2x -1 .

Ary=— 2(x—xo)+ S ] (1)

(X0 —l) X0~
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. |AB=+82.0B
o Taco: V82 = AB? =82.0B? =0A2+ OB &> —> — 1.
OA? +OB? = AB? OA 9
e Heé s6 goc tiép tuyén duoc tinh |k|=tan0c=@=l ok=1 k=1,
OA 9 9 9
s 1 -1 . A ‘A
e Voik=—= > - phuong trinh v6 nghiém.
? (Xo_l)
_ =4
o Véik-to— Tl _o(x -1)=9e | (ii)
9 (x,-1) X, =2

(i),(ii) = A:y=—%x+§ hoac A:y=—%x+% la cac ti€p tuyén can tim.

Lap phuong trinh tiép tuyén caa (C):y=x>-3x*+1, biét né song song véi dudng thing
d:9x-y+6=07?

LOI GIAI

e Taco: y'=3x"-6x.Goi M(x,;y,) la tiép diém. Phuong trinh tiép tuyén c6 dang:
A:y=k(x=x,)+y,. Do tip tuyén A //d:y=9x+6 = k=9

, 5 X, =-1=>y, =-3
@y(xo)=9 < 3x)—-6x, =9 & xo=3:>y °=1 .

o Véix =-1;y,=-3;k=9=A:y=9x+6 (loaido A=d).

® Véix,=3y,=1k=9=A:y=9(x-3)+1 hay A:y=9x-26.

Viét phuong trinh tiép tuyén cta do thi (C):y=-x*-x*+6, biét ti€p tuyén vudng goc voi

duong thing d:y = %x—l ?Dai hoc khoi D nim 2010

LOI GIAI
o Tacd: y'=-4x>-2x.Goi M(x,;y,) la ti€p diém. Phuong trinh tiép tuyén c6 dang:

A:y=k(x—xo)+yo.D0 AJ.d:yz%x—l :k.%=—1
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<:>k=y'(x0)=—6 o4 -2x, =6 =&x,=1=y, =4.

e Phuong trinh tiép tuyénla A:y=-6(x-1)+4 hay A:y=-6x+10.

2x+1

Goi Me(C):y = T c6 tung d6 bang 5. Tiép tuyén ctia (C) tai M cit cac truc toa dd Ox,Oy
X

lan luot tai A va B. Tinh S, ?

Cao ding khoi A, A1, B, D nim 2013

LOI GIAI
w. Phan tich va tim hudng giai

2x, +1

Viét PTTT A tai M khi biét y_=5= =x, =>k=y'(x,). Tim toa &6 A=AnOx, B=ANOy

o

vatinh S, = %OA.OB =2

Bai giai
. - 2x_ +1
o Taco:y'= 32 vay,=5= %o :,>x0=2:>k=y(xo)=—3
x—l) Xo ™
e Phuong trinh ti€p tuyén tai M(2;5) 1a A:y =-3x+11.

11

, . [Ary=-3x+11 =—
Ta co: A=ANnOx thoa {O y x = x 3 :A[E;Oj-
0

x:y=0

. . |Ary=-3x+11 =0
Talai co: B=ANOy thoa{ y=moxr <:>{X

Oy:x=0

=S, onp = %OA.OB - %.1—31.11 - 1% (dvat)

Viét phuong trinh tiép tuyén cta d6 thi ham s6 (C):y = %23 biét rang tiép tuyén d6 cét truc
X+

hoanh, truc tung lan luot tai hai diém phéan biét A,B va tam giac OAB can tai goc toa d6 O ?Pai
hoc khoi A nam 2009

w. Phan tich va tim hudng giai
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Tiép tuyén AnOx={A}, AnOy={B} ma AOAB vudng can tai O = A song song v6i phuong

trinh duong thang phan y A 1Y
B AI d2 g
gidc gbc phan tw thir I (d, :y =x) va thi IT AL L Lox Sl
A A
(d2:y=—x):>k=ﬂ:>x0:y0:>A. n
LOI GIAI
e Tacéd: y'=———.Goi M(x,;y,) la ti€p di€m va tiép tuyénla A.
(2X+3)
o Theodé =A//d,, y=tx =k=y'(x,)=— =41
(2x, +3)
=-1 =1=k=-1
o(2x,+3f =1 e| 07 TYe T 7 .
Xg=2=y,=0=>k=-1
A:y=-1(x+1)+1 Ay =— i =d -v=—
|y (x+1) hay y=-X (loaido =d:y=-x)
A:y=—1(x+2)+0 Aiy=-x-2

e Vay phuong trinh tiép tuyén can timla: A:y=-x-2.

2x-3
X_

cho A cét truc hoanh tai A ma OA =6 ?

Cho ham s6 y =

c6 d6 thi (C).Viét phuong trinh ti€p tuyén A véi d6 thi ham s§ (C) sao

w. Phan tich va tim hudng giai

2%, =3 ) 1s cn aim 2%, -3
o 2} latlepdlem:ttA.y_(X _2)2 (X Xo)+ Xoo_2

o

(¢]

Goi M[xo;
ANOx={A}= toa dd diém A theo x, > giai OA=6=x, = ttA.

LOI GIAI

. Goi M(xo; 2)::"__23] e(C), (x, #2) la tiép diém.

Tacod: y'=

(x-2)
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TA QUANG BUU
\ n ~ . . -1 2x -3
e Phuong trinh tiép tuyén tai M1a A:y =———(x—x, ) +—2 (i)
(XO—Z) Xo_2
e Tacd: A=ANOx =y=0 :>O=_—12(x—x0)+2xo_3
(xO—Z) Xo_2
©x=2x§—6x0+6:>A(2x§—6x0+6;O).
e Theo dé OA=6©‘2X§—6X0+6‘=03X0=0VXO=3 (i)
3
e Thé (ii) vao (1) = cdc ti€p tuyén can tim la: y="gxtg.
A:y=-x+6

Viét phuong trinh tiép tuyén voi do thi (C):y =x* - 6x> +9x, biét tiép tuyén tao véi dudng thing
4

Jat

A:x+y+1=0 mot goc a, sao cho cosa = va tiép diém c6 hoanh d6 nguyén ?

w. Phan tich va tim hudng giai

Goi M(xo;x§—6x§+9xo) la tiép diém thi k=y'(x,)=3x2-12x,+9 va cd A:y=-—x-1=k,=-1.

.o et Tt Ty A . -k C 1y o
Khi d6 ta c6 hai hudéng xt ly: mot 1a 4p dung cong thitc tana = . kA , hai la s&t dung
+kk,
_ . . , ,
cosa=cos(nA;nd)= L véi n, =(1;1) va ny=(k;-1) la vécto phép tuyén ctia A va tiép
Ny |- 0g

tuyén d.
LOI GIAI
o Goi M(x,;x) ~6x2+9x, | la ti€p diém va k=y'(x,)=3x2 ~12x,+9.
e Phuong trinh ti€p tuyén c6 dang d:y =k(x-x, )+x) —6x2 +9x, va cd vécto phap tuyén

a=(k;—1) Ta co: nA (1 1)

pond et

il B i

e Theo dé: cosa = cos(nA,nd)
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<:>9k2—82k+9=0<:>k=9vk=%.
.. =0= =0 A:yv=9

o V&i k=9=32-12x, =0 | ° Yoml |2 Y=

xo=4:>yo=4 A:y=9x—32

184221
9

e Vii k=%:3x§—12x0+9=%<:>x0= ! (loai do x,;y, €Z).

e Vay phuong trinh ti€p tuyén can tim la: A:y=9x hodc A:y=9x-32.

2x—1

Viét phuong trinh tiép tuyén véi (C):y = , biét ti€p tuyén cach déu hai diém A(-2;4) va

B(4;-2) ?

w. Phan tich va tim hudng giai

2x_ -1
(x,-1) b Xoo—l

va B nén c6 cac trudong hop sau day xay ra: tiép tuyén A qua trung diém I ciia AB (I€A) hodc

o .Do A cich déu hai diém A
X0 —

2x_ -1 ;e
Goi M(x ;o 1} la ti€p diém =ttA:y=
song song v6i AB hodc tring voi AB (k =k, ) . Giai hai trueong hop = x, = A.

A A B
P i i

|\iB

A

LOI GIAI

. 2x, -1 . o
e Goi M(xo; at j, (x0 ¢1) = tiep tuyeén A:y = %o -+
1 (Xo—l) Xo—l

e Do tiép tuyén cich déu hai di€ém A(-2;4) va B(4;-2) nén c6 cac treong hop:
Truong hop 1. GoiIla trung diém cua AB = 1(1;1) e A

X, =1 +2x0 -1

1= 5
(Xo—l) Xo_l

< x,=-1 :>A:y=—ix+%.

Truong hop 2. A//AB hodc A=AB = k=k,5.
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Phuong trinh duong thdng AB:y=-x+2 =k,; =-1=k=-

(x-1)

< x,=2vx, =0.Thé vao (1) dwoc A:y=-x+5 hodc A:y=-x+1.

e Vay A:y=—ix+2 hoac A:y=-x+5 hodac A:y=-x+1.

Xac dinh m d€ do thi (C):y=2x+;rl c6 ti€p tuyén song song va cach duong thang
X_

d:3x+y-1=0 mdt khoang cach bang Jio ?

w. Phan tich va tim hudng giai

LmZ. Do A//d =k=-3 sé thu dugc mot phuong

2x_ + ;g

M(xo; at mJe(C) la ti€p diém = k=
Xo -1 (X0 —1)

trinh véi hai dn x,,m va d(M;d)=+10 sé thu thém dwoc mot phuong trinh nita. Giai hé nay

tim duoc = x_,m .

LOI GIAI
. 2x, +m N " . -2-m . n
* Goi M| x,;—— J(x, #1) va tiép tuyén A c6 k= —=-3 (do tiép tuyén A //
Xo ~ Xo—l
d:y=-3x+1) ©3x2-6x,-m+1=0 (i)
2
o Vid(ad)=d(M;d)=+10 = [3x, + =10 (ii)
XO_

661~

3x; ~11x, +m +10=0 {3X§+9xo+m—10=0

3x2 —6x,-m+1=0 3x2 —6x,-m+1=0

x, =1 (L) x, =1 (L)
< 11 1V 3 67 *
Xo=?:>m=E on_E:m=Z

e Viy m= % v m= % la cac gid tri can tim.

Tim tit ca cac gid tri cta tham s60 m=0 sao cho ti€p tuyén cta do thi

(Cm) y =mx’ —(2m+1)x+m+1 tai giao di€m cua nd vodi truc tung tao voi hai truc toa do mot
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| tam gidc c6 dién tich bang 4 ?

LOI GIAI

e Taco: M=(C,)nOy:x=0=y=m+1=M(0;m+1).

e May'=3mx’-2m-1=k=y'(0)=-2m-1 la hé s goc tiép tuyén tai diém M va cé phuong

trinh A:y=—(2m+1)x+m+1 (1)
=0 _ m+1
e ANnOx=A thoa y =1 Ym+1 = A m+1;0
y=-(2m+1)x+m+1 y=0 2m+1
AnOy =B thoa . = B(0;m+1).
y=—(2m+1)x+m+1 y=m+1

=0A= m+1 ,OB=|m+1| vOi m;t—l.

2m+1 2

- 1 1 |m+1
[ TheO de. SAAOB =EOAOB=E‘m|m+1|=4

m=-9+632

_ 2 _
@(m+1)2=8|2m+1|®{16m+8—m :2m+1 @[m 74214
l6m+8=-m“-2m-1

Tim m d¢€ tiép tuyén cta (C,):y=x"+3mx*+(m+1)x+1 tai di€ém c6 hoanh d6 x=-1 di qua

diém A(1;2) ?

LOI GIAI
Ta cé: y'=3x2+6mx+m+1:k=y'(—l)=4—5m.

Phuong trinh tiép tuyén tai di€ém M(-1;2m-1) c6 dang:

<A (n. A 5
d:y=(4-5m)(x+1)+2m-1 va A(1;2)ed nén m=2l.

Viét phuong trinh tiép tuyén cta (C):y = 2 _11 , biét rang ti€p diém cua ti€p tuyén d6 véi (C)
X+

cach diém A(0;1) mot khoang =2 ?
LOI GIAI
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2x -1 ;o oaen SN
Goi M[xo; Xo - J,(x0 # —1) 1a ti€p diém. Theo dé thi MA =2 hay

2
2x, -1
2 7. oA A \ \ 7.
X +[x00+1 —1] =4ox,=0vx =2. Voi x,=0= ti€p tuyén la d1: va voi

X, =2=d,: y=§+%.

Viét phurong trinh tiép tuyén cua (C):y = % tai M, biét rang tiép tuyén do cat cac truc toa do
—X

tai A va B sao cho M la trung diém ctia AB ?

LOI GIAI

Goi M(m;llj,(m #1) la ti€p diém. Phuong trinh tiép tuyén tai M c6
—m

2
dang A:x—(l—m)zy—m2 =0. Khi dé: A(m2;0) va B[O;LJ.

(1-m)’
2
D&M la trung diém ctia doan AB thi m #0; m? =2m; —— - 20
(1—m)2 1-m

< m =2. Vay phuong trinh tiép tuyén can tim la: A: .

Tim m d€ d6 thi ham s§ (C,,):y=x>-3mx+2 c6 tiép tuyén tao véi dudng thdng d:x+y+7=0

goc o, biét cosa L ?
26

LOI GIAI
Goi k 1a hé s8 géc ti€p tuyén = ti€p tuyén cd vipt n, =(k;-1).

Duong thang d:x+y+7=0 cd vtpt ;zz(l;l).

n,n, _ k=
Theo dé coso = Cos(rTl;H;) = “nl 2 1 _ =

e = =
n1Hn2 J26 22 +1 k=

WIN N W

YCBT < it nhat mot trong hai phuong trinh sau ¢6 nghiém:
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y'=§ 3x2—3m=§ X2=2m+1 2m+120 -
3{:’ §© 9229922 M3
y'== |3¢-3m=% |xX¥=221 Tr2>0
3 3 9 9

Viét phuong trinh tiép tuyén cta d6 thi (C):y = 2 _11 , biét rang tiép tuyén nay cat truc Ox,Oy

lan lwot tai A,B thoa: OA =40B ?

LOI GIAI

Gia str tiép tuyén d cua (C) tai M(x,;y,)<(C) cat Ox tai A, cat Oy tai B

sao cho OA =40B. Do AOAB vuong tai O nén tan A =8—2=%: hé s8 goc cta d bang % hoac

1 S AN s 1
-=.Mahésd goccuadla: y'(x,)=- ~<0

! (Xo_l)

1 1 3 < 5
= - 2=_Z©Xo:_1:YO=EhOaCXo=3Z>YO=E‘
(Xo_l)

T T A1y 1 5 < 1 13

Khi d6 c6 hai ti€p tuyén la: d: y=7X, hoac d: Y=l

Tim cic difm M trén duong thang d:y=-2x+19, biét rang tiép tuyén cua do thi

(C):y= (x+2)(x—1)2 di qua diém M vudng goc véi duwong thang d':x+9y-8=0 ?

LOI GIAI

Ham s dwoc viét lai: y=x>—3x+2.

Vi tiép tuyén Ald':yz—%x+§ nén @k.[—%j=—1®k=9.

o Goi M(x,;y,)e(C) latiép diém =k=y'(x,)=3x}-3=9 < x, =+2.

Phuong trinh ti€p tuyén tai M c6 dang: A:y=k(x—x,)+x} —3x, +2.
Hay A, :y=9x-14 hodc A, :y =9x+18 la hai tiép tuyén tai M.

e Khi d9, toa d6 diém M la giao diém ctia duong thang d va tiép tuyén
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 [y=-2x+19 =3
dnA, =M, thoa {7~ 7T T o T v (3;13).
y=9x-14 y=13
1
, =-2x+19 11
dnA, =M, thoa y=—x = 11 =M, l;& .
y=9x+18 =207 11 11
11
Ao s 1 s zem N v 1 207 AL AL 1xs . s
e Vay c6 hai diém M la M, (3;13) hodc M, | —;=--| thoa yéu cau bai toan.
! 211" 1

Tim cic diém A,Be(C):y=-x"+3x sao cho ti€p tuyén cta (C) tai A,B song song v6i nhau va

AB=42 ?

LOI GIAI
Goi A(a;-a®+3a),B(b;b* +3b) e (C),(a#b).

Do tiép tuyén tai A va B song song nhaunén y'(a)=y'(b) hay
& —-3a+3=-3b?+3 <= a=-b (nhan) hodc a=b (loai).

- b=-4 =2;b=-2
Theo dé = AB* =32 < {a {a

S .
a=-b a=-2,b=2

Vay A(2;-2),B(-2;2) hodc A(-2;2),B(2;-2) thi thoa yéu cau bai toan.

Tim Me(C):y=x>-3x+2 dé tiép tuyén ctia (C) tai diém M cit db thi (C) tai diém thitc hai la

N théa man |xM —xN| =67

LOI GIAI
Goi M(a;a3 ~3a+ 2) &(C). Phuong trinh ti€p tuyén tai diém M:

A:y=(3a”-3)(x-a)+a’~3a+2 hay A:y=(3a>-3]x~2a"+2
Phuong trinh hoanh d¢ giao diém: x®> —3x+2 = (3a2 —3)x -2a%+2

@(x—a)z(x+2a)=0©x=a vV Xx=-2a = Xy =a; Xy =—2a.

Theo d@: |x,, —xy|=6 <[a-(-2a)| =6 < fa| =2 =a=#2.

Vay ¢6 hai diém M thoa yéu cau bai toan: M(2;4) v M(—Z;O) .
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2x-3 , sao cho tiép tuyén tai do tao véi hai truc toa d6 mot tam giac

Tim cac diém trén (C):y =
x+1

co dién tich bing = (dvdt) 2

LOI GIAI

Goi M(xo; 2%, Je (C);(x, #-1) va phuong trinh tiép tuyén tai M:

2x_ -3 7x% —x_—3
L Vamoxﬂ[&;oj
+

5x,

2x2 -6x, -3 18 1 18

AﬁOy—B[O, ].DO SAABOZFQEAO'B()Z?

(x0 +1)

Giai phuwong trinh nay, sé tim dwgc x, = M can tim.

Tim toa d6 diém Me(C):y = 2x_+—11 sao cho khoang cach tir di€ém I(-1;2) t6i tiép tuyén cua (C)
X
tai M la 16n nhat ?
LOI GIAI
Goi M(xo,z_ x03+1J €(C),(x, #-1). Khi d¢ tiép tuyén tai M dang
Aty =——(x=x,)+2- Khi d6 khoang cich tir I(-1;2) dén tiép tuyén la:
(Xo + 1) Xo T
a(18) = 3(-1-x,)-3(x, +1) _ 6/x, +1]
9+(x0+1)4 ,[9+(x0+1)4
6 Cauchy

Hay d(1;4)= < 6 vad_, =6 khiva chikhi

LA X, +1)

(x0 +1)
(% +1) e (x, +1) =3 x, =143

(x0 +1)

Vay: Ml(—1+\/§;2—\/§) hoac M2(—1—\/§;2+\/§) la hai di€ém can tim
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CAU HOI TRAC NGHIEM
Cau 1. Cho ham s6 (C) :y =X +3x”. Phuong trinh tiép tuyén clia d6 thij (C) tai diém M(l;4) la:
A y=-9x+5. B. y=9x+5. C. y=-9x-5. D. y=9x-5.

Cau 2. Phuong trinh tip tuyén cua dd thi ham s6 y = x* —4x” +1 tai diém B (1; —2) la:

A y=4x+6 B.y=4x+2 C.y=-4x+6 D.y=-4x+2

. . 3 . -1 )
Cau 3. Phuong trinh tiép tuyén cua do thi ham so y = al " tai diem C (—2; 3) la:
X+
A y=2x+1 B.y=-2x+7 C.y=2x+7 D. y=-2x-1

Cau 4. Tiép tuyén cua dd thi ham s§ y = —x’ +3x—2 tai diém D c6 hoanh do bang 2 c6 phuong trinh 1a:
A y=-9x+14 B. y=9x+14 C.y=-9x+22 D. y=9x+22

Cau 5. Tiép tuyén ctia d6 thi ham s6 y = tai diém F c6 hoanh d6 bang 2 c6 phuong trinh la:

x_
A y=-x+5 B.y=x+5 C.y=-x-1 D.y=x-1

Cau 6. Tiép tuyén cua dd thi ham sé y = x* +2x° =3 tai diém H co tung d6 bang 21 c6 phuong trinh 1a
A y=40x-101 5 y=40x-59 c y=40x+59 b y=-40x-59
| y=-40x-59 | y=-40x-101 | y=—40x+101 | y=40x+101

% ; A e . +2 :
Cau 7. Ti€p tuyén cua do thi ham s6 y = al tai diém / c6 tung do bang 1 c¢6 phuong trinh la

x_
I 8 I 2 I 8 1

2
A y=tyyl B.y=_dy 2 Copo—txyd D. peiy_2
VeSS YETSTTS VTSNS VeSS
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~ ’ 1 g v s s s R
Cau 8. Cho ham sé (C): y= ZX4 —2x7. Phuong trinh tiép tuyén cua (C) tai diém M c6 hoanh d6

x, >0, biet y"(x,)=-1 la:

1
A y=-3x-2. B. y=-3x+1. C. y=—3x+%. D. y=—3x+z.

Cau 9. Cho ham sé (C) :y=x" —3x+2. Phuong trinh tiép tuyén cua (C) biét hé s6 goc cla tiép

tuyén dé bang 9 la:

A y=9x-14 B y=9x+15 C y=9x-1 b y=9x+8
| y=9x+18 y=9x-11 | y=9x+4 | y=9x+5

Cau 10. Tiép tuyén ctia dd thi ham sé y = x° —3x> =2 ¢6 hé sb goc k =3 c¢6 phuong trinh 1a
A y=-3x-7. B. y=-3x+7. C.y=-3x+1. D. y=-3x-1.

Cau 11. Tiep tuyeén ctua do thi ham so y = —Zx4 +2x° ¢6 hé s goc bang x+2y-9=0 cé phuong

trinh 1a
A y=-48x+192. B. y=-48x+160. C. y=-48x-160. D. y=-48x-192.

. £ . <A Ao a1y A x+3 A r1A A 1%
Cau 12. Viét phuong trinh ti€p tuyén cua do thi ham so y = 1x biet tiép tuyen co hé so goc bang 4.
-X

A y=4x-3 B y=4x-3 c y=4x+3 b y=4x+3
| y=4x+13 | y=4x-13 | y=4x+13 | y=4x-13

Cau 13. C6 bao nhiéu tiép tuyén cia do thi ham s6 y = —x +2x° song song voi duong thing y = x?
A 2. B. 1. C.3. D. 4.

Cau 14. Tiép tuyén song song v6i duong thing y =-36x+5 cua d6 thi ham s§ y = xtEx -2 ¢o
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phuong trinh la
A y=-36x-54. B. y=-36x+54. C. y=-36x-90. D. y=-36x+90.

A : 2x+1 L x X — .
Cau 15. Ccho ham s6 (C) iy = x_2 Viét phuong trinh tiép tuyén cua (C) biét tiép tuyén song
X+
song v&i dudng thang c6 phuong trinh 4:3x-y+2=0.

A y=3x-2. B. y=3x+14 C. y=3x+5. D. y=3x-8.

Cau 16. Cho ham y =2x> —3x—1 ¢6 dd thi 1a (C). Tiép tuyén ciia dd thi (C) vudng goc véi dudng
thang x +21y -2 =0 c6 phuong trinh la:

1 -1
A J’=Ex—33 o |:y:_21x_33 . |:y:21x_33 5 y:ix—33
pe L ean y=-21x+31 y=21x+31 i

21 21

Cau 17. Tiép tuyén ciia d6 thi ham s6 y = —x* —2x” +3 vudng goc véi duong thing x -8y +2017 =0
c6 phuong trinh 1a

A. y:—%x+8. B. y=8x+8. C. y=-8x+8. D. y:%x—&

Cau 18. Phuong trinh tiép tuyén ciia do thi ham s§ y = biét tiép tuyén vubng goc véi duong

x+2
thang y = —6x+1 1a

N T R OO

A.y:lx+l. B.y:lx—l. C. 6 3. D. 6 3 .
e 6 . INE

y y 6 3

Cau 19. Cho ham s6 (C) 1y =—4x> +3x+1. Viét phuong trinh tiép tuyén clia (C) biét ti€p tuyén di
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qua diém A(—I;Z).

=-9x-7 =4x+2 =x-7 =-x-5
A. 7 . B. 4 . C. e . D. 7 .
y=2 y=x+1 y=3x-5 y=2x-2

Cau 20. Cho ham s6 y = —x" +6x” +3x—1 ¢6 dd thi (C). Trong cac tiép tuyén cua (C), tiép tuyén co hé
sO goc 10n nhit c6 phuong trinh 1a
A y=15x+55. B. y=-15x-5. C. y=15x-5. D. y=-15x+55.

Cau 21. Cho ham s§ y = x’ —3x” +6x+1 c6 db thi (C). Trong céc tiép tuyén cia (C), tiép tuyén co hé sb
goc nho nhat ¢ phuong trinh 1a
A y=-3x+2 B. y=3x+2 C.y=-3x+8 D. y=3x+8

Cau 22. Duong thing y = ax — b tiép xtic voi dd thi ham sd y = X +2x* —x-2 tai diém M (1;0) . Khi
doé ta co:

A. ab=36 B. ab=-6 C. ab=-36 D.ab=-5

Cau 23. Cho ham s6 (C) 1y =—4x> +3x+1. Viét phuong trinh tiép tuyén clia (C) biét ti€p tuyén di
qua diém A(—I;Z).

y:X+1 y=3x—5. y:2x_2.

=-9x-7 =4x+2 =x-7 =-x-5
[l apren oD o[
y:

Cau 24. Cho ham s§ y = x +3mx’ +(m+1)x+1 6 dd thi (C). Véi gid tri ndo ctia m thi tiép tuyén véi

dd thi (C) tai diém c6 hoanh do bang —1 di qua A(1;3)?

A m=— B.m=— Cm=—— D.m=—-——
9 2 2 9
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CAu 25. Cho ham s6: y = —2x’ +6x” — 5. Viét phuong trinh tiép tuyén clia db thj (C), biét tiép tuyén
diqua diém A(-1;-13).

A y=6x+7 . y=—6x-7 c y=6x-7 b y=6x-7
| y=-48x+61 | y=48x-61 | y=-48x-61 | y=-48x+61

A by ~ x e N . N ~ 2 A . A o A ~ .
Cau 26. Chohamsé: y = - Viét phuong trinh ti€p tuyén cua do thi (C), biét tiép tuyén di qua

x+1
diém A(-1;4).
113 1 13 113 113
Adiy=—x-—+ Bdiy=--x+-—=- Cdiy=-—-x—— D.diy=sxt+—-
YE3T YETIS T3S V=3NS

CAu 27. Cho ham s6: y = x* —2x” —1. C6 bao nhiéu tiép tuyén di qua diém M (0;-1) ?

A1l B. 2. C.3. D. 4.

A e 2x+1 N o X e e
Cau 28.Chohamsé y = —1 Viét phuong trinh ti€p tuyén véi (C), biét ti€p tuyén dé di qua diém
x4+

A(-1;3).
SRR YT 47 4 YT

1-x

Cau 29. Choham sé: y = - Viét phuong trinh ti€p tuyén véi (C), biét ti€p tuyén di qua giao

2x+1
diém cla dudng tiém can va truc hoanh Ox?

o 1o
Ad:y=——x——. Bdive_ Lo L.
TR TR
1o 1o
Cd:y=—x+—-: D.d:y=—x+—-
TR, TR
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A by ~ 1 3 . a o ~ 2 S . . o N ~
Cau 30. Chohamsé: y = Zx3 —Exz +5. Viét phuwong trinh ti€p tuyén cla d6 thi (C), biét ti€p tuyén
cat truc tung tai diém cé tung do bang 5.

y=35 y=-5

A. 9 . B.y:—2x+5 C. 9 . D_y:—g
y:—Zx+5 4 y=——x-5 4
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bap

an
1 D 7 C 13 B 19 A 25 C
2 D 8 C 14 A 20 A 26 D
3 C 9 A 15 B 21 B 27 C
4 A 10 D 16 C 22 A 28 A
5 A 11 B 17 C 23 A 29 B
6 B 12 D 18 D 24 B 30 A

PHAN 2: HINH HOC

VANDE1 | GOC TRONG KHONG GIAN

DANG 1: GOC GIUA HAI PUONG THANG
1. Phwong phap

+ N@&u a4 va b cat nhau thi gc giita ching 1a goc nho nhat trong cac géc duoc tao boi

+ Né&u a va b song song hodc tring nhau thi géc gitra chung bang 0°.
hai duong thang.
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+ Goc gitta hai dwong thang chéo nhau 4 va b 1a géc
gitta hai duong thang a' va b’ cling di qua mot diém
va lan luot song song (hodc trung) véi @ va b.

. N ll//a’ /\_ roq.r
Tic la: {b p b,:(a,b)—(a,b )

Chuay:
0" <(a,b)<90".
* D€ xac dinh goc gifta hai dwong thang, ta c6 thé 14y B
mot diém (thudc mot trong hai duwong thang d6) tir

d6 ké duong thang song song véi duong con lai. E

Vi du: Dé tinh (AB,CD). Ta ké AE // CD.

A
e D
Khi do: (AB,CD)=(AB, AE) = BAE. /

C

* Néu ii,, i, 1an luot 1a hai vecto chi phuong cua hai dwong thang a4 va bthi:

(;\b):!(ﬁl,ﬁz)a Khi o <90°

180~ khi a>90°

e~

Tic la: Cos(a,b) =

.1, ‘

COS(ﬁl,ﬁz) e
.|

2. Vi du minh hoa

Vi du 1: Cho t¢ dién déu ABCD c6 canh bang a, M 1a trung diém ctia canh BC. Goi
a la goc gitta hai duong thang AB va DM, khi d6 cosa bang
V3 V2 V3

A —. B. —. C.—. D. 1
6 2 2 2

Loi giai:
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Goi N 1a trung diém ctia AC A
= MN la dwong trung binh cia AABC
MN /| AB
= 1 .
MN == AB
2
Vi ABCD va AACD la cac tam giac déu canh

a3

bang a=MD=ND=—".

- B D
Vi MN // AB=> a =(AB,DM)=(MN,DM). 4
Xét AMND, ta c6: M
I 2 2 2
cos NMD = MN? + MD? - ND p
2MN.MD
a ’ a\/g i 11\/5 ’
— + —_
2 2 2 1 3 .
= = =—>
2. a3 23 6
*272
= NMD < 90° = (MN, DM ) = NMD.
f

Vay cosa = cos NMD =2 = Chon ddp dn A.

Vi du 2: Cho hinh chép S.ABCD, c¢6 ddy ABCD Ia hinh vudng tam O, canh br?mg a;
SA vudng goc voi ddy va SA =a+/3 . Khi d6, cosin goc giita SB va AC bang

V2 V2 V3 V3

A —. B. — C. — D. —.

> > FTo "
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Goi I 1a trung diém cua SD
= Ol la duong trung binh ca ASBD

OI // SB
1o SB_NSA*+AB _V3a+a® _
2 2 2

Vi OI // SB= (SB, AC)=(OI, AC) = AOL

2 2 2 2
Ta 6. AI:%:\/SA 2+AD :\/3a2+a

= Al =0l = AAOI cantai I.
Goi H 1a trung diém ctia OA= [H L OA

va OH:OA:AC:a\/E.
2 4 4
a2 5
Xét AOHI , ta co: cosP/IO\I:O—Hzi:—z.
Ol a 4

Vay cos(SB,AC) = cos HOI = % = Chon ddp dn B.

Chit y: D& tinh cos AOI ta c6 thé tinh cach khéc nhu sau:

2
11\/E 2 2
—— | +a —a
—  OA’+0I'-AI" | 2 V2
L

cos AOI = =
20A.01 a2
2.—.a
2
Vi du 3: Cho hinh chép S.ABCD, c6 day ABCD la hinh thang vudng tai A va D; canh
AB=2a, AD=DC=a; SA1LAB, SALAD va SA= 2{2/5.
a) Goc gitta duwong thang SB va DC bang
A. 30°. B. 45". C. 60", D. 75".
b) Goi a la goc gitra SD va BC. Khi d6, cosa bang
A B B V2. c¥2 p, ¥
14 14 28 28
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a) Vi DC// AB

(vi ASAB vuédng tai A = SBA < 90" )-
Xét ASAB vudng tai A, ta co:

211\/5 \/_
tanS/Bz\ﬁl—S—A 3 =—3:>S/Bz\‘l=30°.
AB 2a 3

Vay (SB,DC)=SBA =30",

= Chon ddp an A.
b) Goi E la trung diém cua AB.
Khi d6, BCDE 1a hinh binh hanh

= DE // BC=(SD,BC)=(SD,DE)=a

2 7
, SE?=SD? =5A? 4 AD? <30 2 70 SE=SD=a£
Ta co 3 3 = \/5
DE? =242 DE=a\2
Ap dung dinh I{ ham cosin trong tam giac SDE, ta duoc:
o 2 2 2 2 —
cosSDE=>D *DE =SE _ 2a =,/3:@>0:>5DE<90°.
2SD.DE 14

Vay (5D,BC) - (5D, DE) - $DF - .
__ \/_

= cosa =co0SSDE =—— = Chon ddp dn B.

DANG 2: GOC GIUA PUONG THANG VA MAT PHANG

1. Phwong phap

+ N@&u duong thang 4 vudng gdc véi mat phang (P ) thi géc gitta duong thang a4 va

mit phang (P ) bing 90"

Tacla: a L (P)=>(a,(P))=90".
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+ N@&u duong thang 4 khong vudng gdéc véi mat phang
(P) thi géc gitta duong thing ava hinh chiéu 4’ ctia

no trén (P) goi 1a gdc gitta duong thang 4 va mat

phang (P) . 30 —

Ttc 1a: Néu a L (P) va @' 1a hinh chiéu cta a4 trén H
P)/
(P) thi (a,(P))=(a,a’)=¢).
Chua y:
x Oos(a,(/P\))s%O.
A (P)
*  Néu aC(P) :>(a,(P))=OO.

* D& tim hinh chiéu 4’ ctia a trén (P) ta ¢ thé lam nhu sau:
Tim giao diém M =an (P)
L&y mot diém A tuy y trén a4 va xéc dinh hinh chiéu H cua A trén (P). Khi d6,

a' 1a duwong thang di qua hai diém A va M.

2. Mot s6 loai goc giita duwong thang va mit phang thuong giap d6i véi hinh chép

Goc gitta canh bén va mat day

H la hinh chiéu vudng goc cta S trén
(ABCD)

= HD la hinh chiéu vudng gbc ctia SD

trén (ABCD) s \
Vay |(SD,(ABCD)) = (5D, D) = SDH| /:

Goc gitta canh bén va mat ding
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Dung CELHD (EeHD).

Vi {CE D ekl (SDH).
CELSH
= E la hinh chiéu vudng goc cua C trén
(SHD) A
= SE la hinh chiéu vudng goc cua SC
trén (SHD).
Vay |(SC,(SHD)) = (SC,SE) = CSE| B

Goc gitta dwong cao va mat bén

Dung HE LCD (EeCD)

CD 1 HE
CD 1L SH

= (SCD) L (SHE)
Ma (SCD)n(SHE)=SE. 4

\

Vi = CD L (SHE).

= SE la hinh chiéu vuong goc cta SH
trén (SAD).

Vay |(SH,(SAD)) = (SH, SE) = HSE| B

3. Vi duminh hoa

Vi du 1: Cho hinh chép S.ABCD, c6 ¢4y ABCD 1a hinh vudng canh bing a; SA
6
vuong goc voi day va SA = %. Goi « la goc gitta SC va (ABCD), khi d6 s6 do goc

@ bang
A. 30°% B. 45, C. 60°. D. 75°

Loi giai:
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Vi SA L(ABCD)= AC la hinh chiéu vu6ng
géc SC 1én mit phing (ABCD).

Do dé: @=(SC,(ABCD))=(SC, AC) = SCA.

(vi ASAC vubng tai A = SCA <90°).
Xét ASAC vuodng tai A, ta cé:
g 5
tan S/CZ—S—A ———3:>a SCA =30".

2

= Chon ddp dan A.

Vi du 2: Cho hinh chép S.ABC, c6 day ABC la tam giac déu canh bang a; SA vuong
goc voi déy va SA=2a. Goi a la géc giita SC va mit phang (SAB), khi d6 tana

nhan gia tri nao trong cac gia tri sau

NRE T o 3 b, 23
17 17 17 17
Loi giai:

Goi M 1a trung diém cuia AB=CM 1 AB.
CM 1 AB

Vi

CM 1 SA [do {SA +(45c) }

CM < (ABC)
= CM L (SAB)= SM la hinh chiéu vudng géc
cta SC trén (SAB).

Khi do: & =(SC,(SAB))=(SC,5M)=CSM.
{CM 1 (SAB)

(Vi =CM 1L SM = ASCM Vu()ng
SM (SAB)

taiS:@<90°).

P M M 51
Xét ASCM vudng tai S, ta c6: tanCSM = ¢ = C = 2 = V51

SM 2 2 2 17
JSA? + AM \/4a2+a

J_

Vay tana =tan CSM =———= Chon dap dn B.
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Vi du 3: Cho hinh chép S.ABC, c6 day ABC la tam giac vudng tai A; BC=a va
SA=5B=SC —i . Gée gitta duong thang SA va (ABC) bang
A. 30", B. 45'. C. 60°. D. 90°.
Loi giai:
Goi H la trung diém cua BC. S
Vi AABC vudng tai A nén H la tdm duong
tron ngoai tiép AABC va AH = BZC —%.

Ma SA=5B=5C = SH 1la truc cta duong tron
ngoai ti€p AABC = SH L (ABC).

= HA 1a hinh chiéu ctia SA trén (ABC )

™
a

(A (ABC)) = (5, HA) 57T /

(vi ASHA vudng tai H nén SAH <90° ).

a
Xét ASHA vudng tai H, ta c6: cosSAH = AR _ 2 g

SA a3
3

Vay (SA,(ABC))=SAH =30° = Chon dap dn A.

DANG 3: GOC GIUA 2 MAT PHANG
1. Phwong phap

Dé xac dinh géc gitta hai mat phang (P) va (Q), ta ¢4 thé thuc hién theo mét trong

cac cach sau:

Cach 1: Theo dinh nghia 4 L Q

(20
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Cach 2: Khi xéc dinh duwoc (P)n(Q)=c thi ta

lam nhu sau:
+ Budc 1: Tim mit phang (R) Le.

p=(R)(P)
7=(R)"(Q)

ki d6: ((P).(Q))=(p.9)

+  Bwdc 2: Tim {

Dac biét: Néu xac dinh dwgc 2 duong théng p.q

o))

Vi du: Goc giiva mdt bén va mdt ddy.

Dung HE L CD (EeCD)

v {CD L HE
CD LSH
(SCD)n(ABCD)=CD

Vi {CD L HE = (ABCD)
CD 1 SEc(SCD)

sao cho: {

= CD L (SHD)=>CD L SE.

Cach 3: Theo dinh 1i vé hinh chiéu

S'=S.cosp = COS¢)=§

2. Vi du minh hoa
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Vi du 1: Cho hinh chép ti& gidc déu S.ABCD c6 canh day bang a, chiéu cao hinh
S 3
chép bang aT . Goc gitta mat bén va mat day la

A. 30°% B. 45, C. 60°. D. 75°

Loi giai:
Goi O la tam cta hinh vudéng ABCD va E la
trung di€ém cta CD.
= OE 1a duong trung binh caa AACD
OE /| AD
“loe=Lap-&
2 2

Vi OE /| AD = OE L CD.

Vi {CD +OF D 1 (SOE)=CD LSE.
CD LSO
(ABCD)n(SCD)=CD
Vi {SELCD = ((ABCD),(SCD))=(SE,OF) = SEO.
OELCD
a3
Xét ASEO vuodng tai O, ta co: tan SEO = Z—(é = 2 =3 = SEO =60
2

Vay ((ABCD),(SCD))=SEO=60" = Chon ddp dn C.

Vi du 2: Cho hinh 1ap phuong ABCD.A'B'C'D’ c¢6 canh bang 4. Goi O’ 1a tam cua
hinh vuéng A'B'C'D’ va a la géc gifra hai mit phing (O'AB) va (ABCD). Géc a
thoa man hé thitc nao sau day?

A. COSO(=%. B. tana =2. C. sina=%. D.

1
tana =—.
2

Loi giai:
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Goi O la tam cta hinh vudng ABCD va I la A’ D’
trung diém cta AB= OI 1 AB. ,
AB 1 OI , , N
‘ = ABL(OIO')= AB LO'L .
[QE;_L C)()’ | 7?%
(O'AB)~(ABCD) = AB B T —YC
Vi {OI L AB S L
O'T L AB AN D
R . AN S
= ((0'AB),(ABCD))=(01,0T)=0'0 =a. AT O
Xét AO'OI vudng tai I, ta co: B — \C
tana = tan(?l?) _00 -4
Ol a
2

= Chon dap an B.

Vi du 3: Cho hinh hinh chép S.ABC c6 day ABC la tam giac vudng can tai B va
BA=BC=a; SA vubng géc v6i ddy, SA=a.Géc @ giita hai mit phing (SAC) va
(SBC ) bang

A. 30", B. 45", C. 60°. D. 75'.

Loi giai:
Goi H la trung diém cua AC= BH 1 AC. S
BH 1 AC

SA L(ABC)
BH 1 SA [do {BHc(ABC)J

= BH 1 (SAC)
= ASHC 1a hinh chiéu caa ASBC lén

(SAC):>C050¢=2AS—HC. A

ASBC

+ Taco: AC=\/BA2+BC2 —a2.
1 a2 22

SAHC——a—:

ASHC = 2 4

S

(BCLAB
" ""|BC LSA (doSAL(ABC))
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= BC 1 (SAB)= BC 1 SB= ASBC vuong tai B.

2
Khi d6: S,y = ~SB.BC =~ A +?.0=" V2
2 2 2
2
S
Vay cosa =25 = e Chon ddp an C.
Swpc @ \/_ 2

Binh lugn: Trong baz todn trén, ta dé dang xdc dinh dwoc giao tuyén SC = (SAC )m(SBC )
nhung lai gdp khé khin trong viéc tim mot mét phing vudng goéc véi SC, mat nhiéu thoi gian
tinh todn,... khong phit hop véi yéu chu toc d cua hinh thikc thi tric nghiém. Dong thoi nhdn
thdy rang viéc xdc dinh hinh chiéi ciia B lén (SAC) va tinh dién tich ciia hai tam gidgc ASHC
ASBC i khd dé dang nén ta vin dung cich 3 trong ndi dung phweong phdp da trinh bay & trén
dé gidi quyét nhanh bai todn.
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KHOANG CACH TU MOQT PIEM PEN MQOT MAT PHANG
1. Phwong phap

Khoang céch tir difm M dén mat phang (P) la M
MH, véi H 1a hinh chi€u vuong goc ctia M trén mat {
phang (P).
v L (7) ah
He(P)

>|d(M,(P))= MH

P

|
Phuong phap giai chung: Mudn tim khoang cdch tie mét diém dén mot mdt phing, trudc
hét ta phdi tim hinh chiéu vudng géc ctia diém dé trén mat phiang. Viéc xdc dinh hinh chiéu
ctia diém trén mdt phing ta thuong ditng mot trong cdc cdch sau:
Cach 1:
+ Bu6c 1: Tim mot mat phang (Q) chita M va
vuong goc voi (P ) .
+  Budc 2: Xéc dinh giao tuyén: A =(P)n(Q).
+ Buwoc 3: Trong (Q), dung MH LA, (H IS A).
(P)L(Q)
ViiA=(P)n(Q) = MH L(P)
(Q)>MH LA

= d(M,(P))=MH P)

Cach 2: M

Néu da biét trieéc mot duong thang d L (P) thi ta ‘ d

sé dyng Mx //d, khi d6: H = Mxm(P) 1a hinh

chiéu vudng gbc cia M trén (P). H 17 -
|
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Cach 3:
Duea vao tinh chit truc ctia tam gidc: Cho AABC nam
trén (P) , nfu MA=MB=MC thi hinh chiéu

vubng goc cua diém M trén (P) chinh la tam O

cua duong tron ngoai tiép AABC . A C

Khi d6: MO L (P)= d(M,(P))= MO. /
P) B

KHOANG CACH DUNG TRUC TIEP

Khoang cdch tir chan dwong cao toi mdt bén S
Bai todn: Cho hinh chdp cé dinh S c6 hinh chiéu vudng
Q0c lén mdgt day la H . Tinh khodang cich tir diém H
déin mdt bén (SAB).

+ Ké HI L AB, (1€ AB).

+ Ké HK LSI, (KeSI)

SH.HI

Khi dé: (d(H,(SAB)) = HK = —————|
SH® + HI”

Khodng cdch tir mot diém trén mdt ddy téi mdt
ditng (chita duong cao)
Bai todn: Cho hinh chdp cé dinh S cd hinh chiéu vudng
Q0c lén mat ddy la H . Tinh khodng cich tir diém A
bit ki dén mgt bén (SHB).
+ Keé AK L HB.
{AK L HB

AK LSH
= d(A,(SHB)) = AK.

= AK L (SHB)
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Khoi chp c6 cdc canh bén bang nhau
Cho hinh chép co dinh S c¢6 cdc canh bén co dj dai bﬁng
nhau: SA=SB=5C=5D (daiy c6 thé'la bon dinh hodc
ba dinh). Khi dé néu nhw O la tdm dwong tron ngogi
tiép di qua cdc dinh nam trén mdt day thi SO la truc
dwong tron ngoai tiép cua da gidc ddy hay néi cdch
khdc: SO 1 (ABCD)= d(S,(ABCD))=SO.
Chu y:
Néu day la:
+ Tam giac déu, O la trong tam.
+ Tam giac vuong, O 1a trung diém canh huyén.
+ Hinh vuong, hinh ch* nhat, O la giao cua 2
duong chéo dong thoi 1a trung diém mdi
duong.

TINH KHOANG CACH BANG CACH GIAN TIEP

Gid stk ta ta mudn dung triec tiép khodng cich tie diéin A t6i mit phing (P) ma khong thiec
hién dwoc. Dong thoi tir diéin B ta lai dwng dwoc tryc tiép khodng cich toi (P) khi do ta sé

thiec hign tinh khoang cich gian tiép nhw sau:

Cach 1 (Po6i diém): Tinh thong qua ti s6 khoang 4 B
cach.
ABnN(P
CABOP) aa () =a(B(P) ——> L L
P)
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Cach 2 (Do6i dinh): St dung phuong phép thé tich dé€ tim khoang cach:
Bai todn tinh khodng cich tie mot diéin dén mot mdt phiang trong nhidu truong hop cé
thé qui vé bai todn thé'tich khoi da dién. Viéc tinh khodng cich nay dwa vio cong thirc:

3V

+ |h= ? 'V, S, h lin lwot la thé'tich, dién tich dday va chiéu cao ciia hinh chop.
14 . e e s e S

+ |h= E 2V, S, h lin lwot la thé tich, dién tich day va chiéu cao cua hinh ling tru.

Phuong phdap nay dp dung dugc trong truong hop sau: Gid sir co thé qui bai toan tim khodng
cdch vé bai todan tim chiéu cao ciia mot hinh chép (hodc mot ling tru) nao do. D7 nhién, cdc chiéu cao
nay thwong la khong tinh dwoc tryec tiép bang cdch ste dung cdc phwong phdp thong thwong nhu
dinh li Pitago, cong thikc lugng gidc,... Tuy nhién, cic khoi da dién nay lai dé dang tinh dwoc thé'tich
va dién tich day. Nhw vdy, chiéu cao ciia né sé diege xdc dinh boi cong thirc don gidn trén.

2. Vi du minh hoa

Vi du 1: Cho hinh chép S.ABCD c6 ddy ABCD la hinh ch nhat véi AD=2a; SA
vuong goc voi day va SA=a.Khoang cach tit A d&n mét phang (SCD) bang

3a\/5 2a\/§ 2a 3a

A. . B. . C. —. D.

2 3 J5

Loi giai:
Trong (SAD), ké AH 1 SD, (H eSD).

CD L AD
Vi = CD L (SAD)—"*% ,cp | AH.
CD L SA
AH 1 SD
Vi = AH 1(SCD)
AH1CD
SA.AD a.2a

=d(A,(SCD))= AH

JsA?+ AD? 22 142

= d(A,(SCD)) — 22 = Chon ddip in C.

J5

Vi du 2: Cho hinh chép tam giac déu S.ABC c6 canh ddy bang 2a va chiéu cao bing
a3 . Khoang céch tir tam O ctia ddy ABC dén mot mit bén bing

p, &6 g 203 ca\/E Da\/g
== == 4y e

Loi giai:
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Vi O la tam cta day cua hinh chdép tam gidc déu
S.ABC nén SO L(ABC)= SO =av3.
Goi M la trung diém cua BC.

AM 1 BC
Vi AABC déu canh bang 2 :
1 éu canh bang 21 = ) =2a;/§=a\/5
Khi d6 OM = 5AM = “[
i {BC AM_pel (SAM) = (SBC) L(SAM).
BC LSO
Trong (SAM ), ké OH L SM, (H € SM).
(SAM) L(SBC)
Vi {(SAM)\(SBC)=SM = OH 1 (SBC)=d(O,(SBC))=OH.
(SAM)> OH L SM
Xét ASOM vudng tai O c6 duwong cao OH , ta co:
V3
a\/g_L
d(0,(SBC))=0H = SOM__ — 4, = Chon dip dn C.

Jos? +om? \/(N_) (u J—j 10

Vi du 3: Cho hinh chép t& gidc déu S.ABCD c¢6 canh day bang a va chiéu cao bang
a2 . Khoang céch tir tam O ctia day ABCD dén mot mit bén bang
w3 b 2a+/5 w5
A. — B. Ty C. : D. —

3

Loi giai:

THAY GIAO: PAT NGUYEN TIEN 109



SO8NGO 17
TA QUANG BUU

DE CUONG TOAN 11 GIUA KY 2 (TAI LIEU MAT)

Vi O la tam cua ddy cua hinh chép t& giac déu Ky
S.ABCD nén SO L (ABCD)= SO =av2.
OM LCD
Goi M la trung diém cua CD = .
' & OM = BC_a
2
Trong (SOM), ké OH 1 SM, (H e SM).

0OS.OM

= OH L(SCD)=d(O,(SCD))=0H =————
0S* +OM?

N

vay (0,(scD))= ~ N2, Chon diip dn B.

J(aﬁ)i(;f

Vi du 4: Cho hinh chép S.ABCD c6 ddy la hinh chit nhat véi AD=24,AB=a. SAD
la tam gidc can va nam trong mat phang vuong géc voéi ddy. Goi H 1a hinh chiéu
vudng gdc cta S trén mat phang ddy. Khoang cach tir C d&n mat phang (SH B) bang

A. 2. B. /3. C. % D. %
Loi giai:
Goi H 1a trung diém cta AD = SH 1L AD.
(SAD) L(ABCD)
Vi {(SAD)~(ABCD)= AD = SH 1 (ABCD).
(SAD)>SH L AD

Dé thdy rang AABH vudng can tai A va va ACDH
vudng can tai D.
= AHB=CHD =45° = BHC =90° = CH L HB.

CH 1 HB

Vi

CH LS {do {SH 1 (ABCD) J = CH L (SHB)

CH = (ABCD)

Suy ra d(C,(SHB))=CH =~CD* + DH* =a\2 = Chon dip dn A.
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Vi du 5: Cho hinh chop S.ABC c¢6 day ABC la tam gidc vuong tai A, ABC =30°,
tam giac SBC 1a tam gidc déu canh a va ndm trong mat phang vudng goc véi ddy.
Khoéang cach tir diém C dén mat phang (SAB) bang

A a@' B. a\/ﬁ. C. a\/ﬁ‘ D. 13.
26 13 13 26
Loi giai:

Goi H la trung diém cta S

(SBC) L(ABC)
Vi {(SBC)n(ABC)=BC = SH L (ABC).

(SBC)>SH 1 BC

d(C,(SAB)) B
i CHN(SAB)=B - =2
Vi CH(SAB)=B= d(H,(SAB)) HB C i3> B
= d(C,(SAB))=2d(H,(SAB)). AxTE
>
Goi E la trung diém cua A
AB=>HE [/ AC=HE L AB.
Trong (SHE), ké HK LSE, (KeSE) (1)
. [ABLHE HK < (SHE)

Vi = AB 1 (SHE) »AB LHK (2)

AB L SH
Tir (1) va (2)= HK L(SAB)=d(H,(SAB))= HK.

si_o3
Ta co: 2 . .
HE - AC _BCssinABC _a
2 2 4

SH.HE 39
Xét ASHE vudng tai H c6 duong cao HK, ta c6: HK = _ 39

JSH? +HE? 26

aN' 39
13

Vay d(C,(SAB))=2d(H,(SAB))=2HK = = Chon ddp dn B.
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Vi du 6: Cho hinh chép S.ABCD c¢6 day ABCD la hinh ch®t nhat véi AB=a,
AD =2a; canh bén SA=a va vudng goc v6i day. Khoang cach tir diém A dén mat
phang (SBD) bang

2a\/§ 2a 2a\/g a3

B. —. C.

A. . .
3 3 5 2

Loi giai:
Trong (ABCD), ké AE L BD, (E e BD).
Trong (ABCD), ké AH LSE, (HeSE) (1)

o [BDLsA
"1BD 1 AE

Tir (1) va (2)= AH L(SBD)=d(A,(SBD))= AH.

= BD L (SAE)=BD L AH (2)

Xét AABD vudng tai A c¢6 duong cao AE, ta cé:
ABAD  a2a  2a
JAB + AD* i +4a® N5
Xét ASAE vudng tai A c6 duwong cao AH , ta co:
.20
SA.AE 5 2a

AE =

AH

" JSA+ AE? \/a2 {\2/%]2

Vay d(A,(SBD))= AH = % = Chon ddp dn B.

Vi du 7 [Trich Dé Minh Hea - 2017]: Cho hinh chép t& gidc S.ABCD c¢6 ddy la hinh
vudng canh bing av/2 . Tam gidc SAD can tai S va mit bén (SAD) vubéng géc voi mét

phang ddy. Biét thé tich khdi chép S.ABCD béng %cﬁ . Tinh khoang cach & ttt B dén mat
phang (SCD).

A. h:za. B. h=—a. C.h=—u. D. h=—a.
3 3 4
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Goi I 1a trung diém cua AD, vi ASAD can tai S
S nén SI L AD = SI L (ABCD).

=V

S.ABCD —

3.—
:SI:3VS.ABCD _ 3[12 — 24
SABCD (a\/E)
Trong (SAD), dung IH LSD, (He SD).
o [cDLAD
"Ylep st

) {IH 1SD

= CD 1(SAD)=CD LIH.

Viv op=H 1(SCD)=d(1,(SCD))=1H.

Al (SCD)={D}

AD
- .d(I,(SCD)) =2IH.

AB [/ (SCD)=>d(B,(SCD))=d(A,(SCD))

Xét ASID vudng tai I c6 duwong cao IH, ta co:

a2 )
o IDIS _ IDIS _ <1 2a
2 2 2 2 2 3"
JID? +18*  NID*+1IS \/az+4”2

Vay d(B,(SCD))=2IH = %:» Chon ddp dén B.

Binh ludn: Thong thuwong khi tinh khodng cdch tiv diém dén mdt ta c6 3 hwong di chinh: Déi
diém, doi dinh va doi sang hinh hoc toa dj khong gian (phwong phdp toa d¢ héa). Néu di theo
hwéng gidi doi diéim la doi gidn tiép tir B sang A r6i sang H (nhw o idi trén) sé mat nhiéu thoi
gian khong ddp 1eng dwoc yéu ciu vé toc do thi theo hinh thirc tric nghiém. Dong thoi khi nhin
ra dé bai cho thé’tich V ciia khoi chop S.ABCD cho trwéce ban nén ding phwong phdp d6i dinh sé
phu hop hon. Cu thé:

3.@ é_é(f 2
A(B,(scD))=2sse0 2 2’3 = il -
Sscp ESD_CD 1,a\/5.\/SIZ+ID2 2 a2 : 3
> 2 J2. (2a) + o
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Vi du 8: Cho lang tru tam giac déu ABC.A'B'C' ¢6 AA'=a, AB=a . Goi M la trung
diém cua B'C'. Khoang cach tir A t6i mit phing (A'BC) bang

20321 2a\7 21 21
A= B. = C. — D. —~
Loi giai:
Al L BC A’ C'
Goi I la trung diém cua BC = ABV3 a3
At R\
Trong (AA'T), ké AH L A'l, (He A'l). R
BC L Al , , ,
Vi {BCJ_AA,:BCJ_(AAI):>(ABC)J_(AAI). p
(A'BC) L(AAT)
Vi {(A'BC)n(AAT)=Al= AH L(A'BC)
(AAT)> AH L A'l

a21

AA'.AI “'bhz/g
= = Chon dap an C.

JAA? + AP \/az{m/g]z 7
2

=d(A,(A'BC))= AH

Vi du 9: Hinh hop dting ABCD.A'B'C'D' c6 déy la hinh thoi canh a, géc BAD = 60"

dong thoi AA'=a. Goi G la trong tam tam gidc BCD. Khoang cach tir G t&i mat

phang (A'BD) bang

20421 2a\7 aN 21 av21
7 7

B. . C. D. .
7 21

A.

Loi giai:
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TA QUANG BUU

d(G,(A'BD)) GO 1
i AGN(A'BD)={O =— = :
Vi r\( ) { }:d(A,(A'BD)) AO 3 B| : A’
’ _l ' //'::’/
=d(G,(A BD))—3d(A,(ABD) /i
C' S
1 {BD tAC S BDL (AA'0)=(A'BD)L(AA'O). DA
BD L AA' Bl f P
Trong (AA'0),ké AH L A'O, (He A'O). Go
(A'BD) L (AAO)
Vi {(A'BD)n(AA'0)= A'0 = AH L(A'BD) ¢ D
(AAO)> AH LA'O
AAAO
(A'BD))= AH =————.
D sy
Tam gidc ABD can c6 BAD =60° = AABD déu c6 canh bang 2= AO = #
a3
d(A,(A'BD))  aa A0 a2l

Vay d(G,(A'BD))= - -

3 3JAA? + AO? ( @]2 21
3 a2 +| N2

= Chon dap an D.

Vi du 10: Cho hinh chép S.ABCD ¢6 day ABCD 1a hinh vuéng canh a; SD = 32a

hinh chiéu vudng goéc cta S trén (ABCD) trung vdi trung diém H cta canh AB.

d(H,(sDC)) .
Khi d¢, ti sd y bang
N 32 3 33
A. 7- B. T- C. 7- D. T.

-----
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Theo dé bai, ta c6: SH L (ABCD).
Hl=a

il 12 iém ctia CD = .
Goi I 1a trung diém ctia { HI L CD

Vi oy =P (SHI)=(SCD) L(SHI).
Trong (SHI), ké HK L SI, (KeSI).
(SCD) L(SHI)
Vi ¢(SCD)(SHI)=SI = HK 1 (SCD)
(SHI)> HK 1 SI

X {CDJ_HI

Suy ra: d(H,(SCD)):HK ___ SHHI

2
Ta c6: HD?> = AH? + AD? :(gj 222

4
SH.HI a.a a\/E

JsH +HP? NP+ 2

2 2
— SH =+/SD* —HD? = (%J %,

Do d6: d(H,(SCD))=HK =

i(r(sp0) Y
Vay 'a - i =72:> Chon ddp dn A.
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KHOANG CACH GIUA HAI PUONG THANG CHEO NHAU
1. Phwong phap

a) Puong vuong goc chung cta hai dwong thang chéo p
nhau M /
Puong thang A cit hai dwong thang a, b va cling /lj
vuong goc véi mdi duong ay goi 1:21 dwong vuong A
goc chung cua a va b. Doan thang MN goi la

doan vudng goc chung cta a va b. \‘H\b

N

b) Mot s6 huéng tinh khoang cach giita hai duwong thang chéo nhau
TH1: Khi 4,b chéo nhau va a Lb.

+ Buéc 1: Dung mit phang (P) chtta b va

vudng goc voi a4 tai M. N
+ Buwdc 2: Trong (P) dung MN Lb tai N . M':

+ Buwdc 3: Doan MN la doan vudng goc chung
cia @ va b= |d(a,b)=MN|.

TH2: Khi 4,b chéo nhau va a £ b.
Muc tidu: Chuyén vé khoang cach tir mot diém dén mot mat phang.

» Huong 1: Chuyén théng qua khoang cach tw
mot duong dén mot mat phéng.

B

* Budc 1: Dung mat phang (P) chita b

va song song voi a.

a//(P)

*  Budc2: d(a,b) ;CZ(IZJT (“r(P)) /
P
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> Huong 2: Chuyén thong qua khoang cach gitra

mit phang song song. 4
- *p Bwi’c 1:%un:hai mat phéng (P), (Q) » /é':l/
sao cho ac(P) // (Q)Db. i
*  Budc 2: Khi d6 \E\
d(a,b)=d((P).(Q))=d(M.(Q)) /é N

2. Vi du minh hoa

Vi du 1: Cho hinh chép S.ABCD c¢6 day la hinh vudng canh a. Puong thang SA
vudng goc voi mat phang day, SA=a. Khoang cach gifta hai dwong thing SB va
CD bang
A. a. B. a\/E. C. a\/g. D. 2a.
Loi giai

Vi CD // (SAB)
= d(CD,SB)=d(CD,(SAB))=d(D,(SAB)).
\{/;DA L AB

DA Lga = DAL(5AB)= d(D,(SAB))=DA=a.

Vay d(CD,SB)=d(D,(SAB))=a.
= Chon dap an A.

Vi du 2: Cho tt dién déu ABCD c6 canh biang a. Khoang cach gitta hai duong
thang AB va CD bang
av'3 a2 a2 a\/g

A —. B. —. o D. —.
2 3 ¢ 2 3
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Goi M, N lan lwot 1a trung diém cta AB va CD. A
Vi ABCD va AACD la cac tam gidc déu canh bang

) oy @3 [ANLCD
a nén AN =BN = 5 Va{BNJ_CD (*) -
(*)=CD L(ABN) MN<(ABN) | p | vy
(1) B D

Mat khac, vi AN = BN = AABN cantai N
= MN 1 AB ( 2)

T (1) va (2): MN la doan vudng goc chung
cua AB va CD.
Do dé: d(AB,CD)=MN =+ AN* - AM*

_[(afB) _(a) _a2
2 2 2
Vay d(AB,CD)= % = Chon dip dn C.

Vi du 3: Cho hinh chép S.ABC c6 day la tam giac déu canh a. Hinh chiéu cua S trén
(ABC) trung véi trung diém cta BC. Biét SA hop vé6i ddy mot goc 30°. Khi d6,
khoang cach gitra hai duong thang SA va BC béng

a3 a3 202

a2
A. T- B. T- C. T. D. 3 .
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Goi H la trung diém ctia BC = SH L (ABC)
=SH LBC (1)

AH 1 BC (2)

Vi AABC déu = 3
AH ===

Tw (1) va (2)= BC L(SAH).

Trong (SAH), ké HK LSA, (KeSA) (3)
_|BCL(SAH)
1 {HK < (SAH)

Tw (3) va (4) = HK la doan vudng goc chung cia SA va BC = d(SA,BC)=HK.

Vi SH 1 (ABC)= HA lahinh chiéu ctia SA trén (ABC)

— BC L HK (4)

:W:@Z,Tm):@:w.

Xét AAHK vudng tai K, ta cé: sin HAK = % — HK = AH.sin HAK = f
Vay d(SA,BC)=HK = i = Chon ddp dn B.

Vi du 4: Cho hinh chép S.ABCD c¢6 day la hinh chit nhat véi AD=2AB=2a, canh
SA vudng goc v6i mit phang ddy (ABCD) va SB tao v6i mit phing déy (ABCD)

mot géc 60°. Khoang cach giita hai duong thang AB va SC bang

A a\/i B 2a\/i C a\/i D a\/i

7 T SRS “To

Vi AB// (SCD)= d(AB,SC)=d(AB,(SCD))
=d(A,(SCD))
Trong (SAD), ké AH 1SD, (HeSD)

CD L AD
i =CD 1 (SAD)=CD L AH.
CD L SA

i {AH YV (SCD)=d(A,(SCD))= AH
AH 1CD
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Ta cé: (SB,(ABCD))=(SB, AB) = SBA = 60".
, N . . — SA — 0
Xét ASAB vudng tai A, ta cd: tanSBA = B = SA = AB.tanSBA =a.tan60" = a\/g.

_ SAAD _ 2aaV3 221
JSA* + AD*  4a®+322 7

Vay d(AB,SC)= AH = Chon ddp dn B.

Vi du 5: Cho hinh lang tru ding ABC.A'B'C' ¢6 day 1a tam gidc vudng tai A véi

3d(AA',BC") |
BC:2a,AB=a.Khid('),ti36'\/_( ) bang

A2, B.
2

N | W
0
N
@)
—_

Vi AA"// (BB'C'C)
= d(AA',BC')=d(AA',(BB'C'C))=d(A,(BBCC)). B H C
Trong (ABC), ké AH 1 BC, (H e BC). \

AH 1 BC
AH 1 BB’

\

Vi = AH 1 (BB'C'C) A

__ABAC
JaB a4t B
Ta c6: AC =~/ BC? — AB? =+4a* —a® = a/3.

AB.AC a3 a3
= d(A,(BBC'C))= _ _ W3
(44 ) VAB* + AC? a*+32> 2

V3

Ja(An,BC') 3d(4,(BBCC)) V3.5

a a a

=d(A,(BBC'C))=AH =

3
Vay =5 = Chon ddp dn B.
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Vi du 6: Cho hinh 1ap phuong ABCD.A'B'C'D' ¢6 canh bang a. Goi M, N Tan luot

. , a*d(MN,A'C)
1a trung diém ctia AB va CD . Khi d¢, ti s bang

A.A'BC'D'
A2 5.2 22 p. 2
4 2 4 3
Loi giai
Tacd: V, .pen =1AA’.SA,B,C,D, Loelp A D
3 3 3 u/ v
Vi MN // (A'BC)= d(MN,A'C)=d(MN,(A'BC)) el
= 7 | -1C
=d(M,(A'BC)) R
d(M,(A'BC)) MB 1 ;_' _____________ b
Vi AMN(A'BC)={B}= S |
d(A,(A'BC)) AB 2 B'L cr
' _ l '
= d(M,(A'BC))= : d(A,(A'BC)).
BC L(AA'B'B)
Trong (AA'B'B),ké AH L A'B, (He A'B). Vi AH (AABE) = BC L AH.
AH L A'B , ,
Vi {AHL e = AHL(A BC)=d(A,(A'BC))= AH =\ AB*~BH" .
. _A'B_a\/a |2 a\/§2_a\/§
Ta co: BH = > _T:AH_ a (T] _T'
. 37 ' ' 1 ' 1 a\/z

Khi do: d(MN,A'C)=d(M,(A BC)):Ed(A,(A BC)) = AH===.

> 4(MN, A'C 7.2 V2
Véya'( ’ )= 14 :342:> Chon ddp dn C.
3
—a

A.A'B'C'D’
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