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Thoi gian lam bai 150 phiit (khéng ké thoi gian giao dé)

1) Cho biéu thite:

Vr+3 zx—x-10
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Ve+1 % 2
\/_ va tim r de F nhan gia tri nguyén
T

véi z > 0;x # 9. Chitng minh: P =

2) Véi cac s6 thuc a,b, ¢ déi mot khac nhau théa man a® + 2b = b®> + 2¢c = ¢ + 2a Tinh Q =
(a+b)(b+c)(c+a).

Bai II.
1. Gieo mot con xiic xac can doi dong chat hai 1an lién tiép. Tinh xac suét ctia bién ¢6: Tong s6 cham
xuat hién trén 2 mat con xic xic trong hai lan gieo 16n hon 7.

2. Véi a, b, ¢ 1a cac s6 nguyen théa man: a® + be, b + ca, ¢ + ab déu chia hét cho 3. Chitng minh: abe
chia hét cho 27.

Bai III. Véi a.b,c l1a cac s6 thuc khong am sao cho a + b+ ¢ = 3. Tim gia tri lén nhat, gia tri nho

nhéit cia biéu thie:
a b c

e i eiR  a i P

Bai IV. Cho tam gidac ABC (AB < AC) ¢6 BAC = 45° noi tiép duong tron (0), cac dudng cao BE,CF
cat nhau tai H.

1. Chitng minh: OEHF 1a hinh binh hanh va OA = EF.
2. Goi M, N la giao diém ctia duong thing BC véi OF, OE. Chitng minh: MAN = 90°.

3. Duong thing OM cit dudng thang AN tai P, duong thing ON cit duong thang AM tai Q. Goi
I 1a trung diém ctia doan thang PQ. Chitng minh: O vuong goc véi BC.

Bai V.

1. Tim tat ca cac cap sb6 nguyeén (z,y) sao cho z! — 2* + z = 8y* — 12y + 6y.

2. Cho bang 6 vuong 5 x 6. Ta tién hanh dién vao méi 6 vuong 1 x 1 ctia bang diing mét s6 thuoc tap
hop A = {1:2:3;...:n} sao cho mbi s6 duge dién it nhat mot lan, dong thoi trong méi 6 vuong
2 x 2 ctia bang c6 it nhat hai s6 giéng nhau duge dién.

a. Chi ra mot cach dién s6 thoa man véi n = 18.
b. Tim gia tri 16n nhat ctia n dé c6 mot cach dién sé thoa man.

HET
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Lo giai
Bai L.
1) Cho biéu thitc:

P i) [ ==l

1 5
véi z > 0;x # 9. Chitng minh: P = Vet va tim x de o nhan gia tri nguyén
N P
2) Véi cac sb thuc a,b, ¢ doi mot khac nhau théa man a’b + ¢ = bc+a = c*fa+ b , tinh Q =
(@a+b)(b+c)(c+a).

1. Rat gon biéu thidc va tim z nguyén
Cho biéu thic:

P~ ) T e s

véiz >0z #9.

a) Chitng minh: P = \/E\/;

Ta rit gon ting ngoac:
e Ngoac thit nhat (A):
A= NL _1?——\/5—1=I—(z——\/5—l)= Vr+1
V-3 a(yz-3) Va(vz —3) Va(yz —3)
e Ngoac thit hai (B): Phan tich mau: = — 2v/z — 3 = (Vr + 1)(v/z — 3).
p_VvE+3d z—-yz-10 _ (Vz+3)(VT-3)—(z—vz-10)
Va+rl (JE+D(Vz-9) (Vz+1)(Vz—3)

B=x—9—z+\/5+1()= vz +1 _ 1
Vz+1)(Vz-3) (Vz+1)(Vz-3) Vz-3

Thue hién phép chia:
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b) Tim x dé — nhan gia tri nguyén

P
Thils b g VYL W6 _BEYD-3 ., B
P NZ Vr+1 Vr+1 vV +1
Dé biéu thitc nguyén thi /z + 1 phai la udc ctia 3. Céac ude cia 3 1a: {—3;—1:1;3}. Doz > 0 = z >
0 = v/ +1 > 1. Vay chi ¢6 trudng hop:

Ve+1=3+z=2&1z=4
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Théa man diéu kién xac dinh. Vay = = 4.

2. Tinh gia tri biéu thic Q

Cho a. b, ¢ d6i mot khac nhau théa man: a® + 2b = b% + 2¢ = ¢® + 2a. Tit hé phuong trinh, ta c6 cac hiéu
tuong ng:

a>—b=2c—2b= (a—b)(a+b)=-20b—-c) (1)
b*—c?=2a—2c= (b—c)(b+c)=—-2(c—a) (2)
2—a?=2b—2a= (c—a)(c+a)=—-2(a—b) (3)

Nhan vé theo vé ciia (1), (2) va (3):
lo—Bj—e—a) Na-t Bl daltdl= 5 G—al—ala—b
Do a,b. ¢ d6i mot khac nhau nén (a — b)(b— ¢)(c — a) # 0, ta chia ca hai vé cho lugng nay:
(a0 lega) = —8
Vay Q = 8.

Bai II. (2,0 diém)

1. Gieo mot con xiic xic can doi dong chat hai lan lién tiép. Tinh xac suat ctia bién c6: Tong s6 cham
xuat hién trén 2 mat con xtc xac trong hai lan gieo 16n hon 7.

2. Véi a, b, ¢ 1a cac s6 nguyen théa man: a® + be, b® + ca. ¢ + ab déu chia hét cho 3. Chiing minh: abe
chia hét cho 27.

L i
1. Tinh xac suat

Gieo xiic xac 2 lan. Khéng gian mau || = 6 x 6 = 36. Bién c¢6 A: “Tong s6 cham 16n hon 7. Cac cap
s6 (x,y) théa man x +y > T:

o z=2:(2,6) — 1 cap.

o z=3:(3.5), (3.6) — 2 cap.

o z=14: (44), (45), (46) = 3 cap.

o o=5:(53), (5,4), (55), (5.6) = 4 cap.

e z=06:(62), (6,3), (64), (6,5), (6,6) = 5 cap.

C.\Dlv—a
| Ot
oo

Tong s6 két qua thuan lgi: |A| =1+ 2+ 3 +4+ 5 = 15. Xac suat: P(A) =

2. Chiing minh sé hoc

Cho a®+bc. b*+ca. ¢*+ab déu chia hét cho 3. Gia sit ton tai s6 khong chia hét cho 3, giasita /3 = a® =
(mod 3). Tit a®> + bc:3 = 1 +be =0 (mod 3) = be =2 (mod 3). Suy ra b, ¢ déu khéng chia hét cho 3.
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Khi d6 b* = 1,¢* =1 (mod 3). Thay vao cac gia thiét con lai:
b? 3 1 =0 =2
+ ca x5 + ca 5 ca (siod 3)
2 + ab'3 1+ab=0 ab=2

Nhan lai: (ca)(ab) =4 =1 (mod 3) = a*(bc) =1 (mod 3). Vi a* =1 nén bc = 1 (mod 3). (Mau thuan
v6i be = 2 (mod 3) 6 trén). Vay diéu gia sit sai. Suy ra a. b, ¢ déu chia hét cho 3.

= abc:(3-3-3) = abe:27

Bai III. Véi a.b,c la cac s6 thiue khong am sao cho a + b+ ¢ = 3. Tim gia tri 16n nhat, gia tri nho

nhit cia biéu thite:
a b c

P =
3a+3b+02+3b+3c—i—a2 +36—}-3a-+—b2

Tir gia thiét a + b+ ¢ = 3, ta bién doi cac mau sb:
3a+3b+c2=3B3—-c)+F=c*—3c+9

Tuong tur cho cac mau con lai, ta co:

a b c

P +
e —3¢+9 a2—3a+9+b2—3b+9

1. Tim Gia tri nhé nhat (Min)
Vio<c<3,tac6c—3c=c(c—3)<0=c*—3c+9<9. Suy ra:

1

1
_— oy e
@—3c+0=9

2 —-3c+9

Ap dung tuong tu cho cac s6 hang khac va cong lai:

a b ¢ a+bdb+ec 3 1
> -— —_ _—_—_—— = - = -
PEgtgTET 9 4 3
2 1
Dau “=" xay ra khi (a, b, ¢) 1a hoan vi cua (3,0,0). Vay min P = 3

2. Tim Gia tri 16n nhat (Max)

Dy doan dau “=" xay ra tai a = b = ¢ = 1. Ta chiing minh bat ding thitc phu:

1 < z-+6 Ve >0
2 —-3zx+9 49
That vay, xét hiéu:
T+6 1 _(z+6)(2*—32+9)—49
49 22-3z+9 49(22 — 3z +9)

B +322 -9 +5 (z—1)2
_ T+ -9z +5 ipe et a) >0 (Luon ding véi z > 0)
49(22 — 3z +9) 49(z? — 3z +9)
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Ap dung vao P:
a <a(c—i—6)_ac+6a
2—3c+9~ 49 49

Tuong tir va cong vé theo vé:

p< (ab+bc+ca) +6(a+b+c) ab+bc+ca+18
& 49 - 49

(a+b+c)?

Mat khac ta luén ¢6 ab+ be + ca < 3

= 3. Suy ra:

Diu“="xayrakhia=b=c=1. Vay max P = %
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Bai IV. Cho tam giac ABC (AB < AC) ¢6 BAC = 45° noi tiép duong tron (0), cac dudng cao BE,C'F
cat nhau tai H.

1. Chitng minh: OEHF la hinh binh hanh va OA = EF.
2. Goi M, N la giao diém cta duong thing BC v6i OF, OE. Chiing minh: MAN = 90°.

3. Duong thé‘ing‘ OM cat duong thaing AN tai P, duong thang ON ciat duong thang AM tai Q. Goi
I 1a trung diém ciia doan thing PQ. Chitng minh: OI vuodng goc véi BC.

Hinh 1: Hinh

L3i gidi
a) Xét duong tron ngoai tiép (O) ban kinh R, ta hién nhién c6 OA = R.

Ap dung dinh Iy sin cho AABC, ta tinh duge canh BC:

BC = 2Rsin BAC = 2Rsin45° = 2R- Y= = RV2

[

Xét AAEF va AABC. Do BE, CF la duong cao nén tit giac BFEC nai tiép, suy ra AAEF ~ AABC
(c.g.c). Ti s6 dong dang la:
V2

k= cosB//-l\Cz cos45° = o

Tt d6 suy ra do dai EF:
V2

EF=BC-I;=(R\/§)-7=R

Vay OA = EF (vi cung bang R).

Ta c6 FA= FC do AFAC vuong can, nén OF L AC. Dan dén OF//HE.
Tuong tu cho OF//HF va ta ¢6 hinh binh hanh OEHF.

b) Tam giac M AC va NAB can do OF, OF la trung truc AB, AC.

Do d6 ZNAE = ZNBE = ZHAFE —> AC la phan giac HAN, tuong tu thi AB la phan giac MAC
nén ZMAN =2/BAC = 90°.
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¢) P ndm trén trung tnge AC nén PA = PC = /PAC = PCA= HAC = PC//AH.
Tuwong tu QB//AH.
Hinh thang vuong PQBC c¢6 I la trung diém PQ = IB = IC. ma OB = OC nén 10 L BC.

Bai V.

1. Tim tét ci cac cap sé nguyén (x,y) sao cho z' — z* + = = 8y* — 124 + 6.

2. Cho bang 6 vuong 5 x 6. Ta tién hanh dién vao mdi 6 vuéng 1 x 1 ctia bang diing mot s6 thuoce tap
hop A = {1;2:3;...:n} sao cho méi s6 duge dién it nhat mot 1an, dong thai trong mdi 6 vuong
2 x 2 cuia bang ¢6 it nhét hai s6 giong nhau duge dién.

a.
b
Lai giai

Chi ra mot cach dién s6 théa man véi n = 18.

Tim gia tri lén nhit cia n dé c6 mot cach dién sé thoa man.

1. Chi ra mot cach dién s6 théoa man véi n = 18:

Ta sit dung chién thuat xen ké cac cap s6 nam ngang. Dudi day la mot cach dién théa man:

4111912143
5(1(10|12(15|3
6111111216 |3
711|132 ]|2|17)3
811113218 (3

2. Tim gia tri 16n nhat cua n:

1. Danh gia chan trén cua n:

Béang 6 vuong kich thude 5 x 6 ¢6 tong cong 5 x 6 = 30 6.
S6 Iugng hinh vuong con 2 x 2 trong bang la: (5 —1) x (6 — 1) = 4 x 5 = 20 hinh vuong.

Dé s6 higng cac s6 khac nhau n 1a 16n nhat, ta can han ché s6 lan lap lai ctia cac s6. Goi k 1a
s6 hwgng cac s6 "du ra" (s6 lan lap lai) so véi viée dién 30 s6 khac nhau. Khi dé: n = 30 — k.

Xét dieéu kién bai toan: "Méi 6 vuong 2 x 2 ¢6 it nhat hai s6 gidng nhau". Diéu nay nghia la
trong moi hinh vuéng 2 x 2 phai chita it nhat mot cap 6 ¢6 gia tri bing nhau.

Ta nhan thay: Mot cap 6 ¢6 gia tri bing nhau nim ké nhau (chung canh) ¢6 thé thuae vé téi
da 2 hinh vuoéng 2 x 2 (hinh vuéng bén trai/phai hoac trén/dudi né). Néu cip 6 khong ké
nhau, kha nang "phta" hinh vuong 2 x 2 con it hon (chi 1 hoac 0).

Dé théa man 20 hinh vuong 2 x 2, s6 lugng cap s6 lap lai téi thiéu can thiét la:

2k>20=k2>10

Suy ra gia tri 16n nhat cta n la:

Nmax = 30 — 10 = 20
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Két luan: Gia tri 16n nhat ciia n la 20.



