TRUGNG THPT CHUYEN DE KHAO SAT HQC SINH GIOI
HA NOI - AMSTERDAM MON: TOAN 9
TO TOAN - TIN Nim hoe: 2025 — 2026
Thoi gian lam bai: 150 p/uit

Bai I (5,0 diém)
1) Giai phuong trinh 3(z —1)(z —7) +4avz+1 =0.
2) Véi céc sb thuc a,b,c,d,e, f khic —1, thda man be+cf =d; ¢f +ad =¢; ad +be = f va

a b ¢
+ + a
a+1l b+1 c+1

d + e+ f = 0. Tinh gi4 tri cia biéu thirc P =

Bai Il (4,0 diém)

1) Véi s6 nguyén duong n théaman 5n + 6 va 6n + 346 déu 1 sé chinh phurong, chirmg minh ring
23n — 2025 chia hét cho 88.

2) Tim céc s6 nguyén duong 2,y théa man (z 4+ )" = 2025z + 162.

Bai 111 (3,0 diém)

1) Mét khu dén cur du dinh lap dit céc tru sac cho xe dién dé dam béo tong cong suét tir 1000 kW
trd 1én. C4 hai [oai try sac: tru sac AC c0 cong sua“}t.22 lgW, gid lap dat 1a 65 triéu df‘mg moi try; tru sac
DC cd cdng suat 30 kW, gid lap dat 1a 90 tri€u dong m6i tru. Hoi khu dén cu nén lap dat bao nhiéu tru
sac moi loai dé tong chi phi la nho nhat? ) )

2) Vi cac so thuc khong am a,b,c thod man a + b + ¢ = 2, tim gia tri I6n nhat va gid tri nho nhat
ctia biéu thirc P = \/a'2 +bec + \/b2 +ca + \/02 + ab.

Bai IV (6,0 diém)

Cho tam gidc ABC nhon, khong c4n, ndi tiép dirdng tron (0), céc dudng cao AD,CE cét nhau tai
H . Pudng thing BO cit HC,HD twong img tai P,Q. Goi I la tim dudng tron ngoai tiép tam gidc
QHP.

1) Chirng minh BO vudng goc v6i DE.
2) Chiing minh IQ- BC = HP-0OA.
3) Goi M la trung diém AC. Chimg minh B,I,M thing hang.
Bai V (2,0 diém)
1) Chimg minh ring tdn tai sé nguyén k d& cé it nhat 2025 cip sb nguyén duong (2,7) théa man

2t —x=19"—k.
2) Mot tdp hop S chira hitu han céc sb nguyén dwong dugc goi 13 co mirc @ n néu vdi moi

a,b € S,a = b,1aluén céd nla—b| >ab.

a) Tim mét tap hop mirc dj 5 c6 diing 4 phén tir.

b) Tim s0 phan tir I6n nhat ctia mot tap hop mure dé 25.

Hét
Cadn bé coi thi khéng gidi thich gi thém.
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Chuong

KIEM TRA DOI TUYEN AMSTERDAM

[ Baitap 1 ] (LM Olympic - Ha N&i Amsterdam - Bai 1)
@ Giai phuong trinh

(z—1)(z—T7)+4zvz+1=0.
@ Véi cac s6 thyc a, b, c,d, e, f khac —1, théa man be +cf = d, cf +ad = e, ad +be = f
va d+ e+ f # 0. Tinh gia tri ctia biéu thic
a b c

P= )
a+1+b+1+c+1

(£ Loi giai.
@ Diéu kién xac dinh: z > —1.

Ta c6 32 — 24z + 21 +42vz +1=0
Hay —2% +4zvz +1— (2 +1) +42%> — 252 +20 =0 hay (22 —5)>  — (z — 2z +1)® = 0.
Tt dé 2z —5—z+2vVr + )2z -5+ 2z —2vx + 1) =0.
Néu2z—5—z+2Vz+1=0thiz—5+2Vz+1=0hay z =7 — 2V/7, théa man.
Néu 2z —5+2—2vVz+1=0thi 3z —5—2vx+ 1 =0 hay z = 3, théa man.
Vay phuong trinh ¢6 hai nghiem la z = 7 — 27 va z = 3.

@ Néue=0thicf =d,cf+ad=0,ad=fnénd+ f=0,rad+e+ f =0, vd Iy.
T dé e # 0, tuong tu d, e, f # 0.

Tacébezmnénbzwhayb+1:m_
2e 2e
Do 86 — =d+f_e,tu:0ngtuc6P=(d+f_e)+(f+€—d)+(e+d—f)=1.
b+1 d+f+e d+e+ f
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[ Baitép 2 ] (LIM Olympic - Ha N&i Amsterdam - Bai 2)

@ V6i 6 nguyén duong n théa man 5n + 6 va 6n + 346 déu la sé chinh phuong, chiing
minh rang 23n — 2025 chia hét cho 88.

@ Tim cac s6 nguyén duong x,y théa man
(z +y)" = 2025z + 162.

@ Ldi giai.

(1) ® Dé y s6 chinh phuong chia 8 du 0,1,7.
Khi d6 5n +6 =0,1,7 (mod 8) nén 5n = 2,3,1 (mod 8) hay n =2,5,7 (mod 8).
Lai ¢6 6n + 346 = 0,1,7 (mod 8) va day 1a s6 chn nén n = 1 (mod 4).
Tt d6 n =5 (mod 8).

& Dé y s6 chinh phuong chia 11 du 0,1, 3,4,5,9.
Khi d6 5n +6=0,1,3,4,5,9 (mod 11) nén n = 1,10,6,4,2,5 (mod 11).
Lai ¢6 6n+346=0,1,3,4,5,9 (mod 11) nén n =1,3,7,9,0,8 (mod 11).
Tt dén=1 (mod 11).
Vi vay n = 23 (mod 88) nén 23n — 2025 = 0 mod 88 hay 23n — 2025 chia hét cho 88.
@ Néu x > 4 thi 2025z + 162 = (z + y)7 > 2" = 282 > 4% = 4096z hay 162 > 2071x, vo ly.

Tu d6 z < 3 nén z € {1,2,3}, thay vao ¢c6 z = 1 va y = 2 13 nghiém duy nhét théa man.
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Chudng 1. Kiém tra Déi tuyén Amsterdam %%%LIM'EDU
3 3

[ Baitép 3 ] (LM Olympic - Ha N&i Amsterdam - Bai 3)

@ Mot khu dan cu dy dinh ldp dit cac tru sac cho xe dién dé dam bao tdng cong suit
tir 1000 kW trd len. Co6 hai loai tru sac:
& Tru sac AC: cong suat 22 kW, gia 65 trieu dong/tru.
& Tru sac DC: cong suat 30 kW, gia 90 trigu dong/tru.
Héi khu dan cu nén lip dat bao nhiéu tru sac méi loai dé tong chi phi 1a nho nhat?
@ V6i céac s6 thyc khong am a, b, ¢ théa man a + b + ¢ = 2, tim gia tri 16n nhat va nho
nhat ciia biéu thiic

P = Va2 + be+ Vb2 + ca+ V2 + ab.

(£ L&i giai.
@ Goi z 1a s6 tru sac AC va y 1a s6 tru sac DC, v6i z,y 1a cac s6 ty nhien.
Khi dé6 22z + 30y > 1000, ta can tim gia tri nhé nhat cia 65z + 90y.
Lic nay ta quy bai todn vé thanh bai toan mdi: V6i x,y la cac s6 ty nhién thoéa man
11z + 15y > 500, tim gi& tri nhé nhat cia P = 13z + 18y.

13 198 13 3 13 3 13.500
= = — —_— = — > —_— > _ —_— >
P =13z + 18y I <11a:+ 13 y) 11 <11.’L+ 15y + 13y> =5 <500+ 13y> Z 1
Dé ¥ P la s6 tu nhién nén P > 591.
3 591 — 18
Néu P = 591 thi 13z + 18y = 591 hay = = Ty
Thay vao 11x 4 15y > 500 ta c¢6 6501 — 3y > 6500 hay 3y < 1 hay y = 0, thay vao ta c6

591 2
&= 5Tl khong la so ty nhién, vo ly.

Tu d6 P > 592, ta sé chitng minh day 1a gia tri nhoé nhat ctia P.
V6i P =592 ta ¢6 13z + 18y = 592 nén = = %_318‘/
Thay vao 11z + 15y > 500, ta c6 y < 4.
Lan lugt thay y € {0,1,2,3,4} ta thu duge = = 40,y = 4.
Do d6 khu dan cu nén lap 40 tru sac AC va 4 tru sac DC.
(2) Taco P> Va2 + Vb2 + Ve = a+ b+ ¢ = 2, déu biing chéng han khia =b=1,¢ = 0.
Con vé gié tri 16n nhét, khong mat tinh tong quat gia st a > b > c.
Khi d6 P < Va2 + ac + Vb + ca + Vbe + ab.

C6 Vb2 + ca+Vbe + ab < \/2(b2+ca+bc+ab) = \/(2b+20)(a—|—b) <
a+ (a+c)
N 2 = el il M
Con va? + ac=1/a(a+c) < 5

Do d6 P < g(a—f-b—}-c) = 3, dau bang chang han khi a = 2,b = ¢ = 0.

(26+2c) + (a+b)
2

Tu d6 P dat gia tri nho nhat bang 2 va dat gia tri 16n nhéat bang 3.
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&i tap 4 | (LM Olympic - Ha N&i Amsterdam - Bai 4)

Cho tam giac ABC nhon, khong can, noi tiép duong tron (O), cdc dudng cao AD,CE cit
nhau tai H. Dudng thing BO cit HC, HD tuong tng tai P,Q. Goi I la tam dudng tron
ngoai tiép tam giac QHP.

@ Chiing minh BO vuong géc véi DE.

(2) Chiing minh /Q.BC = HP.OA.

@ Goi M la trung diém AC. Chitng minh B, I, M thing hang.

@ Loi giai.

@ Ké duong cao BF cua tarillgi\éc ABC. Do tit gidc AEDC noi tiép duong tron duong kinh
AC nén BDE = BAC = % —00° — OBC (do tam giac BOC can tai O).
Nén DBO + BDE = 90° hay BO L DE.

(2) Tac6 HQP = HBO+ BHD = FBC — OBC + BHD = 90° — ACB — (90° — BAC) + ACB
— BAC — ACB+ ACB = BAC.

Tit d6 ta c6 HIP = 2HQP = 2BAC = BOC = AHIP »» ABOC =
HIBO=0BHP = 1Q.BC =0AHP.

@ Ké tiép tuyén tai B cua (O) cat AC tai T. Do tit giac BTMO noi tiép dudng tron dudng
kinh 7O nén OBM = OTM.

Chitng minh tuong ty cau b ta ¢ FP\Q = A/C’\B, nén FP\Q = B/IR) = @ + B/H?) =
90° — QITH +HPOQ = 90° = BH la tiép tuyén ciia (I).
Tt d6 ta c6 AHPQ «» ABCA va c6 cac diéem B, I va T, 0 6 hai vi tri tuong tng nhau nén

ta d& c6 AIBP v AOTC = IBP = OTM = OBM.

HI _ BO
HP  BC
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Tit d6 ta c6 PBI = PBM ma BI, BM cing nim trong OBA nén B, I, M thing hang.

[ Baitap 5 ] (UM Olympic - Ha N&i Amsterdam - Bai 5)

@ Chiing minh réng ton tai sé nguyén k dé c6 it nhat 2025 cap s6 nguyén duong (z,y)
thoa man

-z =y =k
@ Mot tap hgp S chita hitu han s6 nguyén duong duge goi 1a ¢c6 mite ddé n néu véi moi
a,be S (a #b), taluon c6
nla — b| > ab.
a) Tim mot tap hop mitc dd 5 c¢6 ding 4 phan tii.
b) Tim s6 phan tit 16n nhéit ctia mot tap hop mic do 25.

@ Loi giai.
(1) Ta c6 4a® — 4z +1 =4y*> — 4k + 1 nén (2y)® — 2z — 1) = 4k — 1.
T dé (2y— 22+ 1)(2y+ 22 — 1) =4k — 1.

Ta thiay néu 4k — 1 = a.b v6i a, b 1a s6 nguyén duong nao d6 va a < b.

b b—a—2
Khidé2y—2x+1=av82y+23:—1=bsuyray=a+ vax=+.
Khi d6 néu trong hai s6 a, b c6 mot s6 chia 4 du 1, mot s6 chia 4 du 3 thi z, y nguyén duong.

34049+1

—

Tacé duge (2y —2z+1)(y+22—1) =3 khid6 2y — 22+ 1=3*va 2y +22—-1=3"
véi u < v 1a cac s6 tu nhién va u 4+ v = 4049.

Lic nay ta c6 thé nghi t6i viec chon 4k — 1 = 3% hay k =

P —-3*-2 3* 4+ 3
Suy rax = —a By = Z v6i moi u € {0,1,...,2024} va v = 4049 — u.
D@ thay u,v khac tinh chdn 1é va v > u nén cic nghiém (x,y) trén la nguyén duong.
34049 | |
Tu do6 véi k = T+ thi phuong trinh c¢6 ding 2025 nghiém nguyén duong.

(2) a) D& thay S = {1,2,4,20} théa méan yéu ciu dé bai.
b) Gid st ton taiz,y € Smaz >y >25. Khidéoz —y = |z —y| > % >z, vo ly.
Tu d6 S chiia nhiéu nhat mot phan tit 16n hon bang 25.
Gia stt S c6 n phan tit z1 < ... < T,.

i 251 ; 625
Khi d6 v6i moi i > j tacéxi—sz%hayxiz 25_%% :—25+25_xj.
P 625 625 .
Tacox22—25+25_3:1 2—25+25_1 >1,do d6 zy > 2.
625

Lai c¢6 z3 > —25 + > 2 nén x3 > 3.

TlIdng tu Iy Z 4) Ts 2 57"176 Z 77 Z7 Z ]-07 Iy Z 177 Ty 2 54.

Tit day suy ra S c6 nhiéu nhat 9 phan tit, chang han S = {1,2,3,4,5,7,10, 17, 54}.
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