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1 GOC LUGNG GIAC

I. GOC LUGNG GIAC

Khi xét chuyén dong quay clia mot tia Om quanh géc O <
ctia n6 tinh tit vi trf ban dau Oa theo chiéu ¢ dinh, nguoi ta Y \-

quy udc chiéu quay ngude nguge chiéu kim dong ho 1a chieu

duong va chiéu quay cling chiéu kim dong ho 1a chiéu am. 0

Mot vong quay theo chiéu duong tuong ting goéc quay 360°, mot vong quay theo chiéu

am tuong ting véi goc quay —360°. Khi tia Om quay:

> . 1
e nita vong theo chieu duong, ta néi Om quay goc 5.360o = 180°.

—

N 1
e — vong theo chieu duong, ta néi Om quay goc 6.360o = 60°.

(@2 e

. 5
e — vong theo chieu am, ta néi Om quay goc Z'(_36OO) = —450°.

=~

1) Khai niém géc lugng giac

Cho hai tia Oa, Ob :
e Néu mot tia Om quay quanh géc O clia n6 theo mot chiéu c¢d dinh bat dau
tir vi tri tia Oa va ditng 6 vi tri tia Ob thi ta néi tia Om quét mot goc lugng
gidc ¢ tia dau Oa, tia cudi Ob, ki hieu (Oa, Ob) = a.
e Khi tia Om quay mot goc a, ta néi s6 do ctia goc lugng giac (Oa, Ob) bang

a, ki hieu sd(Oa, Ob) = a.

L\ Luu Y. V6i hai tia Oa va Ob cho trude, c6 vo s6 goc luong giac tia dau Oa va tia

cubi Ob. Ta dung chung ki hieu (Oa, Ob) cho tat ca cac goc lugng giac nay.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

@ Nhan xét: S6 do clia cac goe luong gide c6 cing tia dau Oa va tia cudi Ob sai khéc
nhau mot boi nguyén ciia 360° nén c6 cong thiic tong quat la:
sd(Oa, Ob) = a° + k360° (k € Z), thuong viét 1a (Oa, Ob) = a° + k360°

v6i a® 1a s6 do clia mot goc luong gide bat ki c6 tia dau Oa va tia cudi Ob.

Cho MON = 60°. Xéc dinh s6 do clia cac géc luong giac dude biéu dién trong hinh bén

va viét cong thiic tong quat ctia sé do goc lugng giac (OM, ON).

L & -

[} Hao?(zi a/(f/zéﬁiézl

i 56 do goc lugng giac (OM,ON) trong a) la 60°.
i SO do goc lugng gidc (OM, ON) trong Hinh b) 1a 60° + 2.360° = 780°.

1 56 do goe lugng gide (OM,ON) trong Hinh ¢) 1a 60° - 360° = -300°.
Cong thitc tong quat 1a (OM, ON) = 60° + k360°(k € Z).

(e, , 7

(1) Cho géc hinh hoc uOv = 45°. Xac dinh s do ciia cdc goc luong gide duge biéu

dién trong hinh bén va viét cong thiic tong quat ctia sé do goc lugng giac (Ou, Ov).

v v
o] u 0 Y
a) b)
(L4
Cho go6c hinh hoc uOv ¢6 s6 do 60°. Xac dinh s6 do ctia goc v
lugng giac (Ou, Ov) va (Ov, Ou). \
+
60°
O u

> Biin souns Nys Die [t - B Zulo: 0889 977 004



(& Bai 1. Géc luong gise

Trong cac khodng thoi gian tit 0 gio dén 2 gio 15 phiat, kim phit quét mot goc lugng gidce

bao nhiéu do?

[} /‘[u‘o/ny J(Z‘)%Zdzﬁ

Goi Om, On la cac tia bieu dién cho vi trf ctia kim phit lan lugt tai 0 gio va 2 gio 15 phit.
Khi d6 kim phiat da quay hét 2 vong va di tiep 1 vong cua dong ho.

Ma kim phit chuyén dong theo chiéu am nén ta co
1
(Om, On) = ;- (~360°) + 2+ (~360°) = ~810°.
Vay kim phit da quét hét mot goc luong gide 1a —810°.

2) Heé thic Chasles (Sa-1o)

Véi ba tia Oa, Ob, Oc bat ki ta c6
(Oa, Ob) + (Ob,Oc) = (Oa, Oc) + k360°, k € Z.
| Nhan xét: Tt he thic Chasles, v6i ba tia Oa, Ob, Oc bat ki, ta c6

(Ob,Oc) = (Oa, Oc) — (Oa,Ob) £360° (k € Z).

Cho mot goc lugng giac (Ox, Ou) c6 s6 do —270° va mot goc luong gidc (Oz, Ov) c6 s6 do

135°. Tinh 86 do ctia cac goc lugng giac (Ou, Ov).

() Hmf% (/d/i/mm S6 do clia cac goc hugng giac tia dau Ou, tia cudi Ov la

(Ou, Ov) = (Ox,Ov) — (Ox,Ou) — k360°
= 135° — (—270°) — k360° = 405° — k360°
= 45° + (1 — k)360° = 45° + m360° (m=1—k, m € Z)

Vay céc goc lugng giac (Ou, Ov) c6 s6 do 1a 45° + m360°  (m € Z).
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Trong hinh bén, chiéc quat c6 ba canh duge phan bo déu nhau. Vi
Viét cong thiic tong quat sé do clia goc lugng giac (Ox, ON) va et [~
(Ox,OP). [,, N \\\
'\ —50° | T
P \\ //
el -TM

[} Hwo‘% din oiéi. Chibe quat c6 ba canh duge phan bé déu nhau nén
MON = NOP = POM = 120°.
e VGi ba tia OM,Ox va ON, ta co6:
(O, ON) =(Ox,OM) + (OM, ON) — k1360°
— 50° 4+ 120° — k1360° = 70° — k1360° (k1 € Z)
e V6i ba tia Ox, ON,OP, ta co:
(Ox,0P) =(0z,0N) + (ON, OP) — k2360°
=70° 4 120° — k2360° = 190° — k2360° (k2 € Z)

(]

(3) Cho mot goc lugng gide Oz, Ou c6 s6 do 240° va mot goc luong giac (O, Ov)
c6 s6 do —270°. Tinh s6 do goc lugng giac (Ou, Ov).

Il. DON VI RADIAN

1) Don vi radian

Trén duong tron ban kinh R tity ¥, géc & tam chan mot cung c6 do dai ding bang

R duge goi 1a mot goc ¢6 s6 do 1 radian (doc 1a ra-di-an, viét tat 1a 1 rad).

Ta c6 cong thitc chuyén ddi s6 do géc tit don vi radian sang do va ngudge lai nhu sau:

mTa o
o _ 1

™
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(& Bai 1. Goc luong giac

D6i s6 do céac goc sau day tit don vi radian sang don vi do hoac ngudc lai:

a) —30° b) % rad. c¢) 12 rad.

fgxfiu627zZi%;ndL

307 T
—30° = -2~ = —~ rad.
a) —30 180 G 8
1 e}
b) T rad = 1@ = 15°.
12 12° 7
180\ ° 2160\ °
c) 12 rad = (12.@) — (ﬂ) ~ 687,55°.
T v
L\ Luuy.

a) Khi ghi s6 do cia mot goc theo don vi radian, ngudi ta thuong bé di chit rad
sau so6 do. Vi du, g rad duge viét 1a g, 2 rad dudgc viét 1a 2.
b) V6i don vi radian, cong thiic s6 do tdng quat clia géc lugng giac (Oa, Ob) 1a
(Oa,0b) = a+ k2r (k€ Z),
trong d6 o 1a s6 do theo radian clia mot goc luong giac bat ki c6 tia dau Oa
va tia cudi Ob. Luu y khong dugce viét a + k360° hay o + k27 (vi khong cuing

don vi do).

Dudi day 13 bang tucng ting giita sb do bing d6 va sé do bing radian

cla cac goc dic biét trong pham vi tir 0° dén 180°.

bo 0° | 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
21 3T 5T

Radian | 0

o
N

ol 2
Do | 5
|
|
|
3

a) Doi tit do sang radian cac s6 do sau 360°; —450°.
117

b) Dai tit radian sang do cac s6 do sau 3, —

2) D& dai cung tron
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Mot cung tron ban kinh R va c6 sd do a rad thi c6 do dai

| = aR.

- L ox o4 2
Trén mot duong tron c¢6 ban kinh 7,2 m. Tim do dai ctia cung ¢6 so do %

N . 2
[} Ha’o‘% (/[‘é/z// ‘i, Do dai cua cung [ = ?ﬂ.ﬁ 2 =4,87 (m).

Mot btic tuong ctia mot ngoi nha ¢6 dang nhu Hinh bén,

trong d6 cung AB la mot cung ctia duong tron tam C', ban

kinh AC. Tinh chu vi ctia biic tuong.

[} Hwo/n(f din gidi.
Goi diém H, K nhu trén hinh.
Taco AB=18m, HK = 18m,CK = 9m.
Do d6 R = AC = BC = VBK? + KC? = v/52 + 92 = /106 m.

Xét tam giac BKH vudng tai K co:
BK 5
K_ngia%0’507 (rad)
Suy ra § =7 —2a =7 — 2,507 =~ 2,218 rad.

tana =

Cung AB ¢6 do dai la 1 =60.R =2,218.4/106 ~ 21,91 (m).
Vay chu vi biic tuong 1a C' = 21,91+ 5+ 5+ 18 = 49,91 (m).

s

Mot may kéo nong nghiép véi banh xe sau ¢6 duong kinh 1a 184
cm, banh xe trude c6 dudng kinh 14 92 cm, xe chuyén dong véi

van toéc khong doi trén mot doan dudng thang. Biét ring van

téc clia banh xe sau trong chuyén dong nay la 80 vong/phiit.
a) Tinh quang duong di dugc ciia may kéo trong 10 phut.
b) Tinh van téc clia méy kéo (theo don vi km/gio).

c¢) Tinh van téc ctia banh xe trude (theo don vi vong/phat).
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(¢ Bai

1. Géc luong giac

I1l. DPUGNG TRON LUGNG GIAC

Trong mit phang toa do Ozy, cho dudng tron tam
O ban kinh bang 1. Trén duong tron nay, chon diém
A(1;0) lam gbc, chiéu duong la chiéu nguge chiéu
kim dong ho va chiéu am 1a chiéu cling chiéu kim
dong ho. Duong tron ciing v6i géc va chiéu nhu trén
dugce goi la dudng tron lugng giac.
Cho s6 do goc a bat ki. Trén duong tron lugng gidc, ta xac
dinh dugce duy nhat mot diém M sao cho s6 do goc luong giac
(OA,OM) = a. Khi d6 M dugc goi 1a diém biéu dién ctia goc

c6 s6 do « trén duong tron lugng giac.

_|_
>\Y\A(1;0)

/i

/y
\J

L\ Luvu Y. Hé truc toa do Ozy chia mat phéng toa do thanh bén "goéc phan tu" ki

hiéu lan luot 1a LITLIII va IV nhu hinh bén.

EVids)) kv vn

Biéu dién tren duong tron luong giac cac goc luong gidc c6 s6 do la:

o 197
a) —1485 19m
b) T
a) Ta c6 —1485° = —45° + (—4).360°.
Biéu dién géc trén duong tron luong giac ta dugc:
Y

—45°

S
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

1970 3«
b) Tac6 — = —
) Ta c6 1 1

Biéu dién géc tren duong tron luong giac ta duge:

+ 2.

Y

/
>

B 521 Tér

Tréc nghiém

> Cau 1. Dai s6 do clia goc 108° sang don vi radian
3 s 3T T
® < - ® © = ® 7
¢S Cau 2. Néu mot cung tron c6 sé do 1a a° thi s6 do radian ciia né 1a

@ 1807a . 180 o T

a 180 180
¢ Cau 3. Tréen duong tron cung c6 s6 do 1 rad 1a

(A) Cung c6 do dai bing nita duong kinh .

Cung c6 do dai bang duong kinh .

(©) Cung c6 do dai bang 1 .

(D) Cung c6 do dai tuong ting v6i goc & tam 60° .

. 7 B
¢S Cau 4. Goéce c6 so do —Iﬂ thi c6 so do 1a

(A) —315° . —630° . ©) 315°. (D) —135° .
> Cau 5. Doi s6 do clia goc % sang don vi do

@) 6° . ®) 15°. ©) 10° . D) 5° .
¢ Cau 6. Cho goc lugng giac (Ou, Ov) c6 s6 do 1a —%, goc lugng giac (Ou, Ow) ¢6 s6 do
bang ??TW Tim s6 do ciia cac goc lugng giac (Ov, Ow).

T i kor kel . kr kel .
2
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(& Bai 1. Géc luong gise

© r+k2mkeZ. D) km,ke€Z .
¢S Cau 7. Tinh do dai [ clia cung trén duong tron c¢6 s6 do 17T—6 va ban kinh bang 20cm.

(A) I = 2,94cm . [ = 3,39cm.
(© 1 =1,49cm . (D) I = 3,93cm .
¢ Cau 8. Goc lugng giac c6 s6 do a rad thi moi goc lugng gidc cling tia dau va tia cudi

v6i n6 c6 s6 do dang nao trong cac dang sau?

A) o+ k180° . B) a+ k360°. © a+kr . ® a+kr.
¢S Cau 9. Tren duong tron lugng giac, cho goc lugng giac c6 s6 do g thi moi géc lugng
gidc c6 cuing tia dau va tia cudi véi goc luong giac trén déu co sd do dang:

k

® g , g + 7” kel

@%M%,kez. @ngknr,keZ.
¢ Cau 10. Cho goc luong gidc (Ou, Ov) ¢6 s6 do theo radian 1a g Cac goc lugng giac sau

day c6 cling tia dau Ou, héi géc ndo c6 tia cudi Ov?
27 27 T o
O ® -3 O3 O
¢S Cau 11. Tren duong tron lugng giac, so6 do clia goc luong ~

giac (OA,OB') la \ .
_z _ﬁ A l:O'JJf/_ \ﬂm S0y
® . T © ®

{ -
\ [7] |

N/

B0 -1)

N
N

¢S Cau 12. Goc lugng gidc (Ox, Ot) ¢6 mot s6 do 1a g + 20177, s6 do tong quat clia goc
lugng giac (Ox, Ot) la

@g+k27r,k:eZ. g+k7r,k€Z.
3—7T+k27r,kEZ. 3—7T+]€7T,/€€Z.
2 2

$® Cau 13. Cho goc lugng giac o = (OA,0OB) = g Trong cac goc lugng giac sau, goc nao

c6 tia dau va tia cudi lan lugt trung véi OA, OB?

67 117 3lm 97
O ® -5 ©5 ©F
20067

O Cau 14. Néu s6 do goc lugng giac (Os, Ot) = thi 6 do goc hinh hoc sOf bing

o

s 47 97
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

$© Cau 15. Banh xe dap ctiia ngusi di xe dap quay duge 2 vong trong 5 giay. Hoi trong 2
giay, banh xe quay dugc mot géc bao nhiéu do?
) 8 5 3
@gﬂ'. 57T. @gﬂ @gﬂ
¢ Cau 16. Tren hinh vé hai diém M, N biéu dién céc cung c6 gy
s6 do la: A ﬁ: 4

N
@%+k27r. ——+k7r © = +lm. @g—i—kg. \hz’/

g

> Cau 17. Khing dinh nao sau day la ding khi noéi vé “dudng tron dinh huéng’?

(A) M6i duong tron 1a mot duong tron dinh hudng.

Mbi dusng tron da chon mot diem la goc déu 1a mot duong tron dinh huéng .

(©) Méi dusng tron da chon mot chiéu chuyén dong va mot diém 1a gde déu 1a mot dusng
tron dinh huéng .

(D) Mdi duong tron trén d6 ta da chon mot chidu chuyén dong goi 1a chidu duong va chidu
ngudc lai dude goi 1a chiéu am 1a mot duong tron dinh hudéng.

¢ Cau 18. Quy ude chon chiéu duong ctia mot duong tron dinh huéng la:

(A) Luon ciing chiéu quay kim dong ho .

Luon ngude chiéu quay kim dong ho .

(©) C6 thé cuing chiéu quay kim dong hd ciing c¢6 thé 1a ngugde chiéu quay kim dong ho .
(D) Khong cling chiéu quay kim dong ho va ciing khong nguge chidu quay kim dong ho .

$® Cau 19. Khing dinh nao sau day la ding khi néi vé “dudng tron lugng giac™?

(A) Mbi duong tron la mot duong tron lugng giac .

Mbi duong tron ¢6 ban kinh R = 1 14 mot duong tron lugng giac .

(©) Mdi duong tron c¢6 ban kinh R = 1, tam trung véi goc toa do 1a mot duong tron lugng
giac .

(D) M&i duong tron dinh huéng c6 ban kinh R = 1, tam tring v6i goc toa do 1a mot

duong tron lugng giac .

& Cau 20. Tréen duong tron lugng giac goc A, cho diém M xéac dinh béi sdAM = g Goi

M; la diem déi xtng ciia M qua truc Oz. Tim s6 do cung luong gidc AM;.
5%

@A) —— +kor . g—l—kQﬂ.

3

@—g+k27r. @g—l—lm.
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(& Bai 1. Géc luong gise

¢ Cau 21. Xac dinh s6 do clia géc lugng giac dude bieu dién %

trong hinh bén.

@) 405° . 385°. © —405° . (D 45°. ‘ﬁ\

> Cau 22. Xac dinh s6 do ctia goc luong giac duge bicu dién
trong hinh bén.
45"
(A) 45° . —315°. (©) 405° . (D) 315° . -

¢ Cau 23. Xac dinh s6 do clia géc lugng giac dude bicu dién

trong hinh bén. \
N
(A) 450° . —450°. (O 810° . (D) 90° . 0

$> Cau 24. Mot chiée dong ho c6 kim chi gis OG chi s6 9 va
kim phtat OP chi s6 12. S6 do cac goc luong gide (OG, OP)

(A) —270° + k360°,k € Z . —90° + k180°,k € Z .

(©) 90° + k360°, k € 7Z . @ 270° 4+ k360°, k € Z .

¢ Cau 25. Trén duong tron lugng giac goc A cho cac cung c6 s6 do:

() % (any -~ (I11) 1?’77? (v) — A7

Héi cac cung nao c6 diém cubi tring nhau?
@ (I) va (IT) . (I), (IT) va (III) .
(© (I0),(I11) va (IV) . ® (1), (I1) va (IV) .
$> Cau 26. Mot chiéc banh xe c6 72 rang, s6 do goéc ma banh xe da quay duge khi di

chuyén 10 rang 1a

@) 50° . 60° . © 70° . D) 120° .
¢ Cau 27. Sau khoang thoi gian 4 gio kim gis sé quay duge mot goc 1a
T 2m 3 s
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

O Cau 28. Trong 20 giay banh xe clia xe gan may quay dude 60 vong. Tinh do dai quang
duong xe gan may da di dugc trong vong 3 phut, biét rang ban kinh banh xe gan may bang
6,5cm (lay m = 3,1416).

(A) 22043 cm. 22055 cm. (©) 22042 cm. (D) 22054 cm.
$© Cau 29. Mot banh xe dap quay duge 25 vong trong 10 giay. Tinh do dai quang dudng

ma nguoi di xe thie hien duge trong 2,35 phit, biét rang ban kinh banh xe bang 340 mm.

(Tinh theo don vi mét, két qua duge lam tron dén hang phan tram.)

() 314,5m. 753,04 m. (©) 514,8m. (D) 437,8m.
¢ Cau 30. T mot vi tri ban dau trong khong gian, vé tinh X chuyén dong theo quy dao
1a mot duong tron quanh Trai Dat va luon cach tam Trai Dat mot khodng bang 9200 km.
Sau 2 gid thi vé tinh X hoan thanh hét mot vong di chuyén. Quang duong vé tinh X chuyén
dong duge sau 1 gic la bao nhiéu km?

(A) 28902,65 . 29802,65 . (©) 32102,65. (D) 28905 .

¢ Cau 31. Mot chiée du quay c6 ban kinh 75m, tam clia vong

quay 6 do cao 90 m, thoi gian thiye hién moi vong quay ctua du

quay 1& 30 phut. Néu mot ngudi vao cabin tai vi tri thap nhat

cua vong quay, thi sau 20 phiat quay, ngusi dé6 ¢ do cao bao

nhiéu mét?

(A) 127, 5m. 1543m. (©) 87,7m. (D) 57,5m.

> Cau 32. Tren dudng tron luong giac goc A, cung lugng giac nao co cac diém biéu dién

tao thanh tam giac déu?

OF 2 k. © . © &
> Cau 33. Tren duong tron luong giac goc A, cung lugng giac nao co cac diém biéu dién

tao thanh hinh vuéng?

® 5. k. © . © &

> Cau 34. Khing dinh nao duéi day ding?
() Biéu dién goc lugng giac 125° trén dudng tron lugng giac thude goc phan tu thit 1T .
Biéu dién goc luong giac 125° trén dudng tron luong giac thudc géc phan tu thi 111 .
(©) Biéu dién goc luong gidc 125° trén dudng tron lugng gidc thude goc phan tu thit IV .

(D) Biéu dién géc lugng gidc 125° trén dudng tron lugng giac thuoe géc phan tu thit I .
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(& Bai 1. Géc luong gise

Tu luén

& Bai 1. Ddi s6 do cac goc sau sang radian hoiic ngudc lai:

o 3 © —
a) 38 ) (_) e) —5
1no d) — .
b) —110 ) 15 5
& Bai 2. Biéu dién s6 do cac géc sau trén duong tron luong giac:

177w 137

o 4
a) 3 b) ; c) —765°. d) 48

T
& Bai 3. Xéc dinh s6 do ciia cac goc luong gide duge biéu dién trong méi hinh duéi day.

Biét trong cac Hinh a), b), ¢) c6 AOB = %; trong cac hinh d), e), g) ¢6 CID = 82°.

& Bai 4. Hay tim s6 do a cta goc lugng giac (Om,On), véi —m < a < 7, biét mot goc

lugng giac cung tia dau Om va tia cudi On c6 s6 do la:

a) 25T —om 397 d) 2023

. b) TR 0)8

& Bai 5. Cho mot goc lugng gidc c6 sd do 1a 375°.
a) Tim s6 16n nhat trong cac s6 do clia goc lugng gidc cung tia dau, tia cudi véi goc do
ma c6 so6 do am;
b) Tim s6 nhé nhat trong céc sé do clia goc lugng giace cung tia dau, tia cudi véi goc do
ma c6 s6 do duong.
& Bai 6. Viét cong thitc tong quat ciia s6 do géc lugng giac (Om, On) vé a®+k360°, (k € Z),
v6i 0 < a < 360, biét mot goc luong giac véi tia dau Om, tia cudi On c6 s6 do:

a) 1935°; b) ~450°; c) ~1440°; d) 754,5°.

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 7. Trong hinh bén, mam banh xe 6 t6 dugc chia thanh
nam phan bing nhau. Viét cong thiic s6 do téng quat clia goc

lugng giac (Ox, ON).

& Bai 8. Tren duong tron lugng giac, hay biéu dién cac géc lugng gidce c6 s6 do c6 dang:

a)gwm(/er) b) k%(k;eZ) c)%Jrlm(keZ). d)%ntkg(keZ)
Y

& Bai 9. Vi tri cac diém B, C, D trén canh quat dong co may /,»-B\\

bay trong Hinh bén c6 thé bi¢u dién cho cac géc lugng gidc / N

nao sau day? I, 9 \}AI
T 27 -7 2m T m \ /
—+k—(keZ), —+k—(keZ);, —+k=(keZ \ )/
5 TR (ke )y = +hko(kel); 5 +ka(kel) AU

& Bai 10.

a) Goc lugng gidc —245° 6 cling diém biéu dién trén dudng tron lugng gidc véi goc luong
giac nao sau day?

—605°;  —65°; 115°; 205° 475°

24 . . ~
b) Goc lugng giac Tﬂ c6 cung diém bieu dién trén duong tron lugng giac véi goc lugng

giac nao sau day?
16r 7 l4m 297 53w
57 5 57 57 10

& Bai 11. Mot chiéc quat tran nidm canh quay vdéi toc do 175 vong trong mot phit. Chon
chiéu quay ciia quat 1a chiéu duong.
a) Sau 5 gidy, canh quat quay duge mot goc ¢6 s6 do bao nhieu radian?
b) Sau thoi gian bao lau canh quat quay duge mot goc c6 s6 do 427?
& Bai 12. Mot vé tinh duge dinh vi tai vi tri A trong khong gian. Tit vi trf A, vé tinh bat
dau chuyén dong quanh Trai Dat theo quy dao 1a duong tron véi tam 1a O ctia Trai Dat,
ban kinh 9 000 km. Biét ring vé tinh chuyén dong hét mot vong ciia qui dao trong 2 h.
a) Hay tinh quang dudng vé tinh da chuyén dong dugce sau: 1 h; 3 h; 5 h.

b) Vé tinh chuyén dong dugc quang duong 200 000 km sau bao nhiéu gid (lam tron két

qué dén hang don vi)?
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(& Bai 1. Géc luong gise

& Bai 13. Mot vong quay Mat Trdi quay moi vong khoang 15 phut. Tai vi tri quan sat,

ban Linh thay vong quay chuyén dong theo chiéu kim dong ho. Khi vong quay chuyen dong

duge 10 phit, ban kinh clia vong quay quét mot géc luong gidc c6 s6 do bang bao nhieu?

(Tinh theo don vi radian).

& Bai 14. Trong chang dua nudc rut, banh xe ciia mot van
dong vién dua xe dap quay duge 30 vong trong 8 giday. Chon
chiéu quay ctia banh xe 1a chiéu duong. Xét van V ctia banh
xe. Trong ching dua nude rat, banh xe cia mot van dong viéen

dua xe dap quay dugc 30 vong trong 8 giay

a) Sau 1 phat, van V d6 quay duge mot goc ¢6 s6 do 1a bao nhieu radian?

b) Biét ring ban kinh ctia banh xe 1a 35 cm. Do dai quang dudng ma van dong vien dua

xe dap da di duge trong mot phut 1a bao nhiéu mét?

& Bai 15. Hai li 13 mot don vi chiéu dai hang hai, dude tinh
. ) 1°
bang do dai mot cung chan mot goéc a = <@> . ctia duong

kinh tuyén (Hinh bén). Ddi s6 do a sang radian va cho biét 1
hai 1f bang khoang bao nhiéu km, biét ban kinh trung binh ctia

Trai Dat 14 6 371 km. Lam tron két qua hang phan tram.

Cuc Bic

7
Q.
’/J‘

b= (&)’

Dudng xich dao

Cyc Nam

» Bién soan: /\35 Ditc Jai - @)) Zalo: 0889 971 004
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GIA TRI LUGNG GIAC CUA MOT GOC LUGNG
GIAC
I. GIA TRI LUGNG GIAC CUA MOT GOC LUGNG GIAC

2

Trén duong tron luong giac, goi M 1a diém biéu dién ciia géc lugng giace c6 s6 do

«. Khi do:

e Tung do yps cia M goi la sin cua «, ki hiéu 4

sin av.
e Tung do x); cua M goi la c6sin cta «, ki hiéu Mo YT A

| (0] 75
Ccos . !
. MX=----- Ym
A ? A M S & . N 2
e Neu xy; # 0 ti 80 L. goi la tang cua
Ty CcoSa

a, ki hiéu la tan a.
. , . TN COSQ
e Neuyy #0t1s0 — = —
yyp  sina
a, ki hiéu la cot a.

goi la cotang cua

e (Cac gia tri sin «, cos a, tan «, cot a duge goi la cac

gid tri luong giac cua goc lugng gidc o

L Luuy.
a) Ta goi truc hoanh la truc césin, con truc tung la truc sin.

Truc As c6 goc 6 diem A(1;0) va song song véi truc sin (hinh a) goi 14 truc

tang. Néu dudng thang OM cét truc tang thi tung do clia giao diém do6 chinh

la tan . Truc Bt c6 goc ¢ diém B(0; 1) va song song v6i truc cosin (hinh b)

goi la truc cotang. Néu dudng thing OM cit truc cotang thi hoanh do cia

giao diém d6 chinh 1a cot a.

”~

SR
N RNV
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(& Bai 2. Gia tri lugng giac cia mot goc lugng giac

b) sina va cos a xac dinh v6i moi @ € R; v —1 <sina < 1; -1 < cosa < 1.
tan « chi xac dinh v6i cac goc a # g + kn(k € Z);cot a chi xac dinh véi cac
goc o # kr(k € Z).

¢) V6i moi goc lugng gidc a va s6 nguyeén k ta co

& sin(a + k27) = sin a. & tan(a + k7)) = tan «

& cos(a + k2m) = cos a. & cot(a + km) = cot a.

G

(\\\\

2 o T, P Y Y Vi X%
Ta c6 bang gid tri lugng gidc cia mot sé géc ddc biét tir 0 deén 5 nhu

sau:
o sl
Géc «
0° 30° 45° 60° 90°
, 1 V2 V3
sin «v 0 — — — 1
2 2 2
V3 V2 1
Cos « 1 — — - 0
2 2 2
t 0 ! 1 V3 |
an o —
V3
1
cot « V3 1 — 0
[ v

Dau clia cac gia tri lugng giac clia mot goc lugng giac phu thuoc vao vi tri diem biéu dién

M trén duong tron lugng giac.

Goéc phan tu
Y
B
Gia tri lugng giac I IT I11 v (I1) (I)
sin « + + - - H "
COos v + - - + A oI i A
tan o + — + - (IID_ |---MA1V)
;. M

B

cot av + - + -

}9

€

\(j/ > Cach ghi nhé: Nhit c3, nhi sin, tam tang, cétang, ti cos.

(
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

137

Tinh cac gia tri lugng giac ctia goc lugng giac -

(e Hw/y a/é}%z(z;
1
° sin% = sin (g +47T) :sing = \/§

2

137 (7r+4 ) T 1

® COS—— = cos | — T) =cos— = —.
6 3 2

3
. 13w 137
130 S TgT 13r  “PTg 1

e tan = = /3 v cot = = —.
1

6 cos ﬁ 6 sin 13—7T V3

6 6
B * v v v v

3 T

Cho sina = = va <§ <a< 7r> . Tinh céac gia tri lugng giac con lai cta goc «.

[ (,@'zl LG,

9 4
Ta c6 sin?a + cos?a =1 = cosa = £/ 1 —sin®a =+ 1—% =:|:g.
R 4
Mat khac, o € (g;w) titc cung a thudc goc phan tu thit 2 nén cosa = -
: 3 4
= —= 4
Khi d6 tana = 0 = % =——vacota = C.Osa = TB - -
cosa —% 4 sin o £ 3

>
4 . PR S, o2 2 3r
@ Tinh cac gia tri lugng giac ctua goc «, biet cosa = —gvanm <a<—.

%

II. HE THUC CO BAN GIUA CAC GIA TRI LUGNG GIAC
CUA GOC LUGNG GIAC

Ta c6 cac hé thiic sau lién hé gitta cac gia tri lugng giac ctia goc lugng giac a:

2

& sin?a+cos?a=1
9 1 v
& 1+tan‘a=—5 (a%——i—knr,k‘EZ)
COS“ «v 2
& 1+cot?a = ——(a #km, k € Z)
sin® «

k
& tana.cota =1 (a%%,keZ).
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(& Bai 2. Gia tri luong giac ciia mot goc luong giac

3
Cho tanz = véi v € (0; g) Tinh céc gia tri lugng gide con lai.

[ oig"zjaiz

t L 1 5 1+ tan? L Eepy— + ! 44
cotz = = —. Ta c6 an“ T = cosx = —_—— = =+,
tanz 3 cos? x t-tan® z 14 1% 5
4
Mat khac z € (O; g) nén cosx > 0 do db cosx = 5
. cosT . cosx 3
Ma cotz = — — sinx = = —.
sin x cotx 5
Cho tan g = 2. Tinh gia tri ctia bieu thlrcT:M-
sin 3 — cos 3
‘3@%&@1
3sin 3 B
Ta o6 T — Cf;;lﬁ +§§’§ﬂ :3tan5—|—cot6:3-2+% :E
in 3 8 — _1
23;5_2?55 tan § — cot 8 2—5 3
281n2a+C082a+1:3tan2a+2.

Cho o # Ty kr, k € Z. Chting minh rang:
2 cos? a
[} wa)‘% Jcﬁ)z(,iiézf/. Ta co:

281n2a—|—00820z+ 1 _2tan2a0082a+cos2a+ 1

cos? cos? v

:2tan2a+ 1+

VT =

—2tan?a +1+1+tana

cos?

—3tan?a +2=VP

4
C 7o, 3 , L. o . P
@ Cho cota = 3 thoa a € | ; > ) Tinh cac gia tri lugng giac con lai cua goc a.

s

Cuong do anh sang I di xuyén qua mot man loc
Nguén
anh sang dugce tinh béi cong thiic: sang
I Man
I = I, — —=—5—, trong d6 I, 1a cudng do anh loc
1+ cot® a
sang da chiéu len man loc anh sang va o 1a goéc

nhu hinh vé (nguon: hitp://www.vedantu.com /iit-

jee/malus-law). Chitng minh rang: I = I,,, cos® a.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

I1l. GIA TRI LUGNG GIAC CUA CAC GOC LUGONG GIAC
CO LIEN QUAN DAC BIET

y
y cot(rr — a) cota 7/ y
cot(—a) cota
——— b4
vl . cos(5 —a)
! =]
,,,,,,,,, : 1 g s //
1 S : = ’ / b/
\ B sin(Z -«
; g ! < y (2 )
i ! a, [0 S/
l cos(m—a) | x 7 Pz
N = sl s 2 :
/(L E g8 :
= sin(n—a)zsino}\ ;l' @ W/ 7 :
2 ALl {
T
cosa } x
Cung doi nhau Cung bu nhau Cung phu nhau
. . . . . m
sin(—a) = —sina sin(m — a) = sina sin (5 —a) =cosa
T
cos(—a) = cosa cos(m — ) = — cos cos (5 —a) =sina
™
tan(—a) = —tan« tan(m — o) = — tan « tan 5~ a)= cot o
s
cot(—a) = —cot « cot(m — a) = —cot cot 5~ ¢) = tan «
y y
cot(m+a) cot(5 +a) cota
cota cos (5 +a)
cos(mr+a)=cosa 4 N R
ffffffffff 5 S S Sl
E =& " gl & el \|E
3 Sz = 29 S
n+lx/ s B a
X a cosa X
g
=
R
+
&

Hon kém =

I
Q
5
-
o
3
|3

: : Nz

sin(m + a) = —sina sin (5 - a) =cosa
™ .

cos(m + ) = — cos « cos (§+oz) = —sin«
T

tan(m + o) = tan tan (5 + a) = —cot
T

cot(m + ) = cot cot <§ + a) = —tana
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(& Bai 2. Gia tri luong giac ciia mot goc luong giac

cos déi, sin bu, phu chéo! khic pi tan, khac pi/2 thi sin!

a) Biéu dién cos638° qua gia tri lugng gidc ctia goc co s6 do tit 0° dén 45°.

3

.2 .x 19 . . . 2 - 2 £ N A
b) Biéu dién cot ?ﬂ qua gia tri lugng giac cua goéc co6 so do tu 0 den 1

[ Mzo‘/(zi C&i]ﬁil(a
a) cos638° = cos(2.360° + (—82°)) = cos(—82°) = cos 82° = cos(90° — 8°) = sin 8°.
b) cot P cot (47r — z) = cot (—z) = —cot .

> ) 5

5

2 3 A
Rt gon bieu thic A = cos(m — «) + sin (g - az) + tan <§ — a) + cot(—a) (gia thiét cac

biéu thitc di¢u xac dinh).

P Ha’o/‘% f/zznyz(zz; Ta co:
T
A:—cosa+cosa+tan<7r+§—a)—Cota
£ (W ) ¢
=tan (- — o) — cot
2

=cota —cota = 0.

Tinh:

a) A =sin?5° +sin?10° 4+ sin? 15° + ... +sin®85° (17 s6 hang).

b) B = cos5° 4 cos10° + cos 15° + ... + cos 175° (35 s6 hang).

[ Ha’o/‘% f/(’z‘”/zyi(éz;
a) Van dung sin(90° — a) = cos «, ta co:
sin85° = cosH°, sin80° = cos10°, sin75° = cos15°,..., sin50° = cos40°
Vay:
A =(sin? 5° + cos® 5°) + (sin? 10° + cos® 10°) + ... + (sin? 40° 4 cos? 40°) + sin® 45°

2
2 1 17
=1+1+...+1+<—\g_) =84+ - =
—_———
8561
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

b) Van dung cos(180° — «) = — cos a, ta co:
cos 175° = —cos5°, cos170° = —cos10°, cos165° = —cos15°,..., c0s95° = — cos85°
Vay:
B =(cos5° + cos 175°%) + (cos 10° + cos 170°) + ... + (cos 85° 4 c0s 95°) + cos 90°

=04+0+...+04+c0os90° =0

Trong hinh bén , vi tri cabin ma Binh va Cuong

ngoi trén vong quay dudge danh dau béi diem B
va diém C- R=10m

a) Chitng minh ring chiéu cao tit diem B dén )

-y

mat dat bang (13 + 10sina) mét véi a 1a /
s6 do ctia mot goc lugng giac tia dau OA, :/LX \- 7 ) h=13m
/
. ) C
tia cuoi OB. Tinh do cao cua diém B so
. p . .”“'// f,T_-_\_.L.J____‘f
v6i mat dat khi o« = —30°.

Mt dit
b) Khi diém B cach mat dat 4m thi diém C
cach mat dat bao nhieu mét? Két qua lam

tron két qua dén hang phan tram.

()} Hao/ny z/(z‘}zyiézl

a) Diém B la diém biéu dién cho goc lugng gidc c6 s6 do goc 1a a trén dudng tron luong
giac c6 ban kinh bing 10 nén toa do diém B(10 cos a; 10sin o).
Vi tung do diém B c6 gia tri am nén OK = —10sin a.
Do d6 HK = OH — OK =13 +sina.
Vi vay, chiéu cao tit diém B dén mit dat 1a: 13 + 10sina (m).
Véi a = 30° suy ra chiéu cao tit diem B dén mat dat 1a: 13 + 10 sin.(- 30°) = 8 (mét).

. ? . 9
b) Néu diem B cach mat dat 4m thi 13 + 10sina =4 = sina = ——

10°
( 9 )2 V19
Suy racosa=—[1—|—— ] =———.

Goi M 1a hinh chiéu vuong géc C lén OH. Ta c6: cos COH = cos a.

— OM 19 V19
Ma H=— M=——. =———10=+/19.
a cosCO OC =0 10 ocC 10 0 9

Suy ra MH = OH — OM =13 — /19 ~ 8,64 m.
Vay diém C cach mit dat 8,64 m.
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(& Bai 2. Gia tri luong giac ciia mot goc luong giac

’
a) Biéu dién tan 973° qua gia tri lugng gidc ctia goc c6 s6 do tir 0° dén 45°.

2 s .29 S o o A
b) Biéu dién sin —Tﬂ qua gia tri lugng giac ctia goc cé so do tir 0 den %

&‘ 2
' (5) Ching minh gia tri biéu thiic sau khong phu thuoc vao =

sin?(x + 7) + sin? (g — x) + cos(—x) + cos(m — x).

I 521 Tér

Trdc nghiém

¢ Cau 1. Cho «a thudc géc phan tu thit nhat ctia dudng tron lugng giac. Hay chon két qua

dang trong cac két qua sau day.

@) sina >0 . B) cosa < 0. © tana <0 . (D) cota <0 .
¢ Cau 2. Cho % < a < 7. Khing dinh déng la

(A) sina > 0,cosa > 0 . B) sina > 0,cosa < 0.

(©) sina < 0,cosa >0 . (D) sina < 0,cosa < 0 .
$® Cau 3. Cho a € (O; g) Khing dinh nao dusi day ding
@) sin(a—m) = 0. sin(a — ) < 0.
©) sin(a —7) < 0. (D) sin(a —7) >0 .
$> Cau 4. Déang thiic nao dudi day ding?
(A) sin(180° — a) = —cos o . sin(180° — o) = —sina.
(©) sin(180° — @) = cos v . (D) sin(180° — @) = sina .

¢ Cau 5. Déang thiic nao dudi day sai?

™

@Sin(g—x):cosx. sin(g—l—x):cosx.
T . (T
@tan(g—x):cotx. @81n(§+x)=cotx.
> Cau 6. Tinh gia tri ctia biéu thic S = 3 — sin® 90° + 2 cos? 60° — 3 tan? 45°.

@%. —%. © 1. D) 3.

™

> Cau 7. Don gidn biéu thic A = cos (a — 5) ta dugc:

» Bién soan: /\36 Ditc Jai - @)) Zalo: 0889 971 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

@A) cosa . sin av. (©) —cosa . (D) —sina .

¢ Cau 8. Cac dang thiic nao sau day dong thoi xay ra?

. V2 V5 . V2 V5
(A) sina = ~—;cosa = — . B) sina = ~—;cosa = ~—.
3 3 \;’)_ 5
4 3 3 1
@sina:g;cosa:—g. @sina:T;cosa:Z.
5 .
O Cau 9. Cho 21 <z < g Chon khang dinh ding?
() tanx > 0,cotz >0 . (B) tanx > 0,cotz < 0.
(©) tanx < 0,cotz >0 . (D) tanx < 0,cotz < 0 .

¢S Cau 10. Cho 3r < x < 10% Chon khang dinh ding?

(A) cosz >0 . (B) sinz < 0. © tanz <0 . (D) cotz <0 .

¢ Cau 11. Cho hai géc nhon « va 8 phu nhau. Hé thiic nao sau day sai?

(A) sina = —cosf3 . (B) cosa = sin j.
@sina:cosﬁ. @cota:tanﬁ.
$® Cau 12. Cho 0 < a < g Khéng dinh nao sau day ding?
@cot(a+g)>0. cot(a—i—g))O.
© tan(a+7) <0 . (D) tan(a +7) >0 .

$> Céu 13. Tinh gia tri ciia cos E 4 (2K + m].

V3 V2 1 V3
W=7 ® -5 ©- el
& Cau 14. Biét tana = % Tinh cot a.
1 1
@ 2. T © V2. ) 5
&S Cau 15. Bitt tana=2vanr <a < 37% Tinh sin a.
2v/5 2v/5 V5 V5
5 ® =5 © -5 D5
& Cau 16. Biét tana = —3. Tinh tan (a — %)
1 1
@A) -3 3. © -3. D) 3
$® Cau 17. Cho cosy = % val <y < g Tinh sin~.
1 1 3 3
O 5 ©- O3
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(& Bai 2. Gia tri luong giac ciia mot goc luong giac

& Cau 18. Cho sinz = g va r € (g;ﬂ'). Gia tri cosx la:

4 4 16 16
® ;. : . _0

25 25
> Cau 19. Dang thitc nao dudi day sai?
@sin204+c082a:1.
2 _ ﬂ-
(B) 1+ tan &—COTQQ(a#§+kW,kEZ).
© l+cot’a=——(a#kmkeZ).

ST

k
@tana—{—cota:l(a%;,kEZ) .

A ] o2 . : : : .29
> Cau 20. Tinh gia tri biéu thic P = sin? % + sin? g + sin? % + sin? Iﬁ + tan % cot %

A P=2. ® P=4. © P=3. D P=1.
2
¢ Cau 21. Trén duong tron don vi cho goc a sao cho sina = 3 va cosa < 0. Tinh tan a

2v/5 2v/5 2
5 ® = © 1. @g‘

. 9 N
¢S Cau 22. V6i moi so thue a ta ¢6 sin (% + a) bang

@) sina . B) cosa. ©) —sina . (D) —cosa .

4 2017w 20197
<

¢ Cau 23. Cho goc a théa man tana = —3 va a . Tinh sin a.
. 3 , 3
@sma:—g. sma:g.
4 4
©) sina = —— . @sina:—.
) )
¢ Cau 24. Biét A, B, C la cac goc clia tam giac ABC. Ménh dé nao dudi day ding?
@A) sin(A+C) = —sinB . ®B) cos(A+ C) = —cos B.
© tan(A+C) =tan B . (D) cot (A+C)=tanB .

3sina + 4 cos «

]— ?
$© Cau 25. Cho goc a thdéa man cot o = —. Tinh gia tri ciia bieu thic P = — :
3 2sina — 5 cos

15 15
@P:—E. P:1—3. © P=-13. D) P=13.

2sin?z + 3sinzcosx — 4cos? x

5cos2x — sin? x
8 2 2 8
9 ® 15 19 o

¢ Cau 27. Néu tan o + cot a = 2 thi tan® o + cot? a bing

@ 1. ® 2. © 4. D 3.

¢ Chu 26. Biét tanz — % Tinh M —
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

tan 225° — cot 81°. cot 69°
cot 261° + tan 201°

1 1
— . - 3. —V3.
® - ® - © v3 © -3
> Cau 29. Thu gon biéu thic

¢ Cau 28. Gia tri ding ctia bicu thiic bang

3
P =sin(m + x) + cos (g - x) + cot(2m — x) + tan (; + x)

ta dugc két qua la:

(A) —2cotw . 2tan . (©) 2sinx . (D) —2sinz .

¢S Cau 30. Cho cota = 4tana va o € (g;w). Khi d6 sin o bing

oL ol g

Tu lu@n

& Bai 1. Cac dang thiic sau c6 dong thoi xay ra khong?

a) sina — > va S N L L ot L cota=3
SIN = — Va COS ¥ = —. SINX = — Va COS ¥ = —. an & = — Va CoOl &x = o.
5 5 3 2 3

& Bai 2. Biéu dién cac gia tri luong gidc sau qua céc gia tri lugng giac ctia goc co sé do

tir 0 dén % hosic tir 0° dén 45° vi tinh:

31 ° 1000
a) cos =1, ¢) tan1020°. e) cos i
6 3
. 1297 _53_7T
b) sin 1 d) sin(—1693°). f) cot ( 10 >
5 15
& Bai 3. Cho cosa = e Tinh sin <—T7r - a) — cos(137 + a).
& Bai 4. Tinh cac gia tri luong giac clia goc a néu:
D 3
a)sina:—véz<a<7r. c)tana:\/gvaw<a<—7r
13 2 2
2 1
b) Cosoz:gvé 0° < a < 90°. d) cota=—7 va 270° < ar < 360°.
. 3
& Bai 5. Biet sina = £V g < a < 7. Tinh gia tri cac biéu thic sau:
a) A= 3sin . b) B— cotQa—sinoz.
2cosa — tana tana + 2 cos «
& Bai 6. Cho sinx + cosz = m. Hay tinh cac gia tri sau theo m.
a) sinx cosx. b) sinz — cosz. sin® z 4 cos? . sint 2 + cos? 2.

1 1 1 —
& Bai 7. Chocosa == vaac ( . Tinh S = +Sm0‘ sin a
2 1—511106 1+sina’

Goi yj: Tinh S?.
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(& Bai 2. Gia tri luong giac ciia mot goc luong giac

& Bai 8. Cho tanx = 2.Tinh gia tri cia cac bicu thiic sau:
3sinx —4cosx
Ssinz + 2cosx

) sin® x + 2 cos> x sin?

- . c
2sinx + 3cosx sin?

x — 3sin® z cos x + cos?

x+sin?xcos2z +2cos2a
& Bai 9. Cho tan 3 + cot § = 2. Tinh gia tri ctia biéu thic tan3 5 + cot3 .

& Bai 10. Chiing minh cac dang thic lugng giac sau:

a) sin?a — cos*a=1—2cos? o b tana -+ cot o — .
sin av cos av

& Bai 11. Chiing minh céc dang thiic:

a) cos?a —sinta = 2cos?a — 1. c) tan®z — sin? 2 = tan® 2. sin? z.
cos® a + tan? o — 1 9
b) —5 = tan“ a.
sin” «

d) (sinx + cosx)? + (sinz — cosz)? = 2.

& Bai 12. Ching minh céac ding thic:

. : 2 2
a) sin 2 + cos?z =1 — 2sin? z cos? . d tan® o + cos” v — 1

5 5 = tan® a.
1+cotz tanxz+1 cot“a +sin“a — 1
1—cotz tanz — 1 e) 4cos?x —3 = (1 — 2sinxz)(1 + 2sinx).
sin o + cos « 1 —cotta
sin® o T 1_cota’ f) sin® z + cos® 2 = 1 — 3sin? x cos?

x.

& Bai 13. Chiing minh céc dang thiic sau:

1
2 o 2 o 2 o
605 1645 t425° = )
a) sin + sin + co NI
b) sin'530° 1
1 + sin 640°

sin 10° + cot 10°°
& Bai 14. Rt gon cac biéu thic sau:

a) (1—sin®z)cot?z 4 1 — cot?x. b) 2cost 2z — sin®  + sin® x cos? x + 3sin® 2.

& Bai 15. Rit gon céac biéu thic sau:

5
a) M = cos(a+ m) + sin (a + ?ﬂ) — tan (a + g) tan(m — ).

b) N = cos (g - a) sin(f 4+ ) — sin(27 — «) cos (ﬁ - g)

85 5
c) P=sin (:)3 + Tﬂ) + c0s(20177 + ) + sin?(337 + x) + sin? (x - —W> :

2
d) Q = |tan(m — x).tan | x + °r ; — cos (:v + 3”) _ sin?(2m — x).
2 ) cos? (z— 3F) 2
& Bai 16. Tinh gia tri biéu thie:

a) sin 17°sin 197° + sin 73° cos 163°.

1 — tan 145° + 1+ tanbh°’
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 17. Tinh:

2 3 5 7
a) A= cos? = + cos? Sl + cos? = + cos? —7T;
8 8 8
2 9 \ .
b) B:sing—l—sin%—l—...—ksin% (gom 9 so6 hang);
¢) C=tan1®-tan2°-tan3°-... tan89° (gom 89 thita sd).

& Bai 18. Chiing minh ring trong tam giac ABC), ta co:

a) sin B = sin(A + C); o) sin—:cosB+O-
2 2 7
A+B-2C 3C
b) cosC'= —cos(A + B +2C); d) tan#:cotT.

& Bai 19. Chon heé truc toa dé6 Oxy sao cho O trung véi tam T
11 1
AR

ctia dong ho trong Hinh bén, tia Oy chi huéng 12 gio va dau
kim phit ctia dong ho di chuyén trén duong tron lugng giac '&

ot 6
tam O. Tu do, tim toa do ctia dau kim phut khi dong ho chi T

chinh xac 9 gio 20 phut.

& Bai 20. Do dai ciia ngay tir lic Mat Troi moc dén lac Mat Troi lin ¢ mot thanh phé X
trong ngay thi ¢ cia nam dugc tinh xap xi bdi cong thric:

2
365
Thanh pho X vao ngay 31 thang 1 ¢6 bao nhiéu gio c6 Mt Trdi chiéu sang? Lam tron két

d(t):4sin[ (t—80)] +12, véiteZval<t<365

qua dén hang phan mudi.
& Bai 21. Thanh OM quay ngudc chiéu kim dong ho quanh truc
O clia né trén mot mit phang thing ding va in béng vuong géc

xuong mat dat nhu hinh bén. Vi trf ban dau ctia thanh 14 OA. Héi
1
do dai bong O'M’ cia OM khi thanh quay duge 31—0 vong la bao

nhiéu, biét do dai thanh OM 13 15 cm? Két qua lam tron dén hang

phan mudsi.
& Bai 22. Khi xe dap di chuyén, van V ctia banh xe quay quanh Yy
truc O theo chiéu kim dong ho véi téc do géc khong doi 1a 11

rad/s (hinh bén). Ban dau van nam & vi tri A. H6i sau mot phut

di chuyén, khoang cach tit van dén mat dat 1a bao nhiéu, biét ban ON\ Ve

kinh OA = 58 cm? Gia st do day clia 16p xe khong dang ké. Két N\ F---%7- -

qua lam tron dén hang phan muoi.
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CAC CONG THUC LUGNG GIAC
I. CONG THUC CONG

e sin (a + b) = sina.cosb+cosa.sinb e cos(a—b) = cosa.cosb+sina.sinb

tana + tan b

1 —tana.tanb
tana — tanb

1+ tana.tanbd

e sin(a —b) = sina.cosb—cosa.sinb e tan (a+b) =

e cos(a+b) = cosa.cosb—sina.sinb o tan(a —b) =

sin thi sin cos cos sin
cos thi cos cos sin sin
cos thi doi dau hdi nang

sin thi giit du xin chang nhé cho!

tan téng thi lay téng tan

chia mét trir véi tich tan, d& om.

->> Jolabait

Tinh sin — va tan —
12 12°

lﬁ%&gt&{njm
(7r 7r) T T .om V32 1\/5_\/6—\/5.

. .
® S1Il — — SIn

12

— — — ) =8Nn—COS— —COS—SIN — = —/—.— — —.—/—

3 4 3 4 374 272 272 4

T T m tan § — tan 7 V3-—1
otan——tan(———)— = =
1 +tan 5. tan 7 1+\/§_1

3 4

SV xrrvr

_ T
Chting minh réng sinz — cosz = /2sin (2 — = ).

(e My Jﬁiymﬁe Ta c6
. T , T o
V25sin (x - Z) =2 (Sln:L‘COS i cos x sin Z)

:\/5 <sm x% — g sin x) =sinx — cosz.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

) 137 7r+, 137 . m b)t i
a) cos ) COS7 sin 5 Sln7. an —.

(e, :
(2) Ching minh rang:
_ l—tanzx

a) sinx+cosx=\/§sin (m—i—z). b) tan (E—x> =
4 1+ tanz

4

&‘ N 2
' (3) Mot dong dién xoay chiéu c6 cuong do dong dién i (ampe) tai thoi diém ¢ (giay)

131 . . . N N
;t. Tinh gia tri chinh xac ctia cuong do dong

dugce tinh bdéi cong thic: ¢ = 4 cos

dien ¢ tai thoi diém ¢ = 1 giay.
Il. CONG THUC NHAN DOI

Cong thic tinh cac gia tri lugng giac cua goc 2a qua cac gia tri lugng giac ctia goc a goi

la_cong thic nhan doi.

a) sin2a = 2sina. cos a.

2 2

a=2cos’a—1=1-2sin%a.

b) cos2a = cos®a — sin
2tana

c) tan2a = ————.

1 —tan“a

L Luu Y. Tit cac cong thiic goc nhan doi, ta co cac cong thiic sau (goi 1a cong thiic

ha bac):
1— 2 1 2 1— 2
a) sin’a = i) b) cos?a = ~Foosa c) tan®a = )
2 2 1+ cos2a
T T
Tinh — va tan —.
inh cos 3 va tan S
[ Hafo/’/gf ajzf/tjmt
2 2 2
e Ta co > = COS% = cos (2%) = 2 cos? g —1= cos2g = +4\/_.

V2 2
M30<g<gnéncosg>0. Vaycosg:+\/_.
2tan
e Ta c6 1:tanz:tan <2£> :ﬁ'
4 8 1—tan2§
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(& Bai 3. Cac cong thiic luong giac

Suy ra 1 — tan? E—Qtan—:tan —+2tan%—1—0:tang:—1+\/§(V10<g<g).
Cho COS$——5 VOl x € (2 ) Tinh sin 2z.
N 3 2410
I’S&Hwo/‘%f/ényéézl Ta ¢6 sinx = ++v/1 — cos? :i”1+5 :I:T-.
2v/1
Vize (g;w) nén sinx > 0 do dé sinx = TO
2\/ 12v/1
Khi d6 sin2x = 2sinzcosz =2 —— - —= | = — 0.
5 25
Cho sina + cosa = 5 Tinh:
a) sin2q; b) cos4a.
[} Ha‘o‘fgﬁ (/{fﬂ(f&ié.
. r . 9 1
a) Do SlIlCL-l-COSCL:§ nén (sina + cosa) :Z—l@sm a + cos? (L-I-QSIHCLCOS(L—Z
1 3
Hay 1-|—281nacosa:Z:>28inacosa:Z—l:—Z.Suyrasin2a22sinacosa:—Z.
b) Ap dung cong thic nhan doi:
2
3 9 18 1
cosda =cos(2-2a) =1—2sin’2a=1-2(-=) =1-2.- —=1— — ==,
4 16 16 8

’
(4) Khong dung may tinh hiy tinh cos 17T—2 va cos 112, 5°.
(£48

1
a) Cho cosa = T va g < a < 7. Tinh sin 2« va tan 2a.

b) Cho tan% = —2, tinh tana.
£45

Mot qua béng golf ké tit lic duge danh dén lac #A
cham mat dat da di chuyén duge mot khoang & "n_&.-—---ii"n-. .

cach d (m) theo phuong ndm ngang.

’11(2) sin 260

Biét rang d = , trong d6 v (m/s) 1a van tdc ban dau clia qui bong, g 1a

gia toc trong truong va 6 1a goéc danh qua boéng so véi phuong nam ngang. Tinh
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

gié tri clia cos 26 va sin @ khi vg = 15m/s, d = 12,5m, g = 10m/s” va 0° < 6 < 45°.

Il. CONG THUC BIEN DOI TiCH THANH TONG
e cosa.cosb = —[cos(a—b)+cos(a+b)].

e sina.sinb = [ cos(a—b)—cos(a+b)].

e sina.cosb = [sin (a —b) +sin (a + b)}

v

5T
Tinh sin 21 CoS ﬂ va sin ? sin 3

e ng Jé‘hyidzl Ta c6 :

s om 1 T o7 i T o7
51n2—400$2—4 —5 lsm <2—4 — 2—4) + sin (2—4 + 2—4)1
1 T
:§ [sm (——) + sin Z]
11 V2) V2-1
3 (—5 * 7) T
Ta co:
Tm . 5w [ (77T 5 ) (77‘(‘ 5%)]
sSin —sm-— —=— |coS| — — — | —cos| — + —
8 8 8 8 8

l\DIP—‘ N = N

cosﬂ cos37T —1[(:087T cos( 7T-|-2 )]
1 1)” A g T

2
=g (] o) = F
COS — — COs — | = .

4 2

Cho sin 2z = _§ Tinh gia tri ctia biéu thiic T = sin (x + 4) cos <x — —).

X Huon LZ(?IZ// lal.

A=

in (w+ 7 ) cos (= )

Ty T

sin (o + G e =) b (w G —a+ 7))
in — - = in - — —

S X 4 X 4 S s 4 X 4

(sin2e + s 77)—1 L) =l
Sl 27T Sln2 —2 3 —3

N~ N~ UJ
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(& Bai 3. Cac cong thiic luong giac

(2

@ Khong diing may tinh, tinh gia tri ctia bicu thec:
a) cos 75° cos 15°. Sm Tm

b) sin — cos —
@ 2 3z x
Cho cosx = 5 Tinh Q = c08 - €08 5.

12 12°
IV. CONG THUC BIEN DOl TONG THANH TiCH

e cosa+ cosbh = 2cos 4l . cos 20

g : _ i atb | a—b
5 > e sina + sinb = 2sin 57 - cos %5
e cosa — cosb = —2Sin%)~sin“7_b ° Sina—sinb:2cosaT+b-sinaT_b.

cos cOng cos=2cos Cos

cos trur cos=tru 2 sin sin

sin cdng sin=2sin cos

sin tri sin=2 cos sin.

T s

Tinh — —.
inh cos B + cos B

[} Hmf% tfé]ﬁl’éé Ta co:

s T m 4 In _ =
COSE-I-COSE:QCOS(H 5 12) -cos(1 5 12)
2

5 T T 1
=2C08S—COS— =2+ =« — =
3 4 2 2

Hieu dién thé va cuong do dong dién trong mot thiét bi dien lan luot duge cho béi:

u = 40sin(1207t) + 10sin(3607t)  (V); i = 4sin(1207t) + sin(3607t)  (A).

Biét rang cong suat tieu thu tic thoi ciia thiét bi d6 dude tinh theo cong thic: P = u -
(W). Hay viét biéu thitc biéu thi cong suat tieu thu tic thoi ¢ dang khong c6 lity thita va

tich ctia cac biéu thitc lugng giac.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

[ Hmf’éy (/{'E/z(jzféz'. Ta co:

P =wu-i=[40sin(1207t) 4+ 10sin(3607t)] - [4sin(1207t) + sin(3607t)]
= 160 sin?(1207t) + 10 sin?(3607t) + 80 sin(1207t) sin(3607t)
= 80[1 — cos(2407t)] + 5[1 — cos(7207t)] 4+ 40[cos(360mt — 1207t) — cos(3607t + 1207t)]
= 85 — 80 cos(240mt) — 5 cos(7207t) 4 40 cos(2407t) — 40 cos(4807t)

= 85 — 40 cos(2407t) — 5 cos(7207t) — 40 cos(480mt)(W).

Trong kién tric, cac vom cong bang da thusng cé hinh ntta duong tron dé co thé chiu lyc

t6t. Trong hinh bén, vom cong duge ghép béi sau phién da hai bén tao thanh céc cung
AB,BC,CD,EF, FG,GH bang nhau vi mot phién da chét ¢ dinh, cho biét vom cong
rong 120 cm va khodng cach tit B dén duong kinh AH 14 27 cm. Tinh sin a va cos a, tit d6
tinh khoang cach tit diem C' dén dudsng kinh AH. Lam tron két qua dén hang phan musi.

¥ | ~

. - -
- B — | r—

e Hafo/’éy a/(z“njzzz’z. Ta ¢6: OA = OB =120 : 2 = 60

—— BB 27 9
Xét tam giac OBB' ¢6: sin BOB' = 0B ~ 60 = 20

Ta c6: AOC = 2BOB’ (Vi 86 do cung AC gap 2 lan s6 do cung AB)

Xét tam giac OCC" vuodng tai C' ¢o:
cc’

sinC/'O-E: oC

& 0C' =0C -sinCOC" = OC - sin (23/0'?)

o — — 9 1/3]_9 91 /319
. / — Q@ /. ! — « —_— =
sin (ZBOB ) =2.sin BOB’' - cos BOB 2 50 50 500

9v319
200

Suy ra C'C’" = 60 - ~ 48,2 cm.

’
. .y . ) 11
@ Khong dung may tinh, tinh gia tri cta biéu thic B = cosg + cos g + cos Tﬂ
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(& Bai 3. Cac cong thiic luong giac

)

Khi nhan mot phim trén dién thoai cdm ttng, ban phim sé tao ra hai am thuan,
két hgp v6i nhau dé tao ra am thanh nhan dang duy nhat phim. Hinh bén cho thay
tan s6 thap fi; va tan sd cao fo lien quan dén mdi phim. Nhan mot phim sé tao ra
song am y = sin(2n f1t) + sin(27 fot), ¢ d6 ¢ 1a bién thoi gian (tinh bang giay).

a) Tim ham s6 mo6 hinh héa am thanh dugc tao ra khi nhan phim 4.

b) Bién doi cong thitc vita tim duge & cau a vé dang tich ctia mot ham s6 sin va
mot ham sb cosin.

Tan sb cao

B 521 Tér
Trdc nghiém

¢ Cau 1. Trong céc cong thiic sau, cong thic nao dung?

sin(a — b) = sinacosb — cosasinb .
)

os( = cosacosb—sinasinb .

Q

wn

© 0>

b
in(a +b) =sinacosb — cosasinb .
b

cos(a + b) = cosacosb+sinasinb .

$® Cau 2. Cong thitc nao dudi day dung?

tan o — tan 3

t = .
@ an (@ + 5) 1+ tanatan
tan o + tan 3

©tan(a+ﬁ):1+tanoztanﬁ' D) tan (a + B) =

tan (o + ) = 1+ tanatan ‘

tana — tan 3
tan o + tan 3

1 —tanatanf

$© Cau 3. Biéu thiic sin z cosy — cos zsiny bing

@A) cos(z —y) . cos(z +y) .
©) sin(z —y) . (D) sin(y — ) .
¢ Cau 4. Cho tana = 2. Tinh gia tri tan (a - %)

» Bién soan: /\35 Ditc Jai - @))) Zalo: 0889 971 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

1 2
@—5- ® 1. ©§~ ©®)
¢S Cau 5. Tinh sin 105°.
V6 — /2
@A ———.

4 ®-——F
© Y 5 YO+

¢ Cau 6. Rt gon biéu thic P = cos 54° cos 4° — cos 36° cos 86°, ta dudc:
(A) cos50° . cos 587 . (©) sin50° . (D) sin58° .

¢ Cau 7. Khang dinh nao sai?

W[

ff
f+f

(A) cos6a = cos? 3a — sin? 3a . cosba = 1 — 2sin®3a .
©0056a21—6sin2a. (D) cosba =2cos?3a—1 .

¢ Cau 8. Khang dinh nao sai?

: . a+b . a—b
(A) sina — sinb = 2 cos 5 Sin——.

cos(a — b) = cosacosb —sinasinb .

(©) sin(a —b) = sinacosb—cosasinb .

(D) cosacosb = [Cos(a —b) +cos(a+b)] .

& Cau 9. Chon ding thic ding trong cac dang thic sau:

@sin4x+cos4x:ﬂ Sin4x—|—cos4g;: —H;’los T
@Sin4x+COs4x:3C¥ @Sin4x+cos4q;:3+c;s x.
5 3
¢ Cau 10. Cho hai géc a va § théa man sina = B cos B = : VA€ (%;W), e (0; %)
Tinh gia tri cua cos(a — ).
16 18 18 16
3 1 2v'5 4t P ., . bv/1

¢S Cau 11. Cho sina = %_ vl 0 < a < g Biet gia tri cta cos (a+ %) = \/_ T

v6i a,b € N va phan s6 % toi gidan. Tinh a + b.

@ 4. ® 10. © 7. ©® 3.

™

> Cau 12. Véi a 1a s6 thyc bat ki, biéu thitc A = cos (a — 5) + sin(a — 7) béang:

@) 0. ® 1. (©) 2sina . (D) 2cosa .

1 <
$© Cau 13. Cho hai goc a va b véi tana = = va tanb = % Khi do, tan(a + b) bang

@) —-1. ® 1.

17 17
31 31°
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(& Bai 3. Cac cong thiic luong giac

) 1 N
¢ Cau 14, Neusina=—=véi0 < a < g thi gia tri cos (a + g) bang:

V3
V6 o1 V6 1
@ 7 - 5 . % - 3 . @ ? - 3 . @ \/_ - 5 .
Z 2 ? NS
¢S Cau 15. Néeu sina = 3 thi gia tri ctia bieu thic P = (1 — 3 cos 2a)(2 + 3 cos 2a) bang:
11 12 13 14
® - 7 © 5 © 5 -
$> Cau 16. Rit gon bicu thitc cos(120° — z) + cos(120° + ) — cos  ta duge két qua la:

(A) —2cosx . 0.
(©) —cosx . (D) sinx — cosx .

4 N
& Cau 17. Cho cosx = 57 € (—g; O). Gia tri cia sin 2z bang

24
25

24

1
- 5 - ©
¢S Céau 18. Cho cosa = —g. Gia tri clia cos 2 bang
1 4 4 2
@—5- —g- @g- ®—§~
a+bv5

c
tri ctia bieu thic S =a+b+c la

@A) S=2. ® S=4. © S=3. D S=1.

¢ Cau 20. Trong cac khiang dinh sau, khang dinh nao sai?

| —

A e L . s N b N z ~ A P .2 .z
¢ Cau 19. Biét sin 18° = véi a,b,c € Z,c # 0 va 2, - la cac phan so toi gian. gia
¢’ c

(A) cos3z + cosz = 2cos 27 COS T . cos3r — cosx = 2sin2rsinw .

(©) sin3z — sinz = 2cos2rsinz . (D) sin3z + sinz = 2sin 2z cos x .

¢ Cau 21. S6 khing dinh ding trong cac khang dinh sau la:

1 b —b
(1) cosacosb = i[cos(a—b)—kcos(a—i-b)} (3) cosa+cosb:2cosa—2i_ cosa2

1 b —b
2 Sinasinb:§[cos(a—b)—cos(a+b)} (4) sina—sinb—Qcosa;— cosa2

@ 0. ® 1. © 2. D 3.
$> Cau 22. Néu cosazgthi coszg bang:

7 7 23
® 5 G 5

¢ Cau 23. Néu cosa = g thi gia tri ctia biéu thitc A = 4sin (a + g) sin (a — g) bang

11 1
® -3 © - 5

23
16

11
9
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= Chuong 1

. Ham sb luong gidc va phuong trinh lugng gisc

¢S Cau 24.

® -5

¢S Cau 25.

® -

¢S Cau 26.

2
® .

<> Cau 27.

1
® %=

<> Cau 28.

@ tanz .

< Cau 29.
(A) cosz .

$> Cau 30

. 2T 70 6m .
Gia tri cos - + cos — + cos — bang

7 7
1 1 1
1 © 1 ) 3
. 2 .
Néu cosa = 3 sinb = ~3 thi gia tri cos(a + b) cos(a — b) bang:
1 2

o t o} t 4 o t ° t o
Tinh gi tri bidu thie A — RSV T tand0” + tan 507 + tan 60

cos 20°

1
3

bang
4 6 8
V3 © V3 © V3
. 7T+. m
S — S ——
9 9 1y¥no-
7T+ B bang:
cos — + cos —
9 9

© V3.

sin x + sin 2x + sin 3x

Gi4 tri ciia bidu thic P =

® -Vv3.

b
7
Rit gon biéu thiic A =

tan 3z .

Rt gon biéu thic A =
1t gon biew 2cos?x +cosx — 1

B) 2cosz — 1. (©) 2cosz .

1+ sin4x — cos4dx
1+ sindx + cos4dx’

(©) 2xtan2z .

ta duge két qua 1a:

(D) tan bz .

cos T + cos 2x + cos 3x

(©) tan2x .

1+ cosx + cos 2z + cos 3x

@cosx—l.

. Rit gon biéu thic A =

cos 27 . (D) cot 2w .

& Bai 1. Khong stt dung mAy tinh cam tay, tinh cic gia tri luong giac clia goc:

57( Tl o o (o)
o b) ——. c) —75°. d) —555°. e) 15°.
a) 2 ) 12 ) ) )
& Bai 2. Tin i ( +—) va (—— ) biét si ——5 va T < <3
h sin |« 5 o, mn o 3 o 2

2
& Bai 3. Cho sina = 3 voi T < a < m. Tinh:

a) cosa,tana

b) sin (a—i— %) , COS <

& Bai 4.

a)

. . . a a a
Cho cosa =0,2 v6i m < a < 27. Tinh sin 5,005—,tan—

2

57r> (
, tan

¢) sin 2a, cos 2a.

a+?

a — —

6

27r)‘

2 2

b) Cho tan(a + b) = 3,tan(a — b) = 2. Tinh: tan 2a, tan 2b.
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(& Bai 3. Cac cong thiic luong giac

& Bai 5.
. 2 .
a) Cho sina = —. Tinh cos 2a, cos 4a.
V5
1
b) Cho cos2a = 3 v6i g < a < m. Tinh sina, cosa, tan a.

a
c¢) Cho tan 5= . Tinh sina, cos a, tan a.

Sl

& Bai 6. Tinh sin 2a, cos 2a, tan 2a, biét:

a) sina—lv\ﬂ<a<7r b) sina+cosa—lv\7r<a<37r
32 ' 2 2 4
& Bai 7. Khong diing may tinh cam tay, tinh gia tri cia cac biéu thic:
19 37 . m . T
a) sin2—Icos 2_1 Q) smgcosl—o +81n1—ocosg
2m T 2 . om
b) sin 6° sin 42° sin 66° sin 78°. COS T COS g — M sy
s 3m o) si 7T T s s
z hadd sin — cos == cos — cos —.
tan - + tan 73 32 39 6 3
c) :
1+ ta 67rta 3m ) s T 57T+S, T
n— tan — in — — sin — + sin —.
7 28 9 9 9
& Bai 8. Tinh gia tri lugng gidc clia goc 2, biét:
3 a3
a)sina:?vao<a<g. b)31n§:1va7r<a<27r.
& Bai 9. Tinh gia tri lugng gidc ciia goc o, biét:
2 4 3
a)cosQa:gVa—g<a<O. b)sin2a:—§vag<a<£.
& Bai 10. Rit gon cac biéu thiic sau:
a) v2sin (a + E) oS O b) (cosa + sin a)? — sin 2a. ) sin 2@ .
4 1 + cos 2z
e P . NS 1
& Bai 11. Cho cos(a + 2b) = 2 cosa. Ching minh rang: tan(a + b) tanb = -3
& Bai 12. Rit gon cac biéu thic sau:
a) sinx cos® x — cos x sin® x. ) cos T — cos 2z + cos 3x‘
sinx — sin 2z + sin 3z
b) sin 3z cos 2z + sin x cos 6&:‘ d) 2sin(z +y) — tany.
sin 4 cos(z +y) + cos(z — y)

& Bai 13. Rit gon cac biéu thic sau:

2) sin «v + sin 2« sin? o
1+ cosa + cos2a’ c) 4452
T T — 4 S1n 5
cos (— + a) — COS (— — a)
b) 4 4 . 9 . 9
T G : d) sin“ 4o — sin” 2«
St (Z + a) o (Z B a) cos? a — cos? 2a

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 14. Ching minh ding thic sau:

2 2

sin(a 4 b) sin(a — b) = sin® a — sin® b = cos? b — cos” a.

& Bai 15. Ching minh déng thic lugng giac sau:

a) sin(60° + a) — sin(60° — a) = sin a. ¢) sina(2cosda + 2cos2a + 1) = sin ba.
cos(a —b) 1+tanatanb
cos(a+b) 1—tanatanb’

3 1
b) sina + cos*a = = + = cos4a.
4 4
& Bai 16. Ching minh déng thic luong giac sau:

a) 4cosx cos (g — x) CoS (% + .70) = oS 3.
sin 2z cos x
b = tan —.
) (14 cosx)(1 + cos2z) 9

sinx + sin 2x

= tanzx.
1+ cosx + cos2x

d) sinz(1 + 2cos2x + 2cosdx + 2 cos 62) = sin 7z.

sin?3x  cos? 3x

e) —5— — 5 = 8cos 2.
sin” x COs= T

3

3
f) cos3xsin® 2 + sin 3z cos® v = 2 sin 4z.

& Bai 17. Chiing minh déng thiic sau khong phu thuoc vao bién z.

a) sin®z + cos (% — a:) cos (% +x>.

e Son(es e s e
COS | T 3 COS | & 4 COS | & 6 COS | T 1 .
& Bai 18. Chiing minh déng thic sau khong phu thudc vao bién .

a) A:Sin2x+cos (Z_x) CcOSs (E+x) . b) B: 1_C082x+81n2$ .Cotx‘
3 3 1 + cos 2z + sin 2z

& Bai 19. Cho tam giac ABC. Chiing minh rang:

a) sin A = sin B cos C' + sin C cos B.

b) cos Acos B — sin Asin B = 0.

& cos Zsin .+ sin B cos € A
— sin — + sin — cos — = cos —.
cos = sin — - sin - cos o = c0s 7
A B C
d) SinA+sinB+sinC:4cos§cos§cos§.

e) tan A+tan B+tan C = tan A-tan B-tan C (vdi diéu kién tam giac ABC khong vuong).

A
£ tan = - tan = L 2 tans =1.
) tan 5 - tan o o+ tan o - tan o + tan - - tan

. ) . 2 . 3
& Bai 20. Cho sina 4+ cosa = m. Tim m dé sin2a = T
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(& Bai 3. Cac cong thiic luong giac

& Bai 21. Tam gidc ABC la tam gidc gi néu sin A = % ?
& Bai 22. Trong hinh bén, tam giac ABC vuodng tai B va co A
hai canh goc vuong la AB =4, BC = 3. Vé diém D nam trén »
tia dbi ciia tia OB thod man CAD = 30°. Tinh tan @), tu 4

d6 tinh do dai canh CD.

B D
3 C

& Bai 23. Cho tam giac ABC ¢6 B = 75°;C = 45° vi a = BC = 12 cm.

a) St dung cong thic S = %ab sinC' va dinh 1i sin, hay chting minh dién tich ctia tam
giac ABC' cho béi cong thic

a?sin B sin C
2sin A

b) St dung két qua & cau 1 va cong thiic bién doi tich thanh tong, hay tinh dien tich S

S:

cua tam giac ABC.

& Bai 24. Trong Vat li, phuong trinh téng quéat ctia mot vat dao dong diéu hoa cho béi
cong thitc 2(t) = Acos(wt + ¢), trong d6 ¢ 14 thoi diém (tinh bang giay), z(¢) 1a li do cia
vat tai thai diém ¢, A 1a bien do dao dong (A > 0) v& ¢ € [—7; 7] 14 pha ban dau ctia dao

dong. Xét hai dao dong diéu hoa c6 phuong trinh:

x1(t) = 2cos (gt + %) (cm),

x2(t) = 2 cos (gt — g) (cm).
Tim dao dong tong hop x(t) = 21(t) + x2(t) va st dung cong thiic bién doi tong thanh tich

dé tim bién do va pha ban dau ctia dao dong tong hop nay.

& Bai 25. Mot soi cap R dude gan vio mot cot thang A
ding & vi trf cach mat dat 14 m. Mot soi cap S khac | | |
cling duge gan vao cot d6 & vi tri cach mat dat 12 m. B
Biét rang hai s¢i cap trén cting dude gan véi mat dat U
tal mot vi tri cach chan c¢ot 15 m. 12 m|
| 15 m 0

a) Tinh tana, & d6 « 1a goc gitta hai sgi cap trén.

b) Tim goc a (lam tron két qua dén hang don vi theo don vi do).

> Bitn soan: Nod Dite Tei - 8D Zalo: 0889 9771 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 26. Co6 hai chung cu cao tang xay canh nhau v6i khodng cach gitta ching 13 HK =
20 m. Dé dam bao an ninh, trén néc chung cu thtt hai ngusi ta lap camera & vi tri C. Goi
A, B lan luct 1 vi tri thap nhat, cao nhat trén chung cu thit nhat ma camera c6 thé quan sat
duge (Hinh 19). Hay tinh s6 do géc ACB (pham vi camera c6 thé quan sat dugc & chung cu
thit nhat). Biét rang chiéu cao ctia chung cu thit haila CK =32 m, AH =6 m, BH =24 m

(lam tron két qua dén hang phan mudi theo don vi do).
C

A

H K

& Bai 27. Cho géc a nhu hinh bén. Tinh tan .

A 10em

& Bai 28. Mot van dong vien ban sing nam trén mat dat dé ngdm ban céc muc tieu khéc
nhau trén mot btc tudng thang ding. Van dong vien ban tring mot muc tiéu cach mat dat
20 m tai mot goc ngam (goéc hop bdi phuong ban va phuong ngang). Néu tang goc ngam
dé6 len hai lan thi van dong vién ban trang mot muc tiéu cach mat dat 45 m. Tinh khoang

cach tir van dong vien dén bitc tuong.

& Bai 29. Trong hinh bén, pit — tong M ciia dong co chuyen dong tinh tién qua lai doc
theo xi lanh lam quay truc khuyu IA. Ban dau I, A, M thing hang. Cho « la géc quay cua
truc khuyu, O 1a vi tri ctia pit — tong khi a = g va, H 13 hinh chiéu ctia A lén Iz. Truc
khugu 7 A rat ngin so v6i do dai thanh truyén AM nén cé thé xem nhu do dai M H khong
doi va gan bing MA.

a) Biét 1A = 8 cm, viét cong thiic tinh toa do xj; clia diem M trén truc Oz theo a.

b) Ban dau o = 0. Sau 1 phut chuyén dong, z); = —3 cm. Xac dinh zp; sau 2 phit

chuyén dong. Lam tron két qua dén ha ng phan mudi.

X (cm)

Tryc khuyu /4

pit-tong M
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(& Bai 3. Cac cong thiic luong giac

& Bai 30. Tréen mot manh dat hinh vuong ABCD, D N o

bac An dat mot chiée den pin tai vi trf A chiéu chiim
sang phan ki sang phia goc C. Bac An nhan thay goéc
chiéu sang cia den pin gi6i han bdi hai tia AM va AN, M
& d6 cac diém M, N lan luot thuoc cac canh BC,CD

sao cho BM = %BC, DN = %DC’.

a) Tinh tan (m + @) A B

b) Goc chiéu sang clia den pin bang bao nhiéu do?

& Bai 31. Trong Hinh bén, ba diém M, N, P nidm & dau cac canh quat ctia tua bin gié.
Biét cac canh quat dai 31m, do cao clia diém M so v6i mat dat 1a 30m, goc gitta cac cdnh
quat 1a 2?7 va 86 do goc (OA,OM) 1a a.
a) Tinh sina va cosa.
b) Tinh sin clia cac goc lugng giac (OA,ON) va (OA, OP) tit d6 tinh chiéu cao clia céc
diem N va P so v6i mat dat (theo don vi mét). Lam tron két qui dén hang phan

tram.

30m
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4 HAM SO LUGNG GIAC VA DO THI

I. HAM SO LUGNG GIAC

e Ham s6 sin 1a quy tac dac tuong tng moi s6 thuc x véi s6 thue sin x, ki hieu

Yy = sinx.
e Ham s6 cosin 1a quy tac dic tuong ting moi sd thyc z vé6i sé6 thuc cosz, ki

hiéu y = cosx.

Ham s6 tang 1a ham s6 duge xac dinh béi cong thitc:

=T s £ D4k (k€ Z), K higu y = tana.
COS T 2

e Ham s6 cotang 1a ham s6 duge xac dinh béi cong thitc:

Y= C,Osx voi x # kr (k € Z), ki hiéu y = cot .
sin

L LuuY.

e Tap x4c dinh ctia ham s6 y = sinx va y = cosz 1a R.
e Tap xac dinh ctia ham s6 y = tanz 13 2 =R\ {g + kr|k € Z}.

e Tap x4c dinh ctia ham s6 y = tanz 1a 2 = R\ {kn|k € Z}.

I1. HAM SO CHAN, HAM SO LE, HAM SO TUAN HOAN

1) Ham so chan, ham so lé

e Ham s6 y = f(x) vdi tap xac dinh 1a 2 duge goi 1a ham s6 chdn néu véi moi
r € PDtaco—xePvaf(—z)=f(x).
e Ham s6 y = f(z) véi tap xac dinh 1a 2 dugce goi 1a ham s6 1& néu véi moi

r€ Ptacdt—xrePva f(—x)=—f(z).

L\ Luu ¥. D6 thi ham s6 chdn nhan truc tung lam truc déi xing. Do thi ham sb 16

nhan goc toa do lam tam doéi xiing.
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(£ Bai 4. Ham s6 luong gidc va do thi

Chiing minh rang ham s6 y = sinz va ham s6 y = cot z 14 ham s6 18.
N locong f/a“ﬂ,jzdlu

1 Ham s6 y = sinz ¢6 tap xdc dinh 13 2 = R. V6i moi 2 € R ta c6 —z € R va

sin(—z) = —sinz. Do d6 ham s6 y = sinx 1a ham s6 1&.

1 Ham s6 y = cot x ¢6 tap xac dinh 1a 2 = R\ {kr|k € Z}.

Véi moi = € 2, ta 6 —x:—g—k:—g—i-kmre_@.
Mat khac, cot(—z) = — cot z nén ham s6 y = cotx 1a ham s6 1é.

Xét tinh chan 1é ctia cac ham sb sau:

a) f(z) = [x|. b)y:tan(x—i—g). c)y:cos(:c—l—%).

e luong a%z;z(fz[z,&;

a) Tap xac dinh 2 =R. V6i moi x € Z suy ra —x € 2.

Mat khéc, f(—z) = | — x| = |z| = f(z) nén f(z) 1a ham s6 chén.

b) Ham s6 y = tan (x—l— g) xéc dinh khi va chi khi z +g ] g+ kr, k € 7, tic la
x # km, k € Z. Suy ra ham s6 y = tan (m + g) co tap xac dinh la 2 = R\ {kr | k € Z}.
Véimoixz € Z,tacd —x # —km, k € Z, cing co nghia la —x # kn, k € Z, hay —x € 9.
Mat khac, ta lai c6

ton (o4 3) = —tan (v 5) = —an o =5 )
ni|— —_ ] = — —_ — = — —_
a. T 9 an {r B an \ T 9 ™

i (+7T)

= —tan(2z+ = ).
2

Do d6 ham séy:tan(x+g> 1a ham s6 18.

¢) Ham sO y = cos (:c + %) c6 tap xac dinh la 2 = R. V6i moi z € & suy ra —x € 9.
Dat f(x) = cos (a: + %)
Xét hai gia tri g; —g € 9, ta thiy ring:

f(g) = Cos (g+%> zcosg:();
f (—g) = Cos (—g + %) = cos (—%) = cos% = \/75
Vi f (—%) #f (g) va f (—g) #—f (g) nén ham s6 y = cos (x + %) khong phai

la ham chén ciing khong phai la ham 1é
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

a) y=2z°—6. b) y =23 — 3z. c) y = cos2x. d) y =sin’z.

2) Ham so tuan hoan

e Ham s6 y = f(z) v6i tap xac dinh 2 dugc goi 1a ham s6 tuan hoan néu ton
tai mot s6 T # 0 sao cho véimoi x € Z tacéx+T € I va f(x+T) = f(x).
e S6 T duong nhé nhat thoa man cac dieu kién trén (néu c6) duge goi 1a chu

ki ctia ham s6 tuan hoan y = f(x).

L\ Luvu Y. D6 thi ctia ham s6 tuan hoan chu ki T dugc lip lai trén ting doan gia

tri ctia z ¢6 do dai 7.

EViaws)) arrvrnn

Xét tinh tuan hoan clia ham s6 y = cosx va ham sd y = cot .

[ Hw% z/c?)z(iiézl. Ta c6 cos(z + 27) = cosz véi moi = € R.
cot(x 4+ m) = cot x v6i moi x # km, k € Z.
Do d6 ham s6 y = cosx 13 ham s6 tuan hoan vé6i chu ki 27 va ham s6 y = cot x 14 ham sb

tuan hoan véi chu ki 7.

L\ Luu Y. Ngudi ta chitng minh duge ring:

a) Cac ham s6 y = sinz va y = cosx 14 cdc ham s6 tuan hoan véi chu ki 27.
b) Cac ham s6 y = tanx va y = cot z 1a cdc ham s6 tuan hoan véi chu ki 7.

¢) Cac ham s6 y = Asinwx va y = Acoswz, (w > 0) 1a nhitng ham s6 tuan hoan

2
véichuki T = =&,
w

® Nhan xét: Dé vé dd thi ctia mot ham s6 tuan hoan véi chu ki 7', ta chi can vé do
thi ctia ham s6 nay trén doan [a;a + T], sau d6 dich chuyén song song véi truc hoanh phan
do thi da vé sang phai va sang trai cac doan c6 do dai lan lugt 1a T, 27T, 37T, ... ta dugc

toan bo do thi cua ham so.

’ \ ,
C (2) Xét tinh tuan hoan ctia ham s6 y = tan 2z.
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(¢ Bai 4. Ham s6 lugng gidc va do thi

1. DO THI CUA CAC HAM SO LUGNG GIAC

1) Ham sb y = sinz

& C6 tap xac dinh la R va tap gia tri la [—1;1]

& La ham s6 1é va tuan hoan véi chu ki 27;

-z + k2m; T + k21

5 ) va nghich bién trén moi

& Dong bién trén mdi khoang (

khoang (g + k2 37” + k’27r), keZ.

2) Ham sb y = cosx

& (6 tap xac dinh la R va tap gia tri la [—1; 1]

& La ham s6 chdn va tuan hoan véi chu ki 27;

< Dong bién trén moi khodng (—7 + k27; k27) va nghich bién trén moi khoang

(k2m;m + k27), k € Z;

m
2

Cho ham s6 y = cosz v6i z € [——;W].
a) Vé do thi ham s6 da cho.

b) Tai cac diém nao thi gia tri ctia ham s6 16n nhat.

o 5 ,
¢) Tim céac gia tri x € {—%; f} sao cho sin (x — 2) < 0.

[} /7‘[4[0/’% a&i/z(iz(a
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52

= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

a) Ta c6 do thi ham s6 y = cosz véi z € [—g; 7T:| nhu sau:

v A

b) Tai x = 0 thi gia tri ham s6 16n nhat.
T o T T

D _roem _T [——; ]

c) oxel G| T T

Dé sin (x—%) <Othix—£€ [—%;0) suy ra x € {—E 7T).

44

Tim tap gia tri cia ham s6 y = —3 cos .

(e Hao/)% z/(z}z(/mm Vi—-1<cosx <1nénsuyra—-3< —3cosz <3hay —-3<y<3.

Vay tap gia tri ctia ham s6 y = —3cosx 1a [—3;3].

Tim gi4 tri 16n nhat, nhé nhat clia ham s6 y = 5cosz + 1.

e ng (/(fnjazlz Taco—1<cosz<1e —5<5cosz <5e —4<5cosz+1<6a

—4 <y < 6. Vay miny = —4, maxy = 6.

C
/ B < . . . 3m 117 147w
@ [inh gia tri cia ham s6 y =sinx va y = cosx khl:L‘:?;:L‘:——;ZE:—.

)

Trong Vat li, ta biét ring phuong trinh tdng quat clia mot vat dao dong diéu
hoa cho béi cong thic z(t) = Acos(wt + ), trong d6 ¢ 1a thoi diem (tinh bang
giay), x(t) 1a li do clia vat tai thoi diém ¢, A 1a bien do dao dong (A > 0), wt + ¢
la pha ctia dao dong tai thoi diém ¢ va ¢ € [—7; 7] 1a pha ban dau ciia dao dong.
Dao dong diéu hoa nay c6 chu ki 7' = 2% (tiic 14 khodng thai gian dé vat thuc hien
mot dao dong toan phan). Gia si mot vat dao dong diéu hoa theo phuong trinh
z(t) = =5 cos(4mt) (cm).

a) Hay xac dinh bien do va pha ban dau cta dao dong.
b) Tinh pha ctia dao dong tai thai diém ¢ = 2 (giay). Hoi trong khoéng thoi gian

2 giay, vat thuyc hién dude bao nhiéu dao dong toan phan?
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(£ Bai 4. Ham s6 luong gidc va do thi

3) Ham sb y = tanx

Ham s y = tan a:

& (C6 tap xac dinh l[a R\ { 4F lm‘k’ € Z} va tap gia tri la R;
& La ham s6 18 va tuan hoan vé6i chu ki 7;
& Dong bién trén mdi khoang (—5 + km; — + lmr) k € Z;

& C6 do thi doi xiting qua goc toa do.
Yy

|

VB

______N*;q._____________

4) Ham sb y = cotx

Ham s6 y = cot x:

& Co tap xac dinh 1a R\ {k7 | k € Z} va tap gia tri la R;
& La ham s6 1& va tuan hoan véi chu ki 7;
& Nghich bién trén mdi khoang (km; 7 + kr), k € Z;

& (€6 do thi doi xiing qua goc toa do.
Yy

—_____ .l ____
L _.
|
vl
SR

Chohamsoy—cotxwﬂxé( —) va x # km, k € Z.

272
a) Vé do thi ctia ham s6 da cho.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

b) C6 bao nhiéu gia tri x ma tai d6 gia tri cia ham s6 bang 27

[ HLL’O/‘% JQ?/%[Q)L

a) DO thi ham s6 da cho trén (—g; g) la:

b) Duya vao sy tuong giao ham s6 y = cotx va y = 2 ¢6 4 gia tri thda man.

Trong Dia li, phép chiéu hinh tru dugc sit dung

Ty a0 1200 1000 80° 60° 40°

dé vé mot ban do phang nhu trong hinh vé.

Trén ban do phang lay duong xich dao lam truc
hoanh va kinh tuyén 0° lam truc tung. Khi do

tung do ctia mot diém c6 vi do ¢°(—90 < ¢ <

90) dugc cho bdi ham s6 y = 20tan (igo) Nguc‘iné:
180 sang (\I

(cm). Stt dung d6 thi ham s6 tan, hay cho biét

nhitng diem & vi do nao nam cach xich dao

khong qua 20 cm trén ban do.

[} /Zizm/n(f a/a"*/z(fzfézf. Vi diém ndm céch xich dao khong qué 20 cm trén ban do nén ta cé:

—20 < y < 20.
. L m e

Khi d6 —20 < 20 tan (@90) <20 hayﬁ—l <7Ttan (K;TO(P) <1

Ta c6: — ° khi vi chi khi —% < ——p <

a co: —90 < p <90 1 va chl kh 2<18ng<2

> Bicn soan: Ngo Diic Tii - B Zulo: 0889 977 004



(£ Bai 4. Ham s6 luong gidc va do thi

Xét do thi ham s6 y = tanz trén khoang (—g; g)

: y y:tanx:
E . |
R o w T E
20 4 4 02
! -1 :
Ta thay —1 < t (” ><1kh' achikhi—® < ™ <™ hay —45 < v < 45
—l1<tan {—¢p) < ivachi khi —— < —¢p <= —45 < p < 45.
Y "\ 1807 T A B 14
Vay trén ban do, cac diém céach xich dao khong qua 20 cm ndm & vi do tit —45° dén 45°.

W 52 Tér

Tréc nghiém

¢S Cau 1. Tap xéac dinh ciia ham s6 y = sinx 13
® 11 (1) © (0:+00) DR,
> Cau 2. Tap xéc dinh ctia ham s6 y = cot x 1a

@) 2 =R\ {0}. ® 2 =R\ {k2n,k € Z} .
© 7 =R\ {km ke Z) . @.@:R\{ngkw,keZ}.

> Cau 3. Khang dinh nao dudi day la sai?

(A) Ham s6 y = tanx c6 tap gia tri A R .
Ham s6 y = cosz c6 tap gia tri 1a [-1;1] .
(C) Ham s6 y = sinx c6 tap gia tri la [-1;1] .
(D) Ham s6 y = cotx ¢6 tap xac dinh A R .

$> Cau 4. Tap xac dinh ciia ham s6 y = sin 2z 1a

@ [-2;2]. ® [-1;1]. © R\ {kn} . ® R.

$> Cau 5. Tap gia tri ciia ham s6 y = sin 2z 13

@ [-22]. ® [-1;1]. © R\ {kr} . @R.

¢ Cau 6. Tap xac dinh cia ham s6 y = tanz 1

@A) 2 =R\ {0}. ® 2 =R\ {k2n,k € Z} .

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

© 2 =R\ {kn,keZ)}. @@:R\{ngkm,keZ}.
¢S Cau 7. Tap xéac dinh ctia ham s6 y = tan (23: + g) 1a

@_@:R\{%Jrlm,kez}. @:R\{%Jﬂm,kez}.

@@:R\{%Jr%ﬂ,kez}. @@:R\{ngknr,keZ}.
¢ Cau 8. Trong cac ham s6 sau, dau 1a ham s6 tuan hoan?

@y:xsinx. Yy =sinz.

. 2

© y=x—sinz . ®y_sinm'
> Cau 9. Tap gid tri clia ham s6 y = cosz 1a

@A) T =[-1;1]. ® T=(-1;1).

© T = [0;+00) . D) T = (—00;0] .

¢ Cau 10. Meénh dé nao duéi day ding?

(A) Ham s6 y = sinx 13 ham s6 chén .
Ham s6 y = cosz 1a ham s6 chén .
(C) Ham s6 y = tanx 13 ham s6 chén .
(D) Ham s6 y = cotx 1a ham s6 chin .

¢S Cau 11. Trong cac ham sb sau, dau 1a ham so 1&?
@y:sin2:v. B) y = zcos2x .
@y:xsinx. @yzcosx.

¢ Cau 12. Tap x4ac dinh clia ham s6 y = sin /7 1a

@) R. R\ {0} . © (0;+00) . D) [0; +o0) .
$¢> Cau 13. Trong cac ham sb sau, dau 1a ham s6 187

(A) y = cosx + sin® z. B) y =sinxz + cosx .

©) y=—cosz . @y:sinxcos?)x.
¢S Cau 14. Menh deé nao duéi day sai?

(A) Ham s6 y = sinz c¢6 tuan hoan véi chu ki 27 .

Ham s6 y = cosx ¢6 tuan hoan véi chu ki 27 .

(©) Ham s6 y = tanz ¢6 tuan hoan véi chu ki 27 .

(D) Ham s6 y = cotx c6 tuan hoan véi chu ki 27 .
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(£ Bai 4. Ham s6 luong gidc va do thi

$> Cau 15. Tinh chu ki T cia ham s6 y = sin (5m - %)

2 5% T ™

T=—. T=—. T=—. T=—.

@72 : Qr-T 1T
$> Cau 16. Tim tap xac dinh D ctia ham s6 y = /sinz — 2.

@) 2=R. ® 2 =R\ {kn,kcZ}.
© =[-1;1]. D 2 =o.

¢S Cau 17. Cho ham s6 y = sinz. Ménh dé nao sau day 1a ding?
3

(A) Ham s6 dong bién trén khoang (g, 7r), nghich bién trén khoang (71'; 7)

Ham s6 dong bién trén khoang ( Sl —Z), nghich bién trén khodng (—g; W).

202 2
(C) Ham s6 dong bién trén khoang (O; g), nghich bién trén khoang (—g; 0).

PN . . 3
(D) Ham s6 dong bién trén khodng (—g; g), nghich bién trén khoang (g, g)
31w 33w
47 4

(A) Ham s6 y = cot x nghich bién. Ham s y = tan z nghich bién.

$¢> Cau 18. Véi x € ( ), ménh dé nao sau day 1a dang?
(©) Ham s6 y = sinx dong bién. (D) Ham s6 y = cos nghich bién.
¢ Cau 19. Ham s6 y = sin 2z dong bién trén khodng nao trong cic khodng sau?
3 3
@A) (0;z). (E;ﬂ'). © 7r;—7T . D) —7;27r .
4 2 2 2
¢S Cau 20. Tim tap gid tri T ctia ham s6 y = 5 — 3sinz.
® T =[-11]. T =[-3:3]. © T =[28]. © T =58
¢ Cau 21. Ménh dé nao duéi day sai?

@) D6 thi ham sb y = |sinz| dbi xing qua goc toa do O.
D6 thi ham s6 y = cosx doéi xting qua truc Oy .

(©) DO thi ham s y = ! tanx‘ déi xitng qua truc Oy .

(D) Do thi ham s6 y = tanz dbi xting qua gbc toa do O .

$> Cau 22. Tap xac dinh ctia ham s6 y = /1 + cos 2z 1a:

@) o . ® R.
© [~1;400) . D) [—%;+oo> .

. 1-—
$> Cau 23. Tap xac dinh ctia ham so y = 4 /ﬂ 1a:
1+sinz

@ 2. ® R.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

@R\{—ngmez}. @R\{g+k2w|kez}.
¢S Cau 24. Tap xac dinh ctia ham s6 y = Losinz 1a:
COS T
@R\{g+k7r]keZ}. R\{%Jrk‘zﬂkez}.
@R\{—g+k2w|kez}. © R\ {krlk € Z} .
1

$> Cau 25. Tap xac dinh cia ham s6 y = tanz + ———— la
1+ cot*x

@R\{%mwykez}. R\{—%Jﬂm\keZ}.
@R\{—£+k2w|kez}. @R\{%ﬂkez}.
¢S Cau 26. Ham s6 nao dudi day 1a ham sb 167
A) y=—2cosz . B) y = —2sinx .
(©) y=tanz —cosz . D) y=—2sinz+2 .

$> Cau 27. Ham sb nao sau day 1a ham s6 chdn?

A) y=cosr+5. B) y = tanz + cot x .
© y =sin(—2) . (D) y =sinx — cosw .

¢S Cau 28. Ham s6 y = cos x nghich bién trén khoang:

@ (0;7) - (m;2) . © (-2:2). © (-0) .

¢ Cau 29. Ham s6 y = sin  nghich bién trén khodng:

Or 117w 117 137
@ (EE) - (H’E) -
© (10;7;117) . (D) (97;107) .
. 1
¢S Cau 30. SO cac gia tri « € [—m; 27] sao cho cosa = 3 1a

@ 1. ® 2. © 3. D) 4 .

Tu luén

& Bai 1. Xét tinh chin 1é ctia cac ham s6 sau:

a) y=>5sinx + 1. ¢) y = sin 2z + tan 2z. e) y = sinx cos 2z.

b) y = cosx + sinx. d) y = cosz + sin’ . f) y =sinz + cosz.

& Bai 2. Tim tap xac dinh clia cAc ham s6 sau:

a) y= 1 ‘ ¢c) y = cot 3. e) y=+/cosz — 1.
oS T

b t T d) y= 1 f)y_;

) y = tan (x+1) YT T+¥sinzcosa 2 —sin’z’
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(£ Bai 4. Ham s6 luong gidc va do thi

g) y=+/1+ sin3z. h) y = 1 . o [1+cos2x
sinx + cos x i) y= 1—sin2r

& Bai 3. Tim tap gia tri clia cac ham so sau:

a)y:5—2605<%—x). c) y=2tanz + 3.
b) y = |sin3z| — 1. d) y=+1—sinz +2.
& Bai 4. Tim gia tri 16n nhat va gia tri nhé nhat clia cac ham sb sau:
a) y =2+ 3|cosz. ¢) y=+1+cos2x + 3. e) y = 3cos’x + 4 cos 2.

1
b) y = 2vsinz + 1. d) y=

1 _snz f) y =sinz + cos.

2
a) Ham s6 y = tanz nhan gid tri bang —1;  ¢) Ham s6 y = cot z nhan gia tri bang 1;

) L . e R , 3 2
& Bai 5. Dung do thi ham so0, tim gia tri cua x trén khoang (—71’; 7T> de

b) Ham s6 y = tanx nhan gia tri bang 0; d) Ham s6 y = cot x nhan gié tri bang 0.
& Bai 6. Dung do thi ham s6, hdy cho biét:
a) V6i moi m € [—1;1], ¢6 bao nhiéu gia tri o € [—g; g] sao cho sina = m;
b) V6i méi m € [—1;1], ¢6 bao nhiéu gia tri « € [0; 7] sao cho cosa = m;
¢) V6i mdi m € R, ¢6 bao nhiéu gia tri « € (—g; g) sao cho tan a = m;
d) V6i mdi m € R, ¢6 bao nhiéu gié tri o € (0;7) sao cho cota = m.
& Bai 7. Gia st khi mot con song bien di qua mot cai coc & ngoai khoi, chiéu cao clia
nudce duge mo hinh hod béi ham sé A(t) = 90 cos (;T—Ot), trong d6 h(t) 1a do cao tinh bang
centimét trén mitc nude bién trung binh tai thoi diém ¢ giay.

a) Tim chu ki clia song.

b) Tim chiéu cao cia séng, titc 1a khodng cach theo phuong thang diing gitta day va dinh

clia song.

& Bai 8. Khi du quay hoat dong, van toéc theo phuong
ngang cua mot cabin M phu thudc vao goc lugng giac
a = (Ox,OM) theo ham s6 v, = 0,3sina (m/s) (Hinh vé
bén).

a) Tim gia tri 16n nhat va gia tri nho nhat cla v,.

b) Dua vao do thi ciia ham s6 sin, hdy cho biét trong

vong quay dau tién (0 < a < 27), goc a & trong cic

khoang nao thi v, ting?

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 9. Mot dao dong dieu hoa c6 phuong trinh li do dao dong 14 x = A cos(wt +¢), trong
do6 t 13 thoi gian tinh bang giay, A 1a bién do dao dong va x 1a li do dao dong deéu dugc tinh

N 2
bang centimét. Khi d6, chu ki T' cua dao dong la T = T Xac dinh gia tri cta li do khi
w
T T 3T N . ~ N
7 t= 3 t= R t =T va vé do thi bieu dién li d6 ctia dao dong dieu hoa trén
doan [0; 2T trong trudng hop

t=0,t=

a) A=3cm, ¢ =0; b)A:3cm,g0:—g; C)AzSCm,wzg.

& Bai 10. Xét ham s6 f(r) = cos2x trén tap hgp D = [0;27] va ¢6 do thi cho & hinh vé.

Tim s6 giao diém t6i da ctia dudng thang y = m véi m € R va do thi ham s6 g(z) = |f(z)|.

Y
1 s
oﬁ\/ \/Zﬁ$
4

& Bai 11. Cho cac ham s6 y = sin2z v y = cosx ¢6 do thi trong cling hé toa do nhu sau

Héi hai do thi cit nhau tai bao nhieu diém c6 hoanh do thuoc khoang (0;2018)?

& Bai 12. Mot con lic 10 xo dao dong déu hoa quanh ? ?
. - 73
vi tri can bang theo phuong trinh: == 3
= £3
y = 25sin4rt, = E
T y>0
¢ d6 y duge tinh bang centimét con thoi gian t duge “ﬁl--— D].-;:;_
l
can béng

tinh bang giay.
a) Tim chu ki dao dong ctia con lac 10 xo.
b) Tim tan s6 dao dong clia con lic, titc 1a s6 lan dao dong trong mot giay.
c¢) Tim khodng cach gitta diém cao nhat va thap nhét clia con lic.
& Bai 13. Mot chat diéem dao dong diéu hoa theo phuong trinh s = 3sin (gt) v6i s tinh
bang cm va t tinh bing giay. Dua vao do thi clia ham s6 sin, hay xac dinh & cac thsi diém

. X 3
t nao trong 4 giay dau thi s < —3

»Lﬁhmmu%6$m7h—@@£Mx&%ﬁ%ﬁO@ﬁ



(£ Bai 4. Ham s6 luong gidc va do thi

& Bai 14. Huyét ap 1& 4p lyc mau can thiét tic dong len thanh dong mach nham dua
mau di nuoi dudng cac mo trong co thé. Nhs liuc co bop clia tim va stc can ciia dong mach
ma huyét ap dugc tao ra. Gia sit huyét ap ctia mot ngusi thay doi theo thoi gian dude cho
béi cong thite: p(t) = 120 + 15 cos 1507, trong d6 p(t) 1a huyét ap tinh theo don vi mmHg
(milimét thuy ngan) va thai gian ¢ tinh theo don vi phit.

a) Chiing minh p(¢) 12 mot ham s6 tuan hoan.

b) Huyét 4p cao nhat va huyét ap thap nhat lan lugt duge goi 1a huyét 4p tam thu va
huyét 4p tam truong. Tim chi s6 huyét ap clia ngusi do, biét rang chi s6 huyét ap
duge viét 1a huyét ap tam thu/huyét ap tam truong.

& Bai 15. Gi stt do sau D(t) (m) ctia nude cia mot cang bién sau ¢ gio ké tit nita dém

N t
dudgc tinh bang cong thic: D(t) = 4 cos <%) +6 (m),0 <t <24
a) Tim do sau 16n nhat va do sau nho nhat ciia nuée & cdng nay theo cong thitc tren.

b) Mot chiée thuyen chi di duge vao cang khi do sau ctia nude khong nhéd hon 5 mét. Hoi

theo cong thiic trén, chiéc thuyén nay cé thé vao cang lic 8 git toi hay khong?

& Bai 16. Mot vong quay tro choi ¢6 ban kinh 57 m, truc
quay cach mat dat 57,5 m, quay déu mdi vong hét 15 phit.
Khi vong quay quay déu, khoang cach h (m) tit mot cabin gan

tai diem A ctia vong quay dén mat dat duge tinh béi cong thiic:
e

15 2

h(t) = 57 sin (2—7rt - —> +57,5 v6i t 1a thoi gian quay ctia vong
quay tinh bang phut (¢t > 0) (hinh vé).

a) Tinh chu ki ctia ham s6 h(t)?

b) Khi ¢t =0 (phut) thi khodng cach tit cabin dén mat dat bang bao nhieu?

¢) Khi quay mot vong lan thit nhat tinh tit thoi diém ¢ = 0 (phut), tai thoi diém nao cta

t thi cabin & vi trf cao nhat? 0 vi tri dat dugce chiéu cao 1a 86 m?

& Bai 17. Hang ngay, Mat Troi chiéu sang, bong clia mot toa chung cu cao 40 m in trén

mit dat, do dai bong clia tod nha nay duge tinh bang cong thiic S(t) = 40

m
t —t|, 6d6 S
12 ‘
dugce tinh bang mét, con t 1a s6 gio tinh tit 6 gio sang.
a) Tim do dai bong ctia toa nha tai cic thoi diém 8 gid sdng, 12 gio trua, 17 gis 45 phiit.
b) Tai thoi diém nao thi do dai béng ciia toa nha bing chiéu cao toa nha?

c¢) Bong toa nha sé nhu thé nao khi thoi gian tién dan dén 6 gio t6i?
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 18. Khoang cach tit tam mot guong nuée dén mét

nude va ban kinh clia guong deu bang 3 m. Xét gau G clia
guong. Ban dau gau G nam & vi tri A (Hinh vé bén).

a) Viét ham s6 h biéu dién chidu cao (tinh bang mét) clia
gau G so v6i mat nudce theo goc a = (OA, OG).

b) Guong nude quay hét méi vong trong 30 giay. Dya vao

do thi ctia ham s6 sin, hay cho biét & cac thoi diém ¢

nao trong 1 phut dau, khoang cach ctia gau dén mat

nude bang 1,5 mét?

& Bai 19. Trong hinh vé bén dudi, mot chiéc may bay A

bay & do cao 500 m theo mot

dudng thang di ngang qua phia trén tram quan sat 7 ¢ mat dat. Hinh chiéu vuong géc ctia

A len mat dat 1a H, a 1a goc lugng gide (Tz, TA) (0 < a < 7).

A (méay bay)

500m

-
T (tram quan sét) H

a) Biéu dién toa do zy clia diém H trén truc Tz theo a.

b) Dua vao do thi ham sb cotang, héay cho biét véi % <a< ?ﬂ’ thi 2 nam trong khoang

nao? Lam tron két qua dén hang phan mudi.
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5 PHUGNG TRINH LUGNG GIAC CG BAN

I. PHUONG TRINH TUGNG DUGONG

Hai phuong trinh dugce goi 1a tuong duong néu ching cé cliing tap nghiém.

L\ Luuy.

¢ Dé giai phuong trinh, ta thuong bién doi phuong trinh dé thanh mot phuong

trinh tuong duong don gian hon. Cac phép bién ddi nhu vay duge goi la cac

phép bién déi tuong duong. Ta c6 mot sé6 phép bién doi tuong duong thusng

st dung sau

% Cong hoac trit hai vé ctia phuong trinh véi ciing mot s6 hosic cling mot

biéu thitc ma khong lam thay doi diéu kién ctia phuong trinh.

% Nhan hosic chia hai vé ctia phuong trinh v6i cing mot s6 khac 0 hoac

cling mot biéu thitc luoén c6 gia tri khac 0 ma khong lam thay doi diéu kien

ctia phuong trinh.

& Dé chi su tuong duong clia cac phuong trinh, ngusi ta ding ki hieu “<”.

Hai phuong trinh z — 1 = 0 va 22 — 1 = 0 c6 tuong duong khéng?Vi

ao?

Il. PHUGNG TRINH sinz = m

Xét phuong trinh sinz = m.

& Néu |m| > 1 thi phuong trinh vo nghiem.
& Néu |m| < 1 thi phuong trinh c6 nghiem:
r=a+ k2 ke’
va x=m—a+k2r, k€ Z,

véi « la géc thuoce [—g; g] sao cho sina = m.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

3r 1 5n/ —2r 3r <~z 1.7 Jloa m—a 3 —2r  Bm 3%
) 2 | -1 2 s 2
2
L LuuY.

& Mot s6 truong hop dic biet
sinle@ng—i—k%r,kez;
sinxz—l@x:—g—l—k%ykez;
sint =0& x=kn, k €Z.

& sinu=sinv s u=v+ k27, k € Z hoicu=7n—v+ k2w, k € Z.

& sinx =sina® < x = a® + k360°, k € Z hoac z = 180° — a° + k360°, k € Z.

) QAGAG A

evidl

Giai cac phuong trinh sau:

a

b

sing = —

) si
)

¢) sin (zx_Z):_é.
)

e) sinz = cos 3.

f) sin(z + 30°) = sin(z + 60°).

g) sin3z = 0.
3 2
) 3
d) sin3x = sin 2x. h) Smx:z-
[} Haﬁo/‘% Jdﬂﬁzm
a) Vi ?zsing nén
:z—i—kZﬂ x:E—I—kQW
sinz =sin - & 3 & 3 (k€ Z).
s T W—i—k? x 27T+k2
=7 — = T = — T
3 3
b) Vi|—3| =3 > 1 nén phuong trinh da cho vo6 nghiém.
c) V —?zsin (—g) nén
R ORI BE)
sin (20— 5 ) = sin (20 — o ) =sin { -3
20 — — = —— + k27 2 = k27 r=km
& 3 3 VN - VN - (k € 7).
23:—%—#—( §)+k27r 2x=§+k27r x:%—klm

> Bién soan: Nys Diie Tii - B Zulo: 0889 977 004



(& Bai 5. Phuong trinh lugng giac co ban

3x =2z + k2w x = k2m
d) sin3z = sin 2z & & - o
3x=m—2x+ k27 x:g—kk? (ke Z)

- x:z—3x+k27r
e) sinx = cos3x < sinx = sin (5—337) = 2 -
=7 — (5—3x)+k27r

do = = 4 k2r T=2tko
o 2 o 8 2
7r m
—2:v:§—|—k27r x:—z—lm (ke Z)
Vi {—%—lm | kEZ} = {—%-l—kﬂ' | kEZ} nén ta cé thé viét nhu sau:
JTZE—FI{?g
sinx = cos 3z < 87r (keZ).
x:—z—i-lwr

x + 30° = x + 60° + £360°
sin(z + 30°) = sin(z + 60°) <
x + 30° = 180° — (x — 60°) + k360°
=2 = 210° + k360° & o = 105° + k360°(k € Z)

k
g) sindz =0 31 = kr & o = — (ke Z).

3
3
h) Goi « la géc théa mén sina = 1
3 r=o+ k27
Khi do sinxzzﬁsinx:sina e (ke Z).

r=7m—«o+ k27

Tim tat cd cdc nghiém ciia phuong trinh sinz = cosx trén [0; 27].
y / A e ) . 7z . . . 7T
[ /{Lmn(/c c/mijz(zz,. Ta ¢6 sinz = cosz < sinx = sin (5 — :r;)

I:E—l‘—l—kﬂﬂ'

& 2 4:)2x:g+k27r@x:%—l—k7r (k€ Z).
LC:TF—(g—x)—l—kQﬂ'
Vi 6[0‘2]nén0<ﬂ—|—k <ore - <k <77T<:> 1<k<7
xT ;2T \4 T X 4T 4\ T X 4 4\ \4
Mat khac, vi k € Z nén k € {0;1}.
) . , . A . 3
Vay tat cac cac nghiém ctia phuong trinh trén doan [0; 27 la z = —%; x = f
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Gia st huyét 4p ctia mot nguoi A duge xac dinh bdi cong thiic p(t) = 115 + 25sin(1607t),

trong d6 p(t) (don vi: mmHg) 1a huyét ap clia ngusi do tai thoi diém ¢ (don vi: pht).
Xéc dinh tat ca cac thoi diem ngudi nay co6 huyét ap thap nhat theo cong thiic tren.

[ 9{(3‘1(71@; Nguoi nay c6 huyét 4p thap nhat khi sin(1607t) = —1.

Gi&i phuong trinh tren ta duoc: 160wt = —g v k2m, keZvak>1 (dot > 0) hay

1 k
= —— 4+ — 7 va k > 1.
t 390 + 20’ ke Z va
Vay ngudi nay c6 huyét ap thap nhat khi
1 k
=—— 4+ — Zovak > 1.
t 390 + 20’ keZvak

ey |
(1) Giai cac phuong trinh lugng giac sau:
2
a) sinx = \/7_ c) sin(z + 30°) = —

b) sin2r = —1. d) sin2z = sin (x +

e) sindr = —sin(r — x).

f) sin3z = —sin5x.

SEES

Y
’ o - ———
@ SO nghiém ctia phuong trinh sin4z = 0 trén doan [—5; 5} la bao nhiéu?
ey | o
@ Gia st s0 lugng N ciia mot loai huu sau ¢t nam duge xac dinh bdi cong thiic:
. 7t
N = 30 000 + 20 000 sin <E) .

X4c dinh nam dau tién ma s6 lugng clia loai huu nay bang 50 nghin con theo cong

thic trén.

I1l. PHUGNG TRINH cosz = m

Xét phuong trinh cosz = m.

<& Néu |m| > 1 thi phuong trinh vo nghiém.
& Néu |m| < 1 thi phuong trinh c¢6 nghiém
r=a+k2n, k€ Z
va T =—a+k2n, k € Z,

VOl « la goc thudce [0; 7] sao cho cos v = m.
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(& Bai 5. Phuong trinh lugng giac co ban
Yy
1
/"\ y=m
—3m —2m -7 / m T\ T —27 3
j —a |0« | T
: _1 :
21

L\ Luuy.
& Mot s truong hgp dic biét
cosr=1sx=kKrkelZ

cosr=—-1r=n+k2n, ke’

cosxzo(:)m:g—f—km,k;ez.

& cosu=cosv < u=v+k2r, k € Z hoac u = —v+ k2n, k € Z.

& cosx = cosa’ < x = a° + k360°, k € Z hoac x = —a® + k360°, k € Z.

c) cos2x = cos(45° — x).

Giai cac phuong trinh sau:

V3
a) cosx:—T.
T
b) cosz =0,1. d) 2cos (2:}0—5) +3=0.

3 )
a) Cosx:—£(:)(:osxzcos—w(:)x::t%—i-k%r,kez.

b) Goi a € [0; 7] la géc thod méan cosa = 0,1. Khi do,
cosr =0,1 < cosz=cosa<s x=xa+ k2r,k €.

2x = 45° — x + k360°
cos 2x = cos (45° — ) &
21 = — (45° — ) + k360°

x = 15° 4+ k120°

3r = 45° + k360°
(k€ Z).

= =
r = —45° + k360° xr = —45° + k360°
d)
3
2cos(2x—g) +\/§=0(:)cos(2x—g> :—g
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- (2 ) 5%
cos |20 — — ) = cos —
i 3 6
Qx—E:EI)—?T—I—kQW
o 3 6
™ 5T 19
20 — — = ——
_a: 3 6+ m
[ 7
J::—W—l—/mr
& 127r (keZ)
I:—Z—f—k‘ﬂ'

VayS:{%+kﬂ —— +km

keZ}.

N X . t . S n
Mot vat dao dong dieu hoa theo phuong trinh x = 8cos <%> (sau ¢ tinh bang giay, x

tinh bing centimét). Xac dinh tat ca cac thoi diém vat c¢6 li do 16n nhat (ké tit thai diém
ban dau).
Tt
[ o&gzcjaa Vat ¢6 1i do 16n nhat 1a 8 ¢cm khi cos (12) =1.
Tt
Phuong trinh trén c6 cac nghiém la: i k2r, ke N (dot >0) =t=24k, ke N.
Vay cac thoi diém vat c¢6 li do 16n nhat la: t = 24k, k € N.

' @ Giai cac perdng trinh sau:

Cosm__T‘ c) COS 31 = cos <$+g) e) sinx + cos 2z = 0.
. V3
b) cosx = 3. d) cos(z — 10 ):—7- f) sin2z + 2cosxz = 0.
e
Mot vé tinh nhan tao bay quanh Trai
Vé tinl
Dat theo mot quy dao 1a duong elip — P~
(Hinh bén). Do cao h (km) cta vé tinh // o0 0O t‘{
/-["\/% 8(_ A\
so v6i bé mat Trai Dat duge xac dinh 00 > fe— S\ o ) )
jr:";\ Sa ] (X)
bdi cong thic N )
Y \ / 4
- A
h:550—|—45()cos%t d_ 250

(Nguon: Dai s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam, 2021), trong d6 t 1a
thoi gian tinh bang phut ké tit lic vé tinh bay vao quy dao. Tai thoi diém ¢ bing
bao nhiéu thi vé tinh cdch m#t dat 1 000 km; 250 km; 100 km?
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(& Bai 5. Phuong trinh lugng giac co ban

(2

(6) Khi Mat Trang quay quanh Trai Dat, mat doi dien véi Trai Dat thuong chi
duge Mit Trai chiéu sang mot phan. Cac pha ciia Mat Trang mo ta mitc do phan
bé mit clia né duge Mat Troi chiéu sang. Khi goc gitta Mat Troi, Trai Dat va Mat
Trang 1a a(0° < o < 360°) thi ti lé F' cia phan Mt Trang duge chiéu sang cho bdi
cong thic

F = %(1 — cos )

Xac dinh goc « tuong ting v6i cac pha sau cia Mat Trang:

a) F =0 (tring méi);

JURECE . Mat Trang
52 ~e 1N 5 ’c" 4 \“‘ Mt Trai
b) F =0,25 (trang ludi liem); 5 //(: : gy
R \, Trai Dat /
c) F = 0,5 (trang ban nguyét dau L -

thang hoac trang ban nguyét cudi

thang);

d) F =1 (trang tron).
IV. PHUONG TRINH tanz =m
Vé6i moi s6 thyc m, phuong trinh tanz = m c6 nghiém

r=a+km k€ Z,

2yt N Z ~ 7r 7-‘-
v6i a la géc thuoce (—5; 5) sao cho tana = m.

L LuuY. tanz = tana® < = = a° + k180°, k € Z.

> Bicn soan: Ngd Diic Tid - B Zulo: 0889 977 004



= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Giai cac phuong trinh sau:

2025 oy —
9y — 2050 ¢) tan(2z + 15°) = —1.
a) tan2x 5004
m
b) 3tan (20 + £ ) = V3. d) (Btanz — v3)(2sine — 1) =0,

() Hwo/'% din gidi.

. R T 2025
a) Goi a thuoc <—§ 2) la goc thoa man tan o = 3004" Khi do, ta co:
tan 2 —2025<:>t 20 =t S2r=a+kr & +k (keZ)
an 2z 5024 an2r = tan o =« T x—2 )
b)
3
3tan <2:Jc—|— E) = —V3 & tan (Qx—i—z) = —£
6 6 3
ot (2 +7T) t (W)
n — | =tan | ——
a x 5 a 5
T T
&2 —=—+k
x—|—6 6 ™

& 2 = —g + km
T T
Sr=——+k-(keZ).
T et 2( € 7)
¢) Ta co: tan (2z + 15°) = —1 = tan (—45°) < 22+15° = —45°+k180° < = = —30°+£90°.

d) Dieu kién cosx#0:>x7ég+k:7r,k‘€Z. Ta c6:

tan$:£ tanx:tanz
(3tanx—\/§) (2sinz —1) =0« 13 & 7r6
sinx = — sinx = sin —
2 6
x:z+k7r
6 s
T LL‘ZE—I-I{?T(
= J?:g—i—kQT( = B
51 I=€+k27r (keZ)
ZF—i—kQ (ke Z)

So véi dié kien, ta Cé nghiém cua phuong trinh la:

Ay 7 xz%—i—kﬂﬁ (keZ).

6
' @ Giai cac phu’dng trinh sau:

_ d) tanz = tan 67°.

) tanx = .

\/§
b) tanx = —1. e) v3tan2r = —1.

T

c) tan <$—1)+\/§:0- f) tan3z + tan bz = 0.
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Mot ngusi dan em gai ciia minh dén cong vien dé
choi xich du. Lic day theo phuong ngang F (N)
ma ngudi dé dung dé day em géi trong tro choi
nay duge xac dinh bdi cong thic F = mgtan,
trong d6 m (kg) 1a khéi lugng ctia em gai, g 1a gia

toc trong truong va 6 1a géc tao béi xich du khi

bit dau duge day véi phuong thang ding (Hinh
bén). Xac dinh goc 0 khi F = 400/3 N, m = 40 kg

va g = 10 m/s?.

V. PHUGONG TRINH cotz = m

Véi moi s6 thuyc m, phuong trinh cot z = m c6 nghiém

r=a+km k€ Z.

v6i a la géce thuoce (0;7) sao cho cot v = m.

\ycot:r

3%

L LUuY. cotz = cota® & & = a® + k180°, k € Z.

SV,

Giai cac phuong trinh sau:

a) cot2r = —/3. b) V3cotz +1=0. ¢) cot(3z + 30°) = cot 75°.

[} Hu‘o‘g a/dmjmo
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

km
= VBmcot (1) o= T _ Z
a) cot2x V3 = cot G & 2 6+k:7r<:)x 12+ 5 k€
1
b) \/gcotx%—l:O(:)cotx:—%zcot<—g)(:)m:—§+k7r,kEZ.

¢) cot(3z + 30°) = cot 75° < 3z + 30° = 75° 4+ k180° < x = 15° + k60°, k € Z.
(2,
@ Giai cac phuong trinh sau:

a) cot2zr = —1. b) cot 6z = 4. c) cot(x — 45°) = /3.

B 52 Tér
Trdc nghiém

$® Cau 1. Phuong trinh nao duéi day vo nghiém?

@sinm:% B) tanz =3 .
(©) cosz =4 . @cosx:—l

$® Cau 2. Nghiém ctua phuong trinh sinx = —1 la
@x:—g+kﬁ,kez. x:g—l—kﬂ,keZ.
@xz—%—kaw,keZ. @x:g—l—kﬁw,keZ.

¢ Cau 3. Phuong trinh 2sinz — 1 = 0 ¢6 tap nghiém la
@A) S = { + k2m; 56 +/€27T,k€Z}.
S—{—+k27r —%+k27r keZ}
© S = { + ko —%+k2w,keZ} .

@S—{—+k27r o +k5,kez}.

6 2
$® Cau 4. Phuong trinh sin (?—%) = 0 ¢6 nghiém la
®$:g+k‘7r(k€Z). B x=kn(keZ).
@x_27r k:37r(k 7) . @I‘:ﬂ- ]{?37T<k €7) .
$® Cau 5. Nghiém cta phuong trinh 2cosx +1 =0 la
@ z = —+k27rkEZ x:igwm,kez.
@x_i3+k27r,k:€Z. @x:i%Jerw,keZ.
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$® Cau 6. Ho nghiém ctia phuong trinh cosz =1 1a

@x:%”,kez. x:g+k27r,kEZ.
©) z =knm,k € Z. D) = = k2m,k € Z.

> Cau 7. V6i k € Z, phuong trinh /2 cos (x + %) =1 c6 tap nghiém la

@ {k‘?ﬂ;—%—i—k‘ﬂ'}. {kn;—ngkw}.
© {lm;—g—i-k;%r}. (D) {kQW;—g—l—kQﬁ}.
¢ Cau 8. V6i k € Z, phuong trinh 2sinz + 1 = 0 ¢6 tap nghiém la
@ {—%+k27r;—%r+k7r}. {g+k2w;5§+k2w}.
© {_%+k2ﬂ;%+k2ﬂ}. @ {%‘f’kfﬂ';_%_’_kfﬂ'}.
> Cau 9. V6i k € Z, phuong trinh 2sinz — /3 = 0 ¢6 tap nghiém I3
® {%—Fk%r;%r—l—kﬂﬂ}. {i%Jrkzw}.
© {g+k27r;2§+k27r}. (D) {ig—i—kﬁﬂ}.
¢S Cau 10. Phuong trinh tan (x + g) = 0 ¢6 ho nghiém la
@—g—kk%,kez. —g+k7r,k:€Z.
@%Jrlm,kez. @—%Jrkw,keZ.
$© Cau 11. Tap nghiém cua phuong trinh sin2x = 1 1a
@{%Jrk:%,kez}. {%+k7r,keZ}.
© {kr k7). ®) {g+k2w,k€Z}.
$® Cau 12. Phuong trinh nao duéi day c6 nghiém?
(A) cosz = 5. sinx = —5.
(©) cos2z = g (D) cos 3z = 2025.

$® Cau 13. Phuong trinh nao duéi day c6 nghiém?

(A) cosz = 5. sinx = —5.

cos2x = @ cos 3x = 2025.
@ 4

¢ Cau 14. Tat ca cac nghiém ciia phuong trinh cos z = cosg la

2
x:l+k2w,k€Z. x:ﬂ:z—kkm,k‘EZ.

3 3
@x:i%+k2w,keZ. @ngwm,kez.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

$& Cau 15. Nghiém ctia phuong trinh 2 cos(x + 15°) — 1 =0 la

x = 75° + k360° x = 60° + k360°

@) keZ. keZ.
x = 135° + k360° r = —60° + k360°
r = 45° + k360° r = 75° + k360°

© keZ. (D) keZ.
r = —45° + k360° r = —45° + k360°

1
$® Cau 16. Phuong trinh cosx = —3 c6 cac nghiem la:

:c:z—l—k%r x:5—7r—|—k27r
® 3 (k€ Z). 6 (k€ Z).
x:—z+k27r $:—5—7T+k527T
I 3 I 6
2 2
x:—ﬂ+k27r x:—w+k27r
© 3 (k € Z). D) 3 (k € Z).
:z+k27r x:—2—ﬂ+k27r
°73 773
$® Cau 17. Phuong trinh cosz = 0 ¢6 nghiém la:
@m:gwmkem x=g+m(keZ).
© z = k2n(k € Z). ©) = = kn(k € Z).
$® Cau 18. Phuong trinh tanz = —1 ¢6 nghiém la
@x:%+k2w(keZ). x:—%Jrknr(keZ).
©x:—%+k2w(kez>. @x:ngka(keZ).
$© Cau 19. Phuong trinh cot z = 0 ¢6 cac nghiém la
@xz%%—kw(kéZ). ®) = =kn(k €Z).
@x:ngkw(keZ). @x:ngka(keZ).

$® Cau 20. Phuong trinh sinz — cosz = 0 ¢6 cac nghiém la

@x:%Jrkw(keZ). x:—gw:n(kezy
@x:%+k2w(k6Z). @x:—%+k2w(keZ).

¢ Cau 21. S6 nghiém ctia phuong trinh sin 2 = 0,3 trén khoang (0; 4r) 1a

@) 2. 3. © 4. (D) 6.
¢ Cau 22. Gia tri m dé phuong trinh cos z = m c6 nghiém trén khoang (—g; g) la:
@) 0<m<1. ® 0<m< 1. © m > 0. D) m < 1.

> Bicn soan: Ngo Diic Tii - D) Zilo: 0889 977 004



(& Bais. Phuong trinh lugng giac co ban

¢S Cau 23. S6 nghiém ctia phuong trinh 2 cos (2 — ™) =1 trong khoan 0;m).
5 g g

@) o. 1. © 2. D 3.
> Cau 24. Phuong trinh tanz = v/3 ¢6 tap nghiém la
@{g+k2w,keZ}. ® .
@{ngkw,keZ}. @{%+kw,keZ}.
2
$© Cau 25. Phuong trinh cot ?x = /3 ¢6 nghiém la
2
@x:%+k7r(keZ). x—%+k%(k: e7).
k3 k
©x_%+—”(keZ) @x_g+ﬁ(k AR
$> Cau 26. Tong cac nghiem ctia phuong trinh 2sin(z +40°) = /3 trén (—180°; 180°) 1a
@A) 20°. 100° . © 80° . (D) 120° .
$® Cau 27. S6 nghiem thuoc khoang (0; 27) ctia phuong trinh sin (:c + g) +sin2z =0 la
@) 1. 2. © 3. D) 4 .
¢ Cau 28. Do thi ctia ham s6 y = sinz va y = cosz c¢it nhau tai bao nhiéu diém c6 hoanh
do thuoc doan [— 2m; 5;]
@) 5. 6 . © 4. D 7.
$> Cau 29. Tap nghiém ciia phuong trinh (1 — /2 cos£)(2024 + sin?z) = 0 13
@) {%+k7r;—%+k7r‘kEZ}. {%—i—ka;—%—l—kalkEZ} .
© {z+knlkez}. © {~% +knlk ez} .
$» Cau 30. Tim tat ca cac gia tri ctia tham s6 m dé phuong trinh sin z = m+1 c¢6 nghiém
@) m > 1. 0<m<
© m<0. D -2<m<0.

¢ Cau 31. C6 bao nhiéu gia tri nguyen ciia tham s6 m dé phuong trinh 3sin 2z —m?+5 =0

¢6 nghiém?
@) 6. 2. © 1. D 7.
$© Cau 32. Tim tét ca céc gia tri thue ctia m dé phuong trinh cosz —m = 0 vo nghiém.

@A) m € (—o0; —1) U (1; +00). B) m € (—oo0; —1] U [1;400) .

© m € (1;400) . (D) m € (—o0; —1) .
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$> Cau 33. Phuong trinh sinz + v/3cosz = 1 ¢6 s6 nghiem thuoc khoang (0; 37) la

@ 2. ® 3. © 4. ® 5.

> Cau 34. Phuong trinh v/3cosz + 3sinz ¢6 cac nghiem la:

@x:—%—i—lm(lﬂeZ). x:%Jrlm(keZ).
@x:—gww(kezy @ngwm(kezy

$® Cau 35. Phuong trinh cos 2z = cos (:U + %) c6 nghiém la:

v T
r=—+Kk2mw r=—+ k27
@ 4 (k € 7). 4 (k € 7).
P v T 12T
4 3 12 3
r=—+ k27 r=—+k2r
© 4 (ke 7Z) D) 4 (k€ Z)
_ T2 TP
YT TR TS TT T T
$© Cau 36. Phuong trinh sin 3z = cosx ¢6 cac nghiém la:
x:z+kz $=z+k37T
@ 8 2 (ken). 8 (ke Z).
T T T
=x——Z+k7r =£C——Z—|—/€§
T T T T
r=_-+kz rT=—=+kz
© 8 2 (ken). D) 8 2 (ken).
_x:—g—l—lmr _xz—%%—lm

¢ Cau 37. Tinh tong cac nghiem ciia phuong trinh cos (595 — %) = oS <2x — g) trén
[0; 7].

47 47 451 T

T ® 5 I 15
¢ Cau 38. Phuong trinh 2sinz 4+ /3 = 0 ¢6 tong nghiém duong nhé nhéat v nghiém am
nho nhat bang

@A) 4% g ©) 2. D) .
$> Cau 39. Tap nghiém ciia phuong trinh sin? z — 2sinz + 1 = 0 1a?

@xz—%—i—k?mkez. a:z%r—l—kﬂw,kEGZ.

@x:g+k27r,k;€Z. @x:—%%—lm,kez

¢S Cau 40. Phuong trinh sin 5z —sin « ¢6 bao nhiéu nghiém thudc doan [—20187; 201877

(@A) 20179. 20181. (©) 16144. (D) 16145.
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(& Bais. Phuong trinh lugng giac co ban

$> Cau 41. Tim tat cd cac nghiém phuong trinh:

. . T . T ™ . ™
SlHIL‘SlIlg +COSZI’SIHZ = COSJZCOSg + sin 2z COSZ

x:i—i—k‘Q?T 17:_71"’_]{3271-

@ 12 (ke Z). 12 (k € 7).
g M2 e T
" 36 3 " 36 3
x:5—7r—l—k27r :B:7—7T+k:7r

© 12 (k e Z). D) 12 (k e Z).
:c——z k;2—7T r=——+ k27
G 3 36

¢ Cau 42. Phuong trinh sin (x + %) + cosz = 0 c6 tap nghiem duge biéu dién bdi bao

nhiéu diém trén duong tron luong giac?

@ 2. ® 3. © L D) 4.

2

¢S Cau 43. Nghiém am 16n nhat ctia phuong trinh cos (49& — %) +sin®x = cos® x 13

35 11 11 1

@ —%ﬂ'. —%Tf. @ —Eﬂ'. @ —Eﬂ'.

¢ Cau 44. Cho ham s6 y = cosx ¢6 do thi nhu hinh vé.

Nghiém ctia phuong trinh cosz = —1 trong khoang (0;27) la

@A) x=0. ® = =m. © = =2r. @x:g

$¢> Cau 45. Cho ham s6 y = sinz ¢6 do thi nhu hinh vé.

Nghiém ctia phuong trinh sinz = 1 trong khoang (0; 27) 1a

@A) »=0. ®B) z=m. @x:—g. @x:g
O Cau 46. SO gio c6 anh sang mit troi ciia mot thanh phd A trong ngay thit ¢ clia mot nam
7
180
Vao ngay nado trong nam thi thanh phd A c6 nhiéu gio c¢6 anh sang mat troi nhat?

@ 170. 171. © 172. ©) 173.

khong nhuan duge cho béi ham s6 d(t) = 3sin ( (t— 80)) F12vGit € Z va 0 < t < 365,
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Tu luén

& Bai 1. Giai cac phuong trinh lugng giac sau:

1
_! 30+ ) =0,
a) sin2x 5 )SIH(IL’—|—2
2
b) sin (:v—g) :sing. d) sin4x — cos (x+%) = 0.
& Bai 2. Giai cac phuong trinh lugng giac sau:
[l 2., _
a) cos (JCJr g) _ \f b) cosdx = cos L c) cos®x = 1.

& Bai 3. Giai cac phuong trinh lugng giac sau:

a) tanz = tan55°. d) cot (g + %) = 1.

T
—) = 3
b) tan<2x+4> 0. o) cot3x:—\/?—.
x 1
¢) tan(i—l) =3 f) cotx —3 =/3(1 — cot x).
& Bai 4. Giai cac phuong trinh lugng giac sau:
a) cos(2z + 10°) = sin(50° — z). f) tan(z — 30°) — cot 50° = 0.
b) 8sindz+1=0. g)mﬁ(x+%):sm2@x+g)
¢) sin 2z + cosdx = 0. h) cos? (Qx - g) = sin? (m + %)
d) cos3x = —cosTx. i) sinz 4 cosz = 0.
e) (sinz + 3)(cotx — 1) =0. j) sinz —v/3cosz = 0.
& Bai 5. Giai cac phuong trinh lugng giac sau:
a) tanz + cotz = 0. e) tan2zcotx = 1.
b) sinz + tanx = 0. f) co ( 4)+COS (Z—x)zO.
¢) 2sin2z — sindz = 0. g) 2cos?z + Hsinz — 4 = 0.
d> COS6.T}—SiIl6.TIO. h) COS(.T—Z)—FQSID r—1=0.

& Bai 6. Tim cac nghiém ctia mo6i phuong trinh sau trong khodng (—m; 7).

™ T 4m
a) sin (3x—§) =1 b) 2cos (23;_?%) = /3. ¢) tan (x—|—§> :tang.

& Bai 7. Tim hoanh do giao diém ctia do thi cac ham s6 sau:
=3 ()

a) y=sin(2z— o) vay=sin{ —z).
b)y:cos<3x—g>vay:cos(a7—l—%>.
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(& Bais. Phuong trinh lugng giac co ban

& Bai 8. Tim hoanh do giao diem ctia do thi cdc ham so0 y = sin3x — cos (Zﬂ — x) véi
truc hoanh.

sinz — 2 cos 3x
sin x + sin (2&: — g)
& Bai 10. Mot qua dan phéo duge ban ra khoi nong phéo véi van toc ban dau vy = 500 m/s

& Bai 9. Tim tap xac dinh clia ham s6 lugng gidc y =

hop v6i phuong ngang mot géc . Trong Vat li, ta biét rang, néu bd qua stic can clia khong
khi va coi qua dan phéo duge ban ra tit mat dat thi quy dao ctia qua dan tuan theo phuong
—g

2

r? +rtana, 6 d6 g = 9,8 m/s? 1 gia toc trong trudng.
2v§ cos? o

trinh y =

a) Tinh theo goc ban o tam xa ma qua dan dat t6i (tiic 1a khoang cach tir vi tri ban dén

diém qué dan cham dat).
b) Tim géc ban « dé qua dan tring muc tiéu cach vi tri dat khau phao 22000 m.
c¢) Tim goc ban o dé qua dan bay xa nhat.

& Bai 11. Gia st mot vat dao dong diéu hoa xung quanh vi tri can bang theo phuong
trinh o = 2cos (575 — %) . O day, thoi gian ¢ tinh bing giay va quang duong = tinh bing
centimét. Hay cho biét trong khodng thoi gian tit 0 dén 6 giay, vat di qua vi trf can bang

bao nhiéu lan?

& Bai 12. Mot cay cau c6 dang cung AB ciia do thi ham s6 y = 4,2 - cosg va duge mo ta

trong hé truc toa do véi don vi truc 1a mét nhu & Hinh 38. Mot sa lan chd khéi hang hoa

ducce xép thanh hinh hop chu nhat v6i do cao 3 m so Yy
v6i muc nude song sao cho si lan c6 thé di qua duge
gam cau. Chiing minh réng chiéu rong ctia khdi hang

héa d6 phai nhd hon 12,5 m. —4r J Ar
Hinh 38

& Bai 13. S6 gio ¢6 anh sang mat troi clia mot thanh phd A & vi do 40° Bac trong ngay
thtt ¢ ctia mot nam khong nhuan duge cho béi ham s6

N
182
(Nguon: Dai s6 va Gidi tich 11 Nang cao, NXBGD Viét Nam, 2020)

d(t) :3sin[ (t—SO)} L 12v6it € Z va 0 < t < 365,
a) Thanh phd A c6 ding 12 gid ¢6 4nh sdng mit troi vao ngay nao trong nam?
b) Vao ngay nao trong nam thanh phd A c6 ding 9 gio ¢6 anh sang mat troi?

c¢) Vao ngay nao trong nam thi thanh phd A c6 dung 15 gio ¢6 anh sang mat troi?
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 14. Trong Hinh bén, khi dugc kéo ra khoi vi tri can bang & diem O va budng tay,
lyc dan hoi ctia 10 xo khién vat A gdn ¢ dau ctia 10 xo dao dong quanh O. Toa do s (cm)
clia A trén truc Ox vao thoi diém ¢ (giay) sau khi buong tay dudce xac dinh béi cong thiic

s = 10sin (1075 + g) Vao céc thoi diém nao thi s = —5v/3 cm?

& Bai 15. Trong Hinh 10, ngon den héi dang H cach bo bién yy’ mot khoang HO = 1 km.
Deén xoay ngudc chiéu kim dong ho véi téc do 110 rad/s va chiéu hai luong anh sang vé hai
phia déi dién nhau. Khi den xoay, diém M ma ludng anh sang ctia hai diang roi vao bs bién

chuyén dong doc theo ba.

(Theo hitps://www.mnhs.org/splitrock/learn/technology)

>y
M
8:®.. 1o
1 km
1 km
N
' | b bién

a) Ban dau ludng sang tring v6i dudng thang HO. Viét ham sb biéu thi toa do yys clia
diém M trén truc Oy theo thsi gian ¢.
b) Ngoi nha N nam trén bd bién vé6i toa do yy = —1 (km). Xac dinh céc thoi diém ¢ ma
den hai dang chiéu vao ngoi nha.
& Bai 16. Huyét ap clia con ngudi thay doi lien tuc theo thoi gian. Gia stt huyét 4p tam
truong (huyét ap trong dong mach khi tim nghi ngoi gitta hai lan co bép) cia ngudi A trong
mot ngay dude tinh bdi cong thic B(t) = 80 + 6sin (7{—5) trong dé ¢ 1 s6 gio ké tit nita dém

va B(t) (mmHg) la huyét ap tam truong.
(a) Tim huyét ap tam truong clia ngudi nay lic 6 gio sang va 12 gio trua.

(b) Theo cong thiic trén, ngudi nay c¢6 huyét 4p tam truong thap nhat vao thoi diém nao

trong ngay?
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(& Bais. Phuong trinh lugng giac co ban

& Bai 17. Theo Dinh luat khic xa anh sang, khi mot tia sang

duge chiéu t6i mit phan cach gitta hai moi trudng trong suot s

khong dong chat thi ti s6 S
sin r

, VOi i la goc t6i va r la goc -

khic xa, 1a mot hang sé6 phu thudc vio chiét suat ctia hai moi

truong. Biét rang khi goc t6i 1a 45° thi goc khic xa bang 30°. x

N

Khi goc t6i 1a 60° thi goc khiic xa 1a bao nhiéu? Lam tron két

qua dén hang phan tram.

& Bai 18. Mot qua bong duge ném xién mot goc a (0° < a < 90°) tit mat dat véi toe do

vp (m/s). Khoang cach theo phuong ngang tit vi tri ban dau ctia qua boéng dén vi tri bong
v% sin 2«
10

(a) Tinh khoang céch d khi béng duge ném di véi toc do ban dau 10m/s va géc ném 1a

cham dat dugc tinh bédi cong thitc d =

30° so v6i phuong ngang.

(b) Néu téc do ban dau ctia béng 1a 10m/s thi can ném boéng v6i géc bao nhicu do deé

khoang cach d la 5m?

& Bai 19. Chiéu cao h (m) ctia mot cabin trén vong quay vao thoi diém ¢ giay sau khi bat

dau chuyén dong dugc cho bdi cong thiic h(t) = 30 4 20sin (%t + %) .

(a) Cabin dat do cao tdi da 1a bao nhieu?
(b) Sau bao nhiéu giay thi cabin dat do cao 40m lan dau tien?
& Bai 20. Mot chiéc guong nude c6 dang hinh tron
ban kinh 2,5 m; truc ctia né diat cach mat nude 2 m
(hinh bén). Khi guong quay déu, khodng cach h (mét)
tinh tit mot chiéc gau gin tai diém A tren gudng dén

mat nudc la h = |y| trong do

1
y=2+2,5sin27w (x—z)

véi x 1a thoi gian quay ctia guong (x > 0), tinh bang

M6 phdng gubng nude

phit; ta quy uéc rang y > 0 khi gau ¢ trén mit nude

va y < 0 khi gau 6 dudi mat nuée.

a) Khi nao chiéc gau 6 vi tri cao nhat? Thap nhat?

b) Chiéc gau cach mat nude 2 mét lan dau tien khi nao?

> Bitn soan: Nod Dite Tei - 8D Zalo: 0889 9771 004
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 21. S6 gio c6 anh sang mit troi cia mot thanh pho A trong ngay thi ¢ (6 day t 1a
s6 ngay tinh tit ngay 1 thang giéng) ctia mot nam khong nhuan duge mo hinh héa béi ham

SO

27

B ” X < 365,
365(t 80)] véiteZ val <t< 365

L(t) =12+ 2,83sin [
a) Vao ngay nao trong nam thi thanh ph6 A c¢6 it gio d4nh sdng mét troi nhat?
b) Vao ngay nao trong nam thi thanh ph6 A c¢6 nhiéu gio anh sang mit troi nhat?
c¢) Vao ngay nao trong nam thi thanh phd A c¢6 khoang 10 gio anh sang mat troi?
& Bai 22. Hoi Lim (Bic Ninh) dugc t6 chiic vao miia xuan thuong cé tro choi danh du.
Khi ngudi choi du nhtn déu, cay du sé dua nguoi choi du dao

dong quanh vi trf can bang (Hinh vé). Nghién cttu tro choi

nay, nguoi ta thay khoang cach h (m) tit vi tri ngudi choi du

dén vi trf can bang duge biéu dién qua thoi gian t(s) (véi

Vi tri ¢én bdng

t > 0) v6i hé thic h = |d| v6i d = 3 cos [g(Qt — 1)], trong do
ta quy u6c d > 0 khi vi trf can bang 6 phia sau lung ngudi
choi du va d < 0 trong truong hop nguge lai (Nguon: Dai s6
va gidi tich 11 Nang cao, NXBGD Viét Nam, 2022). Vao thoi

diém ¢ nao thi khodng cach 2 14 3 m; 0 m?

& Bai 23. Muc nudc cao nhat tai mot cang bién 1a 16

h (m)A
m khi thiy triéu lén cao va sau 12 gis khi thiy triéu =
xuoéng thap thi myc nude thap nhat 1a 10 m. Do thi 6 -
Hinh bén mo ta su thay doi chiéu cao ctia muc nude
tai cdng trong vong 24 gio tinh tir lic nita dem. Biét [7) 1:2 ;4 T(h)

chiéu cao ctia myc nude h (m) theo thoi gian ¢ (h) voéi

(0 < t < 24) duge cho béi cong thic

h=m+ (W t)
=m acos |\ —
12

v6i m, a 1a cac s6 thuc duong cho truée.
a) Tim m,a.

b) Tim thai diém trong ngay khi chidu cao clia myc nude 1a 11,5 m.
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ON TAP CHUGNG 1

B 52 Tér

6

Trdc nghiém nhiéu phuong én lwa chon

A L Lo .
¢S Cau 1. Biét sina = —5 8id tri cta sin(m — a) la

1 1 V3 V3
w3 ® -3 ©5 Chen
¢ Cau 2. Cong thic nao sau day dang?
(A) cos2a = 2cosa . (B) cos2a = cosa —sina .
© cos2a = cos?a —sin®a . @ cos2a = cos® a +sin a .

$® Cau 3. Phuong trinh cosz = cosg ¢6 nghiém la

@x:ig-i—k%,k:eZ. xz:l:g-l-knr,kez.
@x:%r—l—kﬂﬁ,kez. @x:%—i—kQﬂ,keZ.

¢ Cau 4. Rit gon biéu thic T = sin <% + SL’) — sin (g - x) ta duge két qua 1a

@Tzé. Tzsinx.

2
@T:\/gcosx. @Tzsin?x.

247

¢ Cau 5. Goc lugng giac - c6 cung diém biéu dién trén dudng tron luong giac véi goc

luwgng giac nao sau day?

137 167

m
5 ®—5 ©- ®5
$> Cau 6. Ham s6 y = cosz 14 ham s6
(A) 18 va tuan hoan véi chu ki 27 .
ch&n va tuan hoan véi chu ki 27 .
(© 1é va tuan hoan véi chu ki 7 .

@ chén va tuan hoan véi chu ki = .
$® Cau 7. Cong thitc nao sau day dung?

(A) cos(m +a) = cosa . cosaztan(%—a) :
(©) sin(180° — a) = sina . (D) sin? 2025 + cos? 2025a = 1 .
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

> Cau 8. Khang dinh nao dudi day la sai?

(A) sin(a — b) = sinacosb + cosasinb .

sin2a = 2sinacosa .
a+b a—>b
(©) cosa+ cosb = 2cos 5 cos 5 .

(D) cos?a —sin®a = cos 2a .

? 1 X
¢ Cau 9. Goc lugng giac nao tuong tng véi chuyen dong quay 35 vong ngugce chieu kim
dong ho?
167

@A) - (15—6> : (©) 1152° . (D) 1152~ .
$® Cau 10. Trong truong hgp nao dudi day cos a = cos f va sina = — sin 87
@ﬁ:—a. B B=1—a.
© B=m+a. @ﬁ:nga.
¢ Cau 11. Nghiem am 16n nhat cia phuong trinh cos 2z = cos (a: + g) la
7r om T
@—5. —?. @—? -3

$> Cau 12. S6 nghiem ctia phuong trinh tanz = 3 trong khodng (—g; g) la

@ 1. ® 2. © 3. D) 4.
$> Cau 13. Gia tri 16n nhat va gia tri nho nhat clia ham s6 y = 2 — sinx lan lugt 1a
@A) 3val. B 1va3. © 4va —4 . D) 4va 2.

¢ Cau 14. Cho % < a < 2r. Khang dinh nao diang?

(A) cota >0 . B) cosa >0 . © sina > 0. (D) tana >0 .

) 1—
¢ Cau 15. Tap xéc dinh ctia ham s6 y = % la
@A) 2 =R\ {k2r|k € Z} . ®) 2 =R\ {knlk € Z} .
@@:R\{g+k2w|kez}. @@:R\{ngkﬂk:eZ}.
) 1 + sin?
> Céu 16. Don gian biéu thite P = — > &
1 —sin” o
A) P=—1+2tan%a . B) P=1-2tan%a .
© P=-1-2tan’« . D) P=1+2tan’a .

¢ Cau 17. Ham s6 nghich bién trén khoang (m;27) 1a

@y:sinx. y:cosx. @y:tan:v. @y:cotx.
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(£ Bai 6. On tap chuong 1

¢ Cau 18. Ham s6 y = sinz dong bién trén khodng:

3momw
@ (0;7) . (—7;—5) .
T
© (~33) - © (=m0).
$> Cau 19. Nghiém clia phuong trinh cot(3z — 1) = —v/3 la
1 m  krm 1 7
= — —_— — k Z . =5 4 k k Z .
@ x g+1%+3,e ® = ; g+7]z,e
n  kmw n  kmw
U -+ T T ez,
©) = 3 3,k€ D) = 3+18+3’k€
$» Cau 20. Néu tan(a + b) = 3,tan(a — b) = —3 thi tan 2a bang
3 3
@) 0. = © 1. D) -7
¢S Cau 21. Néu cosa = i thi cos 2a bang:
15 7 15 7
G 5 I -5
. 4 <
$> Cau 22. Néu cosa = g va cosb = ~E thi cos(a + b) cos(a — b) bang;:
@) 0. 2. © 4. D) 5.
. 2 N
$® Cau 23. Neéu sina = —g thi sin (a + %) + sin (a — %) bang:
2 1 2 1
@3 5 ©- -3
¢ Cau 24. S6 nghiem ctia phuong trinh cosx = 0 trén doan [0; 107] 1a:
@) 5. 9. © 10. (D) 11.
¢ Cau 25. S6 nghiém clia phuong trinh sinz = 0 trén doan [0; 107] 1a:
@) 10. 6. © 5. (D) 11.
$® Cau 26. Phuong trinh cot x = —1 ¢6 nghiém la:
® T + b (ke Z). ® §+kr (k).
@%+k27r(keZ). @—%+k27r(keZ).

A P . 5 N . ™ \/§ N N
$© Cau 27. SO nghiém ctia phuong trinh sin (x + Z) = trén doan [0; 7] la:
@) 4. 1. © 2. D) 3.

~ 2 aex L, .. om m 25w T .
$© Cau 28. Bieu dién cac goc lugng giac o = 5 g = 3 7=3 0= e trén duong
tron lugng giac. Cac géc nao c6 diem biéu dién tring nhau?

@A) B va 1. ® «, B, 7. © B, 7, 4. D) a va b.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Cau 29. Trong cac khang dinh sau, khing dinh nao la sai?

@) sin(r — a) = sina. cos(m — a) = cos a.
©

sin(m 4+ o) = —sina. (D) cos(m + a) = — cos .
> Cau 30. Trong cac khang dinh sau, khdng dinh nao la sai?

=cosacosb —sinasinb.
=sinacosb — cosasinb.
) = cosacosb— sinasinb.

b) = sinacosb + cos asin b.
$> Cau 31. Rit gon biéu thitic M = cos(a + b) cos(a — b) — sin(a + b) sin(a — b), ta dugc:
(A) M = sin4a. B) M =1-2cos?a.
© M =1-2sin’a. (D) M = cos4a.
> Cau 32. Khing dinh nao sau day la sai?
(A) Ham s6 y = cosz c6 tap xac dinh 1a R..
Ham s6 y = cosx c6 tap gia tri 1a [—1;1]..
(©) Ham s6 y = cosx 1a ham s6 1é..
(D) Ham s6 y = cosx tuan hoan véi chu ki 27..

$> Cau 33. Trong ciac ham s6 sau day, ham s6 nao 1a ham tuan hoan?

@A) y = tanz + 7. ® y=a2>+1.
sinx
@yzcotx. @y: .

X

$> Cau 34. Do thi clia cac ham s6 y = sinz va y = cosz cat nhau tai bao nhieu diem c6

hoanh do thudc doan [—27; 5;]7
@) 5. 6. © 4. D) 7.
A . - N P COs @ N
¢ Cau 35. Tap xac dinh cia ham s6 y = —— 1a:
sinx — 1

@ R\ {k2r | k € Z}. R\{g+k2w|kez}.
@R\{g+kwykeZ}. © R\ {kr | k € Z}.
¢ Cau 36. Tim tap xac dinh 2 clia ham s6 y = tan .

@@:R\{nglm,keZ}. ® 2 =R\ {kn,k € Z}.
© 7 =R\ {k2m, k € 7). @.@zR\{ngka,keZ}.
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(& Bai 6. On tap chuong 1

$> Cau 37. Nhict do ngoai trsi ¢ mot thanh phd vao cac thoi diém khac nhau trong ngay
c6 thé duge mo phéng béi cong thiic
h(t) = 29 + 3sin %(t —9)
v6i h tinh bang do C va t 1a thoi gian trong ngay tinh bang gio. Nhiét do thap nhat trong
ngay 1a bao nhieu do C va vao lic may gio?
(Theo https://www.sciencedirect.com/science/ article/abs/pii/0168192385900139)
() 32°C, lac 15 gio. 29°C, lic 9 gio.
(©) 26°C, lic 3 gio. (D) 26°C, lic 0 gio.

¢S Cau 38. Tap gia tri ctia ham s6 y = cosz 1a tap hgp nao sau day?

@ R (—o00; 0. © [0;+00]. © [-1;1].

¢ Cau 39. Tap gia tri clia ham s6 y = sin 2z 1a

@ [-2;2]. 052]. © [-1;1]. ®© [0:1].
¢S Cau 40. Menh deé nao dudi day dung?

(A) Ham s6 y = sinz 13 ham s6 chén.

Ham s6 y = cosx 1a ham s6 chén.

(C) Ham s6 y = tanz 1a ham s6 chén.

(D) Ham s6 y = cot x 1a ham s6 chin.

A : ) . 3
¢ Cau 41. Nghiém cta phuong trinh tanxz = —% dugce Y B
biéu dién trén duong tron luong gidc ¢ hinh bén la nhitng diém D C
nao?
2 2 ! €
@ Diém F, diém D. A O 4
biem C, diem F.
B/

(© Diém C, diém D, diém E, diém F.
(D) Diém E, diém F.

& Cau 42. Ddi s6 do goc o = 105° sang radian ta duge

®a=" ®oa=7. ©a="17. ® o=

12

> Cau 43. Gia tri cot 89?” bing

@ -2 ® V3. © V3. ®

|3
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Cau 44. Trong cac dang thiic sau, dang thitc nao ding?

() sin(180° — a) = — cosa. sin(180° — a) = —sina.
(©) sin(180° — a) = sina. (D) sin(180° — a) = cosa.
. 1 N
& Cau 45. Biét sina = 5 Gia tri ctia cos? z bang:
V3

B) cos’z = —~

3

@A) cos’z =
(D) cos? T=7

(©) cos?x =
~ > T . .. . 4si 5 N
¢S Cau 46. Biét cotx = 3 Gié tri cua bieu thtc s?nx tocosy bang

sinxz — 3cosx

..J>| >—t[\3| —

1 5 2
—. —. 13. —.
17 ® 9 © © 9
& Cau 47. Trong cac dang thiic sau, dang thiic nao sai?
u—
@cosu—l—cosv:Zcos( ) s( 5 )
cosu—cosv:2sin(u+v> n(U; )
@sinu+sinv:2sin(u+v> S(u; )
@sinu—sinv:2cos( ) n(u_ )
& Cau 48. Trong cac dang thiic sau, dang thitc nao sai?
(A) sin2a = 2sinacosa. cos 2a = cos® a — sin® a.
2tana
cos2a = 1 — 2sin? a. tan2q = ———.
@ @ 1 +tana

$> Cau 49. Tap xac dinh ctia ham s6 y = /1 — cosz 1a:
@R\{ +k27r‘k€Z} ® R\ {kr | k € Z).
© R\ {k2r | k € Z). ® R.
¢ Cau 50. Khang dinh nao sau day sai?
(A) Tap xac dinh ctia ham s6 y = tanx 13 D = ]R\{ + k| k:EZ}
Ham sb6 y = tanz dong bién trén cac khoang (5 + k, 3; + Im) véi moi k € Z.
(©) Tap gia tri ctia ham s6 y = tanx 1a (—g, g)
(D) Ham s6 y = tanx 1a ham s6 tuan hoan véi chu ki .

$> Cau 51. Ham s6 nao dudi day c6 do thi nhan truc tung lam truc déi xing?

(A) y = cos . y = sin® z. (©) y = sinw. @ y =tanz.
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(& Bai 6. On tap chuong 1

$> Cau 52. Gi4 tri clia biéu thitc A = (2sina — cosx)? + (2cosx + sinx)? bing

@ 5. 4, © 3. O 2.
¢S Cau 53. Meénh deé nao sau day sai?

(A) Ham s6 y = sinz tuan hoan véi chu ki 27.

Ham s6 y = cosz tuan hoan véi chu ki 27.

(©) Ham s6 y = tanz tuan hoan véi chu ki 27.
(D) Ham s6 y = cot x tuan hoan vd6i chu ki 7.
¢S Cau 54. Menh deé nao sau day sai?
(A) Ham sb y = sinx cos 2z 1a ham s tuan hoan.
Ham s6 y = sin x cos 2z 1a ham s6 1¢é.
(©) Ham s6 y = xsinz 1a ham s6 tuan hoan.
(D) Ham s6 y = sinx 1a ham s6 chin.
$> Cau 55. Meénh dé nao dudi day ding?
A) cosr =1 x=nr+2kr (k€ Z).
sine =0<z=Kk2n (keZ).
© tanz =0 < 2 = k21 (k € Z).
(D) Cosx:O@x:g—l—kﬂ (keZ).

> Cau 56. S6 nghiem ctia phuong trinh 2 cosz = /3 trén doan lO; %T] la:

@ 1. ® 4. © 3. ©) 2.

¢ Cau 57. Diém biéu dién trén dudng tron lugng giac ciia goc luong giac co s6 do —830°

thuoc géc phan tu thit may?

(A) Go6c phan tu thit 1. Goc phan tu thi I1.
(©) Goc phan tu tha I11. (D) Géc phan tu thi IV.

$> Cau 58. Tat ca cac nghiem ciia phuong trinh cot(z — 15°) — /3 =0 la

Q) x ="75°+k180°,k € Z . B) x =45+ k180°,k € 7Z .
(©) x=175°+k360°,k € Z . (D) z = 45° + k360°,k € Z .
$® Cau 59. Cho gbc hinh hoc uOv = 40°. S6 do ctia goc lugng

giac (Ou, Ov) nhu hinh vé bén dudi bang

@) —40° . ~140° . © 140°. (D) 40° . ©
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

¢ Cau 60. Duong cong trong hinh dudi day 1a do thi clia ham s6 nao?

@y:cotx.

$® Cau 61. Phuong trinh cosz = cosa® ¢6 nghiém la

— T

Y

vl

2l

B) y=cosx . © y=sinx .

A) z=0a°+k360°,k € Z .
©) = =+a°+k360°,k € Z .

> Cau 62. Ham s6 y =

sin 2x

cotx — \/§

SIE]

1

1

1

1

1

1

1

1

1

:
™

1

1

1

1

1

1

1

1

@y:tanx.

r=0a°+k180°, ke Z .
(D) z=+a° +Kk180°, k€ Z .

c6 tap xac dinh 1a

@.@:R\{lm, %+km|kez}.
.@:R\{ngkw\keZ}.
© Q:R\{%Mw, gwmufez}.
® 2 =R\ {kr |k Z}.

2

N N X . 2 N A ~ 3 N N ~ N
$© Cau 63. Tu do thi cia ham so y = cosz trén doan l—;; E} trong hinh vé, suy ra ham

s6 y = cosz nhan gia tri duong khi

®wel-53

™

m™ T

|-

©re(-53)-

$> Cau 64. Rit gon biéu thitc sin(a — 19°) cos(a 4 11°) —sin(a 4 11°) cos(a — 19°) ta dugc

(A) sin2a.

cos 2a.

®B) x € (—%ﬂ,g) :
D) z € (—7;0) .

© 3 ® -5
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(£ Bai 6. On tap chuong 1

¢S Cau 65. Mot tro choi du quay banh xe ¢6 20 6 xe chd khach(xem hinh vé) khoang cach
tir tam du quay dén 0 xe bang 50 m. Céac 6 xe dugc thiét ké can ddi va déu nhau trén duong
tron, vong quay ngude kim dong ho. Hoi 6 xe s6 2 di chuyén dén vi trf 6 xe s6 8 thi da di
chuyén dugc quang duong (don vi mét) gan nhat véi sé nao sau day ?

12 1 4

?3 "‘ 9
f‘;
18$

s

\4//

le

6
S

/{Z

2

19 3#34
e

(A) 102 m . ®) 92,45 m . © 96,5 m . (D) 94, 25 .

¢S Cau 66. Cho do thi ham s6 y = cosx 6 do thi 1a dudng cong trong hinh bén. Ham sb
da cho dong bién trén khoang nao dudi day?

¥

T
oo (35)
® ;) o
3
© (m2m) . (D) (—;;—W) .
¢ Cau 67. Hing ngay muc nude clia con kénh lén xudng theo thiy trieu. Do sau h (mét)
clia mic nude trong kénh duge tinh tai thoi diém ¢ (gio) trong mot ngay bdi cong thiic

t 2 . .2 Z “o .
h = 3cos <% + E) + 12. Dé tim thoi diem muc nuée trong kénh 16n nhat ta giai phuong

4
trinh nao trong cac phuong trinh sau day:

@cos(%tqtg):m. cos(
@cos(%t—i-%):—l. (D) cos

¢ Cau 68. Khing dinh nao sai?

T~
o|d oof 2
+
PRSI

(A) cos6a = cos? 3a — sin? 3a . cosba = 1 — 2sin®3a .
©0086a21—681n2a. (D) cosba =2cos?3a—1 .
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

¢ Cau 69. Cho mot goc lugng giac c6 s6 do 120°. S6 do clia cac goc lugng gidc co cling

tia dau, tia cudi véi goc lugng giac da cho 1a

(A) 120° + k360° . 120° + £180° .
(©) 120° + k27 . (D) 180° + kr .

¢ Cau 70. Chon khing dinh ding trong céc khang dinh sau:
180\ °

(A) 1 rad = (—) . 1 rad = 180° .
™
(© 1 rad = 60° . D) 1rad=1°.

¢S Cau 71. Menh deé nao duéi day sai?

@1200:%. 2500:2%.
@1350231. @3000251.
4 3
¢S Cau 72. Néu sinz + cosx = % thi sin 22 bang
3 3 V2 8
w3 ®3 ©5 -5

¢ Cau 73. Cho luc gidc déu ABCDEFGH nai tiép trong dudng tron

lugng gidc. Khang dinh nao ding?

@ (OB,OC):ngka,keZ. (OB,OC):g+k27r,keZ.

© (OB,OC):%TJrkZW,k:eZ. ©®) (OB,0C) = —%+k27r,k: €Z

) 11
$® Cau 74. Cho mot goc lugng giac (Ou, Ox) ¢6 s6 do Tﬂ va mot géc lugng giac (Ox, Ov)
. 3 . )
¢6 so do f Viet cong thic tong quat ctia goc lugng giac (Ou, Ov).
3
@(Ou,Ov)zglemr,k:GZ. ® (Ou,0v) = k2m, k€ Z .
@(Ou,Ov):—ngkakeZ. @(Ou,ov)z—%”Jrkzw,keZ.

$> Cau 75. Hinh vé sau biéu dién hinh dang do thi (C1) ctia ham s6 f(z) = cosz v do thi

(Co) ctia ham s6 g(x) = cosaxr. Tim chu ki ctia ham s6 g(z).

@) 37 . ® . ©) 2r . (D) 4r .
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(£ Bai 6. On tap chuong 1

¢S Cau 76. Cho biét tana = % Tinh cot a.
1

cot o = 2. Cotozzl. cotav = ——. cota = /2.
2

4
¢ Cau 77. Chiéu cao h(t) clia mot cabin trén vong quay vao thoi diém ¢ giay sau khi bat
dau chuyén dong dudc cho bdi cong thitc h(t) = 30 + 20sin (115 + Z). Tai cac thoi diem

25 3

nao thi cabin dat do cao 40m?

(

b= 200k (keZ k> 1)
@ 6

25

=5 450k (ke Zk>0)

( 25

t=-22450k (keZk>1)
® 4 5

t=3+50k (keZk>0)

\

( 15

t=—2 420k (keZk>1)
R

t=Z 450k (keZk>0)

\

(

f— B o0k (ke
ORI

t=— 430k

\ 3
¢ Cau 78. Tap xac dinh clia ham s6 y = tan 2z la:

k

@.@:R\{%Jrkw,keZ}. @:R\{%+§,kez}.
@9:R\{g+k2w,kez}. @9:R\{g+lm,keZ}.

1—2sin?z

& Cau 79. Rat gon biéu thic y = ta dugc két qua la:

2sin x cos x

(A) cot 2z. tan 2z. (©) cos 2z. (D) cot x.

¢ Cau 80. Do thi cia ham s6 y = sina 1a hinh nao duéi day?

/\j\/\, \K/\F'T/\ﬂ/\,\
204 VIR
\.

Ty
ReiTaR s

®

-

h 4
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Tréc nghiém ding sai

¢ Cau 1. Cho ham s6 f(z) = tan2z — 1. Khi d6

Ph4t bidu D|S

(A) Gié tri cila ham s6 tai z = g bing 0 .

Ham s6 f(x) 1a ham s6 chén .

™

(C) Tap x4c dinh ctia ham s6 f(z) 1a 2 = R\ {Z

T=R.

k o
+ 77T|k € Z} va tap gia tri la

(D) Ham s6 f(x) 1a ham s6 tuan hoan .

$> Cau 2. Cho phuong trinh lugng gidc: 2sine = 2 (¥).

Phat bidu D|S

(A) Phuong trinh tuong duong véi phuong trinh (*) 1a sinz = sin% .

Phuong trinh (*) c6 nghiém la = = %TW + k2@ = g +k2n,keZ.

(C) Phuong trinh (*) ¢6 nghiém duong nhé nhat bing % :

T
;=

(D) S6 nghiém ctia phuong trinh (*) trong khoang (—§ 2) l& hai nghiem .

$® Cau 3. Cho goc lugng giac a = g + k27, k € Z. Khi do

Phat biéu D|S Phat biéu D
COSOAI—E. @COSO&ZQ.
2 9
tana:—\/g. @cota——?.

1
$® Cau 4. Cho phuong trinh lugng giac: sinx = ~3 (*).

Ph4t bidu D|S

(A) Phuong trinh tuong duong véi phuong trinh (*) 1 sinz = sin% :

Phuong trinh (*) c6 nghiém la z = —% + k2m = %r +k2n kel .

(C) Phuong trinh (*) ¢6 nghiém am I6n nhat bing —g .

(D) S6 nghiém ctia phuong trinh (*) trong khoang (—7;7) la ba nghiem .
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(£ Bai 6. On tap chuong 1

¢ Cau 5. Cho ham 86 f(z) = tanx + 2. Khi d6

Phat bidu D|S

(A) Tap xac dinh ciia ham s6 f(z) 1a 2 = R\ {kn|k € Z} .

Ham s6 f(x) 1a ham s6 18 .

(C) Ham s6 f(z) 6 gia tri 16n nhat bing 1 .

01(5)=s:

$® Cau 6. Cho phuong trinh cos <4x — 3%) =—1.

Ph4t bidu D|S

11
@ x = 3—; la mot nghiém cta phuong trinh da cho .

Tét cd nghiém ciia phuong trinh da cho dugce biéu dién béi 4 diém trén dudng

tron lugng giac .

(C) Tong nghiem duong nhé nhat v nghiem am 16n nhat ctia phuong trinh 1 % .
. ~ ey . _ , m 197
@ Phuong trinh da cho c6 ding 33 nghiém trén khoang <Z’ T) .
A e . T _ 1 2
& Cau 7. Cho «, 8 1a hai goc thod man o, 8 € (5;7r> va sino = 3 cos 3 = -3
Phat biéu DS Phat biéu D|S
2v/2 24210
@cosoz:T\/_. @Sin(a+ﬁ):—+T\/_.
1 3 — 4 cos2a + cosda 1
tan (o — -, = .
an(a ﬁ)<2 @3+40082a+cos4a 64
¢ Cau 8. S6 lugng (don vi: nghin con) ctia mot loai buém ¢ mot khu bao ton thién nhien
duge bidu dién theo ham s6 P(t) = 3+ 2sin (%t) 0 <t <12, véi ¢ tinh theo tuan k& tit khi
cac nha khoa hoc uéc tinh s6 lugng.
Phat biéu D|S
(A) S6 lugng budm ban dau 1a 5 nghin con .
S6 lugng budém nho nhat 1a 3 nghin con .
(C) S6 lugng buém luon dao dong tit 1 nghin con dén 5 nghin con .
(D) S6 lugng budm lan dau tien cham miic 4 nghin con khi t = 5 tuan .
95
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

¢S Cau 9. Cho phuong trinh sin (x + %) =m+1 (¥

Phat bidu D|S

(A) Didu kien c6 nghiém ctia phuong trinh (*) 1a —1<m < 1.

Téng cac gia tri nguyén ctia m dé phuong trinh c6 nghiém la —3 .

@ Phuong trinh sin (x + %) =1 c6 nghiém = = g +R2m ke’ .

@ Nghiém duong bé nhat ctia phuong trinh sin (:v + %) =11la g :

) 5)
¢ Cau 10. Biét cosz = 13 vGi 180° < x < 270°, khi do:

Ph4t bidu D|S Ph4t bidu D

12

@tanxz;. @Sinx<0.
12

5 . -
cotxzﬁ. @smx—cos:v——ﬁ.

$® Cau 11. Cho sina =

ol w

va « € (90°;180°).

Ph4t bidu D|S

4

@COSO&Z—E .

sin? 2a + cos? 20 = 2 .

=3sin«w .

@ sin 3o — sin «v
2cos?a —1

D) Biéu thitc F = — =224
tan a + 3 tan(90° — «)

a,bc N*. Khi dé a+b=55.

—a P N ~ £ A .2 N
= —, v6i — la phan so toi gian va
b Y

a
b

3 e " N
$® Cau 12. Cho phuong trinh 7 COS_ xg = 0. Xét tinh ding, sai ctia cic ménh deé sau:
SN o
Phét biéu D[S

(A) Diéu kién xac dinh ctia phuong trinh la: 14 sin3z #0 .

R 3
Véi dieu kién phuong trinh c6 nghia: COS—,I =0&cos3z=0.
1+ sin 3z

5
@ Phuong trinh ¢6 mot nghiém = = % .

@ Nghiém duong nhé nhat ciia phuong trinh c6 dang %T, a,b € N; (a;b) = 1.
Khi d6 a? +2b =12 .
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(£ Bai 6. On tap chuong 1

$> Cau 13. Biét sinz = va — < x < 7, khi do:

7
2

Sl

Phat biéu

@cosx<0vacosx:—

Si%

sin(m —x) = —sinx .

. 2v/2
@ sin 2x = T .

, 5
(D) Gi4 tri ctia biéu thitc A = sin <§ - x> + cos(137 + x) — 3tan(z — br) =

Sl

¢ Cau 14. Cho ham s6 y = sinz.

Ph4t biéu

@ Chu ki tuan hoan ctia ham s6 1a .9 = 27 .

™

1
Tap nghiém ctia phuong trinh sinz = 3 la § = { 1

+ k2m; ??TW + k27|k € Z} :

(C) Tap xac dinh ctia ham 86 14 2 = R\ {km,k € Z} .

(D) Tap gia tri ctia ham s6 14 T = [~2;2] .

¢S Cau 15. Cho ham sb y — sin (21: _ g)

Ph4t bidu

(A) Tap xac dinh ctia ham b da cho la [-1;1] .

Ham s6 da cho 1a ham sb 1é.

(C) Ham s6 da cho 1a ham tuan hoan véi chu ki T' = 7.

D) Gid tri 16n nhat cita ham s6 da cho tren {—g; %ﬂ bing 1.

& Cau 16. Xét tinh dung sai clia cac phat biéu sau:

Phat biéu

(A) sin(a +b) =sinacosb + cosasinb .

sin 31° cos 12° + c0s12° + sin31° = sin 19° .

4 24
@ Cho cosx = 5% € (—g;O). Gia tri cua sin 2z la —3% -
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

sinfa  cosda 1

4 4
sin“a cos*a 1 -
(:) Cho + = . Gia tri cua bieu thic Q = + =
a a a+b | @ a3 a3 a3 + b3

¢ Cau 17. Xét ham s6 f(z) = tan .

Phat biéu

(A) D6 thi ham s6 f(r) nhan truc tung lam truc déi xing .

Ham s6 f(x) tuan hoan véi chu ki 7 .

(©) Ham s6 f(z) nghich bién trén khoang (g 37”) .

(D) Ham s6 f(r) dong bién trén khodng (0;7) .

¢S Cau 18. M6i ménh dé sau ding hay sai?

Phat biéu

(A) Ham 6 y = 2 + cosx 1a ham 6 chin .

Ham s6 y = 3sinx ¢6 tap gid tri la T = [-3;3] .

tanx + 2
sin x

(C) Ham s6 y = c6 tap xac dinh 1o 2 =R\ {kr,k € Z} .

) 9
(D) Ham 6 y = —2cos’z + sinz + 1 ¢6 GTNN la ~5 vaGTLN 1a 2.

¢S Cau 19. Cho do thi ham s6 y = sinz nhu hinh vé

F f(x) = sin(x)
o e LS S R L S g -—==———- Yp---m- - smagsmem=e=m=-

Phat biéu

@f(—%r>=—1-

Ham s6 y = sinz 1a ham s6 1é trén doan [—3m; 7] .

) N . 3
(C) Ham s6 y = sinz dong bién trén khoang <g, ;) :

1
@ Trén doan [—3m; 37| phuong trinh sinx = —3 ¢6 6 nghiém phan biét .
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(£ Bai 6. On tap chuong 1

$S Cau 20. Cho sina = % vl g <a<T.

Ph4t bidu D[S Ph4t bidu D
@1—28111204:—%. @sin2a:—47\/5.
cosa:—?. @cos(oz—l—%):w.

> Cau 21. Mot ngudi di xe dap véi van tdc khong doi, biét ring banh xe dap quay duge
12 vong trong 6 giay, duong kinh ctia banh xe dap la 860 (mm ).

Phat bidu D|S

@ Trong 1 giay banh xe quay dugc 2 vong .

Go6c ma banh xe quay duge 1 giay 1a 792° .

@ Trong 60 giay banh xe quay dugc s6 vong 1a 120 vong .

(D) Quang duong ma ngudi di xe da di duge trong 1 phit 1a 103 200 (mm) .

> Cau 22. Xét tinh ding sai cac khang dinh sau:

Ph4t bidu D|S

(A) Vi moi 86 thuc a théa man g < a <7 Khidé: cosa >0 .

. 12 12
Biétsinazﬁvég<a<7r. Khidécos(oz—l—g)—#.

. .z . 9 .
@ V6i moi so thuce «, ta co cos (; + a) = —sina .

1 4
@ Cho gbéc a théa méan tana = 3 Ta tinh dugce cos2a = 5

sinx + 2sin 2z + sin 3z

¢S Cau 23. Cho biéu thic P =

cosx + 1

Phat bidu D|S

@ Rt gon P ta duge P = sin 2z .

Taix:%thiP:Q.

(©) Diéu kien xac dinh ciia biéu thic P la z # —g +‘km ke .

(D) Ton tai 3 gid tri cia z € [0;27] dé P =0 .

» Bién soan: /\36 Ditc Jai - @)) Zalo: 0889 971 004



100

= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

$> Cau 24. Cho ham s6 f(z) = v/3tan 2.

Phat biéu

@Tapxéc dinh ctia ham sb la@:R\{%—Hﬂw,kEZ} )

Ham s6 y = f(z) 1a ham s6 chin .

(C) Phuong trinh f(z) = 3 ¢6 nghiém z = % + kzg,k €Z.

@ Trén duong tron lugng giac c6 4 diém biéu dién nghiém clia phuong trinh

f@)=3.

$© Cau 25. Cho tanx—% varT <z < 377T

Ph4t bidu

@ Trén néc mot toa nha c6 mot cot ang-ten cao 3m. Tu vi tri quan sat A cao
Im so v6i mit dat, c6 thé nhin thay dinh B va chan C ciia cot dng-ten dudi goc
a. Biét chiéu cao clia toa nha 1a 19m, khodng cach tit vi tri quan sat A dén toa

nha 14 5m. Khi d6 tana = 1 .

17
¢ Cau 26. Cho ham s6 f(z) = cos? z — cos? (g - x) + 3.

Phat biéu

™

A Gia tri f(0) = 4; f (—) —2.

f(z) = cos®>x — sin®z .

(©) f(x) =cos2z +3 .

(D) Tap gia tri ctia ham s6 da cho 1a T = [2;4] .

¢ Cau 27. Cho céc ham s6 lugng giac f(z) = 2cotz va g(z) = cos 2z,

Phat biéu

(A) Ham s6 f(x) va g(z) 1a ham s6 tuan hoan véi chu ki 7 =7 .

Tap xéac dinh ctia ham s6 g(z) A 2 =R .
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(£ Bai 6. On tap chuong 1

(C) Ham s6 g(z) c6 dd thi dbi xting qua truc Oy .

(D) Ham s6 f(x) c6 tap xac dinh 1a 2 =R .

¢ Cau 28. Cho hai ham s6 f(z) = g + 3cosx va g(r) = sinz + cos z.

Ph4t bidu D|S

(A) Ham s6 f(x) dat gid tri nho nhat khi » = 7 + k27 (k € Z) .

) ) « 9
Gia tri 16n nhat ctia ham so f(x) bang 5

(C) Ham 6 g(x) 1a ham s6 1¢ .

(D) C6 4 gié tri « € [0; 2] sao cho f(x) = 3g(z) .

$> Cau 29. Do sau h (m) clia myc nude  mot cang bien vao thoi diém ¢ (gio) sau khi thuy

triéu lén lan dau tién trong ngay dugc tinh xap xi bdi cong thiic h(t) = 0,6 cos(0, 57t) + 3.

Ph4t bidu D|S

(A) Do sau clia nude vao thoi didm ¢ =212 3 m .

Do sau l6n nhat clia nude 1a 3,6 m .

(C) Chu ki ctia ham s6 h(t) 1a 47 .

@ Mot con tau can muc nude sau toi thicu 3,3 m dé cé thé di chuyén ra vao

cang an toan thi can di chuyén trong khoang thoi gian tit 0 gio dén 2 gio. .

$® Cau 30. Cho phuong trinh sin 2z + cos 3z = 0.

Phat biéu D|S

3
Az = 1—7(; la mot nghiém ctia phuong trinh .

Phuong trinh tuwong duong véi sin 2x = cos(—3z) .

@ Phuong trinh tuong duong véi sin 2x = sin (33: — g) .

@ Téng céc nghiém ciia phuong trinh trong [—3m; 37] bang 0 .

$® Cau 31. Cho phuong trinh lugng giac sin (5:6 + g) = cos (2x — g)

Ph4t bidu D|S
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

5)
@ Phuong trinh da cho tuong duong véi sin (5x + %) = sin (% — Qx).
Nghiém ctia phuong trinh la z = 4 k2—7r r=—— kr2—7T (k€ Z).
i 14 7’ 18 3
(C) Trén [0; 7] phuong trinh c6 4 nghiem.
2 2 [N 2 N N S 497T
@ Tong cac nghiém ctia phuong trinh trén [0; 7] bang STR

Tu luén

3 3 9
& Bai 1. Cho cosa = T sina > 0; sin § = = g e (77(;571').

Hay tinh: cos2a, sin2«, cos 203, sin 23, cos(a + ), sin(a — ).

& Bai 2. Rit gon cac biéu thitc sau:
) sin (45° + a) — cos (45° + «)
sin (45° 4+ «) + cos (45° + a)
) sin 2« + sin «

1+ cos2a + cos
1+ cosa — sin«
c)

1 —cosa —sina
sin « + sin 3o + sin b
cos & + cos 3a + cos ba

d)

& Bai 3. Chitng minh cac biéu thiic sau khong phu thuoc vao z:

a) A:Sin(%%—z) —cos(ﬁ—x>

4
b) Bzcos(%—x)—sin(%+x>
c) C:sin2x+cos(g—x)cos(%+x)
1-— 2 in 2
d) D= COs 2x + sin x-cotx

14 cos 2z + sin 2z
& Bai 4. Giai cac phuong trinh sau:

a) sinxcosx:g. e) sin 5z + cos bz = 0.

b) sinz -+ sin 22 = 0. f) cos3x — cosbr = sin.

c) cot 3z = tan 2_7T g) 2cos?x + cos2z = 2.

d) tan3ztanx = 1. h) sinx + costz = 1sin2 2.

& Bai 5. Tim gi4 tri 16n nhéat va gid tri nhé nhat clia cac ham s sau:
o _ i 4
a) y =sinx — cos. ¢) y =sin*x + cos® z.

. . ™
b) y:smx—l—sm<§—x)- d) y =cos2x +2cosx — 1.

102
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(& Bai 6. On tap chuong 1

& Bai 6. Tim tap xac dinh clia cadc ham sb sau:

a) 2z o) 1

= cos . _ ‘
/ r—1 4 cosx + sin 2z
b B 1

) Y= cosz—cosdz d) y = tanz + cot x.

& Bai 7. Tim cac gia tri cia m dé phuong trinh (sinz —1)(2cos? 2 — (2m+1) cosz +m) = 0

c6 ding 4 nghiém thuc thuoc doan [0; 27].

& Bai 8. Cho phuong trinh cos 3z = 2m? —3m+1  (*). C6 tat ca bao nhiéu gia tri nguyén
ctia m dé phuong trinh c6 nghiem?

& Bai 9. Téng cac nghiém ctia phuong trinh sinz — cos 2z = 0 trén doan [—g; g] c6 dang

—% voi a,b € Z* va % 13 phan s6 t6i gian. Tinh S = a + b.
& Bai 10. Hing ngay muc nuée clia con kénh lén xudéng theo thiy tricu, do sau L (tinh

theo don vi mét) ctia muyc nuée trong kénh theo thoi gian ¢ (gid) duge cho béi cong thiic:

t . p ? p
L = 3sin (WZ + g) + 14. Thoi gian ngan nhat dé muc nuéc cua kénh cao nhat la ¢ = %
(i) voi % 13 phan s6 t6i gian. Tinh gia tri ctia P = ab.
& Bai 11. Gia st A, B la cac diém lan luot Y )
nam trén cdc do thi ham s6 y = sinz va T T A
P /’, O /’, ~ ) ~ 7T y :/COSI
y = cosx sao cho tam gidc OAB nhan diém . L \‘\ N g T
2 /z, A \\Az:
a(Z. Y2\ b trong tam. Tinh dien tich S T
33 B y=sinx
clia tam gidc OAB, biét x4 € [0;27].
& Bai 12. Cho hai diém A, B thuoc do thi ham s6 y
2 A B
y = sinz trén doan [0; 7], cac diem C, D thudc truc 9) b@\ S
2
Oz théa man ABCD 1a hinh chit nhat va CD = = D C
3 Yy =sinx

Tinh do dai doan BC.

& Bai 13. Sy thay doi chiéu cao ctia muyc nudc tai mot cang bién trong vong 24 gio tinh

tit ltic nita dém duge mo ta bang do thi dudi day.
him)
14|

£ 1) [ E——————-

t(h)
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

Biét chiéu cao ctia muc nuée h (m) theo thoi gian ¢ (h) v6i 0 < ¢ < 24 duge cho bdi cong
thic h(t) = a+bcos (%t — %) v6i a, b 1a cac s6 thuc duong cho truée. Tim thsi diém trong
ngay khi chiéu cao ciia myc nuée 1a 11 m.

& Bai 14. Cho phuong trinh cotx + sinx (1 + tanxtang) =4 (*). Goi S la tong cac

4 N
nghiém cta phuong trinh (*) trén doan [0; «], khi d6 — bang bao nhiéu?

1
& Bai 15. Cho hai goc « va  thdéa man sin (a + ) = 3 va tan @ = 2tan §. Tinh sin(a — ),

két qua lam tron dén hang phan mudi.

& Bai 16 (THPT Ha Huy Gidp - Can Thd). Dé dét nén mot tAm vai thd cdm truyén
thong ctia nguoi phy nit dan toc Thai phai trdi qua nhiéu cong doan. Trong d6 c6 cong
doan quay to kéo soi. Trung binh mot ngudi quay dude 5 vong trong 36 giay. Chon chiéu
quay ctia vong kéo soi 1a chiéu duong. Biét rang ban kinh ciia vong quay la 10 cm va toc
do quy mdi vong bang nhau. Chiéu dai s¢i day ma nguoi dé lam duge trong 5 phit 1a bao

nhiéu mét? (Két qué lam tron dén hang don vi).

& Bai 17. Mot cai dong ho treo tuong c6 duong kinh bang 60 cm, ta
xem vanh ngoai chiéc dong ho 1a mot dudng tron véi cac diém A, B, C

lan lugt tuong tng vé6i vi tri cac s6 2,9,4. Do dai cung nhé AB bang bao

nhiéu centimét (lam tron dén hang phan mudi).

Cos 3x
\/gtanx +1

& Bai 18 (THPT Viét Nam - Ba Lan). Tong céc nghiém ctia phuong trinh

tren doan [—50m; 1007] 1a mm. Gia tri clia m bang bao nhiéu?

& Bai 19 (THPT Viét Nam - Ba Lan). Cho sina + cosa = % V6l —g < a < 0. Biét

NGD

A =sina — cosa = —~— (n la s6 nguyén t6). Tinh m + n.
n
& Bai 20 (THPT Viét Nam - Ba Lan). Tinh tdng céc gia tri ctia m dé phuong trinh
3
(2cosx — 1)(sin2x —m) = 0 ¢6 ding hai nghiém thuoc (—%; %1 .

& Bai 21 (THPT Nguyén Thi Minh Khai). Biét ring tong cac nghiém ciia phuong trinh
lugng gidc: sin 2z + cos 2x —sinx 4+ 3 cosz — 1 = 0 trén doan [0; 67 1& (%T, véia € Z,b e N*, %
13 phan s6 toi gian. Hay tinh a + b.
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(£ Bai 6. On tap chuong 1

& Bai 22. Hai séng am c6 phuong trinh 1an lugt 1a f1(t) = C'sinwt va fo(t) = C'sin (wt + ).
Hai s6ng nay giao thoa véi nhau tao nén mot am két hop c¢6 phuong trinh f(t) = f1(t)+ f2(t).
Khi C = 30,a = g thi phuong trinh ctia song am két hop 1a f(t) = ksin(wt + ), trong do6
k 1a bién do dao dong, ¢ 1a pha ban dau. Bién do dao dong ctia séng am két hop c¢6 dang
k = a/b. Tinh gia tri ctia biéu thic T = a2 + b2.

& Bai 23 (THPT Nguyén Vin Trdi - Khanh Hoa). Mot @

camera an ninh giam sat 16i vao mot toa nha. Gia sit vé mot

duong thang & trung tam cta 16i vao, camera dudgc dat béen

tay phai va cach duong thang 6 (m) nhu hinh vé. Tai thoi

Exloa—f

diém ¢ = 0 (s), camera huéng vé diém chinh giita. Goi d (tinh biém chint g

biang mét) 14 khodng cach tit diém chinh gitta dén diém camera i:

dang quét doc 16i di ¢ giay thi t thi khodng cach nay dugc mo

phong béi cong thic d = 6 tan (;—Ot) Xét —15 <t < 15 tim vi

tri camera quét sau 5 giay. Dieu gi xdy ra khi t = 157

& Bai 24 (THPT Di An). Mot van dong vién bin sting ndm trén mit dat dé ngdm ban
cac muc tieu khac nhau trén mot bic tudng thang ding. Van dong viéen ban tring mot
muc tieu cdch mat dat 14 m tai mot goc ngam (géc hgp bdi phuong ban va phuong ngang).
Néu tang géc ngam do lén hai lan thi van dong vién ban tring mot muc tiéu cach mat dat
29m. Tinh khodng cich tit van dong vién dén bitc tuong theo don vi mét.

& Bai 25 (THPT Di An). Mot bitc tudng ctia mot ngdi nha
¢6 dang nhu Hinh bén, trong dé cung AB la mdt cung cla

duong tron tam C, ban kinh AC'. Tinh dién tich ctia biic tuong

theo don vi mét vuong (Lam tron két qua dén hang don vi).

& Bai 26 (THPT D7 An). Trong Hinh bén, ba diém M, N, P
nam & dau cac cinh quat clia tua bin gi6. Biét cac canh quat
dai 31m, do cao clia diem M so véi mat dat 1a 40m, goc gitta

1m

2 p —
cac canh quat la ?ﬁ va 80 do goc lugng giac (OA,OM) la «.

Tinh chiéu cao ciia diem P so v6i mat dat (theo don vi mét).

Lam tron két qua dén hang phan muoi.
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 27. Do sau h( m) clia myc nudc & mot cang bién vao thai diém ¢ (gid) sau khi thuy
trieu len lan dau tién trong ngdy dugce tinh xap xi bdi cong thitc h(t) = 0,8 cos 0,5t + 4.

a) Do sau ciia nude vao thoi diém ¢ = 2 14 bao nhiéu mét?

b) Mot con tau can myc nude sau t6i thieu 3,6 m dé c6 thé di chuyén ra vao cang an
toan. Dira vao do thi ctia ham s6 cosin, hay cho biét trong vong 12 tiéng sau khi thuy
trieu len lan dau tién, ¢ nhitng thoi diém ¢ ndo tau c6 thé ha thuy. Lam tron két qua
dén hang phan tram.

& Bai 28. Cho van t6c v (cm/s) clia mot con lac don theo thoi gian ¢ (giay) dude cho bdi
cong thic v = —3sin (1,5t + g)
Xéc dinh cac thoi diém ¢ ma tai do:

a) Van toc con lac dat gia tri 16n nhat; b) Van téc con lac bang 1,5 cm/s.

& Bai 29. Trong hinh vé, cay xanh AB nim trén duong xich dao dugc trong vuong goc
v6i mat dat va c6 chiéu cao 5 m. Béng clia cay 1a BE. Vao ngay xuan phan va ha phan,
diém E di chuyén trén duong thiang Bz. Goc thien dinh 6, = (AB, AE) phu thudc vao vi

trf ctia Mat Troi va thay doi theo thoi gian trong ngay theo cong thic

T
0s(t) = E(t —12)rad
v6i t 1a thoi gian trong ngay (theo don vi gio, 6 < ¢ < 18).
A

a) Viét ham s6 bicu dién toa do ctia diém E trén truc Bz theo t.
b) Dua vao do thi ham s6 tang, hay x4c dinh cac thoi diém ma tai d6 béng cay phii qua
vi trf tuong rao N biét N nam trén truc Bz véi toa do 1a 2y = —4 (m). Lam tron két

qua dén hang phan mudi.
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& Bai 30. Khi mot tia sang truyen tit khong khi vao mit nude N
thi mot phan tia sang bi phan xa trén bé mat, phan con lai bi ¢ i s’
khtuic xa nhu hinh bén. Géc téi ¢ lien hé v6i goc khiuc xa r baéi @N( , /
Dinh luat khic xa anh sang @ 1 ‘/

sing ng i

sint my | R

O day, n1 va ny tuong dng véi chiét suit cia moi truong 1
(khong khi) va moi truong 2 (nudc). Cho biét goc t6i i = 50°,
hiy tinh gbc khic xa, biét rang chiét suat clia khong khi bang
1 con chiét suat ctia nuée 1a 1,33.
& Bai 31. Huyét ap la ap luc can thiét tadc dong lén thanh ctia dong mach dé dua mau tit
tim dén nuoi dudng cadc mo trong co thé. Huyét ap duge tao ra do luc co bop clia co tim
va, stic can clia thanh dong mach. Méi lan tim dap, huyét ap ctia chung ta ting roi giam
giita cac nhip. Huyét ap t6i da va huyét ap tbi thiéu dude goi tuong tng 1a huyét ap tam
thu va tam truong. Chi s6 huyét ap ctia ching ta duge viét 1a huyét ap tam thu/ huyét ap
tam truong. Chi s6 huyét ap 120/80 1a binh thuong. Gia st huyét ap clia mot ngudi ndo do
duge moé hinh héa bdi ham s6
p(t) = 115 + 25sin(1607t)

trong d6 p(t) 1a huyét ap tinh theo don vi mmHg (milimet thity ngan) va thoi gian ¢ tinh
theo phit.

a) Tim chu ki ctia ham s6 p(t).

b) Tim s6 nhip tim mdi phit.

c¢) Tim s6 chi huyét ap. So sdnh huyét ap clia ngudi nay véi huyét 4p binh thuong.
& Bai 32. Gia sit s6 miligam ctia cac chat 6 nhiém trong mot mét khdi khong khi trong

mot thang tai mot thanh phd cong nghiep duge xac dinh béi cong thiic
2w 37
P(t) =38+ 12sin | — [t — —
(t) + 8111[7( 12)],
trong do ¢ 1a s6 ngay ké tit ngay thit Bay ciia tuan dau tien.
a) Tinh s6 miligam clia cidc chat 6 nhiém trong mot mét khdi khong khi vao cac ngay
thit Hai va thit Nam ctia tuan thi hai.

b) Ngay nao trong thang ma sé miligam ctlia cdc chat 6 nhiém trong mot mét khoi khong

khi bang 50 mg?
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= Chuong 1. Ham sb lugng gidc va phuong trinh luong giac

& Bai 33. Hang ngay, muc nuéc ctia mot con kénh lén xudng theo thuy trieu. Do sau h
(m) ctia myc nuée trong kénh tinh theo thai gian ¢ (gi) trong mot ngay (0 < ¢ < 24) cho
bdéi cong thicc h = 3 cos (%t + 1) +12 (Nguon: Dai s6 va Gidi tich 11 Nang cao, NXBGD
Viet Nam, 2021). Tim t dé do sau ctia myc nude la:

a) 15 m; b) 9 m; c¢) 10,5 m.
& Bai 34. Mot cay cau c¢6 dang ¥
cung OA clia do thi ham s6 y =

4,8 - sing va duge mod ta trong hé O o
truc toa do véi don vi truc 14 mét
nhu & hinh bén.

a) Gia st chiéu rong clia con song la do dai doan thang OA. Tim chiéu rong d6 (lam
tron két qui dén hang phan mudi).

b) Mot sa lan chd khdi hang hoa duge xép thanh hinh hop chit nhat véi do cao 3,6 m
so v6i muc nude song sao cho sa lan c6 thé di qua duge gam cau. Chitng minh ring
chiéu rong ctiia khoi hang hoa d6 phai nhé hon 13,1 m.

¢) Mot sa lan khac cting chd khdi hang hoa duge xép thanh hinh hop chit nhat véi chieu
rong ctia khéi hang hod dé 1a 9 m sao cho sa lan c6 thé di qua duge gam cau. Chiing

minh réng chiéu cao ciia khdi hang hoa dé phai nhé hon 4,3 m.

& Bai 35. Mot thanh xa gb hinh hop chit nhat dude cit ra tit mot khdi gd hinh tru co
duong kinh 30 cm.
a) Chiing minh rang dién tich m#t cit clia thanh x& g6 duge tinh bdi cong thiic:

S(#) = 450sin 260 (cm?), trong dé goc 6§ dude chi ra trong hinh vé.

b) Tim géc 0 dé dien tich mit cit ctia thanh xa gd 13 16n nhat.

& Bai 36. Huyét ap 1a 4p luc can thiét tac dong len thanh ciia dong mach dé dua mau ti
tim dén nuodi dudng cac mo trong co thé. Huyét ap dudce tao ra do Iuc co bép clia co tim va
stic cdn ctia thanh dong mach. Mai lan tim dap, huyét ap clia ching ta tang roi giam giita

cac nhip. Huyét ap t6i da va huyét ap t6i thiéu goi 1a huyét ap tam thu va tam truong,
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tuong ttng. Chi s6 huyét ap clia ching ta duge viét 1a tam thu/tam truong. Chi s6 huyét
ap 120/80 la binh thuong.

Gia stt mot nguoi nao dé ¢6 nhip tim 1a 70 1an trén phut va huyét ap ctia nguosi dé duge
mo hinh hod bdi ham s6

7
P(t) = 100 + 20sin <§t>
trong dé P(t) 1a huyét ap tinh theo don vi mmHg (milimét thuy ngan) va thai gian ¢ tinh
theo giay.
a) Trong khoang tit 0 dén 1 giay, hay xac dinh s6 lan huyét ap 1a 100 mmHg.

b) Trong khodng tit 0 dén 1 giay, hay xac dinh s6 lan huyét ap 14 120 mmHg.
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1 DAY sO

I. DAY SO LA Gi?

1) Khai niém day sb

Ham s6 v xac dinh trén tap hop cac s6 nguyén duong N* duge goi 1a mot day s
vo han (hay goi tat 1a day sd), nghia 1a
u:N*— R
n = u, = u(n).
Day sb trén duge ki hieu 1a (uy,).

Dang khai trién ctia day s6 (up) 1a: wg;us;. .. 5 up; . ..

L\ Luuy.
a) up = u(1) goi 14 86 hang dau, u, = u(n) goi 1a s6 hang thtt n (hay s6 hang
tong quat) clia day so.

b) Néu u, = C v6i moi n, ta néi (u,) la day sé khong doi.

2) Day s6 hitu han

Ham s6 u xac dinh trén tap hop M = {1;2;3;...;m} thi dugc goi 1a mot day s6
hitu han. Dang khai trién ctia day sb6 nay 1a ui, ua, . . . , Um, trong d6 u; 1a s6 hang

dau va u,, 1a s6 hang cudi.

EViawi))) xrrr e

Cho day sb

v:{1;2;3;4;5} - R

n— v(n) = 2n.
Hay tinh v(1),v(2),v(3),v(4),v(5).

o Hicong a&&%m Ta c6 v(1) = 2.1 = 2;v(2) = 2.2 = 4;v(3) = 2.3 = 6;
v(4) = 2.4 = 8;v(5) = 2.5 = 10.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

Cho day s6

uw: N = R

n s uy = nd.
a) Hay cho biét day s6 trén la hitu han hay vo han.

b) Viét nam s6 hang dau tién ctia day s6 da cho.

[} Hafo‘/g c/t?)zyidz?.
a) Day s6 tren 1a ddy s6 vo han.

b) Nam s6 hang dau tién ciia day s6 da cho 1a: up = 13 = 1,uy = 23 = 8§,

ug = 3% = 27, uy = 4% = 64, us = 53 = 125.

Cho 5 hinh tron theo thw tu ¢6 ban kinh 1; 2; 3; 4; 5.

a) Viét day so chi dien tich ctia 5 hinh tron nay.

b) Tim s6 hang dau va s6 hang cudi clia diy so tren.

e Hmj din gidi.
a) D&y s6 chi dien tich ctia 5 hinh tron nay la:
v:{1;2;3;4;5} - R
n— v(n) = .
b) S6 hang dau ctia day s6 1a: v(1) = 7.12 = 7.
S6 hang cudi ctia day sb 1a: v(5) = 7.5% = 257.
(1) Cho (py) 1a day s6, trong d6 p,, 1a s6 nguyen t6 thit n. Xéac dinh pa, ps va po.
& (2)
a) Xét day s6 gom tat ca cac s6 tu nhien chia cho 5 du 1 theo thit ty tang dan.

Xéc dinh s6 hang tong quét ctia day sob.

b) Viét day s hitu han gom nam s6 hang dau ctia day s6 trong cau a. Xac dinh

s6 hang dau va s6 hang cudi ciia day sé hitu han nay.
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(¢ Bai 1. Day s6

Il. CACH XAC DINH DAY SO

Thong thuong mot day so co thé duge cho bang cac cach sau:
& Cach 1: Liet ké cac s6 hang (v6i cac day s6 hitu han).
& Cach 2: Cho cong thiic clia s6 hang tong quat u,,.
& Cach 3: Cho hé thiic truy hoi, nghia 1a
#* Cho s6 hang thit nhat u; (hofic mot vai s6 hang dau tien);

% Cho mot cong thiic tinh u,, theo u,—1 (hodc theo vai s6 hang ditng ngay

truée no).

& Cach 4: Cho bang cach mo ta.

Cho day s6 (un) v6i u, = 3n? — 1.

a) Hay viét bay s6 hang dau ctuia day so.

b) S6 2699 c6 1a mot s6 hang ctia day s6 (uy,) hay khong?

[} Hao//gf a/af/zyiéé.
a) Bay s6 hang dau clia day s6 laug =3-12 -1 =2, ug =3-22—1 = 11, uz = 26, uy = 47,
us = 74, ug = 107 va uy = 146.
b) Néu 2699 1 s6 hang thit n ctia day s6 thi s6 nguyén duong n thod man 2699 = 3n? —1.

Giai phuong trinh nay, ta dude n = 30. Vay 2699 1 s6 hang thit 30 ctia day sob.

U1=3

Cho day s6 (uy) xac dinh béi
Unt1 = 2uy (0 2=1)

a) Tinh wug, us, ug.

b) Du doén cong thiic s6 hang tong quat ctia day s6 (uy,).

[ Hu‘o/’% Jc?)z(,fz'(ézf/.
a) Ta c6 ug = 2u; = 2.3 =6;uz = 2ug = 2.6 = 12; uy = 2.12 = 24.

b) Ta c6 us = 21.3 = 6;u3 = 22.3 = 12;uy = 23.3 = 24.

Du doan wu,, = 3-2"1.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

Mot chong cot g6 duge xép thanh céac

16p, hai 16p lién tiép hon kém nhau 1 cot
gd (Hinh vé&). Goi u,, 1a s6 cot gd ndm &
16p thit n tinh ti trén xudng va cho biét

16p trén cung c¢6 14 cot go. Hay xac dinh

day s6 (u,) bang hai cach:

a) Viét cong thitc s6 hang tong quat wu,.

b) Viét he thiic truy hoi.

[} Hwéél/f f/(fizc/izkizl
a) Ta c6: u; = 14 khi do:
us = 14+1=15u3 = 154+1=14+2.1;us — 14+ 3.1
Khi d6 cong thiic tong quat ctia day s6 (up) 18 uy = 14+ (n — 1).1 = 14n — 14.
up = 14

b) He thic truy hoi
Up—1 =up+1 (n=2)

Béac Hung dé 10 tricu dong trong tai khoan ngan hang. Vao cudi mdi nam, ngan hang tra

1ai 3% vao tai khoan ctia bac ay, nhung sau d6 sé tinh phi duy tri tai khoan hang nam I3

120 nghin dong.
a) Goi Ap la s6 tien bac Hung da gii. Viét cong thiic tinh lan lugt Ay, Ao, As. Tu d6
dy doan he thiic truy hoi cho s6 du A, (tinh theo don vi dong) trong tai khoan ciia

bac Hung vao cudi nam thit n.

b) Tim s6 du trong tai khoan ctia bac Hung sau 4 nam.

[} Ha‘o‘g c&?/zyiéé.
a) Vao cudi nam thit nhat, sé tién trong tai khoan ctia bac Hung la
Ay = Ao(1 + 3%) — 120000 = 1,034y — 120000 (déng).
Vao cudi nam thit hai, s6 tién trong tai khoan ctia bac Hung la

Ay = A1(1 4 3%) — 120000 = 1,034; — 120000 (ddng).
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(¢ Bai 1. Day s6
Vao cudi nam thit ba, s6 tién trong tai khodn ctia bac Hung 1

Az = Ay(1 4 3%) — 120000 = 1,0345 — 120000 (ddng).

Tuong tu, vao cudi nam thi n (n > 1), s6 tien trong tai khoan ctia bac Hung 1a

Ay =1,03A,,-1 — 120000 (dong).
b> Ta tinh lan lugt Aq, Ao, Ag, Ay vGi Ag = 10 000 000:

A1 =10180000; A2 = 10365 400;

Az = 10556 362; Ay = 10753 053.

Nhu vay, s6 du trong tai khodn ctia bac Hung sau 4 nam 1a 10753 053 dong.
’

2
) 3 7
a) Cho day so6 (uy) v6i u, = nEont

. Viét 5 s6 hang dau tién ctia ddy so.
n—+1
b) Viét nam s6 hang dau ctia day s6 Fibonacci (F},) cho bdi he thitc truy hoi

F=1F=1

Fon=Fy 1+ Fh o (HZB)

)
' (4) Cho day s6 (u,) c¢6 nam s6 hang dau tien lan lugt 1a —1;1; —1;1; —1. Hay du

doan cong thitc s6 hang tong quat ctia day s (uy)

»
' (5) Chi Mai gifi tién tiét kiem vao ngan hang theo hinh thic 14i kép nhu sau: Lan

dau chi giii 100 trieu dong. Sau do6, cit hét 1 thang chi lai giii thém vao ngan hang

6 trieu dong. Biét 1ai suat ctia ngan hang 1a 0,5% mot thang. Goi P, (trieu dong)
la s6 tien chi c6 trong ngan hang sau n thang.

a) Tinh s6 tién chi c¢6 trong ngan hang sau 1 thang, sau 3 thang.
b) Du doan cong thiic clia P,.

Cho day s6 (uy).

& Day s6 (u,) dude goi 1a day s6 tang néu u,.1 > uy,, Vn € N¥,

& Day s6 (u,) dudce goi 1a day s6 gidm néu up,.1 < up, Vn € N*,
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

Xét tinh tang, gidm ciia cac diy so sau:

a) (up) V6i uy, = 3n — 2.

L 2n—1
b) (vy) v6i v, = 1

4Tl
() Ha’o/‘% c](’f/z// lal.
a) V6i moi n € N*  ta ¢6 upt1 =3(n+1) —2=3n+1.
Xét: upt1 —up = Bn+1) — (3n—2) =3 > 0 v6i moi n € N*.
Do d6 upy1 > u, v6i moi n € N*. Vay (u,,) 12 mot day sb tang.
o ) 2 -1 2n+1 ..
b) V6i moi n € N* ta ¢6 vpq1 = ((:_:_1))_{_ = ::—2 . Xét hieu:
2n+1 2n—1 202+ 3n+1—2n%+3n—2 3 S 0.¥n e N*
) — Uy = — = = n .
T T2 (n+2)(n+1) n+2)n+1)
Suy ra v,11 > vp, Vn € N*. Vay day s6 (vy,) 1a day s6 tang.
. . . 1)+ 2 S
¢) V6i moi n € N* ta ¢6 zp41 = (n Zn+)1+ = Ztl" Xét hiéu:
n+3 n+2 n+3-4n+2)
Pl T T T T T 4
n+3—4n—-8 —3n-5
o 4e4n B

YT < 0,Vn € N*,
Suy ra z,41 < T, Vn € N*. Vay day s6 (z,,) 1a day so giam.
d) Tacot; = (=112 = —1;ty = (—1)2.22 = 4;t3 = (-1)3.32 = -9

Suy ra t; < to;ty > t3. Vay (t,) la day s6 khong tang, khong gidm
(2
(6) Xét tin
a) Uy =

h ting, gidm ctia mdi day so (uy,) biét:
n—3

Un
3n
=g b) u, =

| ¢) un = (=1)"- (2" +1).
2" - n!
IV. DAY SO BI CHAN

& Day s6 (uy) duge goi 1a day s6 bi chan trén néu ton tai mot s6 M sao cho
up < M,Vn € N*,
& Day s0 (uy) duge goi 1a day sé bi chian duéi néu ton tai mot s6 m sao cho
Uy > m,Vn € N* |

& Day s6 (uy) duge goi 1a day s6 bi chin néu no6 vita bi chan trén vira bi chin

duéi, nghia 1a ton tai cac s6 M va m sao cho m < u,, < M,Vn € N*,
116
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(¢ Bai 1. Day s6

Xét tinh bi chan ciia cac day so sau:

) (@) Vi ay = cos - i :
a) (ap) v6i ap = CO:LE- c) (ep) V6i ¢, = OB
b) (by) v6i by, = T d) (dy) v6i d,, = 2n — 1.

[ /‘[aog J[E/y[(&ﬁ

a) Véi moi n € N*, ta c6 —1 < cos — < 1. Do d6 (ay) la day s6 bi chan.
n

b) V6i moi n € N*| ta co:

n n+1-—1 1
= =1- <1l,VvneN'=1b, <1 (1
n+1 n+1 n+1 VI " (1)
n
VineNnénb,=—>0 (2).
1n nen by = ——— (2)

Tu (1) va (2) suy ra (b,) 1a day s6 bi chan.

¢) Vine€ N*nén ¢, = > 0,Vn € N*. Suy ra (c¢y,) bi chan duéi.

n2+4+n )
Mat khac, do n? +n > 2,¥n € N* nén ¢, < 7 Suy ra (¢y) bi chan trén.

Do d6 (cy) bi chan.
d) Ta c6: dy, =2n—1> —1,¥n € N*. Do d6, day s6 (d,) bi chin dudi.
Day s6 (dy,) khong bi chan trén vi khong c6 s6 M nao théa man:
dp =2n—1< M,Vn € N*.

Vay day s6 (dy) bi chan dudi va khong bi chin trén nén khong bi chén.

(&

2
. . . ...
(7) Ching minh rang day sb (uy,) v6i u, = 27;2—; 1 la bi chan.
C
& 2 - - .2 N . ) 2 - £ £0 1 —n
Xét tinh tang, giam va bi chan cia day so (uy) v6i uy, = —
n

Y
Anh Thanh vita dude tuyén dung vao mot cong ty cong nghe, duge cam két
lwong nam dau sé 1a 200 trieu dong va luong moi nam tiép theo sé duge tang them
25 trieu dong. Goi s, (trieu dong) 1a luong vao nam thit n ma anh Thanh lam viec
cho cong ty do6. Khi doé ta co:
s1 =200, 5, = Sp—1 +25 v6in > 2.
a) Tinh luong ctia anh Thanh vao ndm th 5 lam viéc cho cong ty.

b) Chiing minh (s,) la ddy s6 tang. Gidi thich § nghia thuc té ctia két qua nay.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

B sAi Tér

Trdc nghiém

¢> Cau 1. Cho day s6 (uy), biét u, = —%. Nam s6 hang dau tién ctia day s6 da cho
n

1an lugt 14 s6 nao dudi day?

1 2 3 5 2 3 4 5 6
SRF TRl TR
© 3575 OF ik
. P _ 1 . N
¢S Cau 2. Cho day so (uy,) biet u; = 2 va u, = % v6i moi n > 2. Ba s0 hang dau
tien ctia day so6 lan lugt 1a:
3 3 35 3
2:1; = . — 2, = — . 2: =2,
@ ’ 7 2 7 27 7 27 4 @ Y 2’

0
2
¢ Cau 3. Cho day s6 (uy), biét . Ba s6 hang dau tién ctia day 13

@A) —1;2;5 . ® 1;4;7 . © 4;7;10 . D) —1;3;7 .
. . 2n -1 _,
> Cau 4. Cho day s6 (un) biét u, = ”2 . S6 hang ug la
ns 4+ 2
19 33 199 3
ok ® 5 102 D7
a 5 £ 4 (_1)n - 2n N %
$& Cau 5. Cho day so (uy,) biet u, = ~————. Tim s0 hang us.
n
8 8
@) -3 B) 3 © 2. D) -2.
A ~ % < £ n+1 % 8 < Z P % 5 ~ %
$® Cau 6. Cho day so (uy,) biét u, = . 50 — la s0 hang tht may cta day so?
2n+1 15
@ 8. 6. © 5. D 7.
P P 1
¢S Cau 7. Cho day so (uy,) biet u, = 37;+_ 5 S6 % 13 s6 hang thit may ctia diy s67?
@) 8. 6 . © 9. D 7.
¢S Cau 8. Cho day s6 (uy), biét u, = 2". Tim s6 hang u,1.
@A) uprg =2"-2. ®B) tupi1 =2"+1.
© upy1 =2(n+1). D) upt1 = 2" + 2.

¢S Cau 9. Cho day s6 (uy), biét u, = (—1)" - 2n. Ménh dé nao dung?

®U1:—2. UQ:4. ©U3:—6. ®U4:—8.
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(¢ Bai 1. Day s6

¢ Cau 10. Cho day s6 (uy,), biét u, = 3". Tim s6 hang ug, 1.
@A) ugp_1 =3%2-3"—1. ®B) ugp—1 =3"-3" — 1.
© ugn_1 = 321, ©®) w1 = 320,
¢ Cau 11. Cho day s6 (uy), biét u, = 5". Tim s6 hang u,_1.
@A) up—y =5""1. Up—1 = O™,

© up—1 =551 D) up—1=5-5""1

n—1
n+1

2n+3
¢ Cau 12. Cho day s6 (uy), biét u, = < > . Tim s6 hang 1.

n + 1)2(n+1)+3 n— 1>2(n1)+3

@Un+1:(n+1 un+1:<n+1
n o \2n+3 n o \2nt5
@Un+1=< ) . @Un+1=( ) .

n—+ 2 n -+ 2
A ~ £ 2 2 £ 2,0 ]' 2 3 4 2 £ 2 2 N ~
& Cau 13. Day so c6 cac so hang cho bdéi: 0; 513 ig - @080 hang tong quat la cong
thic nao dudi day?
n+1 n
@) un = n Un—n2+1-
n—1 n“—n
© un = n ®un_n+1'
> Cau 14. Day s6 c6 cac s6 hang dau la: —1;1; —1;1; —1;... c6 s6 hang tong quat 1a cong

thic nao dudi day?

@Unzl- un:—l.
© up = (=)™ D) u, = (—1)"+L

) , Ju =2 ) , , L
$® Cau 15. Cho day so (uy), biet . S0 hang tong quat u, cia day so la so

Upt1 = 2Up

hang nao dudi day?
@A) up, =n"L Up = 2", ©) uy, = 2"+ D) uy, = 2.

¢ Cau 16. Cho day sb (uy), biét 2 . S6 hang tong quat u, cta day sb 1a
Up+1 = Up — 2

s6 hang nao duéi day?

1 1
@un:§+2(n—1). un:§—2(n—1).
@un:%—?n. @un:%+2n.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

up = 2
& Cau 17. Cho day s6 (un), duge xéc dinh {

. S6 hang tong quat

Up+1 = Up = 2n — 1

u, cla day s6 1a s6 hang nao dudi day?

@A) up =2+ (n—1)2
© up =2+ (n+1)>%

Uy =2+ n?.

up =1
> Chu 18. Cho day sb (un), dugc xac dinh {

Up+1 = Up + n?

day s6 1a s6 hang nao duéi day?

D) up =2 — (n—1)2

. S6 hang tong quat u,, clia

1)(2 1 — 1)(2 2
© oy Mt D © w15 2O
—1)(2n—1 1)(2n — 2
@un:1+n(n )6(n ) @un_1+n(n+ )6(n )
Z u]‘ = _2 Z 2
$® Cau 19. Cho day so (uy), duge xac dinh T SO hang tong quat u,
Upyl = —2 — "
n
cia day so 1a s6 hang nao dudi day?
—n+1 n+1
@A) u, = — ®B) u, = "
—n+1 -n
© un = n ®un_n+1'
) ap =3 .
$& Cau 20. Cho day so (ay,) duge xac dinh 1 . Ménh dé nao sau day
an+1 = §an7n =1
sai?
@a+a+a+a+a—% @) a _ 3
1+ a2+ as 94 5= 16 10—5?1)2-
@ an+1+an:2_n- ®@n22n_1-
¢ Cau 21. Cho cac day s6 sau. Day s6 nao la day so tang?
1111
1:1;1;1:1;1;.... 1= == —.
@ P Rl Rt Bt Bl | ’%’%’%716’1
1:3:5:7:9;.... 1= —: = 1; —:.
@ 1Yy 1y @ ’2’4,87’16,
¢ Cau 22. Day sb nao la day so tang?
1 1
n-+95 2n—1
©un=g"7 © wn =7

¢S Cau 23. Day s6 nao la day so6 tang?

2 3
@un:?)—n. un:ﬁ. © up = 2"

@ up, = (=2)".
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(& Bai 1. Day s6

¢S Cau 24. Day s6 nao la day s6 gidm?
©) up, = n?. D) up = vVn + 2.
¢S Cau 25. Day s6 nao la day s6 gidm?
@) u, = sinx. ®) u, = -
© up=+n—+vn—1 D) up = (—1)"- (2" + 1).

¢ Cau 26. Menh dé nao sau day ding?

n?+1

) 1
(A) Day s6 u, = — — 2 la day tang.
n
Day s6 u, = (—1)"(2" + 1) 1a day giam.
) n—
Dav so =
(C) Day s6 uy, s

1
1 la day giam.
. 1
(D) Day s6 u, = 2n + cos — la day tang.
n

¢ Cau 27. Trong céac diy s6 (u,) xac dinh nhu sau, day s6 gidm 1a?
3n—1

@Un— . un:n?’.

n—+1

1
© un = 357 - D un = /1 .

¢S Cau 28. Trong cac day sb sau, day so6 nao bi chan?
2n +1

@un: T un:2n+sinn.
© up =n? . @un:n3—1.

$> Cau 29. Trong cac day s6 sau, day so6 nao bi chan?

@A) up =vVn2+1. B up =2"+1.
1

@un:n—i—ﬁ. @un: n

n+1"
9 Cau 30. Cho day s6 (uy) biét u, = cosn. Day s (uy,) 1a:

(A) Day s6 tang .

Day s6 giam .

(©) Day sb bi chan .

(D) Day sb bi chan dudi, khong bi chan trén .

Tu luén

o R . up = lyug =3
& Bai 1. Viet bon so hang dau ctia day so (uy,) cho béi

Up = Up—1 + 2Up—2 (n P 3)

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004 121



122

= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Bai 2. Viét nam s6 hang dau tién ctia day s6 (u,) cho béi cong thiic tong quat:

2 4y = VT b) up— 320, 5 u”:<1+%>.

Cn+1
2 Z U1 = _2
& Bai 3. Dy doan cong thiic tong quét cta (u,) biét 1
Upt1 = —2— —
Un,
. ~ S ] n + 1 S 8 N A PN d ~ X
& Bai 4. Cho day so (uy) v6i up, = 5 T SO T la s0 hang bao nhiéu cta day so6?
n —

& Bai 5. Tim us, ug va du doan cong thiic s6 hang tong quét u, ciia day so:

U1:1
Un,
= >1).
Un+1 1+u, (?”L_ )
& Bai 6. Cho day s6 (uy,) voi ! + ! +et ! Tim a du doan
. Up) VOl Uy = —— + —— + -+ ——. Uy, U, U3 Vi
Y n n=1.5735.3 n(n + 1) 1, U2, u3 ]

cong thitc s6 hang tong quat wu,.
& Bai 7. Cho day s6 (uy,) xac dinh bdi u1 =2 v u, = /2 + “31—1 v6i moi n > 2. Viét nam
s6 hang dau ctia day va du doan cong thiic tong quat clia (uy,).
& Bai 8. Viét s6 hang tong quat ciia day s6 s6 ting gom tat ca cac sd nguyen duong ma
moi s6 hang ctlia no:

a) Deéu chia hét cho 3; b) Khi chia cho 4 du 1.
& Bai 9. /5 1a s6 thap phan vo han khong tuan hoan. Mot day s (u,,) dude xac dinh nhu
sau: “u, 1a s6 gan ding clia v/5 bang cach giit lai phan nguyén va 2n chit sé6 thap phan sau

dau phay 7. Hay viét ba s6 hang dau tien ctia day s6 (uy,).

& Bai 10. Xét tinh tang, gidm clia mdi day (u,) biét:

-3 _
a) un = Z+2. ¢) up = (—=1)"- (2" +1). o =
3" 3" -1

b) Un = o1 d) up=n—+vn?—1. f) up, = on

& Bai 11. Xét tinh tang, gidm cia day s6 (y,) v6i y, = vVn + 1 — /n.

& Bai 12. Cho day s6 thyc duong (uy,). Chitng minh rang day s6 (u,,) 1a day s6 tang khi

N ° . Un+1 e .
va chi khi 2L > 1 véi moi n € N*.
Unp

& Bai 13. Xét tinh bi chin clia cic day s6 sau

a) (an) véi a, = sin? n?ﬂ + cos %T; ¢) (sn) VOi s, = sinn + cosn.
. 6n —4
b) (un) v6i un = nto d) (rn) v6i ry, = (—1)".
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(& Bai 1. Day s6

2n —1
n+1

& Bai 15. Cho day so (uy) véi u, = na:—l . Tim gia tri ctia a de
n

& Bai 14. Cho day s6 (uy) v6i uy, = . Chting minh (uy,,) 1a day s6 tdng va bi chan.

a) (up) la day sb6 tang; b) (un) 1a day s6 gidm.

& Bai 16. Xét tinh tang, giam va bi chan ctia day s6 (u,) cho bdi s6 hang tong quat sau:

a) 2n — 13 C) 1
Up = . Uy = —F/——.
" 3n — 2 " «’1—|—n+n2
2
n“+3n+1 1 1 1
b)un— ntl . d) un=1+?+§+...+m.

& Bai 17. Mot chong cot gb duge xép thanh cac 16p, hai 16p lien tiép hon kém nhau 1 cot
g0.
a) Goi u; = 25 1a s6 cot gb c6 6 hang dudi cung cia chong cot gd, u, 1a s6 cot go ¢6 &

hang thtt n tinh tir duéi len trén. Xét tinh tang, gidm ciia day s6 nay.

b) Goi v = 14 1a s6 ¢t gd ¢6 ¢ hang trén cung ciia chong cot g6, v, 1a s6 cot g6 ¢6 &

hang thit n tinh tir trén xuéng dudi. Xét tinh tang, gidm ciia day sb6 nay.

& Bai 18. Goi uy, 12 56 hinh tron 6 hang thi n trong  Hang the 1

hinh bén. Dyt doan cong thitc ciia s6 hang tong quat
Hang thi 2

cho day s6 (uy).
Hang thi 3

Hang thit 4

& Bai 19. Goi v, 1a tong dién tich ciia cac hinh to Hang thi 1 5]
mau ¢ hang thit n trong hinh bén (méi 6 vuong nhé

Hang th 2 B B

14 mot don vi dién tich). Du doan cong thic ctia s
. | dien tich). Dy 8 g s B R B

hang tong quat cho day s6 (v,).
T
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Bai 20. Nguoi ta nudi cay 5 con vi khuan Ecoli trong moi truong nhan tao. Ctt 30 phut
thi vi khuan ecoli sé nhan doi 1 lan.

a) Tinh s6 luong vi khuan thu duge sau 1,2, 3 lan nhan doi.

b) Du doan cong thiic tinh s6 lugng vi khuan sau n gio.
& Bai 21. Ong An gti tiét kiem 100 trieu dong ki han 1 thang véi lai sudt 6% mot nam
theo hinh thtc tinh 1ai kép. S6 tién (trieu dong) ctia ong An thu duge sau n thang dugce

cho béi cong thic

0,06\"
A, =100 1+ 22— .
n 00(+12>

a) Tim s6 tién ong An nhan dugce sau thang thit nhat, sau thang thit hai.

b) Tim s6 tien ong An nhan dugce sau 1 nam.
& Bai 22. Chi Huong vay tra gép mot khoan tién 100 triéu dong va dong ¥ trad dan 2 trieu
dong méi thang vdéi 1ai suat 0,8% s6 tién con lai cia mdi thang. Goi A,, (n € N) 1a sb tien
con ng (trieu dong) ctia chi Huong sau n thang.

a) Tim Ao, A1, Aa, Az, Ay, As, Ag dé tinh s6 tién con ng ciia chi Huong sau 6 thang.

b) Dy doan hé thitc truy hoi ddi véi day s6 (Ay,).
& Bai 23. Tréen ludi 6 vudong, moi 6 canh 1 don vi, ngusi ta vé 8 hinh vudong va t6 mau
khéc nhau nhu Hinh vé . Tim day s6 biéu dién do dai canh ctia 8 hinh vuong dé tit nhd

dén 16n. C6 nhan xét gl vé day s6 trén?

/// ™~~~
L
/// \\\\
/// \
v s
/
)4
7 g \
/ %) \
/ 1.4 ?X
/ é e
// /
f _ O/
b f/
o
L
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(¢ Bai 1. Day s6

& Bai 24. Gia clia mot chiée may photocopy lic mdi mua la 50 trieu dong. Biét rang gia
tri clia n6 sau mdi nam st dung chi con 75% gia tri trong nam lién truée d6. Tinh gia tri
con lai ctia chiéc may photocopy dé sau mdi nam, trong khoang thdi gian 5 nam ké tit khi

mua.

& Bai 25. Néu ti e lam phat 1a 3,5% mdi nam va gia trung binh ctia mot can ho chung cu
méi tai thoi diem hien tai 1a 2,5 ti dong thi gia trung binh ctia mot can ho chung cu méi

sau n nam nita duge cho bdi cong thiic
A =25-(1,035)" (ti dong).
Tim gia trung binh ctia mot can hd chung cu méi sau 5 nam nita.

& Bai 26. Bac An gui tiét kiem c6 ki han 3 thang, véi 1ai suat 3% mdi nam. S6 tien (tricu
dong) c& von 1an 1ai ma bac An nhan duge sau n quy (mdi quy 1a 3 thang) sé la

0,03\"
An:200(1+’T> . n=0,1,2,...

a) Viét ba s6 hang dau ciia day so.

b) Tim s6 tién bac An nhan duge sau 2 nam.
& Bai 27. Vi khuan E. Coli sinh san thong qua mot qua trinh goi 1a qué trinh phan doi.
Vi khuan E. Coli phan chia lam dai cit sau 20 phit. Gia st toéc do phan chia nay duge duy
tri trong 12 gio ké tit khi vi khuan ban dau xam nhap vao co thé. Héi sau 12 gio sé ¢6 bao
nhiéu vi khuan E. Coli trong co thé?

Gia st ¢6 mot nguon dinh dudng vo han dé vi khuan E. Coli duy tri téc do phan chia
nhu cii trong 48 git ké tit khi vi khuan ban dau xam nhap vao co thé. Héi sau 48 gid sé c6
bao nhiéu vi khuan E. Coli trong co the?

& Bai 28. Mot cong ty duge phém dang thit nghiem mot loai thudc mdi. Mot thi nghiem
bat dau véi 1,0 x 10 vi khuan. Mot liéu thude duge sit dung sau mdi bén gi c6 thé tieu

diet 4,0 x 108 vi khuan. Gitta cac liéu thube, s6 luong vi khuan tang len 25%.

a) Viét he thitc truy hoi cho s6 Iugng vi khuan séng truée mdi lan sit dung thude.

b) Tim s6 vi khuan con séng truée lan stt dung thude thit nam.
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Caép 56 cong la mot day s6 (vo han hodc hitu han) ma trong do, ké tit s hang
thit hai, méi s6 hang déu bing tong ciia s6 hang ding ngay trudc né véi mot sb
d khong ddi, nghia la:
Upi1 = Up +d V6 n e N,
S6 d dugc goi 1a eéng sati cia cap sd cong.
@ Nhan xét: Néu (uy,) 1a cAp s6 cong thi ké tir s6 hang thi hai, méi s6 hang (trir s6
hang cudi ddi véi cap s6 cong hitu han) déu la trung binh cong ctia hai s6 hang diing ké no

trong day, tic la

Up—1 + Ukt
2

U = (k>2).

L Luu Y. e Dé chiitng minh (u,) 1& cap s6 cong, hay chitng minh hi¢u hai s6 hang
lién tiép u, — u,_1 khong doi.

e Néu (uy,) 1a cap s6 cong véi cong sai d thi véi s6 tu nhien n > 2, ta c6: d = uy—1up_1.

Chttng minh mdi day s6 sau 1a cap s6 cong. Xac dinh cong sai clia moi cap s6 cong do.

a) 3;7;11;15;19;23.

b) Day s6 (uy) Vi u, = 9n — 9.

¢) Day s6 (vy,) v6i vy, = an + b, trong d6 a va b 1a céc hang sb.

[} 7‘&50‘% a]dlpymz
a) Day s6 3; 7; 11; 15; 19; 23 1a cAp s6 cong vdi cong sai d = 4.
b) Ta c6: uy =91 —-9=0,up41 =9n+1) —9=u, +9,Vn € N*.
Vay day s6 (uy) 1a cap s6 cong véi sd hang dau uy = 0 va cong sai d = —3.

c) Taco: vy =al+b=a+bv,t1=an+1)+b=an+b+a=uv,+a,vn € N*.

Vay day s6 (vy,) 1a cap s6 cong véi s6 hang dau v; = a + b va cong sai 1a d = a.

S6 do ba goc clia mot tam gide vuong lap thanh mot cap s6 cong. Tim s6 do ba goc dé.
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(& Bai 2. Cap s6 cong

[} mey din ﬁm Gia stt tam gidc vuong théa man dieu kién bai toan 1a tam giac ABC
vuong tai A.

Dit B=a,C=8A=90° (a<f<90°).
o + 90°
2

Vi a, 3,90° lap thanh cap s6 cong nén 3 = (%). Mit khac, ta c6

a+[+90°=180° & a+ =90 (*x)

Thay (*) vao (**) ta dugc

+a—|—90°
2

Vay s6 do ba goc clia tam gidc vuong doé lan luct 1a 30°; 60°; 90°.

EVaE)) wrrrnn

Mat cét clia mot t6 ong c6 hinh luéi tao bdi cac o o9

=90° & 3a=90° < a=30°= 3 =60°.

hinh luc gidc déu. Tt mot 6 dau tién, bude thit nhat,

cac ong thg tao ra vong 1 gom 6 0 luc giac; budc thi
A

hai, cac ong thg sé tao ra vong 2 ¢6 12 6 bao quanh NOSS YYYY

Y YY YL SSNSS

vong 1; budc thit ba, cac ong thg sé tao ra 18 6 bao ~

quang vong 2, ctt thé tiép tuc (Hinh beén). S6 6 trén

cac vong theo thit tir c6 tao thanh cap s6 cong khong?

Néu c6, tim cong sai clia cap so6 cong nay.

[ }{zwg cézhﬁaw Day s6 chi s6 6 trén cac vong l1a: u; = 6;up = 12; u3 = 18.
Ta thay ;41 = uy, + 6.

Vay 6 trén cac vong theo thit tif tao thanh cap sé cong c6 cong sai d = 6.

E (1) Chiing t6 rang day so (up) v6i u, = 4 —n 1a mot cap s cong. Tim s6 hang dau

va cong sai cua no.
@ (2) Tim z sao cho x+ 3,22 +1 va 5z + 2 1a ba s6 hang lién tiép ctia mot cap s6 cong.

1. SO HANG TONG QUAT CUA CAP sO CONG

Néu mot cap s6 cong (uy,) c6 s6 hang dau u; va cong sai d thi sé hang tong quat

u, cua n6 duge xac dinh bdi cong thiic:

Up =up + (n—1)d, n>2.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

Tim s6 hang tong quat ciia cac cip s6 cong sau:

a) Cap s6 cong (ap) ¢6 a; =5 va d = —5;

b) Cap s6 cong (by) c6 by = 2 va byg = 20.

[} Hwo‘n(f c/kiiztizdzf.
a) Tacéa,=a1+(n—1)d=5+ (n—1).(=5) = —5n + 10.
Vay s6 hang tong quét clia cap sb cong la u, = —5n + 10.
b) S6 hang tong quat 1a: b, = bl + (n — 1)d.
Tacobyg=014+9d<=20=2+9.d< d=2.
S6 hang tong quat b, = 2+ (n —1).2 = 2n.

Tim s6 hang tong quat ciia cap s6 cong (c,) ¢6 ¢4 = 80 va cg = 40.

[ 7&[0’27 z/fé‘)éfz'(ézi. Ta c6: ¢4 = ¢1 +3d = 80 v ¢g = ¢l +5d = 40. Ta ¢6 hé phuong trinh:

c1 + 3d =80 c1 = 140
=
c1 +5d =40 d=-20
Khi d6 s6 hang tong quat ctia cap sb6 cong tréen la:

Cn = 140 + (n — 1).(—=20) = —20n + 160.

Vay s6 hang tong quat ctia cap s6 cong (c,) 1a: ¢, = —20n + 160.

Theo s6 lieu ctia Tong cuc Théng ke, dan s6 ctia Viet Nam vao nam 2018 1a 96 trieu ngudi.

Néu thyc hién tét ké hoach hoa gia dinh thi binh quan méi nam, dan s6 nuéc ta tang 1
trieu nguoi. Gia stt chuong trinh ké hoach hoa gia dinh duge duy tri tét va 6n dinh trong

nhiéu nam, hay tinh dan s6 ctia nuéc ta vao nam 2030.

[} Hwo‘y din gidi. Theo gid thiét, ta c6 mitc tang dan sé hing nam 6n dinh 1 trieu ngudi.
Do vay, tinh tit nam 2018 thi dan s6 hing nam lap thanh cap s6 cong véi cong sai d = 1
trieu (nguoi).

Dan s6 nam 2018 1a u1 = 96 triéu, dan s6 nam 2030 14 s6 hang thit 13 clia cap s6 cong nén:

w13 = u1 + 12d = 96 trieu + 12 trieu = 108 tridu (nguosi).
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(& Bai 2. Cap s6 cong

(2

(3) S6 hang thit 10 ctia mot cap sb cong (uy,) bang 48 va s6 hang thit 18 bing 88.

Tim s6 hang th 100 ctia cap s6 cong do.
(£

Mot thita ruong bac thang c6 thita thap
nhat (bac thi nhat) ndm ¢ do cao 950 m
so v6i muc nuée bién, do chénh léch giita

thita trén va thia dudi trung binh la 1,5

m. Hoi thita ruong 6 bac thit 12 cao bao

nhiéu mét so véi muc nude bién?

)

Kién vang 13 loai kién c6 1¢i trong nong hoc, sinh hoc. N6 gitip nha nong ngan
ngita con tring, gidm st dung cac loai thude trit sau. O dong bing song Cttu Long,
nha nong thuong tach dan kién sang cay trong khac dé bao vé cay. Gia sit mot dan
kién vang c6 4 000 con vao dau thang 6 nam 2018, mdi thang dan kién ting thém
900 con. Mot nha nong mudn tach dan khi dan kién dat khoang 20 000 con. Dén

thoi diém nao ngusi dé co thé tach dan?

ll. TONG CUA »n SO HANG DAU TIEN CUA CAP SO
CONG

Gia st (uy,) 13 mot cap s6 cong c6 cong sai d. Dat S, = ug +ug + - - - + uyp, khi d6

n[2uy + (n — 1)d]
> :

n (u1 + up)
2

a) Tinh tong 50 s6 tu nhién chin dau tién.

b) Cho cap s6 cong (uy,) ¢ uz + ugg = 100. Tinh téng 30 s6 hang dau tién ctia cap so

cong do.

c¢) Cho cap s6 cong (vy,) c6 Sg = 18 v S19 = 110. Tinh So.

[ Hmf% c/a“w/zi/ lal.

a) 50 s6 ty nhieén ch&n lap thanh mot cap s6 cong, ¢6 uy = 0, cong sai d = 2.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

5000 4+50) _ ey

Khi d6 tong ctia 50 s6 nay la: Sso =
b) Ta c6: us + usg = uy + 2d + w1 + 27d = 2uq + 29d = 100.
Téng ctia 30 s6 hang dau tien ctia cip s6 cong do la:

30(ur +uzo)  30(ur +ur +29d)  30(2ug +29d) 30 -100

= 1500.
530 5 ) 5 5 500
6 6 od 6(2 od
c) Ta co: Sg = <u1;_u6) = <u1+gl+ ) _ O u12+ ) =18 & 2u; + 5d = 6.

Tong ctia 10 s6 hang dau tien ctia cap s6 cong do la:

10(uy +u10)  10(ug +u1 +9d)  10(2u; + 9d)

S10 = 5 5 = 110 < 2u; + 9d = 22.
2u; +5d =6 up = —7
Khi d6 ta c6 hé phuong trinh: &
2uy + 9d = 22 d=14

Téng 20 s6 hang dau tién ctia cap sd cong la:

g 20(u1 +ugo)  20(uy +up +19d)  20(2uq + 19d)  20(2.(=7) + 19.4) 620
2 2 2 2

T N

Mot rap hat c¢6 20 hang ghé xép theo hinh quat. g — == ~a
Hang thi nhat c6 17 ghé, hang thi hai c6 20 ghé, /- '.\
hang thit ba c6 23 ghé,...cit thé tiép tuc cho dén

hang cudi cung (Hinh vé). m\

a) Tinh s6 ghé c6 ¢ hang cudi cung.

b) Tinh téng cic s6 ghé c6 trong rap.

[ Hwo/n& [/Q}ZjLQz

a) S6 ghé ctia mdi hang lap thanh mot cap s6 cong, c6 s6 hang dau 1a up = 17, cong sai
d=3.
Khi dé s6 hang tong quat clia cap sb6 cong la: u, = ug + (n — 1)d = 17+ (n — 1).3.
S6 ghé ¢6 & hang cubi cung (hang s6 20) 1a: ugg = 17 + (20 — 1).3 = 74,

b) Tong s6 ghé c6 trong rap la tong ciia 20 s6 hang dau trong cap s6 cong va bang:

20(u1 + UQ()) _ 20(17 + 74)
2 B 2
Vay tong s6 ghé trong rap la 910 ghé.

Sog = = 910.

(2

(6) Cho cip s6 cong (up), biét us + 3ug — ug = —21 va 3uy — 2uy = —34. Tinh
S =uyg+us+...+usp.
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(£ Bai 2. Cap s6 cong

)
' (7) Mot hoi trudng 16n c¢6 35 ghé ¢ hang dau tien, 37 ghé & hang thit hai, 39 ghé &
hang thit ba va cit tiép tuc theo quy luat nhu vay. C6 tat ca 27 hang ghé. Hoéi hoi

truong dé c6 bao nhiéu ghé?

Y
' Anh Nam dugc nhan vao lam viéc § mot cong ty vé cong nghé véi mic luong
khéi diém 1 100 trieu dong mot nam. Cong ty sé ting thém luong cho anh Nam
mdi nam 1a 20 trieu dong. Tinh téng s6 tien luong ma anh Nam nhan duge sau 10

nam lam viéc cho cong ty do.

>
' @ Mot cong ty X cho ngusi lao dong tré, c6 trinh do ki thuat cao duge tu chon
phuong 4n khi ki hop dong lao dong c¢6 thoi han 10 nam vdéi cong ty. C6 hai phuong

an de chon:

1= Phuong 4n 1: Nam dau tién nhan luong 100 triéu dong, méi nam tiép theo

tang them 12 trieu dong.

1= Phuong an 2: Quy dau tién nhan 30 trieu dong, mdi quy tiép theo sé tang

them 2,5 triéu dong.

Gia st anh An quyét dinh ki hgp dong dé lam viec cho cong ty X trong 10 nam.

Anh nén chon phuong 4n nao dé tong tién luong nhan dude trong 10 nam 16n hon?

B 541 Tér

Tréc nghiém

¢ Cau 1. Trong cac day so sau, day s6 ndo 1a mot cap sb6 cong?

@A) 1;-2; —4; —6; 8 . 1;-3;-6;—9;—12.

© 1;-3; =7;—11; 15 . D) 1;-3; -5, ~7;-9 .

¢ Cau 2. Trong cac day so sau, day s6 ndo khong phai cap s6 cong?

13579
@5,57575,5, ® 1;1;1;1;1 .
© 1—8;—6;—4;-2;0 . D) 3;1;—1;-2; —4 .
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

¢ Cau 3. Trong cac diy so6 sau day day nao l1a cap s6 cong

@A) u, = 3" . u, = (—3)"+1 .

© up,=3n+1. D) u, = 2" .

> Cau 4. Trong cac day sb c6 cong thiic tong quat sau, diy s6 nao la cap sd cong?
@A) u, = 2021™ . Uy = 2n + 2021 .
@un:ﬁ. @un:n2—2.

¢ Cau 5. Cho cap s6 cong (uy,) véi uy = 2, up = 7. Cong sai cia cap s6 cong da cho bang
@ 5. ; | © 5. ©) g |

¢ Cau 6. Cho cap s6 cong (uy,) v6i up =9 va cong sai d = 2. Gia tri clia ug bang
@) 11. g © 18. D 7.

¢S Cau 7. Cho cap s6 cong (uy,) v6i up = 8 va cong sai d = 3. Gia tri clia ug bang

@) 2 24. © 5. D) 11.

¢ Cau 8. Cho cap s6 cong (uy,) voi ug = 2022 va cong sai d = 7. Gia tri clia ug bang

(A) 2043. 2064. (© 2050. (D) 2057.

¢S Cau 9. Tim cong sai d clia cap s6 cong (uy), n € N* ¢6 up = 1; ug = 13.

@A) d=3. d—zll. © d=4. @d—%.

¢ Cau 10. Cho cap s6 cong c6 uz = 2, d = —2. S6 hang thit hai ctia cap s6 cong la

@u2:4. ugzO. ©u2:—4. ®u2:3.

¢ Cau 11. Cho cap s6 cong (u,) voi u17 = 33 v ugg = 65 thi cong sai bang

@) 1. 2. ©) 2.5. D) 11.

¢S Cau 12. Mot cap s6 cong gom 5 s6 hang. Hiéu s6 hang dau va s6 hang cudi bang 20.

Tim cong sai d clia cap s6 cong da cho.

@A) d=5. ®) d=4. © d=—4. (D) d = —5.

¢ Cau 13. Cho cap s cong u, c6 cac sd hang dau lan lugt 1a 5;9;13;17;. ... Tim s6 hang

tong quat u, ciia cap sd cong?

@un:4n+1. un:5n—1.

@un:5n+1. @un:éln—l.
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(£ Bai 2. Cap s6 cong

> Cau 14. Viét ba s6 xen giita 2 va 22 dé ta dudc mot cap sd cong c¢é 5 s6 hang. Ba s6
hang d6 lan luot 1a

@A) 7;12;17. 6;10; 14. ©) 8;13;18. (D) 6;12;18.
$> Cau 15. Cho (uy) 1a cap sb cong c6 s6 hang dau bang 2, cong sai bang 5. Tong 10 s6
hang dau tién ciia cap s6 cong dé bang?

(A) —410. —205. (©) 245. (D) —230.

¢ Cau 16. Cho cap sb cong (uy,) biét us + ur = 19. Gia tri us + uig bang

@) 38. 29. © 12. (D) 19.
¢ Cau 17. Cho (uy) 1a cap s6 cong ¢6 S, = n? + 4n véi n € N*. S6 hang dau u; va cong
sai clia cap s6 cong do 1a

@A) uy =3,d=2. ®) u =5,d=2.

© up =8,d = —2. D) u; = —5,d = 2.
$> Cau 18. Cho day s6 (u,) & mot cap s6 cong c6 up = 3 va cong sai d = 4. Biét tong n s6
hang dau ctia day s6 (u,) 1a S, = 253. Tim n.

@ 9. 11. © 12. (D) 10.
$> Cau 19. Cho cap s6 cong (uy,) ¢6 up = 5 va tong 40 s6 hang dau 1a 3320. Cong sai cap
s6 cong do bang

@A) —4. 8. © -8. D) 4.
$> Cau 20. Cho cap sb cong (uy,) biét uz +u13 = 80. Tong 15 s6 hang dau ciia cap s6 cong
do6 bang

() 800. 600. (©) 570. (D) 630.

¢ Cau 21. Cho cap s6 cong 1;4;7;-. S6 hang thit 100 clia cap s6 cong 1

@A) 297. 301. © 295. (D) 298.
¢ Cau 22. Cho cap s6 cong (uy) ¢6 up = 5 va cong sai d = —3. Biét rang —289 14 mot s6

hang ciia cap s6 cong trén. Hoi do 1a s6 hang bao nhiéu?
@A) 98. 99. (©) 100. (D) 101.
¢ Cau 23. Cho cap s6 cong (uy) voi u, = 3 — 2n. Tinh Sg.

(A) —6960. —117. (©) —3840. (D) —116.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Cau 24. Lan dang tiét kiem dé mua laptop. Trong tuan dau tién, co ta dé danh 200 do
la, v trong mdi tuan tiép theo, c¢o ta da them 16 do la vao tai khoan tiét kiém ctia minh.
Chiéc laptop Lan can mua c6 gia 1000 do la. Hbi vao tuan thit bao nhiéu thi co ay c6 du

tien dé mua chiéc laptop do?

(A) 49. 50. ©) 51. (D) 52.

¢S Cau 25. Ngudi ta trong 820 cay theo mot hinh tam giac nhu sau: Hang thit nhat trong
1 cay, ké tit hang thit hai tré di s6 cay trong mdi hang nhiéu honl cay so véi hang lién trude

no6. Hoi c6 tat ca bao nhiéu hang cay?
@) 42. 40. ©) 41. (D) 39.

¢ Cau 26. Trong san van dong c6 tat ca 30 day ghé, day dau tién c6 15 ghé, cic day lién

sau nhiéu hon day trudc 4 ghé, héi san van dong dé cé tat ca bao nhieu ghé?

(@A) 2250. 1740. (©) 4380. (D) 2190.

¢ Cau 27. Mot tam gidc vuong c¢6 chu vi bang 3 va do dai cic canh lap thanh mot cap sb
cong. Do dai cac canh ctia tam giac do la:
1.7

3 .5 1 3
Z.1- 2 01—, Z.1. 2 .12
@ 37 73 47 73 @ 47 74 @ 27 72

& Bai 1. X4c dinh cong sai, s6 hang tht 5, s6 hang tong quat va s6 hang thit 100 clia méi
cAp s6 cong sau:

a) 4,9,14,19,.. . b) 1,-1—3,-5,....
& Bai 2. Viét nam s6 hang dau ctia méi day s6 (uy,,) sau va xét xem né c6 phai la cap sd

cong khong. Néu day s6 do 1a cap s6 cong, hay tim cong sai d va viét s6 hang tong quat

ctia n6 duéi dang uy, = uj; + (n — 1)d.

a) up = 3+ 5n; C) up = 2,Up = Up—1 + N;
b) u, = 6n — 4; d) u1 =2, up—1 + 3.
& Bai 3. Cho (uy) 1 cap s6 cong v6i s6 hang dau u; = 4 va cong sai d = —10. Viét cong

thitc s6 hang téng quat w,,.
& Bai 4. Cho cap s6 cong (uy) c6 s6 hang dau u; = —3 va cong sai d = 2.
a) Tim u1.

b) S6 195 1a s6 hang thit bao nhiéu ctia cap s6 cong do6?
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& Bai 5. Trong cac day so sau day, da s6 nao 1a cap s6 cong? Tim s6 hang dau va cong
sai ctia no.

a) u, =3 — 4n; b) up = & — 4; c) up = 5" d) uy, =

& Bai 6. Cho cap sb cong (uy,) c6 s6 hang dau u; = —3, cong sai d = 5.
a) Viét cong thiic clia 86 hang tong quét u,,.
b) S6 492 la s6 hang thtt may clia cap s6 cong trén?
¢) S6 300 ¢6 1a s6 hang nao ciia cap s6 cong tren khong?
& Bai 7. Cho cap s6 cong (u,) v6i u; = % VA uy + ug + uz = —1.
a) Tim cong sai d v& viét cong thitc clia s6 hang tong quat u,,.
b) S6 —67 1a s6 hang thit may clia cp s6 cong trén?
c¢) S6 7 ¢6 phai 1a mot sé hang ctia cap s6 cong trén khong?
& Bai 8. Cho cap sb cong (u,) ¢6 s6 hang tong quat: u, = 7n — 3.
a) Tim s6 hang dau va cong sai ctia cap s6 cong (uy,).
b) Tim wugpi2.
c¢) Tinh téng ctia 100 s6 hang dau tién ctia cap s6 cong (uy).
d) S6 1208 1a s6 hang thit bao nhiéu ctia cap s6 cong (uy,)?
& Bai 9. Cho cap s6 cong (uy), biét u; =5 va d = 3.
a) Tim s6 hang tong quat ctia cap s6 cong (uy).
b) Tim wgg.
¢) S6 1502 1a s6 hang thtt bao nhieéu cia cap sb6 cong (uy)?
d) Cho biét S,, = 34275. Tim n.

& Bai 10. Tim s6 hang dau va cong sai cia cap s6 cong (uy,), biét:
a)

)

uz —up = 20 b ug +uz =0 us — Uz = 3
ug + us = 54 ug + us = 80 ug - ug = 24

& Bai 11. Tim s6 hang dau va cong sai clia cap s6 cong (uy,), biét:

b) c)

) ug = 10 w1 —ug +us = 10 S0 = 165
a
uy =19 uy + ug = 17 So0 = 630
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& Bai 12. Tim s6 hang dau va cong sai clia cap s6 cong (uy,), biét:

u1 + ug = 18 ug — ug = 15 ug = 8
a) b) c)
ug + uy = 22 ug - ug = 184 u3 +u? =16
. .1 1 1 . - N PP . :
& Bai 13. Cho ba so theo thit tu lap thanh cap so cong. Chiing minh

b+c ct+a a+b
rang ba sb a?,b?, ¢ theo thit tu ciing lap thanh mot cap sé cong.

& Bai 14. Tim z dé ba s6 10 — 3z, 222 + 3,7 — 4z theo thit tu lap thanh mot cap sb cong.
& Bai 15. Cho (uy,) 1a cap s6 cong c6 ug + ug = 22,u1 - us = 21 va cong sai d > 0.

a) Tinh w100, S100- b) Tinh téng Ul +uUs + U9+ ...+ U1L-
& Bai 16. Cho (uy,) 1a cap s6 cong ¢ ug + us + ug + uis + ury + ugp = 234.

a) Tinh uo + ug + u14 + ugg. b) Tim wuq,d biét ug = 37.
& Bai 17. Mot cap s6 cong c6 s6 hang thit 5 bang 18 va s6 hang thi 12 bang 32. Tim sb
hang thit 50 clia cap s6 cong nay.
& Bai 18. Mot cap sb6 cong c6 s6 hang dau bing 5 va cong sai bang 2. Héi phai lay tong
cia bao nhiéu s6 hang dau ctia cap s6 cong nay dé c6 tong bang 27007
& Bai 19. Phai lay tong clia bao nhiéu s6 hang dau ctia cap sd cong c¢6 sd hang dau la 78
va cong sai la —4 dé dugc tong la 7027
& Bai 20. Giai phuong trinh 1 +8 + 15+ 22 4 -+ + x = 7944.

& Bai 21. Cho mot cap s6 cong (uy,) c6 u; = 1 va tong 100 s6 hang dau bang 10 000. Tinh

, | | 1
tong S = —+ —+--- + .
ULU2 UU3 U99 U100

& Bai 22. Tim 5 s6 hang lién tiép clia mot cap s6 cong , biét tong clia ching bang 40 va

téong binh phuong ctia chiing bang 480.

n

& Bai 23. Cho diy 6 (un), biét w1 = —2,up41 = - In_ véin e N*.

1
Un *1 6 n e N-.

bat v, =

Un

a) Chiing minh rang day s6 (v,) & mot cap s6 cong. Tim s6 hang dau, cong sai clia cap
sO cong do.

b) Tim cong thiic clia vy, u, tinh theo n.

. 1 1 1 1
¢) Tinh tong S = — + — + — + -+ + —.
u1 uz U3 U0
& Bai 24. Gia clia mot chiée xe 6 t6 ldc mdi mua 1a 680 triéu dong. Ctt sau mdi nam s

dung, gia clia chiéc 6 to6 gidm 55 trieu dong. Tinh gia clia chiéc xe sau 5 nam st dung.
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& Bai 25. Mot kién truc su thiét ké mot hoi truong véi 15 ghé ngoi 6 hang thit nhat, 18
ghé ngoi 6 hang thi hai, 21 ghé ngdi 6 hang thit ba, va ctt nhu vay (s6 ghé 6 hang sau nhiéu
hon 3 ghé so v6i s6 ghé ¢ hang lién truée né). Néu mudn hoi trudng dé co sie chita it nhat

870 ghé ngdi thi kién tric su do phai thiét ké t6i thiéu bao nhiéu hang ghé?

& Bai 26. Vao nam 2020, dan s6 ctia mot thanh phé 1a khodng 1,2 trieu nguoi. Gia si
mdi nam, dan s6 ctia thanh phd nay tang thém khoang 30 nghin ngusi. Hay udc tinh dan

s6 ctia thanh phd nay vao nam 2030.

& Bai 27. Mot ngusi mudn mua mot thanh gb da dé
cat ra lam cic thanh ngang clia mot cai thang. Biét rang
chiéu dai cac thanh ngang ctia cai thang dé (ti bac dudi

cung) lan lugt 1a 45 cm, 43 cm, 41 cm, ..., 31 cm.

a) Cai thang d6 c6 bao nhiéu bac?
b) Tinh chiéu dai thanh gé ma ngusi d6 can mua, gia st chiéu dai cac moéi ndi (phan gd

bi cit thanh min cua) 14 khong dang ke.

& Bai 28. Khi mot van dong vién nhay du nhay
xa khéi mday bay, gid st quang dudng ngusi ay roi
tu do (tinh theo feet) trong mdi giay lién tiép theo
thit tu trude khi bung di lan luot 1a: 16; 48; 80; 112;

144;. . . (cac quang duong nay tao thanh cap s6 cong).
a) Tinh cong sai clia cap s6 cong trén.

b) Tinh tong chiéu dai quing duong roi tu do cta

nguoi dé trong 10 giay dau tien.

& Bai 29. Chiéu cao (don vi: centimét) ctia mot dita tré n tuoi phét trien binh thuong
duge cho bdi cong thite z, = 75+ 5+ (n — 1). (Nguon: https://bibabo.vn).
a) Mot dita tré phat trién binh thudng c6 chiéu cao nam 3 tudi 14 bao nhieu centimét?

b) Day s6 (wy) c¢6 1a mot cap s6 cong khong? Trung binh mot nam. chiéu cao mdi dia

tré phat trién binh thuong ting lén bao nhiéu centimét?
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& Bai 30. O mot loai thuc vas ludng boi, tinh trang chiéu cao cay do hai gene khong alen
la A va B cling quy dinh theo kiéu tuong tac cong gop. Trong kiéu gene néu cit them mot
alen troi A hay B thi chiéu cao cay tang thém 5 cm. Khi trudng thanh, cay thap nhat cia
loai nay véi kiéu gene aabb c6 chiéu cao 100 cm. Héi cay cao nhat véi kiéu gene AABB c6
chiéu cao bao nhiéu?

& Bai 31. Khi ki két hop dong véi ngusi lao dong, mot doanh nghiép dé xuat hai phuong

an tra luong nhu sau

& Phuong dn 1: Nam thit nhat, tién luong 1a 120 tricu. Ké tit nam thit hai tré di, moi

nam tién luong duge tang 18 trieu.

= Phuong dn 2: Quy thi nhat, tién luong 1a 24 trieu. Ké tit quy thi hai tré di, mdi quy

tien luong dudc ting 1,8 trieu.

Néu la nguoi duge tuyén dung vao doanh nghiép, em sé chon phuong an nao khi
a) Ki hgp dong lao dong 3 nam?
b) Ki hgp dong lao dong 10 nam?

& Bai 32. Bac Tu vao lam cho mot cong ty v6i hop dong ve tién luong méi nam nhu sau:

» Nam thit nhat: 240 trieu;

» T nam thit hai tré di: M6i nam tang thém 12 triéu.

Tinh s6 tien lwong mot nam ciia bac Tu vao nam thid 11.

& Bai 33. Mot rap hat c6 20 hang ghé. Hang thit nhat c6 20 ghé, s6 ghé & cac hang sau
déu hon s6 ghé hang ngay trudée d6 mot ghé. Cho biét rap hat da ban hét vé véi gia mdi vé

14 60 nghin dong. Tinh tong s tién vé thu dude ciia rap hat.

& Bai 34. Chuong dong ho 6 mot toa thap danh s6 tiéng dung bang s6 gio va ctt moi 30
phtt khong phai 1a gio ding thi danh 1 tiéng chuong. Héi bat dau tir ldc 1 gio dem dén 12

gio trua, chuong dong ho dé da danh tat ca bao nhiéu tiéng?

& Bai 35. Tren Mit Trang, khi mot vat duge tha roi tu do, & giay dau tién né di dugc
mot doan dai 80,772 cm. Mai giay sau né di dude mot doan nhieéu hon doan dudng di trong
giay ngay trudc do 161,554 cm. Tim do dai ctia doan duong da di duge trong 10 gidy cua

mot vat roi tu do trén Mat Trang.
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& Bai 36. Nha hat bac doc hinh tron da duge xay dung tit thoi La Ma.
Cac day ché ngoi duge xép theo hinh cung tron ma sé chd ngdi tang = S,
dan tir trong ra ngoai. Mot nha hat nhu thé c6 s6 chd ngoi & cac day - i e
tinh tit trong ra ngoai lap thanh cap s6 cong 12,16,20,...S6 chd ngoi

ctia day cubi ciing 1a 72. Tinh tdng s6 chd ngdi trong nha hat.

& Bai 37. Cac khic gb duge xép nhu Hinh bén. Luct

thit nhat c6 21 khic, lugt thit hai c6 20 khic,. . ., lugt

trén cting c6 15 khic. Tinh téng s6 khic gb da dugc
Xép.

& Bai 38. Mot btc tuong trang tri c6 dang hinh thang, rong
2,4 m 6 day va rong 1,2 m 6 dinh (hinh vé bén). Cac vién gach

hinh vuong c6 kich thuée 10 ecm x 10 em phai duge dat sao

cho méi hang & phia trén chita it hon mot vién so véi hang 6
ngay phia dudi né. Héi sé can bao nhiéu vién gach hinh vuong

nhu vay dé 6p hét bitc tuong do?
& Bai 39. C6 bao nhiéu hang ghé trong mot géc khan dai clia mot san van dong, biét rang
géc khan dai doé c6 2 040 chd ngoi, hang ghé dau tien c6 10 chd ngodi va mdi hang ghé sau
c6 them 4 chd ngoi so v6i hang ghé ngay truée n6?
& Bai 40. Mot cau thang bang gach c6 tong cong 30 bac. Bac duéi ciing can 100 vién gach.
M&i bac tiép theo can it hon hai vién gach so véi bac ngay trude no.

a) Can bao nhiéu vién gach cho bac trén cting?

b) Can bao nhiéu vién gach dé xay cau thang?
& Bai 41. Néu anh Nam nhan dudc 10i mai lam viec cho mot cong ty nude ngoai véi miic
luong khéi diém 1a 35 000 do la mdi nam va duge tang them 1 400 do la lwong mdi nam, thi

sé mat bao nhiéu nam lam viéc dé tong luong ma anh Nam nhan duge 1a 319 200 do la?
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Cép s6 nhan la mot day s6 (hitu han hodic vo han) ma trong d6, ké tit s6 hang
tht hai, mdi s6 hang déu bang tich ctia s6 hang ding ngay truéc né véi mot sb ¢
khong ddi, nghia 1a

Upi1 = Up - q VOi n € N¥,

S6 ¢ dugc goi 1a cong boi clia cap s6 nhan.

L\ Luu Y. e Dy s6 (uy,) 1a cAp s6 nhan thi u2 = w,_1 -ty V6i n > 2.

e Néu (uy) 1a cAp s6 nhan véi cong boi ¢ va u, # 0 v6i moi n > 1 thi vé6i s tu

. u
nhién n > 2 ta c6 — =g
Un—1

1

Cho day s6 (up) v6i u, =

T Chting minh rang day s6 nay 14 mot cap s6 nhan. Xac

dinh s6 hang dau va cong boi ciia no.

[ }&m‘rg t/d/%z(u Véi moi n > 2, ta co:

1
up,  gn1 3% 1
Up—y 1 3l
3n—2
s 1 . .

tuc la u, = 3 Up—1 VOl MOi n > 2.

. .z N 1 . 1
Vay (uy) la mot cap so6 nhan véi so hang dau u; = 30~ 1 va cong boi ¢ = 3

Dé chiing minh d3y sb (un) gdm céc sb khac 0 13 mdt cip sb nhan,

U khéng déi.

hdy chimg minh ti sb

Up—1

SV wrrvr e

Cho ba s6 tu nhién m, n, p theo thit ty lap thanh cap sé cong. Chitng minh ba s6 27,27, 2P

theo thit tu lap thanh cap sd nhan.
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() Ha’o‘g (/d,i/“m Ba s6 tu nhién m, n,p theo thit tu lap thanh cap s6 cong nén ta c6
o2n =m+ p & 22 = 2P = (97)2 = 9™ 9P

Vay ba s6 2™, 2" 2P theo thit ti 1ap thanh cap s6 nhan.

Mot qubc gia c6 dan s6 nam 2011 1a P triéu nguoi. Trong 10 nam tiép theo, mdi ndm dan

s6 ting a%. Chiing minh rang dan s6 cdc nam tit ndm 2011 dén nam 2021 ctia qubc gia

do6 tap thanh cap s6 nhan. Tim cong boi cia cap sd nhan nay.

(e Hudn(f r/(&z(/ozaz Gia st dan so clia qubc gia d6 tit nam 2011 dén nam 2021 1a day s

(up) v6i up = P. Ta co:

uy =P
a a
U9 =uU1 + Ul m:ul (1—1—@)
a a
u3:u2+u2'mzu2( +m)
a a
Uy ZU3+U3-WZU3 (1+m>
a
u11 =u10 + U10 (1 + ﬁ)
Vay dan s cac nam tit nam 2011 dén nam 2021 ctia qubc gia dé tao thanh cap s6 nhan véi
) a
cong boi g =1+ 100"

Tan s6 ctia ba phim lién tiép Sol, La, Si trén mot
cay dan organ tao thanh cip s6 nhan. Biét tan s6
ctia hai phim Sol va Si lan lugt 1a 415 Hz va 466 Hz
(theo: https:/ /vi.wikipedia.org/wiki/Do_ (not nhac)).

Tinh tan s6 ctia phim La (lam tron dén hang don vi).

() Hwo/y c/rf/z&fzfézf. Vi tan s6 ciia ba phim lién tiép Sol, La, Si tao thanh mot cap sb
nhan nén ta c6 tan sé clia phim La bang: v/415.466 =~ 440.

Y
' (1) Cho cip s6 cong (uy,) v6i up = —6,uy = —2.

a) Tim cong boi q.

b) Viét nam s6 hang dau tién ctia cap s6 nhan do.
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5

Tim z dé z — 1,z vi = + 2 theo tht tu lap thanh mot cap s6 nhan.

C (3) Chiing t6 rang day s6 (up) v6i u, = 3 -4™ la cap s6 nhan. Tim s6 hang dau va

cong boi ctia nob.
1. SO HANG TONG QUAT CUA CAP SO NHAN

Néu mot cap s6 nhan (u,) c6 s6 hang dau u; va cong boi ¢ thi s6 hang tong quat

u, cua né duge xac dinh baéi cong thiic

up =up - ¢" tn > 2.

Viét cong thiic s6 hang tong quat u, theo sé hang dau u; v cong boi ¢ clia cac cap sb
nhan sau:

a) 5;10;20;40;80;. .. I P S
7107100 1000 10 000

[} Ha’o‘% f/(’z‘”/zyi(ézl
a) Cap s6 nhan 5; 10; 20; 40; 80; ... ¢6 s6 hang dau u; = 5 va cong boi g = 2.
Khi dé cong thiic s6 hang tong quat:
Up =u1.¢" 1 =527 n>2

L1 1 1 c6 6 hane dau 1 v cong boi 1
—— = up =1 v =—.
10° 100° 1000° 10 000 e ! & POLe =1y

Khi d6 cong thiic s6 hang tong quat:

\""' 1
Uy =u1.q" " = (E) = 1on=1’ nz=2

Cho mot cap s6 nhan gom cac s6 hang duong. Biét s6 hang thit 10 bang 1536 va s6 hang

b) Cép s nhan 1;

thtt 12 bang 6 144. Tim s6 hang thit 20 ctia cap s6 nhan dé.

[} le(? Jcﬁkzyz&z; Gia stt up 1a s6 hang dau va ¢ 1a cong boi ctia cap s6 nhan da cho.
Ta co:
Ul = uq - q9 = 1536 (1)

ugp = up - ¢ = 6144 (2)
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Lay % suy ra g% = 4, tic 1a ¢ = 2 hoiic ¢ = —2.

Vé6i q = 2, ta tinh dugc u; = 3.

V6i ¢ = —2 ta tinh duge u; = —3 (truong hop nay loai vi u; > 0 theo gia thiét).
Do d6 u; =3 va g = 2.

Vay s6 hang thit 20 ctia cap s6 nhan da cho 1a ugg = ug - ¢*° = 3 -2 = 1572864.

Chu ki ban rd ctia nguyén to phong xa poloni 210 1a 138 ngay, nghia 13 sau 138 ngay, khdi

lugng clia nguyen t6 d6 chi con mot nita (theo https://vi.wikipedia.org/wiki/Poloni-210).
Tinh khéi lugng con lai ctia 20 gam poloni 210 sau:

a) 690 ngay; b) 7 314 ngay (khoang 20 nam).

() Hwo‘gz f/é/z(,fzf(éz; Khoéi lugng nguyén t6 poloni 210 1ap thanh mot cap s6 cong véi s6

. 1 ) , "
hang dau u; = 20 gam va cong boi ¢ = 3 nén c¢6 s6 hang tong quat 1a u, = 20 - (5) .
N4
a) Ta c6: 690 = 138.5 nén n = 5, khi dé: us = 20 (Z) =1, 25.
1\ 22
b) Ta c6: 7 314 = 138.53 nén n = 53, khi d6: uzz = 20 (Z) =4,4.10715,
’
a) Cho cap s6 nhan (u,) c¢6 s6 hang dau u; = 5 va cong boi ¢ = —2. Tim s6 hang

thit sau.
£ N . | ua —ug =54
b) Xac dinh s6 hang dau va cong boi ctia cap so nhan biét
us — uz = 108

)
' (5) Mot nudc c6 dan s6 25 trieu nguvi vao dau nam 2001. Néu ti lé tang dan s6

hang nam on dinh 14 0,5%, tinh dan s6 ctia nude dé vao dau nam 2040.

’ : )
C (6) Trong mot lo nudi cay vi khuan, ban dau ¢6 5 000 con vi khuan va s6 luong vi

khuan tang lén them 8% mdi gio. Hoi sau 5 gis thi s6 luong vi khuan 1a bao nhieu?
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1. TONG » SO HANG DAU TIEN CUA CAP SO NHAN

Gia st (uy,) 1a mot cap s6 nhan c¢6 cong boi q # 1. Dat S, = ug +ug + -+ + up,
khi do
uy (1—q")

S —

L LuvuyY. Khig=1thi S, =n-u.

Tinh téng n s6 hang dau tién ctia cap s6 nhan (u,) trong cac trudng hop sau:

[ Hu‘o‘ig Jé)zyiéz?.

a) (up) 1 cAp s6 nhan c6 s6 hang dau u; = 10° va cong boi ¢ = 0, 1.
10°[1 - (0,1)°]

Téng 5 s6 hang dau tieén clia cap s6 nhan (u,) la: S5 = T = 111110.
B u9 —20
) Ta ¢6 ¢ o 0
2 % N 5 % % ~ < 10 []' - (_2)5}
Tong 5 so hang dau tién cua cap so nhan (uy) la: S5 = 52 = 110.

S0 # v to v v

Tinh tong: S = 10 4+ 102 4+ 103 + - -- 4 10%.

[} }&m/% a&fnjm Nhan thay S 1 tong 20 s6 hang dau ctia mot cap s6 nhan c6 s6 hang

10(1 — 10%°)  10*' — 10

dau u; = 10 va cong boi ¢ = 10. Vay S = T 5

EEEED)) - ¢

Ngudi ta thiét ké mot toa thap c6 9 tang, tang thi nhat cé dién tich 1 000 m?, mdi tang

s A pa . s N 2 X pe s 3 2 PN - 2 X 2 2 N
tiep theo c6 dién tich bang 3 tang trude d6. Tinh tong dién tich cac tang cta thap (lam

tron dén hang don vi clia m?).

[} Ha’o‘% cﬁnﬁm Dién tich cic tang ctia thap lap thanh cap s6 nhan véi up = 1000 va

2 2 . s 7z X 2 7z N
¢=3- Khi do, tong dién tich cac tang cua thap la

1000 [1— 2 9]
So = 2(3> ~ 2922 m?.
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Ban dau, mot qua lic dong ho dao dong theo mot cung tron dai 46 cm
(hinh beén). Sau mdi lan lac lién tiép, do dai ctia cung tron bang 0,98 do
dai cung tron & ngay lan truée do.

a) Do dai clia cung tron 6 lan thi 10 14 bao nhieu?

b) Sau 15 lan dao dong, qua lac sé di dugc quang dudng tong cong
la bao nhiéu?

(Két qud tinh theo centimet va lam tron dén chii so thap phan thi hai.)

[} 7—&50‘2;/0 din oici. Goi uy 1a do dai cung tron & lan thi n khi con lac dao dong. Do lan
mot, qua lac dong ho dao dong theo mot cung tron dai 46 cm, sau mdi lan dao dong lién
tiép, do dai cung tron bang 0,98 do dai cung tron & ngay lan truée dé nén day s6 (u,) 1ap

thanh cap s6 nhan c6 u; = 46 va cong boi ¢ = 0,98.
a) Do dai clia cung tron & 1an thit 10 1a ug = up.¢” = 46 - 0,98” ~ 38,35 (cm).

b) Sau 15 lan dao dong, qua lic sé di duge quiang dudng tong cong 1a
1—¢? o 10987
—-q 1—10,98

S =uq -

1

Gia stt anh Tuan ki hop dong lao dong trong 10 nam vé6i diéu khoan vé tién luong nhu

~ 546,85 (cm).

sau: Nam tht nhat, tién luong ctia anh Tuan 1a 60 trieu. Ké tit nam tht hai tré di, méi
nam tién luong ctia anh Tuan dude tang len 8%. Tinh tong s6 tién luong anh Tuan linh

duge trong 10 nam di lam (don vi: trieu dong, lam tron dén hang phan nghin).

()} Hwo”/(zﬁ a,/é}zjéézl. Goi uy, 1a 6 tién luong (trieu dong) anh Tuan duge linh ¢ nam lam
viéc thit n. Ta c6: u; = 60;

Up = Up—1 + Up—1 - 0,08 = up_1(1 +0,08) = up_1 - 1,08
Do do, (uy) 1a cap s6 nhan c6 s6 hang dau u; = 60, cong boi ¢ = 1,08.
Ap dung cong thic tinh tdng S, ta c6 tong sb tién luong anh Tuén linh duge trong 10 nam
di lam la:

60(1 — 1,0810)

S1o = 1— 1,08

~ 869,194 (trieu dong).
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

)
' (7) Cho cap s6 nhan (uy) c6 céc s6 hang déu khong am va théa man uy = 6 va

ug = 24. Tinh tong 12 s6 hang dau tién ciia cap s6 nhan do.

’

C Moéi ndm, mot nhan vién van phong mua mot doi giay mdi. Gia ctia mot doi
giay nguoi dé6 mua ¢ nam dau tien 1a 500 000 dong. Nhitng nam tiép theo, gid mot
doi giay cting loai ting 20% so v6i gia clia nam truée dé. Tinh tong sb tién nguoi

d6 da mua giay trong 10 nam.

(2,
(9) Mot nha may tuyén thém cong nhan vao lam viéc trong thoi han ba nam va
dua ra hai phuong an lga chon vé luong nhu sau:

= Phuong 4n 1: Luong thang khéi diém 1a 5 trieu dong v sau mdi quy, luong

thang sé tang them 500 nghin dong.

i Phuong an 2: Luong thang khéi diém 1a 5 triéu dong va sau mdi quy, luong

thang sé ting them 5%.

V6i phuong an nao thi tong luong nhan dude sau ba nam lam viéc clia ngudi cong

nhan sé 16n hon?

[ 52 Tér

Trdc nghiém

$> Cau 1. Day s6 nao dudi day khéng phai cap s6 nhan?

(A) 1;-3;9; —27;54 . 1;2;4;8;16 .
© 1;,-1;1;-1;1 . (D) 1;—2;4; -8;16 .
¢S Cau 2. Day s6 nao dudi day 13 mot cap s6 nhan?
@) 1;2;3;4;5 . @) 1;3;6;9;12 .
(©) 2;4;6;8;10 . D) 2;2;2;2;2 .
¢S Cau 3. Chon cap s6 nhan trong cac day sb sau:

@) 1;0,2;0,04;0,00008 - - - . 2,92,922:2222; -+ .
(©) =;2w;3z;4;- - - . D) 1 —a? 2t =2
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(¢ Bai 3. Cap s6 nhan

O Cau 4. Trong cac day sb (uy,) sau, diy nao la cap s6 nhan?

@A) up=n2+n+1. ®) up=(n+2)-3".
uyp = 2
© : D up = (—4)>" .
6
Upt1 = —,Vn € N*
Up,
$> Cau 5. Day s6 u, = 3 + 3" 13 mot cap so6 nhan vdéi:
(A) Cong boi 1a 3 va s6 hang dau 1a 1 .
Cong boi 1a 4 va s6 hang dau 13 2 .
(©) Cong boi 1a 2 v s6 hang dau 1a 1 .
(D) Cong boi 1a 2 va s6 hang dau 1a 2 .
¢ Cau 6. Trong cac day so (uy,) sau, diy s6 nao 1a cap s6 nhan?
@A) u, =5" . ®) up=1+5n.
© up,=5"+1. D) up =5+n?.
& Cau 7. Trong cac phat biéu sau, phat biéu nao sai?
(A) Day sb c6 tat ca cac s6 hang bing nhau 13 mot cap s6 nhan .
Day s c6 tat ci cac s6 hang bang nhau 1a mot cap sé cong .
(©) Mot cap s6 cong c6 cong sai duong 1a mot diy s6 tang .
(D) Mot cap s6 cong c6 cong sai duong 1a mot day s6 duong .

¢ Cau 8. Cho cap s6 nhan (uy,) c6 u; = 3 va us = 9. Cong boi cia cap s6 nhan bang

@A) —6 . ® 3. @é. D) 6 .

¢S Cau 9. Cho cap s6 nhan (uy,) véi up = 3 va cong boi ¢ = 2. Gia tri clia ug bang

3
@) 8. 9. © 3 D) 6 .
$® Cau 10. Tim tat ca céc gia tri clia o dé ba s6 2z — 1,2, 2z + 1 theo tht tu d6 lap thanh

mot cap so6 nhan.
1

@xz:l:%. xz:l:\/g © z=+V3. D) z=43.

¢ Cau 11. Cho cap s6 nhan (uy) ¢6 ug = 9 va us = 81. Cong boi cap s6 nhan dé bing

@ 3. ® 72. © 18. ® 9.

L 2 1
¢S Cau 12. Tim cong boi ¢ ciia cap so nhan (uy,) ¢6 uy = ) va ug = 16.

®a=3. ® q=-2. ©q=2. ®a=—3.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

¢ Cau 13. Cho cap s6 nhan (uy) ¢6 uy = 2 va cong boi ¢ = —2. Gia tri us bang

@A) —32. B —16 . © —6 . D) 32.

¢ Cau 14. Cho cap s6 nhan (uy) ¢6 us = 2 va ug = 6. Tinh uo;.

@) 18. ® 54 . © 162 . (D) 486 .

¢ Cau 15. Cho cap s6 nhan (uy,) ¢6 u; = 1,¢ = 2. Hbi 1024 1a s6 hang thit may?

@A) 11. ® 9. © 8. D) 10 .

> Cau 16. Cho day s6 4;12;36; 108;324; - --. S6 hang thit 10 ctia day s6 d6 1a

(A) 73872 . 77832 . (©) 72873 . (D) 78732 .

> Cau 17. Viét bén s6 hang xen giita cac s6 1 va —243 dé duge mot cap s6 nhan c6 6 s6
hang. Bén s6 hang d6 lan lugt la:

(A) —3;-9;—-27; 81 . 3;—9;27; —81 .

©) 3;9;27;81 . (D) —3;9; —27;81 .

¢ Cau 18. Cho cap s6 nhan (uy,) biét ug - ug = 64. Gia tri us - us 1a

@A) -8. B) —64 . ©) 64 . D) 8.
> Cau 19. Cho cap s6 nhan (uy,) c6 u; = 3 va ¢ = —2. Tong 10 s6 hang dau tién ctia cap
s6 nhan d6 bang

(A) Syp = —511 . Sy = 1023 .

© S1o=1025. (D) Sip = —1025 .

$> Cau 20. Cho cap s6 nhan (uy,) ¢6 u; = - va ug = 729. Tong 8 s6 hang dau tién clia cap

Wl

s6 nhan d6 bang

1— 38 38 -1 38 -1 1—38

@ 9 : 6 : @ 2 ) @ 6 '

$> Cau 21. Cho cap s6 nhan (uy) c6 uz = 12, u5 = 48 ¢6 cong boi am. Tong 7 sé hang dau

tien cap s6 nhan d6 bang

@A) 129 . —129 . ©) 128 . (D) —128 .

¢S Cau 22. Ba s6 lap thanh mot cap s6 nhan. Néu s6 hang thit hai cong them 2 ta dudc
mot cap sd cong. Sau d6 cong thém 9 véi sd hang thit ba ta lai duge mot cap s6 nhan. Tinh
tong ba s6 do

16
25 °

4 64
25 25

52
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(¢ Bai 3. Cap s6 nhan

> Cau 23. Tong S =143+ 32+ --- 4 32918 bang
32019 -1 32018 -1

3202(% -1 32018 _ |

oL o -
¢S Cau 24. Nguoi ta thiét ké mot cai thap 11 tang. Dién tich bé mat trén ciia mdi tang
bang nita dién tich clia mat trén clia tang ngay bén dudi va dién tich mat trén cla tang 1

bang nia dién tich ctia dé thap. Tinh dién tich mat trén cling

A) 8 m? . B) 6 m? . © 10 m? . (D) 12 m? .
$> Cau 25. Cho hinh vudéng Cy c6 canh bang 1. Goi Co 1a hinh vudng cé cac dinh I3
trung diém clia céc canh hinh vudéng C;;C3 hinh vuéng c6 cac dinh la trung diém ctia
cac canh hinh vuong Cs;... cit tiép tuc qua trinh nhu trén, ta duge day cac hinh vuong

C1;Cy;Cs;...;Cp; . ... Dién tich ctia hinh vudng Chgo3 1a
1 1 1 1

@ 92022 92023 © 91011 ° 0) 91012 -
> Cau 26. Ban A tha qua béng cao su tit do cao 10 m theo phuong thing ding. Mai khi
) . . 3
cham dat né lai nay 1én theo phuong thang ding c6 do cao bang 1 do cao truée do. Tinh

tong quang dusng boéng di duge dén khi bong dimg han.

@A) 40m . B 70m . © 50m . (D) 80m .
> Cau 27. Mot loai vi khuan sau méi phit s6 lugng tang gap doi biét ring sau 5 phiit

nguoi ta dém dude c6 64000 con hdi sau bao nhiéu phut thi c6 duge 2048000 con?

@) 10 . ® 11. © 26 . D) 50 .

Tu luén

& Bai 1. Xac dinh cong bai, s6 hang thit 5, s6 hang tong quat va s6 hang thit 100 ctia mdi
cap s6 nhan sau:

) 11
a) 1,4, 16, ... b) 2, —=, =, ...
) J 27 87

& Bai 2. Trong cac day so6 sau, day s6 nao & cap s6 nhan?

uy = 1
c)
b) Up = (_1>n—|—1 VLS Upt1 = 2Up + 3.
. A 2 1 2 7, ~ N S X ~ - . N X
& Bai 3. Ba so 2 i theo thi tu 1lap thanh cap so cong. Chiing minh rang ba so
—a —c

a, b, c theo thit tu lap thanh cap sé nhan.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Bai 4. Cho cap s6 nhan (u,) v6i s6 hang dau u; = —5, cong boi g = 2.
a) Tim ug.
b) S6 —320 1a s6 hang thit bao nhiéu ctia cap s6 nhan trén?
c¢) S6 160 c6 phai 1a mot s6 hang ctia cap s6 nhan trén khong?
& Bai 5. Cho cap s6 nhan (u,) v6i u; = 3, ug = %
a) Tim cong boi ¢ va viét nam s6 hang dau clia cap s6 nhan tren.
b) Tinh tong 10 s6 hang dau ctia cip sé nhan trén.
& Bai 6.
a) S6 do bon goc clia mot tit giac 1ap thanh cap s6 nhan. Tim s6 do ctia bon goc do biét,
rang so do clia goc 16n nhat gap 8 lan s6 do clia géc nhd nhét.
b) Viét sau sd xen gitta cac s6 —2 va 256 dé dude cap sd nhan c6 tam sé hang. Néu viét
tiép thi s6 hang thit 15 14 bao nhiéu?
& Bai 7. Tim s6 hang dau va cong boi clia cap s6 nhan (uy,), biét:
us —up = 15 up — ug + us = 65 up +ug +uz =13

a) b) c)
Uy —ug =6 u] + uy = 325 uqg + us + ug = 351

& Bai 8. Tinh céac tong sau:

1 1 1 —
a) Sn:1+§+§+‘”+3—n5 b) Sp =94 99 + 999 + +99...’9.
n chit s6 9

& Bai 9. Cho mot cap sd nhan c6 tat cd cac sd hang déu duong. S6 hang thit tu ciia cap

. . 125 . .
so nhan 1a 125 va so0 hang thit 10 1a R Tim so0 hang thtt 14 ctia cap so nhan nay.
& Bai 10. Ba s6 phan biét tao thanh mot cap s6 nhan cé tong bang 78; dong thdi ching
12 s6 hang thit nhat, thit ba v thit chin clia mot cap s6 cong. Tim ba s6 do.
& Bai 11. Mot cong ty xay dung mua mot chiéc may 1i véi gia 3 ti dong. Cit sau moéi nam
st dung, gia tri ciia chiéc may Ui nay lai gidm 20% so véi gia tri clia né trong nam lién
truée dé. Tim gid tri con lai ciia chiée may i dé sau 5 nam sit dung.
& Bai 12. Mot tinh ¢6 2 trigu dan vao nam 2020 véi ti 1¢ tang dan s6 1a 1 % /nam. Goi uy,
1 s6 dan ctia tinh d6 sau n nam. Gia si ti ¢ ting dan s6 1a khong doi.

a) Viét cong thiic tinh s6 dan ctia tinh d6 sau n nam ké tit nam 2020.

b) Tinh s6 dan ctia tinh d6 sau 10 nam ké tit nam 2020.
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(¢ Bai 3. Cap s6 nhan

& Bai 13. Mot loai thuéc duge ding mdi ngay mot lan. Lic dau nong do thude trong mau
ctia bénh nhan ting nhanh, nhung méi lieu ké tiép c6 tac dung it hon lieu trude dé. Lugng
thudc trong mau & ngay thit nhat 1a 50mg, va mdi ngdy sau d6 gidm chi con mot nita so
v6i ngay ké trude d6. Tinh tong lugng thube (tinh bang mg) trong mau ctia bénh nhan sau
khi dung thuéc 10 ngay lién tiép.
& Bai 14. Mot du khach vao chuong dua ngua dit cuge, lan dau tien dat 20000 dong, mdi
lan sau tién dat gap doi tien dat lan trude. Ngusi dé thua 9 1an lién tiép va thing & lan thi
10. Héi du khach d6 thang hay thua bao nhiéu?
& Bai 15. Mot gia dinh mua mot chiée 6 to gia 800 trieu dong. Trung binh sau mdi nam
st dung, gia tri con lai ctia 6 t6 giam di 4% (so v6i nam trude do).

a) Viét cong thiic tinh gia tri clia 6 t0 sau 1 ndm, 2 nam sit dung.

b) Viét cong thiic tinh gia tri clia 6 t6 sau n nam st dung.

¢) Sau 10 nam, gia tri clia 6 t6 uGc tinh con bao nhiéu trieu dong?
& Bai 16. Mot tang bang khoi lugng 1 tan dang tan chay. Ci moi gio, tdng bang mat di
1 .. . P 4. N . e - N
R khoi lugng ctia né. Tinh khoi lugng con lai cia tang bang sau 6 gio.
& Bai 17. Todine ~131 14 mot dong vi phéng xa dude st dung trong chan doén y té. Chu
ki ban rd ctia n6 la tdm ngay. Nghia 1a sau tdm ngay, khdi lugng ctia n6 chi con mot nita.
Tinh khéi luong con lai ciia 160 mg Iodine —131 sau 64 ngay. Lam tron két qua dén hang

don vi (mg).

& Bai 18. Mot tinh B ¢6 dan s6 1500000 ngudi vao nam 2014. Gia st ti 1é tang dan s6
khong doi 1a 1,25%/nam. Tinh dan s6 clia tinh dé vao nam 2025. Lam tron két qua dén
hang chuc.
& Bai 19. Vao thang 4/2022, gia thué mot can ho 1a 4 trieu dong/thang. Sau moi quy thi
gid thué ting them 5% /thang so v6i gia cua quy trude d6. Tinh gia thué can ho d6 vao
thang 01/2025.
& Bai 20. Gi4 st mot thanh phd c6 dan s6 nam 2022 14 khoang 2,1 triéu nguoi va tdc do
gia tang dan s6 trung binh mdi nam 1a 0,75%.

a) Du doan dan so6 ctia thanh phd d6 vao nam 2032;

b) Néu toc do gia tang dan s6 van giit nguyen nhu trén thi uée tinh vao nadm nao dan sé

ctia thanh phd do sé ting gap doi so v6i nam 20227
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Bai 21. Cac bénh truyén nhiém c6 thé lay lan rat nhanh. Gid st ¢6 nim ngudi bi bénh
trong tuan dau tién ctia mot dot dich, vA mdi ngudsi bi bénh sé 1ay bénh cho bon ngudi vao
cudi tuan tiép theo. Tinh dén hét tuan thi 10 ctia dot dich, c6 bao nhieéu ngusi da bi lay
béi can bénh nay?

& Bai 22. Néu mot ki su dudge mot cong ty thué véi mic luong hing nam 1a 180 trieu
dong va nhan dudc mic tang luong hang nam 14 5%, thi mic luong clia ngudi ki su dé 1a

bao nhiéu khi bat dau nam thit siu lam viéc cho cong ty?

& Bai 23. Dé tich luy tién cho viéc hoc dai hoc ciia con géi, ¢c6 Hoa quyét dinh hing thang
bé ra 500 nghin dong vao tai khodn tiét kiem, dude tra 1ai 0,5% cong don hiang thang. Co
bit dau chuong trinh tich luy nay khi con gii ¢o tron 3 tudi. Co ay sé tich luj duge bao
nhiéu tién vao thoi diem giii khoan tién thit 1807 Liic nay con gai c6 Hoa bao nhiéu tuoi?
& Bai 24. Mot ngusi nhdy bungee (mot tro choi mao

hiém ma ngudi choi nhay tit mot noi c6 dia thé cao xudng "
m

ot

0,75 - 100 m

v6i day dai an toan budc xung quanh ngusi) tit mot cay
cau va cang mot soi day dai 100 m. Sau mdi lan roi xuodng,
nhd sy dan hoi ctia day, ngusi nhdy ducc kéo len mot
quang dudng c6 do dai bang 75% so vdi lan roi truée do
va lai bi roi xudng ding bang quiang duong vita dude kéo
len. Tinh tong quang duong ngudi dé di duge sau 10 lan

kéo len va lai roi xubng.

& Bai 25. Céc canh clia hinh vuong ban dau c6 chiéu dai 16 cm. Mot hinh vuong méi
dugce hinh thanh bing cach ndi cac diém gitta clia cac canh ctia hinh vuong ban dau va hai
trong s6 cac hinh tam giac két qua duge to mau. Néu qua trinh nay dude lap lai nam lan

nita, hiy xac dinh tong dién tich ctia ving dugc t6 mau.
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4 ON TAP CHUGNG 2

B 52 Tér

Trdc nghiém nhiéu phuong én lwa chon

¢ Cau 1. Cho day s6 (uy), biét u, = % Khing dinh nao ding?

),
L
6

1a day sb tang.

(A) Day sb (up
Day s6 (uy,
(© Day sb (uy
(D) Day s6 (up) 1a day s6 gidm.

On

) ¢6
)
) 1a day s6 khong tang khong gidm.
)

$> Cau 2. Trong cac day s6 (uy,) cho béi s6 hang tong quat u, sau, diy s6 nao bi chin?

1
®u”:9_n un:9”.
@ Up = VI + 1. @ up =n’.

$> Cau 3. Trong cac day s6 (uy,) cho bdi s6 hang tong quat u, sau, diy sd nao tang?

1 1

n+95 2n —1
Q=57 Q=577
¢> Cau 4. Cho cap s6 cong (uy), u1 = 3 va ug = —1. Tim s6 hang thit ba clia cap s6

cong.

@ uz = 4. ®) uz = 2. ©) ug = —5. ® us = —

¢S Cau 5. Cap s6 cong (uy,) c6 s6 hang dau u; = 3, cong sai d = 5. S6 hang thit tu clia cap

s6 cong d6 1a

@A) uy = 23. B) uy = 18. ©) uy = 8. D) ug = 14.

¢ Cau 6. Cho cap sb cong (uy,) €6 ug = —12, upy = 18. Tong ciia 16 s6 hang dau tién cia

cap s6 cong do 1a

(A) Sy = 24. Si6 = 26. © Si6 = 25. (D) Si = 20.

¢S Cau 7. Mot cap s6 nhan c6 sau s6 hang, s6 hang dau la 2 va s6 hang thit sau bang 486.

Goi ¢ 1a cong bai clia cap s6 nhan dé6. Gia tri ciia ¢ 1
@q:Q. q:3. @q=6. ®q=4.
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

> Cau 8. Cho cap s6 cong: —2; —5; —8; —11; —14;.... Cong sai d va tong 20 s6 hang dau
tien clia cap s6 cong do lan luot 1a

(A) d = 3; Sy = 510. d = 3; Sy = —610.

(©) d = —3; Sy = 610. (D) d = —3; Sz = —610.
¢S Cau 9. Mot cap s6 nhan c6 bon s6 hang, s6 hang dau 1a 3 va s6 hang thit tu 1a 192. Goi

S 1a tong cac s6 hang ctia cap s6 nhan dé. Gia tri clia S 1a

@ 390. 255. ©) 256. D) -256.

$® Cau 10. Trong cac day sb (u,) dugc cho béi s6 hang tong quat u, sau, diy s6 nao la
cap s6 nhan?

@A) u, =7 3n. ®) u, =7-3"

7

@un:%. D) up, =7 3"
¢ Cau 11. Cho day s6 (uy) véi u, = 3nn T Ba s6 hang dau ctia day s6 (uy,) 1an lugt 1a
11 3 1 1 3 1 1 3 1 2 3
ORI ® 33w 2T 5 b
101 01 1 1 ) , )
& Cau 12. Cho day so: 35320 335 300 35 SO hang tong quat ctia day so nay la
1 1 1
@Unzg'?)m_l' Un:w-
1 1
, 1 .
$® Cau 13. Cho day so (uy,) véi uy, = nt 5 Phét biéu nao sau day dang?
n
(A) Day sb tang va bi chan. Day s6 giam va bi chan.
(©) Day s6 giam va bi chan dudi. (D) Day s6 gidm va bi chin trén.

¢ Cau 14. Cho cap s6 cong (uy,) ¢6 s6 hang dau uy, cong sai d. Khi do, véi n > 2 ta c6
@A) up = uy +d. ®) up =u1 + (n+1)d.
©) up =u1 — (n—1)d. D) up = us + (n — 1)d.

¢ Cau 15. Cho cap s6 cong (uy) c6 up = 3 va ug = —1. Khi d6

®U3:4. U3:2. ©U3:—5. @U3:7.

¢ Cau 16. Mot tam giac c6 s6 do cac goc lap thanh cap s6 nhan c6 cong boi ¢ = 2. S6 do

cac gbc clia tam giac do lan lugt 1a

T T T T 2w Amw s s
WE3y ®335 35 OFvs OTT
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(£ Bai4. On tap chuong 2

¢ Cau 17. Cho cap sb cong (uy) ¢6 up = —1 va cong sai d = 3. Khi d6 S5 bang

() 11. 50. © 10. (D) 25.

> Cau 18. C6 bao nhieu s6 x dé 2z — 1; x; 2z + 1 theo thit tu lap thanh cip s6 nhan?

@ L ®) 2. © 3. D) 4.

111
1;1:1;1;1;1;5. . .. 1, === —;.
@ ) 71’ 17 717 1 72’478716’
1______ 1 ..... .
@ ’ 2747 87 16? @ ?37577797
. . 2" .
¢ Cau 20. Cho day s6 (uy), biét u, = (—=1)" - —. Tim s6 hang ug.
n
8 8
@u;g:—g. U3:2. ©U3:—2. @ugzg.
) up =2 ) .
¢S Cau 21. Cho day so (uy), duge xac dinh . 50 hang tong quat u, cua day

Up+1 = 2up

s6 1& s6 hang nao duéi day?

@un:2”. un:2”+1. @un:2. @un:nnfl.

2n+5 L. 7 . ., .
nt . 50 — la so6 hang thi may cta day so?
on — 4 12

@ 9. ®) 6 . ©) 10. D) 8.

¢S Cau 23. Trén mot ban c¢o c6 nhiéu 6 vuong, ngudi ta dat 7 hat dé vao 6 dau tién, sau

$> Cau 22. Cho day s6 (un), bibt u, =

do6 dat tiép vao 6 thit hai s6 hat nhiéu hon 6 thi nhat 1a 5, tiép tuc dit vao 6 thit ba s6 hat
nhiéu hon 6 thit hai 14 5,... va cit thé tiép tuc dén o thit n. Biét rang dat hét s6 6 trén ban

¢ ngudi ta phai sit dung 25450 hat. Héi ban ¢ dé ¢6 bao nhiéu 6 vudng?

@A) 100. 102. (©) 98. (D) 104.

¢ Cau 24. Néu cac s6 5 +m; 7+ 2m; 17 +m theo thit tir 1ap thanh cap s6 cong thi m bang

bao nhiéu?

@A) m = 3. ® m = 2. © m = 4. (D) m = 5.

$> Cau 25. Trong cac day s6 duge cho dudi day, day sd nao la cap s6 cong?

@A) up =7-3". ®) up=7-3n.
7

©) up, =7-3" @un:—.

3n
$O Cau 26. Cho cac s6 —4; 1; 6; x theo thit tu lap thanh mot cap sé cong. Tim z.

@A) r=10. ® = =12. © z=11. D r="7.
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> Cau 27. Mot chiéec dong hd danh chudng, ké tit thoi diém 0 (gio) thi sau mdi gio thi s6
tiéng chuong duge danh ding bang sb6 gis ma dong hd chi tai thoi diem danh chuong. Héi

mot ngay dong ho dé danh bao nhiéu tiéng chuong?

@A) 78. 156. (© 300. (D) 48.
¢ Cau 28. Mot gia dinh can khoan mot cai giéng dé lay nudc. Ho thueé mot doi khoan
giéng nudc dén dé khoan giéng nude. Biét gia clia mét khoan dau tien 1a 80.000 dong, ké
ti mét khoan thit 2 gid ctia mdi mét khoan tang them 5.000 dong so véi gia ctia mét khoan
truée do6. Biét can phai khoan sau xudéng 50 m mdi c6 nude. Vay hoi phai trd bao nhiéu
tien dé khoan céi giéng d6?

@) 10.125.000 déng. 4.000.000 déng.

(©) 4.245.000 dong. (D) 5.2500.000 dong.

¢ Cau 29. Mot cap s6 cong c6 8 s6 hang. S6 hang dau 1a 5, s6 hang thit tam 1a 40. Khi
d6 cong sai d clia cap sb6 cong do6 1a bao nhieu?
A) d=6. B d=4. © d=5. D d=T1.

$> Cau 30. Cho cap sb cong (uy,), biét: u, = —1,u,1 = 8. Khang dinh nao dang?

@A) d=-9. ® d=-T. © d=09. D d=T.
$> Cau 31. Nguoi ta trong 3003 cay theo mot hinh tam giac nhu sau: hang thit nhat trong
1 cay, hang thit hai trong 2 cay, hang thi ba trong 3 cay, ... Hoi c¢6 tat cd bao nhiéu hang

cay?
@A) 75. 73. © 7. D) 79.

> Cau 32. Cho cac s6 —4; 1; 6; x theo thit tu lap thanh mot cap s6 cong. Tim .

@A) r=10. ® = =12. © r=11. D r="7.

$> Cau 33. Day s6 nao sau day khéng phai 1a cap so6 cong?

1 2V3 44/3 5
@) —; V/3; . B 15v/2;12v/2;9v/2;6v/2 .
i/g 739 11 33 N 2 1 12 4
@577575a5 @ 37 3773a3773

¢S Cau 34. Mot rap hat c6 30 diy ghé, day dau tien c6 25 ghé. M6i day sau c6 hon day

trude 3 ghé. Hoi rap hat ¢ tat cd bao nhiéu ghé?

(A) 1635. 2055. © 1792. (D) 3125.
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1 1 3 . 2
& Cau 35. Cho day so 5;0; —5 —1; —gie la cap sO cong véi:

(A) S6 hang dau tien 1a %7 cong sai 1a —%.

S6 hang dau tién Ia 0, cong sai 1a %

(C©) S6 hang dau tien 1a 0, cong sai 1 —%.

(D) S6 hang dau tien 1a %, cong sai 1a %
¢S Cau 36. Ba goc clia mot tam giac vuong tao thanh cap sé cong. Hai géc nhon clia tam
giac 6 s6 do (do) la:

(A) 45° va 45°. 20° va 45°. (©) 30° va 60°. (D) 20° va 70°.
$> Cau 37. Timh tong S=1-2+3—-4+5+--+(2n—1)—2nvéin>1vaneN.

@A) S=0. ® S=-1. © S=n. D) S=-n.

. 1 | . .
$® Cau 38. Cho cap s6 nhan (uy) ¢6 up = —1 va ¢ = ~10 SO 1010 la s6 hang tht may

ctia cap s6 nhan da cho?
(A) S6 hang thit 104.
Khong 1a s6 hang ctia cap s6 da cho.
(©) S6 hang thit 105.
(D) S6 hang thit 103.

& Cau 39. Tinh tong T =15+ 20425+ - - - + 7515.

(A T = 5651625. T = 5651265.
(© T = 5651526. (D) T = 5651256.

$> Cau 40. Mot tam gidc vuong c6 chu vi bang 3 va do dai cac canh lap thanh mot cap s6

cong. Do dai cac canh ctia tam giac do la

3 5 1.7 13 1.5
—-1: = Z1 = Z1e= Z1=
@ 47 ’4 47 ’4 @ 2’ )2 @ 3’ )3
> Cau 41. Tinh tong 100 s6 hang dau tien, tinh tit 1.
(A) 10 000 . 10 100 . (© 20 000 . (D) 20 200 .
$» Cau 42. Cho cap s6 nhan (uy,) v6i u; = —2 va ¢ = —5. Viét bon s6 hang dau tien cta

cap s6 nhan.

(A) —2; —10; —50; —250 . —2;10; —50; 250.
(© —2;10;50; —250 . (D) —2;10; 50; 250.
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> Cau 43. Mot cap s6 nhan c6 hai s6 hang lien tiép 1a 16 va 36. S6 hang tiép theo 13
@A) 81. 64. © 720. (D) 56.

Tréc nghiém ding sai

. . uyp = -1
¢S Cau 1. Cho day so (uy), biet v6l n > 1. Khi dé:

Ph4t bidu D|S

(A) Nam s6 hang dau tien ctia day s6 lan lugt 1a —1;2;5;8; 11 .

S6 hang tht tam cia day 1a 19 .

(C) Cong thitc 56 hang tong quat ctia diy s6 la: u, = 2n — 3 .

@ 104 1a s6 hang thit 36 ctia day s6 da cho .

¢ Cau 2. Cho cap s6 nhan (uy), biét uy + us = 51;us + ug = 102. Khi d6

Ph4t bidu D|S

(A) S6 hang dau uy = 3 .

S6 hang uy = 48 .

(C) S6 12 288 1a 56 hang thit 12 clia cap s6 nhan (uy,) .

(D) Téng tam s6 hang dau ctia cip s6 nhan la 765 .

. ) u] —ug +us = 15
$> Cau 3. Cho cap so cong (uy) thoa man

w1 + ug = 27

Ph4t bidu D|S

(A) Cong sai cap sb cong bing —2 .

S6 hang dau u; = 21 .

@ S6 hang u1; = —9 .

(D) S6 —6048 1a 36 hang thit 2024 .

¢S Cau 4. Cho cap s6 cong (uy,) v6i ug = —2,d = —5.

Phat bidu D|S
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@UQ:—?.

Téng ctia 100 s6 hang dau tien ctia day s6 (u,) 1& —24950 .

(C) S6 —902 1a s6 hang thit 180 ctia day s6 (uy,) -

@ Day s (uy) 1a mot day sb tang .

> Cau 5. Cho day s6 (a,) xac dinh béi he thiic truy hoi a; = 2, ap11 = —2a, véi n € N*.

Phat biéu D|S
. . a] = 2
(A) (a,) 1a mot cap s6 nhan véi
q=—2
S6 hang thit 8 clia day bang 256 .
@ S6 —2048 1a mot s6 hang ciia day .
@ S0 = —682 .
¢ Cau 6. Cho day s6 (uy) voi uz = 3", Vn € N*,
Phat biéu D|S
(A) uy < 100 .
u1 + ug —u
2 o
(C) Day s6 tang va bi chan .
—1
@ 1+U1+u2+"'+’u2024:% .
. P ) ur =9
$® Cau 7. Cho cap so nhan (u,) ¢6 cong boi duong va cac so6 hang théa man
uz = 36
Phét biéu D|S

@q:3.

Cong thiic s6 hang tong quat ctia cap s6 nhan: u, =9-2""1 .

(C) S6 576 1a 56 hang thit 6 clia cap s6 nhan .

(D) Téng ctia 9 s6 hang dau tien bing 4599 .
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¢ Cau 8. Cho cap s6 nhan c6 hai s6 hang dau tieén 1a cac s6 duong, tich clia s6 hang dau

) N ) ) N 1
va sO hang thi ba bang 1, tich ctia so6 hang thi ba va so0 hang thit nam bang 6 Khi doé:

Phat biéu D
(A) Cong boi ¢ clia cap s6 nhan da cho 1a s6 duong .
S6 hang dau ctia cap s6 nhan da cho 1a u; =2 .
(C) S6 hang thit 10 ctia cap s6 nhan 1a ujg = (%)9 .
(D) Téng ctia 10 s6 hang dau ctia cap s6 nhan bing % .
> Cau 9. Cho day s (up) v6i up — 2 + 5% Khi d6:
Phat biéu D
1
@ Upt1 = 2+ e
Day s6 (u,) 1a day s6 bi chan .
(C) Day 6 (uy) 1a day s gidm .
D) % 13 s6 hang thit 5 cia day s6 .
¢ Cau 10. Cho cap s6 cong (uy) c6 s6 hang dau ug = ; va cong sai d = %
Phét biéu D
(A) Cong thiic s6 hang tong quét u, = 1 + % .
% 14 mot s6 hang clia cap s6 cong da cho .
(C) 5 1a s6 hang thit 8 ctia cap s6 cong da cho .
(D) Téng 100 s6 hang dau ctia cip s6 cong (u,,) bing 2620 .
¢ Cau 11. Cho day sb (up) v6i u, = 2n + 1. Khi do:
Phat biéu D

@ Dang khai trién ctia day s6 1a 3;5;7;9;11;... .

S6 hang dau u; = 2 .

(C) Day s6 da cho 1a mot cap s6 cong .

(D) Téng clia 24 s6 hang dau 1a Sy = 650 .
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$> Cau 12. Cho cap sb cong (uy,) c6 uy = 4. Biét tong 20 s6 hang dau tién bang 460.

Phat biéu D|S Phat biéu D|S
Ad=2. (C) S0 =120 .
U4:8. @U5+u6+U7+u8+UQ=60.
¢S Cau 13. Mot rap hat c6 20 hang ghé. Hang thi nhat c6 20 ghé, s6 ghé & cic hang sau
déu hon s6 ghé ciia hang ngay truéc d6 mot ghé. Cho biét rap hat da ban hét vé véi gia
modi vé 1a 60.000 dong.
Phat biéu D|S
(A) S6 ghé ¢ méi hang ghé trong rap hat tao thanh mot cip s6 cong véi uy =
20,d=1.
Hang thit 15 ¢6 35 ghé .
(C) Téng sb ghé trong rap hat 1a 600 (ghé) .
(D) Tong sb tién vé thu dude ctia rap la 35.400.000 dong. Biét ring mdi ngudi
mot vé chi ngdi dude mot ghé .
¢ Cau 14. Cho cap s6 cong (u,) ¢6 up =5 va ug = 9. Khi do:
Phét biéu D|S
(A) Cong sai clia cap s6 cong d = 6 .
S6 hang thit 85 1a 341 .
(C) S6 hang thit 10 1a 42 .
(D) Téng 85 s6 hang dau ciia cap s6 cong la Sgs = 14 705 .
A ~ £ ;4 2 , 271, + 1
$® Cau 15. Cho day so (uy,) c¢6 so hang tong quat u, = R
n
Phét biéu D|S
PO
2 = 47 3 — 5 .
L, 167 p ) -z
SO L la s0 hang thit 252 ctia day so (uy,) .
@ Upt1 > Uy, Vn € N* .
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(D) Day (uy,) 1a day s6 bi chan .

B uy = 2
¢S Cau 16. Cho day so (uy) véi

Up =Up—1+3 (n=2,neN).

Ph4t bidu D|S

(A) up = 5; ug = 16 .

B) Ups1 —un =3 (n € N¥) .

(C) Day s6 (up) da cho 1a mot cap s6 cong.

(D) Day s6 (uy) da cho c6 s hang tong quét 1a u, =3n—1  (n € N*).

¢S Cau 17. Cho cap s6 cong c¢6 up = —2 va cong sai d = 4.

Ph4t bidu D|S

. . U = —2
@ Day so trén c6 cong thiic truy hoi la

Upt1 = up —4  (n € N¥)

S6 hang tong quat clia cap so cong da cho 1a u, = 4n — 4.

(C) Tong 100 s6 hang dau tién ctia cap sé cong da cho 1a 19600 .

6 2 Z N Z ?
D) s, =n (U"Z - 2) (v6i sy, 1a tong n s6 hang dau, u, 1a sd hang tong quéat).

$¢> Cau 18. Trong mot hoi chg dén Xuan, mot gian hang sita muén xép 900 hop sita theo
quy luat 13 hang trén cling ¢6 1 hop sita, moéi hang ngay phia duéi lan lugt dudge xép nhiéu

hon 2 hop so v6i hang trén no.

Phat bidu D|S

(A) S6 hop sita § cac hang 1ap thanh mot cap s6 cong vdi s6 hang dau u; = 1 va

cong sai d =2 .

Hang thi 10 c¢6 20 hop sita. .

(C) 23 hop 1a s6 hop sita & hang thit 12 .

(D) Can 30 hang dé xép hét tit ca s6 hop sita lén gian hang .
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B . us — ug = 256
$© Cau 19. Cho cap so nhan (u,) thoa man

Ug — U3 = 468

Ph4t bidu D|S

(A) S6 hang dau ctia cip s6 nhan bing 3 .

S6 hang thit 5 clia cap s6 nhan bang 160 .

(C) Téng ciia 12 s6 hang dau tién bing 531440 .

(D) S6 39366 1a s6 hang thit 10 ciia cap s6 nhan .

B ulp = 3
¢S Cau 20. Cho day so (uy,) voi

Up = 3Up—1

Phat biéu D|S

(A) Ba s hang dau ctia day la 3;9;26 .

Day (uy) la cap so6 nhan véi cong boi ¢ = 3 .

(C) S6 hang thit 10 ciia day 1a uig = 59 049 .

(D) Téng 11 s6 hang dau ciia day trén la 88 572 .

Tu luén

& Bai 1. Xét tinh ting, gidm va bi chin clia mdi day s6 (u,,) sau, biét s6 hang tong quat:

2 2 n 2
n ) = (=1)".n".
a) up = — b) u, = et c) up = (=1)"n

& Bai 2. Tim s6 hang dau u; va cong sai d clia cap s6 cong (uy,) biét:

5ui + 10us =0 L wy + u1s = 60

Sy =14 uf +uiy = 170

& Bai 3. Tim s6 hang dau u; va cong boi ¢ ctia cap s6 nhan (u,) biét:
us = 96 L Ug + ug = 72

a)

Ug = 192 us — U3 = 144

& Bai 4. Chu vi ctia mot da giac 1a 213 cm, s6 do cac canh ciia n6 lap thanh cap sé cong

v6i cong sai d = 7 cm va canh 16n nhat bang 53 cm. Tinh s6 canh ciia da giac do.
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& Bai 5. Tt gidac ABCD c6 s6 do bon goc A, B,C, D theo thit ti 1ap thanh cap s cong.
Biét s6 do goc C gap 5 lan goc A. Tinh s6 do cac goc cla tit giac ABC'D theo don vi do.
& Bai 6. Tim ba s6, biét theo thit tu d6 ching lap thanh cip sb6 cong va c6 tdng bang 21,
va néu lan lugt cong thém cac s6 2; 3; 9 vao ba sd d6 thi duge ba s6 lap thanh mot cap s6
nhan.
& Bai 7. Mat san tang mot (tang trét) cia mot ngoi nha cao hon mat san 0,5 m. Cau
thang di tir tang mot lén tang hai gom 25 bac, mdi bac cao 16 cm.

a) Viét cong thiic dé tim do cao clia bac cau thang thit n so v6i mit san.

b) Tinh do cao clia san tang hai so v6i mat san.
& Bai 8. Mot hinh vuong mau vang c6 canh 1 don vi dai duge chia thanh chin hinh vudng
nhé hon va hinh vuong 6 chinh gitta duge t6 mau xanh nhu Hinh vé. Méi hinh vuéng mau
vang nho hon lai duge chia thanh chin hinh vudng con, va moi hinh vuéng con & chinh gitra

lai dugc to6 mau xanh. Néu qua trinh nay dudc tiép tuc lap lai nam lan, thi tong dién tich

ol

cac hinh vuong duge t6 mau xanh 1a bao nhiéu?

-

|

J

& Bai 9. Gia sit quan thé dong vat nay ¢ thoi diém ban dau c6 110000 ca thé, quan thé
nay c6 ti 1é sinh 1a 12%/nam, xuit cu 2%/nam, ti vong 8% /nam. Du dodn sb c4 thé ciia

quan thé d6 sau 2 nam.

& Bai 10. Mot cay dan organ c6 tan s6 am thanh cac phim lién tiép tao thanh mot cap s
nhan. Cho biét tan s6 phim La trung 13 400 Hz va tan s6 ctia phim La cao cao hon 12 phim
1a 800 Hz (nguon: https://vi.wikipedia.org/wikiOrgan). Tim cong boi clia cap s6 nhan noi
tren (Iam tron két qua dén hang phan nghin).

& Bai 11. Dan s6 Viet Nam nam 2020 1a khodng 97,6 trieu ngudi (theo Nién giam thong
ké nam 2020). Néu trung binh m6i nam tang 1,14% thi u6c tinh dan s6 Viet Nam nam 2040

14 khodng bao nhiéu ngudi (1am tron két qua dén hang tram nghin)?
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& Bai 12. Mot khay nude c6 nhiet do 23° dude dat vao ngan da clia t lanh. Biét sau mdi
gid, nhiét do ctia nuée giam 20%. Tinh nhiét do ctia khay nude d6 sau 6 gis (don vi do C).
& Bai 13. Ngudi ta trong cay theo cac hang ngang véi quy luat: & hang thit nhat c6 1 cay,
¢ hang thit hai c6 2 cay, é hang thit ba c¢6 3 cay, ... d hang thit n ¢6 n cay. Biét rang nguoi

ta trong hét 4950 cay. Héi sd hang cay dude trong theo cach trén 14 bao nhieu?

& Bai 14. Mot cai thap c6 11 tang. Dién tich clia mit san tang 2 bing nita dién tich cia
mit day thap va dién tich clia mit san mdi tang bang nita dién tich ciia mat sin moi tang
ngay bén dudi. Biét mat day thap c6 dien tich 1a 12288m?2. Tinh dién tich ctia mat san tang

trén cung ctia thap theo don vi mét vuong.

& Bai 15. Cho hinh vuéng C; ¢6 canh bang 4. Ngudi ta chia
mdi canh hinh vuong thanh bén phan bing nhau va néi cac diém
chia mot cach thich hgp dé c6 hinh vuong Co (Hinh 4). Tit hinh
vuong Cy lai lam tiép tuc nhu trén dé c6 hinh vuong Cs. Ci
tiép tuc qua trinh nhu trén, ta nhan dudc day cac hinh vuong

C1,Co,Cs,...,Cy, ... Goi a, la dd dai canh hinh vuong C,,. Ching

R . o Hinh 4
Tai rang day so (ay) la cap so nhan.

& Bai 16. Ong An vay ngan hang 1 ti dong véi lai suat 12%/nam. Ong da tra ng theo
cach: Bat dau tu thang thi nhat sau khi vay, cudi thang ong trad ngan hang s6 tien 1a a
(dong) va da tra hét ng sau ding 2 nam ké tit ngay vay. Héi s6 tien méi thang ma ong An

phéi tra 1a bao nhiéu dong (lam tron két qua dén hang nghin)?

& Bai 17. Mot k§ su ra truong lam viéc tai mot cong ty A véi miic luong thang khéi diém
13 7 trieu dong va ct sau moi hai quy lien tiép, luong thang sé tang them 7%. Tién luong
ctia anh k¥ su chi dé danh mua xe 6 to. Héi sau hai nam thi anh k¥ su mua dudc 6 t6 véi
gia 500 trieu dong dugc khong, biét rang anh ki su duge gia dinh ho trg 30% gia tri chiéc

xe (tien luong duge lam tron dén hang trieu dong, biét 1 quy bang 3 thang).

& Bai 18. Tryc khuan E. Coli 1a loai vi khuan sinh séng trong dudng tiéu hoa ctia ngusi.
N6 c6 lgi ich nhu ngan chin su tan cong ciia vi khuan vao duong tieu hoéa, kich thich he
mién dich ctia co thé va mot sb lgi ich khac, nhung ciing 1a tac nhan gay bénh tieu chay.
N6 sinh san theo hinh thitc phan bao. Trong diéu kién thich hop thi ctt 20 phit, s6 té bao
E. Coli tang gap doi. Néu ban dau c6 1000 té bao E. Coli, trong diéu kién thich hop thi

sau 5 gio s6 té bao E. Coli 14 bao nhiéu?
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& Bai 19. Anh Nam I3 mot cau thit béng da chuyén nghiép. Anh vita ki hop dong 5 nam
v6i mot cau lac bo v6i mic luong nam khéi diém la 300 trieu dong. Chi tich cau lac bo

dua ra cho anh Nam ba phuong 4n vé luong nhu sau:

w5 Phuong dn 1: M6i nam ngoai mic luong c6 dinh nhu trén, sé duge thudng thém 50

trieu dong.

w Phuong dn 2: Moi nam luong sé tang them 10% so véi luong nam trude do, bat dau
ké tit nam thit hai.

= Phuong an 3: Mdi nam luong sé tang them 30 trieu so véi luong nam trude do, bat

dau ké tir nam thi hai.

Em hay tinh gitp anh Nam xem véi phuong an luong nao thi tong luong sau 5 nam cta
anh Nam 1a 16n nhat?

& Bai 20. V6i hinh vuong Ay B1C1D; nhu hinh vé bén, cach t6 mau nhu hinh duge goi la
cach to mau “dep”. Mot nha thiét ké tién hanh t6 mau cho mot hinh vuong nhu hinh bén,

theo quy trinh sau:

Buéc 1: T6 mau “dep’cho hinh vuong A B1CiD;.

Buéc 2: To mau “dep’cho hinh vudéng AsBoCoDs 14 hinh vuong 6 chinh gita khi chia hinh

vuong Ay B1C1D; thanh 9 phan bang nhau nhu hinh vé.

Buéc 3: To mau “dep” cho hinh vudng A3BsCsD3 1a hinh vudng 6 chinh gitta khi chia hinh

166

vuong AsBoCoDs thanh 9 phan bang nhau. Ci tiép tuc nhu vay.

Héi can it nhat may bude dé tong dién tich phan duge t6 mau chiém nhidu hon 49, 99%.
A1 Bl

........... Ao By

......

..... .

..... D: 2 N CQ
......
.............

...............
..............
...............

................
................

...................
------------------

....................

D1 ................... Cl
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(£ Bai 4. On tap chuong 2

& Bai 21. V6i mdi s6 nguyén duong n, lay n + 6 diém cach déu nhau trén dudng tron.
N6i mbi diem vé6i diém cach né hai diém trén dudng tron do dé tao thanh céc ngdi sao nhu

Hinh vé. Goi u, 1a s6 do goc ¢ dinh tinh theo don vi do ctia mdi ngoi sao thi ta dude day

Sé (un) Tinh ul2.
N /

n

@@

& Bai 22. Duong Von Koc (von Koch) 1a mot hinh duge xay dung bang phuong phap lap

\
]

nhu sau: Tit doan thing AB ban dau ta chia né thanh ba phan bang nhau AC = CD = DB,
dyng tam gidc déu CED 16i bé di khodng C'D ta duge duong gap khiic ACEDB ki hiéu la
K. Lap lai quy tac d6 cho cac doan AC,CE, ED, DB ta dugc duong gap khic K (hinh vé
Tai hoa). Tiép tuc qua trinh nay ta dudc cac duong gap khiic K3, Ky, ... Biét doan thing
AB ¢6 do dai 2 mét. Tinh do dai duong gap khic Kig (don vi: mét, lam tron dén hang

SO
P e P

phan chuc).

& Bai 23. Nam 2018 anh Tai tot nghiép truong Dai Hoc Bach Khoa Ha Noi. Vita ra truong
anh Tai da dude nhan vao lam viéc tai mot cong ty Dien T ¢ Ha Noi. Thang dau tien di
lam, anh Tai dugc cong ty tra luong 5 trieu dong, nhd cham chi lam viéc va hoan thanh tot
cac cong viec duge giao nén ¢t moi thang sau cong ty doé lai tang 5% luong so véi thang
truée. Moi khi linh luong anh Tai déu cat di phan luong tang so v6i thang trude dé tiét
kiem, phan luong con lai anh Tai dung cho chi phi sinh hoat. H6i sau 5 nam (tinh tir thoi

diém bat dau lam viéc tai cong ty) thi anh Tai tiét kiem dudc bao nhiéu trieu dong (két

qué lam tron dén chit s6 hang don vi)?

> Bicn soan: Ngd Diic Tid - B Zilo: 0889 977 004
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= Chuong 2. D3y sb. Cip sb cong. Cip sb nhan

& Bai 24. Trong mot buoi sinh hoat trai nghiem ctia hoc sinh truong THPT chuyén Nguyén
Tat Thanh, hoc sinh dugc tham gia tro choi mang tén: DI TIM TU KHOA va tro choi sé
két thic khi c6 hoc sinh néi ding tit khoa. Hoc sinh sé tra 10i tit khod sau méi goi ¥ clia
Ban t6 chiic.

Quy tac clia tro choi:

= Hoc sinh nao tra 16i ding dap 4n sau goi ¥ thit nhat sé duge nhan nita sé keo Ban to

chtic dang co.

i Néu hoc sinh tra 10i ding dap an sau goi ¥ thit hai thi s6 keo nhan dudc sé bi gidm

mot nua.

Tiép tuc quy luat d6: mdi lan them mot gai ¥, s6 keo nhan duge sé bi gidm mot nita. Sau
mdi lugt goi ¥, néu khong c6 hoc sinh nao néi ding tit khoa thi sé chuyén s6 keo & lugt
d6 cho cau lac bo CKTU-CKT Union. Biét rang trong budi sinh hoat nay, hoc sinh tra 15i
ding dap 4n sau 6 ggi ¥ va Ban t6 chiic chi con lai 1 cai keo sau khi két thic tro choi. Hoi

cau lac bo CKTU-CKT Union nhan dugc tit Ban t6 chitc bao nhiéu cai keo?
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S
1 'GIGI HAN CUA DAY SO

%,

. GIGI HAN HU HAN CUA DAY SO

1) Giéi han 0 clia day s6

Ta néi day so (uy) ¢6 gidi han 0 khi n dan t6i duong vo cuc, néu |u,| nhé hon mot

n——+oo

s6 duong bat ki cho trude, ké tit mot sé6 hang nao do trd di, ki hieu lirJrrl Up =0

hay u, — 0 khi n — 4-00. Ta con viét limu, = 0.

Mot sb gidi han co ban:

1 )
e lim — =0, véi k nguyén duong bat ki.
n

e lim¢" = 0, v6i ¢ 1a s6 thyc thod man |q| < 1.

e Néu ‘un| < v, véimoin > 1 va limwv,, = 0 thi limu,, = 0.

BV ke

Tinh cac giéi han sau:

o1 3\"
) THE

1
Ta ¢6 lim — = 0.
a) Ta co6 m
n
5 < 1 nén lim <—%) = 0.

b) Vi

2) Gidi han hitu han clia day sb

Ta no6i day s6 (u,) ¢6 gidi han hitu han 14 s6 a (hay u, dan t6i a) khi n dan t6i

duong vo cie, néu lim (u,, — a) = 0. Khi do, ta viét lir}rl Uy, = a hay limu, = a
n—-—+0o0o

hay w, — a khi n = +o0.

L Luu Y. Néu u, = ¢ (c 1a hing s6) thi limu, = limc = c.
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(& Bai 1. Gisi han ctia day s6

Tinh cac giéi han sau:

a) lim [2 + (?L)] b) lim (1 _n4n>.

o fiua//(zf Jékz/ﬁzdzl.

2\" 2\"
a) Datun=2—|—(—) tacou, —2= —).

3 3
2 n
Suy ra lim(u, —2) = lim 3) -
|2 e (2) . .
Vi 3| < 1 nén = lim 3) = 0 hay lim(u, —2) = 0 hay lim u,, = 2.
271
Vay lim [24— (§ )] =2.
1—-4 1 1
b) Dt v, = n:——4hayvn+4:—.
n n ;"
Suy ra lim(v, +4) = lim — ma lim — = 0, suy ra lim(v, +4) = 0 hay limv,, = —4.
n n
1-4
Vay lim ( n> = —4.
n
>
(£ T S
@ Cho day so (uy) v6i up, = —————. Chitng minh rang lim u,, = 3.

27L

Il. CAC PHEP TOAN VE GIGI HAN HJU HAN CUA DAY
sO

Cho lim u,, = a, limv, = b va ¢ 13 hang s6. Khi do

o lim (up + vp) = a + b, o lim = =2 (b£0).
v, b
e lim (up —vp) =a —b. e Néu u, > 0,Yn € N* thi a > 0 va
e lim(c-uy) =c-a. lim \/u, = +/a.
e lim (uy - vy) =a-b.
Tinh cac gidi han sau:
2 .
) han— 2;1;%1. d) lim (\/n2+2n—n) .
—3n
143"
. 224 n—3 e) lim(—).
b) lim —————. .
) 1m n3_|_5 3 37’L+2n
. Vo241 L 142422423420 425 4 4
¢) im ——. f) lim :
n -2 41
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T Chuong 3. Gidi han. Ham sb lign tuc

(e Ha‘o‘% (/{2/%717(21;
2 1 . 2 .1
) hmn2_2n+1— hml—ﬁ—t—ﬁ _hml_hmﬁ—i_hmﬁ_l—o—i—o__l
2—-3n2 2 N 2 - 0-3 3
—2—3 hm—2—3
chia cd ti va maiu cho n?
2+1 3 I 2+1 1 I 3
-t — — — im im— — lim —
lﬂhmZﬂ+"_3: hgn n: w3 _h 2 W _0+0-0_
n3 +5 1+§§ lim 1 + lim 55 1+0
n

chia ca tu’ va mau cho n3

C)TWW\/WF

Tu d

Von? +1 / 1 1
hm9n—+:1im 9+—2:\/lim(9+—2 hrn9—|—hm— V9 +
n n n

d)
/ Vn? +2n — Vn2+2 24 9n) — n2
hm( n2+2n—n) :lim< n® +2n —n)(Vn? + n+n):hm(n +2n) —n
Vn2+2n+n V2 +2n+n
5 2n . 2n ’ 2
=11m — = 11In = lim—--
Vn2+2n+n 9 2
n(y/1+=+1 1+ 241
n n
B lim 2 B 2 B 9 -
2 . .2 ) vi+0+1
lim 1+=+1 lim1+1lim—+liml
n n
1
_ 1+ 3" N lim & 4+ lim1 1
e) lim 3371—271 = lim ) = - - oNTT :g
+ 34 (g) lim 3 + lim (%)
3
f) Xét cap s6 nhan 1,2!,2223, 24 . 27 ¢6 s6 hang dau tién u; = 1, cong boi ¢ = 2 va

c6 s6 hang tong quat u, =2" S up-¢" =2 e 2 = o m=n+1.
¢ —1 2"t 1

Téng céc s6 hang clia cap s6 nhan trén 1a S, = u; - i ontl 1,
1”q
+1 2-13
Suv ra li 2T — 1 2.2 —1 . 3 2-0 2
m—-——- =11 —— = [1n —=.
Y 5o2n+ 1 5.2n 11 (1y1 5+0 5
54 (=
3
(£
(2) Tinh cac gi6i han sau
6 — Tn? om2 + 1 FP e 9 - (G
a) lim ~— b) lim Y% ¢) lim ————
2n3 4+ 9 n+1 6" +4
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(& Bai 1. Gisi han ctia day s6

)

Mot qua béng cao su duge tha tit do cao 5 m xuéng mat san. Sau moi lan cham
san, qua bong nay lén do cao bang ; do cao trude dé. Gia st rang qua béng luon
chuyén dong vuong géc véi mat san vh qué trinh nay tiép dién vo han lan. Gia si
Uy, 13 do cao (tinh bang mét) ctia qua bong sau lan néy len thi n. Chiing minh rang

day s6 (uy) c6 gi6i han 1a 0.

I1. TONG CUA CAP SO NHAN LUI VO HAN

Cap s6 nhan vo han (u,) c6 cong boi ¢ thod méan |g| < 1 duge goi la cAp s6 nhan

Itii vo han.

Cap s6 nhan lui vo han nay c6 tong 14 S =ug +ug + -+ up +--- =

RO

2
) . ) 1 1
Tinh tong ctia cap so nhan lui vo han: S =1+ - + (—) +

3 3
)~ 2 2 P 2 . . 1
[} Hw{f% din gicéi. Téng tren la tdng cAp s6 nhan i vo han véi ug = 1 va g = 3 nén
2 n
1 1 1 1 3
S=1+- - - o= = —.
+3+<3)+ +<3>+ 173
Viét s6 thap phan vo han tuan hoan 2, (12) = 2,121212... thanh phan sb.
e licong din gici. Ta cé: 2,(12) =2+ 0, (12).
Ma
0,(12) = 0,121212. ..
= 0,12 + 0,0012 + 0,000012 + 0,00000012 + . ..
1 1 1
=0,124+40,12- —— 40,12+ —— + 0,12+ —— + -+ -
e+, 1002 +0, 1002 +0, 1004 +
Day la tong ctia cap s6 nhan lui vo han vé6i s6 hang dau bang 0,12 va cong boi bang 100°
L N > ]. o ].2 1 . ].2 o 4
TongnaybangO,lQ-j—m-E—®—§
100 100
4 70
Vay 2,(12) =2+ — = —.
2,(12)=2+57=50
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T Chuong 3. Gidi han. Ham sb lign tuc

T t0 gidy, cAt mot hinh tron ban kinh R (cm) nhu Hinh a.

Tiép theo, cat hai hinh tron ban kinh

R . N N

3 roi chong lén hinh tron dau tién nhu

Hinh b. Tiép theo, cat bon hinh tron ban
z R X X ~ , N 2,

kinh 7 1ol chong lén cac hinh trudc nhu

Hinh ¢. Ct thé tiép tuc méai. Tinh tong

dién tich cua cac hinh tron.

[ Hao/)% [/zz‘n(fzéz. Dién tich clia cac hinh tron trong cac lan cat 1a
o Lan tht 1: S; = 7R2.
o Lan tht 2: 52:2.7r<§>2:7T—RQ.
< Lan thi 3: 52—4-7r<§>2—7T—RQ.
o Lan thi n: S, = 1"

Do d6 dién tich cac hinh tron lap thanh mot cap s6 nhan luii vo han c6 s6 hang dau Sy = mR?

, 1 s o R?

va cong boi ¢ = 3 nén tong dién tich cic hinh tron la S; + Sy +--- = T 7= 21T R2.
1— =
2

’
P 2 2 2 2
@Tlnhtong5—2+7+@+ +ﬁ+'”

(2

(5) Biéu dién s6 thap phan vo han tuan hoan 0, (3) dudi dang phan so.

IV. GIGI HAN TAI VO CcuUC

& Ta no6i day s6 (u,) c¢6 gidi han 1a +oo khi n — +o0o néu u, 16n hon mot s6
duong bat ki, ké tit mot sé6 hang nao dé tré di, ki hieu limu, = 400 hay

Uy, — +oo khi n — +o00.

& Ta noi day s6 (uy) ¢6 gi6i han 1a —oco khi n — +o00 néu lim (—u,,) = +o0, ki

hiéu lim u,, = —oo hay u, — —oo khi n — +oc.
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(& Bai 1. Gisi han ctia day s6

L\ Luu Y. Ta c6 céc két qua sau:

a) limwu, = +o0o khi va chi khi lim (—u,) = —oc0.

P 1
b) Néu limu, = +o00 ho#c lim u,, = —oo thi lim — = 0.
Un,

. . .1
¢) Néu limu, =0 va u, > 0 v6i moi n thi lim — = +o0.
Un,

| Nhan xét:

a) limn* = 400 (k €N, k> 1). b) lim¢"™ = 400 (¢ > 1).

Tinh cac giéi han sau:

a) lim(n% 4 3n — 5). on? 4T c¢) lim(3" —2m).

[ Ha’o/ny f/(?:/lﬁL(a

a) n2+3n—5=n2(1+§—%>.
n n

5 3 5
Tacéhmn2:+oovahm<1+———2 =lim1+lim——lim—=14+0-0=1.
n n n n

Suy ra lim(n? 4+ 3n — 5) = lim lrﬂ (1 + 3 i)} = +o0.
n

n2
9 n? 1—|—l n l—l—l
b)n+7_ n? B n2
1—2n 1 -1
n(=—2 =2
n n

L. _ < . n B n2 1
Ta ¢6 limn = +oo va lim i =— . =0 3= 3
- —2 lim — — lim 2
n n
7
2 14+ —
7
Suy ra lim i =lim | n n? |
1—-2n 1
- =2
n
on 2\"
32" =3"(1—— | =3"(1—-{ =
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T Chuong 3. Gidi han. Ham sb lign tuc

)
' (6) Mot nha thau nhan duge hgp dong son mau trang tri mot bitc tudng hinh vuong
mau trang kich thudc 4m x 4m clia mot trudng mau gido. Hai diéu kién ctia hop

dong nhu sau:

a) Cac hinh vuong can son mau nhu hinh vé. Hinh

vuong 16n nhat c6 dién tich bang mot phan tu dién

tich bitc tuong duge son mau tuy ¥ khic mau trang.

M&5i hinh vuong tiép theo c6 dién tich bang mot phan

tu dién tich hinh vuoéng truéc no, duge son mau khac

v6i hinh vuong truée d6 va mau trang;
b) Mot phan ba bitc tuong phéi duge son mau.

Sau khi xem céac diéu kién ctia hop dong thi nha thau tit chéi vi cho riang khong
thé thuc hien theo yéu cau ctia nha truong. Hay giai thich 1 do vi sao ho tit chéi

hop dong.

B 521 Tér

Tréc nghiém

¢ Cau 1. Phat biéu nao sau day sai?

1 - (3\"
@hmz—n:(). hm(ﬁ) =0.

1

© limwzo. (D) lim (—T)nzo.

$® Cau 2. Cho limu, = a va limwv, = b. Phét biéu nao dudi day sai?

@) lim(up +v,) =a+b . ®) lim(up, —v,) =a—b .

©) lim(uyp - vy) = ab . @lim%:a_b.
Un, b
¢S Cau 3. Néu limu,, = C va limv, = +oo thi lim 2 bang
Un,
@ 0. I © +o0. ©) —oo.
-3

@) 0. —; © —1. D) —oo .
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(& Bai 1. Gisi han ctia day s6

$® Cau 5. Gia tri ctia gidi han lim

@ -3.

om3 —3n24+n+5 I
nd—n2+7

© 1.

®) 2.

¢ Cau 6. lim(5n — n? + 1) bang

@A) 5.

B) — . © —1.

¢ Cau 7. Khang dinh nao duéi day sai?

(A) Néu limu,, = +oo va limwv, = C,C > 0 thi lim 2 =

+00
Un
Néu limu, = —oo va limv, = C,C < 0 thi lim —* — +00
Un
(©) Néu limu,, = +oo va limv, = C,C < 0 thi lim 2% =0.
Un,
@ Néu limu, = —oo va limv, = C,C > 0 thi limu—n = —00 .

Un

$® Cau 8. Khing dinh nao duéi day ding?

(A) Néu limu,, = a va thi lim \/u, = v/a .

Néu limu, = a thi a
(©) Néu limu,, = a thia

0 va lim \/u, = /a .

>
= 0.

(D) Néu u,, = 0 v6i moi n va limu, = a thi a > 0 va lim \/u, = v/a .

$© Cau 9. Gia tri ctia gi6i han lim —5——

@) 2.
<$® Cau 10.

@) —1.

<> Cau 11. 1i

@ 1.

¢S Cau 12.

@) 0.
$> Cau 13.
@ 3.
$> Cau 14.
@ 0.
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bang
1. © 0.
Gi4 tri clia gi6i han lim (n — v/8n3 + 3n + 2) bang

® +oo . © 0.

ny/n+1
n2 42

| 4_3n+7n+1 b\w
—————— béan
M e e
3
7. © =
li ba
m o 3 ang
3
1. © 3
. 1 N
Gidi han ctia day so (uy) V61 uy, = 2:2(7::47; ﬁ 3 bang
1
1. 3

2n’+n+5
2n +1

® 1.

Gid6i han lim bang
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T Chuong 3. Gidi han. Ham sb lign tuc

2
> Cau 15. Gidi han lim Y2 T2H 7 s
n
@ 2. ®) 3. © 5. D) +o0 .
N e — X
& Cau 16. Gidi han lim Yoo T = 1+dn+3 4
3n—17
2 4
@) 2. g' @5. D) 4 .
2 43 3 2
> Cau 17. Tinh lim " Ven© 7
n
@ —2. ® 1. © —o0. D 0.
2 2 2 . 2
4> Céu 18. Gidi han L=lim =2 T £ g
n
1
A L=0. L:§. © L=+ . @L:é.
> Cau 19. Phat biéu nao sau day la sai?
1
@A) limg" =0 (|q| > 1) . limﬁzo (k € N*) .
. 1
© limC=C (CeR). @hmmzo.

9 Cau 20. Cho day (uy) 6 limu, = 3 day (v,) 6 limv, = 5. Khi d6 lim(u, - v,) bang

@) 15. 8. © 5. D) 3.
$» Cau 21. Cho day (x,) ¢6 limz, = —3 day (y,) ¢6 limy,, = 2. Khi d6 lim(z,, —y,,) bang

@A) -5 . —1. © 5. D 1.
$® Cau 22. Cho limu,, = 3. Khing dinh nao ding?

i Suy, 1: ‘ hm3un—1:2
g li 3%”t11 = : lim Blzn”tll =1
Uy + 1 ' up +1

¢ Cau 23. Cho cap s6 nhan i vo han c6 s6 hang dau u; = 4 va cong boi ¢ = % Tong
cap s6 nhan do6 bang

@A) S=8. B S=4. ©S:i' @sz%.
$© Cau 24. TinhténgS:9+3+1+%+---+W+---

A) S=16. ® S=14. @S:%. D) S=15.

&> Cau 25. S6 thap phan vo han tuan hoan 0,353535. .. dugc biéu dién phan sb tdi gian
dang %. Tinh ab.

(A) 1409 . 3465 . ©) 3645 . (D) 3546 .
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(& Bai 1. Gisi han ctia day s6

Tu luén

1 2

& Bai 1. Cho hai day s6 (un), (vn) v6i uy = 3+ —;v, =5 — —;. Tinh cac gi6i han sau:
n n
a) limuy, lim vy,.
b) lim (u, + vy), lim (uy, — vy), lim (uy, - v,), lim n
Un
& Bai 2. Tim cac giéi han sau:
. —2n+1 RVAT ) : 4 . n?—2n+3
a) hmT‘ b) lim — ¢) lim 1 d) lim —
& Bai 3. Tinh cac gi6i han sau:
) 1 ) I 3n 4 on
a) lim nt ; ¢) lim n+on+3 e) lim i ;
2n 6n + 2 ’ 4.3"
1
) 6n2—|—8n+1. d) 1 2_i . . 2+ﬁ
b) lim m, ) 1 an ’ f) lim 3n .
& Bai 4. Tinh céc giéi han sau:
. 4dn +1 b) 1 - . 1
a) lim ——— = ) limyn (Vi +T=vn). o) fim
) tim e ) i e
& Bai 5. Tinh cac giéi han sau:
(V3" b) lim —- o —5n+1 s
a) lim (7 . ) 1m qn — 1 C) lim m d) lim 3+ 477,.
& Bai 6. Tinh cac gi6i han sau:
a) lim (Vn? +2n —n —2). ¢) lim (Vn2 —n+2+n).
b) lim (2 +n® — Vn* +1). d) lim (3n — v4n? +1).

l+a+a®+ - +a”
L+b4+02 4 0"

& Bai 7. Cho u, = véi a,b 1a cac s6 thyc théa man |a| < 1,[b] < 1.

Tinh lim w,,.

& Bai 8. Tinh cac gi6i han sau:

14243+ +n L 2444 g2n
a) lim ) d) lim .
2n? —n+9 3.2+ 1
. 14+3+5+--+(2n—-1) . 1 1 1
hm | — + — =
b) lim n? 1 2n ‘ e)”m[l2+23+ TS
12422432+ ... 4 n? |1 1 1
I f) Hm [ 4 = 4+
<) T D) )i Bn—2)(3n+1)

cosn

& Bai 9. Cho day s6 u, v6i u,, = 5~ Tinh lim u,.
n
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 10. Tinh tong clia cac cap s6 nhan i vo han sau

11 1 1" ¢) 0,2+ 0,02 40,002+ ...
a) _§+Z_§+”'+<_§> + e
11 1 1" 22 23 2"
b) 4+ — 4+ — +... z
)4+16+64+ +(4> + d”*g*@*"'*ﬁ*"'

& Bai 11. Viét cac s6 thap phan vo han tuan hoan sau dudi dang phan s6

a) 0,444 ... b) 1,4545... c) 3,102102,...
& Bai 12. Mot beénh nhan hang ngay phai uéng mot vien thudc 150 mg. Sau ngay dau,
truée mdi lan uéng, ham luong thudce cit trong co thé van con 5%. Tinh lugng thube co
trong co thé sau khi uéng vien thudc ciia ngay thi 5 . Uée tinh luong thudc trong co thé

néu bénh nhan sit dung thudc trong mot thoi gian dai.

& Bai 13. C6 1 kg chat phéng xa doc hai. Biét rang, cit sau mot khodng thoi gian T = 24000
niam thi mot nita s6 chat phéng xa nay bi phan ra thanh chat khac khong doc hai doi véi

stic khde cua con ngudi (T' duge goi 1a chu ki ban ra).
(Nguon: Dai so va gidi tich 11, NXB GD Viét Nam, 2021)

Goi uy, 1 khoi lugng chat phéng xa con lai sau chu ki thi n.
a) Tim s6 hang tong quat u, cta day sd (u,).
b) Chiing minh rang (u,) c6 gidi han 1a 0.
c) Tu két qua cau b, chiing t6 rang sau mot s6 nam nao d6 khoi lugng phong xa da cho
ban dau khong con doc hai véi con ngudi, biét ring chat phéng xa nay sé khong doc

hai nita néu khéi lugng chat phong xa con lai bé hon 1076 g.

& Bai 14. Cho tam giac vuong ABC vudng tai A, B

Ay
c6 AB = h va goc B bang a (Hinh vé bén). Tu A s
As
ké AAy L BC, tut A1 ké A1Ay L AC, sau do6 lai ké 4 .
AsAz L BC. Tiép tuc qua trinh trén, ta duge duong
A 2 A Am.,{d:,wtr
AQ Ay Ag  As Ao Az C

gap khiic vo han AA; A3 As ... Tinh do dai duong gap

khiic nay theo h va a.

& Bai 15. Mot khinh khi cau bay cao 200m & phat dau tién sau khi duge tha. Mai phit
tiép theo, n6 bay cao thém do cao bang mot nita do cao bay dude ¢ phut truée d6. Khinh
khi cau c6 thé dat do cao 400 m hay khong?
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(& Bai 1. Gi6i han ctia day s6

& Bai 16. Ngudi ta thd mot vien bi lan trong mot khe thang trén mit phang. Vien bi lin
cham dan. Giay dau tién n6 di duge 2 mét. Mdi giay tiép theo né di dugc mot doan bang
3
1 doan duong di duge trude no.

a) Tinh doan dudng vién bi di dugc trong 5 giay dau tien.

b) Gia st chuyén dong ctia vien bi khong bao gio cham dit, vien bi c¢6 thé cach xa vi trf

ban dau 8 mét hay khong?

& Bai 17. Tt hinh vuong dau tién ¢6 canh bang 1 (don vi do dai),

noi cac trung diém ctia bén canh dé ¢6 hinh vuong thit hai. Tiép tuc

noéi cac trung diém ctia bén canh ctia hinh vuong thit hai dé duge @

hinh vuong thit ba. Ctt tiép tuc lam nhu thé, nhan duge mot day

hinh vuéng.

a) Ki hiéu a, la dién tich ctia hinh vudng thi n va S, la tong dien tich ctia n hinh vuong
dau tien. Viét cong thiic tinh a,, S, (n =1,2,3,...) va tim lim S,, (gi6i han nay néu
c6 dugce goi la tong dién tich ciia cac hinh vuong).

b) Ki hiéu p, 1a chu vi clia hinh vuéng thit n va @, 14 tong chu vi ctia n hinh vuéng dau
tien. Viét cong thiic tinh p, va Q, (n =1,2,3,...) va tim lim Q,, (gi6i han nay néu c6

dudc goi 1a tong chu vi ctia cic hinh vuong).

& Bai 18. Cho tam gidc OM N vuodng can tai O, OM = ON = N
1. Trong tam giac OM N, vé hinh vuéng OA;B;C; sao cho
cac dinh Ay, By, C; lan lucgt nam trén cac canh OM, M N,ON.
€ B

Trong tam giac A; M By, vé hinh vuong A1 A3 B2Cs sao cho cac

dinh Ay, By, Co lan lugt nam trén cac canh Ay M, M By, A1 B;.

Tiép tuc qua trinh do, ta dugec mot day cac hinh vuong (Hinh

vé). Tinh téng dién tich cac hinh vudng nay.

& Bai 19. Trong mit phang toa do Oxy, dudng thang d :

& 4y = 2 cit truc hoanh tai diém A vi cit duong thing d :
2n+1

y = r tai diem P, (n € N*). Ki hieu S, 14 dién tich clia

tam giac OAP,. Tim lim S,,.

> Biin soan: Noé Dive Tai - ) Zalo: 0889 9771 004
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T Chuong 3. Gidi han. Ham sb lign tuc

& Bai 20. Xét qua trinh tao ra hinh ¢6 chu vi vo cuc va dién tich bang 0 nhu sau:

Béat dau bang mot hinh vuong Hy canh bing 1 don vi do dai (xem Hinh a). Chia hinh
vuong Hy thanh chin hinh vuong bang nhau, b di bon hinh vuong, nhan duge hinh H;
(xem Hinh b). Tiép theo, chia mdi hinh vuong ctia H; thanh chin hinh vuong, roi bo di bén
hinh vuong, nhan duge hinh Hy (xem Hinh ¢). Tiép tuc qua trinh nay, ta nhan duge mot
day hinh H,, (n=1,2,3,...).

H N HE s
. . --- ---
BN mm T
. N
. n ----- L}
. . | | n ---- ---- L} mnm
. . . . ---- ---- ---- ----
. . | } ----- L} n ----- L}
. . . . .-. .-. .-. .-.
Hy Hy Ho Hs
a) b) c) d)
1

Ta c6: Hy ¢6 5 hinh vuong, mdi hinh vuong c¢6 canh bang 3’
Hs ¢6 5 -5 = 52 hinh vuong, mdi hinh vuong c¢6 canh bang
T d6, nhan duge H,, ¢6 5" hinh vuong, moi hinh vuong c6 canh bang
a) Tinh dién tich S, ctia H, va tinh lim S,,.
b) Tinh chu vi p, ctia H, va tinh limp,,.
(Qua trinh trén tao nén mot hinh, goi 1a mot fractal, duge coi la ¢6 dién tich lim S,, va chu
vi limpy,).

& Bai 21. Goi C la nita duong tron duong kinh AB = 2R.
R AB

C1 la duong gom hai nita duong tron duong kinh -
R . AB

Cy la duong gom bon nita duong tron dudng kinh -

. AB
Cp la duong gom 2" nita duong tron duong kinh ETRE
Goi p, 1a do dai ctia Cy,, S, 1a dién tich hinh phang

gi6i han béi C,, va doan thang AB.
a) Tinh p,, Sy.

b) Tinh giéi han cia cac day s6 (p,) va (Sy).
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2 GIGI HAN CUA HAM SO

. GIGI HAN HOU HAN CUA HAM SO TAI MOT DIEM

Gia st (a; b) 14 mot khodng chita diém z¢ va ham s6 y = f(x) xac dinh trén khodng
(a;b), c6 thé trit diem zq. Ta n6i ham s6 f(z) c6 gidi han 14 s6 L khi = dan t6i g
néu véi day s6 (z,) bat ki, x, € (a;b), , # xo VA 3, — 10, ta c6 f(x,) — L, ki

hieu lim f(xz) = L hay f(z) — L khi z — =o.

T—X0

o Nhan xét:

a) lim x = x. b) lim ¢ =z (c 1a hang s6).
T—Xo
D)) K te te fr ¥
Tinh cac giéi han sau:
a) lim (222 — 2). . 2?4241
z=3 b) xl—lgl x+1

[ Hzm‘y Ja”fnym
a) Dat f(z) =222 — .
Ham s6 f(r) xac dinh trén R.
Gia st (z,) 1a day bat ki, théa man z,, € R v6i moi n va x, — 3 khi n — +o00. Ta c6
lim f(x,) = lim(222 — z,) = 2lim 22 — limz, = 2.3> — 3 = 15.
Vay lim (222 — z) = 15.
z—3
b) Dit g(z) = 222 — .
Ham s6 g(x) xac dinh tren R\ {-1}.

Gia st (v,) 1a day bat ki, théa man v, # —1 v6i moi n va v, — —1 khi n — +o0.

Ta co:
2 2
2 1 1
lim g(vy,) = lim% = lim (1;—:_ 1) =lim(v+1)=limv+liml=-1+4+1=0.
2
2 1
Vay lm 2L

z——1 r+1

2 _
E @) Cho ham 6 f(z) = % Tinh lim f(z).
T
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T Chuong 3. Gidi han. Ham sb lign tuc

Il. CAC PHEP TOAN VE GIGI HAN HOU HAN CUA HAM
sO

a) Néu lim f(z) =L va lim g(z) = M thi

Tr—To T—X0

lim [f(z) + g(x)] = L+ M;

T—To

lim [f(x) — g(z)] = L — M;

T—T0

(
b) Néu f(x) > 0 v6i moi z € (a;b) \ {xo} va 1i_>m flx) = Lthi L > 0 va
T—Xo

lim +/f(z) = VL.

T—X0

| Nhan xét:

k

a) lim o = 2k k 14 s6 nguyen duong.

T—T0

b) lim [cf(z)] =c lim f(z) (c € R vaton tai lim f(z) € R).

T—To T—To T—T0

Tim cac giéi han sau:

a) lim (22 + 5z — 2). c) lim 522 + 2 + 4.
T——2 T—2
2
-1 vV 9-3
b) lim L : d) lim vrtoTso
=1 v —1 x—0 T

o Ha’o/ny f/(?:/lﬁL(a

a) lim (22 +5z —2) = lim 22+ lim 5r — lim 2 = (=2)24+5.(-2) — 2= —8.

z——2 r——2 T——2 T——2
2
-1 —1 1
b) Bim £t =i ETDEED ) S tmat lml = 14122,
z—1 x—1 z—1 r—1 z—1 z—1 z—1

c¢) Ta c6: lim (522 + x +4) = lim 522 + lim x + lim 4 =522 + 2 + 4 = 26.
r—2 T—2 T—2 r—2
Suy ra lim V522 + x + 4 = v/26.
r—2
d)

ling_g:Iim( r+9-3)(Va+9+3) (nhan ca tt va mau cho vz + 9+ 3)
20 x 2—0 (v +9+3)

. (z+9)—32 T . 1 1
= lim = lim =lim — = —.
a=0z(Ve+9+3) =0x(vr+9+3) 220z +9+3 6
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(£ Bai 2. Gidi han ciia ham s6

(2

@ Tim cac giéi han sau:
244z —12 Y e rp——
a) lim a:—l——x c) xh_% S5x% +x + 4.
T—2 x — 2
b) lim : .
z——1 r+1 =1/ — 1

I1l. GIGI HAN MOT PHIA

©® Cho ham s6 y = f(x) xac dinh trén khodng (zo;b). Ta néi s6 L la gi6i
han bén phéi clia f(z) khi z — x¢ néu véi day s6 (x,) bat ki thod man

o < Ty, < b Vva x, — x0, ta co f(xz,) — L, ki hieu lim+ f(z) = L.
T,

& Cho ham s6 y = f(z) xac dinh trén khodng (a;z0). Ta néi s6 L la giéi han
bén trai clia f(x) khi x — 2o néu véi day s6 (z,,) bat ki thod man a < z,, < z¢

va x, — xg, ta ¢6 f(zy) — L, ki hieu lim f(z) = L.
T—To

L Luuy.
a) Ta thita nhan céc tinh chat sau:

e lim f(z) =L khi va chi khi lim f(z)=L va lim f(x)=L.

T—To x—)mg Ty
e Néu lim f(z)# lim f(z) thi khong ton tai lim f(z).
T—xd Ty T—To

b) Céac phép toan vé gi6i han hitu han ctia ham s6 6 muc II van dung khi ta thay

x — x9 bang v — z{ hodc z — .

1—2z khiz< -1

Cho ham s6 f(z) = .

r24+2 khiz> -1

Tinh cac gi6i han lim f(x), lim1 f(x) va lim_ f(z) (néu co).
z——1- T——

r——11

2

[} de’/(? f/of}zyzéz; e Gid st (z,) la day s6 bat ki, x, > —1 va z, — —1. Khi do
f(zn) = 22 + 2 nén lim f(z,) = lim(22 + 2) = lim2? 4+ lim2 = (-1)2 + 2 = 3.
Vay lim f(z) = 3.
r——11
e Gia st (z,) la day s6 bat ki, », < —1 va z, — —1. Khi d6 f(z,) = 1 — 2z, nén

lim f(x,) = lim(1 — 2x,) =1 —2.(—1) = 3.
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T Chuong 3. Gidi han. Ham sb lign tuc

Vay lim f(z)=3. Vi lim f(z)= lim f(z)=3nén 1_1>r1_11 f(z) = 3.

r——1— r——1— r——11

IV. GIGI HAN HOU HAN CUA HAM sO TAI VO CUC

& Cho ham s6 y = f(z) xac dinh trén khoang (a; +oc). Ta n6i ham s6 f(x) ¢6
gi6i han 14 s6 L khi 2 — +o0o néu véi day s6 (x,,) bat ki, z,, > a va z,, — +00,
ta co f(zy) — L, ki hieu xllgloof(x) = L hay f(z) — L khi 2 — +o0.

& Cho ham s6 y = f(z) xac dinh trén khoang (—oo;b). Ta néi ham s f(x) c6
gi6i han 14 s6 L khi z — —oo néu v6i day s6 (z,,) bat ki, x,, < b va z,, — —o0,

ta co f(zn) — L, ki hieu lim f(z) =L hay f(z) — L khi x — —o0.
IT——00

L LuuY.

a) V6i c 1a hdang s6, k 1a s6 nguyén duong ta ¢

lim C=C va lim E:O.

r—+o00 r—+o00 xk
b) Céac quy tic tinh giéi han hitu han tai mot diém ciing ding cho giéi han hitu

han tai vo cuc.

EVida))) xvrvr v

Tinh cac giéi han sau:

2
8) lm L9 b : ¢ lim YT 1
z—+oo 22 4+ 21 r——o0 x + 1 s . .

[ Hmf% a]a“wn// lal.

- 1—32%
A :v—1>I—iI-100x2+21}

b) lim =
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(£ Bai 2. Gi6i han ctia ham s6

Mot cai ho dang chita 200 m? nude min v6i nong do mudi 10 kg/m3. Ngudi ta ngot hoa

nude ho bang cach bom nude ngot vao hod véi toc do 2 m3 /phiit.

a) Viét biéu thitc C(¢) biéu thi ndong do mudi trong hd sau ¢ phit tit khi bat dau bom.

b) Tim gi6i han lim C(t) va giai thich § nghia.
t—+00

[} /—[mfny z/(z‘\/z»dfi(z’i.

a) Trong 200 m? nude c6 nong do mudi 1a 10 kg/m3.

b)

(]

Do dé trong 200 m? nude c6 10 - 200 = 2000 kg mudbi.

Mbi phiit ngudi ta bom nude ngot vao hd 2 m3 thi sau ¢ phit c6 200 + 2t (m?3).
2000

Khi d6 nong do mudi t bé 1a: O(t) = kg/m3.
i d6 nong do muodi trong be la: C(t) 500 7 1 g/m
lim 2000
2000 200 ‘
lim C(t)= lim = lim gl — = e =0
t—+oo t—+00 200 +¢  t—+oo 20 +1 lim (T 4 1)
t—+00

Y nghia: Khi ¢ cang 16n thi nong do mudi cang dan vé 0, tic 1a dén mot lac nao do

nong do mudi trong ho khong dang ké, nude trong hé gan nhu 1a nuée ngot.

@ Tinh céac gidi han sau:

3 2
z° — 2z +1 249 2_ 4
rotAl oy gy YEE2 o lim Y2

o) Thm e —d
z—+oo x4+ 1 x——00 X +5H

z—4o0 4x3 —x

@

» Bién soan: /\35 Ditc Jai - @))) Zalo: 0889 971 004

Cho tam giac vuong OAB v6i A = (a;0) va Y A
B = (0;1) nhu Hinh vé. Duong cao OH c6 B
do dai 1a h.

a) Tinh A theo a.

b) Khi diém A dich chuyén vé O, diém

H thay déi thé nao? Tai sao? T

v

¢) Khi A dich chuyén ra vo cyc theo
chidu duong clia truc Oz, diem H

thay doi thé nao? Tai sao?
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T Chuong 3. Gidi han. Ham sb lign tuc

V. GIGI HAN VO CUC CUA HAM SO TAI MOT DIEM

1) Khai niém

Cho ham s6 y = f(x) xac dinh trén khodng (x¢;b).
® Tano6i ham s6 y = f(x) ¢6 gidi han bén phdi 1a +o0o khi x — z¢ vé bén phai
néu véi day s6 (z,) bat ki, g < x, < b va x, — z¢, thi f(z,) — +oo, ki

hieu lim f(z) = +oo hay f(z) — +oo khi z — z{.

r—ad
® Tanoi ham s6 y = f(x) ¢6 gidi han bén phdi 1a —oo khi x — z¢ vé bén phai

néu véi day s6 (z,) bat ki, g < x, < b va x, — x¢, thi f(z,) — —oo, ki

hieu lim f(z) = —oo hay f(z) — —oo khi z — 2.
r—ag
L Luuy.
a) Cac gi6i han lim f(z) = +oo, lim f(z) = —oo, lim f(z) =
T—Tq T—T r——+00
+oo, lim f(z) = —o0, lim f(z) = —o00, lim f(x) = 400 dugc dinh nghia
T—r+00 T—r—00 T—r—00
tuong tu nhu trén.
b) Ta c6 cac giéi han thuong dung sau:
® lim =400 va lim =—o00 (a€R);
z—at T — a z—=at—T — Q

& lim 2* = 400 v6i k nguyén duong;
T—>+00

© lim 2* = 400 véi k 1 s6 chin;
T——00

& lim 2F = —oco v6i k 1a 86 18.
T—r—00

2) Mét sb quy tic tinh gidi han vé cuc

[\ Luu Y. Chi § cac quy téc tinh giéi han hitu han khong con ding cho giéi han

vO cuc.
Ta c¢6 mot s6 quy tac tinh gi6i han ciia tich va thuong hai ham s6 khi mot trong hai
ham s6 d6 c6 gidi han vo cyc.
¢ Quy tdc tim gidi han cta tich f(z) - g(z).

Gia st lim f(z) =L # 0 va li_>m g(z) = 400 (hodic —o0). Khi d6 lim f(x)g(x) dugc tinh

Tr—rXo Tr—X0
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» . o e 2 ~ X
(£ Bai 2. Gi6i han ctia ham s6

theo quy tac cho trong bang sau:

Jm f(z) | lim g(z) | lim f(z)g(z)
+00 400
L>0
—00 —00
+00 —00
L <0
—00 +00
& Quy tac tim gidi han ciia thuong %
g(z
. . A 2 . f(x)
xlggo f(x) wlgla‘:log(x) Dau cta g(z) Ili)rgo o)
L +00 Tuy y 0
0 + +00
L>0
0 — —00
0 + —00
L <0
0 — +00

Céac quy tac trén van dang cho cac truong hop z — .7:8“, r— .

Tinh cac giéi han sau:

a) lim 2 b) lim (3z—1). ¢) lim (Va?+l—z—1).

—3- T — 3 r—+00 T——+00

(e} Ha’o‘g r/é/ijzféz.

1
a) Ta cé: lim 2z =6; lim
T3 T3 T —

r—3- L — r—3~

Do d6 lim 2 = lim [21:- ! ]——oo.

1
b) Ta co: 3x—1:x<3——)
T

1 1
Suy ra lim (3z—1)= lim 1‘(3——): lim z- lim (3——>:—|—oo.

r——+00 r——+00 x r——+00 r——+00 x
c)

—2x —2
xhrf (\/x +1—=x 1) mhrJIrl g SRR xhrf - " 1.
1+ﬁ+1+5
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T Chuong 3. Gidi han. Ham sb lign tuc

Quan sat do thi ham s6 & hinh bén va tinh cac giéi han ¥

sau_lim (@), lim (@), lim f(z), lim f(z)

___________________________

[ Ha‘o‘fgﬁ ajzf}zjuu T do thi ham s6 ta co

lim f(z)=1, lim f(z)=1, lim f(z)= —o0, 111%1+ f(z) = +oc.

T——00 " £ 5+oo z—0—

Biét whr_noog = 1. Tinh xli}r_noo (x2 - 1) g(x).

(e Hmy f/z;ndoz(zz; Ta c6

T——00 T——00

lim (2% —1)g(z) = lim 2?2 (1 - —) g(z)

1
(do lim 2? = +oova lim (1 — —2> g(x) =1>0)

T—r—00 T——00 X

= lim (2% —1)g(z) = 0.

Tr—r—00

SV wvrvr v

Cho ham sb

r+m néux <D0,
flz) =

22—1 néuz >0,
v6i m 1a tham s6.

Biét ham s6 f(x) c6 gidi han hitu han khi  — 0. Tim m.

e 2y 1 n . _
m}amg aé,/%zaz,. Taco: lim f(x) = lim (¢* 1) = =1, lim f(z) = lim (z+m) =m.

z—0~

Theo dé bai, dé ton tai gidi han hitu han khi 2 — 0. thi

1 li — = —1.
g 0= g =
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(£ Bai 2. Gi6i han ctia ham s6

22 +ar+b

Tim gia tri clia cdc tham s6 a va b biét lim ——— = 4.

r—1 r—1

z—1

(e} ku/?f c/{i/z(izkézf, Do lim(z — 1) = 0 nén dé ton tai gi6i han hitu han

2
lim L 4T TO +ax+b=4,
r—1 rx—1

trude hét ta phai co liml(x2+aa:+b):0, hay 1+a+b=0=b= —a— 1.
T—r

Khi do,
. 2 4ax+b | 2’dar—a—1 | 22—1+a(z—1)
lim ——— = lim = lim
z—1 r—1 z—1 r—1 z—1 r—1
~ lim (x+1)(x—1)+alx—1) ~ lim (x+1+a)(x—1)
z—1 r—1 z—1 r—1

=lim(z+14a)=1+14+a=2+a.

z—1

Suyra24+a=4=a=2=0=-3. Vaya =2, b= -3.

' (5) Tinh céc gidi han sau:

a ! 20 — 1 b) I 1
11m 11m ——-.
T—=2- T —2 =0t /22 4+ 21

\J
’ (6) Trong mot cudc thi cAc mon thé thao trén tuyét, ngudi ta muén thiét ké mot

»

dudng trugt bang bang cho noi dung dd déc tdc do dudsng dai.

4 ¥
-~ :{- -.

15

0 5 10 15 ];J 25 30 is 40 45 X
Van dong vien sé xuat phat tir vi tri (0;15) cao 15 m so véi mat dat (truc Oz).
Duong truct phai thoéa man yéu cau la cang ra xa thi cang gan mat dat dé tiét

kiem lugng tuyét nhan tao. Mot nha thiét ké dé nghi stt dung duong cong 1a do thi

ham s6 y = f(z) = xl—f(io v6i z > 0. Hay kiém tra xem ham s6 y = f(z) c6 thoa
méan cac diéu kien dudi day hay khong:

a) C6 do thi di qua diém (0;15).

b) Gidm trén [0; +00).

c¢) Cang ra xa (x cang I6n), do thi cang gan truc Ox v6i khoang cach nho tuy .
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T Chuong 3. Gidi han. Ham sb lign tuc

B sAi Tér
Tréc nghiém

> Cau 1. Gia st lim f(z) = L va lim g(x) = M. Phat biéu nao sau day sai?

@xlgn;[ r)+ g(x )}:L-I—M. .3}5’2[ g(m)]:L—M.
- ()] = L- - M_i
© Jim [f(@)-g(e)] =L M. © Jim S =30

$> Cau 2. Cho ham s6 y = f(z) xac dinh trén khodng (a; +00). Phat biéu nao ding?
(A) Néu vé6i day (z,,) bat ki, z,, > a va z,, — +oo, ta c6 f(x,) — L thi Erf flz)=1L.

Néu véi day (zy,) bat Ki, z, < a va x,, = 400, ta ¢6 f(z,) — L thi lim f(z)=1L.

r——+00

(C) Néu v6i day (z,,) bat ki, z, > a, ta c6 f(z,) — Lthi lim f(z) =

r——+00
(D) Néu vé6i day (z,,) bat ki, z, > a va z,, — L, ta c6 f(x,) — +oo thi hrf flz)=1L.
T—+00
¢ Cau 3. Véi ¢, k 1 cac hang s6 v k nguyén duong thi
. € _y i ¢ _ .
i gr =0 Jm =
c , c
Jim = oo © Jim =00

> Cau 4. Phat biéu nao sau day la ding?

(A) Néu lim f(z) =L thi lim /f(z) = VL.

T—xo T—To

Néu lgn flz)=LthiL>0
(© Néu f(z) > 0va lim f(z)=Lthi L >0va lim \/f(z) =L .

T—x0 T—rTo

(D) Néu lim f(z) =L thi L>0va lim /f(z) = VL.

T—T0 T—X0
$> Cau 5. Cho ham s6 y = f(x) xac dinh trén khoang (a; +00). Phat biéu nao ding?
(A) Néu v6i day sb (z,,) bat ki, x,, > a va z, — 400, ta c6 f(z,) — L thi 11111 flx) =
T—>+00

Néu véi day s6 (zy,) bat ki, z,, < a va x,, = 400, ta c6 f(z,) — L thl lim f(z) =

T——+00

(C) Néu véi day sb (x,,) bat ki, x,, > a, ta c6 f(x,) — L thi lirf f(z) =
T—+00

(D) Néu v6i day s6 (z,,) bat ki, x,, > a vz, — L, ta c6 f(z,) — +oo thi lim f(z) =

r—+00

$© Cau 6. Tinh gi6i han L = lim < =3
=3 T + 3

@A) L=—c0. ® L=0. © L=+ . D L=1.
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(£ Bai 2. Gi6i han ctia ham s6

3222 4202
> Cau 7. Tinh giéi han L — lim 2~ + 2020
rz—1 20 — 1

@A) L=-c0. ® L=0. © L=+o00. (D) L =2019 .
$© Cau 8. Cho lim f(z) = —2. Tinh lim [f(:c)—l—llx—l].
r—3 z—3
@) 6. ® 5. © 11. D 9.

$> Cau 9. Trong cac ménh dé sau, ménh dé nao sai?

1 1
lim — = . lim - = —o0 .
®;$ﬁ+w Gggﬂ 00
©mli%1+?:+oo' ®xli%l+ﬁ:+oo.

¢ Cau 10. Trong boén gidi han sau day, gidi han nao bang —oo?

—3x+4 —3r+14
li . lim ———— .
@  lim —— ® lim —
—3x+4

© lim

r—2~

. —3x+4
—rtd ® fim ottt
xr— 2

z—+oo x — 2

$® Cau 11. Trong cac gi6i han duéi day, gidi han nao 1a +00?

. 2x—1 . 3
acligll* 4 —zx ' xgr—&{loo(_m —{-237—1—3).
4+ r4+1 20 — 1
lim —— . li .
©mﬁlgloo r—1 ®xirfll+ 4—x
24+1— .
6 Cau12. lim YU 1T @ 509
z—(—1)*t r+1
1 3 3
®1. ® L GE ® -2
2 2 2
1.
$ Cau 13. lim “ bing
g1t — 1
@ +oo . B) — . © 1. D 0.
1 -2z

¢S Cau 14. Tim  lim

z——00 x — 1
@A) —oo . ® -2. © 0. D) +oo .

> Cau 15. Tinh giéi han lim (22% — 22 +1)

r—r—00
@A) —oco . ®) 2. © 0. D) +o0 .
2 _
¢ Cau 16. Tinh lim * 22 +3
r—5 25 — hx
2 2
22— 3x 44

¢ Cau 17. Tinh L = lim
r—1

r—1

A) L=-5. ® L=0. © L=-3. D) L=
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T Chuong 3. Gidi han. Ham sb lign tuc

¢S Cau 18. Tinh lim (\/2m2 —|—x+x).

@) +oo . ® —1. ©) —oo . D 0.

N ) . z? -3
¢S Cau 19. Tinh lim )
z—=—00 I+ 3

@A) +oo . ® —1. © —oc . O 1.

10 — 2
& Cau 20. Tinh giéi han lim —0— 2%
=5+ T2 — 62+ 5

1 1
Ty ludn
& Bai 1. Tinh céc giéi han sau:
a) lim(2? — 7z + 4). LT3 . 22 —4x+3
) ) ) lm 9= ) fm — =
3
. -1 —
b) lim v/10 — 222. d) lim ——. ) lim Y2+
rz——1 z—=1 1 —2x z—1 z—1
) —2? khiz<1
& Bai 2. Cho ham so f(x) = :
x khiz >1
Tinh cdc giéi han lim f(z), lim f(z) va lim f(z) (néu co).
x—1t x—1- z—1
) 0 néut<O ,
& Bai 3. Cho ham so H(t) = (ham Heaviside, thuong duge dung dé mo
1 néut=>0
ta viec chuyén trang thai tit/md clia dong dien tai thoi diém ¢ = 0 ). Tinh 1i161+ H(t) va
t—
lim H(t).
t—0-

& Bai 4. Tinh céc giéi han sau:

a) dm = a—+o00 ¢) Jm e
. —2x+3 : z? 41 - 2
b s VT Dt (7= Va2 o+ 20).
& Bai 5. Tinh cac gi6i han sau:
1 z2 ) x
li ) : c) lim .
a) Jm b) lim e 3

& Bai 6. Moi gidi han sau c6 ton tai hay khong? Néu c6 hiy tinh gi6i han do.

2 2 2

-9 _

a) lim - b) lim iy c¢) lim v +6
z—0 |$| z—2 |ZC — 2‘ x—2 |l‘ — 2|

& Bai 7. Tinh gidi han lim (1 —z)(1 — 2?)(1 — 23).

T——+00
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(£ Bai 2. Gi6i han ctia ham s6

r néuzxz>1

& Bai 8. Cho ham s6 f(x) =<2 néux = 1. Hum s6 f(z) c6 gi6i han khi x — 1 khong?

1 néuz<l1

Tai sao?

) 2> +ar néuwz>3 . )
& Bai 9. Cho ham so f(z) = . Tim @ de ham so f(z) c6 gi6i han khi

3224+1 néux<3
r — 3.

& Bai 10. Tim cac gia tri a, b biét rang

. ar+b 2 _
a) lim =95. b) lim v —art1 =b. c) hmwz

=2 T — 2 r—1 x2—3x—|—2_ =1 x—1

3.

& Bai 11. Cho ham s6 g(z) = Va2 + 2—V22 — 1—2m v6i m 1a tham s6. Biét  lim g(x) = 0,

T—>+00
tim gia tri m.

& Bai 12. Cho ham s6 g(z) = Va2 + 2v—V22 — 1—2m v6i m 1a tham s6. Biét  lim  g(x) = 0,

r——+00
tim gia tri m.

& Bai 13. Tinh cac gi6i han sau:

o V8422 -2 . 4+ 1—+br+1 V22— VTr+1
a) lim ———. b) lim : c¢) lim .
20 x2 =3 1 —+/4r — 3 z—1 z—1

& Bai 14. Cho ham s6 f(z) thoa man lim f(z) = 2025. Tih Lim L&)

& Bai 15. Cho ham s6 f(z) xac dinh tréen R théa man lim flz) —16

r—2 X —
/5f(x) —16 — 4
1m .
z—2 $2—|—2£L‘—|-8

= 12. Tinh gi6i han

& Bai 16. Sau khi phat hién mot bénh dich, cac chuyén gia y té udc tinh s6 ngusi nhiém
bénh ké tir ngay xuat hién bénh nhan dau tién bién d6i theo mot ham s6 thoi gian (tinh
theo ngay) 1a g(t) = 45t — 3 (nguoi). Téc do trung binh gia tang ngudi bénh gitta hai thoi

g(t2) —g(t) . 9(t) —g(10)

cho biét ¥ nghia két qua tim dugc.
to — 11 t—10 t—10 oLy e 4 ’

diém t1,to 1a Vi, =

& Bai 17. Trong ho c6 chiia 6 000 lit nude ngot. Ngudi ta bom nude bién c6 nong do mudi

1a 30 gam/1it vao ho véi téc do 15 lit/phat.

a) Chiing t6 ring nong do mudi clia nude trong ho sau ¢ phit ke tit khi bat dau bom 1a

30t .
C(t) = 10051 (gam/lit).

b) Nong do mudi nhu thé nao néu t — +oo?
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& Bai 18. Mot cong ty san xuat may tinh da xac dinh duge rang, trung binh mot nhan
) 2 g 50t ..
vién c6 the lap rap duge N(t) = I (t > 0) bo phan moi ngay sau t ngay dao tao. Tinh

lim N(t) va cho biét ¥ nghia clia két qua.
t—+00

290, 4v

10,3602 + 13,20 + 264
trong d6 v(m/s) 14 van toc trung binh ctia cic xe khi di vao duong ham. Tinh lim f(v) va
v—20

& Bai 19. S6 lugng xe 6 t6 vao mot dudng ham cho béi cong thiic f(v)

cho biét ¥ nghia (lam tron két qua dén hang don vi).

& Bai 20. Chi phi (don vi: nghin dong) dé san xuit 2 san pham ctia mot cong ty dude xac

dinh bdi ham s6: C(z) = 50 000 + 105.
a) Tinh chi phf trung binh C(z) dé sdn xuit mot san pham.

b) Tinh lim C(x) va cho biét ¥ nghia ctia két qua.

z—+o0
& Bai 21. Cho diém M(t,v/1 —12),0 <t < 1 4y
nam trén dudng tron don vi (O) : 22 +y? = 1,
diem A(1;0) 1a mot giao diém cta (O) véi M
truc hoanh. Goi H la hinh chiéu vuong goc

cua M trén truc hoanh, K la giao diem cua

tiép tuyén cia (C) tai M v6i truc hoanh. Khi O H

N
=
\4

» R B . . HK .
diem M dan dén diem A thi ti so A dan

dén gia tri ndo?

& Bai 22. Mot thau kinh hoi tu c6 tiéu cu f = 30 cm. Trong Vat li, ta biét rang néu
dat vat that AB cach quang tam ctia thau kinh mot khodng d (cm) > 30 (cm) thi duge

anh that A’B’ ctia thau kinh cach quang tam mot khoang d’(em) (Hinh vé). Ngugce lai, néu

D 1 1
0 < d < 30, ta c6 anh do. Cong thiic ctia thau kinh la p + 7= 30
R Y S T
B < C 3 )E
i \F A

A F (0]

e d N d T

]

a) Tit cong thitc clia thau kinh, hay tim biéu thiic xac dinh ham s6 d’ = h(d).

b) Tinh céac giéi h lim A(d), lim h(d), lim h(d). St d ic két qua nay dé gii
) Tinh cac gi6i han Jim (),di%_ (>’d—l>lfoo (d) ung céc ket qua nay de giai

thich ¥ nghia da biét trong Vat Ii.
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3 HAM SO LIEN TUC

I. HAM SO LIEN TUC TAI MOT DIEM

Cho ham s6 y = f(x) xac dinh trén khodng K va x¢ € K.

Ham s6 y = f(z) duge goi 1a lién tuc tai diém 2o néu lim = f(x).
T—X0

® Nhan xét: Dé ham s6 y = f(z) lien tuc tai zo thi phai ¢6 ca ba didu sau:

1. Ham s6 xac dinh tai zg. 2. Ton tai lim f(z). 3. lim f(x) = f (x0).
T—To T—T0

L Luu Y. Khi ham s6 y = f(z) khong lién tuc tai diém xq thi ta néi f(z) gian doan

tai diém z¢ v& ¢ dude goi 1a diém gian doan ctia ham s f(x).

EViawi))) kv

Xét tinh lién tuc ctia cac ham sb:

a) f(z) =1— 22 tai diém zg = 3.

(.2
-1 )
’ neu r # 1 ,
b) fla)=4 *—1 tai diem z = 1.
2 néu gz =1

\
P

22+ 1 khiz>1 ,
c) f(z) = tai diem zp = 1.

-z khiz <1

\

[ HL[O/’% a&fmﬁmz
a) Ta co f(3) = —8 va lim f(z) = lim (1 —2?) =1 — 3% = —8.
z—3 T—3
Vi lin% f(z) = £(3) nén ham s6 lien tuc tai diem z¢ = 3.
T—

2 _ _
b) Taco f(1) =2 va limlf(x):hmx L D@D e 14122,
z—

=1 x—1 r—1 r—1 r—1
Vi lim1 f(z) = f(1) = 2 nén ham s6 lien tuc tai diém zg = 1.
Tr—r

c) Ta cé: f(1) = —1;
(22 +1)=12+1=2va lim f(z)= lim (—2) = —1.

= lim
r—1+ z—1- T—1-

Vi lim f(z) # lim f(z) nén khong ton tai lim f(z).
z—1+ r—1- z—1

Vay ham s6 gian doan tai diém zg = 1.
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T Chuong 3. Gidi han. Ham sb lign tuc

) 22+2 néuz<l1 ) , )
Cho ham so f(x) = v6i m la tham so. Tim m de ham so lién tuc

mr+1 néuzx>1

tai diem zp = 1.

[ /‘lwo‘/g Ja’nyzm,; Ta c¢6 f(1) = 3; xlg% flz) = xligh(mx +1)=ml+1=m+1.
lim f(z) = lim (z24+2)=12+2=3.
De ham s6 lien tuc tai zg = 1 thi lim f(x) = lim f(z)=f(1)=m+1=3=m = 2.

z—1t T—1-

' @ Xét tinh lien tuc clia cac ham sb sau:

=z — 1 tai diém z¢ = 2.

( 2 _
e néu x # —2 ,
b) h(z)=¢ *+2 tai diém zg = —2.

—6 néu xr = —2

—r néuzxz<0

c) s(z) =<0 néu z — 0 tai diém zy = 0.

x néu z > 0

) z—1 néu r < 2 ) . )
(2) Cho ham sb f(z) = v6i a la tham s0. Tim a dé ham so

—rx4+a néuz>2

lien tuc tai diém xg = 2.

Il. HAM SO LIEN TUC TREN MOT KHOANG, TREN
MOT DOAN

< Cho ham s6 y = f(z) xac dinh trén khoang (a;b).
Ham s6 y = f(x) duge goi 1a lien tuc trén khodng (a;b) néu f(z) lién tuc tai
moi diém trong khoang ay.

& Cho ham s6 y = f(z) xac dinh trén doan [a; b].
Ham s6 y = f(z) duge goi 1a lién tuc trén doan [a;b] néu f(x) lien tuc tai

trén khoang (a;b) va lim f(z) = f(a), hr?, f(z) = f(b).
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| Nhan xét:

D6 thi clia ham s6 y = f(z) lien tuc trén doan [a;b] 14 mot y
dudng lién, c6 diem dau, diém cudi nhu hinh vé bén. Néu hai fo)---------

diém nay nam vé hai phia so véi truc hoanh thi dudng lién

S

a

néi trén luoén cat truc hoanh tai it nhat mot diem. Diéu nay . 0 ;
c6 thé duse phat biéu dudi dang nhu sau: / --+f(a
Néu ham s6 y = f(z) lien tuc trén [a;b] va f(a) - f(b) < 0 thi
luon ton tai it nhat mot diém c € (a;b) sao cho f(c) = 0.
Xét tinh lien tuc ctia ham s6 f(x) = Vo — 1+ /2 — x trén [1;2].
[ Hcm‘n(j din gici. Vi moi x € (1;2) ta 6

lim f(z)=lm (Ve—1+Vv2-2)= /lim (z—1)+ /lim (2 - 2)

Tr—X0 T—X0 T—X0 T—Xo

=Vrg—1++V2—129 = f(xo)
Do dé f(z) lien tuc tai moi diém zg € [1;2].
Talaico lim = li —1 2—1x) = li —1 li 2—x)=1= f(1).
alaico fim =l (Ve—T+v2-e) = im a1+ m @m0 =1=1Q)

lim = lim (Va—1+v2—-2)= /lim (z—1)+ /lim 2—2)=1= f(2).
T2~ T2~ T2~ T—27

Vay ham s6 f(xr) lien tuc tren [1;2].

Tai mot xudng san xuat bot da thach anh, gia ban (tinh theo nghin dong) cia z (kg) bot

da thach anh dugc tinh theo cong thiic sau:

4,5¢  khi0 <z < 400 o
P(x) = (k 1a mot hang so0).
4+ k  khi z > 400
a) V6i k = 0, xét tinh lién tuc ctia ham s6 P(x) trén (0; +00).

b) V6i gia tri ndo ctia k thi ham s6 P(x) lién tuc tren (0; +00)?

(e Hwy z/(z?)z(izdzl.

. 4.5x  khi 0 <z <400
a) V6i k =0, ham s6 ¢6 dang P(z) = :

dx khi x > 400
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T Chuong 3. Gidi han. Ham sb lign tuc

& V6i moi zg € (0;400), ta co:

lim P(z) = lim (4,5z) = 4,5 lim = = 4,529 = P(xo)

T—T0 T—T0 T—T0

Vay ham s6 y = P(z) lién tuc tai moi diém xq € (0;400).
& V6i moi zg € (400; +00), ta co:

lim P(z) = lim (42) =4 lim z = 4x9 = P(x)

T—x0 T—x0 T—rTo

Vay ham s6 y = P(z) lién tuc tai moi diém xq € (400; +00).

& £(400) = 4,5 - 400 = 1800

lim P(z)= lim (4z)=4- lim =z =4-400 = 1600

x—400+ x—400+ x—400+

lim P(z)= lim (4,52)=4,5- lim x=4,5-400= 1800
—400~ x—400~ —400~

Vi i P li P én khong ton tai lim P(x).
1 lim (:E);«éx_ggm () nén khong ton tai Jlim (x)

Vay ham s6 khong lién tuc tai diem x¢ = 400.
Vay ham s6 y = f(x) khong lien tuc trén (0; +00).
, 450 khi0 <z < 400 o
b) Xét ham s6 P(z) = (k 14 mot hang s0).
4x + k  khi x > 400

Ham s6 lién tuc trén cac khoang (0;400) va (400; +00). Ta co:
£(400) = 4,5 - 400 = 1800

lim P(z)= lim (dr+k)=4- lim x+ lim k=4-400+k = 1600+ k

x—400+ x—400+ x—400+ x—400+
lim P(z)= lim (4,5z) =45 lim x=4,5-400 = 1800
x—400~ z—400~ x—400~

Dé ham s6 y = P(z) lien tuc trén (0; +-00) thi ham s6 y = P(x) phai lién tuc tai diém
xg = 400. Suy ra:
lim P(z)= lim P(z) = £(400) < 1600 + k = 1800 < k = 200

Vay k = 200 thi ham s6 P(z) lién tuc trén (0; +00).

’
(3) Xét tinh lien tuc ctia ham b f(x) = ‘

2-1
r—1
’
z—1 khiz<?2

(4) Ham s6 f(z) = co lién tuc trén R hay khong?
—x khi z > 2

trén (1; +00).
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1. TINH LIEN TUC CUA HAM SO SG CAP

® Ham s6 da thiic P(z), cdc ham s6 luong gidc y = sinw, y = cosz lién tuc
trén R.

P(z)

& Ham s6 phan thic y = 0@’ ham s6 can thic y = /P(r), cac ham s6
5
lwgng giac y = tanx, y = cotx lién tuc trén cac khoang ctia tap xac dinh
cua chiung.

Trong do, P(x) va Q(z) la céc da thrc.
| Nhan xét: Ham s6 thudc nhitng loai trén dude goi chung 1a ham s6 so cap. Khi
n6i xét tinh lien tuc clia mot ham s6 ma khong néi gi thém thi ta xét tinh lién tuc clia ham

s6 d6 trén nhitng khodng ctia tap xac dinh ctia chung.

Xét tinh lien tuc ctia ham s6 f(z) = Va2 — 4.

[ Hwa’/(z? cfé;yzdzﬁ. Ta ¢6 f(x) 1a ham can thitc ¢6 tap xac dinh 14 2 = (—oo; —2]U[2; +00)

nén no lién tuc trén cac khoang (—oo; —2] va [2; +00).

22— 2x .
. khi z #0 , .
Cho ham so f(x) = z . Tim a de ham s6 y = f(z) lién tuc trén R.

a khiz=0

2 — 2

[ Hwo‘% Jzz%z{z’; e Vi z # 0 thi ham s6 f(z) = lien tuc trén cac khoang
(—00;0) va (0;4+00).

e VGi x =0, ta co

r? — 2z x(r —2)

li = li =1l = li —2)=-2
A= T T Y

Ta c¢6 f(0) = a. Dé ham s6 lién tuc trén R thi ham s6 phai lien tuc tai zg = 0, do d6

lim f(z) = f(0) hay a = —2.

Chiing minh rang phuong trinh:
a) 3+ 37 — 1 = 0 c¢6 nghiém trong khoang (0;1).

b) x = cosx ¢6 nghiém trong khoéng (0; Z)
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T Chuong 3. Gidi han. Ham sb lign tuc

[ Ha‘o‘% (/{2/%717(21;

a) Xét ham s f(z) = 23 + 32 — 1. Ham s6 nay lien tuc trén R.
Do f(0)- f(—1) = (—1) -3 = —3 < 0 nén phuong trinh f(z) =0 hay 2 +32 -1 =0 ¢6
nghiém trong khoang (0;1).

b) Xét ham s6 f(r) = — cosx. Ham s6 lien tuc tren R.
Ta c6 f(0)=0—cos0=—-1<0; f(%) :%—‘/7§>0.
Suy ra f(0) - f (%) < 0. Do d6, phuong trinh f(z) = x — cosz = 0 hay = = cosz ¢
nghiém trong khoang (0; %)

Mot hang taxi dua ra gia cude T(x) (dong) khi di quang duong z (km) cho loai xe 4 chd

nhu sau:
)

10 000 khi0<x<0,7

T(x) =410 000+ (z —0,7)-14 000 khi 0,7 < z < 20 -

280 200 + (z — 20) - 12 000 khi 2 > 20
\

Xét tinh lién tuc ctia ham s6 T'(x).

e Vecong z/r’&ijzf(ézf. e Ham s6 T(z) xac dinh trén khoéng (0; +00).
e Ham s6 T'(x) xac dinh trén ting khoang (0;0,7), (0,7;20) va (20; +00) nén ham s6 lién tuc
trén cac khoang do.

Ta c6: 7(0,7) = 10000.

lim T(z)= lim (10000 + (z — 0,7) - 14000) = 10000 + (0,7 — 0,7) - 14000 = 10000

r—0,7t x—0,71

lim T(z)= lim 10000 = 10000

z—0,7- z—0,7—
Vi lim T(z)= lim 7T(z)= 10000 nén lim T(z) = 10000 = T(0,7).
x—0,7~ x—0,7+ x—0,7

Vay ham s6 T'(x) lién tuc tai diém z¢ = 0,7.

Ta c6: T(20) = 10000 + (20 — 0,7) - 14000 = 280200.

lim T(z)= lim (280200 + (z — 20) - 12000) = 280200 + (20 — 20) - 12000 = 280200

r—20*1 x—20*1
lim T(z)= lim (10000 + (z — 0,7) - 14000) = 10000 + (20 — 0,7) - 14000 = 280200
r—20~ r—20~
Vi lim T(x)= lim 7T(x)= 280200 nén lim 7T'(x) = 280200 = T°(20).
r—20~ r—201 z—20

Vay ham s6 T'(x) lién tuc tai diém zg = 20.

Vay ham s6 T'(x) lien tuc tren (0; +00).
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(£ Bai 3. Ham s6 lién tuc

(5) Xét tinh lien tuc ctia ham b f(z) = =
x —_—

Y
(£ ,
z+1 néu z <0

(6) Cho ham 6 f(#) =< qz +b néu 0 < z < 2, trong d6 a,b 14 hai s6 thuc. Tim

4 —x néu 2 <z

\
a va b dé ham s6 y = f(x) lién tuc trén R.

’
C (7) Chitng minh ring phuong trinh 423 — 822 + 1 = 0 ¢6 nghiém trong khodng
(—1;2).

IV. TONG, HIEU TiCH, THUGNG CUA HAM SO LIEN
TUC

Cho hai ham s6 y = f(x) v& y = g() lién tuc tai diém z¢. Khi do:
© Cac ham s6 y = f(2) +g(z), y = f(x) — g(x), y = f(2) - g(x) lién tuc tai o.

f(z)
g9()

Xét tinh lien tuc clia cac ham sb sau:

& Ham s6 y = lien tuc tai xg néu g(xg) # 0.

20 +1 2sinx
) =)= 553 b) y=glr) = V3r+6+

a) Tacoa? —2r —3#0cx# —1vax#3.
y = f(z) 1a ham s6 phan thtic c6 tap xac dinh D = R\ {—1;3} nén né lien tuc trén

cac khoang cta tap xac dinh 1a (—oo; —1), (—1;3) va (3;+00).

3r+62=20

b) Diéu kién: & —2< 2 <3
3—xz>0
Ham s6 y = g(x) ¢6 tap xac dinh 1a D = [-2;3). Ham s6 luong giac y = 2sinz va ham
) 1 N )
sO can thic y = /32 +6, y = 3 deu lién tuc trén [—2;3) nén ham so y = g(x)
—x

lién tuc trén [—2;3).

> Bicn soan: Ngd Diic Tid - B Zulo: 0889 977 004



T Chuong 3. Gidi han. Ham sb lign tuc

Trong mat phing toa do Oxy, cho dudng tron (C) tam O, ban kinh bang 1. Mot duong

thing d thay ddi, luon vuong goc véi truc hoanh, cat truc hoanh tai diém M c6 hoanh do

(=1 <z < 1) v cit dudng tron (C) tai cac diem N va P (xem hinh vé).
AY

a) Viét biéu thitc S(x) biéu thi dién tich ctia tam gidc ONP.
b) Ham s6 y = S(x) ¢6 lien tuc trén (—1;1) khong? Giai thich.

¢) Tinh cac gi6i han lim S(z) va lim S(z).

r—1- r—1+

() Hao/y c/c’?n(f[d,zl.
a) Taco: (C): 22 +y? =1 y=+V1-22
Do dai OM chinh la gia tri tuyét déi ctia hoanh do ctia diém M. Vay OM = |z|.
D6 dai M N chinh la gia tri tuyét déi ctia tung do ctia diém N.

Vay MN = |V1 —2?| =1 — 22

S(m):SONP:%-NP-OM:MN-OM:1/1_1;2,‘:6"

V1 — a2 khio<z <1
—2v1—22 khi —1<2<0

Diéu kién xac dinh: 1 — 22 >0« -1 <z <1.

b) Xét ham s6 S(z) = V1 — 22 |2| =

Ham s6 S(z) c¢6 tap xac dinh 1a [—1;1]. Vay ham s6 S(x) xac dinh trén cdc khoang
(—1;0) va (0;1) nén lién tuc trén cac khoang do.

Ta c6: S(0) =0-+v1—02=0.
lim S(z) = lim zv/1—-22=0-/1-02=0

z—0t z—0+
lim S(z) = lim (—zy/1—22)=-0-v/1-02=0
z—0~ z—0~
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(£ Bai 3. Ham s6 lién tuc

Vi lim S(z) = lim S(z)=0= 5(0).
x—0t

z—0~
Vay ham s6 S(z) lién tuc tai diém xg = 0.

Vay ham s6 S(z) lién tuc trén (—1;1).

¢) lim S(z) = lim (zv1-22)=1-vV1-12=0.

r—1- r—1—

lim S(z)= lim (—zv/1—22)=-1-y/1—(-1)2=0
r——1t r——1t
(e,

Xét tinh lién tuc ctia ham sob:

a) y=f(z)=va2+1+3—ux. c) y=h(z)=xz+tanz.
2 _
b) y:g(x)zx 1~cosx.
i
I 52 Tér

Tréc nghiém

$® Cau 1. Phat biéu nao sau day ding?
(A) Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lign f(z) = f(a) .

Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lim f(z) = f(a) .

Tr—ra~

(©) Ham s6 y = f(z) lién tuc tai diém = = a khi va chi chi lim f(z) = f(a) .
Tr—ra

(D) Ham 86 y = f(x) lién tuc tai diém z = a khi va chi chi lim f(z) = lim f(x).
Tr—a T—a~

¢ Cau 2. Cho ham s6 f(x) xac dinh trén R, lien tuc tai z = 2 va théa man lim f(z) = 4.

r—2

Khi d6, phai gan thém gia tri f(2) bang bao nhieu?

@A) —4. ® —1. © 1. D) 4 .

¢ Cau 3. Ham s6 nao dudi day lien tuc trén khodng (—oo; +00)?

@y:x+l_ B y=v2—-1.

T
20+ 1

@y:x_7. Dy=z+T7.

¢S Céau 4. Ham s6 f(z) = V3 + 2 + 4 — z lién tuc trén

@ (3;10) . [—3;4] . © [-3;+00) . D) (—o0;4] .

¢ Cau 5. Ham s6 nao dudi day khong lién tuc trén R?

@ y= x| . ®y=—o-.

r—1

© y=sinz . D y= S

lz| +1
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T Chuong 3. Gidi han. Ham sb lign tuc

¢ Cau 6. Ham s6 nao dudi day lien tuc trén R?

® flx)=vi—5. ® gle) = 272

$§—|—4
© h(z) =cotz +3 . @k(m):z_l—?).
-z
. 5 )
$® Cau 7. Cho ham so f(x) = e ig_x—i—? Khi do, ham s0 y = f(z) lién tuc trén cac

khoang nao dudi day?

@ (1;2) . (—00;2) . © (1;+00) . ® (1;3) .
r—3

$> Cau 8. Cho ham s6 y = —5—.
e —1

Meénh dé nao ding?

@ Ham s6 khong lién tuc tai céc diém z = +1 .
Ham s6 lién tuc tai moi x € R .
(©) Ham sb lién tuc tai cac diem z =1 .

(D) Ham s6 lien tuc tai cac diem z = —1 .

¢S Cau 9. Ham s6 y = 1 gian doan tai diém nao dudi day?

22—
A r=1. ® z=0. ©zxz=2. D r=-1.
$> Cau 10. Hinh nao trong cac hinh dudi day 1 do thi ctia ham s6 khong lién tuc tai

x =17

L
/
I
-+
r
b
I

© . ® T

¢ Cau 11. Ham s6 nao dudi day lién tuc trén khoéng (0;5)?

3r — 2 x+1
@ y= : ® y= .

5x—31 x—|i2
xr +
©y_x—4' ®y_x2—1'
¢ Cau 12. Ham s6 nao dudi day gian doan tai diém z = 27
1
@y:—Q. ®B) y =sinx . @y:x4. @y:tanx.
'I‘_
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(£ Bai 3. Ham s6 lién tuc

Tu luén

& Bai 1. Trong cic ham s6 c6 do thi 6 Hinh a, b, ¢ ham s nao lién tuc trén tap xac dinh

cua ham s6 d6? Giai thich.

—2rnéuz < —1

z+1néuz>1

& Bai 2. Hinh bén canh biéu thi do cao h (m) ctia mot qua h(m)
I

béng duge da len thoi gian ¢ (s), trong d6 h(t) = —2t? + 8t.

a) Chimg t6 ham s6 h(t) lien tuc trén tap xac dinh.

b) Duya va do thi hay xdc dinh lim (—2¢* + 8¢). 1
t1—2

& Bai 3. Xét tinh lién tuc ctia ham s6:
224+1 khiz >0

a) f(z) = tai diém x = 0.
1—2 khiz<O

2242 khiz>1

b) f(x) = tai diém 2 = 1.
T khiz <1
2 _
, T a2
& Bai 4. Cho ham s6 f(z)={ T 12 .
a khi x = —2

Tim a dé ham s6 y = f(x) lién tuc trén R.
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= Chuong 3. Gi6i han. Ham sb lién tuc
) ?+r+1 néux#4
& Bai 5. Cho ham s0 f(x) =
2a 41 néu x = 4.

a) V6i a = 0, xét linh lién tuc clia ham s6 tai x = 4.

b) V6i gia tri ndo clia a thi ham s6 lien tuc tai r = 4.

c¢) Véi gia tri ndo cta a thi ham s6 lien tuc trén tap xac dinh ctia n6?

& Bai 6. Xét tinh lién tuc clia cadc ham s6 sau

¢) h(z) =cosz + tanx. e) I(z) =2t — a2 +

xr—1
2z z—1
f) m(x):x_3+x+4.

d) k(z) = 2? +sinx.
VEF2=2 s 49 ? /
. Tim a dé ham so y = f(x) lién

& Bai 7. Cho ham s6 f(z) = T —2
a+5 khiz =2

tuc tal x = 2.
. 2—z khiz<1 o2r— 22 khiz<1
& Bai 8. Cho hai ham s0 f(x) = va g(x) =
24+ khiz>1 —224+a khiz>1

Tim gia tri ctia tham s6 a sao cho ham s6 h(z) = f(z) + g(z) lien tuc tai z = 1.

2?2 +ar+b khi|z] <2

& Bai 9. Cho ham s6 y = f(x)
(2 —x) khi |z| > 2

Tim gi4 tri clia cac tham s6 a va b sao cho ham s6 y = f(z) lién tuc trén R.

(

3 néuz <1
& Bai 10. Choham sé y = f(z) = ar +b néu 1 < x < 2 Tim gié tri clia cdc tham s6
5 néu x > 2

\
a va b sao cho ham s6 y = f(x) lien tuc tren R.
& Bai 11. Ching minh réng phuong trinh:

a) 23 + 2z — 1 = 0 c6 nghiém thuoc khoang (—1;1).

b) Va2 4+ + 2% = 1 ¢6 nghiéem thuoc khoang (0;1).
& Bai 12. Mot bai dau xe 6-t6 dua ra gia C(z) (dong) khi thoi gian dau xe 1a z (gio) nhu

60.000 khi0o<z <2
sau: C'(z) = € 100.000 khi 2 < < 4 . Xét tinh lien tuc ctia ham s6 C(x).
200.000 khi4<x <24
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(£ Bai 3. Ham s6 lién tuc

& Bai 13. Luyc hap dan do Trai Dat tac dung léen mot don vi khdi lugng & khoang cach r

M
M hio<r<R /
tinh tu tam cta no la F(r) = G}]%\/[ , trong d6 M la khoi lugng, R la ban

kinh ctia Trai Dat, G 1a hang s6 hap dan. Ham s6 F(r) ¢6 lien tuc trén (0; +o0o) khong?

& Bai 14. Mot bang gia cude taxi duge cho nhu sau:

Gid m6 ctta (0,5 km dau) | Gia cude cac km tiép theo dén 30 km | Gid cude tit km thit 31

10 000 dong 13 500 dong 11 000 dong

a) Viét cong thitc ham s6 mo ta sb tién khach phai tra theo quang duong di chuyén.
b) Xét tinh lién tuc clia ham s6 § cau a.
& Bai 15. Theo quyét dinh s6 2019/QD-BDVN ngay 01/11/2018 ciia Tong cong ty Buu

dien Viet Nam, gia cude dich vu Buu chinh pho cap déi véi dich vu thu co ban va buu thiép

trong nuée c6 khdi luong dén 250 g nhu trong bang sau:

Khbi lugng dén 250 g | Miic cuéc (dong)
Dén 20 g 4 000
Trén 20 g dén 100 g 6 000
Trén 100 g dén 250 g 8 000

a) Hay bicu dién s6 tién phai tra khi sit dung dich vu thu co ban va buu thiép theo khéi
luong clia thu co ban va buu thiép.
b) Ham sb trén c6 lién tuc trén tap xac dinh hay khong?
) ALY
& Bai 16. Trong mat phang toa do Oxy, cho r
duong tron (C) : 22+ (y—1)? = 1. Véi mdi s6

2
thuc m, goi Q(m) 1a s6 giao diém ctia dudng /m
thang d : y = ma v6i duong tron (C). Viét
1
cong thitc xac dinh ham s6 y = Q(m). Ham
s6 nay khong lién tuc tai cac diém nao? (©)
-1 O
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 17. Cho ntta duong tron ducong kinh AB = 2. Duong

thang d thay doéi luon di qua diém A, cit nita dudng tron tai C Cd
va tao véi dudng thing AB goc ¢6 6 do CAB = a (0 <a< g) .
Ki hiéu dién tich tam gidac ABC' 1a S(a) (phu thudc vao o). Xét P L . L

tinh lién tuc ctia ham s6 S(«) trén khoang (O; g) va tinh cac

giéi han lim S(«a) va lim S(«).
a—0t 5

& Bai 18. Trong Vat li, ti s6 gitta toc do ¢ ciia anh sang trong chan khong va toc do v
clia anh sang trong mot moi trudng duge goi 1 chiét suat cltia moi truong d6. Chiét suat
clia mot moi truong dong nhét 1a khong doi. Ngay nay, véi cong nghé nano, ngudi ta tao

ra dugc cac ban thuy tinh ma chiét suat ctia né thay doi theo mot phuong nao do.

Xét st truyen clia anh sang vao ban thuy tinh doc theo truc Oxr nhu Hinh dudi. Biét
chiét suat ctia ban thuy tinh nay thay doéi theo hoanh do « cho béi:

n(r) = —— viio<z<d
a—

trong d6 a 1a mot hing s6 c6 gia tri 16n hon bé day d ctia ban thuy tinh.
~ y

chankhéng | d | chankhéng

chén khéng chan khoéng

a) Ching minh rang t6c do clia anh sang cho béi:

.
c néu z <0
_ X P
v(r) = c(l——) neu 0 <z <d
a
c néu z > d
\

b) Xét tinh lién tuc ctia ham s6 y = v(x) trén khodng (—oo; +00).
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4 ON TAP CHUONG 3
Tréc nghiém nhiéu phuong én luva chon

> Cau 1. Trong cac khéng dinh duéi day, khang dinh nao sai?

@ lim ¢" =0.

n——+00
1
lim — =0 v6i k nguyen duong.
n——+oo N
1
lim — =0.
n—+oo N
(D) Néu uy, = ¢ (c 1a hing s6) thi lim w, =limc = c.
n—+0o0o
3.
> Cau 2. lim 2= bing
n

@) 0. ®) 1. © 2. ©) 3.

¢S Cau 3. Cho ham s6 y = f(z) xac dinh trén khoang (a;b) va zg € (a;b). Diéu kién can

va di dé ham s6 y = f(x) lién tuc tai zg la:

@ lim f(z) = f(xo). lim f(2) = f(xo).
© hm f(z) = lim f(z). D) hm f(z) = lim f(z) = f(zo).

¢ Cau 4. Cho limu, = 3,limv, = +oo. Khi d6 lim n bang

Unp

@) 3. 0. ©) +oo. D) —oc.

9 Cau 5. Cho hai day s6 (uy,) va (vy,) vOi uy, = 1—

o= (1 + %),
@ 3. 4. © 5. D 2.

¢ Cau 6. Khang dinh nao sai?
2025 . n
2026) lim <\/§) = +400.

@hm( ) =0. @hm(%)n:O.

dr —4 | |
¢ Cau 7. lim — bang
z—2- L — 2

@ 4. —4. @ —00. @ +00.

2 — 2
$® Cau 8. lim xT—Hc bang

T——00

@) 0. 1. ©) —oo. D) +oo0.
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]s Chuong 3. Gidi han. Ham sb lién tuc

¢S Cau 9. Cho céac gidi han: lim f(z) =2, lim g(x) = 3. Tinh M = lim [3f(x) —4g(x)].

Tr—X0 T—Xo T—X0
A) M =5. ® M =2. © M = —6. D) M =3.

¢ Cau 10. Gia tri cia lim_ (2 — 2® 4+ 1) bing

T——2
@A) —11. 12. © 5. D) 0.
$> Cau 11. Gia tri cia lim (V2?2 +5—1z) la

T—r—00
A) +oo. B) —oo. © 1. D) 0.
$> Cau 12. Biéu dién dudi dang phan s6 ctia s6 1, (7) 1a
7 10 10 16
¢ Cau 13. Cho ham s6 y = f(x) lien tuc trén khoang (a;b). Ham s6 y = f(x) lien tuc trén

doan [a; b] néu diéu kién nao sau day xay ra?

® lm f(2)=f(a), lm f(z)=f @)

Tim, f(x) = £ (a). L f(x) = £ ().
© lim f(z)=a, mlLI?+ f(x) =0

T—a—
D) lim f(z)=a, lim f(z)=0.
x—at x—b~
> Cau 14. Trong cac ham sb sau, ham s6 nao lien tuc tai diém = = 07
2 —2r+3
@y:w. ® y=a2°—-222 -z +1.
x

(©) y = cot z. D) y = V222 - 1.
> Cau 15. Chon khang dinh ding trong céc khing dinh sau

(A) Néu ham s6 f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 ¢6 it
nhat mot nghiem trén (a;b).

Néu phuong trinh f(z) = 0 c¢6 nghiém trong khodng (a;b) thi ham s6 f(z) lien tuc
trén [a;b] va f(a)f(b) < 0.

(©) Néu ham sb f(z) lien tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(x) = 0 c6 ding
mot nghiém trén (a;b).

(D) Néu ham s6 f(x) lién tuc trén [a;b] va f(a)f(b) < 0 thi phuong trinh f(z) = 0 c6 mot
nghiém trén [a;b].

¢ Cau 16. Ham s6 nao sau day lien tuc tren R?

1 —
@yzcos% y:coth. @y: < @y:\/:B—I—Q.

x2 44
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(£ Bai 4. On tap chuong 3

¢ Cau 17. Cho ham s6 y = f(x) c6 do thi dudi day, trén khoang Yy
(—2;3) ham s6 gian doan tai diém nao? 3 ]
@A) »=0. ® = =1. © x=2. (D) = =3. 1 *:**l
-1O|(1 2 z
2 _
/ e RN ?
$® Cau 18. Cho ham s6 f(z) = r—1 . Chon khang dinh ding.
2z + 1 Jkhiz <1
(A) Ham s6 f(z) lien tuc tai diém z = 1.
Ham s f(z) gidn doan tai diem z =1 i lim f(z) # f(1).
z—
(©) Ham sb f(z) gian doan tai diém = = 1 vi khong ton tai lim f(z).
T—
(D) Ham s6 f(z) khong xac dinh tai z = 1.
¢ Cau 19. Ham s6 nao sau day lién tuc trén R?
3 1—
@y:cos; y:cot?)x. @y:ﬂ—i. @y:\/x—l—Z.
. 22 +3 )
¢S Cau 20. Cho ham s0 f(xr) = ————. Ham s0 f(x) lién tuc trén khoang nao?
2 — 51 +6
@ (2;3). (=3;3). © (=3;+00). @ (~00;3).
. 4 N
$® Cau 21. Cho ham so y = i—tg Ménh de nao sau day la diang?
(A) Ham s6 lien tuc tai z = 3.
Ham s6 lien tuc trén (—oo; +00).
@ Ham s6 lién tuc tai z = 2 va z = 3.
(D) Ham s lién tuc trén (—oo;3) va (3; +00).
3_ .2
T khiz> 1
x [
$> Cau 22. Cho ham s6 y = f(z) = <, khi = — 1- Bift ham s6 f(x) lién tuc tai

mr+1 khix<1
xo = 1. Gia tri ciia m, n la
A n=1,m=0. B n=0m=1.
©n=m=1. D) n=-1,m=0.

¢ Cau 23. Tinh lim 22+ 1

z—1 51’—1‘

@) o. %.

= | Ot
|
—

©

> Bitn soan: Nod Dite Tei - 8D Zalo: 0889 9771 004

213



214

T Chuong 3. Gidi han. Ham sb lign tuc

2 _ a3
&> Cau 24. Ttnh lim — 5" |
2n3 + 5n — 2
3
¢S Cau 25. Day s6 nao sau day c6 giéi han bang 0 ?
@) (vV2)". (—1,101)", © (0,919)™. (D) (1,001)".
¢S Cau 26. Tinh lim(y/4n2 + 2n — 2n).
1 1
@ o. 03 T © 3 D) 1.
¢ Cau 27. Tinh lim 2 5 — 8.
rz—2x° — 4
@) o. +00. © 3. D) 1.
¢ Cau 28. Trong bon gidi han sau day, gidi han nao bang 07
n Y
@hm2 +3 1im(2n+1)(2n3 3) .
n
3 2" +1
© hmn2+2n ©) fim 55
2 _
6> Cau 29. Tinh lim =213
x—3 x4 —9
1 1
@) -3 B) 3 © 1. D) —1.
2 2 2 2
1O Tinh t = ——F == — 4 (=)= F
Cau 30. Tinh téng S 3—1—9 27—1— + ( )3n+
1 1

$> Cau 31. Cho ham s6 f(z) théa man lim f(z) =3 va lim f(z) = —3. Khang dinh nio

r—1+

dudi day dung?

@A) lim = 3.

r—1

©) lim = —3.

r—1

£L'2

¢> Cau 32. Cho f(z) =

@ 0.
© 1.

\:E!

¢S Cau 33. Cho ham s6 f(z) théa man lim f(z) =2 va lim f(x) =

r—1- rz—1t

r—1-

lim = 0.

rz—1

(D) Khong ton tai lim .
z—1

. Khi d6, giéi han hm f(x) la

—1.
(D) Khong ton tai.

m + 1. Biét gi6i han

ciia f(x) khi x — 1 ton tai. Gia tri cia m 13

@A) m=1.
© m=3.

®m=-

(D) Khong ton tai m.
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(£ Bai 4. On tap chuong 3

) ) > +a néuz<l
$© Cau 34. Biet ham so f(x) = ¢6 gi6i han khi z — 1. Gia tri cua

20 +b néuzx>1

a — b bang

@ —1. 0. © 1. ® 3.

6> Cau 35. Gidi han lim_ %_—11

@) +oo. Khong ton tai.

© 2. D) 0.

la

79 _
6> Céu 36. Gidi han lim Y2 7277y
@ +00. 0.
©) —2. (D) Khong ton tai.
) 2 néu —1<z<1 .
$® Cau 37. Cho ham s6 f(z) = . Ménh de ding la

l—2 néuzx<-1lhoicz>1

(A) Ham s6 f(z) lien tuc trén [—1;1].
Ham s f(x) lien tuc trén (—1;1).
(©) Ham s6 f(z) lien tuc trén (—1;1].
(D) Ham s6 f(z) lien tuc trén R.
22+ 342 -
. —————— neux#1 . .
$> Cau 38. Cho ham sb f(x) = T+ 1 v6i m 1a tham s6. Ham sb f(z)
m néu r = —1

lién tuc trén R khi

A m=0. ® m=3. © m=-1. D m=1.
z(z —1)
r—1

@ (1;400) . (—o0;1) . © [1;400) . D (—oc;1] .

¢ Cau 40. Cho phuong trinh 27 + 2° = 1. Ménh dé ding 1a

¢ Cau 39. Cho ham s6 f(z) =

. Ham s6 nay lién tuc trén

(A) Phuong trinh ¢6 nghigm am .

Phuong trinh c¢6 nghiém trong khoang (0;1) .
(©) Phuong trinh c6 nghiém trong khoang (1;2) .
(D) Phuong trinh vo nghiém .
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T Chuong 3. Gidi han. Ham sb lign tuc

Tréc nghiém ding sai

22 -9 2
/ — 55 Dheuxw #+ —3
¢S Cau 1. Cho ham s0 f(z) =¢ 7T +1%7
a= néu x = —3
Phat biéu DS

(A) Ham s6 f(z) xdc dinh tren R .

f(—3):a—§-

_ . x?—9
(©) lim f(z) = lim

z—3 3 13 + 27 '

@ C6 23 gia tri nguyen clia a € (0;25) dé ham s6 gian doan tai . = —3 .

. 22 —1+4+2m khiz <2 .
¢S Cau 2. Cho ham so f(z) = , m la tham so.

v+ khi z > 2

Phat biéu D|S
(A) Khi m = —1 thi lim f(z)=1.
T—2~
lim f(x) =5
li =3.
© lim f(z) =3
(D) Ton tai lim f(z) khi m = -3 .
r—2
2 _
$» Cau 3. Cho ham s6 f(z) = %2—5954—’_2
2
Phat biéu D|S

(A) Ham s6 f(x) lien tuc trén khodng (3; 4o00) .

Ham s6 f(r) lien tuc tai z = —2 .

(C) Ham s6 f(z) gian doan tai z =2 .

D) Néu lim f(z) = % V6i a,b € Z;% t6i gian thi a2 + b2 = 25 .

=2
2
/ CHAED e <2 /
$® Cau 4. Cho ham s0 f(z) = re—4 , a,b la tham so.
z+1 khi z > 2
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(£ Bai 4. On tap chuong 3

Ph4t bidu

(A) lim f(z)=-1.

r——21

B) f(-2)=1.

(C) Khi ham s6 ¢6 gidi han tai z = 2 thi 3a — 120 = 12 .

(D) Khi a = 2,b =0, ham s6 khong lién tuc tai = —2 .

2 —1

. khi z # 1
$> Cau 5. Cho ham s6 f(z) =< ¥ —1 (a €R).

a—1 khixz=1

Phat biéu

(A) Ham s6 da cho c6 tap xéc dinh 1a R .

Ham s6 f(r) lien tuc trén khodng (—oo;1) .

@ Vé6i a = 3 thi ham s6 da cho lién tuc trén R .

D) lim f(z) = lim f(z)=1.

r—1+ z—1—

¢S Cau 6. Cac meénh dé sau dung hay sai?

Phat biéu

(A) Ham s6 f(z) = 39::21
T

lien tuc trén cac khoang (—oo;2) va (2; +00) .

lim 45_+21 = —00 .

T2~
© lim (22 +1)(4 — bx)

=10 .
oot —x24+T7r+8

(D) Ham s6 f(r) = tan 2z lien tuc tren R .

$> Cau 7. Xét tinh dang, sai cic ménh dé sau:

Ph4t bidu

@ Néu lim u, = +oo va limv, = a > 0 thi lim(u,v,) = +oo .

Néu limu, = a > 0 va limwv,, = 0 thi lim =2 — 400 .
Un

@ Néu limu,, = a # 0 va limv,, = +oo thi 1imu—n =0.
Un

D) limg" =0,|¢| < 1.
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T Chuong 3. Gidi han. Ham sb lign tuc

$2

— khiz#0
¢ Cau 8. Cho ham sé f(z) = { ||
0 khiz=0
Phat biéu D|S

(A) Ham s6 c6 tap xac dinh la R .

Ham s6 c6 gidi han tai v =1 .

@hmf

z—0+

(D) Ham s6 c6 gii han tai moi diém thuoc R .

1 1

) \ ) e + 1 khi z <2
$® Cau 9. Cho ham s0 f(z) = N '
4 — = khiz>2
xr— 2
Phét bidu DS
|
@ Jin f(2)
i f@)
|
© Jim @)

(D) Ham s6 f() lien tuc tai 2 =2 .

¢ Cau 10. Cho hai ham s6 y = f(z),y = g(r) théa man lim f(z) =3 va lim g(z) = —oo.

r—2 r—2
Phat biéu D|S Phat biéu D
@m )~ o) = o0 © I i
_ \/f$)+1—2
® lin [f(z)g(z)] = —co0 . D) lim S =

¢ Cau 11. Chi phi (don vi: nghin dong) dé san xuat = sdn pham ctia mot cong ty duge
xac dinh bdi ham s6 C(z) = 600 + 500z.

Phat bidu D|S

(A) Chi phf dé sdn xuit 1 sdn pham la 1100 dong .

Chi phi dé san xudt 10 san pham la 560 000 dong .
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(£ Bai 4. On tap chuong 3

@ Cong ty san xuat 20 san pham thi chi phi trung binh ctia mdi san pham la
530 000 dong .

(D) Néu cong ty san xuit duge sd sén pham ting len rat nhicu thi chi phi trung

binh ctia mdi san pham gidm dan vé miic 500 000 dong .

¢ Cau 12. Trong ho ¢6 chita 10 mét khoéi nude ngot (c6 nong do mudi xem nhu bang 0).

Ngusi ta bom nude bién c6 nong do mudi 1a 40 gam/lit vao ho véi tde do 20 lit /phit. Biét

rang, nong do mudi trong dung dich duge tinh bang cong thic C' = %

Ph4t bidu

(A) Sau thdi gian ¢ (phiit), lugng nuée bién duge bom vao ho 1a 20¢ (lit). .

Khdi lugng mudi bom vao ho sau thoi gian ¢ (phut) 1a m(t) = 40t (gam) .

800¢

(C) Nong do mudi trong hd sau thoi gian ¢ (phit) 1a C(t) = 10000 1 207 °

(D) Khi thai gian ¢ (phit) cang 16n, nong do mudi trong ho sé cang cao nhung

khong vugt qua 400 (gam/lit) .

2 _
) T i £3 9
$® Cau 13. Cho cac ham so f(z) = r—3 va g(z) =
. r+1
7 khi z =3

Ph4t bidu

(A) Ham s6 g() lien tuc tai diém zg =3 .

B lim f(z) =7

r—3

(C) Ham 6 f(z) lien tuc tai diém zo =3 .

(D) Ham s6 y = f(x) + g(x) lien tuc tai diém z = 3 .

Tu luén

& Bai 1. Tinh lim (1 —2)(1 —2z)...(1 —2018x).

r—r—00
202 + 1

& Bai 2. Tim « 1a s6 thuc théa man lim | ———
22 +21+3

T——+00

+a2+3a) =0.

& Bai 3. Cho gi6éi han lim (\B/ax3+4x2+1+\/x2+ba:+1—2x—4) = 3 véi a,b 1a cac

T——00

s6 thuc. Tinh S = 2a + 54b.
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T Chuong 3. Gidi han. Ham sb lign tuc

— " Phai bd sung them gia tri £(0) biing bao

& Bai 4. Cho ham s6 f(z) = Y2 — 1= VI
s

nhiéu dé ham s6 f(x) lien tuc tai z = 0.

& Bai 5. Tu do cao 55,8 m cua thap nghiéng Pisa
nude Y, ngudi ta thd mot qua boéng cao su cham xudng
dat hinh bén duéi. Gia sit moi lan cham dat qua boéng
lai ndy léen do cao bang % do cao ma qua bong dat
duge trude do. Goi S, 1a tong do dai quang duong di

chuyén ctia qua bong tinh tit Iic tha ban dau cho dén

khi qua béng d6 cham dat n lan. Tinh lim S,,.
& Bai 6. Cho tam giac déu c6 canh bang a, goi la tam giac Hj.
Néi cac trung diém ctia H; dé tao thanh tam gidc Hy. Tiép theo,

ndi cac trung diem ctia Hy dé tao thanh tam giac Hs (Hinh bén).

Cit tiép tuc nhu vay, nhan duge diy tam giac Hy, Ho, Hg, ...

Tinh tong chu vi va tong dién tich cac tam giac ctia day.

& Bai 7. Cho mot tam gidc déu ABC canh a. Tam giac Ay B1C; c6 cac dinh la trung diém
cac canh ctia tam giac ABC, tam giac Ao BaCy c6 cac dinh 1a trung diém céc canh ciia tam
gidc A1 B1Cy, ..., tam giac Apy1Bnp1Cha1 c6 cac dinh 1a trung diém céc canh clia tam giac
AnBpCh, ... Goi p1,p2,...,pn,... va S1,52,...,5,,... theo thit tu 1a chu vi va dién tich cia
cac tam giac A1 B1C1, AaBoCy, ..., ApBpCh, .. ..

a) Tim gidi han cta cac day s6 (p,) va (Sp).

b) Tim céc tong p1 +po+ ...+ pp+... VA ST+ 5o+ ...+ S +....
& Bai 8. Mot thau kinh hoi tu c6 tieu cy 1a f. Goi d va d’ lan lugt 13 khodng cach tit mot
vat that AB va tit anh A’B’ clia n6 t6i quang tam O ctia thau kinh nhu hinh vé bén dudi.

1 1

P 1
Cong thtc thau kinh 1a p + 7= 7
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(£ Bai 4. On tap chuong 3

a) Tim biéu thitc xac dinh ham 86 d' = o(d).

b) Tim lim ¢(d), lim ¢(d) va limp(d). Gidi thich § nghia ctia cac két qua tim duge.

d=ft o f d—f
& Bai 9. Trong mot phong thi nghiém, nhiét do trong ti sdy dugce diéu khién tang tit 10°C,
mdi phit tang 2°C trong 60 phit, sau dé giam méi phit 3°C trong 40 phit. Ham sé bicu
thi nhiét do (tinh theo °C ) trong tu theo thsi gian ¢ (tinh theo phit) c¢6 dang
10+ 2¢ khi 0 < ¢ < 60

T(t) = (k 1a hang s0).
k — 3t khi 60 < ¢t < 100

Biét rang, T(t) 1a ham lién tuc trén tap xac dinh. Tim gia tri cla k.

& Bai 10. Mot diém dich vu trong giit xe 6 t6 thu phi 30 nghin dong trong gio dau tién
va thu thém 20 nghin dong cho méi gio tiép theo.

a) Viét ham s6 f(z) mo ta s6 tien phi theo thoi gian trong giit.
b) Xét tinh lién tuc clia ham sb nay.

& Bai 11. Tu mot tam gidc déu c6 dién tich bing 1, ta thyc hién lan lugt cac budc sau:

1w Bude 1: Néi trung diém cac canh clia tam giac da cho, chia tam gidc nay thanh 4 tam
1
giac nho va bd di tam giac ¢ gita (b6 di 1 tam giac c6 dién tich Z)
i Bude 2: Lam tuong tu nhu Bude 1 v6i mbi tam gidc trong 3 tam gidc con lai (b6 di 3

., X e , d-,\ s h 1
tam giac, mol tam giac co dién tic P)

Ctt tiép tuc qua trinh nhu vay (& bude thit n, bé di 37! tam gidc, mdi tam gidc dién tich

1 .
4—n) Tinh tong dién tich cac tam gidc da bo di.

o000

Burde 1 Buoc 2 Boupcic 3
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]s Chuong 3. Gidi han. Ham sb lién tuc

& Bai 12. Cho M thay ddi trén parabol y = z2; H 1a Ar y
hinh chiéu vuong goc ctia M trén truc hoanh. Goi z 2

13 hoanh do ctia diem M. Tim lim (OM — MH).

r——+00

@ H
.. . 2 . / N N P N, C
& Bai 13. Tai mo6t be boi ¢6 dang hinh tron ¢6 ducng
kinh AB = 10 m, mot ngudi xuat phat tir A boi théng ‘b
theo day cung AC tao v6i duong kinh AB mdot goc A @ B
10

a <O <a< g) roi chay bo theo cung nhé CB dén
diém B (Hinh vé). Goi S(a) 1a quang dudng ngusi d6
da di chuyeén.

a) Viét cong thiic tinh S(«a) theo (O <a< g)

b) Xét tinh lien tuc ctia ham s6 y = S(a) trén khodng <O; g)

¢) Tinh cac gi6i han lim S(a) va lim S(a).
x—07+ mt
T—r—

2

& Bai 14. Cho hinh vuéng H; c6 canh bang a. Chia
modi canh ctia hinh vuéng nady thanh bén phan biang
nhau va néi cac diém chia mot cach thich hop dé c6
hinh vuong Hs. Lap lai cach lam nhu trén véi hinh

vuong Ho dé duge hinh vuong Hs.

Tiép tuc qua trinh trén ta nhan dudc day hinh

vuong Hi, Hy, Hs, ..., Hy, ... Goi s, la dién tich cua

hinh vuéng H,.
a) Tinh s,.

b) Tinh tong s1 + sg + - 4 55 + - -
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DIEM, DUONG THANG VA MAT PHANG
TRONG KHONG GIAN
I. MAT PHANG TRONG KHONG GIAN

1

1) Khai niém mé dau
Mit bang, mat ban, mit ho nude yén lang cho ta hinh dnh mot phan clia mot mat
phang. Mt phing khong c6 bé day va khong c6 gidi han.
e Dé biéu dién mit phing, ta thuong dimg hinh binh hanh hay mot mién géc va ghi
tén clia mit phing vao mot goc ctia hinh biéu dién.

e Dé ki hiu mit phéng, ta diing chit cai in hoa ho#c chit cai Hy Lap trong dau ngodc

dé ki hiéu mat phang.

L\ Luu Y. Mit phiang (P) con duge viét tat 1a mp (P) hodc (P).

2) Diém thudc mit phing

Cho hai diém A, B va mat phang (P).
& Néu diém A thuoc mit phang (P) thi ta n6i A ndm trén (P) hay (P) chita
A, hay (P) di qua A va ki hiéu la A € (P).

& Néu diéem B khong thudc mat phang (P) thi ta néi B nam ngoai (P) hay
(P) khong chita B va ki hieu la B ¢ (P).

3) Biéu dién cac hinh khéng gian 1én mét mit phing

Dé biéu dién mot hinh trong khong gian lén mot mit phing (to gidy, mit bang,
...), ta thuong dya vao cac quy tic sau:
< Hinh biéu dién ctia duong thang la dudng thing, ciia doan thing la doan

thang.
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(& Bail. Diém, duong thing va mat phing trong khong gian

¢ Gitt nguyén tinh lien thuoc (thuoc hay khong thuoc) gitta diém véi dudng

thing hodc v6i doan thing.
& Gift nguyéen tinh song song, tinh cit nhau gitta cac duong thing.

¢ Biéu dién dudng nhin thay bang nét vé lién va biéu dién dudsng bi che khuat

bang nét vé ditt doan.

Il. CAC TiNH CHAT THUA NHAN CUA HINH HOC KHONG
GIAN

1) Tinh chit 1

C6 mot va chi mot duong thing di qua hai diém phan biét d

cho truée. A

L\ Luu Y. Duong thing di qua hai diém phan biet A, B dugc ki hiéu 1a AB. Ta

ciing noi dudsng thang AB xac dinh bdi hai diém A, B.

SVl wrrren

Cho bén diém A, B,C, D phan biét, trong dé khong c6 ba diém nao thing hang. Cé bao

nhiéu dudsng thang di qua hai trong bén diém da cho?

[ /{wo% din ji{i/). Do qua hai diém phan biét chi c6 mot dusng thing nén qua
bén diém phan biét khong thang hang A, B,C, D, ta xac dinh duge sau duong thang la
AB,AC,AD, BC,BD va CD.

2) Tinh chit 2

C6 mot va chi mot mit phang di qua ba diém

khong thang hang cho trudc. . C

L\ Luu Y. Mt phéng di qua ba diém A, B, C' khong théng hang dugc ki hieu la

mit phang (ABC).
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= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

C6 bao nhiéu mit phang di qua ba dinh ctia tam gidc MNP?

[} }&w% cjszzyia’,zl Ba dinh ctia tam giac MNP khong thang hang nén chi c6 mot miit
phang di qua ba dinh ctia tam gidc M NP.

3) Tinh chit 3

Néu mot duong thang c6 hai diém phan biét
thuoc mot mit phang thi moi diém ctia duong /'/é/

thing déu thudc mat phing do.

L Luu Y. Duong théng d nidm trong mat phing (P) thuong duge ki hieu 1a d C (P)

hoac (P) D d.

Cho mat phing (Q) di qua bén dinh ciia ti gihc ABCD. Céc diém nim trén cac dudng
chéo ctia tit gidc ABC'D c6 thuoe (@) khong? Giai thich.

[} 7&&0‘% a/(’z?‘\/zyiél;
e Ap dung tinh chét 2, ta ¢6 mit phing (Q) 1d mit phing duy nhét di qua bén diém
A, B,C,D.

e Ap dung tinh chét 3, ta c6 moi diém niim tren cic duong chéo AC, BD déu thuoc mit

phang (Q).
(£
€
Cho tam giac ABC . Goi A

D la diém ndm trén dudng
thang chita canh BC sao
cho BD = 2BC. Diém D
c6 thuoc mit phing (ABC) B C D

khong?Duong thing AD c6
nim trong mit phiang (ABC)
khong?
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(& Bail. Diém, duong thing va mat phing trong khong gian

4) Tinh chit 4

Ton tai bén diém khong ciing ndm trén mot mit phang.

L\ Luu Y. Néu c6 nhiéu diém ciing thudc mot mit phing thi ta néi nhitng diém dé

dong phing, con néu khong c6 mat phang nao chita cac diém dé thi ta néi ching
khong dong phang.

EVdwah)) kv v

Cho tam gidc MNP va diém O khong thuoc mit phang chita ba diém M, N, P. Tim cac

mit phing phan biét duge xac dinh tit bon diém M, N, P, O.

[} Ha’o/nj aja%jz'[éé. Bén diém M, N, P,O la bén diém khong cling nim trén mot miit
phang trong khong gian (ton tai theo tinh chat 4). Ta xac dinh duge bén mit phang phan
biet 1a: (MNP), (MNO), (MPO), (N PO).

5) Tinh chit 5

Néu hai mit phang phan biét c6 mot diem chung thi ching c6
mot dudng thang chung duy nhét chita tat cd cac diém chung (4,

ctia hai mit phing do. d

L\ Luvu Y. Duong thing d chung ciia hai mat phang (P) va (Q) dude goi la giao
tuyén ctia (P) va (Q), ki hieu d = (P) N (Q).

Trong mat phang (P), cho hinh binh hanh ABCD. Liy mot diém S nim ngoai miit phang
(P). Hay xac dinh giao tuyén ctia hai mat phang (SAC) va (SBD).

[ HL[O/‘% a/(’z?%iéa Ro rang S 1a mot diém chung ctia (SAC) va (SBD).
Goi O la giao diém ciia hai duong chéo AC, BD ciia hinh binh hanh ABCD. Ta ¢6 O thudc
AC va AC C (SAC) nén O thuoc (SAC).
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Tuwong tu O thuoc BD va BD C (SBD) nén O
thuoc (SBD). Suy ra, O ciing 13 mot diém chung ciia
(SAC) va (SBD,).

Vay, giao tuyén ciia (SAC) va (SBD) la dusng thang
SO, hay SO = (SAC)N (SBD,).

Cho A, B, C 1a ba diém chung clia hai mit phang phan biét (a)

va (B). Chitng minh ring A, B, C' thang hang.

a

() /—[wo‘/(zf ajézz(fiézl Ta c6 A, B,C la ba diém chung cia hai mit phing phan biét (a) va
(8) nén A, B, C cling nam trén giao tuyén ctia hai mat phang (a) va (3) (theo tinh chat 5) .
Vay A, B, C thang hang.

’
Ban Nam cam mot miéng bia hinh tam giac vé6i 3 8
dinh 1a A, B, C' (Hinh 4.23) dua lén khong qué cao
so véi mit ban va khéng dinh ring: “Néu ta dit cac
thanh thudc dai doc theo cac canh AB, BC, C A dé

cac thanh thude nay cham vao mit ban lan lugt tai

cac vi tri danh dau la diém D, E, F thi ba diém

nay thing hang”. Ban Mai khong dong ¥ va khing
dinh: “D, E, F khong thing hang duge vi A, B, C
khong thang hang ”. Hay cho biét ai ding, ai sai?

Vi sao?
4
¥ ®

Trong mat phang (P), cho tam giac ABC c¢6 M, N A

lan lugt 1a trung diém ctia cac doan thing AB, AC.
s ? A MN
Tinh ti 80 ——.

BC
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6) Tinh chit 6

Trong mdi mat phéng, cac két qua da biét ctia hinh hoc phing déu ding.

I1l. CACH XAC DINH MAT PHANG

Mot mit phing dude xac dinh néu biét né chita
ba diém khong thing hang. M C
Mat phang zdc dinh bdi ba diém A, B,C khong

thang hang ki hiéu la mp (ABC) hay (ABC).

Cho dudng thing a va diém A khong ndm trén

dudng thing a. Trén a lay hai diém B, C phan

biet. Dudng thing a c6 nim trong (ABC) /
khong?Giai thich.

[} Hwo‘y din ciéi. Ap dung tinh chit 2, ta c6 duy nhat mot mat phing di qua ba didm

phan biet A, B, C 1 mit phing (ABC).

Ap dung tinh chat 3, ta c6 dudng thang a c6 hai diém phan biét B, C nim trong (ABC) nén

moi_diém ctia dudng thang a nam trong (ABC). Do dé dudng thang a nam trong (ABC).

Mot mat phang dudce xac dinh néu biét né chia A

mot dudng thing vh mot diém khong thuoc _

duong thang do.
Mt phing xdc dinh bdi diém A va duong thing a
khong qua diem A ki hiéu la mp(A, a) hay (A, a).

Mot mat phing ducce xac dinh néu biét né chita hai -
dudng thing cit nhau. ><
b

Mat phdang zdc dinh bdi diém hai duong thing a,b

cat nhau ki hiéu la mp(a,b).
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Cho hai duong thang a va b cit nhau tai O va diém M khong thudc mit phang (a,b).

a) Tim giao tuyén ctia hai mit phang (M, a) va (M, b).

b) Lay A, B lan lugt 1a hai diém trén a,b va khac véi diém O. Tim giao tuyén ctia

(MAB) va mp (a,b).
c) Lay diém A’ trén doan M A va diém B’ trén doan M B sao cho dudng thang A'B’
cat mp (a,b) tai C. Chiing minh ba diém A, B, C' thang hang.

[} Hao?(zi (/071671'[2,&2

a) Ta co:
M € (M,a)
= M € (M,a) N (M,b)
M € (M,b)
O€acC (M,a)
= 0 € (M,a)N (M,Db)
OebcC (M,b)

Vay giao tuyén clia hai mit phing (M, a) va (M,b) la duong thang MO.

b) Ta co:

(
A€ (MAB)

X = Ae (MAB)N (a,b)
\AGaCMﬁ)
B e (MAB)

! = B e (MAB)N (a,b)
BebcC (a,b)

Vay giao tuyén clia hai mit phang (M AB) va (a,b) 1a dudng thang AB (1).
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c) Ta co:

Ale MAC (MAB)
= A'B' ¢ (MAB)

B'e MB Cc (MAB)
ViC € AB' ¢ (MAB) va C € mp(a,b) nén diém C nim trén giao tuyén ctia hai mit
phang (M AB) va (a,b) (2).

Tit (1) va (2) suy ra ba diem A, B,C thang hang.

)

Cho hai dudng théng a v& b cit nhau va hai diém M, N khong nim trong miit
phéng (a,b). Biét ring dudng thing MN v mat phang (a,b) luon c6 mot diem
chung. Mot mit phéng (a) thay déi luon luon chita M N va () c6 diem chung véi
hai dudng thing a,b lan lugt 14 A, B. Chitng minh ring duong thing AB luon di
qua mot diém cd dinh khi (o) thay doi.

5

Giai thich tai sao ghé bon chan c6
thé bi khap khiéng con ghé ba chan
thi khong,

o

Trong xay dung, ngudi ta thuong dung
may quét tia laser dé ké cac dudng
thing trén tuong hodc san nha. Tim
giao tuyén ctia mat phing tao bdi céc
tia laser OA va OB cua cac mat tuong

trong hinh bén.
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1) Hinh chép

Cho da giac 16i AjAs ... A, nim trong mat phang (o) va diém S khong thuoc (a).
N6i S v6i cac dinh Aq, As, ..., A, ta dude n tam gidc SA1Ag, SAsAs, ..., SA,A;L.
Hinh tao béi n tam giac d6 va da giac A1 As... A, duge goi la hinh chop, ki hiéu
S.A1Ay .. Ay

Trong hinh chop S.A1As... A, ta goi:

¢ Diém S la dinh;

& Cac tam giac SA1As, SA2A3,..., SA, A1 la cac mat bén;
& Da giac A1Ay ... A, la mat day;

& Céac doan thing SA;,SAs,...,SA, la cic canh bén;

& (Cac canh cta da giac AjAs ... A, la cac canh day.
S Dinh S

Canh bén
Mit bén

D A D

Canh day
B C

Ta goi hinh chép c6 day tam gidc, t1t gidc, ngii gidc,. . .1an lugt 14 hinh chép tam giac, hinh

chop t giac, hinh chép ngi giac, . ..

2) Hinh t dién

Cho bdén diém A, B,C,D khong dong phang. Hinh tao bdi bén tam giac
ABC,ACD,ADB va BCD dugc goi la hinh ti dién (hay t@ dién), ki hieu ABCD.
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Trong tit dien ABCD, ta goi:
& Cac diém A, B,C, D la cac dinh.

& Céac doan thang AB, AC, AD, BC,CD, BD la cac canh cla ti

dién.

¢ Hai canh khong di qua mot dinh 13 hai canh d6i dién.
& Cac tam giac ABC, ACD, ADB, BCD la cac mat cua tit dién.

¢ Dinh khong thudc mot mat ciia t dien 1a dinh déi dién véi

mat do.

L Luuy.
a) Hinh tit dién c¢6 bén mat 1a cac tam giac déu duge goi 1a hinh tit dien déu.
b) Mot tit dién c6 thé xem nhu la mot hinh chép tam gidc v6i dinh 1a mot dinh

tuy ¥ cua ti dién va day la mét cta t@ dién khong chita dinh do.

Cho hinh chép S.ABCD c6 day 1a hinh binh hanh ABCD. Goi H, I, K lan lugt 13 trung

diém ctia BC, CD, SA. Tim giao diém ctia mit phang (HI1K) véi cac canh clia hinh chép

va giao tuyén ctia mat phang (HIK) v6i cac mat ciia hinh chép.

[} Hcm‘% din gidi.

Dudng thang HI cit dudng thing AB va AD lan luct tai E, F.

Goi N la giao diém ctia KF va SB, M la giao diém ctia KF va SD.

Ta c6 giao diém ctia (HIK) v6i cac canh SB, SA, SD lan lugt 1a N, K, M. Tt d6 suy ra:
(HIK)N (ABCD) = IH; (HIK)N (SBC) = HN;

(HIK) N (SAB) = NK; (HIK) N (SAD) = KM; (HIK) 0 (SCD) = MI.
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L Luu Y. Viéc tim giao tuyén ctia mit phang (HIK) trong vi du 9 véi cac mat ctia
hinh chép dudge goi la tim thiét dien ctia hinh chép khi cit bdi mit phang (HKTI).
Ta tim céc doan giao tuyén ndi tiép nhau ctia mit phing (HIK) v6i cac mit clia
hinh chép cho dén khi khép kin thanh mot da gidc phang. Da giac dé la thiét dien
can tim va cac doan giao tuyén chinh 1a cac canh ctia thiét dien. Thiét dien & vi

du 9 1a ngt giac IHNK M.

Cho hinh chép S.ABCD. Trén cac canh bén cta hinh chép
lay lan lugt cac diem A’, B',C’, D’. Cho biét AC cit BD tai
O,A'C" cat B'D' tai O', AB cat CD tai E va A'B’ cat D'C’

tai £/ (Hinh vé). Chiing minh rang:
a) S,0',0 thang hang;

b) S, E', E thang hang

(2} Ha’o‘/g z/(fndri(z’l;
a) Ta co:

O € AC C (SAC)
= O € (SAC)N (SBD)

O e BD C (SBD)

O' € A'C' C (SAC)
— 0’ € (SAC) N (SBD)
O' € B'D' C (SBD)
Ma S € (SAC) N (SBD).
Do dé, S,0,0' cing nim trén giao tuyén clia hai mat phang (SAC) va (SBD).
Vay S,0’', O thang hang.

b) Ta co:

E e AB C (SAB)
= FE € (SAB)N(SCD)

EeCD c (SCD)

E' e AB' C (SAB)
= E' € (SAB) N (SCD)
E' € C'D' C (SCD)
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Ma S € (SAB) N (SCD),
Do do6, S, E, E' cing nam trén giao tuyén clia hai mit phing (SAB) va (SCD).
Vay ba diém S, E, E' thang hang.

B + - ¢

Trong mit phang (P), cho tit gisc ABCD, lay diém S nam ngoai mat phang (P). Goi M

la trung diém ctia SC. Tim giao diém ctia AM vi mat phing (SBD).
5

[} HLL’O/‘% c/(fn// lal.
& Trong mat phang (ABCD), goi O la giao diém ctia AC va BD.
¢ Trong mit phang (SAC), ta c6 dudng thang AM va SO cit nhau tai mot diém, goi
diém do 1a 1.
IeSO

Ta c6: = [ € (SBD) va hién nhién I € AM.
SO C (SBD)

Vay I 1a giao diém ctia AM va (SBD).

L Luuy.

¢ Dé tim giao diém ctia mot duong thang va mot mat phang, ta cé thé dua ve
viéc tim giao diém ctia duong thing dé véi mot duong thang ndm trong miit
phang da cho.

& Néu I 1a giao diém ctia duong thang d va mat phang («) thi ta con ki hieu la

I=dn(«a) hodcdn (o) =1.

’ :

C @ Cho hinh chép S.ABCD véi hai duong thang AB va C'D cat nhau. Goi M 1a
mot diém thuoc SA (khac S va A). Xac dinh thiét dién ctia hinh chép khi cat béi
mit phang (MCOD).
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>
' Cho hinh chép S.ABCD v6i ABCD la hinh thang c¢6 day 16n AB. Goi M la
trung diém ctia SD. Hay xac dinh giao diém ctia cdc cip mit phing (SAD) va

(SBC); (MBC) va (SAD).

>
' @ Cho hinh chép S.ABCD v6i ABCD la hinh thang c6 day 16n AB. Goi M la
trung diém ctia SD. Hay xac dinh giao diém ciia cdc cip mit phing (SAD) va

(SBC); (MBC) va (SAD).

’
C Cho tit dien SABC. Goi H, K 1an lugt 1 hai diém trén hai canh SA va SC(H #
S, A; K # S,C) sao cho HK khong song song v6i AC. Goi I 1 trung diém ctia BC.
a) Tim giao diém clia duong thang HK va mit phang (ABC).

b) Tim giao tuyén clia cidc mat phang (SAI) va (ABK); (SAI) va (BCH).

’

C @ Trong mat phang (Q), cho hinh thang ABCD, day 16n AD. Lay diém S nim
ngoai mit phing (Q). Goi M la trung diém ctia SB. Tim giao diém ctia dudng
thang AM va mit phang (SCD).

[ 52 Tér

Trdc nghiém

> Cau 1. Trong khong gian, qua ba diém khong thang hang xac dinh duge bao nhiéu mat

phéng?

@ 1. ® 2. © 3. (D) Vo sb .
$> Cau 2. Cho bon diém A, B, C, D khong dong phang (tham X
khao hinh vé&). C6 thé xéc dinh duge bao nhiéu mit phing
phan biét tit cac diém da cho?

B D
@) 4. 2. © 3. D) 6 .
c

¢S Cau 3. Mot hinh chép c6 day 1a ngii gidc ¢6 s6 mit va so canh 13

(A) 6 mat, 5 canh . 6 mat, 10 canh.
(©) 5 mit, 5 canh . @ 5 mat, 10 canh .
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$> Cau 4. Trong hinh hoc khong gian, cho mit phang (P). Khang dinh nao ding?
(A) Diém luon phai thuoc mat phang (P) .
Diém luon khong thuoe mit phang (P) .
(©) Diém vita thuoc, dong thoi vita khong thuoc mit phang (P) .
(D) Diém c6 thé thuge mat phang (P), c¢6 thé khong thude mat phang (P) .

> Cau 5. Trong cac khang dinh sau, khang dinh nao ding?

(A) Qua 2 diém phan biét c6 duy nhat mot mit phang .
Qua 3 diém phan biét bat ki c¢6 duy nhat mot mat phéng .
(© Qua 3 diém khong thang hang c6 duy nhat mot mit phang .
(D) Qua 4 diém phan biét bat ki ¢6 duy nhat mot mat phang .
¢ Cau 6. Cho hai dudong thang a,b cit nhau va khong di qua diém A. Xac dinh duge

nhiéu nhat bao nhiéu mit phang béi a,b va A?

@ 1. 2. © 3. ©® 4.
¢ Cau 7. Cho bén diém A, B, C, D khong cling nim trén mot mit phéng. Trén AB, AD
lan luot 14y cac diem M va N sao cho M N cat BD tai I. Diém I khong thuoc mit phing

nao sau day?

A) (CMN) . (BCD) . © (ABD) . (D) (ACD) .
¢ Cau 8. Trong khong gian, ménh dé nao sau day 1a ménh dé sai?
(A) C6 duy nhat mot duong thang di qua hai diém phan biét .
Ton tai duy nhat mot mit phang chita hai dudng thing cit nhau .
(©) C6 duy nhat mot mat phang di qua ba diém phan bigt .
(D) Ton tai bon diém khong cting thuoc mot mat phéng .
¢ Cau 9. Trong khong gian, ménh dé nao sau day 1a ménh dé sai?
(A) Hai mat phang c6 mot diém chung thi chiing c6 mot duong thang chung duy nhat .
Néu ba diém phan biet M, N, P ciing thudc hai mit phdng phan biét thi ching thing
hang .
(©) Hai mat phang c6 mot diem chung thi ching con c6 vo s6 diém chung khéc nita .
(D) Hai m#t phang phan biét ¢6 mot diém chung thi chiing c¢6 mot duong thang chung
duy nhat .
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$> Cau 10. Cho mat phang (P) va ba diém A, B, C phan biét khong thang hang va khong
thuoc miat phang (P). Goi M, N, P lan lugt la giao diém ctia AB, BC,CA v6i (P). Khang

dinh nao ding?

(A) AMNP = AABC .

M, N, P thing hang .

(© 4 diém M, N, P,C khong dong phang .
(D) 4 diém A, B, C, M khong dong phang .

Tu luén

& Bai 1. Cho hinh chép S.ABCD, goi Ola giao diém cta AC va BD. Lay M, N lan luct
thuoc cac canh SA, SC.

a) Chitng minh duong thang M N nam trong mit phang (SAC).
b) Chitng minh O la diém chung ctia hai mat phang (SAC) va (SBD).

& Bai 2. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi M la trung diém ctia SC.
a) Tim giao diém I ctia dudng thang AM va mat phang (SBD). Chiing minh /A = 21 M.
b) Tim giao diém E ctia dudng thang SD va mat phang (ABM).
c¢) Goi N la mot diém tly ¥ trén canh AB. Tim giao diém ctia dudng thang M N va mat

phing (SBD).

& Bai 3. Cho tt dien ABCD va E la mot diém nam trong tam giac BCD. Goi F' 1a mot

diém nam giita A va E. X4ac dinh giao diém ctia duong thang BF va mat phiang (ACD).

& Bai 4. Cho tam gidc ABC va diém S khong thudc mit phang (ABC). Lay D, E la cac

diém lan luot thudc cac canh SA, SB va D, E khac S.

a) Duong thang DE c6 nam trong mat phang (SAB) khong?
b) Gid st DE cit AB tai F. Chiing minh ring F 13 diém chung ctia hai mat phang
(SAB) va (CDE).

& Bai 5. Cho mat phang (P) va hai dudng thang phan biét a, b nim trong (P). Mot dusng
thang c cit hai dudng thing a va b tai hai diém phan biét. Chting minh ring dusng thang

¢ nam trong mit phang (P).

& Bai 6. C6 ton tai hay khong mot hinh chdp c¢6 s6 canh (gom c& canh bén va canh day)

cua noé la s6 187 Vi sao?

> Bicn soan: Ngo Diic Tii - D) Zilo: 0889 977 004



(& Bail. Diém, duong thing va mat phing trong khong gian

& Bai 7. Tai cac nha hang, khach san, nhan vién phuc vu ban thudsng xuyén phai bung bé
nhiéu khay, dia do an khac nhau. Mot trong nhitng nguyén tic nhan vién can nhé 1a khay
phai duge bung bang it nhat 3 ngén tay. Hay giai thich tai sao.
& Bai 8. Trong mit phang (P), cho hinh binh hanh ABCD. Lay S ndm ngoai mit phang
(P). LAy M, N lan lugt la cac diém nam trén cac canh SA, SC.
a) Chiing minh rang duong thang M N nam trong mat phang (SAC).
b) Gia stt MN va AC cit nhau tai I, chiing minh 7 13 diém chung ctia hai mat phang
(BMN) va (ABQ), tit d6 suy ra giao tuyén ctia hai mat phang (BMN) va (ABC).
& Bai 9. Cho bén diém khong dong phang A, B,C,D. Goi M, N lan lugt la trung diém
ctia cac doan thang AB,CD.
a) Tim giao tuyén ctia hai mat phang (ABN) va (MCD).
b) Goi I va K lan lugt 1a diém tren doan thing AC va AD. Tim giao tuyén ciia hai miit
phing (MCD) va (BIK).
& Bai 10. Trong mat phang (P), cho t gidc ABCD. Goi S 1a diém khong thudc mit
phiang (P). Lay M, N lan lugt 1 trung diém ctia caAc doan thing SA, SC.
a) Xac dinh giao diém K ctia dudng thing SD vi mat phing (BMN).
b) Goi P la giao diém ctia hai dudng thing MK va AD, Q la giao diém ctia hai duong
thing NK va C'D. Chitng minh ring ba diém P,Q, B thang hang.
& Bai 11. Cho hinh chép S.ABCD c6 day la hinh binh hanh ABCD. Goi G la trong tam
cua tam giac SCD.
a) Tim giao tuyén ctia hai mat phang (SBG) va (SAC).
b) Tim giao diém ctia duong thang BG va mat phang (SAC).
& Bai 12. Cho hinh chép S.ABCD c6 day la hinh binh hanh. Goi O la giao diém ctia AC
va BD; M va N lan lugt 1a trung diém ctia SB va SD; P thudc doan SC va khong la trung
diém cta SC.
a) Tim giao diéem E clia dudng thang SO va mit phang (MNP).
b) Tim giao diém Q clia duong thing SA va mit phing (MNP).

c¢) Goi I, J, K lan lugt la giao diem ctia QM va AB, QP va AC, QN va AD. Chiing minh
I, J, K thang hang.
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& Bai 13. Cho tt dien ABCD. Goi E, F,G lan luct 1a ba diém trén ba canh AB, AC, BD
sao cho EF cat BC tai I (I #C), EG cat AD tai H (H # D).

a) Tim giao tuyén ctia cAc mat phang (EFG) va (BCD), (EFG) va (ACD).

b) Chiing minh ba dudng thang CD, IG, HF cung di qua mot diém.
& Bai 14. Cho hinh chop tit gidc S.ABCD va lay mot diem E thudc canh SA ctia hinh
chop (E khac S, A). Trong mit phing (ABCD) vé mot duong thang d cit cac canh OB,
CD lan luct tai M, N va cat cac tia AB, AD lan lugt tai P, Q.

a) Xac dinh giao diém ctia mp(E, d) v6i cac canh SB, SD ctia hinh chép.

b) Xac dinh giao tuyén clia mp(E,d) v6i cdc mat clia hinh chop.
& Bai 15. Cho hinh ti dien ABCD. Trén céc canh AC, BC, BD lan lugt lay cac diém M,
N, P sao cho AM = CM, BN = CN, BP = 2DP.

a) Xac dinh giao diém ctia duong thang C'D va mit phang (M NP).

b) Xac dinh giao tuyén clia hai mit phang (ACD) va ( MNP).
& Bai 16. Cho tt dien ABCD. Goi E, F 1a cac diém lan lucgt thuoc cac canh AB, AC sao

1 . N

cho AE = §BE va AF = 2CF. Goi O la mot diem nam trong tam giac BC'D.

a) Xac dinh giao tuyén ctia hai mit phang (OEF) va (ABD).

b) Xac dinh giao diém (néu c6) ctia duong thang AD va mat phang (OFF).
& Bai 17. Cho t dien ABCD va cac diém M, N, P lan lugt thude cac canh AB, AC, AD.
Goi O 1a mot diém ndm trong tam gidc BCD.

a) Xac dinh giao tuyén ctia hai mit phang (ABO) va (ACD).

b) Xac dinh giao tuyén clia hai mit phang (ABO) va (M NP).

c¢) Xac dinh giao diém ctia duong thang AO va mit phang (M N P).
& Bai 18. Cho hinh tit dien SABC va cac diem A’, B', ¢’ lan luot thuoc cac canh SA, SB, SC.
Gia stt hai dudng thang B’C’ va BC' cat nhau tai D, hai dudsng thang C’'A’ v C'A cit nhau

tai F va hai duong thing A’B’ va AB cit nhau tai F. Chiing minh ring ba diém D, E, F
thang hang.

& Bai 19. Cho tt dien déu ABCD c6 canh bing a. Goi I 1a trung diém ctia AD, J 1a diém
déi xing véi D qua C, K la diém déi xtng v6i D qua B. Xéac dinh thiét dién ctia hinh t

dién khi cat bdi mat phang (IJK) va tinh dién tich ctia thiét dien nay.
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(& Bail. Diém, duong thing va mat phing trong khong gian

& Bai 20. Cho hai mit phang (P) va (Q) cit nhau theo giao tuyén d va mot diém O nam
ngoai ca hai mat phang (P), (Q). Goi A, B 1a hai diém phan biét thudc mat phang (P) sao
cho AB cat d tai C. Goi D, F lan luct la giao diém ciia cac dudng thing OA, OB v6i mat
phing (Q). Chiing minh ring ba diém C, D, E thang hang.
& Bai 21. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh tam O. Goi M la
trung diém ctia SB, G 1a trong tam tam giac SAD.

a) Tim giao diém I ctia GM véi (ABCD). Chitng minh IC = 2ID.

b) Tim giao diém J ctia (OMG) véi AD. Dat JA=k-JD. Tim k.

¢) Tim giao diém K ctia (OMG) v6i SA. Dat KA = p- KS. Tim p.
d) Tim thiét dien tao bdi (OMG) v6i hinh chép S.ABCD.
& Bai 22. Cho hinh chép S.ABCD c¢6 ddy ABC D 1a hinh binh hanh. Goi K la trong tam
clia tam giac SAC va I, J lan lucdt 1 trung diém ctia CD va SD.

a) Tim giao diém H clia dudng thang K v6i mat phang (SAB).

b) Xac dinh thiét dién tao bdi mat phang (I.JK) véi hinh chép.
& Bai 23. Hinh chép S.ABCD c6 day ABC D khong la hinh thang, diém P nim trong tam
gidc SAB va diém M thuodc canh SD sao cho MD = 2MS.

a) Tim giao tuyén ctia hai mit phang (SAB) va (PCD).
b) Tim giao diém ctia SC v6i mat phang (ABM).
c) Goi N la trung diém ctia AD. Tim thiét dién tao béi (M N P) va hinh chop.

& Bai 24. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tam O. Trén cac canh

SB,SD ta lan luct 1ay céc diem M va N thoa SB = 3SM va 3SN = 2SD.
a) Tim giao tuyén ctia hai mat phang (AMN) va (SCD).
b) Tim thiét dién ctia mit phang (AMN) va hinh chép S.ABCOD.
., KC

¢) Goi K la giao diém ctia IN vi CD. Tinh ti 6 %D

& Bai 25. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh tam O. Goi M, N lan
lugt 1a trung diém ctia SA, SC. Goi (P) 1a mat phang qua M, N va B.

a) Tim giao tuyén ctia (P) v6i cac mit phang (SAB), (SBC), (SCD), (SAD).

b) Tim E = DAN (P),F = DC'N (P).

c¢) Ching t6 rang F, F, B thang hang.
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

& Bai 26. Cho hinh ti dien ABCD. Goi I 1a trung diem canh CD. Goi M, N lan luct 1
trong tam cac tam giac BCD,CDA.

a) Ching minh rang cic diém M, N thudc mat phang (ABI).

) . GM GN 1
b) Goi G la giao diem ctia AM va BN. Cht inh rang: — = — = —.
) Goi G la giao diem cta va ng minh rang: =+ = =5 =3
¢) Goi P,Q lan luogt 1a trong tam cac tam giac DAB, ABC'. Chitng minh rang cac duong
: , s GP GQ 1
thang C'P, DQ cung d diem G va — = — = —.
ang . D@ cung di qua diém G va cC - CD 3

& Bai 27. Cho tit dien ABCD. Goi I va K la trung diém ctia AB va CD. Goi J 1a mot
diém tren doan AD sao cho AD = 3JD.

a) Tim giao diém F ctia IJ va (BCD).

. : . EB
b) Tim giao diem F cta (/JK) va duong thang BC. Tinh ti so: Vol
2 N 2 H
¢) Ching minh ba duong thang AC, KJ, I[E dong quy tai diem H. Tinh H—j

d) Chiing minh EJ//HF va dudng thang IK di qua trung diém ctia doan HF.

e) Goi O la trung diem K va G la trong tam clia tam gidc BOD. Chitng minh ba diém

) . OA
A, O, G thang hang. Tinh ti s0: —.
, O, ang hang. Tinh ti so0 oC
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2 HAI DUONG THANG SONG SONG

l. VI TRi TUGNG DOI CUA HAI DUGNG THANG TRONG
KHONG GIAN

Cho hai duong thing a va b trong khong gian.
& Néu a va b cling nam trong mot mat phang thi ta néi a va b dong phing. Khi d6co
ba trucong hgp sau xay ra:
# Néu a va b ¢6 hai diém chung thi ta néi a tring b, ki hieu a = b.
% Néu a va b c6 mot diém chung duy nhat M thi ta néi @ va b cit nhau tai M, ki
hieu anNb= M.
% Néu a va b khong c6 diém chung thi ta néi a va b song song v6i nhau, ki hieu a//b.
& Néu a va b khong cling nim trong bat ki mat phing nao thi ta néi a va b chéo nhau.

Khi do, ta cling néi a chéo véi b, hodc b chéo véi a.

S L=/ LT LS
A i A

a/lb =
anb={M} /" a=b
acat b tai M a song song véi b a trung véi b a va b chéo nhau

Hai duong thing dugce goi la song song néu ching cling ndm trén mot mit phang

va khong c6 diém chung.

L LuuY.
a) Hai duong thang dugc goi la chéo nhau néu chiing khong dong phang.
b) Cho hai dudng thang song song a va b. C6 duy nhat mot mat phang chita hai
duong thang do6, ki hieu mp(a, b).
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khdng gian

Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. S

Xét vi trf tuong doi ciia cac cip duong thing sau day:

a) AB va CD; b) SA va SC;
(e ,(gz(jz(a
a) Trong mat phang (ABCD), ta ¢c6 ABCD la hinh
binh hanh nén AB//CD.
b) Trong mit phang (SAC), ta c6 SA cat SC tai
diém S.

¢) Goi O la tam hinh binh hanh ABCD.
Gid st SA va BC ciing nam trong mot mat phang (P), suy ra dudng thang AC nam
trong (P), suy ra (P) chita diem O. Tuong ty, ta ciing c6 OB nim trong (P), suy ra
(P) chita diém D. Suy ra (P) chita cd nam dinh ctia hinh chép S.ABCD. Diéu nay
vo ly.
Vay hai duong théng SA va BC khong nam trong cling bat ky mit phang nao, suy
ra SA chéo v6i BC.

’ : )

C‘ (1) Cho ti dien ABCD. Goi M, N lan luot la trung diém ctia AB va AD. Ching
minh duong thing MN song song véi dudng thang BD va duong thing AB chéo
v6i dudng théng C'D. Hay chi ra them mot cap duong thang chéo nhau khac ctia

tu dién nay.
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(& Bai 2. Hai dudng thing song song

Il. TINH CHAT CG BAN VE HAI DUGNG THANG SONG
SONG

1) Dinh Iy 1

Trong khong gian, qua mot diém khong ndm trén duong thing cho trude, c6 dung
mot dudng thang song song véi dudng thing da cho.

EVid2)) kvt

Cho hinh chop S.ABCD. Vé hinh thang ADM S ¢6 hai day la AD va M S. Goi d la duong

thing trong khong gian di qua S va song song v6i AD. Ching minh duong thang d ndm
trong mit phang (SAD).

[ Mzo‘r(? C&i[ﬁil(d

”n
=
a

ADMS 1a hinh thang c6 hai ddy AD va MS nén AD//MS.
Theo dé bai, lai ¢6 d//AD. Do d6 d = M S (theo dinh 1y 1).
Lai c6 SM C (ADMS) nén d C (ADMS) = d C (SAD,).

2) Dinh ly 2

Néu ba mit phang doi mot cit nhau theo ba giao tuyén phan biét thi ba giao

tuyén do6 dong quy hodc doi mot song song véi nhau.

€ qua

Néu hai mat phéng phan biéet lan lugt chita hai dudng thing song song thi giao
tuyén ctia ching (néu c6) ciing song song v6i hai duong thing d6 hodc tring véi

mot trong hai dudng théng do.

i \B \:
’E
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= Chuong 4. Dudng thing va mit phgng. Quan hé song song trong khdng gian

Cho hinh chép S.ABCD c6 diy ABCD la hinh binh hanh. X4c dinh giao tuyén cdc mat
phing (SAD) va (SBC).

() HLL’O/‘% c/(?/z// lal.

Céc mit phang (SAB) va (SCD) c6 diem chung 13 S va lan
lugt chita hai dudng théng song song la AB vi CD nén giao d
tuyén clia ching la duong thang d di qua S va song song véi

AB, CD.

Cho tit dien ABCD. Goi cac diém M, N, P lan lugt 1a trung diém ctia AC, BC va BD. Goi

Q la giao diém ctia AD va miat phang (M NP). Xét vi tri tuong doi ctia ba dudng thang
MQ,NP,CD.

[} Hwo‘n(j din gidi.

Ta c6: A
MQ = (MNP)N (ACD); 0
NP = (MNP)n (BCD);
CD = (ACD)N (BCD). ’ B
Theo Dinh li 2, ta c6 MQ, NP,CD hoac doi mot song song C

hoac dong quy.
Mit khéc, NP//CD (NP la dusng trung binh cua tam giac
BCD) nén ta ¢c6 MQ, NP,CD doéi mot song song nhau.

)

Cho hinh chép S.ABCD c¢6 day ABCD la hinh thang (AB//CD). Goi M 1a mot
diém thuoc doan SA (M khac S va A). Xac dinh giao tuyén ctia hai mat phang
(SAB) va (MCD).

(3) Cho hinh chép S.ABC. Goi I va J lan lugt 1a trung diem ctia AB va AC. (P)

13 mit phang chita 1.J va cat SB, SC lan lugt tai K, L. Chitng minh ring IJLK 1a

hinh thang. Néu K la trung diém ctia SB thi tit giac IJLK 13 hinh gi?
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(& Bai 2. Hai dudng thing song song

3) Dinh Iy 3

Trong khong gian, hai duong thing phan biét ciing song song véi dudng thang

thi ba thi song song v6i nhau.

L\ Luu Y. Khi hai dudng thang phan biét a, b cling song song véi duong thing ¢ thi
ta c6 thé ki hieu a//b//c va goi la ba dudng thang song song.

Cho ttt dien ABCD. Goi M, N,P,Q,R va S lan ludt 1a trung diém ciia cac doan thing
AC,BD,AB,CD,AD va BC. Chiing minh ring céc doan thang MN, PQ, RS dong quy

tai trung diem ctia moéi doan.

[} Hufo/’/gf a/d/tjmt

1
Ta c¢6: PR la dudng trung binh ciia tam giac ABD, suy ra PR//BD va PR = §BD (1).
1
QS la dudng trung binh ctia tam gidc BCD, suy ra QS//BD va QS = §BD (2).

Tu (1) va (2) suy ra PR//QS va PR = QS, suy ra PRQS 1a hinh binh hanh va do d6

hai dudsng thing PQ va RS cit nhau tai trung diém G ctia mdi duong.

Tuong tir, MRNS la hinh binh hanh nén RS cit MN tai trung diém G.
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= Chuong 4. Dudng thing va mit phgng. Quan hé song song trong khdng gian

Vay ba dudng thang M N, PQ, RS dong quy tai G.

Cho ti dien ABCD ¢6 I va J lan lugt 1a trung diém ciia cac canh BC va BD. Goi (P) la

mat phang di qua I, J va cit hai canh AC va AD lan lugt tai M va N.
a) Ching minh IJNM la mot hinh thang.

b) Tim vi trf ctia diém M dé IJNM la hinh binh hanh.

() Hm)‘% c/(z?z(f[dzl

a) Ta co: I 1a trung diém ctia BCO, J 1a trung diém ctia BD.

= [J la duong trung binh ctia tam giac BC'D nén

N
= 1J//CD, IJ:%CD ‘
Ta co: k
B

1J = (BCD)N (P)

MN = (ACD) N (P) K

CD = (ACD) N (BCD) = 1J//CD ¢

Do d6 theo dinh 1i 2 vé giao tuyén ctia ba mit phang ta c6: IJ//MN //CD =
IJNM la hinh thang.

b) Dé IJNM la hinh binh hanh thi I.J = MN.
Ma IJ = %C’D nén MN = %C’D.
Khi d6 M N la duong trung binh ctia tam giac ACD = M trung diém ctia AC.

Y
' @ Cho hinh chép S.ABCD c6 day 1a tit giac ABCD. Goi M, N, P,Q lan ludt 1a
trung diém ctia cac doan thing AB, AD, SD, SB. Ching minh ring M N PQ la hinh
binh hanh.

s

Mot bé kinh chita nuée c6 day 1a hinh chit nhat
duge dat nghiéng nhu Hinh bén. Giai thich tai
sao duong mép nudc AB song song véi canh

CD cuia bé nudc. =

O

D
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(& Bai 2. Hai duong thing song song

B sAi Tér

Tréc nghiém

¢ Cau 1. Trong cic ménh dé sau, ménh dé nao sai?

(A) Hai dudng thang khong c6 diém chung thi chéo nhau .

Hai duong thang chéo nhau thi khong c6 diem chung .

(©) Hai dudng thang phan biét khong cit nhau va khong song song thi chéo nhau .

(D) Hai duong thang phan biét khong chéo nhau thi hogic cit nhau hogic song song .
¢ Cau 2. Trong cic ménh dé sau, ménh dé nao dung?

(A) Hai dudng thang c6 mot diém chung thi chiing ¢6 vo s6 diém chung khac .

Hai duong thang song song khi va chi khi chiing khong diém chung .

(©) Hai duong thang song song khi v& chi khi chiing khong dong phang .

(D) Hai duong thang chéo nhau khi va chi khi chiing khong dong phang .
$® Cau 3. Cho tit dien ABCD. Khing dinh nao sau day ding?

(A) AB va CD cit nhau .

AB va CD chéo nhau .

(©) AB va CD song song .

(D) Ton tai mat phang chita AB va CD .

¢ Cau 4. Cho ba mit phing phan biét cit nhau ting doéi mot theo ba giao tuyén dy, da, d3,
biét dy //ds. Khang dinh nao ding?

(A) dy,ds chéo nhau . dy,ds cat nhau .

(©) dy,ds trung nhau . @ dy, ds song song v6i nhau .
> Cau 5. Hai duong thang chéo nhau khi va chi khi:

(A) Hai dudng thang cting nam trong mot mat phang va khong c¢6 diém chung.

Hai duong thang khong c6 diém chung.

(O) Hai duong thang khong cling nam trong mot mit phang nao.

(D) Hai duong thang cting chéo nhau v6i dudng thang thi ba.
> Cau 6. Cho tit dien ABCD. Goi M, N lan lugt 1a trung diém ctia AB, AD. Giao tuyén
clia hai mit phang (CMN) va (BCOD) la dudng thing song song v6i dusng thang
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

(A) BD. CD. © BC. (D) AB.
¢ Cau 7. Cho ba dudng thing a, b, c. Trong cac ménh dé sau, ménh dé nao ding?

@ Néu a va b cling song song vdi ¢ thi a song song véi b.
Néu a va b cling chéo nhau vé6i ¢ thi a va b chéo nhau.
(©) Néu a song song véi b, b va ¢ chéo nhau thi a va ¢ chéo nhau hoiic cat nhau.

(D) Néu a va b cat nhau, b va ¢ cat nhau thi a va ¢ cit nhau.

¢ Cau 8. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi d 1a giao tuyén
ctia hai mit phing (SAD) va (SBC). Khing dinh nao sau day ding?

(A) Duong thang d di qua S va song song vdi AB .
Duong thang d di qua S va song song véi DC.
(©) Duong thang d di qua S va song song véi BC.
(D) Duong thang d di qua S va song song v6i BD.
$9 Cau 9. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N lan lugt

14 trung diém ctia SA, SC. Trong cac duong thing sau, duong thang ndo song song véi
MN?

(A) AB. AD. © BD. (D) AC.

$> Cau 10. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, P,Q lan
lugt 1 trung diém ctia SA, SB, SC, SD. Trong cac duong thing sau, duong thing nao

khoéng song song v6i N P?
@A) MQ. BD. (© AD. (D) BC.

Tu luén

& Bai 1. Cho tit dien ABCD. Goi M, N la hai diém phan biét ciing thuoc dusng théng
AD va P,Q la hai diém phan biét ciing thudc dudsng thang BC.

Xét vi tri tuong doi cia hai duong thing MQ va NP; ciing nhu vi tri tuong déi ctia hai
duong thang M P va NQ.

& Bai 2. Cho hinh chép S.ABCD c6 ddy ABCD Ia hinh thang (AB//CD). Goi M, N, P, Q
lan lugt 1a trung diém clia cac canh bén SA, SB, SC, SD. Chiing minh ring ti giac MNCD
la hinh thang.

& Bai 3. Cho tit dien ABCD. Goi G1, G lan lugt 13 trong tam clia cic tam giac ABC va
ABD. Chting minh ring duong thing G1G> song song v6i duong thing C'D.
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(& Bai 2. Hai duong thing song song

& Bai 4. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh. Goi I 1a trung diém ctia SD.
Hai mat phang (TAC) va (SBC) cat nhau theo giao tuyén Cz. Chitng minh ring Cz//SB.

& Bai 5. Cho hinh chép S.ABCD c6 didy ABCD 1a hinh binh hanh. Goi M, N, P lan luot
la trung diém ctia cac canh SA, AB, SD. Xac dinh giao tuyén ctia mdi cap mit phang sau:
(SAD) va (SBC); (MNP) va (ABCD).
& Bai 6. Cho hinh chop S ABCD c¢6 day ABCD la hinh thang v6i AB la day 16n va
AB =2CD. Goi M, N lan lugt la trung diém ctia cdc canh SA va SB. Chitng minh ring
dudng thang NC song song véi duong thing MD.
& Bai 7. Cho hinh chép S.ABCD c6 ddy ABCD la hinh thang (AB//CD). Goi M la trung
diém ctia doan thang SD.

a) Xac dinh giao tuyén ctia mat phang (M AB) va (SCD).

b) Goi N la giao diém clia duong thang SC va mat phang (M AB). Chting minh ring

MN la duong trung binh ctia tam giac SCD.

& Bai 8. Cho hinh chép S.ABC va diém M thudc mién
trong tam giac ABC. Qua M, vé duong thing d song song
vl SA, cat (SBC) tai N. Trén hinh vé&, hay chi 1o vi tri clia
diém N vi x4c dinh giao tuyén cia hai mit phang (SAC) va

(CMN).

& Bai 9. Cho hinh chép S.ABCD c¢6 day ABCD la hinh binh hanh.
a) Tim giao tuyén ctia hai mit phang (SCD) va (SAB).

b) Lay mot diém M trén doan SA (M khac S va A), mat phang (BCM) cat SD tai N.
T giac CBM N la hinh gi?

& Bai 10. Cho hinh chép S.ABCD 6 ddy 1 hinh binh hanh, AC v BD cit nhau tai O.
Goi I 1 trung diém ctia SO. Mat phang (ICD) cit SA, SB lan lugt tai M, N.

a) Hay néi cach xac dinh hai diém M va N. Cho AB = a. Tinh M N theo a.

b) Trong mit phang (CDMN), goi K 1a giao diém ctia CN vi DM. Chitng minh SK //
BC//AD.
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

& Bai 11. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh ABCD. Goi M 13 mot diém
di dong trén canh SC.
(a) Tim giao diém N ctia SD va mit phang (ABM).
(b) Goi I 1a giao diém clia hai duong thang BM va AN. Ching minh ring I nam trén
mot duong théng c6 dinh khi M di dong trén canh SC.

& Bai 12. Cho ti dien ABCD. Goi M, N lan luct la trung diém ctia cac canh AB,C'D va
G la trung diém ctia doan M N.
(a) Tim giao diém A’ cia dudng thang AG vA mat phang (BCD).
(b) Qua M, ké dudng thang Mx song song v6i AA’ va, Mz cat (BCD) tai M’. Chitng minh
B, M', A’ thing hang va BM' = M'A’ = A'N.
& Bai 13. Cho hinh chép S.ABCD c6 day 1a tit giac ABOD. Goi M, N lan lugt 1a trong
tam ctia cac tam giac SAB, SAD. Lay I la trung diém ctia doan BC.
(a) Chiing minh MN //BD.
(b) Goi L, H lan lugt 13 giao diém ctia SB, SD véi mat phang (M NI). Chiing minh ring
LH//BD.

& Bai 14. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M 1a mot diem
bat ki thuoc canh SC.

a) Xac dinh cac giao tuyén ctia mat phang (M AB) véi cdc mit ctia hinh chop.

b) Xac dinh céc giao tuyén ctia méat phéng (M AD) véi cac mat cta hinh chop.
& Bai 15. Cho tit dien ABCD. Goi M, N, P,Q lan lugt la trung diém clia cac canh AB,
BC, CD, DA.
a) Xéc dinh giao tuyén ctia hai mit phéng (ANP) va (CMQ).
b) Xac dinh giao tuyén clia hai mit phang (ANP) va (ABD).
¢) Xac dinh giao tuyén ctia hai mat phéng (CMQ) va (BCD).
d) Chitng minh rang cac giao tuyén tim duge ¢ trén doi mot song song véi nhau.
& Bai 16. Cho tit dien ABCD. Goi I, J lan lugt 1a trung diém ctia cac canh BC, CD.
Trén canh AC lay diém K. Goi M la giao diém ctia BK va AI, N la giao diém ctia DK va
AJ. Chiing minh ring dudng thing MN song song véi dudng thing BD.
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(¢ Bai 2. Hai dudmg thing song song

& Bai 17. Cho hai hinh binh hanh ABCD va ABEF khong ciing nim trong mot mit
phang. Goi G, H lan lugt 1a giao diém ctia hai dudng chéo ctia hai hinh binh hanh dé.

Chiing minh ring ba dudng thing GH, CE, DF d6i mot song song.
& Bai 18. Cho hinh chép S.ABCD c6 didy ABCD la hinh binh hanh. Goi M, N, P, Q lan
lugt 1a trung diém ciia cac canh AB, BC, CD, DA; I, J, K, L lan luct la trung diém cta
cac doan thing SM, SN, SP, SQ.

a) Ching minh réng I, J, K, L dong phang va tit gidc IJK L 1a hinh binh hanh.

b) Chiing minh réng K // BC.

c¢) Xac dinh giao tuyén ctia hai mat phang (IJKL) va (SBC).
& Bai 19. Gian gido 1a thiét bi chuyén dung dugce st dung tai hau hét cac cong trinh xay
dyng (Hinh a). C6 nhiéu loai gian gido khac nhau, trong d6 pho bién nhat 14 loai gian gido
khung (gian giao H) (Hinh b). Hay chf ra mot s6 hinh anh clia nhitng dudng thang song

song, chéo nhau va cit nhau trén mot gian gido khung.

a) Gian giao trong céng trinh b) Gian gido khung (gian gido H)

& Bai 20. Mot chiéc thang dugce dit sao cho hai dau ciia chan
thang dua vao tuong, hai dau con lai ndm trén san nha (hinh
vé). Biét riang chiéc thang c6 dang hinh chit nhat, hay giai thich

vi sao hai dau ctia chan thang nam trén san nha lai cach déu

chan tuong.
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1 Sl e e
3 DUONG THANG VA MAT PHANG SONG SONG

l. DPUONG THANG SONG SONG VGI MAT PHANG

Cho duong thing d vh mat phiang (o). Néu d va mit phiang o khong c6 diém

chung thi ta néi d song song véi («) hay (a) song song d. Ki hieu 1a d//(a) hay
a)//d.
Ngoai ra
& Néu d va (a) c6 mot diém chung duy nhat M thi ta néi d va (a) cit nhau tai diem M
va ki hieu d N (o) = {M} hay d N (a) = M.
& Néu d va (a) c6 nhiéu hon mot diém chung thi ta néi d nim trong (a) hay (a) chita

d va ki hieu d C (

A

d// () dn(a)=M dC (a)

Il. DIEU KIEN DE MOT DUGNG THANG SONG SONG
VG1 MOT MAT PHANG

inh 1y 1

Néu duong thing ¢ khong nam trong mit phing a
(P) va song song v4i mot dudng thing b nao do
b
nam trong (P) thi a song song véi (P). /(
P

BV xxtew

Cho tit dien ABCD. Goi M va N lan lugt 1a trong tam clia cic tam gidc ACD va BCD.

Chiing minh rang M N song song v6i cac mat phang (ABC) va (ABD).
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(& Bai 3. Duong thing va mat phing song song

[} @jm Goi F la trung diém ctia CD.
Ta c6: M va N lan lugt 1a trong tam ctlia cac tam giac ACD va BOD. Khi dé,
EM EN 2

EA EB 3

Ap dung dinh 1y Thales vio A ABE, ta nhan duge MN // AB.
Ta co

(VN J/AB

{ AB C (ABC) = (MN)//(ABC).

| MN ¢ (ABC)

Tuong tu
(
MN//AB

{ AB Cc (ABD) = (MN)//(ABD).

| MN ¢ (ABD)

Cho hinh chép S.ABCD c6 didy ABCD 1a hinh binh hanh. Goi M, N lan luct la trung
diém ctia cac canh AB va CD.
a) Ching minh MN //(SBC) va MN //(SAD).
b) Goi E la trung diém ctia SA. Chitng minh SB//(MNE) va SC//(MNE).
[} 9(0‘2(7(:@’1;
a) Chiung minh MN //(SBC) va MN //(SAD).
Vi M, N la trung diém AB, CD nén MN//BC//AD. Khi S
do,
(MNJ/BC
& { BC c (SBC) = MN//(SBC). n

| MN ¢ (SBC)

=

(MN//AD
® S AD c (SAD) = MN//(SAD).

| MN ¢ (SAD)
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khdng gian

b) Goi E la trung diém ciia SA. Ching minh SB//(MNE) va SC//(MNE).
Vi M, E la trung diém AB, SA nén MFE//SB. Khi
do,

ME//SB
ME C (MNE) = SB//(MNE).

SB ¢ (MNE)
Goi O = MN N AC. Khi dé, O la trung diém AC.
Ta c6 EO C (MNE) va EO//SC. Khi dé

EO//SC
EO ¢ (MNE) = SC//(MNE).

SC ¢ (MNE)

f < 2
' (1) Cho t1t dien ABCD. Goi M, N, P lan lugt 1a trung diém ctia AB, AC, AD. Céc
dudng thang M N, NP, M P c6 song song véi mat phang (BCD) khong? Vi sao?

ll. TINH CHAT CG BAN CUA DUGNG THANG VA MAT
PHANG SONG SONG

1) Dinh Iy 2

Cho duong théng a song song véi mit phang (P). Néu mit phing (Q) chita a,

cat (P) theo giao tuyén b thi a song song véi b.
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(& Bai 3. Duong thing va mat phing song song

Cho t1t dien ABCD. Lay M thuoc doan thing BC sao cho BM = 2MC. Goi () 1a mat
phang qua M va song song v6i cac duong thing AB va C'D. Xac dinh giao tuyén ctia miit
phang (a) v6i cac mit phang (ABC), (ACD), (BCD),(ABD).

() Hu‘o/’% Ji/ifzdl.

Mit phang () di qua M va song song véi AB nén () cit
mat phang (ABC) (chita AB) theo giao tuyén d di qua M va

song song v6i AB. Goi Q la giao diém ctia d v6i AC.

Tuong tu, () song song véi CD nén (a) cit (ACD) va
(BCD) (14 cac mat phang chita C'D) theo céc giao tuyén QP
va MN cung song song véi CD (P € AD, N € BD).

Vay (a)N (ABD) = NP.

f 2z 2
' @ Cho hinh chép S.ABCD c6 day ABC' D la hinh binh hanh. Lay I la diem thudc
canh BC (I khac B va O). Goi (a) 1a mat phang qua I va song song véi cac dusng
thang AB va SD. Tim giao diém ctia cac duong thang AD, SA, SB véi (a).

2) Hé qua 1
Cho duong thang a song song véi mit phang (P). a
Néu qua diem M thuoc (P) ta vé dudng thang b
M b
song song v6i a thi b phai nam trong (P). / —
P

3) Hé qua 2

Néu hai mit phing phan biét cling song song v6i mot
duong thang thi giao tuyén ctia ching (néu c6) ciing

song song véi dudng thing d6. Nghia 1a

P R 4l

L =de o

(P)N(Q@)=a

\
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= Chuong 4. Dudng thing va mit phgng. Quan hé song song trong khdng gian

4) Dinh Iy 3

Cho truéc hai duong thing chéo nhau, c6 duy nhat mot mat phéng chita dudng
thang nay va song song véi duong thang kia.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M la trung diém ctia doan

AD. Xac dinh mit phang chita SD va song song véi BM.

[} Hwo‘ﬁ din gidi.

Goi N la trung diém ctia BC, ta ¢c6 MD//BN va MD = BN = %BC nén M BND la hinh
binh hanh.

Suy ra BM //ND, ma ND C (SDN) nén BM //(SDN).

Vay (SDN) la mit phing chita SD va song song véi BM.

’
C @ Cho hinh chép S.ABCD c6 day la hinh thang ABCD, AD song song BC' va
AD = 2BC. Xac dinh mit phang chita SB va song song v6i CD.

B 541 Tér

Tréc nghiém

$> Cau 1. Trong khong gian, cho dudng thing a va mat phang (P). C6 bao nhieu vi tri

tuong doi gitta duong thing a va mit phang (P)?

™ 1. 2. © 3. D) 4.

$> Cau 2. Cho tit dien ABCD. Vi trf tuong déi giita dudng thang BC va (BCD) la
@A) BC//(BCD) . BC C (BCD) .
(© BCN(BCD)=A. (D) BCN(BCD) =D .
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(& Bai 3. Duong thing va mat phing song song

$> Cau 3. Cho duong thang a song song véi mat phang (P). Mat phang (Q) chita dudng
thang a va cit (P) theo giao tuyén b. Vi trf tuong doi giita a va b la:

(A) Cét nhau. Trung nhau.

(©) Song song. (D) Chéo nhau.

¢ Cau 4. Cho duong thing a song song véi mat phang (P). Khang dinh nao sai?
(A) Néu c6 mat phang (Q) chita duong thang a va cat (P) theo giao tuyén b thi b song
song véi a.
Trong mat phang (P) c6 vo sé dudng thing chéo nhau véi a.
(©) Duong thang a khong c6 diém chung v6i mat phang (P).
(D) Trong mit phang (P) c6 duy nhat mot duong thang song song véi a.
¢ Cau 5. Cho hai duong thang a va b chéo nhau. Cé bao nhiéu méit phang chita a va song

song véi b?

@) o. 1. © 2. (D) Vo sb.
$> Cau 6. Cho hai mat phang (a); (8) cit nhau va cling song song véi dudng thang d.
Khang dinh nao sau day ding?

(A) Giao tuyén ciia (a); (8) trung véi d .
Giao tuyén cia («a);
);
(a);

song song hodc trung véi d .

(© Giao tuyén ctia

)
)
) ca
@ Giao tuyen cua (« ; ﬁ) song song véi d .

¢S Cau 7. Cho ti dien ABCD. Cho cac ménh dé sau:

(a) AD C (ABC).
(b) ADN(ABC)=C.
(c) AB C (ABC).
)

(d) AC//(ABD).
Trong cac ménh dé da cho, c6 bao nhiéu ménh dé ding?
@ 1. 2. © 3. D) 4 .

> Cau 8. Cho tt dien ABCD. Goi G la trong tam ctia tam gidc ACD, diém M niam trén

canh AB sao cho AM = 2M B. Dudng thang MG song song v6i mit phing nao sau day?

) (ACD). (ABD). © (BCD). (D) (ABO).
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

Tu luén

& Bai 1. Cho hinh chép S.ABCD, dday ABCD la hinh binh hanh c6 O la giao diém hai

dudng chéo. Goi M la trung diém ctia canh SC.
a) Chitng minh réing dudng thang OM song song véi hai mat phang (SAD) va (SBD).
b) Tim giao tuyén clia hai mat phang (OMD) va (SAD).
& Bai 2. Cho ttt dien ABCD. Goi G la trong tam ciia tam giac ABD, diém I ndm trén
canh BC sao cho BI = 2IC. Chitng minh rang duong thang IG song song véi mit phing
(ACD).
& Bai 3. Cho hinh chép S.ABCD c6 diy ABCD 1a hinh binh hanh. Goi M, N lan lugt 1
trung diém ctia AB va C'D. Chitng minh ring dudng thang M N song song véi giao tuyén
d ctia hai mit phang (SBC) va (SAD).
& Bai 4. Cho hai hinh binh hanh ABCD va ABEF khong nam trong ciing mot mat phang.
Goi O va O’ lan luct 1a tam cia ABCD va ABEF.
a) Ching minh dudng thang OO’ song song véi cac mit phang (CDEF), (ADF) va
(BCE).
b) Goi M va N lan lugt 1a trung diém ctia AF va BE. Chting minh M N //(CDEF).
¢) Tim giao tuyén ctia hai mat phang (OMN) va (ABCD).
& Bai 5. Cho hai tam gidc ABC va ABD khong ciing nim trong mot mit phing. Goi
M, N lan lugt 1a trung diém ctia cac canh AC, AD.
a) Duong thang AM c6 song song véi mat phang (BCD) hay khong? Hay giai thich tai
sa0.
b) Dudng thing MN c6 song song véi mit phang (BCD) hay khong? Hay giai thich tai
sa0.
& Bai 6. Cho tit dien ABCD. Goi M, N lan luot la trung diém cta hai canh BC,CD.
Chiing minh ring dudng thing BD song song v6i mit phang (AMN).
& Bai 7. Cho hinh chép S.ABCD c6 day la hinh thang (AB//CD). Goi E la mot diém
nim giita S vd A. Goi (P) la mat phang qua E va song song v6i hai duong thang AB, AD.
Xac dinh giao tuyén ctia (P) va cac mat bén ctia hinh chép. Hinh tao bdi cac giao tuyén 1a

hinh gi?
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(& Bai 3. Duong thing va mat phing song song

& Bai 8. Cho hinh chép S.ABCD c6 diy ABCD 1a hinh binh hanh. Goi M, N lan lugt 1
trung diém ctia hai canh AB va CD, P la trung diém ctia SA. Chiing minh:
a) MN song song vdi cac mit phang (SBC) va (SAD);
b) SB song song v6i mit phang (M N P);
¢) SC song song véi mat phang (M N P);
d) Goi Gy va Go theo thit tu 1a trong tam ciia hai tam gidc ABC va SBC. Chiing minh

G1G9 song song v6i mat phang (SAD).
& Bai 9. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh va mot diém M di
dong trén canh AD. Mot mat phang (a) qua M, song song véi OD va SA, cit BC, SC, SD
lan luct tai N, P, Q.

a) MNPQ la hinh gi?

b) Goi I = MQ N NP. Chiing minh ring diém I luoén luon thuoc mot dudng thing cb

dinh khi M di dong trén AD.

& Bai 10. Cho tit dien ABCD va diém M thudc canh AB. Goi (o) 1a mat phang qua M,
song song véi hai duong thang BC va AD. Goi N, P, @ lan luot la giao diém ctia mat phing
() v6i cac canh AC,CD va DB.

a) Ching minh M N PQ la hinh binh hanh.

b) Trong trudng hgp nao thi MNPQ la hinh thoi?
& Bai 11. Cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh. Lay diém M trén
canh AD sao cho AD = 3AM. Goi G, N lan luct 1a trong tam clia tam gidc SAB va ABC.

a) Tim giao tuyén ctia hai mit phang (SAB) va (SCD).

b) Chitng minh ring M N song song v6i mit phang (SCD) va NG song song véi mit

phang (SAC).

& Bai 12. Cho hinh chép S.ABCD c6 day ABCD la mot ti giac 16i. Goi O 1a giao diém
ctia hai duong chéo AC' va BD. Mt phing (o) di qua O, song song véi AB va SC. Xac
dinh giao diém ctia mit phang (a) v6i cac duong thang SA, AD, BC.
& Bai 13. Cho hinh chép S ABCD c¢6 day ABCD la hinh thang, day 16n AB. Goi M la
trung diém ctia C'D, (P) la mit phang qua M song song v6i SA va BC. Xéc dinh thiét dién
ctia hinh chép cat béi (P). Thiét dién d6 hinh gi?
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= Chuong 4. Dudng thing vd mit phing. Quan hé song song trong khéng gian

& Bai 14. Trong Hinh bén, khi cat banh sinh nhat,
mit cat va mit khay dung banh lan lugt goi nén hinh

anh hai mat phéng (Q) va (P); mép trén va mép dudi

ctia lat cat lan lugt goi nén hinh dnh hai dudng thang p
a va b, trong d6 a//(P). Cho biét hai duong thang a

va b c6 song song vGi nhau hay khong.

& Bai 15. Trong gio hoc bong d4, khi hai ban Nam va Mai lai gan khung thanh thi mon,
ban Nam khéng dinh thanh ngang trén ciing ctia khung thanh va béng ctia né 1a hinh anh
ctia hai dudng thing song song. Ban Mai cho ring hai duong thang nay chua chic song
song vi con phu thudc vao dnh hudng ctia 4nh sang Mat Troi nita. Hay cho biét ai ding,
ai sai. Vi sao? Biét rang, Mat Troi cach xa Trai Dat nén céc tia sang ¢ thé xem la nhiing

dudng thing song song.
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¢ HALMAT REANS, SQHIG SONG

Cho hai mit phang (a) va (), c6 thé x4y ra mot trong ba trusng hgp sau:

Hinh minh hoa S6 diém chung Vi tri tuong déi Ki hiéu

D () song song véi () (a) 7 (B)
Khéng cé diém chung hay hay
D (B) song song véi (c) B) 7 ()

e (c) cat (j}) theo giao tuyénd = ()N (P)=d

théng hang
C6 it nhat 3 diém chung .
6ng théng h: triing v (a) = (B)
4 =) / khéng théng hang (@) tring v6i (3) a) = (B
&

Hai mit phang (o) va (B) dugdce goi la

, A
song song vGi nhau néu ching khong A 3
c6 diém chung.

K1 hieu () //(B) hay (8)//(e)

Il. DIEU KIEN DE HAI MAT PHANG SONG SONG

inh 1y 1

Néu mat phang (o) chita hai dudng b
thing cit nhau va hai duong thang / >< /
a B

nay song song véi mat phang (3) thi

(o) va () song song v6i nhau. Tic 1a
(
a,b C (a)

a,b//(B) = () //(B).

a,b cat nhau

-> 72 17 7 e

Cho tit dien ABCD. Goi G1,G9,G3 1an luct 1a trong tam ciia cac tam giac ABC, ACD,

ABD. Chitng minh mat phang (G1G2G3) song song véi mit phang (BCD).
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= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

[} 7{450‘% a/fglz(fzkél.

Goi M, N, P lan luot la trung diém ctia BC, CD, DB.

Z. N AGI 2 AG2 . 2.
Ta co: MjGAGl ;fa Wi A% NeAgGQ va v =3
3_ 2 AG1 _ 2
P € AG3 va Ao =3 . Do do T AN , suy ra G1Gy//MN.
AGq AG3

Vi MN c (BCD) nén G1G»//(BCD). Tuong ti, —— T AP wai
suy ra G1G3// M P.
Vi MP C (BCD) nén G1G3//(BC'D). Vay (G1G2G3)//(BC'D).

’

C @ Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi M, N, P lan lugt
la trung diém ctia SA, SB, SC. Chiing minh ring mat phing (M NP) song song
v6i mit phang (ABCD).

ll. TINH CHAT CUA HAI MAT PHANG SONG SONG
1) Dinh ly 2
Qua mot diém nim ngoai mot mat phang cho trude c6 mot va chi mot mat phang
song song v6i mat phang da cho.

2) Hé qua

& Néu duong thang d song song v6i miit

d A -

phang («) thi qua d c6 duy nhat mot mét /B/ / /B( X
phéng song song véi (a).

< Hai mat phang phan biét cling song song / /
v6i mat phang thit ba thi song song véi ’

nhau.

& Cho diém A khong ndm trén mat phang (a). Moi duong thang di qua A

song song véi (a) déu nam trong (3) di qua A va song song véi (o).
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(& Bai 4. Hai mit phing song song

3) Dinh Iy 2

Cho hai mit phang song song. Néu mot mit phing
cit mit phing nay thi cling cit mat phang kia va hai

giao tuyén song song véi nhau.

Cho ttt dien ABCD. Goi M, N, P lan luct 1 trung diém ctia cac doan AB, AC, AD. Lay
I,K la hai diém bat ky lan lugt tréen M N, M P. Hai dudng thang AI, AK lan lugt cat
BC,BD tai I'; K'. Chiing minh réng IK //I'K’.

() Hwo/ndf f/d}z(fzfdzl
Ta c6 MN//BC (duong trung binh ctia tam giac ABC'), ma
BC © (BCD) nén MN ¢ (BCD).

Tuong ty, ta ¢c6 MP// BD (dudng trung binh tam giac
ABD), nén MP C (BOD).

Tu d6 suy ra (MNP)//(BCD).

Mit khéac, mat phang (AIK) cit hai mat phing (MNP) va (BCD) lan lugt theo hai
giao tuyén 1a IK va I'K’, nén ta c6 IK //I'K’".

’ :

C @ Cho hinh chép S.ABCD véi day ABCD la hinh binh hanh c¢6 O la giao diem
clia hai dudng chéo, tam giac SBD la tam gidc déu. Mot mit phang (o) di dong
song song v6i mat phang (SBD) va cit doan thing AC. Chiing minh ring cic giao

tuyén ctia (o) v6i hinh chép tao thanh mot tam gidc deéu.

)
' @ Cho hinh chép S.ABCD c6 day la hinh thang ABCD véi day 1é6n AD = 2BC.
Goi I, K lan lugt 1a trung diém ctia AD va SD.
a) Ching minh rang (SAB)//(CIK).

b) Goi O la giao diém ctia hai dudng chéo AC, BD. Lay M la diém bat ky trén

» Bién soan: /\35 Ditc Jai - @)) Zalo: 0889 971 004

265



= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

doan CD, dudng thing OM cat CI, AB lan lugt tai N, P va SM cat CK tai
Q. Chiing minh rang SP//NQ.

IV. DINH LY THALES TRONG KHONG GIAN

1) Dinh ly (Dinh ly Thales).

Ba mdt phang doi mot song song chdn trén hai cdt tuyén d/ \d’

phan biét bat ki nhiing doan thang tuong vng ti lé. /< A //\A’
. o . AB BC AC Py ‘

Trong hinh vé bén, ta cé 1B~ BO - A0 / |

Hinh bén la ké sach gd c6 bon mit ke, véi thanh gb ding

(xem nhu duong thang di) vd thanh gd xién (xem nhu
duong thang do). Gid st cac mat ké xuat hien & cac vi trf
A,B,C,D,E,F,G,H. Biét rang EF = 32cm va cac diém
A, B,C, D cach déu nhau. Cac mat ke dit song song v6i mit
dat. Tinh do dai HE.

[ /l&m/n(f J[Ei%[d(l Cac mit ke sach dit song song v6i mat dat nén 1a hinh anh ciia cac
mat phang song song nhau, ta ki hiéu caAc mat phang tit day ké sach lén trén lan lugt 1a
(P1), (Py), (P3), (Py). Ap dung dinh 1i Thaleés cho ba mit phing (Py), (Py), (Ps) véi hai cét
tuyén di, ds ta co: % = g—g = g—fl = g—g.

. __FG B
MaBC—CDnenG—H—liFG—GH.

Tuong tu, ap dung dinh 1i Thalés cho ba mit phang (), (P3), (Py) v6i hai cat tuyén
di,ds, ta co EF = FG. Tu d6 suy ra GH = FG = FF = 32cm.

Vay HE = EF + FG+ GH = 96 cm.
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(& Bai 4. Hai mit phing song song

(2

(4) Cho hinh chép S.ABC ¢6 SA =9, SB = 12, SC = 15. Trén canh SA lay céc
diém M, N sao cho SM = 4, MN = 3, NA = 2. Vé hai mat phéng song song véi
mat phang (ABC), lan luot di qua M, N, cit SB theo thit tu tai M’, N’ va cat SC
theo thit tu tai M”, N”. Tinh do dai cac doan thing SM’, M'N’, M"N", N"C.

s

Céc ke trong ngan mat ciia ti lanh c6 thé xem 1a

—

N 2 3 2 o 2 ~ ~ ~ 0 i ] Ké t
hinh &nh ctia cadc mit phang (Hinh vé). Thong tin |
tir nha san xuat la cac ke nay duge 13p song son : F —':F\

- nay ) P & & F E . Gia d&
v6i nhau. Bé mat bén trai va bén phai cia ti lanh » _— —

c6 cac gia d6 ben dudi cac ke. Néu cac gia d6 & [ _1
mit bén trai cach déu nhau mot khoang 15 cm thi —
cac gia dé & mat bén phai cach nhau bao nhiéu?

Vi sao?
V. HINH LANG TRU VA HINH HOP

1) Hinh lang tru

Cho hai mat phang song song (a) va (o). Trén () cho da gidc 16i A1As... A,.
Qua cac dinh Ay, As, ..., A, vé cac dudng thing doi mot song song va cit miit
phing (o) tai A}, A}, ..., A, Hinh gom hai da giac AjAy... A,, AJAL.. Al va
cac ti giac AjAjAr A, Ay AL A3 AL, ..., Ay Al A Al duge goi 1a hinh lang tru va
ki hieu 1o Ay Ay ... Ay ALA) AL

Trong hinh lang tru A1 As ... Ap.AJAL .. AL, ta goi:
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= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

& Cac diem Ay, Ag, ..., A, va Ay AL, .. Al

duge goi 1a céc dinh, cac doan thang AjAj,

A Al .., ApAl, dugce goi la cac canh bén, cac

doan théng AlAQ, A2A3, N AnAl va A/lAIQ,

ALAL o AL A dude gol la cac canh ddy cla |
hinh lang tru. |

¢ Hai da giac A1Ay... A, AJA, ... A), duge goi

la mat day cua hinh lang tru.

& Cac tit gidc AjAIAAh, AyALAsAL, . \ \ |
A Al AL A} dude goi 1a cac mat bén cta hinh

lang tru.

/| |
K}. \

inhlang trutam gidc  Hinh lang tru tu giac Hinh lang tru luc giac

Cho hinh lang try ABC.A’B'C’. Goi M, N, M’ lan lugt 1 trung diém cac canh AB, AC
va A'B’.

a) Chiing minh (MNM")//(BCC'B’).

b) Tim giao diém N’ ctia A'C’ va (MNM'). Tt gihc MNN'M’ 1 hinh gi?
o o@jm

a) Chung minh (MNM')//(BCC'B').
(MM // BB’ (tinh chat dudng trung binh hinh binh hanh AA’'B’'B)
MN //BC (tinh chat dudng trung binh tam giac ABC)
Ta c6 { MM', MN ¢ (MNM')

BB', BC C (BB'C'C)

| MN N MM =M
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(& Bai 4. Hai mat phing song song

= (MNM")//(BCC'B).

b) Tim giao diém N’ ctia A'C’ va (MNM'). Tt gihc MNN'M’ 1 hinh gi?

(MNM")//(BCC'B')
Ta c6 ¢ (A'B'C")n(BCC'B") = B'C'
M e (AB'CYn(MNM')
Suy ra (A'B'C'YN (MNM') =2'M'z//B'C".
Trong (A'B'CY), goi N' = AC'nadMz =
N' e AC
= N' = A'C' N (MNM).
N ea'Mxc (MNM)
Suy ra M'N’ la dudng trung binh tam giac
AB'C' = M'N' = %B/C/.
Ma MN la duong trung binh tam giac ABC nén
MN //BC vi MN = %BC.
Lai do BC'//B'C' va BC = B'C' nén MN // M'N'
va MN = M'N’.
Vay i giac MNN'M' 1 hinh binh hanh.

2) Hinh hop

Hinh hop la hinh lang tru ¢6 day la hinh binh hanh.

¢ Hinh hop ¢6 sau mat (bon mat bén va hai mét

DI
|
day) déu la nhiing hinh binh hanh. M&i mit ¢6 :

P B’ X
mot mat song song véi nd, hai mat nhu the goi | o4
|
|
|
|

la hai mat doi dién.

& Hinh hop ¢6 tam dinh, hai dinh ctia hinh hop

goi 1a hai dinh déi dién néu ching khong cling 5 .

nam trén mot mat nao. Doan thang ndi hai dinh

déi dien goi la dwdng chéo ctia hinh hop.

Cho hinh hop ABCD.A'B'C'D’. Chitng minh ring hai mit phang (AB'D’) va (C'BD)

song song v4i nhau.
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

(e HLIO/’% (/fglz(fzfél :

ABCD.A'B'C'D’ 1a hinh hop nén ta ¢c6 BB'// DD’ (cung A’
song song CC") va BB' = DD’ (cung bang CC").

Suy ra BDD'B’ 1a hinh binh hanh, do d6 BD//B'D’.

.'I _/-. - — ID
Mat khac, B'D' ¢ (AB'D'), suy ra BD//(AB'D') (1). [ /

Chitng minh tuong ty, ta ¢c6 AD//B'C’ va AD = B'C’, néen ADC’B’ 1a hinh binh hanh.
Tit d6, ta c6 DC'// AB', ma AB'  (AB'D') nen DC'//(AB'D')  (2)

Tu (1) va (2) suy ra (C"BD)//(AB'D’).

>
' (6) Cho hinh hop ABCD.A’B'C'D’. Chiing minh rang bén dudong chéo ctia hinh

hop cit nhau tai trung diém ctia mdi dudng.

B 521 Tér
Trdc nghiém

$® Cau 1. Cho duong thing a song song véi mit phang (P). Cé bao nhiéu mat phéng chita

a va song song véi (P)?

@) 0. 1. © 2. (D) Vo sb.

$> Cau 2. Cho mat phang (P) song song véi mit phang (Q). Khang dinh nao sau day la

ding?

(A) Moi duong thang nam trong (P) déu song song véi moi dudng thang nim trong (Q).

(P) song song v6i moi duong théng nam trong (Q).

(©) Néu mat phang (R) song song v6i mit phang (P) thi mit phang (R) song song vdi
mat phang (Q).

(D) Néu dudng thang a song song véi mit phang (Q) thi duong thang a song song véi
mit phang (P).

¢ Cau 3. Hai miat phang duge goi la song song véi nhau néu

(A) chiing khong c6 diém chung .
chiing c¢6 mot dusng thang chung .
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(& Bai 4. Hai mat phing song song

(© chiing c6 ding mot diém chung .
(D) chiing c6 it nhat mot diem chung .

$> Cau 4. Menh dé nao ding?

(A) Néu (P)//(Q) vaa C (P),bC (Q) thia//b .

Néu a//(P) va b//(Q) thia//b .

(© Néu (P)//(Q) vaa C (P) thia//(Q) .

(D) Néu a//bvaa C (P),bC (Q) thi (P)//(Q) .
¢ Cau 5. Méenh deé nao ding?

@ Hinh hop la hinh t& dién .

Hinh t& dién 1a hinh hop .

(C) Hinh lap phuong 1a hinh hop .

(D) Hinh hop 1a hinh 1ap phuong .

¢ Cau 6. Méenh deé nao sau day 1 sai?

@A) Qua mot diém bat ky c6 mot va chi mot mit phang song song v6i mot mit phang
cho truée.

Hai miit phing dudc goi la song song véi nhau néu ching khong c¢é diém chung.

(C) Ba mat phang phan biét doi mot song song v6i nhau chan trén hai cat tuyén bat ky
nhitng doan thing tuong tng ti le.

(D) Hai m#t phang song song cit mit phang thit ba theo hai giao tuyén song song vdi

nhau.

¢ Cau 7. Cho hinh chép S.ABCD c6 ddy ABCD la hinh binh hanh. Goi M, N, P lan lugt
14 trung diém cac canh AB,CD,SA. Khang dinh nao sau day 1a ding?

(A) (SBN)//(DAP). (SBC)//(MPD).
(© (SBN)//(PMD). (D) (SDN)//(MAP).

$% Cau 8. Cho hai hinh binh hanh ABCD va ABEF nam trong hai mit phang phan biét.

Khang dinh nao sau day la dang?

@) (ADF)//(BCE). AD//(BEF).
© (ABC)//(DEF). (D) EC//(ABD).

$> Cau 9. Cho hinh hop ABCD.A'B'C'D’. Ménh dé nao sai?

@) (ABCD)//(A'B'C'D') . (ABB'A")//(DCC'D") .
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

© (ACC'A"//(ABD) . (D) (A'B'C")//(ABD) .

¢ Cau 10. Cho a, b 1a hai duong thiang phan biét cit ba mat phing song song (P), (Q), (R)
lan lugt tai cac diem A, B,C va A’, B',C’. Khang dinh nao sau day 13 sai?
AB BC CA A'B"  B'C" C'A

@ AB ~ BC T CTA AB  BC CA°
AB  AB ® AB A'B'  AC
BC ~ BC" BC _ BIC'  ACT

Tu ludn

& Bai 1. Cho hinh chép S.ABCD c6 day la hinh thang ABCD véi day 16n la AD, AD =
2BC. Goi I,K,L lan luct 1a trung diém cta cac doan AD,SA,SD. Chting minh ring
(SAB)//(ILC) va (SCD)//(BIK).

& Bai 2. Trong mit phang (P) cho hinh binh hanh ABCD. Ta dung cac ntta duong thing
song song v6i nhau vi nam vé mot phia déi véi mat phang (P), lan lugt di qua céc diém
A, B,C, D. Mot mat phéng (Q) cit bén nita duong thing néi trén tai cac diem A’, B',C’, D',

Chiing minh rang:

AA'+CC' = BB'+ DD'.

& Bai 3. Cho hinh ling tru tam giac ABC.A'B'C’. Goi M, N, P lan lugt 1a trung diém
ctia cac canh AA’, BB', CC'. Chitng minh ring mat phing (MNP)//(ABC).

& Bai 4. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh, tam 1& O. Goi M, N

lan luot 1a trung diém ctia cac doan SA va SD.
a) Chiing minh rang (OMN)//(SBC).
b) Goi P,Q lan lugt la trung diém ctia AB va ON. Chiing minh ring PQ//(SBC).
& Bai 5. Cho hinh thang ABCD c6 hai day AB va CD. Qua cac diem A, D lan lugt vé

cac dudng thang m, n song song v6i nhau va khong nim trong mit phang (ABCD). Chiing

minh rang mp(B,m) va mp(C,n) song song v6i nhau.

& Bai 6. Cho hai hinh vuong ABCD va ABEF & trong hai mit phang khac nhau. Trén
cac dudng chéo AC va BF lan lugt lay cac diém M, N sao cho AM = BN. Cac duong thing
song song v6i AB vé tit M, N lan luot cat AD, AF tai M’ N'.

a) Chiung minh (CBE)//(ADF).

b) Chiing minh (DEF)//(MNN'M’).
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(& Bai 4. Hai mat phing song song

& Bai 7. Cho ba mit phang (P), (Q), (R) doi mot song song. Hai dudng thang d, d’ cét
ba mat phing lan lugt tai A, B, C va A, B', C'. Biét ring AB = 2 cm, BC' = 6 cm va
A'B" =3 cm, tinh B'C’.
& Bai 8. Cho hinh ti dien SABC. Trén canh SA lay cac diém A;, Ay sao cho AA; =
A1As = A3S. Goi (P), (Q) 1a hai mat phing song song véi miit phing (ABC) va lan lugt di
qua Ay, As. Mt phang (P) cit cac canh SB, SC lan lugt tai By, C1. Mt phang (Q) cat cac
canh SB, SC lan luot tai By, Cy. Chiing minh BBy = B1By = ByS va CC = C1Cy = (8.
& Bai 9. Cho hinh lang tru ti giac ABCD.A'B'C'D’. Mot miit phang song song véi mat
phing (A’B'C’'D’) cat cac canh bén cia hinh ling tru lan lugt tai A”, B”, C”, D”. Hoi hinh
tao bdi cdc diém A, B, C, D, A7, B”, C”, D’ Ia hinh gi?
& Bai 10. Cho hinh lang tru tam giac ABC.A'B'C’. Goi G, G’ lan lugt 1a trong tam cia
hai tam giac ABC va A'B'C".

a) Chitng minh rang tit gidc AGG’A’ 1a hinh binh hanh.

b) Chiing minh rang AGC.A’G'C’ 1a hinh lang tru.

& Bai 11. Cho hinh hop ABCD.A’B'C'D’. Mot mat phang (P) cit cac canh AD, BC, B'C', A'D’

lan lugt tai cac diém E, F, G, H. Ching minh ring ti giac EFGH 13 hinh binh hanh.
& Bai 12. Cho hinh lang tru tam giac ABC.A'B'C’. Goi M, M’ lan lugt 1 trung diém ctia
cac canh BC, B'C".
a) Tim giao diém ctia mat phang (AB'C’) v6i dudng thang A’ M.
b) Tim giao tuyén d ctia hai mat phang (AB'C’) va (BA'C").
¢) Tim giao diém G ctia dudng thang d véi mat phang (AM’M). Chiing minh G 1a trong
tam cua tam giac AB'C’.
& Bai 13. Cho hinh hop ABOD.A’B'C'D’. Chiing minh rang:
a) Hai mat phang (BDA’) va (B'D'C) song song véi nhau.
b) Dudng chéo AC’ di qua cac trong tam G va Go cua hai tam giac BDA' va B'D'C.
¢) G va Gy chia doan AC’ thanh ba phan bang nhau.
& Bai 14. Cho hinh chop S.ABCD c6 day ABCD la hinh binh hanh va M, N lan lugt 1a

trung diém ctia AB, CD. (P) la mat phang di qua M N va song song v6i mit phang (SAD).
Xac dinh thiét dién ctia hinh chép khi cit bsi mit phing (P).
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= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

& Bai 15. Cho hinh hop ABCD.A'B'C'D’. Mot mat phang

song song v6i mat bén (ABB’A’) ciia hinh hop va cat cac
canh AD, BC, A'D’, B'C" lan luct tai M, N, M’, N'. Chiing
minh raing ABNM.A'B’'N’M’ 13 hinh hop.

& Bai 16. Dé lam mot khung 16ng den kéo quan hinh ling tru luc gisc ABCDEF.A'B'C'D'E'F,
Binh g#n hai thanh tre A;Dq, F1C; song song v6i mit phang day va cat nhau tai O;.
a) Xac dinh giao tuyén ctia mat phang (A Dy, F1C1) v6i cAc mat bén clia lang tru.

b) Cho biét A’A; = 6AA; va AA’ =70 cm. Tinh CCy va C1C".

¥

P,

,tlji____

& Bai 17. Sau khi gin ké treo tuong bang g¢o (Hinh 4.87),
ban Nam chuan bi dit do trang tri léen nhung lai lo ling ké
bi nghiéng, cac do dac sé bi roi v6. Ban Binh dé xuat v6i ban _#J_
Nam: "Chi can diing mot vien bi dat len vai vi trf trén ke, néu
vien bi ding yén thi yén tam, néu vién bi lan xudng thi phai
chinh lai ké". Xem mat ké va mat dat lan lugt 1a hinh anh cta
mgt phang (P) va (Q). Véi cach lam ctia ban Binh, néu vien
bi lan xudng dat thi (P) va (Q) c6 song song v6i nhau khong?

V1 sao?
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5 PHEP CHIEU SONG SONG

I. KHAI NIEM PHEP CHIEU SONG SONG

Trong khong gian, cho mot mat phang (P) ! Phuong chifu
M &

~

va duong théng [ cat (P). V6i mdi diem M

trong khong gian, vé mot dudng thing di

qua M va song song hoac trung véi [. Duong / \ M \ /
thang nay cat (P) tai M’. Phép cho tuong
ting mdi diém M trong khong gian véi diém Mit phing chléu\

M’ trong (P) dugc goi la phép chiéu song
song 1én miit phing (P) theo phuong I.

& Mit phang (P) dudc goi la mat phing chiéu va dudng thing [ dugc goi 1a phuong
chiéu ctia phép chiéu song song;

& Phép chiéu song song theo phuong ! con dugde goi tit 1a phép chiéu theo phuong [;

¢ Diém M’ goi 1a &nh ctia diém M theo phép chiéu theo phuong [.

¢ Cho hinh # trong khong gian. Ta goi tap hop H’ cac anh M’ clia tat ci nhitng diém
M thuoc H qua phép chiéu song song theo phuong I 13 hinh chiéu song song ctia
#H lén mat phang (P).

Cho hinh lang tru tam giac ABC.A'B'C".

a) X4c dinh hinh chiéu ctia diém A trén mit phang (A’B'C’) theo phuong CC’.
b) Goi M la mot diém thuoc doan thang AB. Xac dinh hinh chiéu ctia M trén mit
phing (A’B'C’) theo phuong CC".
N\ Jor gidcl.

A C’

M
Bl

a) Vi ABC.A'B'C’ 1a hinh lang tru nén AA'//BB'//CC’. Vi A’ thudc mat phang (A’B'C")
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= Chuong 4. Dudng thgng va mit phgng. Quan hé song song trong khdng gian

nén A’ 1a hinh chiéu ctia A trén mat phang (A’B’C’) theo phuong CC’.

b) Trong mat phang (ABB'A") vé MM'// AA" v6i M’ thuoe A'B’ thi MM'//CC’. Vi
M’ thudc mat phang (A’B’C’) nén M’ 1a hinh chiéu ctia M trén mit phang (A’B'C")
theo phuong CC’.

’ )

(1) Cho hinh hop ABCD.A'B'C'D’. Goi O la giao diém hai dudng chéo AC va BD.
Tim hinh chiéu song song ctia diém O trén mat phang (A’B'C’D’) theo phuong
AA.

Il. CAC TiNH CHAT CO BAN CUA PHEP CHIEU SONG
SONG

& Phép chiéu song song bién 3 diém thang
hang thanh 3 diém théng hang va khong lam
thay doi thi tu 3 diém do.

& Phép chiéu song song bién duong thing

thanh duong thing, tia thanh tia, doan Hinh 4.91
2 2 Z C
thang thanh doan thang, bién tia thanh tia. A A 8
& Phép chiéu song song bién 2 dudng thing i
SRR
song song thanh 2 dudng thang song song —t—\'—i—
(@ A B C

hodc trung nhau. Hinh 4.92

& Phép chiéu song song khong lam thay doi ti
s6 do dai clia hai doan thang cling ndm trén

hai duong thing song song hoiic tring nhau.

’ AB _A'B"
AB_A'B
CD C Dr / ,-" CD C‘IDr

Hinh 4.93 Hinh 4.94 Hinh 4.95
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(& Bai 5. Phép chidu song song

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N lan lucgt 1a trung
diém ctia céc doan thang AD, BC. Lay P,Q lan lugt 1a hai diém trén canh SB, SA sao
cho 2L _9Q _ 2
SB  SA 3
a) Tim &nh ctia cic doan thang M N, PQ va tam giac M N P qua phép chiéu song song
len mat phang (SCD) theo phuong AD.

b) Hay nhan xét vé vi trf tuong dbi ciia anh hai dudng thang M N, PQ qua phép chiéu

trén.

X o, il
Ha‘()’/ldf a/(m(flm

a) Anh ctia M va N qua phép chiéu song song lén
mit phang (SCD) theo phuong AD lan lugt 1a
C va D nén anh ciia M N qua phép chiéu nay 1
doan thang C'D.

Trong (SAD), vé QQ'// AD (Q' € SD); trong
(SBC), vé PP song song véi BC (P’ € SC).

Do d6 anh ctia P, Q qua phép chiéu song song lén mit phang (SCD) theo phuong AD
lan luot 1a P, Q. Vay anh ctia PQ la doan thang P'Q’, va anh clia tam giac MNP la
tam giac DCP’.
b) Ta co:
SP"_Sp 2 SQ _SQ

SC  SB 3 SD SA

Cho hinh binh hanh ABCD va goi A’B'C'D’ 1a hinh chiéu ctia ABCD trén mit phing

SP SQ

Y.
e SD=>PQ//CD.

2:>
3

(P) theo phuong d. Chiing minh ring ti giac A’B’C’D’ 1a hinh binh hanh.
N Jor giac.

Vi ABCD la hinh binh hanh nén AB song song véi C'D, do P A D
d6 hinh chiéu ctia AB 1a A’B’ song song véi hinh chiéu clia B '
CD la C'D’. Tuong tw A’D’ song song v6i B'C".

T giac A'B'C'D’ ¢6 A'B'//C'D’ va A’D’// B'C" nén né la
hinh binh hanh.
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= Chuong 4. Dudng thing va mit phgng. Quan hé song song trong khdng gian

(2

@ Cho tam gidc ABC c6 M la trung diém ctia BC. Mot phép chiéu song song bién
tam gidc ABC thanh tam giac A’B’C’, bién M thanh M’. Chiing minh rang A’ M’

13 duong trung tuyén ctia tam giac A’B'C".

l1l. HINH BIEU DIEN CUA MOT HINH KHONG GIAN

Hinh biéu dién ctia mot hinh #H trong khong gian 13 hinh chiéu song song ciia
hinh # trén mot mat phang theo mot phuong chiéu nao dé hodic hinh dong dang
v6i hinh chiéu dé.
a) Tam giac:
Mot tam giac bat ki bao gio cling c6 thé xem la hinh biéu dién ctia mot tam giéc co

dang tuy ¥ cho trude (cé thé 1a tam giac déu, tam gidc can, tam giac vuong,..

AN

b) Hinh binh hanh:

Mot hinh binh hanh béat ki bao git cling c6 thé xem la hinh biéu dién ctia mot hinh
binh hanh tuy ¥ cho trudc (c6 thé la hinh binh hanh, hinh vuéng, hinh chit nhat...

T

c) Hinh thang: Mot hinh thang bat ki bao gio
ciing c¢6 thé coi la hinh biéu dién ctia mot hinh d

thang tuy ¥ cho truée, mién 1a ti s6 do dai hai

day ctia hinh biéu dién phai bang ti s6 do dai
hai day ctia hinh thang ban dau.
d) Hinh tron: Vi hinh chiéu song song ctia mot

hinh tron la mot hinh elip hodc mot hinh tron,

hoic diic biét c6 thé 1a mot doan thang nén ngudi
ta thuong ding hinh elip dé biéu dién cho hinh

tron.
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B sAi Tér

Tréc nghiém

¢ Cau 1. Cho hinh hop ABCD.A'B'C’'D’. Hinh chiéu ctia tam giac A’B'C’ theo phuong
BB’ len mit phang (ABC) 1a hinh nao?

(A) ADC. ADB. (© BCD. (D) ABC .

¢ Cau 2. Khang dinh nao sau day diang?

(A) Hinh chiéu song song ctia mot hinh chép cut c6 thé 1a mot hinh tam gic.
Hinh chiéu song song ctia mot hinh chop cut c6 thé 1a mot doan thing.
(©) Hinh chiéu song song ctia mot hinh chép cut ¢6 thé 1a mot hinh chép cut.
@ Hinh chiéu song song ctia mot hinh chép cut ¢6 thé 1a mot diém.
¢S Cau 3. Qua phép chiéu song song, tinh chat ndo khéng dudc bao toan?
(A) Chéo nhau. Dong quy.
(©) Thang hang. (D) Song song.
¢ Cau 4. Trong cic ménh dé sau, ménh dé nao dung?
(A) Hinh chiéu song song ctia hai duong thang chéo nhau cé thé song song v6i nhau.
Hinh chiéu song song ctia hai duong thang cit nhau thi song song.
(©) Hinh chiéu song song ctia hai mot hinh vuong 13 mot hinh vuong.
(D) Hinh chiéu song song ctia mot luc gide déu la mot luc gide déu.
¢ Cau 5. Qua phép chiéu song song lén mit phang (P), hai duong thing a va b c6 hinh
chiéu 1a hai dudng thang song song o’ va b'. Khi dé:
(A) a va b phai song song v6i nhau.
a va b phai cat nhau.
(© a va b c¢6 thé chéo nhau hodic song song v6i nhau.
(D) a va b khong thé song song.
> Cau 6. Cho hinh hop ABCD.A'B'C'D’. Hinh chiéu song song ctia diem B’ trén mat

phing (ABCD) theo phuong chiéu A'D la:

() Diém B. Diém D. (© Diém C. (D) Diém A.
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$> Cau 7. Cho hinh hop ABCD.A'B'C’'D’. Hinh chiéu song song ciia doan thing A’B trén
mit phang (CDD'C’) theo phuong chiéu BC la:

(A) Doan thang D'C. Doan thang A'D’.
(©) Doan thang AB'. (D) Doan thang A'B.

¢ Cau 8. Trong cac Hinh 44a, b, ¢, c6 bao nhiéu hinh c6é thé 1a hinh biéu dién cho hinh

chép ti giac?

a) b) c)
Hinh 44

@) 3

Tu ludn

& Bai 1. Nhitng ménh dé nao trong cac ménh dé sau day la dang?

® 2. © L ©) o.

a) Phép chiéu song song bién doan thang thanh doan thing.

b) Phép chiéu song song bién hai dudng thing song song thanh hai dudsng thing cit
nhau.
c¢) Phép chiéu song song bién tam gidc déu thanh tam gidc can.
d) Phép chiéu song song bién hinh vuong thanh hinh binh hanh.
& Bai 2. Trong cdc ménh dé sau, ménh dé nao dang?
a) Mot duong théng c6 thé song song véi hinh chiéu ctia né.
b) Mot dusng thing cé thé tring véi hinh chiéu ciia né.
c¢) Hinh chiéu song song ciia hai dudng thing chéo nhau c6 thé song song véi nhau.
d) Hinh chiéu song song ciia hai dudng thing chéo nhau c6 thé tring nhau.
& Bai 3. Néu tam giac A’B’C’ 1a hinh chiéu ciia tam gidac ABC qua mot phép chiéu song
song thi tam gidc ABC c6 phai la hinh chiéu ctia tam giac A’B’C’ qua mot phép chiéu song
song hay khong? Hay giai thich.
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& Bai 4. Phép chiéu song song bién tam gidc ABC thanh tam giac A’B’'C’. Chitng minh
rang phép chiéu d6 bién trong tam cla tam gidc ABC thanh trong tam cia tam giac

A'B'C.

& Bai 5. Trong cac Hinh a) , hinh nao 14 hinh biéu dién cho hinh t1 dien?

NI NIN

& Bai 6. Hinh bén ¢6 thé 1a hinh bidu dién ctia mot hinh /W\
luc gidc déu hay khong? Vi sao? W

& Bai 7. Cho hinh hop ABCD.A'B'C'D’. Xac dinh anh ctia tam gidc A’C'D’ qua phép

chiéu song song lén mit phang (ABCD) theo phuong A'B.

& Bai 8. Trong hinh bén duéi, AB va CD la béng clia hai thanh chén ctia mot chiéc thang
dudi anh mat troi. Hay giai thich tai sao AB song song véi CD.
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ON TAP CHUGONG 4
Tréc nghiém nhiéu phuong én luva chon

$> Cau 1. Cho dudng thing a song song v6i mat phang (P). Mat phang (Q) chita duong

6

thang a va cit mit phang (P) theo giao tuyén la dudng thang b. Vi trf tuong ddi ctia hai
duong thing a va b la
(A) chéo nhau. cat nhau. (©) song song. (D) trung nhau.

$% Cau 2. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi M 13 trung diém
ctia canh SD. Dudng thing SB song song v6i mit phing

@A) (CDM). (ACM). © (ADM). (D) (ACD).
$® Cau 3. Cho hinh hop ABCD.A'B'C'D'. Mat phang (AB'D’) song song v6i mit phang
@A) (ABCD). (BCC'B'). (© (BDA). (D) (BDC').

$> Cau 4. Cho ba mit phing (P), (Q), (R) doi mot song song véi nhau. Dusng thang a
2 2 N AB 2 2
cat cac mat phang (P), (@), (R) lan lugt tai A, B, C sao cho BC =3 va duong thang b

I R/

cat cadc mat phang (P), (Q), (R) lan luct tai A’, B',C’. Ti s6 bang

B'C’
2 1 3 2
@ g. 5. @ 5. @ g.
¢ Cau 5. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi M, N lan lugt 1a

trung diém clia cdc canh SB, SD, K la giao diém ctia mit phing (AMN) va dudng thang

? 7 SK )
SC. Tiso SO bang

1 1 1 2
® 3 3 © 7 © 3
% Cau 6. Cho hinh hop ABCD.A'B'C'D’. Goi M, M’ 1an lugt 1a trung diém ctia cac canh
BC, B'C’'. Hinh chiéu cia AB’DM qua phép chiéu song song trén (A’B'C’'D’) theo phuong
AA" 1a
A) AB'AM'. NC'D'M’. (© ADMM'. (D) AB'D'M’.
$> Cau 7. Cho hinh chép S.ABCD c6 day ABCD 1a hinh binh hanh. Goi I, J, E, F lan

lugt 1a trung diém SA, SB, SC, SD. Dusng thing nao khéng song song véi I.J?

(A) EF. CD. (© AD. (D) AB.
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&> Cau 8. Cho tam giac ABC. Lay diém M trén canh AC A
kéo dai (Hinh ben). Ménh dé nao sau day 1a ménh dé sai?
(A) M € (ABO). C € (ABM).
© A€ (MBO). (D) B € (ACM).

¢ Cau 9. Cho tit dien ABCD véi I va J lan lugt 1a trung diém céc canh AB va CD. Ménh
dé nao sau day dang?

(A) Bén diém I, J, B, C dong phang.

Bén diém I, J, A, C' dong phing.

(©) Bén diém I, J, B, D dong phang.

(D) Bon diém I, J, C, D dong phang.
$> Cau 10. Cho hinh chép S.ABCD c6 AC cat BD tai M, AB cat CD tai N. Trong cac
duong thang sau day, duong nao la giao tuyén ciia (SAC) va (SBD)?

@A) SM. SN. © SB. D) SC.

¢ Cau 11. Cho hinh binh hanh ABCD va mot diem S khong nam trong mit phing
(ABCD). Giao tuyén ctia hai mat phang (SAB) va (SCD) la mot duong thing song song

v6i duong thang nao sau day?

@) AB. AC. © BC. D) SA.

$® Cau 12. Cho hinh chop t gide déu S.ABCD c6 canh day bing 10. M 13 diém trén SA

SM 2 ) )
sao cho A= 3 Mot mat phang («) di qua M song song véi AB va CD, cat hinh chop
theo mot tit gidc c6 dién tich la

400 200 200

40
Oy R ©7 Ohy
$¢> Cau 13. Quan hé song song trong khong gian c6 tinh chat ndo trong cac tinh chat

sau?

(A) Néu hai mat phang (P) va (Q) song song véi nhau thi moi duong thang nam trong
(P) déu song song véi (Q).

Néu hai mit phang (P) va (Q) song song véi nhau thi moi duong thang nidm trong
(P) déu song song v6i moi duong thing ndm trong (Q).

(©) Néu hai dudng thang song song véi nhau lan lugt nam trong hai mit phang phan biét
(P) va (Q) thi (P) va (Q) song song v4i nhau.

(D) Qua mot diem ndm ngoai mit phang cho trude ta vé duge mot va chi mot duong

thang song song v6i mat phang cho trude dé.
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> Cau 14. Cho hinh lang tru ABC.A’B'C’. Goi M, N, P, Q lan ludt la trung diém cta
cac canh AC, AA’, A'C', BC. Ta ¢6

@) (MNP)//(BCA). (MNQ)//(A'B'C").
© (NQP)//(CAB). D (MPQ)//(ABA).
¢ Cau 15. Trong khong gian, hai dudng théing song song v6i nhau khi va chi khi
(A) Hai dudng thang cling nam trong mot mit phang va khong c6 diém chung.
Hai duong thang khong cé diém chung.
(C©) Hai dudng thang ciing ndm trong mot mit phang.
(D) Hai dudng thang cling song song v6i dudng thang thi ba.
> Cau 16. Trong khong gian, dudng thing song song v6i mit phang khi va chi khi
(A) Dudng thang d6 song song v6i mot dudng thang thuoc mit phang.
Duong thing va mit phang khong c6 diém chung.
(©) Duong thang d6 khong c6 diém chung v6i mot duong thiang thudc mat phang.
(D) Duong thang d6 khong c6 diém chung v6i hai duong thang thuoc mat phang.
& Cau 17. Trong khong gian, hai mat phang song song véi nhau khi va chi khi
(A) C6 mot miat phang chita hai duong thang phan biét ciing song song v6i mit phang
con lai.
Hai miit phing cling song song véi mot duong thang.
(©) Hai mat phang cliing song song v6i mit phang thit ba.
(D) Hai mat phang khong c6 diém chung.

$> Cau 18. Cho hai dudng thang phan biét a,b va (). Gia st a//b,b//(a). Khi d6

@ a//(@). aC (a).

© a cit (a). (D) a//(a) hodc a C (a).
¢ Cau 19. Cho dudng thing ¢ nim trong mat phing (a). Gia st b ¢ («). Ménh dé nao
sau day dung?

(A) Néu b// () thi b//a.

Néu b cit () thi b cit a.

(©) Néub//a thib//(a).

(D) Néu b cit (a) va (B) chita b thi giao tuyén clia (a) va (8) 1a duong thang cit cd a va

b. .
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$> Cau 20. Cho dudng thang a v mat phang (P) trong khong gian. C6 bao nhiéu vi tri

tuong ddi ctia a va (P)?

@) 2. 3. © 1. D) 4.
¢ Cau 21. Cho hai duong thing chéo nhau a va b. Khang dinh nao sau day sai?

(A) C6 duy nhat mot mat phang song song véi a va b.

C6 duy nhat mot mit phang qua a va song song véi b.

(©) C6 duy nhit mot mat phang qua diém M, song song véi a va b (v6i M la diém cho
trugce).

(D) C6 vo 86 dusng thang song song véi a va cit b.
¢S Cau 22. Trong cac ménh dé sau, ménh dé nao dung?

(A) Hai mat phang khong cat nhau thi song song.

Hai miit phing cling song song véi mot duong thang thi cit nhau.

(© Qua mot diém nim ngoai mot mat phang cho trude c6 duy nhat mot mit phang song
song v6i mit phang doé.

(D) Qua mot diém nim ngoai mot mat phang cho trude c6 vo s6 mat phang song song
v6i miat phang do.
$9 Cau 23. Cho tit dien ABCD. Goi I, J lan lugt 1a trong tam cac tam giac ABC va ABD.

Chon khing dinh diing trong cac khang dinh sau?

(A) 1J song song véi CD. IJ song song véi AB.
(©) IJ chéo CD. (D) IJ cat AB.

$> Cau 24. Cho hinh chép S.ABCD c6 day la hinh thang ABCD (AB//CD). Khiang dinh

nao sau day sai?

(A) Hinh chép S.ABCD c6 4 mit beén.
Giao tuyén ctia hai mit phang (SAC) va (SBD) 1a SO (O la giao diém ctia AC' va
BD).
(©) Giao tuyén ctia hai mat phang (SAD) va (SBC) 1a SI (I la giao diém clia AD va
BC).
(D) Giao tuyén ctia hai mat phang (SAB) va (SAD) la dudng trung binh ctia ABCD .
$© Cau 25. Cho hinh lang tru ABC.A'B'C’. Goi I, I’ 1an lugt 1a trung diém ctia AB, A'B’.
Qua phép chiéu song song phuong AI’', mit phang chiéu (A’B’C’) bién I thanh?

@A) A B © . D I
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¢ Cau 26. Cho tit dien ABCD. Goi G 1a trong tam ciia tam gidac BC'D. Giao tuyén clia
mit phing (ACD) va (GAB) la

(A) AM (M la trung diem ctia AB).
AN (N la trung diém ctia CD).
(© AH (H la hinh chiéu ctia B trén CD).
(D) AK (K 1a hinh chiéu ctia C trén BD).

$® Cau 27. Cho hinh chép S.ABCD c¢6 AD khong song song véi BC. Goi M,N,P,Q,R,T
lan lugt 1a trung diéem AC, BD, BC,CD,SA,SD. Cap duong thang nao sau day song song

v6i nhau?
(A) MP va RT. M@ va RT.
(© MN va RT. (D) PQ va RT.

$® Cau 28. Cho hinh chép S.ABCD c6 day la hinh thang véi cac canh day 1a AB va CD.
Goi I, J lan lugt 1a trung diém ctia AD vh BC va G la trong tam ciia tam giac SAB. Giao
tuyén ctia (SAB) va (IJG) la

@) SC.

duong thing qua S va song song véi AB.

(©) duong thang qua G va song song véi DC.

(D) dudng thang qua G va cit BC.
$® Cau 29. Cho hinh chép S.ABCD c¢6 day ABCD 1a hinh binh hanh tam O. Goi M, N, I
theo thtt tuy 1a trung diém ctia SA, SD va AB. Khang dinh nao sau day ding?

@A) (NOM) cat (OPM). (MON)//(SBC).

(© (PON)N(MNP)=NP. (D) (NMP)//(SBD).

> Cau 30. Cho tit dien ABCD. Goi I, J va K lan luot la trung diém ctia AC, BC va BD.
Giao tuyén ctia hai mat phang (ABD) va (IK.J) la dudng thang

(A) KD. KI.

(©) qua K va song song v6i AB. (D) Khong c6.

¢ Cau 31. Cho hai dudng thang phan biét a va b trong khong gian. C6 bao nhiéu vi tri

tuong doi gitta a va b?

@) 1. ®) 2. © 3. D) 4.
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¢ Cau 32. Cho hinh ling tru ABC.A’B'C’, qua phép chiéu song song phuong CC’, mat
phéng chiéu (A'B'C’) bién M thanh M’. Trong d6 M la trung diém ctia BC. Chon ménh

dé dung?
(A) M’ 1a trung diém ctia A’'B’. M’ 1a trung diém ctia B'C’.
(© M’ la trung diém ctia A'C’. (D) Ca ba dép &n trén déu sai.

> Cau 33. Trong cac khang dinh sau, khang dinh nao ding?

(A) Néu 3 diem A, B, C 1a 3 diém chung ctia 2 mat phang (P) va (Q) thi A, B, C thang

hang.
Néu A, B, C thing hang va (P), (Q) c6 diém chung la A thi B, C ciing la 2 diém

chung cia (P) va (Q).
(©) Néu 3 diem A, B, C la diém chung clia 2 mit phang (P) va (Q) phan biet thi A, B,

C khong thing hang.
(D) Néu A, B, C thang hang va A, B la 2 diém chung ctia (P) va (Q) phan bigt thi C

ciing la diém chung ctia (P) va (Q).
¢ Cau 34. Cho hinh chép S.ABCD c¢6 M, N, P lan lugt 1a cac diém thuoc céc canh SA,
SB, SC. Goi O la giao diém clia AC va BD. Biét @ la giao diém ctia SD véi mat phang
(MNP). Khiang dinh nio sau day ding?

(A) SO, MP, NQ dong quy. M, N, Q thing hang.
(© N, P, Q thang hang. (D) SO, SD, N@Q dong quy.
$¢> Cau 35. Cho hinh chép S.ABC c¢6 M, N, P lan luct 13 trong tam ciia cic tam giac
SAB, SBC, SCA. Goi (a) la mat phang qua S va song song véi (ABC). Biét @ 1a giao
. ., QN |
diem gitta AN va («). Ti s0 g_A bang

1 2 3
@) -. . © =. D) 3.
3 3 2
¢ Cau 36. Cho hinh chép S.ABC c¢6 M, N lan lugt 1a trong tam ctia tam gidc SAB va
SBC. Goi A la giao tuyén gitta hai mat phiang (ABC) va (AMN). Khing dinh nao sau day

1a sai?

A) A//MN.

A di qua hai diem A va C.

© A cat SB.

(D) Bon diém A, M, N, C dong phang.
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¢S Cau 37. Cho chop S.ABCD c¢6 day ABCD la hinh thang véi AB//CD. Gia st ACNBD =
O v AD N BC = I. Khi dé giao tuyén ctia hai mit phing (SAC) va (SBD) la

@A) SO. SB. © SI. (D) SA.

& Cau 38. Cho chép S.ABCD ¢6 day ABCD la hinh binh hanh tam O. Goi M, N, P, Q
lan lugt la trung diém cac canh SA, SD, AB, ON. Khang dinh nao sau day la sai?

(A) (MON)//(SBC). (MOP)//(SBO).
(© MN//(ABCD). (D) (MON)//(ABC).

$® Cau 39. Cho hinh lap phuong ABCD.A’B'C'D’. C6 bao nhiéu canh ctia hinh lap phuong

chéo nhau véi duong chéo AC’ ciia hinh lap phuong?

@) 2. 3. © 6. D) 4.
¢ Cau 40. Cho hai hinh binh hanh ABCD va ABEF khong thuoc ciing mot mit phang,

c6 canh chung AB. Két qua nao sau day diang?

(A) BC//(AEF). FD//(BEF).
(© (CEF)//(ABD). (D) (AFD)//(BCE).

¢ Cau 41. Cho hinh lap phuong ABCD.A’B'C'D’. Khang dinh nao sai?

@A) (A’BD)//(CB'D"). (AB'D")//(A'BD).
(© B'D'//(BCD). (D) (DA'C")//(B'AC).

¢S Cau 42. Trong cac ménh dé sau, ménh dé nao sai?

(A) Hinh chiéu song song ctia hai duong thang cat nhau c6 thé song song véi nhau.
Hinh chiéu song song ciia hai dudng thing cit nhau cé thé cit nhau.
(©) Hinh chiéu song song clia hai dudng thang cit nhau c6 thé triing nhau.

(D) Mot dudng théng cé thé triing v6i hinh chiéu song song clia né.
¢S Cau 43. Trong cac ménh dé sau, ménh dé nao dang?

(A) Hinh chiéu song song ctia hai duong thang chéo nhau c6 thé triing nhau.

Hinh chiéu song song ctia hai dudng thang chéo nhau thi cit nhau.

(©) Hinh chiéu song song clia hai dudng thang chéo nhau c6 thé song song véi nhau.

(D) Hinh chiéu song song ctia hai duong thang chéo nhau c6 thé cit nhau, tring nhau,
song song vGi nhau.

¢ Cau 44. Hinh chop ¢6 18 canh (bao gom cé canh day va canh bén) ¢6 bao nhiéu mat?
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@) 9. 10. © 18. D) 19 .

¢ Cau 45. Chon khing dinh sai?

(A) Néu mot duong thang cit mot trong hai mat phéng song song thi sé cit mat phiang

con lal.

Néu hai mat phéng song song thi moi dudng thing nim trén mit phang nay déu song

song v6i mat phing kia.

(C) Néu mat phang (P) chita hai duong thing cling song song véi mat phang (Q) thi (P)

va (@) song song v4i nhau.
(D) Néu hai mat phang (P) va (Q) song song véi nhau thi mat phang (R) da cit (P) déu

phai cit (Q) va cac giao tuyén ciia chiing song song vdéi nhau.

> Cau 46. Chon khing dinh sai?

(A) Néu mot duong thang cit mot trong hai mat phang song song thi sé cit mit phang

con lai.

Néu hai mat phing song song thi moi dusng thing nam trén mit phang nay déu song

song v6i mit phing kia.
(©) Néu mat phang (P) chita hai duong thang cling song song véi mat phang (Q) thi (P)

va (@) song song v6i nhau.
(D) Néu hai mat phang (P) va (Q) song song véi nhau thi mit phang (R) da cit (P) déu

phai cat (Q) va cac giao tuyén ciia ching song song véi nhau.

¢S Cau 47. S6 duong chéo ctia mot hinh hop 1a

@) 4. 24 . © 2. (D) 28.
> Cau 48. Cho bén diém A, B, C, D khong ciing thuoc mot mat phang. Khing dinh nao
sau day la sai?
(A) Bén diém A, B, C, D da cho doi mot khac nhau.
Khong c6 ba diém nao trong bén diém A, B, C, D la thing hang.
(O) Hai duong thang AC va BD song song véi nhau.
(D) Hai duong thang AC vad BD khong c6 diém chung.
$> Cau 49. Cho (P) va diém A nim ngoai (P). Khang dinh nao sau day la ding?
(A) Qua A c6 vo s6 mit phang song song véi (P).
Qua A c6 diing mot mat phang song song véi (P).
(© Qua A khong c6 mat phang song song véi (P).
(D) Qua A c6 ding hai mat phang song song v6i (P).
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> Cau 50. Cho ti dien ABC'D. Mot mat phang cat cac canh AB, BC,CD, DA cla tt
dien lan luot tai M, N, P,Q. Khi d6

(A) MN, AC, PQ ddong quy.

MN, AC, PQ doi mot song song.

(© MN, AC, PQ doi mot chéo nhau.

(D) M N, AC, PQ ddi mot song song hogc chéo nhau.

Trdc nghiém diing sai

¢S Cau 1. Cac meénh dé sau dung hay sai?

Phat bidu D|S

@ Hai duong thang chéo nhau thi khong c¢6 diém chung.

@ Hai duong thang song song xéc dinh mot mat phéng.

(C) Hai dudng théng dugc goi 1a song song néu chiing khong c6 diém chung.

@ Hai dudng théng ciing song song v6i mot dudng thing thit ba thi song song

v6i nhau.

¢ Cau 2. Cho hinh chép S.ABC. Goi I, J lan lugt 1a trung diém ctia AB va BC. Goi H, K
lan luot 1a trong tam ctia ASAB va ASBC.

Phat biéu D|S
(A) AC//(STJ) .
IJ cat SB .
(C HK//IJ .
(D) Giao tuyén ctia (BHK) va (ABC) la duong thang di qua B va song song véi
AC .

$® Cau 3. Cho hinh chép S.ABCD c¢6 day ABCD la hinh vuong tam O, canh a. Goi
M, N, P lan lugt 1a trung diém ctia SA, SB, SC. Mat phang (M NP) cit SD tai Q

Phat biéu D|S Ph4t biéu D
A NQ=a. © (MNP)//(ABCD) .
(MNO)//(SCD) . D) Synpg = a® .
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$® Cau 4. Cho hinh chép S.ABCD c6 day ABC'D la hinh binh hanh tam O. Goi G la trong
tam tam giac ABC. Goi E 1a trung diém DC va M i trung diém BC. Trén canh SA lay
diém N sao cho AN = ;SA.

Ph4t bidu D|S

(A) AG cat mat phing .

Duong thing M E cat mat phang (NBD) .

© (NGD)//(SME) .

@ Goi I 1a giao diém ctia dudng thang AB va mit phang (SME). Khi dé ST cit
mit phang (NOB) .

$> Cau 5. Cho hinh chép S.ABCD c6 day 1a hinh binh hanh tam O. Goi M, N lan lugt 13

trung diém ciia cac canh SA, SD.

Ph4t bidu D|S

(A) (OMN)//(SBC) .

Mit phang (OMN) di qua trung diém ctia canh AB .

@ Giao tuyén ctia (OMN) va mat phing (ABCD) la dudng thang di qua O va

song song vdi dudng thang AB .

(D) Diém C thuoc mat phang (OMN) .

¢ Cau 6. Cho hinh chop S.ABCD c6 déy 1a hinh binh hanh. Goi M 1 trung diém doan
SB, H va K lan lugt 1a trong tam tam giac SAB va SBC (tham khéo hinh vé duéi day).
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Phat biéu D|S Phat biéu
(A) AB//CD. (C) HK //(ABCD).
SC' va AB cit nhau. D) (HK)//(SAC).

¢ Cau 7. Cho hinh chop S.ABCD c6 day 1a hinh binh hanh. Goi M, N, P lan lugt 14 trung

diém ctia cac canh SB,SD,CD.

Phat biéu

(A) BD//(MNP) .

B) MN//BD .

(C)NP//(SAB) .

(D) Mat phang (MNP) cit hinh chép theo thiét dién 1a mot hinh binh hanh .

$® Cau 8. Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh, tam 1a O. Goi M la

trung diém cta SC.

Phat biéu

(A) SO la giao tuyén ctia hai mat phing (SAC) va (SBD).

Giao diém ctia dusng thang AM va mat phang (SBD) thudc canh SO.

(C) Duong thédng MO cit mat phang (SAD).

(D) Ba mit phing (SAB), (SAC) va (MOB) doi mot cit nhau theo ba giao tuyén
phan biét va ba giao tuyén nay dong quy.

$> Cau 9. Cho hinh lang tru tam gidc ABC.A'B'C’. Goi M, N lan luct 13 trung diém ctia
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A'B’ va AB, va I la tam cua hinh binh hanh BCC'B’.

Phat bidu D|S

(A) Dudng thang M N cit duong thang B'C’.

Giao tuyén ctia hai mat phang (M NI) va (BCC'B’) song song véi BB’

(©) (MNI)//(ACC'A").

(D) Dudng thing M cit mat phang (ABC) tai diém K. Khi d6, NK = AC.

¢ Cau 10. Cho hinh hop ABCD.A'B'C'D’. Khi d6, khang dinh nao sau day 1a ding?

] C

e

[/
v
Phat biéu D|S
(A) (DCB')//(AAB').
DC'// AB.
(C) Giao tuyén ctia mit phang (BBD') va (A’B'C'D') 1a duong thang B'B.
D) (DC)//(ABB'A).
$® Cau 11. Cho hinh hop ABCD.A'B'C'D’. Khi dé, khiang dinh nio sau day la ding?
D j'.
/ //.’I
Af— ‘B |
.'II: n:i- ll,"l /,"I o
I' # I' //

» Bicn soun: Ngo Diie i - B Zolo: 0889 977 004 293



= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

Ph4t bidu D|S

&) (DCB')//(AAB').

DC'// AB.

(C) Giao tuyén ctia mat phang (BB'D') va (A'B'C'D’) la dudng thang B'B.

D) (DC)//(ABB'A').

¢ Cau 12. Trong khong gian, cho hinh chép S.ABCD c¢6 ddy ABCD la hinh binh hanh.
Goi G1,Go 1an luct 1a trong tam ciia cac tam giac SAD va SCD. Xét tinh dang — sai clia

cac ménh dé sau:

Ph4t bidu D|S

@ Duong thang G1Gy va AC ¢6 mot diem chung.

Giao tuyén ctia hai mat phang (SAB) va (ABCD) la dudng thang AB.

(C) Duong théng G1G3 song song véi mat phang (ABCD).

@ Mit phiang chita dudng thang GG va song song v6i mat phang (ABCD) cit
cac canh SA, SB, SC,SD lan luct tai M, N, E, F. Khi d6, tit gidc M NEF 1a hinh
binh hanh.

$© Cau 13. Cho hinh chép S.ABCD cé day la hinh thang, trong d6 mot day la AD. Goi
M la trong tam tam giac SAD, N thudc canh AC sao cho NA = %NO.

(A)  AD//BcC.

~ (DMN)//(SCB).

(C©) (€6 duy nhat mot mat phang chita SB va song song véi AD.

D)  MN//(SCB) .
¢S Cau 14. Cho hinh chép S.ABCD ¢6 AD//BC va AD = 2- BC. Goi G la trong tam tam
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giac SCD.

@ ~ Hai duong thang SA va BC chéo nhau.

B)  Giao diém ctia dudng thing AB vh mit phiang (SCD) la giao diém ciia hai
duong thang AB va SC.

(C)  Hai mat phing (SAD) va (SBC) c6 ding mot diém chung.

@ ~ Duong thang CG song song v6i mit phang (SAB).

Tu ludn

& Bai 1. Cho t1t dien ABCD. Trén canh AB lay diém M sao cho BM = 3AM. Mt phang
(P) di qua M song song véi hai dudng thing AD va BC.

a) Xac dinh giao diém K ctia mat phang (P) v6i dudng thang CD.
. KC

b) Tinh tisd6 ——.
) Tin 180 =5

& Bai 2. Cho hinh ling tru tam giac ABC.A'B'C’. Goi M, N, P lan lugt 1a trung diém
cua cic canh AB, BC va AA'.

a) Xac dinh giao diém ctia mat phang (M N P) va duong thing B'C.

. ) 5 . KB’
b) Goi K la giao diém ctia ctia mit phang (M N P) v6i duong thang B'C. Tinh ti s6 ok

& Bai 3. Cho hinh chép S.ABCD c6 diy ABCD 1a hinh binh hanh. Goi G, K lan lugt 1a
trong tam ctia cac tam giac SAD, SCD.
a) Chiung minh GK //(ABCD).

b) Mat phéng chita dudng thang GK va song song v6i mat phang (ABCD) cit cac canh
SA, SB, SC, SD lan lugt tai M, N, E, F. Chting minh réng ti gidc M NEF 1a hinh
binh hanh.

& Bai 4. Cho hinh hop ABCD.A'B'C'D’. Goi M, N lan lugt 1a trung diém ctia canh AD,
A'B’. Chitng minh rang

a) BD//B'D', (A'BD)//(CB'D') vi MN //(BDD'B')

b) Dudng thang AC’ di qua trong tam G ctia tam gidc A’BD.

& Bai 5. Cho tit dien ABCD. Goi M, N lan luct la trung diém ctia cac canh AB, BD.
Diém P thudc canh AC sao cho PA = 2PC.

a) Xac dinh giao diém E ctia dudng thang M P véi mat phang (BCD).

b) Xac dinh giao diém Q ctia dudng thang C'D véi mat phang (M N P).
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= Chuong 4. Dudng thing v mit phing. Quan hé song song trong khéng gian

¢) Xéac dinh giao tuyén ctia mit phang (ACD) v6i mat phang (MNP).

d) Goi I la giao diém ctia MQ va NP, G la trong tam clia tam gidc ABD. Chitng minh
C, I, G théang hang.
& Bai 6. Cho hinh hop ABCD.A'B'C'D’. Goi M, N lan lugt la trung diem ctia AB, C'D’.
a) Ching minh rang (A'DN)//(B'CM).
b) Goi E, F lan lugt 1a giao diém ctia dudng thang D'B véi cac mat phang (A'DN),

. 1
(B'CM). Chting minh rang D'E = BF = §EF

& Bai 7. Cho hinh lang truy tam gidc ABC.A’B'C’. Lay M, M’ lan lugt 1a trung diém cac

doan thang BC, B'C'; lay céac diém G, G', K lan lugt thuoc cac doan AM, A'M’, A’'B sao
AG AG AK 2
cho = = =—.
AM  AM'  A'B 3
a) Chiing minh rang C'M //(A'BM").

)

b) Chiing minh rang G'K //(BCC'B’).

¢) Chiing minh rang (GG'K)//(BCC'B’).
)

d) Goi (a) la mat phang di qua K va song song v6i mit phang (ABC). Mit phang (a)
. ) 1C
at h "tai diem . Tinh —.
cat canh CC" tai diém in 707

& Bai 8. Cho hinh hop ABCD.A'B'C'D’. Goi M va N lan lugt 1a trung diém ctia AB va

A'B’' va O la mot diém thudc mién trong ctia mat béen CC’D’'D. Tim giao tuyén clia mat

phang (OM N) v6i cac mat clia hinh hop.
& Bai 9. Cho hinh chép S.ABCD véi ABCD 1a hinh thoi canh a, tam giac SAD déu, M
la diém trén canh AB, (a) 1a mit phang qua M va (a)//(SAD) cit CD, SC, SB lan lugt
tai N, P, Q.

a) Chiing minh rang M N PQ la hinh thang can.

b) Dat AM = z, tinh dién tich M NPQ theo a va x.
& Bai 10. Cho mat phang («) va hai duong thang chéo nhau a, b cit (a) tai A va B. Goi d
la duong thang thay doi luén ludén song song véi («) va cit a tai M, cit b tai N. Qua diém
N duyng dudng thang song song véi a cit () tai diem C.

a) T giac MNCA la hinh gi?

b) Chitng minh ring diém C luon luon chay trén mot dusng thang cd dinh.

c¢) Xac dinh vi trf ctia duong thang d dé do dai M N nho nhat.
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& Bai 11. Cho hai hinh binh hanh ABCD vhd ABEF ndm trong hai mat phéng khac
nhau. Lay cac diem M, N lan lugt thuoc cac dusng chéo AC va BF sao cho MC = 2M A,
NF = 2NB. Qua M, N ké cac duong thing song song v6i AB, cit cac canh AD, AF lan
luot tai My, Ni. Chiing minh rang

a) MN//DE;

b) MiNy//(DEF);

¢) (MNN1My)//(DEF).
& Bai 12. Mot khdi g6 c6 cac mat déu 1a mot phan
clia mat phang véi (ABCD)//(EFMH), CK//DH.
Khéi gd bi héng mot goc (hinh bén). Bac tho moc
muoén lam dep khoi gb bang cach cat khoi gb theo
mat phang (R) di qua K va song song véi mat phang
(ABCD).

a) Hay gitp bac thg moc xac dinh giao tuyén cia
mit phang (R) véi cAc mit clia khoi gb dé cat
dugc chinh xéc.

b) Goi I, J lan lugt 1a giao diém DH, BF véi
m#t phang (R). Biét BF = 60 cm, DH = 75
cm, CK =40 cm. Tinh FJ.
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sO TRUNG BINH VA MOT cUA MAU SO LIEU
GHEP NHOM
. SO LIEU GHEP NHOM

1

Mau s6 lieu ghép nhém thuong duge trinh bay dudi dang bang thong ké c6 dang

nhu sau:
Bdng 1: Bdng tan sé6 ghép nhém
Nhoém [ul; UQ) [UQ; U3) 200 [uk; ukﬂ)
Tﬁn Sé) ni n9 aoo N
L LuuY.

— Bang trén gom k£ nhém [u;;u;y1) v6i 1 < j < k, mdi nhém gom mot so gid tri
duge ghép theo mot tiéu chi xac dinh.
— Comaun=mni +ng+ -+ ng.
— Gia tri chinh gitta mdi nhém duge dung lam gia tri dai dién cho nhém ay. Vi
du nhoém [ug;ug) c6 gia tri dai dién 1a % (u1 + u2).
— Hiéu w41 — u; dude goi la do dai ciia nhom [uj; uj11).
Mot s6 quy tac ghép nhém ctia méu sé liéu
Mbi mau sb lieu ¢6 thé duge ghép nhom theo nhiéu cach khac nhau nhung thuong tuan
theo mot s6 quy tac sau:

& St dung tit £ = 5 dén k = 20 nhém. C3 mau cang 16n thi can cang nhiéu nhém s6
licu. Cac nhém c6 cting do dai bang L thod man R < k- L, trong d6 R 1a khodng bién
thien, k 13 s6 nhom.

¢ Gi4 tri nhoé nhat clia mau thudc vao nhém [ug;us) va cang gan u; cang tot. Gia tri

16n nhat ctia mau thuoc nhém [uy;upyq) vA cang gan uy4q cang tot.

L Luuy.

— Céc dau mut ciia cdc nhém c6 the khong 1a gid tri ciia mau so lieu.
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

— Ta hay gip cac bang s6 litu ghép nhom la sé nguyén, ching han nhu bang
théng ke s6 16i chinh ta trong bai kiém tra gitta hoc ki 1 mén Ngit Van clia

hoc sinh khéi 11 nhu sau:

S6 161 | [1;2] | [3:4] | [5:6] | [7;8] | [9;10]

S6 bai | 122 75 14 5 2

Bang s6 lieu nay khong c6 dang nhu Bang 1. Dé thuan loi cho viéc tinh céc
s6 didc trung cho bang s lieu nay, nguoi ta hiéu chinh vé dang nhu Bang 1
bang cach thém va bét 0,5 don vi vao dau mit bén phai va bén trai ciia moi

nhém sb lieu nhu sau:

S616i | [0,5:2,5) | [2,5:4,5) | [4,5:6,5) | [6,5:8,5) | [8,5:10,5)

S6 bai 122 75 14 5 2

Can nang (kg) cua 35 ngusi trudéng thanh tai mot khu dan cu duge cho nhu sau:

43 51 47 62 48 40 50 62 53 56 40 48 56 53 50 42 55

b2 48 46 45 b4 52 50 47 44 54 55 60 63 58 55 60 5H8 53
Chuyén méau sb lieu trén thanh dang ghép nhém, cdc nhém c6 do dai bang nhau, trong
d6 ¢6 nhom [40;45) va xéc dinh gia tri dai dién cho m6i nhém.
(&) @z(fz’a’zf. Vi cac nhém c6 do dai bang nhau, trong d6 ¢6 nhém [40;45) nén do dai mdi

nhom 1& 5. Ta c¢6 mau s6 lieu ghép nhom

Can nang (kg) | [40;45) | [45;50) | [50;55) | [55;60) | [60;65)

Gia tri dai dién 42,5 47,5 52,5 97,5 62,5

S6 ngudi 5 7 11 7 5

S6 trung binh clia mau s6 lieu ghép nhém, ki hiéu z, dude tinh nhut sau
- nic1 + naca + - - - + ey,
- )
n

trong do n=ny +ng+ -+ ny.
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Két qua khao sit can ning clia 25 qua cam & moi 16 hang A va B dude cho & bang sau:

Can ning (g) [150;155) | [155;160) | [160;165) | [165;170) | [170;175)
S6 qua cam & 16 hang A 2 6 12 4 1
S6 qua cam & 16 hang B 1 3 7 10 4

a) Hay uéc lugng can ning trung binh ctia méi qua cam 6 16 hang A va 16 hang B.

b) Néu so sanh theo s6 trung binh thi cam & 16 hang ndo niang hon?

[ 0@%&@1 Ta c6 bang thong ké s6 luong cam theo gia tri dai dién:

Can nang dai dién (g) 152,5 | 157,5 | 162,5 | 1675 | 172,5

S6 qua cam & 16 hang A 2 6 12 4 1

S6 qua cam & 16 hang B 1 3 7 10 4

a) Can ning trung binh ctia mdi qua cam & 16 hang A xap xi bang
(2-152,5 4+ 6- 157,5 + 12 162,5 + 4 - 167,5 + 1 - 172,5) : 25 = 161,7 (2).

Can nang trung binh ctia mdi qua cam & 16 hang B xap xi bang
(1-152,5+3-157,5 +7-162,5+ 10 - 167,5 + 4 - 172,5) : 25 = 165,1 (2).

b) Néu so sanh theo s6 trung binh thi cam 6 16 hang B ning hon cam 6 16 hang A.

’ , ,
C @ Mot thu vién thong ké s6 lugng sdch duge mugn moi ngay trong ba thang &

bang sau:

S6 sach | [16;20] | [21;25] | [26;30] | [31:35] | [36;40] | [41;45] | [46;50]

SO ngay 3 6 15 27 22 14 5

Hiy u6c luong s6 trung binh ctia mau s6 lieu ghép nhém treén.

L Luu Y. Y nghia clia s6 trung binh clia miu s6 lieu ghép nhém: Sé trung binh

clia mau so6 lieu ghép nhém 1a gia tri xap xi cho s6 trung binh ctia mau sb lieu goc.

N6 thusng ding dé do xu thé trung tam ctia mau so lieu.
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

. MmOT

Nhoém chita mét ciia mau sb lieu ghép nhém 1a nhém c6 tan s6 16n nhét.
Gia stt nhém chtia mot 12 [up; um+1), khi d6 mot ciia mau s6 lieu ghép nhom, ki

hiéu 1a My, duge xac dinh bdéi cong thiic

L\ Luu Y. Néu khong c¢6 nhém ké trude ctia nhom chita mét thi u,,—; = 0. Néu

khong c¢6 nhém ké sau ctia nhém chidta mét thi n, 1 = 0.

Mot cong ty xay dung khdo sat khach hang xem ho ¢6 nhu cau mua nha ¢ mic gia ndo.

Két qua khao sat duge ghi lai 6 bang sau

Mpic gia
[10;14) | [14;18) | [18;22) | [22;26) | [26;30)
(tridu dong/m?)
S6 khach hang 54 78 120 45 12

a) Tim mot clia mau s6 lieu ghép nhom tren.
b) Cong ty nén xay nha ¢ mitc gia ndo dé nhidu ngudi c6 nhu cau mua nhat?
[} {g“z(}f[(éz;
a) Nhom chita mo6t ctia mau 6 lieu trén la nhom [18;22).
Do d6 mét clia mau so6 lieu ghép nhom I3
758

120 — 78
4= 22
(120 — 78) + (120 — 45) 39

My =18 + ~ 19,4.

b) Dua vao két qua trén ta c6 thé du doan ring néu cong ty xay nha ¢ mic gid 19,4

trieu dong/m? thi sé c6 nhiéu ngudi c6 nhu cau mua nhat.

S6 cudc goi dien thoai mot ngudi thyc hien méi ngay trong 30 ngay dude Iya chon ngau

nhién duge thong ké trong bang sau:

S6 cudc goi | [3;5] | [6:8] | [9;11] | [12;14] | [15;17]

S6 ngay 5 13 7 3 2

> Bién soan: Nys Diie Tii - B Zulo: 0889 977 004
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a) Tim mot clia mau s6 lieu ghép nhom tren.

b) Hay du doan xem kha nang ngusi d6 thuc hién bao nhiéu cudc goi moi ngay la cao
nhat.

[ g@zﬁmz Do s6 cudc goi 14 s6 nguyén nén ta hiéu chinh lai nhu sau:

S6 cuoc goi | [2,5:5,5) | [5,5:8,5) | [8,5:11,5) | [11,5;14,5) | [14,5:17.5)

S6 ngay 5 13 7 3 2

a) Nhom chita m6t ctia mau 6 lieu trén 1a nhom [5,5;8,5).
Do d6 mét ctia mau s6 lieu ghép nhom 1a

13-5 101
Mo =55 3=
0= T BT 1B -7 T

b) Duya vao két qua trén ta c6 thé dy doan rang kha nang ngusi d6 thuc hien 7 cudce

goi mdi ngay 1& cao nhat.

L\ Luu Y. Y nghia cia mét ciia mau sé liéu ghép nhém

— Mot ctia mau s6 lieu khong ghép nhém 1 gia tri ¢6 kha nang xuat hién cao
nhat khi ldy mau. M6t cia mau so lieu sau khi ghép nhom My xap xi v6i mot
clia mau so6 lieu khong ghép nhom. Cac gia tri ndm xung quanh My thuong

c6 kha nang xuat hién cao hon céc gia tri khac.

— Mot mau s6 lieu ghép nhém cé thé c6 nhicéu nhém chita moét va nhicu mot.

’
C (2) Bang s6 lieu ghép nhém sau cho biét chiéu cao (cm) ctia 50 hoc sinh 16p 11A.

Khoéng chiéu cao (cm) | [145;150) | [150;155) | [155;160) | [160;165) | [165;170)

S6 hoc sinh 7 14 10 10 9

Tinh mét ctia mau so lieu ghép nhém nay. Cé thé két luan gi tit gia tri tinh duge?
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

B sAi Tér

Tréc nghiém

¢ Cau 1. Cho mau s6 litu ghép nhém vé tudi tho ciia mot loai bong den méi nhu sau:

Tudi tho (nam) | [2;3,5) | [3,5;5) | [5:6,5) | [6,5;8)

S6 bong den 8 22 35 15

Nhoém c6 tan s6 16n nhat 1a

® [2:35). 3,5:5). © [5:6.5). © [65:9).
Do dai méi nhém bang

@) 8. ® 1,5 . © 15. D) 15.
Tan s6 ctia nhém [3,5;5) 14 bao nhieu?

@ 8. ®) 22 . © 15 . ©) 35 .
Gia tri dai dién ctia nhom [3,5;5) la bao nhiéu?

@) 2,75 . 4,25 . © 5,75 . D) 7,25 .
Nhém chita mét ctia mau s6 lieu 1a

@ [2:3,5). [3,5:5). © [5:6,5). D [6,5:8).

¢ Cau 2. Cho mau s6 lieu ghép nhém vé tudi tho clia mot loai bong den méi nhu sau:

Tudi tho | [2:3,5) | [3,5:5) | [5:6,5) | [6,5:8)

S6 bong den | 8 29 35 15

S6 trung binh ctia mau so lieu 1a

@) 5,0. 5,75. © 6,5. D) 5,32.

¢ Cau 3. Cho bang sb lieu ghép nhém vé can nang ctia 29 hoc sinh 16p 11D nhu sau:

Can nang (kg) | [40,5; 45) | [45; 50) | [50; 55) | [55; 60) | [60,5; 65) | [65,5; 70,5)

Sé hoc sinh 3 5 10 6 3 2

S6 trung binh cia mau s6 lieu 1a

@) 42. 50,5. (©) 55. (D) 51,81.
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(& Bail S6 trung binh va mét ctia mau s6 licu ghép nhém

Tu luén

& Bai 1. Anh Van ghi lai cy 1i 30 1an ném lao ctia minh ¢ bang sau (don vi: mét):

72,1 1 729 | 70,2 | 70,9 | 72,2 | 71,5 | 72,5 | 69,3 | 72,3 | 69,7

72,3 | 71,5 | 71,2 | 69,8 | 72,3 | 71,1 | 69,5 | 72,2 | 71,9 | 73,1

71,6 | 71,3 | 72,2 | 71,8 | 70,8 | 72,2 | 72,2 | 72,9 | 72,7 | 70,7

Téng hop lai két qua ném ciia anh Vin vio bang tan sé ghép nhom theo mau sau:

Culi (m) | [69,2;70) | [70;70,8) | [70,8;71,6) | [71,6;72,4) | [72,4;73,2)

S6 lan ? ? ? ? ?

& Bai 2. S6 san pham mot cong nhan lam duge trong mot ngay duge cho nhu sau:
18 25 39 12 54 27 46 25 19 8 36 22
20 19 17 44 5 18 23 28 25 34 46 27 16
Hay chuyén mau s6 lieu sang dang ghép nhém véi sau nhém c6 do dai bang nhau.
& Bai 3. Quang duong (km) tit nha dén noi lam viec ctia 40 cong nhan mot nha méy duge
ghi lai nhu sau:
5 3 10 20 25 11 13 ¢ 12 31 19 10 12 17 18 11 32 17 16
7T 9 7 8 3 5 12 15 18 3 12 14 2 9 6 15 15 7 6
a) Ghép nhom day s6 lieu trén thanh cac khodng c6 do rong bang nhau, khodng dau tien
1a [0;5). Tim gié tri dai dién cho mo6i nhém.

b) Tinh s6 trung binh ctia mau s6 lieu khong ghép nhom va mau s6 lieu ghép nhom. Gia

tri ndo chinh xac hon?
¢) Xac dinh nhém chita mét ciia mau s6 licu ghép nhom thu duge.

& Bai 4. Tudi tho (nam) ctia 50 binh Ac quy 6 t6 duge cho nhu sau:

Tudi tho (nam) | [2;2,5) | [2,5:3) | [3;3,5) | [3,5:4) | [4;4,5) | [4,5;5)

Tan sb 4 9 14 11 7 5

a) Xéac dinh mét va giai thich ¥ nghia.

b) Tinh tudi tho trung binh ctia 50 binh #c quy 6 t6 nay.
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= Chuong 5. Cic sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

& Bai 5. Anh Vian ghi lai cy 1i 30 1an ném lao ctia minh ¢ bang sau (don vi: mét):

72,1 | 72,9 | 70,2 | 70,9 | 72,2 | 71,5 | 72,5 | 69,3 | 72,3 | 69,7
72,3 | 715 | 71,2 | 69,8 | 72,3 | 71,1 | 69,5 | 72,2 | 71,9 | 73,1
71,6 | 71,3 | 72,2 | 718 | 708 | 72,2 | 72,2 | 72,9 | 72,7 | 70,7

a) Tong hop lai két qua ném clia anh Van vao bang tan s6 ghép nhém theo mau sau:

Culi (m) | [69,2;70) | [70;70,8) | [70,8;71,6) | [71,6;72,4) | [72,4;73.2)

S6 lan ? ? ? ? ?

b) Hay udc lugng ci li trung binh mdi 1an ném tit bang tan s6 ghép nhom tren.
¢) Khé niang anh Van ném dugce khoidng bao nhiéu mét 1a cao nhat?

& Bai 6. Két qua do chiéu cao ciia 200 cay keo 3 nam tudi § mot nong trusng duge biéu
dién & biéu do duéi day.
Chiéu cao 200 cay keo 3 nam tudi

(S6 cay)
60
55

35
30

20

O [85;8,8)

8,8;9,1)

[9,1;9,4) [9,4;9,7) [9,7,10,0) (m)

Hay udc luong s6 trung binh va mét clia mau so lieu ghép nhém treén.
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2 TRUNG VI VA TU PHAN VI CUA MAU SO LIEU

GHEP NHOM
I. TRUNG V]|

Cong thitc xac dinh trung vi ctia mau s6 lieu ghép nhom

& Gol n la ¢6 mau.
& Gia st nhom [uy,; um+1) chita trung vi;
& nyy, 12 tan s6 clia nhém chita trung vi;

S C=ni+no+-+nm_i.
Khi doé

Y nghia cta trung vi ciia mau so liéu ghép nhém.

T dit lieu ghép nhém néi chung khong thé xac dinh chinh xéac trung vi ctia mau
so lieu goc. Trung vi clia mau so lieu ghép nhom 1a gia tri xap xi cho mau s6 lieu

goc va co6 the lay lam gia tri dai dién cho mau so6 lieu.

SVl wrrren

Trong tuan 1& bao vé méi trusng, cac hoc sinh khéi 11 tién hanh thu nhit vé chai nhia dé

tai ché. Nha truong thong ké két qua thu nhit vé chai ctia hoc sinh khéi 11 & bang sau:

S6 vo chai nhua | [11;15] | [16;29] | [21;25] | [26;30] | [31;35]

S6 hoc sinh 53 82 48 39 18

Hay tim trung vi clia mau s6 lieu ghép nhom trén.

(Y} o&g%m Do s6 v6 chai 1a s6 nguyén nén ta hiéu chinh lai nhu sau:

S6 v6 chai nhua | [10,5:15,5) | [15,5;20,5) | [20,5:25.,5) | [25,5:30,5) | [30,5;35,5)

S6 hoc sinh 53 82 48 39 18

S6 hoc sinh tham gia thu nhit vé chai nhua 1a

n =53 + 82 + 48 4+ 39 + 18 = 240.
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

Goi z1;22; . . . ; 2240 lan luct 13 s6 v6 chai 240 hoc sinh khéi 11 thu nhat dude xép theo thi
tu khong giam.

Do x1,...,w53 € [10,5;15,5); x54,...,2135 € [15,5;20,5) nén trung vi clia mau s6 lieu
T1;T9; . .. Tog0 1& % (x120 + 7121) € [15,5;20,5) .

Ta xac dinh duge n = 240; p = 2; ag = 15,5; mo = 82; m1 = 53; a3 — as = 20,5 — 15,5 = 5.

Trung vi ctia mau so lieu ghép nhém 1a

Trong mot hoi thao, thai gian chay 200 m ctia mot nhém cac van dong vien duge ghi lai

6 bang sau:

Thai gian (giay) | [21;21,5) | [21,5;22) | [22;22,5) | [22,5:23) | [23:23,5)

S6 van dong vién 5 12 32 45 30

Dua vao bang s6 liéu trén, ban to chiic muén chon ra khoang 50% sbé van dong vién chay
nhanh nhat dé tiép tuc thi vong 2. Ban to chitc nén chon céc van dong vien cé thoi gian
chay khong qua bao nhiéu giay?

[ (gz(jzm S6 van dong vien tham gia 13

n=2>5+12+32+ 45+ 30 = 124.

Goi z1;x2; ... ;w124 lan lugt 1a thai gian chay 200 m ctia 124 van dong vien dude xép theo
thit tu khong giam.
Do zi,...,xz5 € [21; 21,5), xg,...,T17 € [21,5; 22), T18,...,%49 € [22; 22,5), x50,--.,294 €

[22,5;23) nén trung vi cia mau s6 lieu x1;x9; ... ;124 12
1
5 (z62 + 63) € [22,5;23).
Ta xac dinh dugc n = 124; p = 4; a4 = 22,5; my = 45; m1 +mo +m3 = 5+ 12 4 32 = 49;
as — a4 = 23 — 22,5 = 0,5.

-5 — Y 1019

Trung vi ctia mau s6 lieu ghép nhém 1a M, = 22,5 + 2T 0,5 = e ~ 22,64.

Vay ban to chitc nén chon cac van dong vién c6 thoi gian chay khong qua 22,64 (giay) dé

tiép tuc thi vong hai.
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(& Bai 2. Trung vi va tit phan vi ctia mau s6 lieu ghép nhém

’ /
C @ Két qua khao sat can nang cia 25 qua ba d mot 16 hang cho trong bang sau:

Can nang (g) | [150;155) | [155;160) | [160;165)

[165; 170)

[170; 175)

S6 qua bo 1 7

12

3

2

HAy tim trung vi ctia mau s6 lieu ghép nhém treén.

Il. TU PHAN VI

Cong thitc xac dinh tit phan vi clia mau s6 lieu ghép nhém

T phan vi thi hai clia mau s6 lieu ghép nhém, ki hiéu @Qo, cling hinh 13 trung

vi clla mau so lieu ghép nhém.

Dé tim t& phan vi thi nhat ciia mau s6 lieu ghép nhém, ki hieu @, ta thiyc hien

nhu sau:

< Gid st nhom [t,; Unm41) chita t phan vi thit nhat;

& nyy, 13 tan s6 cia nhém t1@ phan vi thit nhat;

S C=ni+no+-4+nm_1.
Khi do

n

T _¢
leum+4

m

Tuong tu, dé tim t& phan vi thit ba ctia mau s6 lieu ghép nhém, ki hieu Qs, ta

thue hién nhu sau:

(Umt1 — Um) -

& Gia st nhom [u;;u;41) chita tit phan vi thit ba;

& nj la tan s6 ctia nhom chita t phan vi thit ba;

S C=m+ny+---+nj_1.
Khi do

o . 1 _
L\ Luu Y. Néu t phan vi thi k la 5 (Tm + Tmy1), trong d6 z,, va x,41 thude hai

nhom lien tiép, vi du nhu @, € [uj_1;uj) V& Tyt € [uj;uj+1) thi ta lay Qr = u;.
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

Y nghia ctia ti¢ phan vi cia mau s6 liéu ghép nhém

— Ba diém ti phan vi chia mau s6 lieu da sip xép theo thit ty khong giam thanh
bon phan déu nhau.

— Gibng nhu vé6i trung vi, néi chung khong thé xac dinh chinh xac cac diém tit
phan vi ctia mau s6 lieu ghép nhom.

— B0 ba tt phan vi cia mau s6 lieu ghép nhém 1a gia tri xap xi cho tit phan
vi clia mau so lieu goc va dude st dung lam gia tri do xu thé trung tam cia
mau sb lieu.

— Tt phan bi thit nhat va thtt ba do xu thé trung tam cia nita duéi (cac di

lieu nhé hon Q) va nita trén (cac dit lieu 16n hon @Q2) ciia mau s6 ligu.

Mot nguoi thong ké lai thoi gian thie hien cac cude goi dién thoai clia ngudi d6 trong

mot tuan ¢ bang sau:

Thoi gian
[0;60) | [60;120) | [120;180) | [180;240) | [240;300) | [300;360)
(don vi: giay)

Sé cudc goi 8 10 7 5 2 1

Hay u6c luong cac ti phan vi clia mau so6 lieu ghép nhém treén.

[ 0@1(7401 Goi x1; x9;...; w33 1a mau s6 licu duge xép theo thit tu khong gidm.

Ta ¢6 x1,...,28 € [0;60); xg,...,x18 € [60;120), x19,...,725 € [120;180); wog,...,230 €
[180; 240); 31, 232 € [240; 300); 33 € [300; 360).

Tt phan vi thit nhat cia day s6 lieu xq;x9;...; 233 13 19 € [60;120) nén t phan vi thit

nhat ctia mau s6 lieu ghép nhom 13

g
Q1 =60+ 4 -(120—60)2%%61,5.
Tt phan vi thit hai ctia day s6 liéu xq;29;. .. ;233 12 217 € [60; 120) nén ti phan vi thi hai
clla mau s6 lieu ghép nhom la
33

=28
Qs = 60 + 210 - (120 — 60) = 111.

Tt phan vi thit ba clia diy s6 lieu o1; z9; . .. ; 733 1 295 € [120;180) nén t1t phan vi thit ba
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(¢ Bai 2. Trung vi va tif phan vi ciia mau s6 lieu ghép nhém

clia mau so lieu ghép nhém la

33-3
=~ (8+10) 1945
Q3 = 120 + - (180 — 120) = = = 177857.

Mot hang xe 6 to thong ke lai s6 1an gip sur ¢6 vé dong co ctia 100 chiée xe cling loai sau

2 nam st dung dau tién & bang sau:

S6 lan gap su cb | [1;2] | [3;4] | [5:6] | [7;8] | [9;10]

Sé xe 17 33 25 20 5

a) Hay udc lugng cac tit phan vi clia mau s6 lieu ghép nhom tren.
b) Mot ngudi cho rang c6 treén 25% xe ciia hang gip khong it hon 4 sy ¢d vé dong co
trong 2 nam st dung dau tién. Nhan dinh trén c6 hgp 1i khong?
o ,@iﬂ/czyélg

a) Do s6 lan gip su ¢6 1a s6 nguyén nén ta hiéu chinh lai nhu sau:

S6 lan gap sw cb | [0,5;2,5) | [2,5;4,5) | [4,5;6,5) | [6,5:8,5) | [8,5:10,5)

S6 xe 17 33 25 20 5

Goi x1; @9; ... ;w100 12 mau s6 lieu dude xép theo thit tu khong gidm.

Ta ¢6 z1,...,217 € [0,5;2,5); 218, ..., %50 € [2,5;4,5); T51,...,275 € [4,5;6,5);

76, - ., To5 € [6,5;8,5); xog, ..., T100 € [8,5;10,5).

T phan vi thit hai clia day s6 lieu x1; 29;. .. ; 100 12 % (x50 + x51). Do x50 € [2,5;4,5)
va x5 € [4,5;6,5) nén t1 phan vi thit hai ctia mau s6 liéu ghép nhom 1a Qo = 4,5.
T phan vi thit nhat ctia day s6 lieu x1;29;. .. ;2100 12 % (o5 + w26). DO 295 va xog

thuoc nhom [2,5;4,5) nén ti phan vi thit nhat ctia mau s6 lieu ghép nhém 1a

=17
4 197
=25+ ————.(45—-25) = — =~ 298.
Ql b —I— 33 ( ) b ) 66 b
T phan vi thit ba ciia day s6 lieu z1;29; ... ;2100 12 3 (275 + 276). DO 275 € [4,5;6.,5)

va x76 € [6,5;8,5) nén t1 phan vi thit ba clia mau s6 lieu ghép nhom 1a Q3 = 6,5.

b) Do tit phan vi thit nhat Q1 ~ 2,98 nén nhan dinh tren 1a hop 1y.
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

B sAi Tér

Trdc nghiém

¢ Cau 1. Cho mot mau s6 lieu gom 9 s6 da duge siap xép ting dan. Ménh dé nao sau day

la ding?
(A) S6 trung vi trong mau s6 ligu da cho 1a s6 thi 4.
S6 trung vi la trong mau s6 lieu da cho 1a s6 thi 6.
(©) S6 trung vi trong mau so lieu da cho la s6 thi 5.

(D) S6 trung vi trong mau s6 ligu da cho 1a s6 thi 9.

$> Cau 2. Ban Danh can lan lugt 50 qua vai thiéu Thanh Ha dudc lya chon ngdu nhién

ti vuon nha minh va duge két qua nhu sau:

Can ning (don vi: gam) | 8 | 19 | 20 | 21 | 22

S6 qua 11101(19 | 17| 3

HAy tim trung vi ctia mau s6 liéu trén

@) 19. 19,5. © 20. (D) 21.

¢ Cau 3. Tieén luong hang thang ctia 7 nhan vién trong mot cong ty du lich lan lugt la:
6.5, 8.4, 6.9, 7.2, 2.5, 6.7, 3.0 (don vi: trieu dong). S6 lieu nao sau day la dai dién cho tién

lwong hang thang ctia 7 nhan vién?
(A) 6.7 trieu dong. 7 trieu dong.
(© 5.9 triu dong. (D) 6 trieu dong.
¢ Cau 4. Gia xiang ESRON 92 (dong/lit) trong 6 thang dau nam & nude ta nam 2022 sau
16 lan diéu chinh nhu sau:
23876 24360 25322 26286 26834 29824 29192 28153
27317 27992 28434 29980 30657 31578 32375 32870
Tim s6 trung vi trong mau sb liéu théng ké trén
(A) 29294,5. 28294,5. (©) 28293,5. (D) 29293,5.

$> Cau 5. Tt phan vi thit ba ctia mau s6 lieu 5;13;5;7;10:2; 3 1a

@ 10. 5. © 3. ® 2.
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(& Bai2 Trung vi va tif phan vi ctia mau s6 liéu ghép nhém

Tu luén

& Bai 1. Diém thi mon Toan (thang diém 100, diem duge lam tron dén 1) ctia 60 thi sinh

dugce cho trong bang sau:

Diém 0-9 10-19 | 20—-29 | 30 -39 | 40 —49

S6 thi sinh 1 2 4 6 15

Diém 50 —59 | 60—-69 | T0—-T79 | 80 —89 | 90 — 99

S6 thi sinh 12 10 6 3 1

a) Hieu chinh dé thu dugc mau s6 licu ghép nhom dang Bang 1.

b) Tim cac ti phan vi va giai thich ¥ nghia ctia ching.

& Bai 2. Phong van mot s6 hoc o ) _ ) _
. Thoi gian | SO hoc sinh nam | SO hoc sinh nit
sinh 16p 11 vé thoi gian (gio) ngt
ctia mot budi tbi, thu duge bang sb [4;5) 6 4
lieu 6 bén. [5;6) 10 8
a) So sanh thoi gian ngu trun
) slan ne & [6:7) 13 10
binh ctia cac ban hoc sinh nam
va nt. [7:8) ) 1
b) Hay cho biét 75% hoc sinh khéi 8;9) 7 8

11 ngu it nhat bao nhiéu gio?

& Bai 3. Mau s6 lieu duéi day ghi lai toc do ctia 40 6 t6 khi di qua mot tram do téc do
(don vi: km/h):

48,5 43 50 55 4560 53 55,5 44 65
51 62,541 44,5 57 57 68 49 46,5 53,5
61 49,5 54 62 59 56 47 50 60 61
49,5 52,5 57 47 60 55 45 47,5 48 61,5
a) Lap bang tan s6 ghép nhom cho mau s6 ligu trén c¢6 sdu nhém ting véi sau nita khodng:
[40; 45), [45; 50), [50; 55), [55; 60), [60; 65), [65; 70).
b) Xéc dinh s6 trung binh cong, trung vi, t¢ phan vi ctia mau s6 lieu ghép nhém trén.

¢) M6t ctia mau s6 lieu ghép nhom trén 1a bao nhieu?
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= Chuong 5. Céc sb dic trung do xu thé trung tdm cho m3u sb liéu ghép nhém

& Bai 4. Mau s6 lieu sau ghi lai can ning ctia 30 ban hoc sinh (don vi: kilogam):
17 40 39 40,542 51 41,5 39 41 30
40 42 40,5 39,5 41 40,5 37 39,5 40 41
38,5 39,5 40 41 39 40,5 40 38,5 39,5 41,5
a) Lap bang tan s6 ghép nhém cho mau s6 ligu trén c6 8 nhém ting v6i tam nita khoang:
[15; 20), [20; 25), [25; 30), [30; 35), [35; 40), [40; 45), [45; 50), [50; 55).
b) Xac dinh s6 trung binh cong, trung vi, t phan vi ctia mau s6 lieu ghép nhém tren.

¢) Mbt ctia mau s6 lieu ghép nhém trén 1a bao nhieu?

& Bai 5. Bang bén cho ta bang tan s6 ghép nhém s6 lieu thong ke ] _
Nhém | Tan so
chiéu cao ctia 40 mau cay ¢ mot vuon thuc vat (don vi: centimét).
a) Xac dinh s trung binh cong, trung vi, tt phan vi clia mau [30;40) 4
so lieu ghép nhém trén. 40; 50) 10
b) Mébt ctia mau s6 lieu ghép nhém trén 1a bao nhieu? [50; 60) 14
[60; 70) 6
[70; 80) 4
180; 90) 2
n =40

& Bai 6. Luong thang ciia mot s6 nhan vien van phong duge ghi lai nhu sau (don vi: tricu

dong):

125 (9,6 | 11,7 | 12,7 | 10,0 | 10,0 | 12,2 | 9,8 | 10,9 | 6,7 | 13,6 | 9,2

13,1 | 6,5 | 10,7 | 89 | 11,2 | 132 | &3 | 11,1 | 11,9 | 84 | 6,7 | 13,8

a) Tim tit phan vi ctia day s6 licu tren.

b) Tong hop lai day s6 lieu trén dya vao bang tan sé ghép nhém theo mau sau:

Luong thang
[6:8) | [8:10) | [10:12) | [12;14)

(triéu dong)

S6 nhan vién 7 ? ? ?

c¢) Hay uéc lugng tit phan vi ctia s6 lieu 6 bang tan s6 ghép nhém tréen.
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& Bai 7. S6 diém mot cau thi béng 16 ghi dude trong 20 tran dau duge cho & bang sau:

25|23 (21|13 8 |14 |15 ] 18 | 22 | 11

24 112 | 14| 14 | 18 | 6 8 | 25| 10 | 11

a) Tim tit phan vi ctia day s6 licu tren.

b) Tong hop lai day s6 lieu trén vao bang tan s6 ghép nhém theo mau sau:

Diém sb | [6;10] | [11;15] | [16;20] | [21;25]

S6 tran 7 ? 7 ?

c¢) Hay udc lugng i phan vi clia s6 lieu tit bang tan s6 ghép nhém trén.

& Bai 8. Kiém tra dien lugng ciia mot s6 vien pin tiéu do mot hang san xuat thu duge két

qua nhu sau:

Dién lugng
[0,9;0,95) | [0,95;1,0) | [1,0;1,05) | [1,05;1,1) | [1,1;1,15)

(nghin mAh)

S6 vién pin 10 20 35 15 5

Hay ude luong s6 trung binh, mét va t phan vi clia mau s6 lieu ghép nhém treén.
& Bai 9. Can nang ctia mot s6 lon con méi sinh thuoc hai giéng A va B dude cho & biéu
do duéi day (don vi: kg).

Can niang ciia mot sb

(S6 con) lon con méi sinh

40

32

30

20

10 1

O [1,0;1,1) [L1;1,2) [1,%13) [1,3;14)  (kg)

M Giong A W Giéng B

(1) Hay so sanh can nang cia lgn con méi sinh gidng A va gidng B theo s6 trung binh va
trung vi.
(2) Hay uéc lugng ti phan vi thi nhat va thit ba clia can ning lon con méi sinh giong A

va clia can nang lon con méi sinh giéng B.
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ON TAP CHUGNG 5
Tréc nghiém nhiéu phuong én luva chon

Khéo sat thoi gian tap thé duc trong ngay ctia mot s6 hoc sinh khéi 11 thu duge mau

3

so lieu ghép nhém sau

Thoi gian (phat) | [0;20) | [20:40) | [40;60) | [60;80) | [80;100)

S6 hoc sinh 5 9 12 10 6

Hay tré 10i cac cau hdi sau (tit cau 1 dén cau 5):

$© Cau 1. Gié tri dai dién ctia nhom [20; 40) 1a

@) 10. 20. © 30. (D) 40.
¢S Cau 2. Mau s6 lieu ghép nhém nay c6 s6 mot 1a

@ o. 1. © 2. D) 3.
$> Cau 3. Nhom chita mot ciia mau so lieu nay 1a

(A) [20;40). [40; 60). (©) [60;80). (D) [80;100).
$> Cau 4. Nhom chita ti phan vi thit nhat 1

@) [0;20). 20; 40). (©) [40;60). (D) [60;80).
¢ Cau 5. Nhom chta trung vi 1a

@) [0;20). 20; 40). (©) [40;60). (D) [60;80).

Doanh thu ban hang trong 20 ngay duge lya chon ngau nhién ctia mot cita hang duge

ghi lai & bang sau (don vi: tri¢u dong):

Doanh thu | [5;7) | [7;9) | [9;11) | [11;13) | [13;15)

S6 ngay 2 7 7 3 1

Hay tra 101 cac cau hoi sau (tit cau 6 dén cau 10):

¢S Cau 6. S6 trung binh clia mau s6 liéu trén thuoc khoang nao trong cac khoang dudi

day?
@) [7;9). 9;11). ©) [11;13). D) [13;15).

$> Cau 7. Trung vi clia mau sb lieu trén thudc khodng nao trong cac khodng dudi day?
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@) [7;9). [9;11). © [11;13). (D) [13;15).

$> Cau 8. Mot clia mau s6 liéu trén thuoc khoang nao trong cac khoang dudi day?

@) [7;9). [9;11). © [11;13). D) [13;15).
¢ Cau 9. Tt phan vi thit nhat clia mau s6 lieu trén gan nhat véi gia tri ndo trong cac gia

tri sau

@ 7. 7,6. © 8. (D) 8.6.

¢S Cau 10. T phan vi thit ba clia mau s6 lieu trén gan nhat véi gia tri ndo trong cic gia

tri sau

@A) 10. 11. © 12. D) 13.
Ngudi ta tién hanh phéng van 40 nguoi vé mot mau 4o so mi méi. Nguoi dieu tra yéu

cau cho diém mau 4o d6 theo thang diém 1a 100. Két qua dudc trinh bay trong Bdng dudi.

Nhém | [50:60) | [60:70) | [70:80) | [80;90) | [90;100)

Tan sb 4 5 23 6 2

Hay tré 10i cac cau héi sau (tit cau 11 dén cau 13):
¢S Cau 11. Trung vi clia mau s6 lieu ghép nhom trén gan nhat véi gia tri:
@A) 74. 75. ©) 76. D) 77.
¢ Cau 12. Tt phan vi ctia mau s6 ligu ghép nhoém trén (lam tron dén hang don vi 13)

Q) Q1 ~ T1;Q9 ~ 76; Q3 ~ T8. Q1 ~ T1;Q ~ 75; Q3 ~ T8.
© Q1 ~ 70;Qy ~ 76; Q3 ~ T9. D Q1 ~ 70; Q2 ~ 75; Q3 ~ 79.

¢ Cau 13. Mot ctia mau s6 ligu ghép nhom trén (lam tron dén két qua hang don vi) la:

@A) 73. 74. © 75. (D) 76.

¢ Cau 14. Duéi day 1a mot mau s6 lieu cho 6 dang bang tan s6 ghép nhém:

Nhém ghép | [0; 50) | [50; 100) | [100; 150) | [150; 200) | [200; 250)

Tan sb 6 8 7 6 2

Trung binh ctia mau s6 liéu ghép nhom Ia:

@A) 7~ 1128. T~ 107.8. © 7~ 102,5. (D) T =~ 85,5.

318 > Bicn soan: Ngo Diic Tii - D) Zilo: 0889 977 004



(£ Bai 3. On tap chuong 5

¢ Cau 15. Du6i day 1a mot mau s6 lieu cho 6 dang bang tan sé ghép nhom:

Nhom ghép | Tan s6 | Nhom ghép | Tan s6
62,5 67.5) | 4 82,5 87,5) | 22
67,5; 72,5) | 7 87,5; 92,5) 5
72,5 775) | 10 | [92,5:975) | 10
77,5;82,5) | 26 | [97,5:102,5) | 16

Trung vi M, clia mau s6 licu 13 mot s6 thod man dieu kien:

@A) 775 < M, < 82,5.
(©) 87,5 < M, < 92,5.

¢ Cau 16. Xét mau s6 lieu ve 1gi nhuan hang ngay clia mot cita hang trong quang thoi

gian 60 ngay:

82,5 < M, < 87,5.
(D) 92,5 < M, < 97,5.

Lgi nhuan (trieu dong) | Tan s6 | Tan s6 tich luy
5: 10) 5 5
[10; 15) 8 13
[15; 20) 20 33
120; 25) 18 51
[25: 30) 9 60

Trong cac khang dinh sau, khang dinh nao sai?

(A) Q3 thuoc nhém [20; 25).

Nhém chita trung vi 1a nhém [15; 20).
(© Q1, trung vi déu thuoc nhom [10; 15).
(D) Q1, Q2 déu thuoc nhom [15; 20).

&> Cau 17. Dé khao sat két qua thi tuyén sinh mon Toan trong ki thi tuyén sinh dai hoc
nam vita qua ciia truong A, nguoi diéu tra chon mot mau gom 100 hoc sinh tham gia ki

thi tuyén sinh d6. Diém mon Toan (thang diém 10) ctia cac hoc sinh nay duge cho & bang

phan bd tan s6 sau day. Mot ctia bang s6 licu 13

- 2
Diém

0

1 2

3

4

5

6

7

8

9

10

Tan so

1

1 3

5

8

13

19

24

14

10

2

N =100
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@) 7. 6. (© 100. (D) 10.

Tréc nghiém ding sai

$® Cau 1. Diém thi giita hoc ki I mon Toan ctia tat ca cac hoc sinh 16p 11B duge cho béi

mau s6 lieu ghép nhom sau day:

Diém [3:4) | [4:5) | [5:6) | [6:7) | [7:8) | [8;9) | [9;10)
S6 hoc sinh 2 2 7 11 14 5 3
Ph4t biéu D|S

(A) C3 mau bing 44.

(B) Gia tri dai dien ctia nhém [8;9) 1a 8.

@ Diém trung binh ctia hoc sinh 16p nay bang 6,90 (két qua lam tron dén hang

phan tram).

(D) Mét ctia mau s lidu trén bing 7, 25.

> Cau 2. Mot cuoc khao sat duge thue hien dé diéu tra s6 gio st dung dieén thoai va tivi

ctia 40 hoc sinh 16p 11A trong mot tuan. Thu dude két qua nhu sau:

Thai gian (gio) | [0;2) | [2;4) | [4;6) | [6;8)

S6 hoc sinh 6 18 12 4

Ph4t bidu D|S

(A) Nhém chita mot 1a nhom [2;4).

@ S6 gio trung binh st dung dién thoai va tivi ctia hoc sinh 14 3,7 gio.

(C) Trung vi ctia mau s6 ligu ghép nhém nay 1a M, = 18.

(D) S6 hoc sinh sit dung dien thoai va tivi hang tuan khoang 3,75 (git) 1a nhidu
nhat.

¢ Cau 3. Bang thong ké sau cho biét diém chuan clia cac truong cong lap thuoc thanh

ph6 Ha Noi trong ki thi tuyén sinh vao 10 nam 2024:

Diém | [15:20) | [20:25) | [25:30) | [30;35) | [35;40) | [40;45)

S6 trudng 2 10 28 27 38 12
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Xét tinh dung, sai clia cac ménh dé sau (Két qua duge lam tron dén hang phan tram):

Ph4t bidu D|S

(A) S6 trung binh ctia mau s6 lieu ghép nhém trén bang 33, 25.

Mot clia mau s6 lieu ghép nhém trén bang 36, 49.

(C) Sb trung vi ctia mau s6 lieu ghép nhém trén bang 33, 43.

@ Ngudng diem dé dua ra danh sach 29 trudng c6 diém chuan cao nhat nam

2024 1a 37,00.

¢ Cau 4. Ngudi ta do duong kinh clia cac cay go duge trong sau 15 nam (don vi: centimét),

ho thu dugc bang s6 lieu sau:

Duong kinh (cm) | [20;30) | [30:40) | [40;50) | [50;60) | [60;70)

S6 cay 4 13 26 14 5

Cac menh dé sau dung hay sai? (Két qua lam tron dén hang phan tram)

Ph4t bidu D|S

(A) C5 mau 6 lieu 1a n = 62.

Gi4 tri trung binh ctia mau sb lieu 1a z = 45, 48.

(C) Tt phan vi thit ba ctia mau 6 lieu 1a Q3 = 52, 05.

(D) Nhém [40; 50) chita mbt ctia mau s6 lieu va My = 46, 52.

$> Cau 5. C6 Lan tim hiéu ham lugng dam (protein) trong mot s6 loai thie pham phd

bién (trong d6 co thit bo) va thong ke dit ligu trong bang sau:

Ham lugng dam (g/100gam) | [0;6) | [6;12) | [12;18) | [18;24) | [24;30) | [30;36)

S6 loai thyc pham 9 ) 3 4 6 3

Biét trong 100g thit bo c6 khodng 26,0 g protein.

Phat bidu D|S

(A) C6 tat ca 30 loai thie pham duge co Lan tim hidu va thong ké trong bang.

@ Ham lugng protein trung binh ciia cac loai thie pham trén 1a 15,4 g/100gam.

(C) Tt phan vi thit ba ctia mau s6 lidu trén 1a 24,25 g/100gam.
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pham c6 Lan da tim hiéu.

(D) Thit bo thude nhom 25% thue pham giau protein nhat trong cac loai thuc

¢S Cau 6. Mot thu vien da ghi lai s6 gio cac sinh vién muon sach doc tai thu vién trong

mot thang va thu duge mau sb lieu ghép nhém sau:

Thoi gian (gio)

[1;5)

[5;9)

[9;13)

[13;17)

[17;21)

[21;25)

S6 sinh viéen

10

14 31

Cac meénh dé sau dung hay sai?

Ph4t bidu

lieu ghép nhém trén la 13,21 gio.

@ Thoi gian muon sach doc tai thu vién trung binh ciia sinh vién trong mau s6

(B) C& mau ctia mau s6 ligu ghép nhém tren la 85.

(C) Do dai ctia mdi nhém trong miu sb ligu ghép nhom trén 1a 3.

trén nhieu nhat 1a 9, 48 gio.

@ Thai gian sinh vién muon sach doc tai thu vién trong mau s6 lieu ghép nhém

> Cau 7. Théng ke diém gitta ki I mon Toan clia 82 hoc sinh khéi 11 tai mot truong

THPT dugc bang s6 lieu ghép nhém sau:

Diem [6:5;7) | [7;7,5) | [7,5;8) | [8;8,5) | [8,5;9) | [9;9,5) | [9,5;10)
S6 hoc sinh 8 10 16 24 13 7 4
Ph4t biéu D

@ T phan vi thi nhat clia mau sb licu trén 1a Q1 = 7, 8.

@ Trung vi ctia mau s6 liéu trén thuoc nhom [8; 5;9).

(C) Nhém chita mdt ctia mau sb ligu trén 1a nhom [8; 8, 5).

(8:8,5).

@ Diém trung binh gitta ki I mén Toan ctia 82 hoc sinh trén nim trong khoang
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¢ Cau 8. Khi do chiéu cao ciia mot s6 hoc sinh 16p 10 tai mot truong THPT ta dugc két

qua qua bang ghép nhom sau:

Chiéu cao (cm) | [150;152) | [152;154) | [154;156) | [156:158) | [158;160) | [160;162)
S6 hoc sinh 5 18 40 26 8 3
Phat biéu D

(A) D6 dai mdi nhém ctia mau s6 lieu bang 6.

@ Mau s6 lieu c6 6 nhom.

@ Chiéu cao trung binh ctia cac hoc sinh duge khao sat dat xap xi 155,5 cm.

(D) S6 hoc sinh duge khio sat co chidu cao xap xi 155,2 cm 14 nhiéu nhat.

Tw lu@n

& Bai 1. Co cau dan s6 Viet Nam nam 2020 theo do tudi dugce cho trong bang sau

Do tudi

Duéi 5 tudi

o—14

15 —24

25— 64

Trén 65

SO ngudi (trieu) 7,89

14,68

13,32

53,78

7,66

Chon 80 la gia tri dai dién cho nhém trén 65 tudi. Tinh tudi trung binh ctia ngudi Viet

Nam nam 2020.

& Bai 2. Ngudi ta ghi lai tudi tho ctia mot s6 con ong cho két qua nhu sau

Tudi tho (ngay) | [0;20)

[20; 40)

[40;

60)

[60; 80)

[80; 100)

S6 luong 5

12

23

31

29

Tim moét ctia mau s6 lieu. Giai thich § nghia ciia gia tri nhan duge.

& Bai 3. Dé kieém tra thoi gian sit dung pin ctia mot chiéc dien thoai méi, chi An thong ke

thoi gian st dung dién thoai clia minh tit ltc sac day pin cho dén khi hét pin § bang sau:

Thai gian st dung (gio)

[7,9)

[9;11)

[11;13)

[13,15)

[15;17)

S6 lan

2

5

7

6

3

a) Hay udc lugng thoi gian st dung trung binh tir lic chi An sac day pin dién thoai cho

t6i khi hét pin.

b) Chi An cho rang c¢6 khoang 25% s6 lan sac dién thoai chi dung duge 10 gio. Nhan

dinh ctia chi An c¢6 hgp 1i khong?
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& Bai 4. Mot bang xép hang da tinh diém chuan hoa cho chi s6 nghién citu ciia mot sé

truong dai hoc § Viet Nam va thu duge két qua nhu sau

Diém

Duéi 20

[20; 30)

[30; 40)

[40; 60)

[60; 80)

[80; 100)

S6 lugng

4

19

6

2

3

1

Xac dinh diém nguéng dé dua ra danh sach 25% trudng dai hoc c6 chi s6 nghién ctu tot

nhat Viét Nam

& Bai 5. Théng ké diém trung binh mén Toan clia mot s6 hoc sinh 16p 11cho ¢ bang sau:

Khoang diém | [6,5;7) | [7:7,5) | [7.5:8) | [8:8,5) | [8,5;9) | [9;9,5) | [9,5;10)

Tan sb 8 10 16 24 13 7 4

Hay u6c lugng s6 trung binh, t¢ phan vi v mét ciia mau so lieu ghép nhém trén.

& Bai 6. Bang sau thong ke s6 ca nhiém mdi SARS-CoV-2 méi ngay trong thang 12/2021
tal Viét Nam.

Ngay | S6ca | Ngay | Séca | Ngay | Sdca | Ngay | So ca
1 15139 9 15965 17 15685 25 16 046
2 14 295 10 15474 18 16 363 26 15667
3 14 254 11 16 830 19 16 586 27 15310
4 14 598 12 15264 20 15420 28 14 866
) 14 927 13 16 035 21 16 806 29 14299
6 15215 14 15871 22 17044 30 20454
7 14433 15 16192 23 16 860 31 17004
8 15223 16 15720 24 16633

a) Xéc dinh s6 trung binh va ti phan vi ctia mau s6 li¢u trén. Mau s6 lieu ¢6 bao nhieu

¢6 bao nhiéu gia tri ngoai 1&?

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

S6 ca (nghin) | [14;15,5) | [15,5;17) | [17;18,5) | [18,5;20) | [20;21,5)

S6 ngiy ? ? ? ? ?

¢) Hay uéc lugng s6 trung binh va tit phan vi clia mau s6 liéu ¢ bang  trén.
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& Bai 7. Tong s6 lugng mua trong thang 8 do dudc tai mot tram quan trac dat tai Viing

Tau tir nam 2002 dén nam 2020 duge ghi lai nhu duéi day (don vi: mm)
121,8 158,3 334,99 200,9 165,6 161,5 194,3 220,7 189,8 243,2

165,9 1659 134 173 169, 189, 254 168 255

(Nguon: Tong cuc Théng ke)

a) Xéc dinh s6 trung binh, tit phan vi vd mét ctia mau s6 lieu trén.

b) Hoan thién bang tan s6 ghép nhém theo mau sau:

Tong lugng mua trong thang 8 (mm) | [120;175) | [175;230) | [230;285) | [285;340)

S6 nam ? ? ? ?

¢) Hay uéce lugng s6 trung binh, t phan vi va mo6t clia mau s6 lieu ¢ bang tan s6 ghép
nhém trén.
& Bai 8. Mau s6 licu dusi day ghi lai do dai quang duong di chuyén trong mot tuan (don

vi: kilomét) ctia 40 chiéc o to:

100 | 105 | 115 | 116 | 130 | 135 | 138 | 132 | 135 | 120

125 | 128 | 120 | 124 | 140 | 140 | 146 | 145 | 142 | 142

145 | 148 | 150 | 150 | 159 | 155 | 151 | 156 | 155 | 151

154 | 152 | 153 | 160 | 162 | 175 | 176 | 165 | 188 | 198

a) Lap bang tan s6 ghép nhém bao gom cé tan s6 tich liy v6i nam nhom tng v6i nam

ntta khoang:
[100; 120), [120; 140), [140; 160), [160; 180), [180; 200).
b) Xac dinh s6 trung binh cong, trung vi, tt phan vi clia mau s6 ligu ghép nhom tren.

¢) M6t ctia mau s6 lieu ghép nhém trén 1a bao nhiéu?
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