CHUONG IX. PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP.
BAI 27. GOC NOI TIEP

A. CAC KIEN THUC CAN NHO
1. Géc ndi tiép va cung bi chin
Dinh nghia
Goc ndi tiép cﬁe& duong tron 1 goc ¢ dinh nam trén duc‘),rng tron va hai canh chira hai day cung ctia duong
tron d6. Cung nam bén trong goc dugc goi la cung bi chan.
Vi du 1. Trong cac goc 4,B,C,D & Hinh 9.3, goc nao 1a goc ndi tiép, goc nao khong phai goc ndi tiép

cua duong tron ve€ trong hinh? Vi sao?

DO

Hinh 9.3

Loi gidgi
Céc goc A va C khong phai goc ndi tiép cia dudng tron vi dinh khong nam trén duong tron. Goc D ¢6
mot canh khong chira ddy cung ctia dudng tron nén ciing khong 1a goc noi tiép ciia duong tron. Goc B ¢
dinh B nam trén duong tron va hai canh chira hai ddy cung cua dudng tron nén 1 goc noi tiép ciia dudng
tron.
2. Dinh li sau cho biét mdi lién hé giira géc ndi tiép véi cung bi chin:

Pinh li: Trong mot dudng tron, s6 do ctia goc noi ti€p bang nira s6 do cua cung bi chan.

GT | 4,8,C<(0).

K[l —_— —_—
ACB :%sd AB (cung AB khong chua C ).

Chirng minh. Ta xét ba truong hop sau (H.9.4).
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Trudng hop 1 Trudng hop 2 Truong hop 3
Hinh 9.4

B

Truong hep 1: Tam O nam trén mot canh cua goc ACB . Gia sit O € CB. Do tam gidc OAC can tai O
va 6 téng cac goc bang 180" nén: 2ACB = ACO+CAO =180" — AOC = AOB.

Do AOB= sd AB (vi AOB 1 goc & tim chan cung 4B ) nén @z%@z%sd@.



Truong hop 2: TAm O nam bén trong goc ACB . V& dudng kinh CD . Ap dung Trudng hop 1 cho cac
goc ndi tisp ACD va DCB véi canh CD di qua O, ta duge: ACD = %sdfﬁ) va DCB :%sdﬁé

Suy ra @z@ﬁ-lﬁz%sd@—i—%sd@z%sd 4B.

Truwong hop 3: TAm O nam ngoai gbc ACB . V& duong kinh CD . Ap dung Trudng hop 1 cho cac goc
noi tiép ACD va BCD véicanh CD di qua O, tuong tu nhu trén ta dugc:

— == = | =1 == 1

ACB =ACD—-BCD = EsdAD—EsdBD :ESd AB

Nhan xét. Tir dinh i trén ta c6 cac khang dinh sau d6i voi cac goc ndi tiép cuia mot dudng tron hodc cua
hai duong tron bang nhau:

- Cdc géc ndi tiép bang nhau chdn céc cung bang nhau.

- Cdc goc néi tiép ciing chan mét cung hodc chan cdc cung bang nhau thi bang nhau.

- Céc gbc néi tiép chan cung nhoé thi cé sé do bang nira s6 do ciia goc & tam chdn ciing mot cung.

- Géc néi tiép chdn nira dwong tron la goc vuéng.

Vi du 2. Cho dudng tron (O) va céc diém A4, B,C,D trén (O) nhu Hinh 9.5. Biét ring BAC =60, hiy
tinh s6 do cua cac goc BOC va BDC.

B

Hinh 9.5
Loi gidgi
Xét duong tron (O), ta co:
- Do hai géc néi tiép BDC va BAC cing chén cung nhd BC nén BDC = BAC = 60';
- Vi goc noi tiép BAC va g0c O tam BOC clng chan cung nhé BC nén BOC =2BAC =120'.
B. CAC DANG TOAN

DANG 1. TiNH SO PO GOC, CUNG

1. Phuwong phap
Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau va nguoc lai.
e Cac goc ndi tiép ciing chan mot cung hodc chin cic cung bang nhau thi bang nhau
e Goc noi tiép (nho hon hodc bang 90°) c6 sd do bang nira s6 do ctia goc & tim cling chian mot cung
e Goc nodi tiép chin nira dudng tron 1a goc vuodng.
2.Vidu
Vi du 1. M6t hudn luyén vién cho ciu thu tap st bong vao cau mon PQ. Bong dugc dit & cac vi tri A, B,
C trén mdt cung tron nhu hinh 22.



Hinh 22

Hay so sanh cac goc PAQ, PBQ,PCQ .
Vi du 2. Xem hinh 24 (hai duong tron c¢6 tam 1a B, C va diém B nam trén dudng tron tm C)

A

A
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Hinh 24
a) Biét MAN =30°. Tinh PCQ.
b) Néu PCQ=136° thi MAN c6 s6 do 1a bao nhiéu?
Vi du 3. Dya vao hinh vé sau:
B
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a) Tinh s6 do cung nho CD.
b) Tinh s6 do cung nhé BD.

Vi du 4. Cho tir gisc ABCD ni tiép dudng tron (), biét BAC =30°, BCA = 40° (nhu hinh v& bén).



A
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Tinh sb do céc gbc ﬁ,ﬁ,ﬁ.

DANG 2. CHUNG MINH CAC GOC BANG NHAU, CAC CUNG BANG NHAU. TAM GIAC
PONG DANG

1. Phuwong phap
Trong mot dudng tron:
e Cic goc ndi tiép bang nhau chan cac cung bang nhau va nguoc lai.
e Cac goc ndi tiép ciing chan mot cung hodc chin cic cung bang nhau thi bang nhau
e Goc ndi tiép (nho hon hodc bang 90°) ¢6 sé do bang nira sé do ctia goc & tAm cung chin mot cung
e Goc nodi tiép chin nira dudng tron 1 goc vuodng.
2.Vidu

Vi du 1. Cho hai dudng tron bang nhau (O) va (O’) cit nhau tai A va B. V& duong thang qua A cit (O) tai
M va cit (O’) tai N (A nam giita M va N) . Hoi MBN 1a tam giac gi? Tai sao?

Hinh 23

Vi du 2. Trén dudng tron (O) duong kinh AB, lay diém M (khac A va B) . V& tiép tuyén caa (O) tai A.
Puong thiang BM cit tiép tuyén d6 tai C. Chirng minh rang ta luén c6: MA®> = MB.MC

Vi du 3. Cho dudng tron (O) va mot diém M cd dinh khong ndm trén duong tron. Qua M ké hai dudng
thang. Puong thang thir nhat cat (O) tai A va B. Puong thang thi hai cat (O) tai C va D. Chtiing minh:
MA.MB =MC.MD

Hwéng din: Xét ca hai truong hop diém M nam bén trong va bén ngoai dudng tron. Trong mdi truong
hop, xét hai tam giac dong dang.

Vi du 4. Mot chiée cau dugc thiét ké nhu hinh 30 ¢6 d6 dai AB = 40m, chiéu cao MK = 3m. Hiy tinh ban
kinh cua duong tron chira cung AMB.




Hinh 30

Vi du 5. Cho AB, BC, CA 1a ba day cta duong tron (O) Tir diém chinh giita M ctia cung AB vé& day MN
song song v&i day BC. Goi giao diém ctia MN va AC 1 S. Chirng minh SM = SC va SN = SA.

Vidu 6. Cho AABC cantai A (A <90"). V& duong tron dudong kinh AB cét BC tai D, cit AC tai E .
a) Chirng minh B/—D\ = /D—\E .
b) Chimg minh CBE = %Ea\c.

Vi du 7. Cho tam giac ABC c6 ba goc nhon, dudng cao AH va ndi tiép dudng tron tim O, duong kinh
AM

a) Tinh A/C74 .

b) Chimg minh BAH = OCA .

c) Goi N la giao diém ctia AH véi (O). Tt giske BCMN 14 hinh gi? Vi sao?

Vi du 8. Cho tam giac nhon ABC noi tiép dudng tron (0) Tu dinh A ta ké duong cao AH (H thudc
BC). Chimg minh rang I;\?I = O/A\C

Vi du 9. Cho tam gidc ABC ndi tiép duong tron (O;R), AH 1a duodng cao (H e BC ) . Ching minh rang:
AB.AC =2R.AH .

DANG 3. CHUNG MINH HAI PUONG THANG SONG SONG, VUONG GOC, BA PIEM
THANG HANG

Vi du 1. Cho hai dudng tron (O) va (O’) cit nhau tai A va B. V& cac dudng kinh AC va AD cua hai
duong tron. Chirmg minh rang ba diém C, B, D thing hang.

Hinh 26




Vi dy 2. Cho dudng tron tim (O) , duong kinh AB va S 1a mot diém nam bén ngoai dudng tron, SA va
SB lan lugt cat duong tron tai M, N. Goi H 1a giao di€ém cia BM va AN. CHing minh rang SH vudng goc
vl AB.

Vi du 3. Cho dudng tron (O) duong kinh AB, diém D thudc (O). Goi E 1a diém d6i xtng voi A qua D

a) AABE 1a tam giac gi?

b) Goi K 1a giao diém ctia EB vé6i (O), Ching minh rang: OD 1 AK .

Vi du 4. Cho nura duc‘rng tron (O) dudng kinh AB = 2R va diém C nam ngoai nira duong tron. CA cit nira
duong tron tai M, CB cat nira dudng tron tai N. Goi H 1a giao diém cua AN va BM.

a) Chimg minh rang CH 1 AB.

b) Goi I 1a trung diém cua CH. Chtrng minh rang MI 14 tiép tuyén cta nira dudng tron (O) .

C. GIAI BAI TAP SACH GIAO KHOA

9.1. Nhitng khang dinh nao sau day la dung?

a) Hai goc ndi tiép bang nhau thi chin cing mot cung.

b) Goc ndi tiép nhé hon 90° ¢6 s6 do bang nira s6 do clia goc & tAm chan cling mdt cung.

¢) Goc ndi tiép chin cung nho co sd do bang sb do clia goc & tAm chin cling mot cung.

d) Hai goc noi tiép bang nhau thi chan hai cung bang nhau.

9.2. Cho cac diém nhu Hinh 9.7. Tinh s do céc goc cua tam giac ABC , biét rang

AOB=120",BOC =80’.

Hinh 9.7
9.3. Cho dudng tron (O) va hai day cung AC, BD cét nhau tai X (H.9.8). Tinh sb do goc $A X B$ biét
ring ADB=30" va DBC =50’ .

C

Hinh 9.8
9.4. Cho dudng tron (O) va hai dy cung AB,CD cét nhau tai diém Inam trong (O) ( H.9 .9)



Hinh ¢.9

a) Biét ring AOC = 60", BOD =80°. Tinh s do ciia goc AID .

b) Chiing minh rang I4-IB=1IC-ID.

9.5. Cho dudng tron (0), dudong kinh 4B va diém S nam ngoai (O) . Cho hai duong thang S4,SB lan
luot cit (O) tai M (khac A)va N (khac B). Goi P 1a giao diém cua BM va AN (H.9.10). Ching

minh rang SP vudng goc voi AB.

B Hinho.10
9.6. Trén san bong, khi qua bong dugc dat tai diém phat dén thi c6 goc sut bang 36~ va qua béng cach
mdi coc gon 11,6m (H.9.11). Hoi khi qua bong dit ¢ vi tri cach diém phat dén 11,6m thi goc siit bang

bao nhiéu?

Diém phat dén

fnh 9.1
D. BAI TAP TU LUYEN
Bai 1. Cho ntra duong tron (0) duong kinh 4B va diy AC cing cung AC c6 s6 do bang 60°.
a) So sanh cac goc cia AABC.
b) Goi M va N lan luot 1a diém chinh giita ctia cac cung AC va BC, hai ddy AN va BM cit nhau tai
I . Chung minh rang CI 1 tia phan giac cla ACB.

Bai2. Trén canh huyén BC cua tam giac vuéng ABC vé phia ngoai ta dung hinh vudng véi tam tai

diém O. Chimg minh rang A O 1a tia phan giac cua goc BAC .
Bai 3. Cho tam giac ABC' ndi tiép dudng tron (O; R) . V& AD la duong cao cia tam giac ABC . Chiing

minh ring BAD = OAC'.



Bai 4. Cho tam giac ABC ndi tiép trong dudng tron (O) . Puong phan giac trong goc A cat duong tron
ngoai tiép tam giac tai D . Goi I 1a tim vong tron ndi tiép tam giac ABC . Ching minh DB = DC = DI

Bai5. Cho tam gidc ABC (21 - 900) va AB < AC . V& duong tron tim A ban kinh AB ct BC tai
D,cit AC tai E.Chung minh raing DB.CB = EB>.

Bai 6. Cho tam giac ABC c¢6 A nhon ndi tiép trong dudong tron (O;R). Chting minh rang;

BC =2Rsin BAC'.

Bai 7. Cho ntra duong tron (O) dudng kinh AB. Liy M la diém tuy y trén nira duong tron (M khéac A va
B). K& MH vudng goc voi AB (H € AB). Trén cing mot nira mit phang bd AB chira nira duong tron (O)
ve hai ntra duong tron tdm O, , duong kinh AH va tam O,, duong kinh BH. BDoan MA va MB cét hai nira
dudng tron (O,) va (0,) lan luot tai P va Q. Chimg minh rang:

a) MH = PO

b) AMPQ ~ AMBA .

¢) PQ 1a tiép tuyén chung cua hai duong tron (0,)va(0,).

Bai 8. Cho nira dudng tron (O) dudng kinh AB va day AC cing cung AC c6 sé do bang 60°.

a) So sanh cac goéc cua AABC;

b) Goi M va N 1an luot 1 diém chinh giita cta cac cung AC va BC. Hai day AN va BM cit nhau tai diém
I. Chirng minh rang CI la tia phan gic ctia goc ACB.

Bai 9. Cho tam gidc ABC cén tai A (121 <90”) . V& duong tron duong kinh AB cat BC tai D, cit AC tai
E. Chtng minh ring:

a) Tam giac DBE cén;

b)@:é@

Bai 10. Cho tam gidc ABC (AB < AC)ndi tiép dudng tron (O) . V& duong kinh MN L BC (diém M
thudc cung BC khong chtra A) . Chtrng minh ring cac tia AM, AN lan luot 13 cac tia phan giac trong va
ngoai tai dinh A cua AABC.

Bai 11. Cho duong tron (O) va hai ddy MA, MB vudng goc véi nhau. Goi I va K 1an lugt 1a diém chinh
gitra ciia cac cung nho MA, MB. Goi P 1a giao diém cua AK va BIL.

a) Chting minh riang ba diém A, O, B thang hang.

b) Chiing minh rang P 13 tim dudng tron noi tiép AMAB.

¢*) Gia sir MA = 12cm, MB = 16¢m, tinh ban kinh cta dudng tron noi tiép AMAB.

Bai 12. (;ho dudng tron (O) dudng kinh AB V,é. mot diém C di dong trén nira dudng tron do. V& fiu’(‘)’ﬁg
tron (I) tiép xuc voi dqu(‘)’Ilg tron (O) tai C va tiép xuc voi duong kinh AB tai D, duong tron nay cat CA va
CB lan luot tai cac di€m thir hai la M va N.

Ching minh rang:

a) Ba diém M, I, N thang hang.

b) ID L MN.

¢) Puong thang CD di qua mot diém cb dinh, tir 6 suy ra cach dung duong tron I noi trén.

Bai 13. Cho tam giac ABC ndi tiép duong tron (O) , hai dudng cao BD va CE cat nhau tai H. V& dudng
kinh AF.

a) Ttr giac BFCH 1a hinh gi?



b) Goi M 1a trung diém ciia BC. Chirng minh rang ba diém H, M, F thing hang.

¢) Ching minh ring: OM = é AH

Bai 14. Cho dudng tron (O) duong kinh AB, M 1a diém chinh giita ciia mot nira duong tron, C 1a diém bat
ki trén ntra dudng tron kia, CM cit AB tai D. V& day AE vudng goc voi CM tai F.

a) Chimg minh rang tir gi\c ACEM Ia hinh thang can.

b) V& CH L AB, ching minh rang tia CM la phan giac ciia goc HCO.

¢) Chtng minh ring CD < éAE
Bai 15. Cho tam gifc ABC ndi tiép duong tron (O;R) . Biét A =a <90°. Tinh do dai BC
Hudéng dén giai

A

Hinh 181

V& duong kinh BD, duge BCD =90° va BDC = A = a.
Xét ABCD vuong tai C, c6: BC = BD.sinD =2R.sina.

Bai 3. Cho duong tron (O), duong kinh AB, diém D thudc duong tron. Goi E 1a diém ddi ximg véi A qua
D.

a) Tam gidc ABE la tam giac gi?

b) Goi K 1a giao diém cua EB véi (O). Chimg minh OD L AK.

Bai 4. Cho tam giac ABC ndi tiép duong tron (O), hai dudng cao BD va CE cit nhau tai H. V& dudng
kinh AF.

a) Ttr giac BFCH 1a hinh gi?

b) Goi M 14 trung diém ctia BC. Chiing minh rang ba diém H, M, F thiang hang.

¢) Ching minh OM = %AH .

Bai 5 Cho ntra duong tron (O) dudng kinh AB va diém C di dong trén ntra dudng tron do. Yé duong tr(:)n
(D tiep xtc voi duong tron (O) tai C va tiép xuc voi duuong kinh AB tai D, dudng tron nay cat CA, CB lan
luot tai cac diém thu hai 1a M va N. Ching minh rang:

a) M, N, I thang hang.

b) ID 1L MN.

Bai 6. Cho AABC nhon ndi tiép duong tron (O). Pudng cao BM, CN cit nhau tai H va cat duong tron
lan luot tai E va F.

a) Chimg minh ring A 1a diém chinh giira cung FE.



b) Chiing minh rang EF // MN.
¢) Chung minh ring O4 L MN .
d) Chimg minh rang AH khong d6i khi A di dong trén cung 16n BC.
e) Chirg minh rang F d6i xiémg v6i H qua AB.
Bai 7. *Cho tam giac déu ABC nbi tiép dudng tron (O) Trén cung E?B khong chira A ta 1y diém P
batky (P khac B va P khac C). Cac doan PA va BC cét nhautai Q.
a) Gia st D 1a mot diém trén doan PA sao cho PD = PB. Ching minh raing APDB déu.
b) Chimg minh ring PA = PB + PC .

1 1

¢) Chtrng minh h¢ thirc = )
PR PB PC




BAI 28. PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP CUA MOT TAM GIAC.
A. CAC KIEN THUC CAN NHO
1. PUONG TRON NGOAI TIEP MOQT TAM GIAC
Khai niém dwong tron ngoai tiép tam giac
Dinh nghia:
Puong tron ngoai tiép mot tam giac 1a dudng tron di qua ba dinh cta tam giac do.
Trong Hinh 9.13, dudng tron (O) ngoai tiép tam giac ABC . Ta cunng ndi tam gidc ABC ndi tiép duong
tron (0), hay (O) la duong tron ngoai tiép tam gidc 4BC . Tam O la giao diém ciia ba duong trung truc
cua tam giac ABC.

LI
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B
\i_/Hinh 9.13

Pudng tron ngoai tiép tam giac vudng

Puong tr(:)n ngoai tiép tam giac vudng c6 tim la trung diém cua canh huyén va ban kinh bang mot nira
canh huyén.

Vidu 1. Cho tam giac ABC vudngtai 4 c6 AB=2cm, AC =4cm. V& duong tron (O; R) ngoai tiép
tam gidc ABC va tinh ban kinh R .

Loi giGi
B
0
A v ¢
Hinh 9.16

Lay O 1a trung diém cua BC va vé dudng tron (O) di qua 4. Khi d6, (O) 1a dudng tron ngoai tiép tam
giac ABC . Theo dinh li Pythagore, ta c6: BC? = AB* + AC* =4+16 =20 nén BC = 2+/5(cm).
Vay duong tron (O) c6 ban kinh R = BTC =+/5cm.
Puong tron ngoai tiép tam giac déu
NE)

Dudng tron ngoai tiép tam giac déu canh a c6 tim 14 trong tAm cua tam gidc d6 va ban kinh bang Ta .

Vi du 2. Cho tam giac déu ABC c6 d6 dai canh bang 3 cm . V& dudng tron (O; R) ngoai tiép tam giac
ABC . Tinh ban kinh R .
Loi gidgi



B

N
N

Hinh9.18

Lay O la giao diém ciia ba duong trung tuyén ctia tam giac 4BC va vé duong tron (O) di qua 4. Duong

3

tron (O) 1a dudng tron ngoai tiép tam gidc 4BC c6 ban kinh R = ?BC =3cm.

2. PUONG TRON NOI TIEP MOT TAM GIAC

Puodng tron ndi tiép tam giac

Téng quat, ta c6 dinh nghia sau:

Puong tron tiép xuc voi ba canh cua tam giac dugc ,goi la duong tron ncf)iq tiép tam giac. Tam giac d6 duoc
goi 1a ngoai tiep duong tron. Tam dudng tron noi ti€p tam gidc 1a giao diém ba duong phan giac ciia tam
giac.

Chu y:

qur(‘)‘ng‘trén tiép xic v&i mot canh cua tam giac nghia 1a tiép xtc voi duong thang chira canh d6 va cé tiép
diém nam trén canh do.

Puong tron ndi tiép tam giac déu
\ \ As A e A S \ A 5 .7 r \ , ’ M 3
Duong tron ndi tiép tam gidc déu canh a c6 tam la trong tdm cua tam gidc d6 va ban kinh bang ?a .

Vi du 3. Cho tam gidc ABC ngoai tiép duong tron (/). Biét rang A =40", B =60". Tinh sb do cua cac
goc BIC,CIA va AIB.
Loi giai
C

A B
Hinh 9.20

Vi téng ba goc cua tam gidc ABC bing 180° nén ACB =180"— BAC — ABC =80".
Vi tam gidc ABC ngoai tiép dudng tron (I) nén I 1a giao diém cac dudng phan giac cua tam gidc ABC .

Do dé, ta cé: 5A\1=§A\1=%C=20°;€B\1=@:%:3022&:@:%:46.\/%@céc

g6c trong tam gidc BIC bing 180" nén BIC =180" — CBI — BCI =180° =30 —40" =110",
Tuong tu, CIA=180" — ACI — CAI =120° va AIB =180" — ABI — BAI =130" .



B. CAC DANG TOAN

DANG 1. XAC PINH TAM VA TINH BAN KINH PUONG TRON NGOAI TIEP, NOI TIEP TAM
GIAC

1. Phuong phap

e Duong tron ngoai tiép tam gidc vudng c6 tam la trung diém canh huyén va ban kinh bang nira canh
huyén ctia tam giac vuong do.
e Trong mot tam gidc déu, trong tam cua tam giadc dong thoi 1a tdm cuia dudng tron ngoai va ndi tiep

tam giac do.

s aA \ \ YORT aN3 . \ A A
e Tam giac deéu canh a c6 ban kinh dudng tron ngoai tiep 1a R = 3 va ban kinh duong tron ndi tiép

a3
—

la r

2.Vidu
Vidu 1. Cho hinh vé sau :
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a) Hinh ndo c6 dudng tron (O) ngoai tiép tam gidc ABC ? Gii thich ?
b) Hinh nao c6 duong tron (O) ndi tiép tam giac ABC ? Giai thich ?

Vi du 2. Cho tam gidc ABC vuong tai A, c6 AB=10cm va AC =~/21cm. Tinh béan kinh duong
tron ngoai tiép tam giac ABC .

Vidu 3. Cho AABC vuédngtai 4, c6 AB=6cm va AC =8cm ngoai tiép dudng tron (I ;r). Tinh »
Vi du 4. Xac dinh tAm va ban kinh ctia duong tron ngoai tiép tam giac déu ABC c6 canh bang a .

Vi du 5. Cho tam giac ABC vuong tai B c6 C= 60°,BC =3cm va O 1a trung diém AC . Xac dinh tam,
béan kinh va v& dudng tron ngoai tiép cua:

a) aABC;

b) aBCO.

Vi du 6. Cho dudng tron (O) ngoai tiép tam giac ABC . Tinh béan kinh cua (O), biét rang ABC vuéng
can tai A va co canh béng 2\/5 cm.

Vi du 7. Cho tam gidc ABC noi tiép duong tron (O) . Biét ring BOC =120° va OCA =20’ . Tinh sb do

cac gbc cua tam giac ABC.




DANG 2. BAI TOAN LIEN QUAN DPUONG TRON NGOAI TIEP, NOI TIEP TAM GIAC

Vidu 1. Cho A4ABC cantai A ndi tiép duong tron (0) . Goi E,F theo tht tu 13 hinh chiéu cua (0) lén
AB va AC . Ching minh rang AO 1a tia phan giac ctia BAC
Vidu 2. Cho A4BC vudng tai A BAC =90" (AB < AC) . Puong tron (]) noi tiép tam giac ABC tiép xtic

v6i BC tai D. Chimg minh rang;
BC+AB-AC

a) BD =

b) S, =BD.DC
Vi du 3. Cho tir gidc ABCD c6 cac tam giac ABC va ADC lan luot ngoai tiép cac duong tron (I) va (K)

sao cho hai duong tron nay tiép xtc v6i duong thang AC tai diém H thudc doan thang AC . Gia sir duong
tron (I) tiép xtic voi canh AB tai M , dudng tron (K) tiép xtic v6i canh AD tai N (Hinh v&). Chimg minh:

a) Ba diém LH,K théng hang;

b) AM=AN;
e 1 e
c) IAK:EBAD.

Vi du 4. Cho dudng tron (I) ndi tiép tam gidc ABC véi céc tiép diém trén cac canh AB,AC lan luot 1a

E,F. Ching minh ring EIF +BAC=180".

Vi du 5. Cho tam giac nhon ABC(AB < AC) ndi tiép duong tron (O) duong kinh AD =2R . Goi M 1a

trung diém cua canh BC va H 1a tryc tdm ciia tam giac ABC . Ching minh:
a) DB1L AB va CD L AC;

b) Ttr giac BHCD la hinh binh hanh;

¢) AC* +BH’ =4R?;

d) Ba diém H,M,D thing hang va AH =20M..

DANG 3. TOAN THU'C TE
Vi du 1. Mot manh vudn c6 dang tam giac déu ABC canh 12 cm . Nguoi ta muén trdng hoa & phan dat
bén trong duong tron ndi tiép tam gidc ABC . Tinh dién tich phan dat trong hoa do.
Vidu 2. Ba vi tri A,B,C & mot cong vién 1a ba dinh ctia mot tam giac déu canh 15 m . Nguoi ta can
chon vi tri O cach déu ba vi tri A,B,C dé 1am mot cot dén. Tinh khoang cach tir vi tri O dén mdi vi tri
A,B,C.

Vi du 3. Nguoi ta vé& bang quy hoach ctia mét khu dinh cu duoc bao xung quanh béi ba con dudng thing
l1ap thanh mdt tam giac voi do dai cac canh la 900m,1200m va 1500 m (Hinh v¢).




T 006

' 1200 m
a) Tinh chu vi va dién tich ctia phan dat gi6i han boi tam giac trén.

b) Ho muén xay dung mot khach san bén trong khu dan cu cach déu ca ba con dudng d6. Hoi khi d6
khéch san s& cach mdi con dudng mot khoang 1a bao nhiéu?

Vi du 4. Trong mét khu vui choi ¢6 dang hinh tam gic déu voi canh bang 60 m , ngudi ta mudn tim mot
vi tri ddt bo phat song wifi sao cho & chd nao trong khu vui chd d6 déu co thé bat duge song. Biét rang bd
phat song d6 c6 tim phat song toi da 13 50 m . Hoi rang c6 thé tim duoc vi tri dé dit bo phat song nhu
vay hay khong?

C. GIAI BAI TAP SACH GIAO KHOA

9.7. Cho duong tron (O) ngoai tiép tam gidc ABC . Tinh ban kinh cua (O), biét raing ABC 1a tam giac
vudng can tai 4 va c6 do dai canh bén bf‘mg 2«/5 cm.

9.8. Cho tam giac déu ABC ndi tiép dudng tron (O) . Biét rang duong tron (O) co ban kinh bang 3 cm .
Tinh dién tich tam gidc ABC.

9.9. Cho tam giac ABC ndi tiép duong tron (O). Goi H 1a tryc tAm ctia tam giac ABC . Chirng minh
ring BAH = OAC .

9.10. Cho dudng tron (/) ndi tiép tam gidc ABC voi cac tiép diém trén cac canh AB, AC lan luot 14
E,F . Chimg minh ring EIF + BAC =180° .

9.11. Cho tam giac déu ABC ngoai tiép dudng tron (/). Tinh do dai cac canh cta tam giac ABC biét
rang ban kinh cta (/) bang lem .

9.12. Ngudi ta mudn lam mot khung gd hinh tam giac déu dé dat vira khit mot chiéc dong ho hinh tron c6
duong kinh 30em (H.9.23). Hoi d6 dai cac canh (phia bén trong) ctia khung gd phai bang bao nhiéu?

Hinh 9.23

D. BAI TAP TU LUYEN

Bai 1. Mot dudng tron c6 ban kinh 3 cm. Tinh dién tich hinh vudng néi tiép duong tron do.

Bé}i 2. Ba duong tron tiép xtic véi nhau timg d6i mot va tiép xtc ‘V('Yi cac canh cua tam giadc nhu hinh bén.
Neéu moi duong tron c6 ban kinh 1a 3, thi chu vi ctia tam gidc s€ bang bao nhiéu?



Bai3. Cho AABC vudngtai 4,cd AB=9cm,AC =12cm. Goi I 1a tim duong tron ndi tiép, G 1a trong
tam cua tam giac. Tinh 46 dai /G

Bai 4. Cho duong tron (O;R) va hai duong kinh vudéng goc 4B,CD. Trén ban kinh 40 lay doan

24 .

Al = 0 ,vétia CI cat (O) tai £. Tinh R theo CE

C
R
1/

Al
0 B
E
D

Bai5. Cho AABC vuodng tai A ngoi tiép duong tron (O). Goi D, E,F lan lugt 1a cac tiép diém cua
(O) véi cac canh AB, AC va BC . Puong thing BO cit duong thang EF tai I. Tinh BIF
Bai 6. Cho tam giac ABC vuodng tai A c6 AB =3cm, AC =4cm. X4c dinh tm va ban kinh cua duong

tron ngoai tiép tam giac ABC .

Bai 7. Tinh ban kinh dudng tron ngoai tiép tam giac ABC vudng tai A, biét AB=5cm,AC=12cm.

Bai 8. Cho tam giac déu ABC noi tiép duong tron (O) . Biét rang dudng tron (O) c6 ban kinh bang 3 cm
. Tinh dién tich tam gidc ABC .

Bai 9. Cho tam giac déu ABC c6 canh bang 3 cm va ndi tiép duong tron (O) nhu hinh vé.

a) Tinh ban kinh R cta duong tron (O).

b) Tinh dién tich hinh vién phan giéi han boi day cung BC va cung nhé BC .

Bai 10. X4c dinh tdm va ban kinh ctia dudng tron noi tiép tam giac déu ABC c6 do dai canh bang a .

Bai 11. Cho tam giac déu ABC ngoai tiép duong tron (I). Tinh d6 dai cac canh cua tam gidc ABC biét
rang ban kinh cta (I) bang 1 cm .



Bai 12. Cho tam giac ABC ndi tiép duong tron ( O). Goi H 14 tryc tim ctia tam gidc ABC . Chimg minh
rang BAH = OAC.

Bai 13. Cho tam giac ABC c6 dién tich S va ngoai tiép duong tron ( Ir ). Chiing minh rang

S:%r(BC+CA+AB).



LUYEN TAP CHUNG
A. Vi DU VA BAI TAP SACH GIAO KHOA
Vi du 1. Cho tam gidc ABC noi tiép duong tron (O) . Biét rang OAB = 300,0147’ =40’ . Hay tinh s6 do
cua cac goc ABC va ACB.
Vi du 2. Cho tam giac ABC c6 dién tich S va ngoai tiép dudng tron (Z;7) . Chiing minh ring
S =%r(BC+CA+AB).
BAI TAP
9.13. Cho tam gisc ABC ndi tiép dudng tron (O). Biét ring BOC =120" va OCA=20". Tinh s6 do céc
goc cua tam giac ABC.
9.14. Cho tam giac déu ABC co6 d¢ dai canh bang 4cm . Tinh ban kinh duong tron ngoai tiép va ban
kinh dudng tron noi tiép tam giac ABC .
9.15. Cho tam giac déu ABC c6 d6 dai canh bang 3cm va ndi tiép dudng tron (O) nhu Hinh 9.26.
a) Tinh ban kinh R cua duong tron (O).

b) Tinh dién tich hinh vién phan gi¢i han boi day cung BC va cung nho BC.
A

B v C
Hinh 9.26

9.16. Trong mot khu vui choi ¢6 dang hinh tam gidc déu véi d¢ dai canh bang 60m , nguoi ta mudn tim
mot vi tri dat bo phat song wifi sao cho & chd nao trong khu vui choi d6 déu c6 thé bt duogc song. Biét
rang bo phat song d6 c6 tim phat song toi da 1a 50m , hoi ¢ thé tim duoc vi tri dé dat bo phat song nhur
vay hay khong?
9.17. Nguoi ta v& ban quy hoach ctia mot khu dan cu dugce bao xung quanh bai ba con duong thang 1ap
thanh mot tam giac v4i dg dai cac canh 1a 900m,1200m va 1500m (H.9.27).
a) Tinh chu vi va dién tich ctia phan dat gidi han bai tam giac trén.

b) Ho mudn xay dung mot khach san bén trong khu déan cu cach déu ca ba con dudng d6. Hoi khi do
khach san

s& cach mdi con duong mot khoang 1a bao nhiéu?

Hinh 9.27



B. BAI TAP THEM
Bai 1: Quan sat Hinh 3 va cho biét mot tam giac noi tiép dudng tron (I) va ba tam giac khong noi tiép

duong tron (I) )

F

Bai 2: Cho hai tam gisc A4BC va ABD (Hinh 4) c6 BAC = BAD =90°, AB =3 cm,
AD=4cm, AC=6 cm.

B

m|
C 4 D

a) Xac dinh cac diém 0,7 1an luot 13 tAm cta dudng tron ngoai tiép cac tam gidc ABC va ABD.
b) Tinh ban kinh cua cac duong tron (O) va (I).

Bai 3: Cho tam giac déu 4BC ndi tiép duong tron ban kinh 5dm . Tinh d6 dai canh cta tam giac déu
ABC do.
Bai 4: Cho tam gidc 4BC vudng tai 4 ¢ ban kinh dudng tron noi tiép 13 7 . Chimg minh rang:
. AB+AC-BC
5 .

Bai 5: Cho tam gidc 4BC ngoai tiép dudng tron (7;7). Céc canh 4B, AC lan luot tiép xtc véi (1) tai
D va E . Ching minh rang néu AB < AC thi BE<CD.

Bai 6. Cho tam gidc ABC cantai A, co O,I lan luot 1a tAm cac duong tron ngoai tiép va duong tron
noi tiép tam giac ABC .
a) Chung minh {5ng: 9
e Badiém A4,0,I cung thuéc mot duong thang;
e Puong thing 04 vudng goc voi BC va di qua diém chinh giita D (khac diém 4) cia cung
BC.
b) Cho BC =24 cm, AC =20 cm. Tinh d6 dai ban kinh R ctia duong tron ngoai tiép va ban kinh 7 cua
dudng tron noi tiép tam giac ABC .
Bai 7. Cho tam giac nhon ABC . Cac dudng cao BE,CD cua tam giac ABC cit nhau tai K . Tim tim
dudng tron ngoai tiép mdi tam giac sau:
a) Tam giac BDE ;
b) Tam gidc DEC;
¢) Tam gidc ADE .



Bai 8. Cho tam giac nhon ABC (fi’ >C ), phan giac AM . Goi O,0,,0, lan luot 1a tam dudng tron ngoai
tiép cac tam giac ABC, AMB, AMC . Chting minh ring:

a) 00,,00,,0,0, lan luot 1a cac duong trung truc cua AB,AC,AM ;

b) Tam giac OO,0, can.

Bai 9. Trén duong tron (O) ban kinh R, liy cac diém A4,B,C,D sao cho sd AB = 60° , sd BC =90’ ,sd

CD =120° (Hinh 7).

90°

120°
a) Xac dinh tdm va tinh theo R ban kinh dudng tron ngoai tiép ciia cac tam giac O4B, OBC,04D,0DC
b) Goi I 1a giao diém cia 4C va BD. Tinh ban kinh duong tron ngoai tiép ciia cac tam giac IAB, IBC,
IAD, IDC.

Bai 10.Cho tam giac 4BC vudngtai A c6 AB =6,AC =8, ban kinh dudng tron ndi tiép la 7, ban kinh
duong tron ngoai tiép 1a R . Tinh %

Bai 11. Cho tam giac déu 4BC noi tiép duong tron tim O, ban kinh R .

a) Chimg minh ring O ciing 1 tim dudng tron noi tiép tam giac ABC .

b) V& tam gidc IJK ngoai tiép dudng tron (O;R) voi JK//BC,1J//AC,IK |/ AB . Ching minh tam giac
UK déu. , ,
¢) Goi R 'la ban kinh cua dudng tron ngoai tiép tam gidc LJK va r la ban kinh cua duong tron ndi tiép

tam giac ABC . Tinh %

Bai 12.Cho hai dudng tron (O) va (O') cit nhau tai hai diém phan biét 4, B. Puong thing 40 cét (O)
va (0') lan luot tai hai diém C,E (khac duiém 4 ). Duong thing 40’ cét (O) va (0') lan luot tai hai
diém D,F (khac diém 4). Ching minh:

a) C,B,F thing hang;

b) Bébn diém C,D,E,F cung nam trén mot duong tron;

¢) A la tdm duodng tron ndi ti€p tam giac BDE .

Bai 13.Cho tam gidc 4BC vudng cin tai C va ndi tiép dudng tron (0; R) . E 1a diém tuy y trén cung
nho AC cua dudng tron d6. Goi F 1a giao diém cua EB va CO,I 1a tim dudng tron ngoai tiép tam giac
ECF . Chirng minh rang khi E di chuyén trén cung nhd AC thi 7 ludn di chuyén trén mot doan thang

co0 dinh.

Bai 14: Trong cac hinh 9a,95,9¢, ¢ hinh nao ta co tir gidc ABCD 1a tir giac noi tiép?
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Bai 15: Tinh s6 do goc DAB trong Hinh 10.

A o
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Bai 16: Cho hinh thang ABCD(AB//CD, AB < CD) c6 DCB = ADC = 60° , CD =2AD . Chimg minh
hinh thang 4BCD ndi tiép dudng tron.

Bai 17: Cho hinh thoi ABCD, c6 AB=13 cm, A0 =12 cm ( O 1a giao diém cta hai dudng chéo
AC,BD).M,N,P,Q lan luot 1a trung diém cua AB,BC,CD,DA .

a) Chirng minh tr gidc MNPQ ndi tiép dudng tron.

b) Tinh ti s6 dién tich hinh thoi 4BCD va dién tich hinh tron ngoai tiép tir gidic MNPQ (lay 7 ~3,14 va
lam tron két qua dén hang phan muoi).

Bai 19. Cho hai dudng tron (0),(O') giao nhau tai 4,8 va CD la mét day cung ctia (O). Tia CA cit
(0') tai E vatia DB cét (O') tai F . Chimg minh EF song song v6i CD.

Bai 20.Cho duong tron (O) ngoai tiép tam gidc déu 4BC. Piém E nam trén cung nhé BC ( E khac B
va C). ED 1a tia d6i ctia tia EB. Chting minh EC 1a phan giac ctia goc AED va EA 1a phan giac cta
goc BEC .
Bai 21.Cho tam giac ABC can & A, H 1a trung diém ctia BC va BAC <90°. Pudng vudng goc véi AB
tai A cit duodng thrfmg BC ¢ D.Ké DE vuong goc voi AC . Chiing minh:

a) AH =EH ;

b) DCE = ABD.

Bai 22. Cho X/AB/ =60° va diém B nam trong goc xAy . Ké duong thing BN vudng goc véi Ay cit Ax
tai H ; ké dudng thang BM vudng goc véi Ax cit Ay tai K . Ching minh:
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a) Cac tr gisc AMBN, HMNK 1a cic tir gidc ndi tiép duuong tron;

b) HK =2MN .

Bai 23. Cho hinh vuéng ABCD. Trén canh AB lay diém M . Puong thang qua C vudng goc voi CM
cit cac tia AB, AD lan luottai E va F.Tia CM cét duong théng AD tai N .Ching minh rﬁng:

a) NCA =MFN vi NEA= NCA ;

b) CM +CN = EF.

Bai 24. Chimg minh ring mdi hinh thang cin 1a mot t& giac ndi tiép dudng tron.

Bai 25. Cho tam gidc ABC vudng can tai C va ndi tiép duong tron (O;R). E l1a diém tuy ¥ trén
cung nhd AC . Goi I 1a giao diém ctia EB va AC.Ké IK vudng goc véi AB . Chimg minh rang khi E
di chuyén trén cung nho AC thi EK ludn di qua mot diém cé dinh.



BAI 29. TU GIAC NOI TIEP.
A. CAC KIEN THUC CAN NHO
1 Pwong tron ngoai tiép mot tir giac
Puong tron di qua bon dinh ciia mdt tir giac
Tt giac c6 bon dinh nam trén mot dudng tron duoc goi 14 tr giac ndi tiép dudng tron (hodc don gian 1a tir
giac ndi tlep) va duong tron dugc goi 1a dudng tron ngoai tlep tur giac.

Vi du 1. Trong céc hinh sau (H.9.30), hinh nao v& mdt tir gidc ndi tiép mot duong tron?

a) b) c)
Hinh 9.30
Loi giai
Hinh a va b khong v& tir giac noi tiép duong tron vi mdi tir gidc c6 ba dinh nam trén dudng tron va dinh
con lai khong nam trén duong tron.
Hinh ¢ v& tir gidc noi tiép duong tron vi tr gidc c6 bdn dinh ndm trén duong tron.
Téng qudt, chiing ta cé dinh li sau ddy vé tong sé do cdc géc déi nhau ciia mét tir gidc ngi tiép.
Dinh li

Trong mot tir giac noi tiép, tong s6 do hai goc ddi nhau bang 180"

GT | Ta gide ABCD nditiép (O).

KL | 4+C=180°;B+D=180".

Chtrng minh

A

Hinh 9.31

Do hai diém B, D chia duong tron (O) thanh hai cung BCD va BAD nén sd BCD +sd BAD =360’ .

—

Do A4 va C la céc goc ndi tiép cua duong tron (O) 1an luot chin cung BCD va BAD nén

A+C = %sa"BCD+%sd‘BAD =180". Tuong tu, B+D=180".

Vi du 2. Cho tt giac ABCD ndi tiép duong tron (O) nhu Hinh 9.32. Hai duong thing 4B va DC cit
nhau tai X . Biét ring DAB =70", ABC =130’ . Tinh sb do ciia céc goc BCD va BXC .

Loi gidi



Hinh 9.32
Vi ABCD 1a ttr giac ndi tiép dudng tron (O) nén cac goc dbi dién co tong s6 do bang 180°.

Do d6 DAB+BCD =180, hay BCD =180" -~ DAB =180"-70" =110".
Tuong tu, ta c6: ABC +CDA=180", hay CDA=180"— ABC =180 —130" = 50".
Vi tong cac goc trong tam giac AXD bang 180" nén:
BXC = AXD =180" — DAB—CDA=180"~70"—50" = 60"
2. Pwong tron ngoai tiép hinh chir nhit va hinh vuong
Puong tron ngoai tiép hinh chir nhat va hinh vudng
Ta c6 khang dinh sau:
Hinh chit nhét va hinh vuéng 13 cic tir gidc ndi tiép. Pudng tron ngoai tiép ctia ching c6 tim 1 giao diém
cua hai duong chéo va ban kinh bang mdt ntra d§ dai duong chéo.
Vi du 3. Cho hinh chit nhat ABCD c6 AB=3cm, AD =4cm. V& dudng tron (O; R) ngoai tiép hinh chir
nhat ABCD va tinh ban kinh R.
Loi gidi
Goi O 1a giao diém ciia AC va BD. V& duodng tron tAm O ban kinh R = O4. Puong tron (O;R) vira vé
ngoai
tiép hinh chit nhat ABCD (H.9.35).

A 4 cm D
3cm
O
B C
Hinh 8.35

Ap dung dinh 1i Pythagore cho tam giac ABD vudng tai A4, ta cé:
BD* = AB* + AD* =3 +4%> =25 nén BD = 5(cm). Do d6,taco R =%= 2,5cm.

B. CAC DANG TOAN

DANG 1. TINH GOC CUA TU GIAC NOI TIEP PUONG TRON

1. Phwong phap

] Ti giac ABCD ndi tiép dwge dwdng tron thi cé tong sé do hai goc doi dién bing 180°.




ABCD ndi tiép duoc dudng tron nén 1/4\1 + 6\1 =180° va B+ D =180"

[] T gidc ABCD ndi tiép dwoc dwong tron thi cé géc bang goc ké cia goc ddi cina né.

—~

ABCD ndi tiép duoc dudng tron nén 4, +C, =180° ma C, +C, =180° (hai géc ké bir) = 4=C,
Ch y: Can nim lai kién thirc goc noi tiép va goc & tim

e Goc nodi tiép co sd do bang nira sé do cung bi chan.

e Goc & tam c6 sb do bang cung bi chin.

e Goc noi tiép va goc ¢ tm cliing chidn mot cung thi goc ndi tiép bang nira goc & tam.
2.Vidu

Vidul. Trong céc tir gidc sau, tr gidc nao nodi tiép duoc dudng tron? Giai thich.

SACRY

Vidu2. Trong hinh v& duéi day, cho a =140°.

a) Tinh céc goc ABC, ADC cua tir gide ABCD.
b) Tinh BAD+ BCD.
Vidu3. Trong hinh vé dusi ddy, cho ADC =40°, BCD =100".



a) Tinh cac goc ZB??,@) cua tu giac ABCD.

b) Tinh BXC .
Vidu4. Cho tir giac ABCD ndi tiép dudng tron. Tinh sé do cac goc con lai cua tir giac d6 trong cac
truon hop sau:

a) A=45"va B=155".
b) B=60" va C =85°.

DANG 2. CHUNG MINH TU GIAC NQI TIEP BPUONG TRON

1. Phuwong phap chung
e Phwong phap 1: Dé tir gisc ABCD noi tiép dugc dudng tron thi ta chirng minh A+C =180 hoac
B+D=180".

/ B
3] C

Chii y: Tt giac co hai goc d6i dién déu bang 90° thi tim dudng tron ngoai tiép tir gidc do 1a trung diém
ctia canh d6i dién hai goc vudng do.




2. Ta can thudc cac bo dé sau dé van dung chirng minh tit giac dé noi tiep duwgc dwong tron.

Bo dé 1: Ta gidc c6 goc bang gbéc ke cua goc doi cua no thi tir gide doé ndi tiep dugc dudng tron.

ABCD la tu giac
Gia thiét
A =C,
] T& gidc ABCD noi ti€p duoc duong
Két luan
tron.

Chung minh:
Ta co: :4\1 = 6; (gia thiét)
C,+C, =180" (hai géc k& bu)
Suyra 4, +C, =180
T gidc ABCD c6 tong sd do hai goc ddi :4\1 va a bang 180°, do d6 tir gisc ABCD ndi tiép duogc

duong tron.
Bo dé 2: Tt giac c6 hai dinh ké nhau va cing bang 90°, dong thoi ciing nhin dudi mot canh thi tir giac ndi

tiép duoc dudng tron.

ABCD 13 tt giac c6 |2 hai géc ké ABD, ACD &
cung nhin dudi canh 4D . B

Gia thiét
ABD = ACD =90’ A = D
0OA=0D
T& gidc ABCD nébi ti€p dwoc duwdng tron céd

Két luan ]
tam la trung diém 4D .

Chirng minh:

e r 1
Xét tam giac ABD c6 ABD =90° va BO la duong trung tuyén nén OB = 0A=0D = EAD (1)

———— r 1
Xét tam giac ACD c6 ACD =90° va CO la duong trung tuyén nén OC = 04 = 0D = EAD (2)

Tu (1) va (2) suy ra OA=0B=0C =0D
Vay tir gidc ABCD ndi tiép dugc duong tron c6 tim 1a trung diém AD .
Chuy:
Mé rong bo dé 2: T giac c6 hai dinh k& nhau va bang nhau dong thoi cung nhin dudi mot canh thi tir

giac noi tiep duoc.



Néu CAD = CBD = « thi ABCD ndi tiép
B6 dé 3: Cho hai duong thing ALA, cit nhau tai diém M . Trén hai duong thang ALA, lan luot lay cac
diém A B va C,D khi d6 4 diém A,B,C,D cing thuéoc mot duong tron khi va chi khi
MAMB = MC.MD.

B
A B C
.0 A
M
U D

Hinh 1 Hinh 2
Néu MA.MB = MC.MD thi ABCD ndi tiép
Ta chting minh tinh chét trén nhu sau:
e Truwong hop 1 (Hinh 1)

Taco: MAMB — MO.MD — 24 _ MC
MD MB
Xét AMACva AMDB co:
]\m chung
MA _ MO (ching minh trén)
MD MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB = ABCD ndi tiép.

e Truwong hop 2 (Hinh 2)

Taco: MAMB — MC.MD — MA _ MC
MD MB
Xét AMACva AMDB c¢o:
AMC = DMB (déi dinh)
MA _ MO (chirng minh trén)
MD MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB

Vay t gidac ABCD c¢6 hai dinh A va D ké nhau, ciing nhin canh BC' dudi hai goc bang nhau nén ti
giac ABCD noi tiép duoc duong tron.



Nhén xét:q Tr‘ong ]aéli tap chung minh tl?.’ gi4c ndi tiép chii yéu sir dung B6 dé 1 va B6 d’é 2, con Bb dé 2 mo
rong V’é Bq dé‘ 3 hau nhu kh()nquupg dén. N6 chi dung cho hoc sinh chuyén toan, vi thé cac em khong quan
tam dén B6 d¢ 2 md rong va B6 d€ 3 nhé .

2.Vidu

Vi du 1. Cho tam giac 4BC c6 ba goc nhon. V@ cac dudong cao BD va CE cua tam gidc ABC. Goi H
la giao diém cua BD va CE.

a) Ching minh ADHE 14 t& giac ndi tiép.

b) Chiing minh BCDE 14 tr gidc ndi tiép.

Vi du 2. Cho tam giac nhon ABC (AB > AC). DBuong tron (/) duong kinh BC cit AB,AC lan luot tai
F.,E . Puong thing BE cit CF tai H va duong thaing AH cat BC tai D .

a) Chimg minh tir gidc BFHD ndi tiép.

b) Chung minh ti giac ABDE ndi tiép.

Vi du 3. Cho tr giac noi tiép ABCD c6 tam giac ABC la tam giac nhon. V& cac duong cao AM va CN
cua tam giac ABC . Goi H la giao diém cia AM va CN .

a) Chirng minh ABC =CHM .
b) Chimg minh ADC = AHC .
c¢) Chirng minh MAC = MNC .
d) Chémg minh MAC +90° = ANM .

DANG 3. PUONG TRON LIEN QUAN DEN TU GIAC NOI TIEP PUONG TRON, CHUNG
MINH HE THUC, TRUNG PIEM, Ti LE CANH

Vidu 1. Cho tam gidc ABC c¢6 ba goc nhon, cac duong cao AE, BF va CN catnhautai H (E € BC
,Fe AC, N € AB).

a) Chimg minh t& gidc CEHF ndi tiép.

b) Kéo dai FE cat dudong tron duong kinh BC tai M . Ching minh BM = BN .

¢) Biét AH = BC . Tinh s6 do goc A cia tam giac ABC .

Vi du 2. Cho dudng tron (O) va diém A nim bén ngoai duong tron. Tir 4 ké cac tiép tuyén AM, AN véi
dudng tron (O)(M, N la cdc tiép diém). Mot dudng thang di qua A cdt duong tron (O) tai hai diém P,Q
sao cho Pnam giita Ava Q, diy cung PQ khong di qua tam O. Goi / 1a trung diém ciia doan PQ,J la
giao diém ctia hai duong thang 40 va MN.Chimng minh ring :

a) Nam diém A,M,0,I,N cung nam trén mot duong tron va LJIM = LJIN

b) Tam gidc AMP ddng dang voi tam gidc AOM. Va AP.AQ = AI.AJ

Vidu 3. Cho duong tron tam O, duong kinh 4B, ddy CD vudng goc véi AB tai F. Goi M 1a mot
diém thudc cung nho BC (M khac B, M khéc C), hai duong thang AM va CD catnhautai E

a) Chtng minh t& gidc BMEF ndi tiép

b) Chiing minh tia MA la phan giac cua goc CMD

¢) Ching minh AC* = AE.AM

d) Goi / 1a giao diém ciia hai dudong thang MD va AB, N la giao diém cta hai duong thing AM va
BC . Chiing minh tdm duong tron ngoai tiep tam gidc CEN nam trén duong thang CI




Vidu 4. Cho hai duong tron (O;R) va (O';r) tiép xtic ngai tai 4 (R>r). Goi BC la tiép tuyén chung
ngoai ciia hai duong tron nay (véi Be(O0)va Ce (0' ) ). Tiép tuyén chung tai 4 cia hai dudng tron (O)
va (0) cit doan théng BC tai M .

a) Ching minh OM vudng géc véi O'M .

b) Goi E 1a giao diém ctia 4B v6i OM va F 1a giao diém ctia AC véi O'M . Ching minh tt gidc OEFO'
noi tiép mot duong tron.

¢) Goi I 1a tAm dudng tron ngoai tiép t giac OEFO', K 1a trung diém ciia AM . Chimg minh OO =2IK.
Vi du 5. Cho nira duong tron dudng kinh AD.Lay diém B thudc nira dudng tron (B khac A va D), trén
cung BD 14y diém C (C khac B va D). Hai ddy AC, BD cit nhau tai diém E.Ké doan thing EF vudng
gbc voi AD(F € AD)

a) Chung minh t& gidac ABEF ndi tiép

b) Ching minh AE.AC = AF.AD

¢) Chimg minh E 1a tim duong tron ndi tiép tam giac BFC

DANG 4. PUONG TRON LIEN QUAN PEN BA PIEM THANG HANG, BA PUONG THANG
PONG QUY

Vidu 1. Cho tam gidc 4BC vudng tai A ndi tiép dudng tron tam O. Ké duong kinh AD. Tiép tuyén ctia
duong tron (O) tai D cit cac duong thing 4B, AC 1an luot tai E va F

a) Chung minh hai tam giac ABC va AFE ddng dang v6i nhau

b) Goi 7 1a trung diém cua EF va K 13 hinh chiéu vudng goc ctia A trén canh BC. Ching minh ba diém
A, K, I thang hang

Vidu 2. Cho tam giac ABC c6 ba géc nhon, 4B < AC va ndi tiép duong tron (0) .Goi BE, CF 13 cac
duodng cao va H 1a truc tAm cia tam giac ABC

a) Ching minh tir gidc AEHF 14 tir giac noi tiép.

b) Dudng tron ngoai tiép tr gide AEHF cat dudng tron (O) tai diém thit hai I (A4 khong trung véi 7).
Chtrng minh hai tam giac /BC va IFE d6ng dang v6i nhau.

¢) Hai duong thing BC va EF citnhau tai K . Ching minh ba diém 4, 7, K thing hang.

DANG 5. PUONG TRON LIEN QUAN PEN TIEP TUYEN, VUONG GOC, SONG SONG

Vidu 1. Cho duong tron (O) duong kinh 4B . Day cung MN vudng goc v6i AB, (AM < BM'). Hai
duong thang BM va NA cét nhau tai K. Goi H 1a chian duong vudng goc ké tir K dén dudng thang 4B

a) Chimg minh tir gidac AHKM ndi tiép trong mot dudng tron.

b) Chimg minh rang NB.HK = AN . HB .

c) Chimg minh HM 12 tiép tuyén ctia duong tron (O).

Vidy 2. Cho tam gidc nhon ABCndi tiép dwong tron (O). Hai dudng cao BE,CF cit nhau tai
H(E € AC,F € AB). Chimg minh réng :

)Tt giac BCEF ndi tiép duong tron
p) AE.BC = EF.AB
¢c) OA LEF




Vi du 3. Cho tam giac ABC c6 ba goc nhon ndi tiép dudng tron (0), (AB < AC). Goi D 1a diém trén cung
nhé BC sao cho DB < DC. Tu D ké DE vudng goc voi BC ( E thuoc BC), ké DF vuong goc voi AC (F
thudc AC). Puong thang EF cit tia AB tai K.

a) Chirng minh tr gidc CDEF va DFE = DAB.

b) Ching minh tir giac DKBE ndi tiép va DB.DF = DA. DE.

¢) Goi 7, J lan luot 14 trung diém ctia AB va EF. Chimg minh LJ vudng goc véi DJ.

Vi du 4. Cho dudng tron (O) , dudng kinh AB, ban kinh OC vudng goc voi AB. Goi H 1a trung diém ciia
doan thang BC.Puong thang AH cit OC tai D va cit duong tron (0)tai diém tht hai la K (K khac A)

a) Chirng minh t&r gidc ODKB oI tiép mot duong tron

b) Tia phan giac ctia goc COK cit AK tai M. Ching minh ~£CMA = 90°

¢) Puong thing OM cit BC tai N, NK cit dudng tron (O) tai diém thi hai 1a P (P khac K). Ching minh
B d6i xting voi P qua M

DANG 6. PUONG TRON LIEN QUAN PEN GIA TRI LON NHAT, GIA TRI NHO NHAT

Vi du 1. Trén nira duong tron tim O dudng kinh AB = 2R, lay diém C (C khac A va B), tir C ké CH vudng
goéc voi AB(H e AB).Goi Dla diém bét ky trén doan CH (D khac Cva H), duong thing AD cét nira
duong tron tai diém thi hai 13 £

a) Chimg minh t gidc BHDE ndi tiép

b) Chung minh 4D-EC=CD.AC

¢) Khi diém C di dong trén nira dudng tron (C khac 4, B va diém chinh giita cung AB), x4c dinh vi tri cua
diém C sao cho chu vi tam giac COH dat gia trj 16n nhat

Vidy 2. Cho nira duong tron tdm O duong kinh AB, M 1a mot diém bat ky thudc nira duong tron (M khac
A,B). Tiép tuyén tai M cit cac tiép tuyén Ax, By cua duong tron (O) lan lugt tai Cva D

a) Chimg minh tir gidac ACMO ndi tiép

b) Chimng minh COvudng goc voi OD

¢) Tim gia tri nho nhét cua tong dién tich hai tam giac 4ACM, BDM

C. BAI TAP SACH GIAO KHOA

9.18. Cho ABCD la tir giac ndi tiép. Tinh sé do ciia cac goc con lai cta tir gidc trong mdi truong hop sau:
a) A=60",5=80"; b) B=70",C=90";

¢) C=100",D=60"; d) D=110",4=80".

9.19. Cho diém I ndm ngoai duong tron (O) . Qua I ké hai dudng thang 1an lugt cit (O) tai bon diém
A,B va C,D sao cho A nam giita B va I,C nam giita D va I . Ching minh rang

IBD = ICA,IAC = IDB va IA-IB=IC-ID.

9.20. Cho hinh binh hanh ABCD noi tiép dudng tron (O) . Chimg minh ring 4BCD 14 hinh chif nhat.
9.21. Cho hinh thang ABCD ( AB song song v6i CD) ndi tiép duong tron (O) . Chimg minh rang

ABCD 1a hinh thang can.

9.22. Tinh dién tich ctia mot hinh chit nhat, biét rﬁng hinh chit nhat d6 c¢6 chiéu dai gép hai 1an chiéu rong
va ban kinh duong tron ngoai tiép bang 2,5cm.




9.23. Ngudi ta mudn dyng mot khung cong hinh chir nhat rong 4m va cao 3m , bén ngoai khung cong
dugc bao boi mot khung thép dang nira duong tron nhu Hinh 9.37. Tinh chiéu dai ciia doan thép lam
khung ntra duong tron do.

Hinh 9.37
D. BAI TAP TU LUYEN

Bai 1. Trong cic tir giac sau, tr gidc ndo ndi tiép duoc dudng tron? Giai thich.

UKD

Bai 2. Trong cdc duong tron (O) sau, dudng tron ndo ngoai tiép i gidc ABCD ? Giai thich.

Hinh 1 Hinh 2 Hinh 3
Bai3.  Trén nira duong tron (O) duong kinh AB 1dy diém C sao cho AC > BC (C khiac 4 va B). Goi D
la trung di€ém cta doan thang OA.Pudng thang qua D va vuong goc voi 4B cat AC tai E. Chirng minh
rang:
a) Tt giac BCED noi tiép duoc

2
by AC.4E =B

Bai4. Cho tam gidc ABC c6 3 goc nhon noi tiép duong tron (O) ¢ truc tam 1a diém H. Goi M 1a
diém trén day cung BC khong chira diém A ( M khac B,C). Goi N,P theo thir tur 14 cac diém ddi xtmg
ciia M qua cac duong thang AB,AC

a) Chimg minh AHCP 1a tir giac noi tiép

b) Ching minh N,H,P thing hang.

Bai5. Cho duong tron (O; R) vadiém A &bén ngoai dudng tron. V& hai tiép tuyén AB, AC véi dudng
tron (O) (B,C la céc tiép diém). Goi M la trung diém AB .

a) Chung minh t& gidc ABOC' ndi tiép va xac dinh tim I cta dudng tron nay.
b) Ching minh rang AM.AO = AB.AI .



¢) Goi G la trong tdm tam giac ACM . Ching minh MG / /BC' .

d) Ching minh /G vuong goéc voi CM .
Bai 6. Cho tam gidc ABC va dudng cao AH goi M,N lan luot 13 trung diém cta AB,AC. Puong
tron ngoai tiép tam gidc BHM cat duong tron ngoai tiép tam giac CNH tai E. Chtirng minh AMEN 1a t&r
giac noi tiép va HE di qua trung diém ctia MN .

Bai7.  Trén cac canh BC,CD cua hinh vuéng ABCD ta ldy lan luot cac diém M,N sao cho MAN = 45"
. Duong thang BD cat cac duong thang AM, AN tuong ung tai cac diém P,Q.

a) Chting minh ring cac tr giac ABMQ va ADNP ndi tiép.

b) Ching minh réng cac diém M, N,Q,P,C nam trén cung mot dudong tron.
Bai8.  Chodiém M thudc cung nhd BC cua duong tron (O). Mot duong thang d & ngoai (O) va vudng
goc véi OM ; CM, BM cit d lan luot tai D,E . Chitng minh réng B,C,D,E cung thuc mdt dudong tron.
Bai 9. Cho duong tron (O; R) noi tiép AABC, tiép xtc voi canh AB,AC lanlugtd D vaFE
a) Goi O' 1a tim dudng tron noi tiép AADE , tinh 00" theo R.
b) Cac duong phan ,giéc trong cua ﬁ va 6’ cat duong thang DE lan luot tai M va N . Chimg minh tir
giac BCMN ndi tiép dugc duong tron.
MN DM EN
BC AC AB’
Bai 10. Cho tam giac ABC vudng tai A . Ké duong cao AH va phan giac trong AD cua goc HAC. Phan
giac trong goc ABC cdt AH,AD lan luot tai M,N . Chirng minh rang: BND =90° .
Bai 11.  Cho tam giac can ABC (AB=AC) P la diém trén canh day BC . Ké cac dudng thang PE,PD lan
luot song song véi AB, AC(E eAC,De AB) goi Q la diém d6i xtimg v6i P qua DE . Chirng minh bon diém

¢) Chirng minh

Q,A,B,C cung thudc mdt duong tron.

Bai 12. Cho tam giac ABC nhon v61 AB > AC.Cac duong cao BM ,CN cat nhau tai H.

a) Chung minh t& gidc AMHN ndi tiép

b) Goi Dla giao diém cua 4H va BC.Chung minh AD la phan giac chia ZMDN

c) Duong thang qua D va song song vé1 MN cat AB,CN lan luot tai /,J.Ching minh D 1a trung diém 1J
Bai 13. Cho duong tron (O). Tir mot diém M . & ngoai duong tron (O), ké hai tiép tuyén MA, MB
v6i dudng tron (O)(A, B 14 hai tiép diém).

a) Chimg minh MAOB 1a tir giac ndi tiép.

b) V& duong kinh BK cuia duong tron (O), H 1a diém trén BK sao cho AH vuéng goc BK . Biém I
1a giao diém cia AH, MK . Ching minh I 1a trung diém cua HA .

Bai 14. Cho nira duong tron (O) dudng kinh AB. V& tia tiép tuyén Ax cung phia v6i nira duong tron
duong kinh AB. Lay mot diém M trén tia Ax(M # A). V& tiép tuyén MC véi nira duong tron (O) (
C 1a tiép diém). V& AC cit OM tai E, V& MB cit nira duong tron (O) tai D(D # B).

a) Chung minh : Tt giac AMDE noi tiép trong mot dudng tron.

b) Chimg minh: MA*> = MD - MB.

¢) V& CH vubdng goc voi AB(H € AB). Ching minh rang MB di qua trung diém ctia doan thang CH .



Bai 15. Cho tam gidc ABC vudngtai 4 (4B < AC) ndi tiép trong dudng tron tim O . Dung dudng thing
d qua A song song BC, dudng thing d' qua C song song BA , goi D 1a giao diém ctia d va d'. Dung
AE vuéng géc BD (E ndmtrén BD), F la giao diém cua BD véi dudng tron (O) . Chimg minh:

a) TG giac AECD nbi tiép duogc trong dudng tron.

b) AOF = 2CAE

c¢) Ttr giac AECF la hinh binh hanh.

d) DF-DB =2AB’.

Bai 16. Cho duodng tron (O;R)va ddy MN ¢6 dinh (MN <2R). Ké duong kinh 4B vudng goc véi day
MN tai E. Lay diém C thudc day MN (C khac M, N, E). Duong thing BC cit dudng tron (O; R) tai diém
K (K khac B)

a) Chimg minh AKCE 1a tir giac noi tiép

b) Chttng minh BM* = BK.BC

c¢) Goi I 1a giao diém cua hai duong thang AK, MN; D la giao diém cua hai duong thang AC va BI.
Chung minh diém C cach déu ba canh cta tam giac DEK

Bai 17. Cho tam gidc nhon ABCcd AB < AC vandi tiép dudng tron (O). Goi H 1a chan dudng cao ha
tir dinh A cta tam giac ABC va E 13 hinh chiéu vudng goc ciia diém B 1én duong thang 40

a) Chimg minh AEHB 14 tir gide ndi tiép q

b) Chirng minh duong thang HE vudng goc véi duong thang AC

¢) Goi M la trung diém cua canh BC.Tinh ti $b %

Bai 18. Cho tam gidc ABC c6 ba goc nhon va AB < AC.VE€ cac dudong cao 4D, BE,CF cua tam giac
d6. Goi H 1a giao diém cua cac dudng cao vira v&

a) Chung minh ring cac t giac AEHF va BFEC ndi tiép

b) Goi M, N lan luot 1a trung diém cua cac doan thang AH, BC.Chung minh rang FM .FC = FN.FA

¢) Goi P,Q lan luot 1a chan cac dudng vudng goc ké tir M, N dén duong thang DF.Chiig minh rang
duong tron dudng kinh PQ di qua giao diém cua FE, MN

Bai 19. Cho tam gidc déu ABC ndi tiép duong tron (0),diém D thudc cung nho 4B (D khéc A va B).
Céc tiép tuyén véi dudng tron (O)tai B va C cat AD theo thit tw tai Eva G.Goi I 1a giao diém cua CE
va BG

a) Chimg minh ring AEBC ~ ABCG

b) Tinh s6 do goc BIC.Tu do, hdy chimg minh tr giac BIDE ndi ti€p

¢) Goi K 1a giao diém cua DI va BC.Chung minh ring BK* = KI.KD

Bai 20. Cho tam giac ABC vudng tai C (AC < BC), duong cao CK va duong phan giac BD

(K € AB, D € AC). Qua D ké dudng thang vudng goc voi AC cit CK, AB lan luot tai H va L.

a) Chirng minh t&r giac CDKI ndi tiép.

b) Chimg minh AC.AD = DH.AB.

¢) Goi F 1a trung diém cua AD. Puong tron tam I ban kinh 1D cat BC tai M ( M khac B) va cat AM tai N
(N khac M). Chtrng minh B, N, F thang hang.

Bai 21. Cho tam gidc ABC' c¢6 ba goc déu nhon. Cac duong cao AK, BE va CF cit nhau tai H . Goi
I la trung diém ctia doan AH, N la trung diém cua doan BC'.



a) Chung minh bén diém A, E, H, F nim trén cung mot duong tron.

b) Chiing minh NE 1a ti€p tuyén cua duong tron duong kinh AH .

¢) Chimng minh CI° — IE* = CK.CB.

Bai 22. Cho dudng tron (O) duong kinh AB. Trén tiép tuyén ciia duong tron (O) tai diém A 1dy diém M
(M # A). Lay diém N trén doan thang OB (N khac O va B).Dudng thang MN cét dudng tron (O) tai hai
diém C,D (C nam giita M va D). Goi I 1 trung diém ctia doan thing CD

a) Chimg minh t&r giac AMIO 14 tir giac ndi tiép

b) Qua D ké duong thing song song véi MOcit AB tai H. Ching minh MA> = MC.MD va
LIAB = ZMDH

¢) Goi E,F lan luot 1 giao diém cua dudng thing MO véi hai duong thang BC, BD.Chiing minh tir giac
AEBF 1a hinh binh hanh

Bai 23. Cho tam giac nhon ABC ( AB < AC) noi tiép dudng tron tim O. Hai tiép tuyén tai B va C cua
duong tron (O) cat nhau tai M, tia AM cat duong tron (O) tai di€ém D.

a) Chung minh ring t giac OBMC nbi tiép duoc dudng tron.

b) Chtrng minh MB? = MD.MA

¢) Goi E 1a trung diém doan thiang AD; tia CE cat dudng tron (O) tai diém F. Chting minh rang: BF // AM.
Bai 24. Cho tam gidc ABC nhon ndi tiép duong tron tam O, dudong cao BE va CF . Tiép tuyén tai B
va C citnhautai S, BC va OS cétnhautai M .

a) Chimg minh rang AB.MB = AE.BS .

b) Hai tam giac AEM va ABS dong dang.

¢) Goi AM cat EF tai N, AS cat BC tai P .Chtng minhrang NP 1 BC.

Bai 25. Cho tam gidc ABC nhon ndi tiép dudng trdn (O;R), ¢6 ba dudng cao AK,BE va CF cit nhau
tai H .

a) Chirng minh t&r gidc AEHF noi tiép.

b) Hai duong thang BE va CF cit duong tron (0) lan luot tai M va N (M khac B; N khac C).
Chung minh: MN //EF .

¢) Gia str hai diém B,C c¢6 dinh, diém 4 di dong trén cung 16n BC cia dudng tron (O) (4 khac B,C).
Tim vj tri ciia diém 4 sao cho chu vi tam gidc KEF dat gia tri 16n nhat.

Bai 26. Cho tam gidc ABC nhon, ndi tiép duong tron (O;R) va AB < AC .Baduongcao AD,BE,CF
ctia tam gidc ABC(D, E, F 1a chan cac dudng cao) dong quy tai diém H . Ké duong kinh AK cua duong
tron (O;R). Goi M 1a hinh chiéu vuong goc ctia C trén duong thang AK .

a) Chirmg minh rang t gidic BCEF ndi tiép duong tron.

b) Chitng minh rang tam giac ABD dong dang v6i tam giac AKC va MD song song v6i BK .

¢) G sir hai dinh B,C 6 dinh trén duong tron (O; R) va dinh A di dong trén cung 16n BC' ctia dudng
tron (0; R) . Chtrng minh ring dudng thang MF ludn di qua mot diém cd dinh va tim vi tri cua dinh A
sao cho dién tich tam giac AEH 16n nhat.

Bai 27. Trén nira dudng tron tim O duong kinh AB voi AB =2022, lay diém C (C khac A va B),
tir C k¢ CH vuong goc AB(H € AB). Goi D la diém bat ki trén doan CH (D khac C va H), duong
thaing AD cit nira dudng tron tai diém tha hai E .



a) Chuing minh tr gidc BHDE la tir gidc ndi tiép.

b) Chitng minh: AD-EC =CD- AC.

¢) Chimg minh: AD.AE + BH.BA =2022°.

d) Khi diém C di dong trén nira duong tron (C khac A, B va diém chinh gitta cung AB), x4c dinh vi tri
diém C sao cho chu vi tam giac COH dat gia tri 16n nhat.

Bai 28. Tur diém M ndm ngoai dudng tron (O; R), ké tiép tuyén MA(A1a tiép diém) va cét tuyén MBC
khong di qua tam O (diém B nam gitra hai diém M,C).Goi H 1a trung diém BC. Duong thfmg OH cit
duong tron (O;R) tai hai diém N,K (trong d6 diém K thudc cung BAC).Goi D la giao diém cua AN va
BC

a) Chting minh t& giac AKHD 14 tir giac noi tiép

b) Chitng minh ZNAB = ZNBD va NB*> = NA.ND

¢) Chirg minh rang khi duong tron (O;R)va diém M cb dinh dong thoi cat tuyén MBC thay doi thi diém
D ndm trén mot duong tron ¢ dinh

Bai 29. Cho dudng tron (O;R) va duong thiang d khong di qua O cit (O) tai hai diém A; B. Trén tia ddi
ctia tia BA 14y diém M; qua M ké hai tiép tuyén MC; MD véi duong tron (O) ( C; D 1a cac tiép diém). Goi
H 1a trung diém cia AB.

a) Chung minh tir gidc OMCH ndi tiép.

b) OM cit dudng tron (O) tai I va cit CD tai K. Chimg minh OK.OM=R

¢) Puong thing qua O vudng goc vi OM, cit tia MC va MD lan luot tai P va Q. Tinh d6 dai OM theo R
sao cho dién tich tam giac MPQ nho nht.

Bai 30. Cho duong tron (O,R) va dudng thang d khéng di qua O cat duong tron tai hai diém A, B. Lay
mot diém M trén tia dbi cua tia BA ké hai tiép tuyén MC, MD véi duong tron (C, D la tiép diém). Goi H 1a
trung diém cta AB.

a) Chirng minh rang M, D, O, H cling nam trén mot dudng tron

b) Poan OM cit dudng tron tai I. CMR I 1a tim duong tron ndi tiép tam gidc MCD.

¢) Puong thing qua O, vudng goc voi OM cit cac tia MC, MD theo tht ty tai P, Q. Tim vj tri cia diém
M trén d sao cho dién tich tam gidc MPQ bé nhat.



BAI 30. PA GIAC PEU
A. CAC KIEN THUC CAN NHO
1. Pa gidc déu
- Nhiing hinh nhu Hinh 9.38 dugc goi chung 1a céc da giac.
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Hinh 9.38
- Pa giac ABCDE (H.9.38a) 1a hinh gdbm niam doan thang 4B, BC,CD, DE, EA, trong d6 bat ki hai doan
thang ndo c¢6 mot diém chung ciing khong cting nam trén mot duong thang. Pa giac ABCDE ¢6 nim
dinh 14 cac diém 4, B,C, D, E ; nam canh 1a cac doan thang 4B, BC,CD, DE, EA va nim goc 1a cac goc
EAB, ABC, BCD,CDE, DEA .
- Néu v6i mot canh bat ki cua da giac, cac dinh khong thudc canh dé déu ndm vé mot phia ddi voi duong
thang chura canh do thi da gidc dugc goi 1a da giac 161. Cac da giac trong Hinh 9.38 a, b, d 1a cac da giac
16i. Pa giac trong Hinh 9.38¢ khong phai da giac 161.
Dinh nghia: Pa giac déu 1a mot da giac 16i c¢6 cac canh bang nhau va cac goc bang nhau.
Nguoi ta chimg minh duoc rang cac dinh ciia mdi da giac déu ludn cung ndm trén mot dudng tron, duogc
goi la duong tron ngoai tiép da giac, tAm duong tron dugc goi 1a tAm cta da gidc va da giac dugc goi la
ndi ti€p duong tron do.

Vi du 1. a) Dudi ddy 13 hinh cac da gidc déu thudng gap trong hinh hoc (H.9.41).

12 Gy

Tam gidc déu Hinh vudng Ngii gidc déu Luc gide déu Bat gidc déu

Hinh 9.41

b) Trong nghé thuat, kién trac, cong nghé ché tao va thé g101 tu nhién c6 nhiéu hinh phang c6 dang da

gidc déu. Nhing hinh phang nay khong chi dep vi sy can d6i hai hoa ma con tdi uu trong viée sap xép va
su dung (H.9.42).
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Mat d& dinh &c Hép dung bénh keo Céc 16 16 ong

Hink 9.42

Vi du 2. Trong céac hinh phing dudi ddy, hinh phing nao c6 dang 1a mot da giac déu?



Hinh a Hinh b Hinh ¢ Hinh d
Loi gidgi

Tg thay da giac trong hinh a khong phai da giac 16i, da giac trong hinh b 1a hinh thoi c6 cac goc khong
bang nhau, da giac trong hinh c 1a bat gidc c6 cac canh khong bang nhau, da giac trong hinh d 1a hinh
vuong. Do vay chi c6 hinh phang trong hinh d c6 dang da giac déu.
Vi du 3. Cho tam giac déu ABC c6 canh 6 cm. Trén canh 4B léy cac diém M, N ; trén canh BC léy cac
diém P,Q; trén canh CA 1y cac diém E, F, sao cho cac doan thiang
AM ,MN,NB, BP,PQ,0C,CE,EF,FA du bang 2 cm nhu Hinh 9.43. Héi MNPOEF c6 12 mét luc giac
déu hay khong?

Hinh 9.43

Loi gidgi
. 5 AM  AF 1
Theo Hinh 9.43 , ta thdy MNPQEF 1a mét da giac 161. TacO ——=——=—.
AB  AC 3
Theo dinh li Thalés dao cho tam giac ABC va dudng thang MF thi MF //BC.
MF AM 1 BC
Suyra —=——=—.Dod6 MF =——=2cm. Tuong ty, NP =QF =2cm.
BC AB 3 3
Vay luc gidc MNPQEF c6 tat ca cac canh bang nhau.
Mit khéc, tam giac AMF 14 tam giac déu vi AM = MF = FA=2cm nén FMA =60 va
FMN =180 — FMA =120,
Tuong tu cac goc tai cac dinh N, P,0,E,F cua luc gisc MNPOEF déu bang nhau va bang 120°. Vay luc
gidc MNPQEF c6 cac canh va cac goc bang nhau. Do d6 MNPQEF 1a luc giac déu.

2. Phép quay

Phép quay thuan chiéu o (0° <a < 360°) tam O giit nguyén diém O, bién diém A4 khac diém O thanh
diém B thudc duong tron (O, 04) sao cho tia O4 quay thuan chiéu quay cta kim dong hd dén tia OB
thi diém A tao nén cung 4B c6 s6 do o (H.9.48a). Pinh nghia tudng tu cho phép quay nguoc chiéu o
tam O (H.9.48b). Phép quay 0" va phép quay 360" giit nguyén moi diém.

A 5
<o) o<e);
B A

a) b)

Hinh 9.48



Vi du 4. Cho tam giac déu ABC ndi tiép duong tron (O) nhu Hinh 9.49. Hay cho biét cic phép quay
ngugc chiéu lan lugt 120°,240°,360° v6i tam O sé bién cac dinh 4, B,C thanh nhiing diém nao.

Loi gidi
Céc phép quay nguoc chiéu lan lugt 120,240, 360° véi tim O bién cac diém A, B,C thanh nhimng
diém tuong ing dugc cho bdi bang sau:

Dinh A B C
Phép quay
nguoc chiéu
120° B C A
240° C A B
360° A B C

Khdi niém: Mot phép quay duoc goi 1a giit nguyén mot da giac déu H néu phép quay d6 bién mdi diém
ciia H thanh mot diém ctia H. Nguoi ta chi ra ring néu mot phép quay bién cac dinh cia da gidc déu H
thanh céac dinh ctia H thi phép quay d6 gitr nguyén H .

B. CAC DANG TOAN

Dang 1. Nhan dang da gigc déu

Vi du 1. Tim céc da giac 16i trong hinh v& va giai thich.

Vi du 2. Trong céc hinh phang sau, hinh ndo 1a hinh phang c6 dang da giac déu?

Hinh phing c6 dang da giac déu 1a hinh b va d.

Vi du 3. Tim va goi tén cac da giac déu c6 trong hinh vé& dudi day.

Vi du 4. K& tén cac loai da gidc déu cé trong hinh.

Vi du 5. Cho duong tron (O;R) . Léy cac diém A4,B,C,D,E,F trén duong tron (O;R) sao cho s6 do

cac cung AB,BC,CD,DE,EF,FA bang nhau. Pa gidc ABCDEF c¢6 la da giac déu khong?

Vi du 6. Cho ngii gidc ABCDE ¢6 cac canh bang nhau va A = B=C = 108°. Ngii gidc ABCDE c6 phai
1a ngii gidc déu khong?

Hwéng din: Dé ching minh ngii giac ABCDE déu ta phai chimg minh:

* Cac canh bang nhau (gia thiét da cho).



* Cac goc bang nhau: D=E =108°.

Dang 2. Tinh toan

Vi du 1. Cho ngii giac déu ABCDE nhu hinh v&.

A B

a) Tinh tong cac goc trong cila tam gidc ABC, ACD, ADE , tir d6 suy ra tong cac goc trong ngii giac déu
ABCED.

b) Tinh sb do goc E .
Vi du 2. Cho hinh tron (O;R).
a) V& hinh tam giac déu, hinh vudng, hinh luc giac déu co cac dinh nim trén (0; R) .

b) Tinh cac canh cta cac hinh vira v& theo R .

| Dang 3. Phép quay

Vi du 1. Cho lyc giac déu ABCDEF .
a) Tinh s6 do cac goc BCF, BDF, BEF .
b) Goi O 1a tam cuia luc giac déu. Hay chi ra ba phép quay tim O giit nguyén tam giac ACE .

Vi du 2. Cho tam giac déu 4BC ndi tiép dudng tron (0) . Hay chi ra cac phép quay bién tam giac thanh

chinh noé.

(o)
BUC

Huwéng din: Tuong ty cau b, bai todn 9 , ¢o tit ca 6 phép quay d6 1a phép quay 120°,240°, 360" tim O

thudn chiéu va nguoc chiéu.

Vi du 3. Cho tam giac ABC déu nhu hinh v&.



Diém B bién thanh diém nao:

a) Phép phép quay thuan chidu 60° tim A ;

b) Phép phép quay ngugc chidu 300" tim A .

Vi du 4. Cho hinh vuéng ABCD tam O (hinh v€). Néu cac phép quay gilr nguyén hinh vudng do6.

Vi du 5. Cho hinh vuéng ABCD ¢6 tam O nhu hinh v&. Phép quay thudn chiéu tim O bién diém A thanh
diém D thi cac diém B,C, D tuong tng bién thanh cac diém nao?

Vi du 6. Cho hinh vudng ndi tiép dudng tron tdm O. hidy cho biét cac phép quay thudn chiéu lan luot
90°,180°,270" v&i tam O sé& bién cac diém 4, B,C,D thanh nhimg diém nao?

C. GIAI BAI TAP SACH GIAO KHOA
9.24. Trong céac hinh phang sau (H.9.52), hinh nao 13 hinh phang c6 dang da giac déu?

a) b) ¢) d) e)

Hinh 9.52

9.25. Trong cac hinh dudi day (H.9.53), hinh nao v& hai diém M va N thoa man phép quay thuan chiéu
60" tam O bién diém M thanh diém N ?

M
N i i
L !
o 0 502 o N
o 60 M o 60 M o o 60
a) b) c) dj

Hinh 8.53
9.26. Cho tam giac déu ABC ndi tiép duong tron (O) ban kinh 2 cm. Tinh d6 dai cac canh cua tam giac
ABC.
9.27. Cho hinh thoi ABCD ¢6 A=60". Goi M,N,P,Q lan luot 1a trung diém cta 4B, BC, CD,DA .
Chimg minh rang MBNPDQ 1a luc giac déu.
9.28. Cho tam giac déu ABC ndi tiép dudng tron (O) nhu Hinh 9.54. Phép quay nguoc chiéu 60° tim
O bién cac diém 4, B,C lan luot thanh cac diém D,E.F . Chirng minh rﬁng ADBECF 1a mét luc giac
deu.



—
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Hinh .54
9.29. Liét ké nam phép quay giit nguyén mot ngii giac déu noi tiép mot duong tron tim O.
9.30. Cho vong quay mat trdi gdm tam cabin nhu Hinh 9.55. Hoi dé cabin A4 di chuyén dén vj tri cao nhat

thi vong quay phai quay thudn chiéu quay cua kim dong hd quanh tim bao nhiéu d6?

Vi tricao nhét

Wy Al
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Hinh 9.55 .

D. BAI TAP TU LUYEN
Bai 1.  Tinh sé do ciia mdi goc ciia ngii gidc déu, luc gidc déu, bat gidc déu ( da giac déu 8 canh).

Bai2.  Tinh s canh cia mot da giac déu, biét mdi goc ctia nd bang 135°.

Bai3. Cho tam giac déu ABC, cac duong cao AD, BE, CF citnhautai H. Goi I, K, M theo thi
tur 13 trung diém cua HA, HB, HC . Chimg minh ring DKFIEM 1a lyc giac déu.

Bai 4.

a) Tinh s6 dudng chéo cua da giac n canh.

b) Pa giac nao c6 s6 duong chéo bang so6 canh?

Bai5.  Cho lyc giac du ABCDEF . Goi M 1a trung diém cta EF, N 1a trung diém cua BD . Chimg
minh ring AMN 1a tam giac déu.

Bai 6.  Cho lyc giac déu ABCDEF . Trén canh AB, BC, CD, DE, EF, FA liy cac diém A’, B, C’
, D', E', F' saocho AA'=BB'=CC'=DD' = EE' = FF'. Chling minh réng A'B'C'D'E'F' 1a mot luc giac
déu.

Bai7. Mot luc gidc déu va mot ngii gidc déu chung canh AD (nhu hinh v&). Tinh céc goc cua tam giac

ABC.




Bai 8. Cho ngii gisc déu ABCDE . Goi I 1a giao diém ctia AD va BE . Chung minh rang

a) DIBC la hinh binh hanh,;

b) DI* = AI-AD.

Bai 9*. Puong tron tim O ndi :[iép hinh vuéng ABCD, tiép qiém trén AB 1a M . Mot tiép tuyén
voi (0) cat cac canh BC,CD lan lugt & E, F . Chung minh rang

a) Cac tam giac DFO va BOE dong dang.

b) MFE song song voi AF'.

Bai 10. Cho ngii gidc ABCDE c6 céac canh bang nhau va A=B=C.

a) Chung minh tr gidc ABCD la hinh thang can.
b) Chimg minh ngii giac ABCDE la ngii giac déu.

Bai 11. Chiing minh ring tong d6 dai cic canh ctia mot ngii giac 10i bé hon tong do dai cac duong

chéo cua no.

Bai 12. Cho hinh ngii gidc déu ABCDE c6 tam O.

a) Phép quay thuan chiéu tAm O bién diém A4 thanh diém C' thi cac diém B,C,D,E tuong tng
bién thanh céc diém nao?

b) Chi ra cac phép quay tdm O giit nguyén hinh ngii giac déu da cho.

Bai 13. Cho tam giac déu, thuc hién phép quay nguoc chidu tim A goc 90 ta dugc tam gidc déu. Hiy vé
tam giac déu do.

Bai 14. Cho hinh ngii gisc déu ABCDE ¢6 tam O (Hinh v&).

D
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A B

a) Phép quay nguoc chidu tim O bién diém A thanh diém B thi cac diém B,C, D, E tuong ung bién thanh
cac diém nao?
b) Chi ra ba phép quay tdm O giit nguyén hinh ngii giac déu da cho.

Bai 15. Trong céac hinh du6i day, hinh nao v& hai diém M va N thoa min phép quay thuan chiéu 60’
tam O bién diém M thanh diém N ?
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Bai 16. Cho tam giac déu ABC ndi tiép duong tron (O) nhu hinh v&. Phép quay nguoc chiéu 60° tam O
bién cac diém A, B,C 1an lugt thanh cac diém D, E,F . Chung minh ré‘mg ADBECF 1a mot luc giac déu.

A

B

Bai 17. Vong trong ctia mai giéng troi hinh hoa sen ctia nha ga Bén Thanh (Thanh phé H6 Chi Minh) ¢6
dang da giac déu 12 canh (Hinh v&). Hiy chi ra bon phép quay bién da giac déu d6 thanh chinh no.




LUYEN TAP CHUNG
A. Vi DU VA BAI TAP SACH GIAO KHOA
Vi du 1. Cho t&r gidc ABCD ndi tiép dudng tron (O). Biét rang AOB = IZOO,Z?O\C =40, COD =80".
Tinh s6 do cac goc cua tir giac ABCD .

Vi du 2. Cho luc giac déu ABCDEF .
a) Tinh s6 do cac goc BCF, BDF, BEF .
b) Goi O 1a tAm cua luc giac déu. Hay chi ra ba phép quay tdim O giit nguyén tam giac ACE .

cCT™~—"D
Hinh 9.57
9.31. Cho tam giac ABC c6 cac dudng cao AD, BE,CF . Chung minh ring BCEF,CAFD, ABDE 1a
nhiing tir gidc ndi tiép.
9.32. Cho tir gidic ABCD noi tiép duong tron (0), AB cat CD tai E, AD cit BC tai F nhu Hinh 9.58.
Biét BEC =40 va DFC =20, tinh sé do céc goc cua tir gidc ABCD.
F

Hinh 9.58

9.33. Cho hinh vudng ABCD c¢6 canh bang 4 cm . Tinh chu vi, dién tich ctia cac duong tron noi tiép va
ngoai tiép hinh vuéng ABCD.

9.34. Biét rang bon dinh 4, B,C,D ctia mdt hinh vudng cting nam trén mot duong tron (O) theo thir tu
nguoc chiéu quay ciia kim dong hd. Phép quay thuan chiéu 45  bién cac diém 4, B,C,D lan luot thanh
cac diém E,F,G, H .

a) V€ da giac FAFBGCHD .



b) Pa gidc EAFBGCHD c6 phai 1a mot bat giac déu hay khong? Vi sao?
9.35. Cho ngii giac d&u ABCDE nbi tiép duong tron (O) nhu Hinh 9.59.

A ~——"~FE

Hinh 9.59
a) Hay tim mot phép quay thuan chiéu tim O bién diém A thanh diém C.
b) Phép quay trén sé bién cac diém B,C, D, E lan luot thanh nhitng diém nao? Phép quay nay co gitr
nguyén ngil giac déu ABCDE khong?
9.‘36. Nguoi ta muép lam mot khay dung banh keo hinh luc giac déu co canh‘lO cm va chia thanh 7 ngan
gom mot lug giac déu nho va 6 hinh thz}ng can nhu Hinh 9.60. Héi luc giac déu nho phai c6 canh bang
bao nhiéu dé no6 co6 dién tich bang hai lan dién tich moi hinh thang?

Hinh 9.60

B. BAI TAP THEM
Bai 1. Tinh s6 do céc cua tir giac noi tiép ABCD trong hinh vé&.

Bai 2. Tinh dién tich ctia mot hinh chit nhat, biét rang hinh chit nhat d6 c6 chiéu dai gip hai 1an chiéu
rong va ban kinh dudng tron ngoai tiép bang 2,5cm.

Huwoéng din: Hinh chir nhat ABCD la tir gidc noi tiép va duong tron ngoai tiép c6 tim la giao diém hai
duong chéo va ban kinh bang mot nira d dai duong chéo.

Bai 3. Xac dinh tim va ban kinh duong tron ngoai tiép hinh chir nhat va hinh vudng trong hinh v&.
Bai 4. Cho duodng tron tam O c6 ban kinh R=5cm.

a) Tinh d6 dai canh ctia hinh vudng ndi tiép trong (O).



b) M6t hinh chit nhét noi tiép trong (O) c¢6 chu vi 28 cm . Tinh chiéu dai va chidu rong cta hinh chit nhat
do.

Huwéng dan: Hinh vuong va hinh chir nhat 1a cac tr gidc noi ti€p. Pudng tron ngoai ti€p cia ching cé
tam la giao diém cua hai duong chéo va ban kinh bang mdt ntra d¢ dai duong chéo.

ngoai tiép hinh vuéng ABCD .

Hwéng din: Can tinh ban kinh duong tron noi tiép, ngoai tiép.

Bai 6. Cho tam giac nhon ABC c¢6 AD,BE,CF 1a dudng cao va H 13 truc tim. Ching minh rang;

a) T giac AEHF,BDHF va CDHF la cac tir giac noi tiép.

b) DA la duong phan giac cua géc FDE.

Bai 7. Cho tam giac ABC nhon ndi tiép dudng tron (0), dudng cao AD cét duong tron (O) tai E . Trén
AD lay H sao cho D 1a trung diém ctia EH, BH cit AC tai K . Chtrng minh t&r giac HKCD noi tiép.
Huwéng din: Ta dua vé cdu a, bai toan 16 bang cach chimg minh BKC=90".

Bai 8. Tir mot diém M ndm ngoai dudng tron (0), vé& cat tuyén MBC va tiép tuyén Mt tiép xuc v6i (O)

tai A Goi I 1a trung diém cua day BC. Chtirng minh AMIO 1a mét tir giac noi tiép.

Bai 9. Cho tam gidc ABC vudng tai A . Liy diém M bét ki trén doan AC , dudng tron dudng kinh CM cit
hai audng thang BM va BC lan luot tai D va N . Ching minh rang:

a) Ttr giac ABCD ndi tiép;

b) Céac duong thing AB,MN,CD cung di qua mot diém.

Huéng din:

Cau b) Cho hai duong thang cat nhau tai mot diém, chtirng minh duong thir ba di qua diém do.

Bai 10. Trong mot dudng tron. Ching minh ring goc gitra tiép tuyén mot day va goc ndi tiép cung chin
mot cung thi bang nhau.

Bai 11. Cho tam gidc ABC nhon ndi tiép trong duong tron (O), cac duong cao AD va E cit nhau tai H .
BO cit DE tai I va cit duong tron (O) tai M. Chirng minh rang: tt giac DIMC nbi tiép.

Bai 12. Cho tam giac ABC(AB > AC) ndi tiép dudng tron (O) duong kinh BC . V& dudng cao AH cua
tam giac. Trén canh BC 1y F(F # 0 ) sao cho CF = CA . V& CI vudng goc v6i AF tai I va CI cit canh AB
tai E . Ching minh rang: tr giac ATHC va BEIH ndi tiép.

Bai 13. Cho hinh binh hanh ABCD c¢6 dinh D nidm trén duong tron dudng kinh AB . K& DM va BN cing
vudng goc voi duong chéo AC . Chimg minh CBID ndi tiép.

Bai 14. Tir diém A bén ngoai duong tron ké hai tiép tuyén AB,AC dén duong tron ( B,C 1a tiép diém).
V& duong kinh BD cuia dudng tron (O) . Tiép tuyén tai D cia (O) cit duong thing BC & E,OE cit AD ¢
N . Ching minh rang: tir giac AONC ndi tiép.



Bai 15. Cho dudng tron (O) duong kinh AB . Trén tia ddi cua tia BA 14y diém C ( C khéng trung véi B).
Ké tiép tuyén CD vé6i duong tron ( O ) ( D 1 tiép diém). Tiép tuyén tai A cua dudng tron (O) cit duong
thang CD tai E . Goi H 1a giao diém ciia AD va OE,K la giao diém BE va dudng tron (0) ( K khong
trung véi B ).

a) Chirg minh: AE® = AK .EB.

b) Chung minh: Tt gidc BOHK noi tiép.

Bai 16. Cho tam giac ABC nhon ndi tiép dudng tron (O), ba duong cao AD,BE,CF cit nhau tai H .

a) Chimg minh tir giac AFHE noi tiép. Xéc dinh tim va ban kinh ciia duong tron ngoai tiép tir gisc AFHE

b) Goi M 14 giao diém cua EF va BC va AM cit duong tron (O) tai I . Chung to: tir giac AEFI noi tiép.
Bai 17. Cho tam giac ABC nhon ndi tiép dudng tron (O), cac duong cao AD,BE va CF cit nhau tai H .

a) Chung minh rang: T& giac BFEC ndi tiép, xac dinh tAm va ban kinh cta dudng tron ngoai tiép tir gic
BFEC.

b) Puong thang EF cit duong thang BC tai M va cat duong tron (O) tai K va T (K nam gitra M va T).
Chimg minh rang: MK.MT = ME.MF .

¢) Chimg minh tir gidc KTID ndi tiép.

Bai 18. Cho duong tron (O;R). Ly cac diém A, B,C,D,E trén dudng tron (O;R) sao cho sé do cac cung

N Y N Y

AB, BC, CD, DE, EA bing nhau. Pa gidc ABCDE c6 1a da giac déu khong? Vi sao?

Bai 19. Cho tam giac déu ABC, cac dudng cao AD, BE, CF catnhautai H.Goi I, K, M theo thtr
ti 1a trung diém cia HA, HB, HC . Chimg minh ring DKFIEM 1a luc giac déu.
Bai 20. Cho luc gidc déu ABCDEF . Trén canh AB, BC, CD, DE, EF, FA lay cac diém A’, B,
C', D', E", F' saocho AA' = BB’ = CC' = DD' = EE' = FF'. Chimg minh rang A’ B'C'D'E'F’
la mét luc giac déu.
B%li 21. Cho mot da giac déu n canh c6 ST(T) dai moi ganh la a . Hay tinh ban kinh R cua dudng tron ngoai
tiép va ban kinh r ctia duong tron ndi tiép da giac déu do.
Bai 22. Tinh dién tich luc giac déu noi tiép dudng tron ban kinh R.
Bai 23. Tinh s6 do ctia mdi goc cua ngii giac déu, luc gidc déu, bat giac déu ( da giac déu 8 canh).
Phuwong phap:
Pa giac déu co n canh bang nhau va ciing ¢6 n goc bang nhau nén c6 cong thic tinh sb do mdi goc la:
(n —2).180"

n
Bai 24. Cho lyc gidc déu ABCDEF . Goi M 14 trung diém cia EF , N la trung diém cta BD . Chimg
minh ring AMN 14 tam giac déu.



Bai 25. Mot luc giac déu va mot ngii giac déu chung canh AD (nhu hinh v&). Tinh cac goc clia tam giac

ABC.



BAI TAP CUOI CHUONG IX
PHAN 1. GIAI BAI TAP SACH GIAO KHOA
A. TRAC NGHIEM
9.37. Khang dinh nao sau day la dung?
A. Goc ndi tiép co sd do bang s do cung bi chan.
B. Goéc ¢6 hai canh chira cac day cung ctia dudng tron 1a goc ndi tiép duong tron do.
C. Goc ndi tiép co s6 do bang mot nira sb do cung bi chan.

D. Géc c¢6 dinh nam trén dudng tron 1a goc ndi tiép duong tron do.

9.38. Cho tir gidc ABCD ndi tiép mot dudng tron c6 A—C =100 . Khang dinh nao sau day la ding?

A. 4=80".  B.C=80". C. B+D=100". D. A=140".
9.39. Pa giac nao dudi dy khong noi tiép mot duong tron?

A. DPa giac déu. B. Hinh chir nhat. C. Hinh binh hanh. D. Tam giéc.
B. TU LUAN

9.40. Cho tam giac ABC c6 cac dudng cao BE,CF catnhau tai H.Goi M 1a trung diém ctua BCva [
1a trung diém ctia AH . Chiing minh rang:

a) Tt giac AEHF noi tiép mot dudng tron tim 7 ;

b) ME,MF tiép xtic véi dudng tron ngoai tiép tir gidc AEHF .

9.41. Cho tam gidc ABC nji tiép duong tron (O). Goi M, N, P lan luot 1a trung diém cua cac canh
BC,CA, AB . Chirng minh rang céc tr giac ANOP, BPOM ,CMON 1a céc tir giac noi tiép.

9.42. Cho‘m(f)t hinh lyc giac déu va mot hinh vudng cing noi tiép mot dudng tron. Biét rang hinh vudng
c6 canh bang 3 cm . Tinh chu vi va dién tich ctia hinh luc giac déu da cho.

9.43. a) Cho hinh vuéng ABCD ndi tiép duong tron tim O (H.9.61). Phép quay thuan chiéu 45" tdm O
bién cac diém A4,B,C,D lan luot thanh cac diém A', B',C',D’. Hay vé tu giac A'B'C'D’.

b) Phép quay trong cau a bién cac diém A', B',C’, D' thanh nhimg diém nao?

A D

Hinh 9.61
9.44. Ban Lan mudn cat hinh ngdi sao c6 dang nhu Hinh 9.62 (trong 46 ABCDE 1a mét ngii giac déu).
Lan gip doi to gidy, vé mot nira ngdi sao va cat theo nét v&. Hoi goc tao bai ludi kéo va nép gip lic dau
bang bao nhiéu d6?
A

Hinh 9.62



PHAN 2. BAI TAP THEM

A. TRAC NGHIEM
1. Khing dinh nao sau ddy ding?

A. Géc noi tiép co sb do bang sd do cung bi chan.

B. Goc ¢6 hai canh chtra cac ddy cung cta duong tron 13 goc noi tiép dudng tron do.

C. Goc ndi tiép co s6 do bang mot nira sb do cung bi chan.

D. Géc ¢6 dinh nam trén duong tron 1a goc ndi tiép duong tron do.

2. Cho tit gisc ABCD ndi tiép mot duong tron ¢6 A —C =100°. Khing dinh nao dudi day la dang?
A. 4=80".  B.B=80". C.B+D=100". D. A=140".

3. Da giac nao sau day khong noi tiép mot duong tron?

A. DPa giac déu. B. Hinh chir nhat. C. Hinh binh hanh.  D. Tam giéc.

B. TU LUAN
1. Tim va goi tén cac da giac déu trong hinh dudi day

CwOHlY

a) b)

2. Tinh s6 canh cua mot da giac déu, bit moi goc ctia no bang 135°.

3. a) Tinh s6 dudng chéo cua da gidc n canh.
b) Pa giac ndo c6 sé duong chéo bang s canh?

4. Cho tam gidc ABC vudngtai 4. Trén AC ldy mot diém M va dung duong tron duong kinh MC .
N6i BM kéo dai gip duong tron tai D . Puong thang DA gip duong tron tai S . Ching minh ring CA

la tia phan giac clia goc SCB.

5. M ¢ chinh gitra nira duong tron tdm O duong kinh 4B . Trén cung nhd BM lay diém C bat ki. V&
tiép tuyén tai B ctia (O) cit MC tai D.Goi H 1a giao diém ctia MB va AC.Ké HI vudng goc véi
AB . Chirng minh rang CA 1a tia phan giac cua goc MCI .

6. Cho sABC ndi tiép duong tron (O; R) dudng kinh 4D, dudng cao AH .

a) Chung minh aAHB va aACD ddng dang.

ab.c

b) Goi a,b,c la d§ dai ba canh twong ung voi cac dinh 4, B,C . Chung minh S, = TE



7. Cho tam gidc ABC c6 cac duong cao BE,CF citnhautai H.Goi M la trung diém cta BC va I 1a

trung diém ctia AH . Chtrng minh rang:

a) Tt giac AEHF ndi tiép duong tron tam 1 ;

b) ME, MF tiép xtic voi dudng tron ngoai tiép tt giac AEHF .

8. Cho tam giac ABC noi tiép dudng tron (0).Goi M,N,P lan luot 1a trung diém cua cac canh
BC,CA, AB . Chiing minh rang céc tir gisc ANOP, BPOM ,CMON 14 céc tir giac ndi tiép.

9. Cho tam giac nhon ABC c¢6 duong cao AH (H e BC ) va ndi tiép duong tron tim O c6 dudng kinh
AM (Hinh v&). Chirng minh OAC = BAH

10. Cho hinh vuéng ABCD c6 d6 dai canh banga . Goc vudng xAy thay doi sao cho tia Ax cit doan
thaing BC tai M vatia Ay cit doan thang CD kéo daitai N .

a) Chimg minh hai tam giac 4BM va AND bang nhau;
b) Goi O 1a trung diém cua MN . Ching minh ABMO va ANDO 1a cac ti giac ndi tiép;
¢) Chirng minh ba diém B, D,0O thang hang.

11. Cho mét hinh luc giac déu va mot hinh vudng cing noi tiép mot dudng tron. Biét rang hinh vudng c6
canh béng 3 cm. Tinh chu vi va dién tich ciia mdt hinh luc giac déu di cho.



CHUONG IX. PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP.
BAI 27. GOC NOI TIEP

A. CAC KIEN THUC CAN NHO
1. Géc ndi tiép va cung bi chin
Dinh nghia
Goc ndi tiép cﬁe& duong tron 1 goc ¢ dinh nam trén duc‘),rng tron va hai canh chira hai day cung ctia duong
tron d6. Cung nam bén trong goc dugc goi la cung bi chan.
Vi du 1. Trong cac goc A,B,C,D & Hinh 9.3, goc nao 1a goc ndi tiép, goc nao khong phai goc noi tiép

cua duong tron ve€ trong hinh? Vi sao?

DAOL

Hinh 9.3

Loi gidgi
Céc goc A va C khong phai goc ndi tiép cia dudng tron vi dinh khong nam trén duong tron. Goc D ¢6
mot canh khong chira ddy cung ctia duong tron nén ciing khong 1a goc noi tiép ciia duong tron. Goc B ¢
dinh B nam trén duong tron va hai canh chira hai ddy cung cua dudng tron nén 1 goc noi tiép ciia dudng
tron.
2. Dinh li sau cho biét mdi lién hé giira géc ndi tiép véi cung bi chin:

Pinh li: Trong mot dudng tron, s6 do ctia goc noi ti€p bang nira s6 do cua cung bi chan.

GT | 4,B,Ce(0).

KL| — 1

ACB =§sd:4_l§ (cung AB khong chua C ).

Chirng minh. Ta xét ba truong hop sau (H.9.4).

C
A
B A 5 B A

Truéng hop 1 Truéng hop 2 Trudng hop 3
Hinh 9.4

B

Truwong hop 1: TAm O nam trén mot canh cta goc ACB . Gia sit O € CB. Do tam giac OAC can tai O
va co tong cac goc bing 180" nén: 2ACB = ACO +CAO =180" — AOC = AOB.

Do AOB = sd AB (vi AO0B 1 gdc & tim chan cung 4B ) nén ﬁ=%A/O\B=%SdZZ§.



Truong hop 2: TAm O nam bén trong goc ACB . V& dudng kinh CD . Ap dung Trudng hop 1 cho cac

goc ndi tiép ACD va DCB véi canh CD di qua O, ta dugc: ACD :%SJZB va DCB :%sdl/)_l\?

Suy ra ﬁ=@+lﬁ:%sd@+%sd5§=%sd 4B.

Truong hop 3: TAm O nim ngoai gbc ACB . V& duong kinh CD. Ap dung Trudng hop 1 cho cac goc
ndi tiep ACD va BCD véicanh CD di qua O, tuong ty nhu trén ta dugc:
ACB = ACD - BCD :lsd‘@—lsdl’?l\) :lsd AB
2 2 2
Nhan xét. Tur dil}h i trén ta c6 cac khang dinh sau ddi v6i cac goc nodi tiép ctia mot dudng tron hodc cla
hai dudng tron bang nhau:
- Cdc géc néi tiép bang nhau chdn céc cung bang nhau.
- Cdc géc ndi tiép ciing chdan mot cung hodc chdn cdc cung bang nhau thi bang nhau.
- Céc géc néi tiép chan cung nhoé thi cé sé do bang nira s6 do ciia goc & tam chdn ciing mt cung.
- Géc néi tiép chdn nira dwong tron la goc vuong.
Vi du 2. Cho dudng tron (0) va cac didm 4,B,C,D trén (O) nhu Hinh 9.5. Biét ring BAC = 60, hiy
tinh s6 do cua cac goc BOC va BDC .
B

Hinh9.5
Loi gidi
Xét duong tron (O), ta co:
- Do hai géc néi tiép BDC va BAC cung chén cung nhd BC nén BDC = BAC = 60';
- Vi gbc ndi tiép BAC va goc O tam BOC cung chan cung nho BC nén BOC =2BAC =120,
B. CAC DANG TOAN

DANG 1. TiNH SO PO GOC, CUNG

1. Phuwong phap
Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau va nguoc lai.
e Cac goc ndi tiép ciing chan mot cung hodc chin cic cung bang nhau thi bang nhau
e Goc noi tiép (nho hon hodc bang 90°) c6 sd do bang nira s6 do ctia goc & tim cling chan mot cung
e Goc ndi tiép chin nira dudng tron 1a goc vuodng.
2.Vidu

Vidu 1. Mot huén luyén vién cho cau thu tap sut bong vao cdu mén PQ. Bong dugc dat ¢ cac vi tri A, B,
C trén mdt cung tron nhu hinh 22.




A C
P 0o
Hinh 22
Hay so sanh céc goc PAQ,PBQ,PCQ.
Tra loi

— ——

PAQ = PBQ = PCQ (cac goc ndi tiép cung chin cung PQ) .
Vi du 2. Xem hinh 24 (hai dudng tron ¢6 tam 1a B, C va diém B nam trén duong tron tim C)

A

7

QS

Hinh 24

a) Biét MAN =30°. Tinh PCQ.

b) Néu PCQO=136° thi MAN c6 sb do 14 bao nhiéu?

Huwéng din (h.24)
a) MAN =30° = MBN =60° = PCQ = 120’
b) PCO=136° = MBN =68 = MAN =34°.

Vi du 3. Dya vao hinh v¢ sau:

B
C s
' -0
T150° 30
D% _ — — 4

a) Tinh sb do cung nhé CD.
b) Tinh s6 do cung nho BD.



Loi gidi
a)
Ta c6: COD =180° — A0C (hai géc bu nhau)
COD =180° — A0C =180° —150° = 30"
s6 do cung nho CD 1a: s¢CD = COD = 30° (goc & tam)
b) 6 do cung nhé BC 1a s@BC = 2CAB = 2.30° = 60° (gbc ndi tiép)
s do cung nho BD 14: sd@ BD = sd BC +sdCD = 60° +30° = 90"
Vi du 4. Cho t& gidc ABCD ndi tiép dudng tron (O), biét BAC =30°, BCA = 40° (nhu hinh v& bén).

L

/ ’
C
Tinh sb do céc goc /TB?‘, ﬁ,ﬁ
Loi giai
Xét tam gidc ABCco : BAC + BCA+ ABC = 180" (tong 3 gbc trong tam giac)
Hay 30° +40° + ABC =180° = ABC =110"

—_

ADC = %(Sd@—i—sd@) = %(214/67%@) = ACB+CAB = 40" +30° = 70" (g6c ndi tiép )

Hay 110° + ADC =180° = ADC = 70"

Taco: AOC =2A4DC (goc ndi tiép va goc & tAm cung chan cung AC)

= AOC =2.70° = 140°.

Vay ABC =110°, ADC =70°, AOC =140°

Chu ¥ : C6 thé dung tinh chat Tt gisac ABCD noi tiép dudng tron (O) nén dé tinh ADC

T giac ABCD ndi tiép duong tron (O) nén ABC + ADC =180" (téng 2 goc d6i dién cua tir giac noi tiép)

Hay 110° + ADC =180° = ADC = 70"

DANG 2. CHUNG MINH CAC GOC BANG NHAU, CAC CUNG BANG NHAU. TAM GIAC
PONG DANG

1. Phuwong phap
Trong mdt dudng tron:
e Cac goc ndi tiép bang nhau chin cac cung bang nhau va nguoc lai.

e Cac goc noi tiep cung chan mot cung hodc chan cac cung bang nhau thi bang nhau



e Goc noi tiép (nho hon hodc bang 90°) c6 sd do bang nira s6 do ctia goc & tim cling chan mot cung

e Goc nodi tiép chin nira dudng tron 1a goc vuodng.
2.Vidu
Vi du 1. Cho hai dudng tron bang nhau (O) va (O’) cit nhau tai A va B. V& dudng thing qua A cit (O) tai
M va cat (O’) tai N (A ndm gitta M va N) . H61 MBN la tam giac gi? Tai sao?

e

Hinh 23
Gidi
Hai duong tron (O) va (0”) bang nhau nén hai cung nho AB bang nhau (vi ciing cang diy AB) .
Suy ra 1\//\1 = ]/\} (hai goc ndi tiép chin hai cung bang nhau)
Vay AMBN Ila tam giac can.
Vi du 2. Trén dudng tron (O) duong kinh AB, 1ay diém M (khac A va B) . V& tiép tuyén caa (O) tai A.
Puong thang BM cit tiép tuyén d6 tai C. Ching minh rang ta luén c6: MA> = MB.MC
Huwong din (h.28)

Hinh 28
Dung tinh chat cua tiép tuyén dé chimg minh AC L AB; dung hé qua d) dé chimg minh AM L BC.
Sau d6 dung hé thie: h* = b'.c' dbi véi tam giac vudng ta duoc:
MA* = MB.MC
Vi du 3. Cho dudng tron (O) va mot diém M cb dinh khong nam trén dudng tron. Qua M ké hai duong

thang. Pudng thang thir nhat cét (O) tai A va B. Pudng thang thir hai cit (O) tai C va D. Chimg minh:
MA.MB=MC.MD

Huoéng din: Xét ca hai truong hop diém M nam bén trong va bén ngoai dudng tron. Trong mdi trudng
hop, xét hai tam giac dong dang.



Gidi C

Trudng hop diém M nam bén trong dudng tron (h.29) p m
B

AMAC va AMDB c6: 2
A4 = D (hai goc ndi tiép cung chan cung BC)

M, =M, (déi dinh) D
Do d6: AMAC — AMDB (g.g) . Suy ra:
Ma _MC | 4o do: MAMB = MC.MD
MD MB
\ .2 N A ey . ~ , . Hinh 29
Truong hop diem M nam bén ngoai duong tron: cling ching minh tuong
tu.

Vi du 4. Mot chiéc‘ cau duoc thiét ké nhu hinh 30 c6 do
dai AB =40m, chiéu cao MK = 3m. Hay tinh ban kinh
cua duong tron chira cung AMB.

Gidi (h.30)
MK nam trén dudng kinh MN cta dudng tron, trong d6
cung AMB la mét cung cia duong tron do.
Goi ban kinh cua duong tron 1a R thi KN = MN - MK =
2R -3.
Vi MN L AB nén KA =KB =20m
Theo két qua bai 23, ta co: Hinh 30
KM.KN=KA KB, suy ra: 3.(2R — 3) =20.20

:>R=46L9z68,2(m)

Vi du 5. Cho AB, BC, CA 14 ba day ctia duong tron (O) Tir diém chinh giita M ciia cung AB vé diy MN
song song voi day BC. Goi giao diém ctia MN va AC 1a S. Ching minh SM = SC va SN = SA.
Gidi (h.31)

Ta cé: MN//BC = M =C,

MA=MB=C, = a (hai goc noi tiép chin hai cung bang

nhau)

Suy ra: 1\7 =C, = ASMC can.
=SM =S5C

Ta co: A =M (hai goc noi tiép cung chin cung CN)

C, = N (hai géc noi tiép cling chin cung AM)

Hinh 31

Vi 1\//\[ = 6’2 (chung minh trén) nén ;1\1 = Z/\}
Suy ra: ASAN can = SN =SA

Vi du 6. Cho AABC cantai A (A <90°). V& duong tron duong kinh AB cit BC tai D, cat AC tai E.

a) Chirng minh B,—\D = l/)—é )



b) Ching minh CBE = %BA/\C.

Loi giai

B D C

a) ADB=90" = AD | BC = AD 13 phan gidc cia A

A -4 = BD-DE

b) Ta c6 é\l:;\; :51/)-];?:2?\1 =%E4\C

Vi du 7. Cho tam giadc ABC c6 ba goc nhon, dudng cao AH va ndi tiép dudng tron tim O, duong kinh
AM

a) Tinh ﬁ/l .

b) Chimg minh BAH = OCA .

¢) Goi N la giao diém ciia AH véi (0). Ttr gidc BCMN 1 hinh gi? Vi sao?

Loi giai

a) Ta c6 ACM =90° (goc ndi tidp)
b) Ta c6 AABH - AAMC | gg)



— — -~ -

= BAH = OAC;0CA = OAC => BAH = OCA
¢) ANM =90° = MNBC 13 hinh thang
= BC//MN = sd BN =sdCM
= CTBU\\T = ﬁ = BCMN hinh thang can.
Vi du 8. Cho tam giac nhon ABC ndi tiép dudng tron (O) Tu dinh A ta ké duong cao AH (H thudc
BC). Ching minh rang ELXFI = O/A\C
Loi giai

A

A\Ava

K¢ duong kinh AE ctia dudng tron (0) )

Ta thiy ACE =90° (goc ndi tiép chin nira duong tron). Tur d6 OAC + AEC = 90° (1),

Theo gid thiét bai ra, ta c6: BAH + ABC =90° (2).

Mt khéc AEC = ABC (cing chin AC) (3).

Tir (1),(2) va (3) suy ra BAH = OAC (dpem).

Vi dy 9. Cho tam gidc ABC ndi tiép duomg tron (O;R), AH 1a duong cao (H € BC). Chimg minh ring:
AB.AC =2R.AH .

Loi giai

V& duong kinh AD cua dudng tron (O) ,suy ra ACD =90° (gbc ndi tiép chan nira dudng tron).
Xét AHBA va ACDA co:
AHB = ACD(=90"); HBA = CDA (géc ndi tiép cling chén AC),



Do d6 AHBA ~ ACDA = AH = AB = AB.AC =AD.AH .
AC AD

Ma AD =2R.
Do d6 AB.AC =2R.AH .

DANG 3. CHUNG MINH HAI PUONG THANG SONG SONG, VUONG GOC, BA PIEM
THANG HANG

Vi du 1. Cho hai dudng tron (O) va (O’) cit nhau tai A va B. V& cac dudng kinh AC va AD cua hai
duong tron. Chimg minh rang ba diém C, B, D thang hang.

Hinh 26

Gidi (h.26)
Vé day chung BA va cac day BC, BD.
Ta co :1@ = 90";14/35 =90° (goc ndi tiép chin nira dudng tron)
Suy ra BC 1L BA va BD L BA.
Qua B chi v& duoc mot duong thing vudng goc v6i AB ma théi, suy ra ba diém C, B, D thing hang.
Vi dy 2. Cho duong tron tam (O) , duong kinh AB va S 1a mot diém nam bén ngoai duong tron, SA va
SB lan lugt cat duong tron tai M, N. Goi H 1a giao di€ém cia BM va AN. CHing minh rang SH vudng goc
v6i AB.
Gidi (H.27)

Hinh 27

Ta co: AMB = m =90° (gbc ndi tiép chan nira duong tron duong kinh AB) .

Suy ra: AN L SB; BM L SA.

Xét ASAB c6 hai dudng cao AN va BM cit nhau tai H. Theo tinh chat ba duong cao cia tam giac gip
nhau tai mot diém, suy ra: SH L AB.

Vi du 3. Cho dudng tron (O) dudng kinh AB, diém D thudc (O). Goi E 13 diém d6i xtmg v6i A qua D
a) AABE 1atam giac gi?




b) Goi K 1a giao diém ctia EB véi (O), Ching minh rang: OD 1 AK .
Loi gidi

E

a) ADB =90" (goc ndi tiép chin nira dudng tron)
BD 1 AE
=
AD = DE
OD//EB
AK | EB

= AABE cantai B

= 0D 1 AK

Vi du 4. Cho nura dudng tron (O) dudng kinh AB = 2R va diém C nam ngoai nira duong tron. CA cit nira
duong tron tai M, CB cat nira duong tron tai N. Goi H 1a giao diém cua AN va BM.
a) Chung minh ring CH L AB .
b) Goi I 1a trung diém cua CH. Ching minh rang MI 1a tiép tuyén ctia nira duong tron (O) .
Loi giai

C

a) Ta co H la tryc tdm cua tam giac = CH L 4B
b) Can chimg minh MI 1 MO

Ta co: C,M,H,NE(I;CTHJ



IR I M, =M, TR 0 s 0
N, =B (=—sdAM)  — _ ___ —> M, +IMB=90" — OMI =90
2 M, +IMB = 90°

B = B,(A.can)

C. GIAI BAI TAP SACH GIAO KHOA
9.1. Nhimng khang dinh nao sau day la ding?
a) Hai goc ndi tiép bang nhau thi chin ciing mot cung.
b) Goc ndi tiép nho hon 90° ¢o sé do bang nira s6 do cta goc & tim chin cling mot cung.
¢) Goc ndi tiép chin cung nho c6 sd do bang sb do clia goc & tAm chin cling mot cung.
d) Hai goc noi tiép bang nhau thi chan hai cung bang nhau.
Loi gidi
Trong ciing mdt dudng tron hodc hai duong tron bang nhau, ta co:
- Hai goc ndi tiép bang nhau thi chin hai cung bang nhau, chua chic da chin cung mot cung. Do d6
khang dinh a) 1a sai va khang dinh d) 1a dung.
- Géc noi tiép nho hon 90 ¢6 s6 do bang nira s6 do ciia goc & tim chin cling mot cung. Do d6 khang
dinh b) 1a dung.
- Goc noi tiép chan cung nho ¢ s do bang nira s6 do ctia goc & tim chin cing mot cung. Do d6 khang
dinh c) 1a sai.
Vay cac khang dinh dung 1a: b, d.
9.2. Cho cac diém nhu Hinh 9.7. Tinh s6 do cic goc ctia tam giac ABC, biét rang
AOB =120",BOC =80 .

Hinh 9.7

Loi gidi

Xét duong tron (O) co:

- @,B/O\C lan luot 1 gbc nodi tiép va goc & tim cung chin cung nho BC , nén
BAC=1B0c=L80 40

2 2
- A/@, AOB 14n luot 1a goc noi tiép va goc ¢ tam cing chin cung nho AB , nén
ACB=L10B=L.120" = 60"

2 2

Xét aABC c6: ABC+ BAC + ACB =180’ (dinh 1i tong cac gbc ciia mot tam giac)



Suy ra ABC =180" — ACB—BAC =180" - 60" —40" =80".

Vay ABC =80, BAC =40"; ACB = 60".

9.3. Cho dudng tron (O) va hai day cung AC, BD cét nhau tai X (H.9.8). Tinh s6 do goc $A X B$ biét
rang ADB =30" va DBC =50".

#:
Hinh 9.8

Loi gidi
Xét duong tron (O) co 1@79, ACB 14 hai goc ndi tiép cting chin cung nhé AB nén ACB = ADB =30
Vi AXB la goc ngoai cua aBXC tai dinh X nén ta co: AXB = XCB + XBC =30" +50" =80’
Vay AXB=80".
9.4. Cho duong tron (O) va hai diy cung AB,CD cit nhau tai diém Indm trong (O) ( H.9 .9)

Hinh 6.9

a) Biét ring AOC = 60", BOD =80°. Tinh s6 do ctia goc AID .
b) Chiing minh rang I4-IB=1IC-ID.

Loi giai
a) Xét duong tron (O) co:

- @, BOD lan luot 1a gbc ndi tiép va goe & tim cing chian cung nho BD , nén

—

BAD="LBoD="L.80 40"
2 2

-vi A/lf‘, AO0C lan luot 14 gbc ndi tiép va goc & tim cung chin cung nho AC, nén

l — 1

ADC =—A0C =—-60" =30°
2 2

Xét aAID ¢6: AID+ DAI + ADI =180’ (dinh 1i tong cac gbc ciia mot tam giac)
Suy ra AID = 180" — DAI — ADI =180° —40° —30" =110".
Vay AID =110



b) Xét duong tron (O) co ADC va ABC 1a hai gdc ndi tiép cling chan cung nho AC nén ADC = ABC
hay ADI = CBI.
Xét AAID va aCIB co:
AID = CIB (hai goc déi dinh); ADI = CBI (chtg minh trén).
Do d6 aAID -ACIB (g.g).
Suy ra “ = D (i s6 cac canh tuong tmg) hay I4.IB = IC.ID .
IC IB
9.5. Cho duong tron (0), duong kinh 4B va diém S nam ngoai (O) . Cho hai duong thang S4,SB lan
luot cit (O) tai M (khac A)va N (khac B). Goi P la giao diém cia BM va AN (H.9.10). Ching

minh rang SP vudng goc voi AB.

B Hinhaio

Loi giai
Xét duong tron (O) co: AMB va ANB déu 13 goc noi tiép cung chin nira duong tron nén AMB =90" va
ANB =90". Suyra BM 1 AM va AN 1 BN .Hay BM L AS va AN L BS.
Xét aABS cb6 AN,BM 1 hai dudng cao (BM L AS va AN 1 BS )citnhautai P nén P 1a tryc tim
cua a4BS ,suyra SP 1 AB.
Vay SP 1 AB.
9.6. Trén san bong, khi qua bong dugc dat tai diém phat dén thi c6 goc sit bang 36 va qua bong cach
moi coc gon 11,6m (H.9.11). Hoi khi qué bong dat & vi tri cach diém phat dén 11,6m thi goc sut bang
bao nhiéu?

Hinh9.11

Loi gidi
Hinh v€ dud¢i day minh hoa cho bai toan trén véi A, B 1an luot 1a cac coc gon, C la vi tri dat bong va O

13 vi tri diém phat dén.



Vi OA=0B=0C=11,6m nén A4,B,C cung thudc duong tron (O;11,6m).

Xét duong tron (0;11,6m) cod A/C\B, AOB lin luot 12 goc ndi tiép va goc & tim cing chin cung nho AB
nén ACB :%-ZO\B =%-36° ~18'.

Vay khi qua bong dat & vi tri cach diém phat d¢én 11,6m thi goc sit bang 18" .

D. BAI TAP TU LUYEN

Bai 1. Cho ntra duong tron (0) duong kinh AB va day AC cing cung AC c6 sb do bang 60°.

a) So sanh cac goc cua AABC.

b) Goi M va N lan luot 1 diém chinh giira cta cac cung AC va BC, hai diy AN va BM cit nhau tai
I . Chimg minh rang CI 1a tia phéan giac cua ACB.

Loi giai

a) Taco: AC=60°= BC=120"=B<A<C
b) AN la phan giac cua goc A, BM 1a phan giac cua géc B nén CI 1a phan giac cua goc C (dpcm)

Bai2. Trén canh huyén BC cua tam giac vudng ABC vé phia ngodi ta dung hinh vudng voi tam tai

diém O . Chimg minh rang A O 1a tia phéan giac cta goc BAC .
Loi giai



Vi O 1a tam cta hinh vuéng nén BOC = 90°.

Lai c6 BAC = 90° suy ra bon diém A, B,0,C ciung nam trén dudng tron duong kinh BC.

— Ve

D6i v6i duong tron nay ta thdy BAO = BCO (cung chin BO).

Ma BCO = 45° = BAO = 45",

Do BAC = 90", nén CAO = BAC — BAO = 45"

Vay BAO = CAO ,nghiala AO la tia phan giac cua goc vuong BA C (dpcm).
Bai 3. Cho tam gidc ABC ndi tiép duong tron (O; R) . V& AD la duong cao cua tam giac ABC' . Chiing

o —

minh ring BAD = OAC .

Loi giai

Duyng duong kinh AE cta duong tron (O;R).

Taco AEC = ABD (cung chian cung AC')

suyra ADBA ~ ACFEA, ttddé suyra BAD = OAC.

Bai4. Cho tam giac ABC ndi tiép trong duong tron (O) . Puong phan giac trong goc A cat duong tron

ngoai tiép tam giac tai D . Goi I 1a tAm vong tron ndi tiép tam gidc ABC' . Chimg minh DB = DC = DI
Loi giai



Taludn c6 DB = DC do AD la phan giac trong goc A. Ta s& chung minh tam giac DIB cantai D.
That vay ta c6: IBD = IBC + CBD .

—

Mit khac CBD = CAD (Géc ndi tiép chan cung CD )

o —_—

ma BAD = CAD , IBC = IBA (Tinh chét phan giac)
suy ra [/BT) = ZB\I + EE .

Nhung Eﬂ\) = XB\I + EA\[ (Tinh chit goc ngoai).
Nhu vay tam giac BDI cantai D = DB = DI = DC

Bai 5. Cho tam giac ABC (;1 =90"|va AB < AC . V& duong tron tdm A ban kinh AB ciat BC tai

D,cit AC tai E.Chung minh raing DB.CB = EB*.
Loi giai

Gia sit CA cdt (0) tai Fthi EF la dwong kinh ctia (4; AB),

taco BF = BE (vi BA 1 EF) = BED = BFD,

BCF = BCE = Esd{BF — DE] = Esd[BE — DE] = EsdBD = BFD



— -

Tu do suyra BED = ECB.
Xét tam giac ABCE,ABED cé

13 chung,

BED = ECB

= ABCFE ~ ABED < BC = BE = DB.CB = EB’
BE  BD

Bai 6. Cho tam gidc ABC c6 ;1 nhon ndi tiép trong duong tron (O;R). Ching minh rang:

BC =2RsinBAC.

—

Vé duong kinh BD cua duong tron (O; R) = BCD = 90° (gbc ndi tiép chin nira dudng tron).

ABCD ¢6 C = 90° nén BC = BDsin BDC..

Talai c6 BD = 2R; BDC = BAC (gbc ndi tiép cung chin BC )nén BC = 2Rsin BAC .

Bai 7. Cho nia dudng tron (O) duong kinh AB. Lay M 1a diém tiy y trén nira duong tron (M khac A va
B). Ké MH vuéng goc véi AB (H € AB). Trén ciing mot nira mit phang bd AB chira nira dudng tron (O)
v€ hai nira duong tron tam O,, duong kinh AH va tam O,, duong kinh BH. Poan MA va MB cat hai nira
duong tron (O,) va (0,) lan luot tai P va Q. Chimg minh rang:

a) MH = PQO.

b) AMPQ ~ AMBA.

¢) PQ 1a tiép tuyén chung cta hai duong tron (0,)va(0,).

Loi giai



a) Ta c6: OMPHQ 1a hinh chit nhat = MH = PQ
b) Xét cac tam giac vudbng AHM va BHM ta c6: MP.MA=MQ.MB = AMPQ ~ AMBA(cgc)

¢) PMH = MBH = POH = 0,0B = PQ 14 tiép tuyén cia O,
Chung minh tuong ty ta c6 PO 1a tiép tuyén cua O,.
Bai 8. Cho nira dudng tron (O) dudng kinh AB va day AC cing cung AC c6 sé do bang 60°.
a) So sanh cac goc cua AABC;
b) Goi M va N lz%in luot 1a diém chinh giita ctia cac cung AC va BC. Hai didy AN va BM cit nhau tai diém
I. Chtirng minh rang CI 1a tia phan giac cuia goc ACB.
Huéng din giai

C N

% 0

Hinh 174
a. Dung dinh 1i goc ndi tiép va hé qua cua n6 dé tinh
Pép sb: A<B<C  (30°<60°<90°).
b. Ban hay chitng minh cac tia AN, BM 1a tia phan giac cta cac goc Ava B suy ratia CI 1a tia phan

giac cua goc C.

Bai 9. Cho tam gidc ABC can tai A (A <90°) . V& dudng tron duong kinh AB cét BC tai D, cit AC tai
E. Chtng minh ring:
a) Tam giac DBE can;

b)(ﬁ:éz?[c

Huwéng din giai



Hinh 175

a. ADB=90°= AD 1 BC , do d6 AD cing la duong phan gidc, suy ra
DB = DE = DB = DE = ADBE can.

b. Bi= 21\2 (hai gbc noi tiép cung chian cung DE )= Bi = %BA?’

Bai 10. Cho tam gidc ABC (AB < AC)néi tiép duong tron (O) . V& duong kinh MN _L BC (diém M

thudc cung BC khong chira A) . Ching minh rang cac tia AM, AN lan luot 1a cac tia phan giac trong va
ngoai tai dinh A cua AABC.

Hudéng dén giai

Hinh 176

—~

MN L BC=MB=MC= 4, =4

.
Mat khac, MAN = 90° (g6c ndi tiép chin nira dudng tron)

Ma AM la phan giac trong goc A, nén AN la phan giac ngoai goc A

Bai 11. Cho dudng tron (O) va hai ddy MA, MB vudng goe voi nhau. Goi I va K 1an luot 1a diém chinh

gifra ciia cac cung nho MA, MB. Goi P 1a giao diém cuia AK va B

a) Chung minh ring ba diém A, O, B thang hang.

b) Ching minh rang P 1 tAm dudng tron noi tiép AMAB.

c*) Gia sit MA = 12cm, MB = 16¢cm, tinh ban kinh cta duong tron noi tiép AMAB.

Hué6ng din giai



Hinh 177

AOB =2.AMB =2.90° = 180° = 4,0, B

a. thang hang.

b. Taco KAM = Kz/4\B,1§A\4 = IBA (hai goc ndi tiép chin hai cung bang nhau).
Vay AK,BI 1a hai duong phan gidc cia AMAB. Giao diém P cua hai dudng phan giac nay la
tam duong tron ndi ticp AMAB.
c. Goi r 1a ban kinh cua dudng tron ndi tiép AMAB, a 1a canh huyén va p 1a ntra chu vi cua tam giac
do.
Tacod r = p—a (xem bai 6.5 chuong Puong tron). Ap dung dinh 1y Pi-ta-go vao tam giac vudng
MAB tatinh dugc 4B =20 cm. Tur d6 suy ra » =24 —-20 = 4(cm).
Bai 12. Cho duong tron (O) duong kinh AB va mot diém C di dong trén nira dudng tron d6. V& dudng
tron (1) ti€p xtc véi duong tron (O) tai C va tiep xtc voi duong kinh AB tai D, dudng tron nay cat CA va
CB lan luot tai cac diém thir hai 1a M va N.

Chung minh rang:
a) Ba diém M, I, N thang hang.
b) ID L MN.

¢) Puong thang CD di qua mot diém cb dinh, tir 46 suy ra cach dung duong tron I noi trén.

Huwéng din giai

Hinh 178
a. Xét duong tron (0) c6 ACB = 90°, suy ra MCN = 90°.

Xét duong tron (]) c6 MCN = 90°, suy ra M,I,N thing hang.



b. Dudng tron (0) va ([) tiép xtic voi nhau tai C suyra O,1,C thang hang.

AICN can= IN/\C = IEN ;

AOCB can=> OBC = OCB.

Suy ra INC = OBC. , dAn t6i MN // AB (vi ¢6 cip goc dong vi bang nhau).
Tac6 ID L AB (tinh chat cua tiép tuyén), do d6 ID L MN.

c. Tacé DM =DN suy ra MCD = NCD. Goi E 1a giao diém cua duong thang CD voi duong tron
(0), ta duoc EA = EB. Vay E la diém chinh giita ctia nira dudng tron duong kinh 4B (nira nay
khong chira diém C). Do d6 duong thaing CDCD ludn di qua mot diém cb dinh. Ta suy ra cach
dung duong tron (/) nhu sau:

- Dungban kinh OE 1 AB ( E thudc nira duong tron khong chira C).
- Nbi CE cit 4B tai D-

- Tudiém D dyng mot duong thang vudng goc vi AB cat OC tai 1.
- Dung dudng tron (7;1D) d6 1a dudng tron phai dung.

Bai 13. Cho tam giac ABC ndi tiép dudng tron (O) , hai dudng cao BD va CE cét nhau tai H. V& duong
kinh AF.

a) T giac BFCH 1a hinh gi?
b) Goi M 1a trung diém cua BC. Chimg minh rang ba diém H, M, F thang hang.

¢) Chtng minh ring: OM = éAH

Huwéng din giai

Hinh 179

a. Ban hdy chiing minh ABF = ACF =90° dé suy ra CE// BF va BD//CF, dan t6i tir gidic BHCF
1a hinh binh hanh.
b. Dung tinh chét hai dudng chéo cua hinh binh hanh cit nhau tai trung diém ctia mdi dudng.
c. Dung tinh chat dudng trung binh cua tam gidc AHF.
Bai 14. Cho dudmg tron (O) duong kinh AB, M la diém chinh giira ctia mot nira dudng tron, C 1a diém bat
ki trén ntra duong tron kia, CM cat AB tai D. V& day AE vuong goc voi CM tai F.
a) Chirng minh rang tr giac ACEM 1a hinh thang can.
b) V& CH L AB, chitng minh rang tia CM la phan giac ctia goc HCO.



¢) Chimg minh ring CD < éAE

Huwéng din giai

Hinh 180
A Tacé MA=MB=180°:2=90°.
Suy ra ACM = AEM =45°, do cac tam giac AFAC va AFEM vudng can tai F, do do
AE = CM. Ta c6 CAE = AEM (= 45°)
= AC// ME , dan t6i tr gidc ACEM 12 hinh thang can.
b. Tacd CH//OMSI-TCT/IZO/]\/I\C.
Mt khéc, OCM = OMC
suy ra HCM = OCM = Tia CO latia phan giac cua goc HCO .
c. AHDC ~AODM (g.g)

_ D _CH _DH _\_ cp<mp hay cp<lom. pods co<luk
MD MO DO 2 2
Bai 15. Cho tam giac ABC noi tiép dudng tron (O;R) . Biét A =a <90°. Tinh d6 dai BC
Huwéng din giai
A

Hinh 181

Vé duong kinh BD, duogc BCD = 90° va BDC=A4=a.
Xét ABCD vuong tai C, c6: BC = BD.sinD =2R.sina.



Bai 3. Cho duodng tron (O), dudng kinh AB, diém D thudc dudng tron. Goi E 1a diém dbi xtmg voi A qua
D.
a) Tam giac ABE la tam giac gi?
b) Goi K 1a giao diém caa EB véi (O). Chimg minh OD 1 AK.
Loi giai

E
D%%fI{
A > B
U

a) Xét AABE c6 BD dong thoi 1a dudng cao, dudng trung tuyén nén A4BE cén tai B.
b) Xét AABE c6 OD la dudng trung tuyén = OD //BE

ma: AK L BE (AKB=90") = AK 1 OD

Bai 4. Cho tam giac ABC ndi tiép duong tron (O), hai dudng cao BD va CE cit nhau tai H. V& dudng
kinh AF.

a) Tu giac BFCH 1a hinh gi?

b) Goi M 1a trung diém ciia BC. Chirng minh rang ba diém H, M, F thing hang.

1
¢) Chirng minh OM = EAH .

Loi giai

A
O
[ 7
N N WY
D VA

a) Tt giac BECH c6 cac canh ddi song song nén 1a hinh binh hanh.




b) Tt giac BHCF 14 hinh binh hanh ma M 1a trung diém cta BC nén M 1a trung diém cua HF = H M, F
thang hang.

1
¢) Xét AAHF c¢6 OM la duong trung binh cia AAHF = OM = EAH .
Bai 5. Cho nira dudng tron (O) duong kinh AB va diém C di dong trén nira dudng tron d6. V& dudng tron
(I) tiép xtc voi duong tron (0) tai C va tiép xtic v6i duuong kinh AB tai D, dudng tron nay cit CA, CB lan
luot tai cac diém th hai 1a M va N. Chimg minh rang:
a) M, N, I thang hang.
b) ID L MN .

a) ACB =90° = MCN = 90"
Xét (1), co: ACB=90" = N,M,I thang hang
b) Puodng tron (0) va (I) tiép xtic véi nhau tai C nén O, I, C thang hang

AICN = INC = ICN INC=0BC| MN//AB
= = , — ID L MN
AOCB — OBC = OCB dong.vi ID 1 AB(t.ctiep.tuyen)

Bai 6. Cho A4BC nhon ndi tiép dudng tron (O). Puong cao BM, CN cét nhau tai H va cat duong tron
lan luot tai E va F.

a) Chimg minh ring A 1a diém chinh giira cung FE.
b) Ching minh rang EF // MN.
¢) Chimg minh rang O4 1 MN .
d) Chtg minh rang AH khong d6i khi A di dong trén cung 16n BC.
e) Chirng minh rang F d6i xting v6i H qua AB.
Loi gidi



a) 23\1 = a (phu goc BAC ) = EA=FA (chan boi hai goc noi tiép bang nhau) = 4 1a diém chinh giita

FE = 04 1 FE()

E - 6\ E = NVB
by E NMB}:MN//FE(z)

NMB =C, d.vi
= 04 L MN
d) K¢é duong kinh AD va goi I 14 trung diém cuia BC =[O0 L BC=1
Ta co:
— CD 1 AC BH //CD
ACD =90= =

BH 1 AC ttu:CH//BD

= 0BHCD 1a hinh binh hanh.
Ma I 14 trung diém cta BC nén I 1a trung diém cua HD
1 .

+ Xét AAHD,OI = EAH < AH =20l (khong doi)
e. Taco: AE = FA= ABF = ABE ( chan hai cung bang nhau )
Xét ABHF ¢6 BN la duong cao, duong phan gidc nén can tai B = BN 1a dudng trung tuyén = N 1a
trung diém ciia FH hay F d6i ximg v6i H qua AB.
Bai 7. *Cho tam giac déu ABC' nbi tiép dudng tron (O) Trén cung BC khong chira A ta lay diém P
batky (P khac B va P khac C). Cac doan PA va BC catnhautai Q.

a) Gia st D 1a mot diém trén doan PA sao cho PD = PB. Chtng minh ring APDB déu.

b) Ching minh rang PA = PB + PC' .

_1
PQ PB PC’

¢) Chtrng minh h¢ thurc



Loi giai

a) Trudc tién ta nhan thay rang tam giac PBD céntai P .

Mit khac, BPD = BPA = BCA = 60° (hai goc ndi tiép cing chan AB cua duong tron <O)).

Vay nén tam giac PDB déu.

b) Tadd c6 PB = PD, viy dé ching minh PA = PB + PC tasé ching minh DA = PC..

That vay, xét hai tam gidc BPC va BDA c¢6: BA = BC (gia thiét), BD = BP (do tam giac BPD déu).

—_

Laivi ABD + DBC = 60, PBC + DBC — 60° nén ABD — PBC.
Tir d6 ABPC = ABDA (c.g.c), ddn dén DA = PC (dpcm).

—_

¢) Xét hai tam giac PBQ va PAC tathdy BPQ = 60°, APC = ABC = 60" (hai goc ndi tiép ciing chin

—_—

cung AC) suy ra BPQ APC,PBQ = PBC = PAC (hai gbc ndi tiép cing chin PC)

Tuwdo APBQ ~ APAC (g.g) = — P _ E, hay PQ.PA = PB.PC.

PB PA
Theo két qué cau b, tac6 PA = PB + PC' nén PQ(PB + PC) = PB.PC.

1 1
Hé thure nay twong duong voi cm
. y g g Q PB P C (dpem).




BAI 28. PUONG TRON NGOAI TIEP VA PUONG TRON NOI TIEP CUA MOT TAM GIAC.
A. CAC KIEN THUC CAN NHO
1. PUONG TRON NGOAI TIEP MOQT TAM GIAC
Khai niém dwong tron ngoai tiép tam giac
Dinh nghia:
Puong tron ngoai tiép mot tam giac 1a dudng tron di qua ba dinh cta tam giac do.
Trong Hinh 9.13, dudng tron (O) ngoai tiép tam giac ABC . Ta cunng ndi tam gidc ABC ndi tiép duong
tron (0), hay (O) la duong tron ngoai tiép tam gidc 4BC . Tam O la giao diém ciia ba duong trung truc
cua tam giac ABC.

LI

Y
-'F‘---
L

.

B
\i_/Hinh 9.13

Pudng tron ngoai tiép tam giac vudng

Puong tr(:)n ngoai tiép tam giac vudng c6 tim la trung diém cua canh huyén va ban kinh bang mot nira
canh huyén.

Vidu 1. Cho tam giac ABC vudngtai 4 c6 AB=2cm, AC =4cm. V& duong tron (O; R) ngoai tiép
tam gidc ABC va tinh ban kinh R .

Loi giGi
B
0
A v ¢
Hinh 9.16

Lay O 1a trung diém cua BC va vé dudng tron (O) di qua 4. Khi d6, (O) 1a dudng tron ngoai tiép tam
giac ABC . Theo dinh li Pythagore, ta c6: BC? = AB* + AC* =4+16 =20 nén BC = 2+/5(cm).
Vay duong tron (O) c6 ban kinh R = BTC =+/5cm.
Puong tron ngoai tiép tam giac déu
NE)

Dudng tron ngoai tiép tam giac déu canh a c6 tim 14 trong tAm cua tam gidc d6 va ban kinh bang Ta .

Vi du 2. Cho tam giac déu ABC c6 d6 dai canh bang 3 cm . V& dudng tron (O; R) ngoai tiép tam giac
ABC . Tinh ban kinh R .
Loi gidgi



B

N
N

Hinh9.18

Lay O la giao diém ciia ba duong trung tuyén ctia tam giac 4BC va vé duong tron (O) di qua 4. Duong

3

tron (O) 1a dudng tron ngoai tiép tam gidc 4BC c6 ban kinh R = ?BC =3cm.

2. PUONG TRON NOI TIEP MOT TAM GIAC

Puodng tron ndi tiép tam giac

Téng quat, ta c6 dinh nghia sau:

Puong tron tiép xuc voi ba canh cua tam giac dugc ,goi la duong tron ncf)iq tiép tam giac. Tam giac d6 duoc
goi 1a ngoai tiep duong tron. Tam dudng tron noi ti€p tam gidc 1a giao diém ba duong phan giac ciia tam
giac.

Chu y:

qur(‘)‘ng‘trén tiép xic v&i mot canh cua tam giac nghia 1a tiép xtc voi duong thang chira canh d6 va cé tiép
diém nam trén canh do.

Puong tron ndi tiép tam giac déu
\ \ As A e A S \ A 5 .7 r \ , ’ M 3
Duong tron ndi tiép tam gidc déu canh a c6 tam la trong tdm cua tam gidc d6 va ban kinh bang ?a .

Vi du 3. Cho tam gidc ABC ngoai tiép duong tron (/). Biét rang A =40", B =60". Tinh sb do cua cac
goc BIC,CIA va AIB.
Loi giai
C

A B
Hinh 9.20

Vi téng ba goc cua tam gidc ABC bing 180° nén ACB =180"— BAC — ABC =80".
Vi tam gidc ABC ngoai tiép dudng tron (I) nén I 1a giao diém cac dudng phan giac cua tam gidc ABC .

Do dé, ta cé: 5A\1=§A\1=%C=20°;€B\1=@:%:3022&:@:%:46.\/%@céc

g6c trong tam gidc BIC bing 180" nén BIC =180" — CBI — BCI =180° =30 —40" =110",
Tuong tu, CIA=180" — ACI — CAI =120° va AIB =180" — ABI — BAI =130" .



B. CAC DANG TOAN

DANG 1. XAC PINH TAM VA TINH BAN KINH PUONG TRON NGOAI TIEP, NOI TIEP TAM
GIAC

1. Phuong phap

e Duong tron ngoai tiép tam gidc vudng c6 tam la trung diém canh huyén va ban kinh bang nira canh
huyén ctia tam giac vuong do.

e Trong mot tam gidc déu, trong tam cua tam giadc dong thoi 1a tdm cuia dudng tron ngoai va ndi tiep
tam giac do.

Y \ \ Y SRT aN3 ., \ Y
e Tam giac deéu canh a c6 ban kinh dudng tron ngoai tiep 1a R = 3 va ban kinh duong tron ndi tiép

. a3
la r=——m.
6
2.Vidu
Vidu 1. Cho hinh vé sau :
4 i
U /A\ )
i \
\ / \ /’/ F N? ' c

a) Hinh nao c6 dudng tron (O) ngoai tiép tam gidc ABC ? Giai thich ?
b) Hinh nao c6 duong tron (O) ndi tiép tam giac ABC ? Giai thich ?

Loi gidi
a) Hinh a), dudng tron (O) 1a duong tron ngoai tiép tam gidc ABC vino di qua ba dinh 4, B,C clia tam
giac ABC.
b) Hinh &), duong tron (O) la dudng tron ndi tiép tam gide 4BC vi né tiép xtc ba canh AB, BC,CA clia
tam giac ABC.

Vidu 2. Cho tam giac ABC vuong tai 4, c6 AB=10cm va AC = J21cm . Tinh ban kinh duong
tron ngoai tiép tam giac ABC .
Loi giai
A

Xét ABC vudng tai A4, theo pythagore ta co:




BC? = AB* + AC?

BC? =102+(\/ﬁ)2
BC* =121

= BC=+121=11(cm)

Tam gisc ABC vudng tai A nén ban kinh R duong tron ngoai tiép tam gidc 4BC bang nita canh huyén

BC hay Rz%z%zS,S(cm)

Vi du 3. Cho AABC vuédngtai 4, cd AB=6cm va AC =8cm ngoai tiép dudng tron (];l”). Tinh r
Loi gii
B
P
/
/
/
M R
1 1
|
|
A N C

Duong tron (1;r) tiép xtc véi cac canh AB, AC, BC theo thir tw M, N, P

Taco: S, = %IM.AB = %r.AB(l);SAIC = %IN.AC = %r.AC(2);SB,C = %r.BC(3)

S Sue tSwe L, gy 4t BC)
2

Cong (1)(2)(3) vé theo vé, ta dugc:

S anc

Ma S, = %AB.AC = % =24(cm’) , BC=~6"+8" =100 =10(cm)
Nén ta co: 24 zér(6+8+10) =r=2(cm).
Vi du 4. Xéc dinh tdm va ban kinh ctia dudng tron ngoai tiép tam giac déu ABC c6 canh bang a .
Loi gidi
Goi O 1a giao diém ctia ba duong trung truc ctia tam giac déu ABC thi O dong thoi ciing 14 trong tim va

truc tdm cua tam giadc. Ta co OA =0B=0C = %AH (H 1a chan dudng cao ké tir A) (Xem hinh vé).



Do d6 O 1a tAm ctia dudng tron ngoai tiép tam giac déu ABC .

Mait khac, xét tam gidc AHB vudng tai H.

2
'HmodmhufwﬂmgxqtaaiABz=AH?+HBZ:>AH2=ABZ—HB2=a2—(%j

oAt o [2) 2
2 2
= A0 = %AH = % . % = % (Tinh chét trong tam)

a3

Vay dudng tron ngoai tiép tam giac déu canh a c6 tim 1a trong tAm tam gidc va ¢ ban kinh =

Vi du 5. Cho tam giac ABC vuong tai B c6 C= 60",BC =3cm va O la trung diém AC . Xac dinh tam,

ban kinh va v& duong tron ngoai tiép cua:
a) aABC;

b) aBCO.

Loi giai

a) (Xem hinh v¢).

Tam giac ANC vudng tai B co C =60 nén tam giac ABC la nira tam giac déu

— BAC=30" = AC=2BC=2.3=6(cm).



Theo bai toan 1 ta ¢6 ban kinh duong tron ngoai tiép aABC 1a % = g =3(cm) va tam O 1a trung diém

canh huyén AC .

b) D& thy tam giac BCD déu (Theo bai toan 2).

Goi I 1a trong tam ciia tam giac BCD, ta c6 I 1a tim ciia duong tron ngoai tiép vi canh cta tam gidc déu
BCD la 3(cm) nén ban kinh ctia dudng tron ngoai tiép tam giac déu BCD la ? (Xem lo1 giai bai toan
2).

Vi du 6. Cho dudng tron (O) ngoai tiép tam giac ABC . Tinh béan kinh cua (O), biét raing ABC vuéng
can tai A va co canh bf‘mg 2\/5 cm.

Loi giai

A._l C
Zﬁ cm

Ta c6 tam giac ABC vuong can tai A (gt).

Theo dinh li Pythagore, ta c6: BC? = AB? + AC” = (24/2)” +(22)? = BC =/(242)* + (27/2)" =4(cm)

Viy ban kinh dudng tron ngoai tiép tam giac ABC vudng ABC c6 d6 dai bang nira canh huyén BC tic 1a
2(cm).

Vi du 7. Cho tam giac ABC ndi tiép dudng tron (0). Biét ring BOC =120° va OCA = 20". Tinh 6 do

cac goc cua tam giac ABC .

Loi gidi

A

Xét duong tron (O), ta co:

BAC va BOC 1a gdc ndi tiép va goc & tim cung chan cung BC nén BAC = %B/(Y: :%-1200 =60".



Tam giac BOC can tai O c6 goc ¢ dinh BOC =120’ (gt).

——  —— 180°-BOC 180" 120"

= OBC=0CB = > 30°

Do d6 BCA = OCB+OCA =30"+20° =50" .

Xét tam gide ABC , ta c6: ABC =180~ (BAC + BCA) =180" —(60" +50") =70

Vay s do cac goc cua tam gidc ABC 1a: BAC = 60"; ABC = 70" va BCA =50°

DANG 2. BAI TOAN LIEN QUAN DPUONG TRON NGOAI TIEP, NOI TIEP TAM GIAC

Vidu 1. Cho AABC can tai A ndi tiép duong tron (O) . Goi E,F theo tht tu 1a hinh chiéu cua (O) lén
AB va AC . Ching minh rang AO 1a tia phan giac ciia BAC
Loi giai
A

112

Ta co: AABC cantai A= AB=AC = OFE =OF
Xét hai tam giac vuong AOE va AOF , cé:

+ OA: canh chung

+ OE = OF : Chung minh trén

—~ o~

— AOE = AAOF = {Al =4 _ 40 1a phan gidc ctia BAC
AE = AF
Vidu 2. Cho AABC vuong tai 4 BAC =90" (AB < AC) . Puong tron ([) noi tiép tam giac ABC tiép xuc
v6i BC tai D . Chimg minh rang;
BC+AB-AC
2
b) S, =BD.DC

a) BD =

Loi giai




B D C

a) Goi E,F la tiép diém cua duong tron (I ) voi cac canh AB, AC
Theo tinh chét cua hai tiép tuyén cit nhau, ta c6: AE = AF;BE = BD;CD =CF
Do d6: 2BD = BD+ BE = BC~CD + AB— AE = BC+ AB—(CD+ AE) = BC + AB—(CF + AF )

_BC+ AB— AC — pp = 2C+A4B-AC

BC+AC- 4B

b) Twong tu cau a) ta c6: DC =

(BC+ 4B~ AC)(BC + AC - 4B)
4

ma AB’ + AC = BC? (AABC vudng tai 4), do d6: BD.DC =

BC*~(AB-AC)" BC*-AB*— AC*+24B.AC _AB.AC

4 B 4 ST, Swe
Vi du 3. Cho tir gidc ABCD c6 cac tam giac ABC va ADC lan luot ngoai tiép cac duong tron (I) va (K)
sao cho hai duong tron nay tiép xtc v6i duong thang AC tai diém H thudc doan thang AC . Gia sir duong
tron (I) tiép xtic voi canh AB tai M , dudng tron (K) tiép xtic v6i canh AD tai N (Hinh v&). Chimg minh:

a) Ba diém IH,K thang hang;

b) AM=AN;
e 1 e
c) IAK:EBAD.

Loi gidi

D
a) Puong tron (I) tiép xtic voi canh AC tai diém H (gt) = IH L AC.
Tuong ty duong tron (K) tiép xtc v6i canh AC tai diém H= KH L AC.

= Ba diém I,H,K thang hang.



b) Ta c6 dudng tron (I) tiép xuc véi canh AB tai M hay AM 1a tiép tuyén cua dudng tron (I).

lai c6 AH 1a tiép tuyén ctia dudng tron (I) (cmt)= AM = AH (*)(Tinh chat hai tiép tuyén cit nhau)
Chung minh tuong tu, ta c6 AH = AN (*%*)

Tu (*) va (**)= AM = AN..

— — — — 1 — , 14 r 4
c) Taco: TAK =TIAH+ HAK ma [AH = EMAH (Tinh chat hai tiép tuyén cat nhau)

—

HAK:%@:@ :%Im:%(mﬂm) :%mhay :%ﬁ(dpcm

Vi du 4. Cho duong tron (I) ndi tiép tam giac ABC véi cac tiép diém trén cac canh AB, AC lan luot 13

E,F. Chiimg minh ring EIF +BAC=180".

Loi giai

B C

Ta co E,F lan luot 14 hai tiép diém trén cac canh AB va AC (gt)= AEI = AFI =90’
Xét tir giac AEIF c6 AEI+ AFI=180".
— EIF+ BAC =360 —(AEI + AFI)EIF+ BAC =180’ (dpcm)

Vi du 5. Cho tam giac nhon ABC(AB < AC) ndi tiép duong tron (O) dudng kinh AD=2R . Goi M 1a

trung diém ctia canh BC va H 13 tryc tAm ctia tam giac ABC . Chimg minh:
a) DBLAB va CD L AC;

b) Tt giac BHCD la hinh binh hanh;

¢) AC* +BH’ =4R?;

d) Ba diém H,M,D thang hang vi AH=20M .

Loi giai



a) Xét tam giac ABD , ta c6: OB=0A =0D(=R) hay OB = %AD

Chtng t6 aABD vuong tai Bhay DB L AB (dpcm)

Ching minh tuong ty ta c6 CD L AC.

b) Ta c6 BH//DC (cung vuong goc vai AC ). Tuong tu CH//BD(L AB)

= T gidc BHCD la hinh binh hanh (c4c canh ddi song song).

¢) Ta c6 tam giac ACD vuong tai C (chimg minh trén) = AC* + DC*> = AD? (dinh li Pythagore)
Ma DC = BH(cmt) = AC* + BH> = AD* = (2R)* =4R”.

d) * Ta co M 1a trung diém cua BC (gt) ma tt giac BHCD 14 hinh binh hanh (cmt) nén dudng chéo thu
hai HD phai qua trung diém M hay ba diém H,M,D thang hang.

* Xét tam giac AHD c6 O 1a trung diém cua AD (gt)

M 1a trung diém ctia HD ( cmt ) nén OM la dudng trung binh cua tam gidc AHD = AH =20M .

DANG 3. TOAN THU'C TE

Vi du 1. Mot manh vudn c6 dang tam giac déu ABC canh 12 cm . Nguoi ta muén trdng hoa & phéan dat
bén trong dudng tron ndi tiép tam giac ABC . Tinh dién tich phan dat trong hoa do.

Loi giai

A

H

Goi I 1a tAm cta dudng tron ndi tiép tam giac déu ABC .



Ké duong cao AH , khi d6 tam I ctia dudng tron noi tiép (giao diém ciia ba duong phan giac ciing 1a
trong tam).

. I BC 12
Ta c6 AH 1a duong trung tuyén = H la trung diém ctia BC hay BH=CH = TC =5 " 6 (m).

Xét tam giac BHI vuéng tai H. C6 BH =6cm va IBH=30".

Theo dinh Ii vé hé thic lugng trong tam giac vudng, ta c6: ITH=BH-tanIBH=6-tan30 = 23 (m)
Vay bén kinh ctia phan dat trdng hoa 1a t = 2/3(m)

Do d6 dién tich phin dAt trong hoa 1a S=7-(2/3)? = 127r(m2)

Vidu 2. Bavitri A,B,C & mdt cong vién la ba dinh ciia mdt tam gidc déu canh 15 m . Nguoi ta cin
chon vi tri O cach déu ba vi tri A,B,C dé lam mot cot dén. Tinh khoang cach tu vi tri O dén mdi vi tri
A,B,C.

Loi giai

A

==]

Goi O 1a vi tri cach déu ba vi tri A,B,C nén O la tdim duong tron ngoai tiép tam gidc ABC (giao diém

cua ba duong trung truc).

Do 2aABC déu (gt) nén O dong thoi 14 tryc tim va trong tim cta tam giac hay AH 1a dudng cao ciia tam
giac ABC

15\3

déucanh 15m .= AH = —(m) vi AH ddng thoi 1 trung tuyén cia aABC ¢6 trong tdm O

2 215\/__5\/—()

=>0A=—AH=———
3 3

Vay khoang cach tir vi tri O dén m&i vi tri A,B,C 1a 5v/3(m).

Vi du 3. Nguoi ta v& bang quy hoach ctia mot khu dinh cu dugc bao xung quanh béi ba con dudng thing
1ap thanh mot tam gidc voi do dai cac canh 1a 900m,1200m va 1500 m (Hinh v¢).



T 006

1 200 m
a) Tinh chu vi va dién tich ctia phan dat gi6i han boi tam giac trén.

b) Ho muén xay dung mot khach san bén trong khu dan cu cach déu ca ba con dudng d6. Hoi khi d6
khéch san s& cach mdi con dudng mot khoang 1a bao nhiéu?

Loi giai
Bs
900 m K
1500m

LY, R
Hyg (o]

]
y °C
A I 1200m

a) Xét tam giac ABC , ta c6: BC? = AB? + AC? (15002 =900 + 12002)

Theo dinh li Pythagore dao, tam giac ABC vudng tai A .

Phan dat gidi han 13 tam giac vudng, goi P 1a chu vi, ta co:

P=AB+BC+ AC=900+1500+1200 =3600(m)

Va dién tich S, . =%~AB~AC =%-900~1200 =540000( m* )

b) Goi O 12 noi xay dung khach san va khoang cach tir khach san dén ba con duong 1a
OH=0I=0K =R.

Ta ¢6: S,pe = Saos + Saoc (trong d6 S, 55S 00> Spoc 10 lugt 12 dién tich cac tam giac AOB, AOCva
BOC)

1 1 1
S;pgc =—R-AB+—-R-AC+—-R-BC

2 2 2

S yac :%R(AB+AC+BC)

1 . . 2.8, 2.54
Sasc =5 RP (Syscla dién tich aABC va P 1a chu vi)=> R = =22 = z 6%%00 =300(m)

Khi d6 khach san s& cach mdi con dudng 300 (m).



Vi du 4. Trong mot khu vui choi c¢6 dang hinh tam giac déu voi canh bang 60 m , ngudi ta mudn tim mot
vi tri dat bo phat song wifi sao cho & chd nao trong khu vui chd d6 déu c6 thé bat duge song. Biét rang bd
phat song do6 c6 tim phat song tdi da 13 50 m . Hoi rang c6 thé tim duoc vi tri dé dit bo phat song nhu
vay hay khong?

Loi giai

A

60 m

Goi O 1a tim dudng tron ngoai tiép tam giac ABC .
Ké AH 1a duong cao viaABC déu nén duong cao dong thoi 1a dudng trung tuyén nén H 1 trung diém cua

BC,tac6: HB=HC= % = % =30(m)

Tam giac AHC vuong tai H. Theo dinh li Pythagore, ta co:

AB? = AH? + BH? =60 + 30> = AB =60 + 30> =30+/3(m)
. 2 L% A 2
Ta co: OA = EAH (tinh chat trong tam) = OA = 3 304/3 =203 (m)

Vay ban kinh dudng tron ngoai tiép tam giac déu ABC canh 60 m la: OA = 2043 (m) = 34,6(m) < 50(m)
Vay c6 thé dit vi tri bo phat song tai O .
C. GIAI BAI TAP SACH GIAO KHOA
9.7. Cho dudng tron (O) ngoai tiép tam gidc ABC . Tinh ban kinh cta (O), biét ring 4BC 1a tam giac
vudng can tai 4 va c6 do dai canh bén bang 24/2cm.
Loi gidgi
A

Vi a4BC cantai 4 nén AB=AC=2y2cm.
Ap dung dinh 1i Pythagore vao a4BC vuodng tai 4, tacé: BC* = AB* + AC?



Do d6 BC? = (24/2)* +(2v/2)* =16. Suy ra BC =4cm.
Vi O 1a tam dudng tron ngoai tiép tam giac ABC vudng tai 4 nén ban kinh ctua (O) bang mot nira canh
huyén BC .

B 4
Vay ban kinh cta (O) la: R= TC = 5 =2(cm).
9.8. Cho tam giac déu ABC ndi tiép dudng tron (O) . Biét rang duong tron (O) ¢ ban kinh bang 3 cm .
Tinh dién tich tam gidc ABC.

Loi gidi

Vi tam gidc ABC déu nén tdim O cua dudng tron ngoai tiép tam giac 14 trong tAm cia tam giac d6 va ban

B

kinh duong tron ngoai tiép tam giac 1a A0 = TBC .

Theo bai, AO =3cm nén gBC:S). Suy ra BC =33cm.

Goi H la giao diém ciia 40 va BC .Khi d6 AH vira la duong trung tryc, vira 1a duong trung tuyén,
cling 1a duong cao cua tam giac.

Ta co AO=§AH, suy ra AH:%AO:%-3=4,5(Cm).

Dién tich cua tam gidc ABC la: S=%AH~BC=%~4,5~3\/—=M(cm2).

4
273

4
9.9. Cho tam giac ABC ndi tiép duong tron (O). Goi H 1a tryc tAm cta tam gidc 4BC . Chirng minh
ring BAH = OAC .

Vay dién tich ctia tam giac ABC 1a cm’.

Loi gidi




Ta c6 O4=OB (cung bang ban kinh duong tron ngoai tiép (O) ctua a4BC )nén aOAC can tai O, do
d6 OAC =0CA (tinh chat tam giac can).
Lai co OAC +OCA+ AOC =180’ (tong ba goc ciia mot tam giac). Suy ra 20A4C + AOC =180’

Nén 0AC :M —90° _%_(1)

Goi K 1a giao diém ciia AH va BC .Khi d6 AK 1a duong cao ciia tam giac ABC.

Xét aABK vudng tai K co: ABK + BAK =90 (tong hai goc nhon ctia tam giac vudng) Suy ra

BAK =90" — ABK hay BAH =90" — ABC . (2)

Mat khac, xét duong tron (O) co 1@, AO0C 1in luot 14 goc nodi tiép va goc & tim cung chan cung AC
nén ABC = %Z)?? .(3)

Tir (2) va (3) ta c6 BAH =90° —%. (4)

Tir (1) va (4) ta c6 BAH = OAC.
9.10. Cho dudng tron (1) ndi tiép tam giac ABC voi cac tiép diém trén cac canh AB, AC lan luot 1a
E,F . Ching minh ring EIF + BAC =180’
Loi gidgi
A

B =

Vi duong tron (I) ndi tiép tam giac ABC véi cac tiép diém trén cac canh AB,AC lan luot 12 E,F nén
IE L AB va IF 1 AC . Do d6 AEI = AFI =90’
Xét tir gidc AEIF co: BAC + AEI + AFI + EIF =360° (tdng cac goc clia mot tir giac)
Suy ra BAC + EIF =360" — AEI — AFI =360 —90" —90" =180’ .
Vay EIF + BAC =180,
9.11. Cho tam giac déu ABC ngoai tiép dudng tron (/). Tinh do dai cac canh cta tam giac ABC biét
rang ban kinh ctua (/) bang lem .

Loi giai

A




Goi d6 dai cac canh cua tam giac déu ABC la a(cm).

> [%

Vi tam gidc ABC déu ngoai tiép duong tron (I;r) nén ta co r =

Theo bai, r =1cm nén lzg-a. Suy ra a:2\/§(cm).

Vay d6 dai cac canh cua tam giac ABC la 23em.

9.12. Nguoi ta mudn lam mot khung gd hinh tam giac déu dé dat vira khit mot chiéc dong hod hinh tron co
duong kinh 30cm (H.9.23). Hoi d6 dai cac canh (phia bén trong) ciia khung gd phai bang bao nhiéu?

Hink 9.23

Loi gidgi
Goi d6 dai cac canh phia bén trong ciia khung gb 13 a(cm).
Ban kinh cta chiéc dong hd hinh tron 1a: » =30:2=15(cm).
Vi khung gd hinh tam giac déu dé dat vira khit chiéc dong hd nén dudng tron khung vién ctua déng hd nodi

tiép tam giac chira canh ctia khung g va ban kinh dudng tron nay 13 » = % ‘a.

Suy ra 15:€a, suy ra a :30\/§(cm).

Vay d6 dai canh clia tam giac (phia bén trong) ctia khung go 1a 30+/3cm.

D. BAI TAP TU LUYEN

Bai 1. Mot duong tron ¢6 ban kinh 3 cm. Tinh dién tich hinh vudng ndi tiép dudng tron do.
Huéng din giai

a=R2= 3\/§(cm)

S=a’= (3\/5)2 = 18(cm2)

Bai 2. Ba dudng tron ti€p xtc voi nhau tirng d61 mot va tiép xuc véi cac canh cua tam gidc nhu hinh bén.
Neéu moi duong tron c6 ban kinh 1a 3, thi chu vi ctia tam gidc s€ bang bao nhiéu?



Loi giai
Tutam P va Q vé PQ va CQ vudng goc voi canh AD cuia tam giac
Céc tam giac APB va DQOC 1a nira tam giac déu voi PB=0C =3
— AB=CD=33;BC=P0=6= AD=6+63
Vay chu vi tam gidc la: 18+ 183
Bai3. Cho A4ABC vudngtai 4,cd AB=9cm,AC =12cm. Goi I 1a tim duong tron ndi tiép, G 1a trong

tam cua tam giac. Tinh 46 dai IG

Loi giai
B
E
I
D G
A F N M C

Goi D, E,F 1atiép diém cua duong tron (1 ) vo1 AB

AABC vuodng tai A4, theo dinh ly Pytago ta co: BC = \/A32 +AC* = \/92 +12% = 15(cm)
Theo tinh chét cua hai tiép tuyén cat nhau, ta c6: AD = AF;BD = BE;CE =CF
Do d6 24D +2BE+2CE = AB+BC+CA=9+12+15=36
< 24D +2BC =36 < AD =3(cm)= BD =6(cm); DI =3(cm)
BI BD 6 2 BG IG//NM

Goi N=BInAC ,tach: —=—=—=—= = 2
BN BA 9 3 BM IngNM

BD DI 2
Ta c6 OIDAF 1a hinh vudng, c6: —=——=—=> AN = 4,5(cm)
BA AN 3

Ma M 1a trung diém ciia AC nén: NM =AM—AN=6—4,5=1,5(cm):]G=1(cm)

Bai 4. Cho duodng tron (O;R) va hai duong kinh vudng goc AB,CD. Trén ban kinh AO lay doan

AI:2AO

, v@tia CI cat (0) tai £. Tinh R theo CE



R
i/ |7
A
0 B
E
D
Loi giai
Tace A1=249 2R | oy p_2R_R
3 3 3 3

AOCI vuong tai O, ta co6:

2
CI =NOC* +0I’ = /R2+[§) =—R*§E

ACED ndi tiép duong tron O c6 canh CD 1a duong kinh = ACED vudng tai E
Hai tam giac vuong OCI va CED cé6 C :chung

CO_CI _ p_COCD
CD cI

= ACOI ~ ACED =

_ R2R _ 6R _3R\10

3

Bai 5. Cho AABC vuong tai A ngoi tiép duong tron (O). Goi D, E,F 1an luot 1a cac tiép diém cua

(O) véi cac canh AB, AC va BC . Puong thing BO cit duong thang EF tai I. Tinh BIF

Loi giai

A °C

1/\

Taco: DEI = DEF = EDOF (goc ndi tiép va goc & tm cung chin cung DF ).



Vi BD, BF 1a céc tiép tuyén cua (O) lan luot tai D, F nén OB la tia phan giac cia DOF (tinh chat 2
tiép tuyén cit nhau).

= DOB = %DOF

= DEI = DOB.
= DEIO 1a t& giac ndi tiép (tr gidc co gdc ngoai bang goc trong tai dinh ddi dién).

Xét tir gilc ODAE ¢6 ODA =DAE=0EA =90° nén ODAE 14 hinh chit nhat (t& giac c¢6 3 goc
vuong).
Lai c6 AD, AE 1a céc tiép tuyén cua (O) tai D,E nén AD = AE (tinh chét 2 tiép tuyén cit nhau

= ODAE 1a hinh vuéng (hinh chit nhat ¢6 2 canh ké bang nhau ) = ODE = 45°.

Ma DEIO 1a tir giac néi tiép (cmt).

= BIF = ODE = 45° (gbc ngoai ya goc trong tai dinh ddi dién cua tt giac noi tiép).

Vay BIF =45°.

Bai 6. Cho tam giac ABC vuodng tai A c6 AB =3cm, AC =4cm. Xéc dinh tm va ban kinh cua duong

tron ngoai tiép tam giac ABC .
Loi gidi
Goi O 1a trung diém ctia canh huyén BC cta tam giac vuéng ABC .

Ta c6 AO la trung tuyén ciia tam giac vuong OA = %BC =0B=0C.

Vay dudng tron ngoai tiép tam giac ABC 1a duong tron tdm O 1a trung diém cta BC.

Vi tam gidc ABC vuodng tai A (gt).

Theo dinh li Pythagore, ta c6: BC? = AB? + AC* =3? +4> = BC =+/3 +4* =+/25 =5(cm)

Vay ban kinh cta duong tron la 5:2=2,5(cm).

Bai 7. Tinh ban kinh duong tron ngoai tiép tam giac ABC vudng tai A, biét AB=5cm,AC=12cm.
Loi giai

Tam gidc ABC vudng tai A (gt).



12 cm

th

cm

B C

Theo dinh Ii Pythagore, ta c6: BC? = AB? + AC? =5 +122 = BC =+/5% +12% =13(cm)
NP . \ L ., n .. .. BC 13 \ N
Vay ban kinh duong tron ngoai tiép tam giac ABC vudng tai A la: 3 = ?(cm) ( nra canh huyén BC)
Bai 8. Cho tam giac déu ABC ndi tiép duong tron (O) . Biét ring dudng tron (O) cb ban kinh bang 3 cm
. Tinh dién tich tam gidc ABC .
Loi giai
Ké dudng cao AH vi tam gidc ABC déu (gt) nén duong cao AH dong thoi 1a duong phan giac cia goc

BAC, ta c6: BAH = CAH = B%‘C - % =30". Kéo dai AH cét duong tron (O) tai D .

A

D

Khi d6 BOD va BAD lan luot 1a goc & tAm va goc ndi tiép cling chin cung BD
— BOD = 2BAD =2.30" = 60’

Tam gidc BHO vudng tai H ¢6 canh huyén OB =3cm (gt) va BOD = 60" . Theo dinh 1i vé hé thirc luong

33

trong tam giac vudng, ta c6: BH = OB-sin BOH =3-sin 60" = T(cm)

Vi aABC déu nén dudng cao AH ddng thoi 1a trung tuyén hay H 1a trung diém cta BC .

33

—BC=2BH=2- —_3f( cm)
Xét tam giac AHB vudng tai H c6 canh huyén AB=BC = 33 (cm) va goc BAH = 30" (cmt).

Theo dinh 1i vé hé thic luong trong tam giac vudng, ta c6: AH = AB-cos BAH = 343 -c0s30° = %(cm)



. . L 1
Goi S,;. 1a dién tich tam gidc déu, ta co: S, = EAH -BC=

.%.3\/5:#(cm2).

1
2
Bai 9. Cho tam giac déu ABC c6 canh bang 3 cm va ndi tiép duong tron (O) nhu hinh v&.
a) Tinh ban kinh R cta duong tron (O).

b) Tinh dién tich hinh vién phan gidi han bdi day cung BC va cung nho BC .

Hwéng din: Ngoai cach giai nhu bai toan 2, chiing ta s& c6 cach khac nhu sau:

Loi giai

33

a) Ké dudng cao AH cua tam giac déu ABC c6 canh 3 cmta c6 AH = T3(cm) .

Vi aABC déu nén truc tdm O cing trung voi trong tim, khi d6 OA = % -AH = % N3 =3 (cm)

Vay bén kinh R cta duong tron (O) 1a: OA =+/3(cm)

M:ﬂ(cmz)

b) Goi S, 1a dién tich tam gidc déu ABC canh 3 cm , ta co: S, = 2 1

Goi S la dién tich hinh tron (0), ta c6:S = 7-(v/3)’ =37(cem”)

Do d6 dién tich hinh vién phan giéi han béi day cung BC va cung nhé BC la:

S =1£3ﬂ—£]zl,8(cm2).

4

Bai 10. Xéc dinh tim va ban kinh ctia dudng tron noi tiép tam giac déu ABC c6 do dai canh bang a .
Loi giai

Ta ¢ tam giac ABC déu.

Goi O 1a tryc tAm cuia tam giac dong thoi 1a giao diém ba dudng phén gidc trong.

Vay O 1a tdm caa duong tron noi tiép tam gidc déu ABC . Ta co: BAH = CAH = % =30".



H

Xét tam giac AHB vuodng tai H c6 canh huyén AB =a, BAH=30".

Theo dinh 1i vé hé thirc lugng trong tam giac vuodng, ta c6: AH = AB-cosBAH=a-cos30 =

[
N.‘ Z

(Lwu y: C6 thé két luan ngay AH = # vi aAABC déu canh a ).

Mit khac tam giac ABC déu nén truc tdm O ciing 1a trong tim = OH = %AH =

a3

Vay ban kinh dudng tron ni tiép tam giac déu canh a bang 6

Nhan xét: Trong tam giac déu tam dudng tron ndi tiép va tim dudng tron ngoai tiép tring nhau.

Bai 11. Cho tam giac déu ABC ngoai tiép duong tron (I). Tinh d dai cac canh ciia tam giac ABC biét
rang ban kinh cta (I) bang 1 cm .

Loi giai

A

1

H

I 14 tAm cua duong tron ndi tiép tam giac déu ABC nén I 1a giao diém ctia ba duong phan giac va I dong
thoi 1a trong tAm ctia tam giac déu ABC , khi d6 AH 1 dudng trung tuyén, ta co:

Al=2IH=2.1=2(cm) = Bl =CI=Al=2(cm)

Xét tam giac BHI vudng tai H , c6 canh huyén BI =2(cm), goc IBH=30".



Theo dinh li vé hé thic lugng trong tam giac vudng, ta co:

f

BH = BI-cosIBH =2-c0s30" =2~ = /3(cm) = BC =2-BH = 2-+/3 = 2./3(cm)

Do dai cac canh cua tam giac déu ABC ngoai tiép (I,1) bang 243 (cm).
Bai 12. Cho tam giac ABC ndi tiép duong tron ( O). Goi H 1a tryc tim ctia tam giac ABC . Ching minh
rang BAH =0AC.
Loi giai
Goi OI 1a duong cao ctia tam gidc AOC cén tai O , ta c6 OI dong thoi 1a dudng phan giac cia goc AOC

hay AOI = cﬁ_g

Xét duong tron (O), ta co: ABC va AOC lin luot 1a goc ndi tiép va goc & tam clng chan cung AC nén

o
—

ABC=ATOC hay ABC = AOI

Hai tam giac APB va tam giac AIO déu vudng tai P va Ima ABP = AOI (chiing minh trén)
— BAH = OAC (cing phu vé6i hai géc bang nhau).
Bai 13. Cho tam giac ABC c6 dién tich S va ngoai tiép duong tron ( Ir ). Ching minh ring
S :%r(BC+CA+AB).

Loi gidi

A




Goi D, E, F 1an luot 1a cac tiép diém cua dudng tron ndi tiép (L;r) voi cac canh AB, AC va BC cua tam
giac ABC.

1 1 1
Taco: S =S, +Syc +Syc = D AB+_IE-AC+_IF-BC

Ma ID=IE=IF =1 =8 :%r(BC+CA+AB) (dpem)



LUYEN TAP CHUNG
A. Vi DU VA BAI TAP SACH GIAO KHOA
Vi du 1. Cho tam gidc ABC noi tiép duong tron (O) . Biét rang OAB = 300,0147’ =40’ . Hay tinh s6 do
cua cac goc ABC va ACB.

Hinh 9.24

Vi OA = OB nén tam gidc OAB cantai O.Suyra OBA=0AB =30,

Do téng cac goc trong tam gide OAB bing 180" nén AOB = 180" — OAB — OBA=180"—30"—30" =120".
Tuong tu, tam giac OAC cantai O vi O4A=0C. Do do OCA=0A4C =40

Vi téng cac goc trong tam gide OAC bing 180" nén A0C = 180" — OAC — OCA =180" —40" —40" =100’

Xét duong tron (O) tacod

L . — 1 — o
Vi goc ndi tiep ABC va géc ¢ tdim AOC cung chan cung nho AC nén ABC ZEAOC =50;

i . — 1 — .
Vi goc ndi ti€p ACB va géc ¢ tdam AOB cung chan cung nhd 4B nén ACB = EAOB =60.
Vi du 2. Cho tam giac ABC c6 dién tich S va ngoai tiép duong tron (I;7) . Chimg minh rang
S :%r(BC+CA+AB) .

Loi gidi
A

Hinh 9.25
Goi D, E,F lan luot 1a cac tiép diém cua duong tron (I;r) véi BC,CA va AB .

1 1 1 1
Taco: S =Syc+Sey +8,s = 1D BC+_IE-CA+_IF - AB =—r(BC +CA+ B).

BAI TAP

9.13. Cho tam gisc ABC néi tiép dudng tron (O). Biét ring BOC =120" va OCA=20". Tinh s6 do céc

goc cua tam giac ABC.



Loi gidi

Vi tam gidc ABC ndi tiép duong tron (O) nén O4=0B=0C .

Xét a0AC ¢6 OA=0C nén s0AC cantai O, suy ra OAC = OCA =20’
Laicé OAC +O0CA+ AOC =180° (téng cac gbc ciia mot tam giac)

Suy ra A0C =180"—0AC —OCA=180"-20"—20" =140’

Xét duong tron (O) co:

ZB\C, A0C lin luot 12 goc ndi tiép va goc & tim clng chin cung AC nén: ABC = %A/(-)?? = % 140" =70

@,EO?? lan luot 1a goc nodi tiép va goc ¢ tam cung chin cung BC nén: BAC = %Z?O\C = %-1200 =60’
Xét aABC c6: BAC + ABC + ACB =180° (téng cac gbc cia mot tam giac)
Suy ra ACB =180"— BAC— ABC =180 60" —70" =50".
Vay BAC =60"; ABC =70"; ACB =50".
9.14. Cho tam giac déu ABC c6 d6 dai canh bang 4cm . Tinh ban kinh duong tron ngoai tiép va ban
kinh dudng tron noi tiép tam giac ABC .
Loi gidi
V& duong tron (O) ngoai tiép tam giac déu ABC .

Vi tam gidc ABC déu nén duong tron (O) c6 tam 14 trong tAm ciia tam gidc va co ban kinh 1a

R 4HB
3 3

Mit khéc, ta da biét dudng tron ndi tiép tam giac déu co tim 1a trong tdm cua tam giac d6, nén trong tim
O ciing 13 tAm duong tron ndi tiép tam giac do.

cm).



V3, 23
= T(cm) .

Khi d6 ban kinh duong tron ndi tiép tam giac ABC 1a r = ?-4

9.15. Cho tam giac déu ABC c6 d6 dai canh bang 3cm va ndi tiép duong tron (O) nhu Hinh 9.26.
a) Tinh ban kinh R cua dudng tron (O) .

b) Tinh dién tich hinh vién phan giéi han bdi day cung BC va cung nho BC.
A

B v c
Hinh 9.26

Loi giai

NE

a) Puong tron (O) ngoai tiép tam giac déu ABC nén c6 ban kinh 1a R = T-3 =3 (cm).

b)

=]
@}

Do »ABC la tam giac ddu nén BAC = ABC =60’ .

Xét duong tron (0) co Eﬁl\C, BOC 1in lwot 1a goc noi tiép va goc & tam cung chin cung BC nén

ﬁ?:%ﬁ?, suy ra BOC =2BAC =2-60" =120".

Do d6 cung nho BC ¢6 s6 do bang 120°.

Dién tich hinh quat tron ban kinh R = J3em g voi cung nho BC ¢6 s6 do bang 120 1a:

g - nrR? B 120-7:-(\/5)2 B
360 360

Goi H 1a giao diém ciia AO va BC . Khi d6 AH vira la duong trung truc, vira 1a dudng phan giac, ciing 1a

duodng cao cua tam giac.

ﬂ(sz).

Vi BO la phan gidc ctia goc ABC nén OBH = %Zz% :%~60° =30".

Xét AOBH vuong tai H, c6: OH = OB-sin OBH = R -sin 30’ =§(cm)



Dién tich cua tam gidc OBC 1a: S, = %OH -BC =%-—-3 = _(sz)_

Goi S 1a dién tich vién phan giéi han boi day cung BC va cung nho BC .

. N,
Taco: S=S, -8, =7Z—T(cm )
A \ [N A [y 5. A \ 5 r [N ’ M 3\/§ 2
Vay hinh vién phén gidi han bdi day cung BC va cung nhé BC c6 di¢n tich bang 7 _T( cm ) .

9.16. Trong mot khu vui choi ¢6 dang hinh tam gidc déu v6i d6 dai canh bang 60m , ngudi ta mudn tim
mot vi tri dit bo phat song wifi sao cho & chd nao trong khu vui choi dé déu c6 thé bt duogc song. Biét
rang bo phat song d6 c6 tam phat song tbi da 1a 50m , hoi c¢6 thé tim dwoc vi tri dé dat bo phat song nhu
vay hay khong?

Loi gidai

A
’ ‘
N
Goi O la vi tri dat cuc phat wifi; ba diém A,B,C la ba dinh cta khu vui choi c6 dang hinh tam gidc déu
canh bang 60 m . Khi 6 AB=BC=CA =60m.
Dé vi tri dit bo phat séng wifi sao cho & chd nao trong khu vui choi d6 déu c6 thé bt dugc song thi O 1a
tam duong tron ngoai tiép tam giac ABC .

A N o y NN

Do d6 ban kinh duong tron ngoai tiép tam giac ABC la R = 5 60 =20~/3 ~ 34, 64(m) .
Ta thdy R <50(m) nén bd phat song dit ¢ O 1a tAm dudng tron ngoai tiép tam giac ABC thi ca khu vui
choi d6 déu co thé bét dugc song.
9.17. Ngudi ta v& ban quy hoach ctia mot khu dan cu duoc bao xung quanh boi ba con dudng thing lap
thanh mot tam giac voi do dai cac canh 1a 900m,1200m va 1500m (H.9.27).
a) Tinh chu vi va dién tich ctia phan dét gi6i han boi tam giac trén.
b) Ho mudn xay dung mot khach san bén trong khu dan cu cach déu ca ba con dudong d6. Héi khi d6
khach san

s€ cach moi con duong mét khoang 1a bao nhiéu?

Hinh 9.27

Loi gidi



Goi A4,B,C laba dinh ctia khu dan cu sao cho AB=900m,BC =1500m va AC =1200m.
Xét aABC co:

- AB? + AC* =900* +1200* = 2250000;

- BC? =1500° = 2250000

Do d6 AB*> + AC* = BC?, nén theo dinh li Pythagore dao ta co6 aABC vuong tai A.
a) Chu vi ctia phan dat gi6i han boi tam giac ABC 1a: AB+ BC + CA =900+ 1500 +1200 = 3600(m)

Dién tich ctia phan dat giéi han boi tam gidc trén 1a: S s = % “AB-AC = % -900-1200 = 540000( mz)

b) Goi O 1a vi tri xay dung khach san; H,I,K lan luot 1a chan duong vudng goc ké tr O dén AB,BC,CA.
Vi vi trf xdy dung khach san cach déu ca ba con duong nén OH = OI = OK .

1 1 1
Mt khdc, S, =+ OH - AB; Soyc =+ O BC; Syc, =+ OK -CA.

1 1 1
Ma S iy = Sous + Soc +Socs- SUy 1a S yc =+ OH - AB+_- 0l -BC+—-OK -CA

PAYS 2-540000
AB+BC+CA 3600
Vay khach san s& cach mdi con duong mot khoang 1a 300 mét.

B. BAI TAP THEM

Do dé S e =%-OH-(AB+BC+CA) .Nén OH = =300(m).

Bai 1: Quan sat Hinh 3 va cho biét mot tam giac noi tiép dudng tron (I) va ba tam giac khong noi tiép

duong tron (7).

F
Loi giai
O Hinh 3, ta c6: mot tam giac noi tiép duong tron (I) 1a tam gidc HGE ; ba tam giac khong noi tiép duong
tron (/) 1a cac tam giac GHF, HEF, GEF.

Bai 2: Cho hai tam gisc ABC va ABD (Hinh 4) ¢6 BAC = BAD =90°, AB =3 cm,
AD=4cm,AC=6 cm.



|
# 4 D

a) Xac dinh cac diém 0,7 1an luot 13 tAm cta dudng tron ngoai tiép cac tam gidc ABC va ABD.
b) Tinh ban kinh cua cac duong tron (O) va (I).

Loi giai

a) Do tam gidc ABC vudng tai 4 nén trung diém ciia canh huyén BC 14 tim dudng tron ngoai tiép tam
giac ABC . Tuong tu, do tam gidc ABD vuodng tai 4 nén trung diém cia canh huyén BD la tdm duong
tron ngoai tiép tam giac ABD . Vay O, lan luot 1a trung diém ciia BC va BD.

BC NAB+4C* 3+6 35
L Be - =Y (em).

2 2 2 2

BD NAB+AD* ¥ +4 5

L BD_ - =2 (em).

b) Ban kinh cua duong tron (O) 1a

2 2 2 2
Bai 3: Cho tam giac déu ABC nodi tiép duong tron ban kinh 5dm . Tinh do dai canh cua tam giac déu
ABC @o.

Bén kinh ctia duong tron (/) la

Loi giai
a3

Goi a la dg dai canh cta tam giac déu ABC noi tiép duong tron ban kinh R =5dm . Khi d6 5= T nén

a= 15 = 5\/§ . Vay do6 dai canh cua tam gidc ABC 1la 5\/§dm.

NG
Bai 4: Cho tam giac ABC vudng tai A4 c6 ban kinh duong tron ndi tiép 1a 7 . Chimg minh rang:
r_AB+AC—BC
5 .

B D 2
Goi / 1a tim duong tron ndi tiép tam gidc ABC vudngtai A va (1 ) tiép xtic voi AB, BC, AC lan luot tai
F,D,E.
T gidc AFIE co: A=90° (gia thiét), AFI = AEI =90° va AF = AE (tinh chét ctia tiép tuyén).
Do d6 tir gidc AFIE 1a hinh vuong va AE = AF =r.
Mat khac: BD = BF va CD = CE (do tinh chat cta hai ti€p tuyén cat nhau).
Tur d6, ta c6: AB+ AC—BC = AF + FB+ AE + EC—(BD+DC) =2r.
_ AB+AC-BC

Vay r
ay 2




Bai 5: Cho tam gidc 4BC ngoai tiép dudng tron (7;r). Céc canh AB, AC lan luot tiép xtc véi (1) tai
D va E . Ching minh rang néu AB < AC thi BE<CD.

Loi gigi

A

B C

Lay diém F trén AC sao cho AB=AF .Do AB< AC vi AB= AF nén F nam trén doan thing AC .
Xét hai tam giac ADF va AEB c6: AD = AE (tinh chét hai tiép tuyén cat nhau); A 1a gbc chung;
AF = AB nén aADF =aAEB (c.g.c). Do d6 DF = BE(1).
Lai c6 tam giac ABF cantai A (vi AB= AF ) nén géc AFB 1a goc nhon. Suy ra goc AFD cling 1a goc
nhon va goc DFC la goc tu. Trong tam gidc DFC c¢6 goc DFC la géc tui nén DF < CD (2).
Tu (1) va(2)suyra BE<CD.
Bai 6. Cho tam gidc ABC cantai 4, co O,I lan luot 1a tAm cac duong tron ngoai tiép va dudng tron
noi tiép tam giac ABC .
a) Chimg minh rang;

e Badiém 4,0, cung thudc mot duong théng;

e Duong thing OA4 vudng goc véi BC va di qua diém chinh giita D (khac diém A) cua cung

BC.

b) Cho BC =24 cm, AC =20 cm. Tinh d9 dai ban kinh R cua duong tron ngoai tiép va ban kinh 7 cta

duong tron nodi tiép tam giac ABC .
Loi giai
(Hinh 17).
a) Hoc sinh tu lam.
b) Do BC =24 cm, AC =20 cm néntaco AH =y AC*>—HC? =16( cm). Lai

4

B\jl/c
Vi,
Hinh 17
c6 aACH « aADC nén AC* = AH.AD , suyra 20° =16. AD hay AD =25 cm. Do do,

R=AD:2=12,5cm.

. IH BH 1
Do BI la phan gidc cua goc ABH nén—=—:—=§.Tacé
IA BA 20 5
IH IH
TH 3y =3 23 weta L =2 Vivay r=6cm.
A 5 IH+14 345 8 16 8

Bai 7. Cho tam giac nhon ABC . Cac dudng cao BE,CD cua tam gidc ABC cat nhau tai K . Tim tdm

duodng tron ngoai ti€p moi tam giac sau:



a) Tam gidc BDE
b) Tam giac DEC;
¢) Tam gidc ADE .

a) Goi O la trung diém cta BC. Do tam giac BDC vudbng & D va BEC vudng & E nén
OB=0D=0C=0E ( ’ ) Do d6, O 14 tam dudng tron ngoai tiép tam giac BDE .
b) Do(*), tacé O la tim duong tron ngoai tiép tam gidc DEC .
¢) Goi 7 1a trung diém cta AK . Do tam gidc ADK vudéng & D va tam giac AEK vudng & E nén
IA=1IK =1E =1ID . Do d6, I 1a tam dudng tron ngoai tiép tam giac ADE .
Bai 8. Cho tam giac nhon ABC(E > é) , phan giac AM . Goi O,0,,0, lan luot 13 tAm dudng tron ngoai
tiép cac tam giac ABC, AMB, AMC . Ching minh rang;
a) 00,,00,,0,0, lan lugt 1a cic duong trung tryc cia AB,AC,AM ;
b) Tam giac OO,0, cén.

Loi giai

&
)

a) Do 04 = 0B va O,A=0,B nén 00, la dudng trung truc ciia 4B . Twong ty 00,,0,0, lan luot 13 cic

duong trung tryc cia AC, AM .
b) Goi P,Q,R lan luot 1a trung diém cia AC, AM,AB;N la giao diém cua QO, va AC. Ta co

—

00,0 = RAQ =¥(= 180° —@)

Mit khac O,NP = ANQ nén 90° —O,NP =90° — ANQ..
——  — BAC
Suy ra: NO,P = QAN —T (2). T (1) va (2) suy ra OOO OO O, .
Do do, tam giac 00,0, cantai O.
Bai 9. Trén dudmg tron (O) bén kinh R, ldy cc diém 4,B,C,D sao cho sd AB=60",sd BC =90, sd

CD =120° (Hinh 7).



60°
A B
90°
o
D \_/ ¢

120°
a) Xac dinh tdm va tinh theo R ban kinh duong tron ngoai tiép cua cac tam giac O4AB, OBC,04AD,0DC
b) Goi I 1a giao diém ctia AC va BD. Tinh ban kinh dudng tron ngoai tiép ctia cac tam giac IAB, IBC,
IAD, IDC.
Loi giai

4 B
0
D\If/c
K

a) Goi G 1a trong tAm ciia tam gidc OAB . Tam gidc OAB 1a tam giac déu véi canh 4B =R nén c6 tim

3 . .
. Tam giac OBC vuong tai O, co

duong tron ngoai tiép 1a G va ban kinh duong tron ngoai tiép 1a

canh huyén BC = R+2 nén tam, ban kinh duong tron ngoai tiép ctia n6 1an luot 1a trung diém E cia BC

R2
va —.
2

. 4 . M o2 R 2
Tuong tu tdm, ban kinh dudng tron ngoai ti€p tam gidc OAD lan luot 1a trung diém F cia 4D va ;/—
Goi H 1a trung diém ciia DC va giao diém cla tia OH va cung nhd CD 1a K . D& thay K 1a diém chinh
giita cia cung nhd DC va KD = KO = KC = R . Vay tdm va ban kinh dudng tron ngoai tiép tam giac ODC
lanlugtla K va R,
b) Do CAB = DBA =45 nén AIB =90’ hay AC vuong goc voi BD . Mét khac, AB=R,BC=A4D = R2
va DC = R+/3 do d6 ban kinh duong tron ngoai tiép cua cac tam giac IAB, IBC, IAD, IDC lan luot la:
R RV2 RV2 RSB

22 2 2

Bai 10.Cho tam gidc ABC vuodngtai A c6 AB=6,AC =8, ban kinh dudng tron noi tiép 1a », ban kinh
duong tron ngoai tiép 1a R . Tinh %
Loi giai
Tam giac ABC vuongtai 4 c6 AB=6,AC=8 dodo BC=10 va R=10:2=5.
AB+ AC—-BC

Laico r= :2.SuyraL:—.
R 5

Bai 11. Cho tam giac déu ABC noi tiép duong tron tim O, ban kinh R .

a) Chirng minh rang O ciing 12 tim duong tron ndi tiép tam giac ABC .

b) V& tam giac IJK ngoai tiép dudng tron (O;R) v6i JK//BC,1J//AC,IK /| AB . Chlrng minh tam gidc
UK déu.




¢) Goi R 'l1a ban kinh ctia duong tron ngoai tiép tam gidc IJK va r 1a ban kinh ctia duong tron noi tiép
tam gidc ABC . Tinh %

Loi giai

a) Hoc sinh tu lam.
b) Do JK //BC va IK //AB nén ti gidc ABCK

14 hinh binh hanh. Mt khac, ABC = 60°.
Suy ra AKC = 60" hay IKJ = 60" .

Tuong tu KJI =60
Do d6, tam giac IJK 1a tam giac déu.

¢) R'= JKV3 = 24K3 = 2BC\3 ma O4 = BCY3 nén R'=204=404"=4r.
3 3 3 3
ro1
Vay —=—.
W R 4

Bai 12.Cho hai dudng tron (O) va (O') cit nhau tai hai diém phan biét 4, B. Puong thing 40 cét (O)
va (0') 1an luot tai hai diem C,E (khac duiém A ). Duong thing 40’ cét (O) va (O') lan luot tai hai
diém D,F (khac diém A). Ching minh:

a) C,B,F thang hang;

b) Bébn diém C,D,E,F cung nam trén mot duong tron;
¢) A 1a tim dudng tron noi tiép tam giac BDE .

a) Do AC va AF lan luot 1a duwong kinh cia dudng tron (0) va (O') nén ABC =90°, ABF =90° . Suy
ra C,B,F thang hang.

b) Hoc sinh tu lam.

¢) Ta ¢6 DCA=DBA (hai géc ndi tiép cing chén cung DA cua dudng tron (O))(1). Tuong tu

ABE = AFE va DCE = DFE (2). Tt (1) va (2) suy ra ABE = DBA, do d6 BA 1a phan gi4c ctia goc DBE
. Tuong tu, DA 1a phan giac ctia gbc BDE . Suy ra A 1a tim duong tron ndi tiép tam giac BDE .



Bai 13.Cho tam gidc ABC vudng can tai C va ndi tiép duong tron (O;R). E 1a diém tuy y trén cung
nhd AC cua dudng tron d6. Goi F 1a giao diém cua EB va CO,I 1a tAm dudng tron ngoai tiép tam giac
ECF . Chting minh rang khi E di chuyén trén cung nhd AC thi 7 luén di chuyén trén mot doan thang
c6 dinh.

Loi giai
C

i
F
D

Ta c6 CEB = CAB = 45° (hai goc ndi tiép ciing chan cung CB ctia duong tron (0)). Mit khéc, I 1a tim

Q
E

duong tron ngoai tiép tam giac ECF , do d6 CIF =2.CEF =90°. Ma IC = IF suy ra tam giac /CF vuong
can tai [/, do do ICF = 45" Lai co ACO = 45° ,suy ra I nam trén AC . Vay khi E di chuyén trén cung
nho AC thi I di chuyén trén doan thing

Bai 14: Trong céac hinh 9a,9b,9¢, ¢ hinh nao ta cé tr gidc ABCD 1a tir giac ndi tiép?

A
100°

755
- i)

A
/\
g 30 B
W
a) C o) € B
Loi giai

e O Hinh 94, néu t gidc ABCD ndi tiép thi DAB + BCD =180° nhung ta lai co DAB+BCD =175° suy
ra vo li. Vay tr gidc ABCD & Hinh 9a khong 1a ti giac ndi tiep.

e OHinh 9b,vi 4D = AB =6 cm nén tam giac ADB cantai A,dod6 ABD = ADB =30". Mat khéac, xét
tr gidc ABCD, ta c6 AB=BC=CD=DA nén tt gidc ABCD la hinh thoi, do do:
ADC = ABC =2ABD =60°. Tuc la to giac ABCD c6 ADC+ ABC =120°. Vi vay, li luan tuong tu
nhu trén tor gidc ABCD ¢ Hinh 96 khong 1a tir gidc ndi tiep.

e O Hinh 9¢, ta c6 OA=0B=0C =0D nén duong tron tim O, ban kinh OA4 di qua ca bén dinh
A,B,C,D cua tir gidc ABCD. Vi vay, tir gidc ABCD & Hinh 9¢ 1a ttr giac noi tiép.

Bai 15: Tinh s6 do goc DAB trong Hinh 10.




Loi gidi
Do ttr gidc ABCD ndi tiép duong tron (O) nén ADC + ABC =180° hay 7x+3x=180".
Suy ra: x=18 va DCB=2x=2-18" =36".
Mt khéc, DCB+ DAB =180,
Do d6 DAB =180° — DCB = 180" —36" = 144",
Vay s6 do goc DAB bang 144°.
Bai 16: Cho hinh thang ABCD(AB//CD, AB < CD) ¢6 DCB = ADC =60°, CD = 2AD . Chitng minh
hinh thang 4BCD ndi tiép dudng tron.
Loi gidi
Goi / 1a trung diém cta CD(1).
D — \
Khi d6: ID = % = AD nén tam gidc IAD cantai D.Ma ADC =60 nén tam giac /4D la tam giac déu.
Suy ra I4=1D(2).

A B

D 1 ¢

Tacé AB//CD va DCB = ADC nén tit gidc ABCD 1a hinh thang can.

Suy ra BC=AD.Ma IC=1D = AD néq IC = BC. Do do, tam giac /BC can tai C, lai co lﬁ =60"
nén tam gidc /BC la tam giac déu. Vithé IC=1B (3). Tu (1), (2), 3)suyra IA=ID=IB=1IC. Tuc la
hinh thang ABCD ndi ti€p trong duong tron tam / ban kinh /4.

Bai 17: Cho hinh thoi 4BCD, c6 AB =13 cm,A0=12 cm ( O 1a giao diém cua hai duong chéo
AC,BD).M,N,P,Q lan luot 14 trung diém ctia AB, BC,CD,DA .

a) Chung minh t giac MNPQ ndi tiép duong tron.

b) Tinh ti s6 dién tich hinh thoi 4BCD va dién tich hinh tron ngoai tiép t&r gisc MNPQ (liy 7 ~3,14 va
1am tron két qua dén hang phan mudi).

Loi giai
B
M N
A < C
0 P
D

a) Taco M,N,P,Q lan luot trung diém cua AB,BC,CA,DA (gia thiét) va AC L BD tai O (vi O 1a giao
diém hai duong chéo AC,BD cua hinh thoi ABCD). Suy ra OM,ON,OP,0Q lan luot 1a duong trung
tuyén tmg v&i canh huyén cua cac tam giac vuéng OAB,OBC,0CD,ODA .

AB CB CD DA

Do do, ta c6: OM =—;0ON =— ;0P =——;00 =—.
2 2 2 2



Ma AB=BC =CD = DA nén OM =ON =OP = 0Q . Vi vay tir gidic MNPQ ndi tiép dudng tron tim O
ban kinh ﬁ
2
b) Tacé AB=13 cm, 40 =12 cm va AOB=90" nén BO =+ AB> - 40* =5( cm).
AC-BD (2-12)-(2-5)
2 2

Dién tich hinh thoi 4BCD 1a: - 120( cm? ) .

2
Dién tich hinh tron ngoai tiép t giac MNPQ la: ﬂ-(%j ~3,14-6,5" =132,665( cm’)

Vay ti sb dién tich hinh thoi ABCD va dién tich hinh tron ngoai tiép tir giac MNPQ la khoang:
120:132,665~0,9 .

Bai 19. Cho hai dudng tron (0),(O') giao nhau tai 4,8 va CD la mét day cung clia (O). Tia CA4 cit
(0') tai E vatia DB cét (O') tai F . Chimg minh EF song song véi CD.

Loi gii
Ta c6 tit gidc ABDC ndi tiép duong tron (O) nén ACD = ﬁ(: 180° — Zﬁ))(l) .

Mit khac, tir giic ABFE nbi tiép duong tron (O') suyra ABF + AEF =180° (2).
Tir (1) va (2) ta 6 ACD+ AEF =180° hay ECD +CEF =180°. Suy ra EF //CD.

Bai 20.Cho duong tron (O) ngoai tiép tam giac déu ABC . Piém E nam trén cung nhé BC ( E khac B

va C). ED la tia ddi ctia tia EB. Ching minh EC 1a phén giac cta goc AED va EA 1a phan gic ctia
goc BEC .
Loi giai
4

D
Do tir gidc ABEC ndi tiép dudng tronnén CED = BAC = 60° (= 180" — B/E\C) .

Mit khac AEC = ABC = 60" nén ta c6 AEC = CED =60". Do d6, EC 1a phan gidc cta goc AED.
Tuong tu ta co AEC = ABC =60° va AEB = ACB =60 .
Do d6 AEB = AEC = 60" hay EA 1a phan giac cia goc BEC .

Bai 21.Cho tam giac ABC can & A, H 1a trung diém ctia BC va BAC <90°. Pudng vudng goc véi AB
tai A cit duong thing BC & D.Ké DE vudng goc v6i AC . Chimg minh:



a) AH = EH ;

b) DCE = ABD.
Loi gidi

B HWD
E

a) Do tam gidc ABC cantai 4 va H la trung diém cia BC nén BAH = HAC (1). Vi céc tam giac AHD
va AED lan luot vudng tai H va E nén tor gidc AHED ndi tiep duong tron duong kinh 4D suy ra
ADH = AEH
Mit khic ADH = BAH (3) (vi cing cong véi HAD bing 90°). Tix (1), (2), (3) suy ra HAC = AEH . Do
do, tam giac HAE cantai H. Vivay AH = EH .
b) Hoc sinh tu lam.

Bai 22. Cho @ =60° va diém B nim trong goc xAy . Ké dudng thang BN vudng goc voi Ay cat Ax
tai H ; ké dudng thang BM vudng goc véi Ax cit Ay tai K . Ching minh:
X

H

M,
B

60° B
A e y

a) Cac tr giac AMBN, HMNK 13 cac tir giac noi tiép duuong tron;
b) HK =2MN .
Loi giai
a) Goi /,J lan luogt 1a trung diém ciia 4B, HK . Khi &6 MI, NI 1an luot 1a cac duong trung tuyén (mg véi

) AB
canh huyén AB cua cac tam giac vuong AMB, ANB nén IM =IN =IA=1IB = - Suy ra tr gidc AMBN

noi tiép duong tron tam I duong kinh AB . Tuodng tu ti gidc HMNK ndi tiép duong tron tim J dudng
kinh HK .
b) Do tir giac HMNK ndi tiép duong tron nén AMN = NKH (= 180° — HMN ) hay

HK AH

AMN = AKH. MaAMAN = KAH suy ras AMN aca AKH. Do d6—— = == #(3)
MN AN
: : : o4 ._ 4 T 1 .
Lai c6 tam gidc AHN vuong tai N nén cosHAN =—N hay cos60 =—N, tac la —N=—. Do d6
AH AH AH 2

AH =2A4AN (4). Tu (3) va (4) suy ra HK =2MN .

Bai 23. Cho hinh vudéng ABCD . Trén canh AB lay diém M . Pudng thing qua C vudng goc vi CM
cét cac tia AB, AD lan lugttai E va F . Tia CM cét dudong thing 4D tai N . Chung minh rang:

a) NCA=MFN va NEA= NCA ;

b) CM +CN = EF .



B C
M) 4

N A4 D ¥
a) Ta co cac diém 4, M,C,F cach déudiém 7 (trung diém cua MF ) suy ra tir gidc AMCF ndi tiép duong

tron. Do ti gidc AMCF noi tiép dudng tron nén MCA = MFA hay NCA=MFN. Tuong tu tir giac NACE
noi tiép dudng tron nén NEA = NCA
b) Ta c6 ti gidc NACE ndi tiép duong tron nén ENC = EAC =45 .Ma NCE =90". Suy ra tam gidc CEN
can tai C. Vithé CN =CE (1). Tuong ty tam gidc CMF cantai C suyra CM =CF (2). Tu (1) va (2)
suyra CM +CN =CE+CF =EF .
Bai 24. Chtig minh rang mdi hinh thang can 1a mot tir gidc noi tiép duong tron.

Loi giai

D K

Goi IK 1a tryc dbi xing cua hinh thang can ABCD . Dung duong trung truc d cua AD. Goi O la giao
diém cia d va IK . D& thiy O4 = OB =0OC = 0D suy racac A4,B,C,D déu thuoc duong tron tim O, ban
kinh OA4 hay hinh thang can 4BCD ndi tiép dudng tron.

Bai 25. Cho tam gidc ABC vudng can tai C va ndi tiép dudng tron (O;R). E la diém tuy ¥ trén
cung nhd AC . Goi I 1a giao diém ctia EB va AC.Ké IK vudng goc v6i AB . Chirng minh rang khi E

di chuyén trén cung nho AC thi EK ludn di qua mot diém cé dinh.
Loi giai

Hinh 29

Ké duong kinh CD suyra D ¢ dinh. Ta c6 AEI = AKT = 90° nén tir giac EIKA noi tiép duong tron duong
kinh Al. Tu d6 suy ra KAI = KEI . Lai co KAI = 45° (do tam gidc ACB vuodng can tai C) do do



KEI = 45° hay BEK =45 (1). Mit khac, BED =45 (do D 1a diém chinh giita cia cung 4B) (2). Tir (1)
va (2) suy ra E,K,D thing hang. Vay khi E di chuyén trén cung nhé AC thi EK ludn di qua diém D

c0 dinh.



BAI 29. TU GIAC NOI TIEP.
A. CAC KIEN THUC CAN NHO
1 Pwong tron ngoai tiép mot tir giac
Puong tron di qua bon dinh ciia mdt tir giac
Tt giac c6 bon dinh nam trén mot dudng tron duoc goi 14 tr giac ndi tiép dudng tron (hodc don gian 1a tir
giac ndi tlep) va duong tron dugc goi 1a dudng tron ngoai tlep tur giac.

Vi du 1. Trong céc hinh sau (H.9.30), hinh nao v& mdt tir gidc ndi tiép mot duong tron?

a) b) c)
Hinh 9.30
Loi giai
Hinh a va b khong v& tir giac noi tiép duong tron vi mdi tir gidc c6 ba dinh nam trén dudng tron va dinh
con lai khong nam trén duong tron.
Hinh ¢ v& tir gidc noi tiép duong tron vi tr gidc c6 bdn dinh ndm trén duong tron.
Téng qudt, chiing ta cé dinh li sau ddy vé tong sé do cdc géc déi nhau ciia mét tir gidc ngi tiép.
Dinh li

Trong mot tir giac noi tiép, tong s6 do hai goc ddi nhau bang 180"

GT | Ta gide ABCD nditiép (O).

KL | 4+C=180°;B+D=180".

Chtrng minh

A

Hinh 9.31

Do hai diém B, D chia duong tron (O) thanh hai cung BCD va BAD nén sd BCD +sd BAD =360’ .

—

Do A4 va C la céc goc ndi tiép cua duong tron (O) 1an luot chin cung BCD va BAD nén

A+C = %sa"BCD+%sd‘BAD =180". Tuong tu, B+D=180".

Vi du 2. Cho tt giac ABCD ndi tiép duong tron (O) nhu Hinh 9.32. Hai duong thing 4B va DC cit
nhau tai X . Biét ring DAB =70", ABC =130’ . Tinh sb do ciia céc goc BCD va BXC .

Loi gidi



Hinh 9.32
Vi ABCD 1a ttr giac ndi tiép dudng tron (O) nén cac goc dbi dién co tong s6 do bang 180°.

Do d6 DAB+BCD =180, hay BCD =180" -~ DAB =180"-70" =110".
Tuong tu, ta c6: ABC +CDA=180", hay CDA=180"— ABC =180 —130" = 50".
Vi tong cac goc trong tam giac AXD bang 180" nén:
BXC = AXD =180" — DAB—CDA=180"~70"—50" = 60"
2. Pwong tron ngoai tiép hinh chir nhit va hinh vuong
Puong tron ngoai tiép hinh chir nhat va hinh vudng
Ta c6 khang dinh sau:
Hinh chit nhét va hinh vuéng 13 cic tir gidc ndi tiép. Pudng tron ngoai tiép ctia ching c6 tim 1 giao diém
cua hai duong chéo va ban kinh bang mdt ntra d§ dai duong chéo.
Vi du 3. Cho hinh chit nhat ABCD c6 AB=3cm, AD =4cm. V& dudng tron (O; R) ngoai tiép hinh chir
nhat ABCD va tinh ban kinh R.
Loi gidi
Goi O 1a giao diém ciia AC va BD. V& duodng tron tAm O ban kinh R = O4. Puong tron (O;R) vira vé
ngoai
tiép hinh chit nhat ABCD (H.9.35).

A 4 cm D
3cm
O
B C
Hinh 8.35

Ap dung dinh 1i Pythagore cho tam giac ABD vudng tai A4, ta cé:
BD* = AB* + AD* =3 +4%> =25 nén BD = 5(cm). Do d6,taco R =%= 2,5cm.

B. CAC DANG TOAN

DANG 1. TINH GOC CUA TU GIAC NOI TIEP PUONG TRON

1. Phwong phap

e Tigidc ABCD ndi tiép dwge duwdng tron thi cé tong s6 do hai goc doi dién bing 180°.




ABCD ndi tiép duoc dudng tron nén 1/4\1 + 6\1 =180° va B+ D =180"

e Tigidc ABCD ndi tiép dwgc duong tron thi c6 goc bing goc ké ciia géc ddi ciia né.

—~ o~

ABCD ndi tiép duoc dudng tron nén 4, +C, =180° ma C, +C, =180° (hai géc ké bu) = A4, =C,
Chu y: Can nim lai kién thirc goc noi tiép va goc & tim

e Goc nodi tiép c6 sd do bang nira sé do cung bi chén.

e Goc & tam c6 sb do bang cung bi chin.

e Goc noi tiép va goc ¢ tim cliing chin mot cung thi goc ndi tiép bang nira goc & tam.
2.Vidu

Vidul. Trong cic ttr gidc sau, tt giac nao noi tiép dugc duong tron? Giai thich.

SRR,

Loi giai
O hinh a) va hinh b), t&r giac khong ndi tiép dudng tron vi c6 mot dinh tir giac khong ndm trén duong tron
O hinh ¢), t&r gidc noi tiép duong tron vi 4 dinh ttr gidc nam trén dudng tron

Vidy2.  Trong hinh v& duéi day, cho a =140°.

a) Tinh céc goc ABC, ADC cua tir gide ABCD.



b) Tinh BAD+ BCD.
Loi giai

— 1 1 L ,
a) Taco: ABC = Ea = 5.1400 =70" (gbc ndi tiep va goc & tam cung chan cung AC)

ABC + ADC =180° (t& gidc ABCD ndi tiép dudng tron )

70° + ADC =180°

ADC =180° - 70"

ADC =110"

b) ttr gidc ABCD ndi tiép dudng tron nén BAD+BCD =180".
Vidu3. Trong hinh vé& duéi day, cho ADC =40°, BCD =100".

a) Tinh cac goc 1@2’,@ cua tu giac ABCD.
b) Tinh BXC .
Loi giai
a) Ta co:
ABC + ADC =180° (t&r gidc ABCD ndi tiép dudng tron )
ABC +40° =180"
ABC =180° — 40°
ABC =140"
BAD + BCD = 180° (tir gidc ABCD ndi tiép dudng tron )
BAD +100° =180°
BAD =180 — 100"
BAD =80°
b) Ta co:
AXD + XAD + XDA =180° (tong ba goc ciia tam giac ADX )
AXD +80° +40° = 180°
AXD =180° —(80° +40°)
AXD = 60°
Vidu4. Cho tir gidc ABCD ndi tiép dudng tron. Tinh sé do cac goc con lai ctia tir gide d6 trong cac
truon hop sau:

a) A=45"va B=155".



b) B=60° va C =85,

a)

-Tacd: A+C =180° (tir gidc ABCD i tiép duong tron )

45° + C =180°

C =180° —45°

C =135

-Tacé: B+D=180" (tir gidc ABCD i tiép duong tron )

155" + D =180°

D =180 -155°

D =25°

b) B=60° va C =85,

-Tacé: B+ D =180"(tir gidc ABCD noi tiép duong tron )

60° + D =180"

D =180° - 60°

D =120

~Tacé: A+C =180° (tir gidc ABCD i tiép duong tron )
+85° =180°

—85°

L SO NI N
Il
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DANG 2. CHUNG MINH TU GIAC NQI TIEP BPUONG TRON

1. Phuwong phap chung
e Phwong phap 1: Pé tir gidc ABCD noi tiép dugc dudng tron thi ta ching minh A+C =180 hodc
B+D=180".




Chii y: Tt giac co hai goc d6i dién déu bang 90° thi tim dudng tron ngoai tiép tir giac do 1a trung diém
ctia canh ddi dién hai goc vudng do.

2. Ta can thudc cac bo dé sau dé van dung chirng minh tit giac dé noi tiep duwgc dwong tron.

Bo dé 1: Ta gidc c6 goc bang gbéc ke cua goc doi cua no thi tir gide doé ndi tiep dugc dudng tron.

ABCD la tu giac
Gia thiét
4, =G,
, T& gidc ABCD ndi ti€p duoc duong
Két luan
tron.

Chung minh:
Ta co: :4\1 = 6; (gia thiét)
C,+C, =180" (hai goc ké bir)
Suyra A4 +C, =180°

T gidc ABCD c¢6 tong sd do hai goc ddi :4\1 va a bang 180°, do d6 tir gisc ABCD ndi tiép duogc
duong tron.

B6 dé 2: T giac c6 hai dinh ké nhau va cung bang 90°, déng thoi cung nhin dudi mot canh thi tr gic noi
tiép duoc dudng tron.

ABCD |a t& gidc c6 1a hai géc k& ABD, ACD

cung nhin dudi canh 4D .
Gia thiét
ABD = ACD =90°

0A4A=0D

T& gidc ABCD ndi tiép duoc dudng tron cd



0

Ching minh:

Xét tam gidc ABD c6 ABD =90 va BO la duong trung tuyén nén OB = 0A=0D = %AD (1)

Xét tam giac ACD c6 ACD=90" va CO la duong trung tuyén nén OC = 0A=0D = %AD (2)

Tu (1) va (2) suy ra OA=0OB=0C =0D

Vay tir gidc ABCD noi tiép dugce dudng tron cd tim 1a trung diém AD .
Chu y:

Mé rong bd dé 2: Tt giac c6 hai dinh ké nhau va bang nhau dong thoi cting nhin dudi mét canh thi tir
giac ndi tiép duoc.

—_

Néu CAD = CBD = a thi ABCD ndi tip
Bo dé 3: Cho hai duong thang ALA, cit nhau tai diém M . Trén hai duong thang ALA, lan luot 13y cac
diém A,B va C,D khi d6 4 diém A,B,C,D cung thudoc mot dudng tron khi va chi khi
MA.MB = MC.MD.

A B C
.0 A
M D
D
Hinh 1 Hinh 2

Néu MA.MB = MC.MD thi ABCD ndi tiép
Ta chimg minh tinh chat trén nhu sau:

e Trwong hop 1 (Hinh 1)



Ta coé: MAMB = MC.MD = M—A = M—O

MD  MB
Xét AMACva AMDB co6:
1\721\0 chung
MA = MC (chimg minh trén)
MD  MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB = ABCD ndi tiép.
e Truwong hop 2 (Hinh 2)

Ta co: MAMB — MC.MD — MA _ MC

MD MB
Xét AMAC va AMDB cbé:

—_—

AMC = DMB (dbi dinh)

MA = MC (chiing minh trén)
MD  MB

= AMAC ~ AMDB(c - g —¢) = MAC = MDB

Vay tir giac Al? CD co6 hai dinh A va D ké nhau, cting nhin canh BC' dudi hai goc bang nhau nén tir
giac ABCD ndi tiép dugce duong tron.
Nhén xét: Trong bai tip chirng minh tt giac noi tiép chu yéu str dung B6 dé 1 va B6 dé 2, con B6 dé 2 mo
rong V’é BQ dé‘ 3 hau nhu khénquupg deén. N6 chi dung cho hoc sinh chuyén toan, vi thé cac em khong quan
tam dén B6 d€ 2 md rong va B6 dé 3 nhé .
2.Vidu
Vidu 1. Cho tam giac ABC c6 ba goc nhon. V@ cac dudong cao BD va CE cua tam gidc ABC. Goi H
la giao diém cua BD va CE.
a) Chimg minh ADHE 1a tir gi4c noi tiép.
b) Ching minh BCDE 13 tir giac noi tiép.

Loi giai

Fa (0]

a) Chimg minh ADHE 1a tir gi4c noi tiép.



BD1 AC — —
Vi BD,CE la cac duong cao cua A4BC nén = AEH = ADH =90".
CE 1 AB

Xét tir gide ADHE c6 AEH + ADH = 90" +90° = 180"

= ADHE 14 tir giac noi tiép (T gidc co tong 2 goc dbi bang 180°).
b) Chiing minh BCDE 1a tir giac ndi tiép.

Goi O 1a trung diém BC .

. o ,  JBDLAC — — .
Vi BD,CE la céc duong cao cua A4ABC nén = BDC =BEC =90
CE 1 AB
— . 1
Xét tam giac BDC ¢6 BDC =90° va DO 1a dudng trung tuyén nén OD =OC = OB = EBC (1)

e r 1
Xét tam giac BEC c6 BEC =90° va EO la duong trung tuyén nén OE = OC = OB = EBC (2)

Tu (l) va (2) suyra OD =0E =0C =OB

Vay tir giac BCDE noi tiép dugce dudng tron co tim O 1a trung diém BC .

Vidu 2. Cho tam giac nhon ABC (AB > AC).Puong tron (I) dudng kinh BC cit AB,AC lan luot tai F,E .
Puong thang BE cit CF tai H va duong thang AH cat BC tai D .

a) Chimg minh tir gidic BFHD ndi tiép.

b) Chung minh ti giac ABDE ndi tiép.

a) Chung minh t& giac BFHD noi tiép.
- Xét dudng tron (/)

CFB =90’ (g6c noi tiép chén nira dudng tron) = CF L AB

CFB = 90° (g6c noi tiép chén nira duong tron) = BE L AC

Suy ra H la tryc tm cua tam gidc ABC hay AH 1 BC = HDB = 90"
- Xét tor gidc BFHD

CFB = HDB = 90° (chémg minh trén)



— CFB+ HDB = 180"
t giac BFHD c6 tong hai goc doi (ﬁ,l—ﬁ bang 180° nén tir gidc BFHD noi tiép.
b) Chtng minh t gidc ABDE ndi tiép.
Goi O 1a trung diém 4B .

. — . 1
Xét tam giac ADB c¢6 ADB =90° va DO la dudng trung tuyén nén OD =04 =0B = EAB (1)

. — . 1
Xét tam giac AEB c6 AEB=90" va EO 1a dudng trung tuyén nén OF = 04A= OB = EAB (2)

Tir (1) va (2) suy ra OD = OE = OA= OB

Vay tir giac ABDE ndi tiép dugc duong tron c6 tim O 1a trung diém 4B .
Vidu 3. Cho ti giac ndi tiép ABCD c6 tam gidc ABC 1a tam giac nhon. V& cac dudong cao AM va CN
ctia tam giac ABC . Goi H 1a giao diém ctia AM va CN .

a) Chirng minh ABC =CHM .
b) Chitng minh ADC = AHC .
c¢) Chirng minh MAC = MNC .
d) Chémg minh MAC +90° = ANM .

a) Chung minh ABC =CHM .

AM 1 BC

Vi AM,CN 1a cac dudng cao cia A4BC nén {CN — BMH = BNH =90 .

L 4B
Xét tir giac BNHM c6 BMH + BNH =90° +90° =180

— BNHM 13 ttr giac ndi tiép (Tt giac c6 tong 2 goc ddi bang 180°).

T gidc BNHM ni tiép nén: MBN + NHM =180° hay CBA+ NHM =180’
ma MBN + NHM =180° (hai goc ké bu)

do 6 CBA = MBN

b) Chimg minh ADC = AHC .

T giac BNHM ndi tiép nén: MBN + NHM =180°

ma AHC = NHM (d6i dinh)

nén MBN + AHC =180°



hay ABC + AHC =180°

Mic khéc tr gidc BNHM ndi tiép dudng tron tim (O) nén ADC + ABC =180°
Do d6 ADC = AHC

c¢) Chirng minh MAC = MNC .

Ta chimg minh ACMN 1a ti giac ndi tiép.
Goi E la trung diém AC .

Xét tam gide AMC ¢6 AMC =90° va ME 1a dudng trung tuyén nén EM = EC = EA = %AC (1)

—— r 1
Xét tam giac ANC c6 ANC =90° va NE 1a duong trung tuyén nén EN = EC = EA = EAC (2)

Tir (1) va (2) suyra EM = EN = EC = E4

Vay tir giac ACMN noi tiép duge duong tron co tim E 1a trung diém AC .

Suy ra MAC = MNC (g6c noi tiép cung chin cung MC cua dudng tron tim E)
d) Chting minh MAC +90° = ANM .

Ta ¢6 MAC + ACM = 90" (hai goc phu nhau)

Hay ACM =90° — MAC

Ma ACM + ANM =180° ( t& gisc ACMN ndi tiép dugc dudng tron, cau c))
Nén 90° — MAC + ANM =180°

Suy ra MAC +90° = ANM

DANG 3. PUONG TRON LIEN QUAN PEN TU GIAC NQI TIEP PUONG TRON, CHUNG
MINH HE THUC, TRUNG DPIEM, Ti LE CANH

Vidu1l. Chotam gidc ABC c6 ba goc nhon, cac duong cao AE, BF va CN catnhautai H (E € BC
,Fe AC, N € AB).

a) Chimg minh t& gidc CEHF ndi tiép.
b) Kéo dai FE cat dudng tron duong kinh BC tai M . Ching minh BM = BN .
¢) Biét AH = BC . Tinh s6 do goc A cia tam giac ABC .

Loi gidi




a) Chimg minh t& giac CEHF noi tiép.

Ta co:

HF L AC(gt) = HFC = 90°

HE L BC(gt) = HEC = 90°

—

Xét t giac CEHF ¢o6: HFC + HEC = 90° + 90° = 180° ma hai goc nay ddi nhau
= CEHF 1a ti giac noi tiép.
b) Kéo dai FE cat duong tron duong kinh BC tai M . Ching minh BM = BN .

Ta co:

HN L AB(gt) = ANH = 90°

HF 1 AC(gt) = AFH = 90°

—

Xét tir giac AFHN ¢6: ANH + AFH = 90° + 90° = 180° ma hai goc nay dbi nhau
= AFHN 1a tt giac noi tiép.

= Jm = ]@ (2 goc ndi tiép cung chan cung HN ) (1)
Ta giac HECF nbi tiép (cmt)

= }ﬁ = I?CTE (2 goc ndi tiép cung chin cung HE ). (2)
Ta c6: BAE = NCB (hai goc cing phuvéi ABC) = NAH = HCE 3)

— =

Tu (1), (2), 3)suyra NFH = HFE hay NFB = BFM .
Xét (0) co: NFB = BFM :
= sdz?TV = sd@ (hai goc ndi tiép bang nhau hai cung chin bang nhau).

= BN = BM (hai cung chin bang nhau hai day bang nhau) (dpcm).
¢) Biét AH = BC . Tinh s6 do goc A cua tam giac ABC..



Xét hai tam gidc vuong FAH va FBH ta co:
AH = BC (gia thiét)

o —_— —

FAH = FBC (vi cung phu voi goc ACE)
Vay AFAH = AFBC
= FA=FB

Mait khac tam gidc AFB vuong c6 FA = FB nén nd vudng can

Vay BAC =45".

Vi du 2. Cho duong tron (O) va diém A nam bén ngoai duong tron. Tir 4 ke cac tiép tuyén AM, AN véi

dudng tron (O)(M, N la cdc tiép diém). Mot duong thang di qua A cit dudng tron (O) tai hai diém P,Q

sao cho Pnam giita 4Ava Q, ddy cung PQ khéng di qua tdm O. Goi I 1a trung diém cua doan PQ,J 1a

giao diém ctia hai duong thang 4Q va MN.Ching minh rang :
a) Nam diém A,M,0,I,N cung nam trén mot duong tron va LJIM = LJIN
b) Tam giac AMP dong dang v6i tam gidc AOM. Va AP.AQ = AI.AJ

Loi giai

N
a) Nam diém 4, M,0,1, N cing ndm trén mot dudng tron va LJIM = LJIN

e Nimdiém 4,M,0,I, N cing nam trén mot dudng tron

Xét duong tron (0) ¢6 I 1a trung diém cua day cung PQ (day PQ khong di qua tim O)

= 0l L PO = £ZPIO =90°= Z410 =90°

= AAIO vuong tai [ = [ thudc duodong tron duong kinh AO

AM 1a tiép tuyén cua (0) = LAMO = 90° (tinh chit tiép tuyén ctia dudng tron)
= AAMO vuong tai M = M thudc duong tron duong kinh 40

Cmtt suy ra N thuoc dudong tron duong kinh AO

Vay 5 diém 4,M,0,I, N cing ndm trén mot dudng tron dudng kinh 40

o ZLJIM =ZJIN

AM , AN 1a tiép tuyén cta duong tron (0)= OA 1a phén giac cia ZMON (tinh chit hai tiép tuyén cit

nhau)= ZAOM = ZAON . Ta co :

ZAOM = ZAIM (hai goc ndi tiép cing chin cung AM)

ZAON = ZAIN (hai gbc ndi tiép cung chin cung AN)ma LAOM = ZAON (cmt)
= LAIM = ZAIN = £JIM = ZJIN(dfcm)



b) Tam giac AMP ddng dang v6i tam gidc AQM.Va AP.AQ = AI.AJ

Xét (0) ¢6 : LMQP = ZAMP (cing chin cung PM) = LMQA = LAMP

Xét AAMP va AAQM co6 :

ZMAQ chung, ZAMP = ZMQA = AAMP ~ AAQM (g.g)

= j_j\]/)[ = 1,44_]‘5 (hai c3p canh twong ng ti 18) = AP.AQ = AM”*(1)

Tacd: ZAMN = ZAIN (cung chin cung AN)= £AMJ = ZJIN

Ma ZJIM = ZJIN (cmt) = LAMJ = ZJIM (do ZJIM = ZJIN —cmt) = LAMJ = LAIM
Xét AAMJ va AAIM co :

LMAI chung, ZAMJ = ZAIM (cmt) = AAMJ ~ AAIM (g.2)

= /114—]\14 = %(cép canh twong (ng ti 18) = A1.4J = AM*(2)

Tu (1) va (2)= AP.AQ = Al.AJ(dfcm)

Vidu 3. Cho duong tron tdam O, duong kinh 4B, ddy CD vudng géc vo1 AB tai F. Goi M 1a mot
diém thudc cung nhé BC (M khac B, M khac C), hai duong thang AM va CD cat nhau tai E

a) Chirng minh t& gidc BMEF ndi tiép

b) Chirng minh tia AMA 1a phan gidc cia goc CMD

c¢) Chirng minh AC* = AE.AM

d) Goi 7 1a giao diém cta hai duong thaing MD va AB, N la giao diém cta hai dudng thang AM va
BC . Ching minh tdm duong tron ngoai ti€p tam gidc CEN nam trén duong thang CI

Loi giai

a)Xét tir gidc BMEF c0:
BFE =90° (gt)

BFE =90° (g6c ndi tiép chén nira duong tron)

= BFE +BME =180
Ma hai goc BFE , BME nim & vi tri d6i nhau nén t gidc BMEF ndi tiép
b) Tacé 4B L CD = F latrung diém ctia CD (mdi lién hé giita duong kinh va dy cung)



= AB 1a duong trung tryc cia CD —sd AC =sd AD
Ta c6 AMC =%sd:4? va AMD =%sd:43

— AMC = AMD = AM 1a phén giac ctua CMD
¢) Xét AACE va AAMC c6: A : chung
m:%saz(f Va@%sd,@:m:@

= AACE# AAMC (g-g) = AC _AE = AC* = AE.AM

AM  AC
d) Trén CI lay diém H sao cho HE vudng goc v6i CD

Can ching minh tr giac CEHN ndi tiép dudng tron duong kinh CH , ta di chimg minh CNE =CHE
Ta c6: NMI = NBI (: %sdfé j = tlr gidc BMNI néi tiép

— NIB + NMB =180° = NIB =90° = tir gidc ACNI ndi tiép

Ta co: CHE =CIA (d6ng vi); CNE =CIA (cing chin cung 1/4?)

= C/NE = C/HF = tir gidc CEHN noi tiép

Ma CEH =90° = CH 1a duong kinh

= tdm dudng tron ngoai tiép tam gidc CEN nam trén CI .

Vidu4. Cho hai duong tron (O;R) va (O';r) tiép xtic ngai tai 4 (R>r). Goi BC la tiép tuyén chung
ngoai cuia hai duong tron nay (véi Be(0)va Ce (0' ) ). Tiép tuyén chung tai 4 clia hai duong tron (O)
va (0) cit doan thang BC tai M .

a) Chirng minh OM vuéng géc véi OM .

b) Goi £ la giao diém cta AB v6i OM va F 1a giao diém ctia AC voi O'M . Chimg minh tir gidc OEFO'

ndi ti€p mot dudng tron.

¢) Goi I 1a tim dudng tron ngoai tiép tir giac OEFO', K 1a trung diém ctia AM . Chimg minh OO0’ = 2IK.
Loi giai

a) Chung minh OM vudng géc véi O'M .



Vi MA va MB 1atiép tuyén ciia (O)nén MO
la tia phan giac cua AMB . Do d6 OMA = %M

MA va MC 1a tiép tuyén cua (O')nén MO

1a tia phan gidc ciia AMC . Do d6 O'MA=%5]\Z4
Suy ra OMO :@+m:%(@+@):%.1800 - 90"
=0M 1LOM

b) Goi E la giao diém ctia 4B véi OM va F 1a giao diém cia AC véi O'M . Chiing minh ttr giac
OEFO' nbi tiép mot dudng tron.

Ta co:

MB = MA ( tinh chat cta hai tiép tuyén cit nhau)
OB = 0A(ban kinh R)

= MO la duong trung truc ciia AB

= MO | AB tai E = MEA=90"

Tuong tu, ta co: MFA=90°



L —

Xét tir gide MEAF ¢6: MEA = MFE = OMO' = 90"

= tlr gidc MEAF 1a hinh chit nhat ( theo dau hiéu nhan biét)
= MEAF la ti giac ndi tiép

= MFE = MAE

Trong tam giac vuong AOM , ta cod MAE = OAE

Vi vy MFE = EOO
Do @6, tir gidc OEFO ndi tiép mot duong tron (goc ngoai bang goc trong cua dinh dbi dién)

¢) Goi I 1a tam dudng tron ngoai tiép tir gidac OEFO', K 14 trung diém cua AM . Chirng minh
00 =2IK.

Can xac dinh tdim  ctia duong tron ngoai tiép t gisc OEFO

V& hai duong trung truc cua hai doan thang £O va FO'lan luot cit EO va FO'tai Hva J . Hai dudng
trung truc nay cat nhau tai 7. / chinh 13 tim duong tron ngoai tiép ti giac OEFO .

Qua O v& dudng thing song song voi MO'. Qua O vé dudng thiang song song v6i MO . Hai dudng thang
nay cit nhau tai N . Theo cach vé& ta duoc tir gidc MONO 12 hinh chit nhat (vi ¢6 3 goc vudng).

Suyra OO = MN (hai dudng chéo ctia hinh chir nhat)

Chimg minh I 13 trung diém ciia AN:

Hinh thang AEON c6 HE = HO va HI /| EA//ON

= HI di qua trung diém cta AN (1)

Tuong ty, ta cd JI di qua trung diém ciia AN (2)

Ma I =HINJI (3)

T (1), (2) va (3) = I 1a trung diém ctia AN

Xét AAMN c6 IK 1a duong trung binh cua tam giac

:>IK=%MN

:IK:%OO'



Vidu5. Cho nira dudng tron duong kinh 4D. L4y diém B thudc nira duong tron (B khac A va D), trén
cung BD 14y diém C (C khac B va D). Hai day AC, BD cit nhau tai diém E.Ké doan thing EF vudng
gbc voi AD(F € AD)
a) Chimg minh t&r gidc ABEF ndi tiép
b) Chiing minh AE.AC = AF.AD
¢) Chimg minh E 1a tim duong tron ndi tiép tam giac BFC

Loi gidi

B

A
0 D

a) Chimng minh t& gidc ABEF ndi tiép
B thu¢c (O)= ZABD =90° (gbéc ndi tiep chan nira duong tron )= LABE =90°
EF 1 AD(gt)= LAFE =90°
Xét tir gidc ABEF ¢6 /ABE + Z/AFE =90°+90° =180°ma 2 gbc nay dbi nhau
= ABEF 1a ti giac noi tiép
b) Chiing minh AE.AC = AF.AD
Ce (0) = ZACD =90° (gbc ndi tiép chan nira dudng tron)
Xét AAFE va AACDco :
ZCAD chung, ZAFE = ZACD =90°

— AAFE ~ AACD(g.g) = j—’; = % — AC.AE = AF . AD(dfcm)

a) Chimg minh E 1a tim duong tron ndi tiép tam giac BFC

*Ta chimg minh FE'la phéan giac cua ZBFC

Xét (0): £BAC = ZBDC (2 gbc ndi tiép cung chan cung BC) = ZBAE = ZEDC(1)
Tt gidc ABEF ndi tiép (cmt) nén ZBAE = /BFE (cung chén cung BE)(2)
T gidc CDFE ¢6 ZECD + ZEFD =90°+90° =180° ma hai goc nay ddi nhau
Nén CDFE 1a tir gic ndi tiép = LEFC = ZEDC (cing chan cung EC) (3)
Tu (1), (2), 3)= 4BFE = ZEFC = FFE la phan giac cia ZBFC

*Chtng minh CE la phan giac cua goc BCF

Xét (0)cd LACB = ZADB (cung chin cung AB)= ZECB = ZEDF

T giac CDFE ndi tiép (cmt)= LECF = ZEDF (cung chin cung EF)

Suy ra LZECB = ZECF = CE la phan giac ZBCF

ABCF ¢6 FE,CE la hai duong phan giac cit nhau tai E

Nén E 1a tim dudng tron noi tiép tam giac BCF (dfem)



DANG 4. PUONG TRON LIEN QUAN PEN BA PIEM THANG HANG, BA PUONG THANG
PONG QUY

Vidu1. Cho tam gidc 4BC vudng tai A ndi tiép dudng tron tam O. Ké duong kinh AD. Tiép tuyén ctia
duong tron (O) tai D cit cac duong thing 4B, AC lan luot tai E va F

a) Chimg minh hai tam gidc ABC va AFE d6ng dang véi nhau

b) Goi 7 1a trung diém cua EF va K 13 hinh chiéu vudng goc ctia A trén canh BC. Ching minh ba diém
A,K,I thang hang

Loi giai

E

a) Chimg minh hai tam gidc ABC va AFE d6ng dang véi nhau

EF 1a tiép tuyén ciia (O) tai Dnén 4D 1 EF tai D

Tam giac ADF vudng tai D nén LAFD + ZFAD =90°

Ma LFAD+ ZOAB = ZBAC =90° = LAFD = ZOAB

Tam giac OAB cd OA = OB = AOAB can tai O = Z0OAB = Z0OBA (hai goc ¢ day)
= LAFD = Z/OBAhay ZAFE = ZABC

Xét AABCva AAFE c6 :

ZEAF chung, ZABC = ZAFE(cmt) = AABC -~ AAFE(g.g) (dfcm)

b) Goi 7 14 trung diém ciia EF va K 13 hinh chiéu vudng goc ciia A trén canh BC . Chimg minh ba diém
A,K,I thiang hang

Xét tam giac vuong AEF c6 AI 13 trung tuyén tng voi canh huyén EF

= Al = %EF = [E = IF (duong trung tuyén bang nira canh huyén)

= AIAE can tai | = ZIAE = ZIEA= Z/AEF

Ma AABC -~ AAFE(cmt) = LAEF = ZACB (hai goc tuong (ng)

= LIAE = ZACB

Lai c6 LACB = ZKAB (cung phu véi LABC) = LIAE = ZKBA

Vay A4,K,I thang hang (dpcm)

Vidu2. Cho tam giac ABC c6 ba gbc nhon, 4B < AC va ndi tiép dudng tron (0).Goi BE, CF lacac

dudng cao va H 1a truc tAm cia tam giac ABC

a) Chimg minh tir gidc AEHF 14 tir giac noi tiép.




b) Dudng tron ngoai tiép tir gidc AEHF cét dudng tron (O) tai diém thi hai / (A khong trang véi 1),
Chimg minh hai tam giac /BC va IFE d6ng dang véi nhau.
¢) Hai dudng thang BC va EF cit nhau tai K. Ching minh ba diém 4, /, K thang hang.

Loi giai

a) Xét ta giac AEHF | ta co: AFH =90° (Vi CF 1a duong cao ctia tam giac ABC)
AEH =90° ( Vi BE la dudng cao cua tam gidc ABC)
pods AFH + AEH =90°+90° = 180°
Vay ttr giac AEHF 13 tir giac noi tiép .
b) Xét tir giac AEHF | ta co: IEF = IAF (cung chin IF )
IAF = IBC (cung chin IB )
Do do IEF = IBC
Tuong tu, FIE = FAE (cung chin EF )
FAE = BIC (cung chin BC )
Do do FIE = BIC
Xét AIBC vy AIFE  ta co: ﬁzﬁj(cmt)
FIE = BIC (cmt)
Do d6 AIBC »» AIFE(g - g)
©)
Tu giac TAEF noi tiép = IFK = IAE
Tt gidc IABC ngi tiép = IBK = IAE
Suy ra IFK = IBK
Suy ra tir giac IFBK ndi tiép (c6 hai dinh B, F ké cing nhin canh IK dudi mot goc bang nhau).
Vay KIF + KBF =180°, ma KBF = FEC = FIA
— KIF + FIA=180° hay ba diém 4, I, K thing hang.



DANG 5. PUONG TRON LIEN QUAN PEN TIEP TUYEN, VUONG GOC, SONG SONG

Vidu1l. Cho duong tron (O) duong kinh 4B. Day cung MN vudng goc v6i AB, (AM < BM ). Hai
duong thing BM va NA catnhau tai K. Goi H 1a chan duong vudng goc ké tir K dén duong thing 4B

a) Ching minh tir gidc AHKM ndi tiép trong mot dudng tron.
b) Ching minh ring NB.HK = AN . HB .
¢) Chimg minh HM 1a tiép tuyén ctia duong tron (O).

Loi giai
K s
M
H A 0 B
N

a) Chirng minh tir giac 4HKM nbi tiép trong mot dwong tron.
+) Tt giac AHKM cé: AHM =90° (vi KH 1 AB)
va AMB = 90° (goc ndi tiép chin nira duong tron) = AMK =90° (ké bu véi A/]\@)
Suy ra tir gisc AHKM noi tiép duong tron dudng kinh AK .
b) Chirng minh rang: NB.HK = AN . HB .
Xét AANB va AKHB co:
+) ANB = 90° (goc ndi tiép chin nira duong tron) = ANB = KHB = 90° ;
+) Puong kinh AB 1. MN = A 1a diém chinh giita MN (quan hé vudng goc gilra dudong kinh va day)
— AN = AM = ABN = KBH (hai goc noi tiép chan hai cung bang nhau);
Suy ra AANB © AKHB (g.g)
_ AN _KH
NB HB
= NB.HK = AN . HB .
¢) Chimg minh HM 1a tiép tuyén ciia dwdng tron (O).




K s

N
+) Taco HM giao voi duong tron (O) tai M , ta phai chimg minh HM | OM . Thét vay:

T giac AHKM ndi tiép = HMK = HAK (hai gbc noi tiép cung chin HK );

HAK = NAB (hai goc dbi dinh);

NAB = MAB (AB L MN = B la diém chinh gitra MN , hai goc ndi tiép chan hai cung bang nhau);
MAB = OMA (AOAM cantai O);

— =N — — — -

— HMK =0/AZ4(= HAK = NAB =MAB):> HMK + HMA = OMA + HMA ;

Ma HMK + HMA = AMK = 90° (ké bu véi AMB =90° , g6c noi tiép chin nira duong tron);

= OMA+ HMA = 90° = HMO = 90° = HM 1 OM tai M (O)

= HM 1a tiép tuyén cua (0).

Vidu2. Cho tam gidc nhon ABCndi tiép duong tron (O). Hai duong cao BE,CF cit nhau tai
H(E € AC,F € AB). Ching minh réng :

)Tt giac BCEF ndi tiép duong tron
b) AE.BC=EF.4AB
¢) OA LEF

a) Tu giac BCEF ndi tiép dudng tron
Tir giac BCEF ¢c6 ZBEC = ZBFC =90°(do BE 1. AC,CF 1 AB)
Ma 2 gbc nay cting nhin canh BC = tir gidc BCEF ndi tiép dudng tron



b) AE.BC=EF.AB

T gidc BCEF ndi tiép nén £FBC = ZAEF (cing bu v6i LFEC)
Xét AAEF va AABCc6 : £ZBAC chung, Z/FBC = ZAEF (cmt)
= AAEF ~ AABC(g.g) = % = ;—g = AE.BC = EF .AB(dfcm)

c) OALEF

Ké tiép tuyén Ax di qua diém A clia duong tron (0) = Ax L OA4 (1)

Ta giac BCEF ndi tiép = LAFE = ZACB (gbc trong va goc ngoai tai dinh d6i dién)

Ma £xAB = ZACB (cung chin cung AB)=> ZAFE = /xAB, ma 2 gbc nay & vi tri so le trong) nén
Ax//EF(2)

Tu (1) va (2) = OA L EF (dpcm)

Vidu3. Cho tam giac ABC c6 ba goc nhon noi tiép duong tron (0), (AB < AC). Goi D 1a diém trén cung
nho BC sao cho DB < DC. Tu D ké DE vuong gbéc voi BC ( E thudc BC), ké DF vudng goc voi AC (F
thudc AC). Puong thang EF cit tia AB tai K.

a) Chimng minh tr giAc CDEF va DFE = DAB.

b) Chiing minh tir giac DKBE ndi tiép va DB.DF = DA. DE.

¢) Goi 1, J 1an luot 14 trung diém ctia AB va EF. Chimg minh LJ vudng goc véi DJ.

Loi giai

a) Chimng minh tr giAc CDEF va DFE = DAB.
Xét tir gidc CDEF ¢0:

+) DEC =90" ( DE vuong goc voi BC tai E)
+) DFC =90 ( DF vudng goc véi AC tai F)

= T giac CDEF ndi tiép dudng tron duong kinh DC (2 dinh E va F cing nhin canh DC duéi 1 goc
vuong)

:Iﬁzlﬁzésdb—i



— — —— 1 —_
Ma DCE = DCB = DAB = ESd BD trong duong tron (O).

Do d6: DFE = DAB .

b) Ching minh tir giac DKBE ndi tiép va DB.DF = DA. DE.

Ta c6: KED = DCF (g6c ngoai bang goc ddi trong cua tr giac CDEF ndi tiép)

DCF = DCA = I@( gdc ngoai bang goc ddi trong d6i véi tr giac ABDC ndi tiép duong tron (0)).

Do d6: KBD = KED = DCA khong débi.

Suy ra tl'{ giac DKBE ndi tiép (2 dinh B, E cung phia d6i véi canh KD va cting nhin canh KD dudi 1 goc
khong doi)

Ta co: ﬁzﬁ':%sdﬁ'zﬁ
—_— e 1 —_—
Va BCA=BDA = ESd BA trong duong tron (O)

Suy ra BDA = EDF .
Xét ADBA va ADEF cé:
+) DAB = DFE (chimg minh trén)
+) BDA=EDF (chimg minh trén)
ADBA [ ] ADEF (gbc - goc)

DB DA BA *)

DE DF EF
= DB.DF = DA.DE (diéu phai ching minh)
¢) Goi 7, J lan luot 14 trung diém ctia AB va EF. Chimg minh LJ vudng goc véi DJ.

Tir (*) va 7, J 1an luot 1a trung diém cta AB, EF nén ta c6:
DB BA 2IB IB
DE EF 2JE JE

Xét ADBI va ADEJ ta co:

+) DBI = DEJ (ADBA [] ADEF ching minh trén)



+) DB _ 1B ( chirng minh trén)
DE JE

= ADBI [ ] ADEJ (canh — goc — canh)

— DIB = DJE = KID = KJD = goc khong doi.

= Tt giac IKDJ ndi tiép (2 dinh I, J ciing phia v&i canh KD va cung nhin canh KD duéi 1 goc khong
)

= IKD+1JD =180

Ma tir gidc DKBE ndi tiép nén IKD = BKD =180° — BED = 90"

Do d6: IJD vudng hay LJ vudng gbc véi D.J.

Vidu 4. Cho dudng tron (O) , dudng kinh AB, ban kinh OC vudng goc v6i AB. Goi H 14 trung diém cta
doan thang BC.Duong thing AH cat OC tai D va cit duong tron (O) tai diém thér hai la K (K khéc A)
a) Chimg minh t& gidac ODKBnoi tiép mot dudng tron

b) Tia phan giac ctia gbc COK cat AK tai M. Ching minh £CMA = 90°

c) Puong thing OM cit BC tai N, NK cét duong tron (O) tai diém tht hai 1a P (P khéc K). Chimg minh
B d6i xtimg v6i P qua M

Loi giai

a) Chuing minh t& gidc ODKB ndi tiép mot duong tron

Xét (0) co: K thude duong tron nén £4KB = 90° (goc ndi tiép chin nira dudng tron)
= ZDKB =90° = ABDK vuong tai K

= K thudc duong tron dudng kinh BD(1)

Taco OC L ABtai O (gt)= LBOC =90° = ZBOD =90° = AOBD vudng tai O
= O thu¢c duong tron dudng kinh BD(2)

Tu (1) va (2) = O, K thudc duong tron duong kinh BD

Vay tir giac ODKBnoi tiép mot dudng tron

b) Tia phan giac ctia gbc COK cit AK tai M. Ching minh £CMA = 90°

Xét tam gidc COK c6 OC = OK = ACOK can tai O

= Z0CK = LCKO



Lai c6 ON la phan giac ctia goc COK (gt)

= ON d6ng thoi 1a duong trung binh cia

Ma M € ON = CM = MK (tinh chat dudng trung truc)

= ACMK can tai M= ZMCK = ZCKM

Taco:

Z0OCK = ZCKO(cmt)

= ZLOCM + LCMK = LOKM + ZMKC

= ZLOCM = LOKM (do ZMCK = ZCKM (cmt))

= ZOCM = ZDKO(3)

Ta giac DKBO1di tiép duong tron = ZDKO = /DBO (2 gbc ndi tiép ciing chan cung OD) (4)

Tu (3) va (4) suyra ZOCM = ZDBO

Tam giac ABDco :

DO 1a duong cao (do OC vudng goc voi 4B tai O)

DO 1a dudng trung tuyén (do O 1a tim duong tron duong kinh AB nén O 1a trung diém cua 4B)

= AABD can tai D= ZDAO= Z/DBO = Z/MAO = ZDBO

Ma LOCM = £ZDBO(cmt) = LMAO = LZOCM

Xét tir gidc AOMC c6 : ZMAO = ZOCM ma hai goc niy c6 dinh ké nhau cting chin cung AC= AOMC
1a tir giac noi tiép

= LAOC = LZAMC

Ma £40C =90° (do AB vudng goc véi CO tai O)

= LAMC =90°(dfcm)

¢) Puong thing OM cit BC tai N, NK cit duong tron (O) tai diém thir hai 1a P (P khac K). Chirng minh
B d6i xting voi P qua M

Ap dung h¢ thuc luong trong tam giadc vudong AHC c6 :

HM.HA=HC® = HB* = M _ 1B
HB HA

Xét AHBM va AHAB c6 : LZAHB chung, % = %(cmt) = AHBM -~ AHAB(c.g.c)
= /HAB = ZHBM (hai goc tuong tng)

Ma £HAB = ZKPB (hai gbc noi tiép cing chin cung KB)

= /KBP = Z/HBM hay /NPB = /NBP

= ANBPcan tai N (tam giac c6 hai goc ¢ day bang nhau

= NB = NP

Xét AONBva AONPco :

OB = OP(=R),ON chung, NB = NP(cmt)

= AONB = AONP(c.c.c)

= ZNOB = ZNOP (hai goc tuong tng)

= ON la phan giac cuia ZBOP

= OM la phan giac cia ZBOP

Xét tam giac OBP c¢6: OB = OP = R, nén AOBP can tai O => phan gidc OM ddng thoi 1a dudong trung
tuyén=> M la trung diém ctia BP

Vay B d6i xing véi P qua M (dpem)



DANG 6. PUONG TRON LIEN QUAN DPEN GIA TRI LON NHAT, GIA TRI NHO NHAT

Vidu 1. Trénnta dudng tron tim O duong kinh 4B = 2R, lay diém C (C khac A va B), tir C ké CH vudng
goéc voi AB(H e AB).Goi Dla diém bét ky trén doan CH (D khac Cva H), duong thang AD cét nira
duong tron tai diém thi hai 13 E

a) Chung minh tir giac BHDE noi tiép

b) Chimng minh 4D-EC =CD.AC

c) Khi diém C di dong trén nira dudng tron (C khac A, B va diém chinh gitra cung AB), xac dinh vi tri ciia diém

C sao cho chu vi tam giac COH dat gia tri 16n nhat

Loi giai
C E
D
A H o0 B

a) Chung minh tir gidc BHDE noi tiép

Tacd : ZBEA=90°(goc ndi tiép chin nira dudng tron) = ZBED =90°
Xét tir giac BHDE ¢6 : ZBED + ZBHD =90°+90° =180°, ma 2 gbc nay ddi nhau
Nén BHDE la tir giac ndi tiép

b) Chimg minh AD.EC =CD.AC

Tacd LACB =90°(goc ndi tiép chan nira dudng tron)

= ZLABC = ZACH (cung phu véi ZBCH)

Ma LAEC = ZABC (2 gbc ndi tiép cling chan cung AC)

= LAEC = ZACH = ZACD

Xét AACDva AAEC co:

LCAE chung, ZACD = AAEC(cmt) = AACD ~ AAEC(g.g2)

AD CD . .
—— = ——(hai cap canh tuong tng ti 1€
1C EC( ap ce g ung ti 1¢)

Vay AD.EC = CD.AC(dfcm)

c) Khi diém C di dong trén nira duong tron (C khac A4, B va diém chinh gitra cung 4B), xac dinh vi tri cta diém
C sao cho chu vi tam giac COH dat gia tri 16n nhat

Chu vi tam gidc COH 1a P.,,, =0OC+OH +CH

Do OC bang ban kinh duong tron duong kinh AB khong d6i nén

P, max < (OH +CH)
Ap dung BDT Bunhiacopxki ta 6 :

(OH +CH)" <2(OH? +CH*)=20C” (Dinh Iy Pytago)

max

— OH +CH <0C\2



Khi 6 ta 6 P, =OC+OH +CH < OC+0C\2 = R(1++2)

Dau "="xay ra khi OH = CH = AOCH vudng can tai H= ZCOH =45° = £ZCOA4 =45°

Vay dé chu vi tam giac COH dat gia tri 16n nhat bang R (1 +2 ) thi diém C nam trén nira duong tron
duong kinh AB sao cho ZCOA =45°

Vidu 2. Cho nira duong tron tim O dudng kinh AB, M 1a mot diém bét ky thudc nira duong tron (M khéc
A,B). Tiép tuyén tai M cit cac tiép tuyén Ax, By cta duong tron (O) 1an luot tai Cva D

a) Chirng minh tir gidc 4CMO ndi tiép
b) Chirng minh CO vudng goc véi OD
¢) Tim gi tri nho nhat ciia tong dién tich hai tam giac ACM, BDM

Loi giai
X y
D
M
C
A H O B

a) Chirng minh tir gidc 4CMO ndi tiép

Vi Ax1a tiép tuyén cua (O)tai A (gt)= Ax L AB = LOAC =90°

Vi CD1a tiép tuyén cua (O) taiM = CD L OM = ZOMC =90°

Xét tir giac ACMO c6 ZOAC + ZOMC =90°+90° = 180°ma hai goc nay ddi nhau

Nén ACMO 1a tir giac ndi tiép

b) Chirng minh CO vuong goéc vé1 OD

AC,CD 14 tiép tuyén cta duong tron (O)=> OC 14 tia phan gidc ciia ZAOM (tinh chat hai tiép tuyén cit

nhau)= ZCOM = %ZAOM

BD,CD 1a tiép tuyén ciia duong tron (O)=> OD la tia phan giac cia ZBOM (tinh chit hai tiép tuyén cit

nhau)= ZDOM = %LBOM

Ta co LAOM + ZBOM =180° (hai goc ké bu)

= %ZAOM +%ABOM =90°= ZCOM + £LDOM =90° = ZCOD =90°

Vay CO L DO(dfcm)

¢) Tim gi4 tri nho nhét cua tong dién tich hai tam giac ACM, BDM
Ké MH 1 AB

Taco6 CA=CM,DB = DM (tinh chit hai tiép tuyén cit nhau)

Ma CD =CM + DM nén CD =CA+ DB = AC+ BD



Trong tam giac MHOtac6 MH < MO =R
Trong tr gidc ABDC la hinh thang vudng nén CD > AB =2R
(AC+BD).AB _CD.AB S AB.AB

Taco S = =2R?
ABDC 2 2 2
5 - MHz.AB g M02.AB _ g

= Sem +Ssonr = Saspe —Swup 2 2R*-R* =R’
Déu bang xay ra khi H = O < M 1a diém nim chinh giita cung 4B
Vay M nam chinh giita cung AB thi tong dién tich tam giac ACM va BDM nho nhat bang R’

C. BAI TAP SACH GIAO KHOA
9.18. Cho ABCD la tr giac ndi tiép. Tinh sb do cua cac goc con lai cua tir gidc trong mdi trudng hop sau:
a) A=60",5=80"; b) B=70",C=90;
¢) C=100",D=60"; d) D=110",4=80".

Loi gidi
Vi tir gidc ABCD nbi tiép duong tron (O) nén cac goc ddi dién co tong sd do bang 180°. Do do
A+C=180" va B+D=180".
A

Ta co:
- A+C=180" hay C=180"-A4=180"-60"=120";
- B+D=180" hay D=180"-B=180"—-80" =100".

A

70° 90°

b)
Ta co:
- A+C=180" hay 4=180"=C=180"-90"=90";
- B+D=180" hay D=180"—B=180"-70"=110".



607
A
100°
B C
¢)
Ta co:
- A+C=180" hay 4=180"-C =180"-100"=80";
- B+D=180" hay B=180"—D=180"-60" =120’
A
80°
110°\P

B\_/ ¢

d)
Ta co:
- A+C=180" hay C=180"—A4=180"—-80" =100";
- B+D=180" hay B=180"—D=180"-110"=70".
9.19. Cho diém I ndm ngoai duong tron (O) . Qua I ké hai dudng thang lan lugt cit (O) tai bon diém
A,B va C,D saocho 4 nam gitta B va I,C nam gitta D va [/ . Chirng minh rang
IBD = ICA,IAC = IDB va IA-IB=IC-ID.

Loi gidi

b c~__~ 7P
- Vi tir giac ABDC ndi tiép duong tron (O) nén cac goc ddi dién c6 téng sé do bang 180"
Do d6: DCA+ ABD =180’
Ma DCA+ICA=180° (hai goc ké bu) nén ABD = ICA hay IBD=1ICA.
- BAC+BDC =180".
Ma BAC +IAC =180’ (hai goc ké bu) nén BDC = I4C hay IDB = IAC .
- Xét alAC va aIDB, co:
IAC = IDB (chtng minh trén) va BID 1a goc chung



Do d6 alAC ~aIDB(g.g)

i IC .
Suy ra — = — (ti sO dong dang) nén IAIB=IC.ID.
yra o= ( g dang)

9.20. Cho hinh binh hanh ABCD noi tiép dudng tron (O) . Chimg minh ring 4BCD 14 hinh chif nhat.

Loi gidi

Vi hinh binh hanh 4ABCD noi tiép dudng tron (O) nén cac goc dbi dién co téng sb do bang 180"
Do d6: ABC +ADC =180". (1)

Vi ABCD la hinh binh hanh nén hai géc déi bing nhau, do &6 ABC = ADC . (2)

Tir (1) va (2) suy ra ABC + ABC =180".

Hay 24BC =180", do d6 ABC =90’ .

Hinh binh hanh ABCD c¢6 ABC =90° nén 13 hinh chit nhét.

Vay ABCD 1a hinh chit nhat.

9.21. Cho hinh thang ABCD ( AB song song v&i CD) ndi tiép duong tron (O) . Chimg minh rang
ABCD 1a hinh thang can.

Vi hinh thang ABCD ndi tiép dudng tron (O) nén cac goc ddi dién co tong sé do bang 180
Do d6: ABC +ADC =180". (1)

Vi ABCD 14 hinh thang nén AB//CD, do 46 ABC+BCD =180". (2)

Tir (1) va (2) suy ra ADC = BCD.

Hinh thang ABCD c6 ADC = BCD nén 13 hinh thang can.

9.22. Tinh dién tich ctia mot hinh chit nhat, biét rﬁng hinh chit nhat d6 c¢6 chiéu dai gép hai 14n chiéu rong
va ban kinh duong tron ngoai tiép bang 2,5cm.

Loi gidi



Vi ABCD 1:%1 hinh chit nhat nén né ndi tiép duong tron tim O 14 giao diém hai duong chéo AC , BD va
ban kinh bang ntra d6 dai duong chéo AC , hay AC la duong kinh cia dudng tron (O).

Dod6 AC=2-2,5=5(cm).

Vi 4BCD 14 hinh chit nhat nén ABC =90’

Ap dung dinh li Pythagore vao a4BC vudng tai B, ta c6: AC*> = AB* + BC?

Suy ra 5° =(2BC)’ + BC* . Do d6 25=4BC* + BC*

Hay 5BC*> =25,suyra BC*> =5,nén BC = \/g(cm). Khido, AB=2BC = 2\/§(cm) .

Vay dién tich hinh chit nhat ABCD 1a:S = AB-BC =25 4/5=10(cm’)

9.23. Nguoi ta mudn dung mot khung cong hinh chir nhat rong 4m va cao 3m , bén ngoai khung cong

duogc bao bai mot khung thép dang nira dwdng tron nhu Hinh 9.37. Tinh chiéu dai ctia doan thép lam
khung ntra duong tron do.

Hinh 9.37
Loi gidi
Gia st ABCD 1a khung cong hinh chit nhat (AB=CD =3m va AD = BC =4m) noi tiép nira dudng tron
(O) (hinh vg).

3m

Goi H 1a trung diém cta CD.
1 1

Khi d6 HB = HC = EBC = 5-4 =2(m) va H nam trén duong trung truc ciia BC .
Vi B,C cung nidm trén nira dudng tron (O) nén OB =OC, suy ra O nam trén dudng trung truc cua BC .

Do d6 OH 1a dudng trung truc cua doan thang BC , nén OH L BC.
Ma BC//AD (do ABCD la hinh chitr nhat) nén OH L AD.



Xét tir gisc ABHO ¢6 OAB = AOH = OHB = 90" nén ABHO 14 hinh chit nhat. Do d6 OH = AB = 3(m).
Xét AOBH vuong tai H , theo dinh 1i Pythagore, ta c6: OB> = OH* + HB* =3° +2° =13.

Do d6 OB =+/13m. Nita chu vi dudng tron (O ) 1a: 7z+4/13(m).

Vay chiéu dai cia doan thép 1am khung nira dudng tron do la: 13 (m).

D. BAI TAPTU LUYEN

Bai 1. Trong cac tir gidc sau, tr gidc nao noi ti€p dugc duong tron? Giai thich.

QUK

Loi giai
O hinh a) va hinh b), tir gidc noi tiép dudng tron vi 4 dinh tt gidc nam trén dudng tron
O hinh c¢) va hinh d), tr giac khong noi tiép duong tron vi c6 mot dinh tir gidc khong ndm trén duong tron

Bai 2. Trong céc dudng tron (O) sau, dudng tron nao ngoai tiép tir gide ABCD ? Gidi thich.

Hinh 1 Hinh 2 Hinh 3
Loi giai

O hinh 1) va hinh 3), duong tron (0) 1a dudng tron ngoai tiép tor gidc ABCD vi n6 di quaca bdn dinh cta
tor giac ABCD .
O hinh 2), duong tron (0) la duong tron khong ngoai tiép tor gidc ABCD vi n6 khong di qua dinh D cua
tur giéc.
Bai3.  Trén nira duong tron (O) dudng kinh AB l4y diém C sao cho AC > BC (C khac A4 va B). Goi D
la trung diém cua doan thang OA.Duodng thang qua D va vuong géc véi 4B cat AC tai E. Chung minh
rang:
a) Tt giac BCED ndi tiép duoc

AB’?

b) AC.AE =

Loi giai



a) T giac BCED npi tiép

C thudc dudng tron duong kinh 4B = ZACB = 90° (gbc ndi tiép chin nira duong tron)
= LZECB =90°, mat khac ED 1 ABtai D (gt)= ZEDB =90°

T gidc BCED ¢6 ZECB+ ZEDB =90°+90° = 180° ma hai goc nay d6i nhau

Suy ra BCED la tir giac noi tiép

2
AC.AE = 4B

b)

Xét AAED va AABCco :

ZBAC chung

ZADE = ZACB =90°
AE AD

—> —="—(cap canh tuong Urng ti 16)= AC.AEF = AD.AB
B AC( ap ce g ung ti 1)

} — AAED ~ AABC(g.g)

Ma D 1a trung diém ctia 40(gt) = AD = %AO

O 1a tam dudng tron duong kinh AB (gt)= A0 = %AB

AB:lAB
4

Suy ra AD:lAO:l 1
2 22
2
Do d6, AC.AE = lAB.AB = A5
4 4
Bai4.  Cho tam gidc ABC c6 3 goc nhon ndi tiép duong tron (O) co tryc tim la diém H. Goi M 1a
diém trén day cung BC khong chira diém A ( M khac B,C). Goi N,P theo thir tur 14 cac diém ddi xtmng
ciia M qua cac duong thang AB,AC

(dfcm)

a) Chirng minh AHCP 14 tir giac noi tiép
b) Ching minh N,H,P thing hang.

Loi giai



a). Gia sir cac duong cao cta tam giac 14 AK,CI . Pé chimg minh AHCP 14 tir gidc noi tiép ta s& ching
minh AHC+ APC=180°.
Ta co:

AHC =THK ( dbi dinh)

APC = AMC = ABC ( do tinh ddi xtng va goc ndi tiép cung chian mdt cung).
Nhu vy ta chi can chimg minh ABC +IHK =180° nhung diéu nay 14 hién nhién do tir giac BIHK 1a tir giac
ndi tiep.
b). Pé chtirng minh N,H,P thing hang ta s& ching minh NHA + AHP =180° do d6 ta s& tim cach quy hai
gdc nay vé 2 géc doi nhau trong mot tr gidc noi tiép.
That vay ta c6: AHP = ACP (tinh chit géc noi tiép), ACP=ACM (1) (Tinh chit dbi xtmg) .
Ta thiy vai tro tr gidc AHCP giéng v6i AHBN nén ta cling dé chimg minh duoc AHBN 14 tir giac nodi
tiép tir d6 suy ra AHN = ABN , mit khac ABN = ABM (2) (Tinh chét déi xtmg) .
Tu (1), (2) ta suy ra chi can chirng minh ABM + ACM = 180° nhung diéu nay 1a hién nhién do tir giac ABMC
noi tiep.
Vay NHA + AHP =180° hay N,H,P thing hang.
Bai5.  Cho dudng tron (O; R) va diém A ¢ bén ngoai duong tron. V& hai tiép tuyén AB, AC véi duong
tron (O) (B,C 1a céc tiép diém). Goi M 1a trung diém AB .

a) Chimg minh tir gidc ABOC' ndi tiép va xac dinh tim I ciia dudng tron nay.

b) Chirg minh rang AM.AO = AB.AI .

¢) Goi G la trong tdm tam giac A CM . Ching minh MG / /BC'.

d) Chimmg minh /G vuodng goc véi CM .

Loi giai



C

—_—

a) Do AB,AC 1a hai tiép tuyén cit nhau cua duong tron (O) nén ABO = ACO = 90" = B,C thudc

duong tron dudng kinh OA ¢6 tam I 14 trung diém OA .

b) Taco AM.AO = ATB.QAI = AB.AI.

¢) Goi E latrung diém MA, do G la trong tim ACMA nén G € CE va % = é
Mat khac ME = 1 (vi ME = M—A = MB nén MFE = BE) = GE = ME , theo dinh 1y Ta-1ét dao
BE 3 2 2 3 CE BFE
= MG/ /BC.
!
d) Goi G' 1a giao diém cia OA va OM = G' 1a trong tam AABC'. Nén C;—]\];[ = % = %, theo dinh

ly Ta-1ét dao GG'/ /ME (1)

MI 1a duodng trung binh trong AOAB = MI / /OB, ma AB 1 OB (cmt) = MI | AB, nghia la
MI 1 ME (2).

Tu (1) va (2) cho MI L GG', ta lai c6 GI' L MK (vi OA L MK) nén I la tryc tam AMGG'
=GI L G'M tac GI L CM .

Bai6. Cho tam giac ABC va duong cao AH goi M,N lan lugt 14 trung diém ciia AB,AC. Pudng
tron ngoai tiép tam giac BHM cat duong tron ngoai tiép tam giac CNH tai E. Chimg minh AMEN 1a t
giac ndi tiép va HE di qua trung diém ciia MN .

Loi giai



Pé chimg minh AMEN 1a ttr giac ndi tiép ta s&
chtirng minh: MAN + MEN =180° .
Ta can tim sy lién hé cta cac goc MAN;MEN v6i céc gdc ¢o sin ciia nhing tr gidc ndi tiép khéc.
Ta c6 MEN =360 —(@+@):3600 —(1800 — ABC +180° —@)zﬁ}&:\s =180° ~BAC suy ra
MEN + MAN =180° . Hay tir gidc AMEN la tir giac ndi tiép.
Ké MK L BC, gia st HE cit MN tai I thi IH 13 cat tuyén cta hai duong tron (BMH), (CNH).
Lai c6 MB=MH =MA (Tinh chit trung tuyén tam giic vudng).
Suy ra tam gidc MBH can tai M = KB=KH = MK luén di qua tim duong tron ngoai tiép tam giac MBH .
Hay MN 1 tiép tuyén ctua (MBH) suy ra IM? =IEIH, tuong ty ta ciing co6 MN 1a tiép tuyén cia (HNC)
suy ra IN? =IEIH do d6 IM=IN.
Bai 7. Trén cac canh BC,CD cua hinh vuéng ABCD ta léy lan luot cac diém M, N sao cho MAN = 45°
. Puong thang BD cit cac duong thing AM, AN twong Ung tai cac diém P,Q.

a) Chtng minh ring cac tr giac ABMQ va ADNP ndi tiép.

b) Chirng minh réng cac diém M, N,Q,P,C nam trén cung mot dudng tron.

Loi gidi
A B
P
M
C
D N
E

a). Goi E 1a giao diém cia AN va BC.



Cac diém M va Q nam trén hai canh EB va EA cia tam giac EBA , nén tr gidc ABMQ la 16i. Cac dinh A
va B cung nhin doan thaing MQ duéi mot goc 45° khong doi. Vi vy tir gidc ABMQ noi tiép.

Lap luan tuong tu ta suy ra t&r gisc ADNP ndi tiép.

b) Tir két qua ciu a, suy ra ADP = ANP =45°,QAM = QBM = 45" = NP L AM,MQ L AN . T4p hop céc diém
P,Q,C nhin doan MN dudi mot goc vudng, nén cac diém nay nam trén duong tron duong kinh MN .
Bai8.  Chodiém M thuc cung nhé BC ciia duong tron (O). Mot duong thang d ¢ ngoai (O) va vudng
gbc voi OM ; CM, BM cit d lan luot tai D,E . Chung minh réng B,C,D,E cung thuoc mdt duong tron.

Loi giai

Ké duong kinh AM cit d tai N .

Ta c6 ANE = ABE =90° nén tr gidc ABNE i tiép, suy ra BEN = BAN. .

Mit khéac BAN =BCM, do ¢6 BCM = BEN hay BCD =BED .

T gidc BCDE ¢6 cac dinh C va E cung nhin doan thang BD dudi mot goc khong doi. Vi vay tir giac
BCDE ndi tiép.

Vay B,C,D,E cung thugc mét dudong tron.

Bai 9. Cho dudng tron (O;R) noi tiép AABC, tiép xtic voi canh AB,AC lanlugté D vaE

a) Goi O' 1a tim dudng tron ndi tiép AADE , tinh OO’ theo R.

b) Cac duong phan giac trong cia B va C cat duong thang DE lan luot tai M va N . Chimg minh tir
gidac BCMN noi tiép duge dudng tron.

MN DM EN

BC AC AB

¢) Chirng minh

Loi giai



a). Goi O' 1a giao diém ctia AO v&i cung nhé DE cia dudng tron (0) = 0' thudc duong phan giac

cua A trong AADE .

Taco DOA = E/Ojl (tinh chét hai tiép tuyén cit nhau) = DO'=0'E.

—

1 VRS 1 /N ~
Ma ADO'zESdDO';EDO'zgst'E = ADO'= EDO'"'"= DO' la phan giac D = O' la tam

dudng tron noi tiép AADE . Do d6é 00'=R.
b) Do AB=AC (tinh chit hai tiép tuyén cit nhau) = AADE cin tai A nén

N 0 HmAr
o180 —BAC _ ., BAC
2
Ma ﬁ:ﬁ+ﬁﬁa:%+ﬁﬁz (do BO i phan gisc ABC nén ABM = 2B8¢,
iﬁzﬁ—gzgo“—BAC;ABczAgB.

Mt khic NCB — Azﬂ (do CO 14 tia phan gidc ACB).

—

Suyra NMB = NCB, ma M,C 1 hai dinh lién tiép ctia to gi\c BCMN = T giac BCMN ndi tiép (vi

cung thudc mdt cung chira goc).

P

¢) ANMO va ABCO ¢6 NOM = BOC (d6i dinh); NMO = BCO (cmt)
OM ON MN

= ANMO ~ ABCO (g.g) = — =
0C 0B BC

Tuong tu ADMO -~ AACO (g.g) = % = O—M;
AC 0OC
ANEO ~ ABAO (g.g) = NE = O—N
AB OB

MN DM _ EN

Vi _ DM BN
Y80 T Ac T AB




Bai 10. Cho tam gidc ABC vuong tai A . Ké duong cao AH va phan gidc trong AD cua goc HAC. Phan
giac trong goc ABC cdt AH,AD lan luot tai M,N . Chirng minh rang: BND =90° .

Loi gidi
Phén tich:Ta c6 MHD =90° . Néu MND =90° thi tur giac MHDN ndi tiép. Vi vay thay vi truc tiép chi ra
goc BND =90° ta s& di chimg minh ttr giac MHDN ndi tiép. Tt 13 ta ching minh AMN = ADH.

A

That vdy ta ¢6 AMN=BMH=90°-MBH, NDH=90°-HAD ma I\XB\H:%XB\C,P@:%H/A\CVQ

ABC=HAC do cung phu véi goc BCA tir d6 suy ra AMN = ADH hay t¢ giac MHDN ndi tiép
= MND = MHD = 90°

Bai11. Cho tam giac cdn ABC (AB=AC) P 1a diém trén canh ddy BC. K¢ cac duong thang PE,PD lan
luot song song véi AB,AC(E e AC,D e AB) goi Q la diém ddi xtmg véi P qua DE . Ching minh bén diém
Q,A,B,C cung thudc mdt dudong tron.

Loi giai

A

H

B P C

Bai toan c6 2 gia thiét can luu y. D6 1a cac duong thiang song song véi 2 canh tam giac , va diém Q ddi
xtng véi P qua DE. Do d6 ta s& c6: AD=EP =EC=EQva DP =DQ ( Déy 1a chia khoa dé ta giai bai toan
nay)

Tur dinh hudng do ta co 101 giai nhu sau:

Do AD//PE,PD//AE = ADPE la hinh binh hanh = AE=DP=DQ.

Mat khac do P,Q déi xtmg nhau qua DE = AD =PE =EQ. Suy ra DAQE Ia hinh thang can = D/A\Q = A/Q\E

Kéo dai DE cit CQ tai H taco D/AE=KQ\E=P/E?I.

Nhu vay dé chimg minh ABCQ ndi tiép ta can ching minh: PCH + PEH =180° < PEHC la tir giac noi tiép.



Mat khac ta co: @ = ﬁQ\C (do tam giac EQC cén), EPH = @ (Do tinh d6i xing ) suy ra
ECH = EPH < EPCH la tir gi4c ndi tiép.

Bai 12. Cho tam giac ABC nhon véi AB > AC. Céac duong cao BM ,CN cat nhau tai H.

a) Ching minh tir giac AMHN n6i tiép

b) Goi D1a giao diém ciia 4H va BC.Chimg minh 4D la phan giac cia ZMDN

¢) Puong thang qua D va song song véi MN ciat AB,CN lan lugt tai /,.J.Ching minh D 14 trung diém 1J

Loi giai
A
N,
B D
J
a) Chirng minh tir gisc AMHN n@i tiép
HM 1 AC
a cé = LHMA = ZHNA =90°
HN 1 AB

= LHMA+ ZHNA =90° +90° =180°, ma 2 goc nay 1a hai goc dbi nhau nén ttr gidc AMHN la tir giac noi
tiép

b) Goi D1la giao diém cia AH va BC.Chirng minh 4D 1a phén giac cia ZMDN

Tuong tu cau a, ta co

ZHMC = ZHDM =90° = HDCM la tr gidc noi ti€p

= /HDM = ZHCM (cung chan cun HM)

Z/HDB = ZHNB =90° = HDBN la tr giac ndi tiep

= /NDH = /NBH (cing chin cung HN)

Ma LZHCM = ZNBH (cung phu véi ZBAC)

= /HDM = ZHDN = AD la phan giac cia ZMDN (dfcm)

c) DPuong thing qua D va song song véi MN cit AB, CN lan luot tai /,J.Ching minh D i trung diém 1J
Tacod: ’ ’

T giac AMHN ndi tiép (cmt) = LHNM = ZHAM (cung chan cung HM)

Ma LHAM = ZHBD (cung phu v6i LACB)

Tt gidc HDBN néi tiép (cmt) = ZHBD = ZHND (cung chin cung HD)

= /HNM = ZHND
Talai c6 IJ //MN(gt)= ZHNM = /HJI = /HJD (hai goc so le trong bang nhau)

— /HND = ZHJD => ADNJ cén tai D nén DN = DJ (1)

Vi LHND = ZHJD(cmt) = 90°— LZHND =90° - /HJD = /DNI = ZNID
Suy ra ANID can tai D= DN = DI (2)

Tir (1) v (2) suy ra DI = DJ (= DN

Vay D 1a trung diém LJ (dfem)



Bai13. Cho duong tron (O). Tir mét diém M . & ngoai duong tron (O), ké hai tiép tuyén MA, MB
v6i duong tron (O)(A, B 14 hai tiép diém).

a) Chung minh MAOB 1a t&r gi4c noi tiép.

b) V& duong kinh BK cua dudng tron (O), H 1a diém trén BK sao cho AH vuéng goc BK . Biém I
1a giao diém cia AH, MK . Ching minh I 1a trung diém cia HA .

Loi giai

a) Chitng minh MAOB la tir gidc néi tiép.
Vi MA, MB la cac tiép tuyén cta (O) lan lugt tai A, B nén ]\TA\O = ]\% =90° (dinh nghia).

Tk gihc MAOB ¢6 MAO + MBO =180°.

Suy ra tir giic MAOB ndi tiép (ti giac c6 tong hai goc ddi bang bang 180°).

b) Vé dwong kinh BK ciia dwong tron (O), H la diém trén BK sao cho AH vuéng géc BK. Diém
I la giao diém ciia AH, MK. Chirng minh 1 la trung diém ciia HA.

Goi N 1a giao diém cua AB véi MO.

C la giao diém giita MK véi duong tron (O)

Ta c6: OA =0OB = O thudc trung truc cia AB.

Ta giac MCNB c¢6 MCB = MNB =90°. Suy ra tir giac MCNB i tiép (tir giac c6 hai dinh ké ciing
nhin mot canh dudi cac goc bang nhau).

= NMB = NCB (hai goc cing chin mét cung BN )
Ta co: Z\T]\@ = I\/flé?) (cung phu véi ]\TBTI )

— NCB = NBO.

Lai c6: NCB+ NCI =90°, NAI + NBO = 90°

Suy ra Z\/TEI = I\/LZI



Xét tir giac ACNI c6: NCI = NAI(cmt), suy ra tir giac ACNI noi tiép (ttr giac c6 2 dinh ké ciing

nhin mot canh dudi cac goc bang nhau).

= Z-I\TI = Z-C\I (hai goc cung chan cung Al ).

Trong (O) c6: ACI = ABK (hai goc noi tiép cing chan cung AK )

Suy ra ANI = ABK . Ma hai goc nay vi tri déng vi = NI/ /BK

NI //BK
Tam giac ABK co: 1

NA=NB=—AB
2

Suy ra I 1a trung diém cua AH = IA = IH (dinh li duong trung binh ctia tam giac) (dpem).
Bai 14. Cho nira dudng tron (O) duong kinh AB . V& tia tiép tuyén Ax cing phia voi nira duong tron
duong kinh AB . Ldy mot diém M trén tia Ax(M # A). V& tiép tuyén MC véi nira dudng tron (O) (
C latiép diém). V& AC cat OM tai E, Vé MB cat nira duong tron (O) tai D(D # B).
a) Chimng minh : Tir gidic AMDE ndi tiép trong mot duong tron.
b) Chimg minh: MA*> = MD-MB.
¢) V& CH vuéng goc véi AB(H € AB). Chimg minh rang MB di qua trung diém ctia doan thing CH .

Loi giai
X
LY
D P
.'“"l'
3
A i) H =

a) Chirng minh: Tir gidc AMDE ngi tiép trong mét dwong tron.
Ta c6: OA =0OC = O thudc trung truc cua AC.
MA = MC (tinh chat 2 tiép tuyén cit nhau) = M thudc trung truc cia AC .

= OM 1a trung truc cia AC = OM L AC tai E= AEM =90°.

Tacoé ADB=90° (gbc ndi tiép chan nira duong tron) = ADM =90°.

Xét tir giac AMDE c¢6 AEM = ADM =90°(cmt) = AMDE 1a tir giac ni tiép dudng tron duong kinh
AM (tir gidc c6 2 dinh ké cling nhin AM dudi mot goc 90°).

b) Chirng minh MA* = MD, MB.
Xét AMAD va AMBA co:



A/]\E? chung;
MDA = MAB =90°

= AMAD ~ AMBA(g.8) = MA = ﬁ(Z canh twong img ) = MA* = MD.MB.

MD MA
¢) Vé CH vuong géc véi AB(H € AB). Chirng minh ring MB di qua trung diém ciia doan thing
CH.

Goi MBNCH ={N}.

Vi AEDM 1a tir giac noi tiép (cmt) nén DEC = AMD (goc ngoai va goc trong tai dinh ddi dién cua tir
giac noi tiép).

Ma AMD = DAB (cing phu véi MAD ) nén DEC = DAB (1).

—_ =, BNH + NBH =90° —— —— —  ——
Tac6 DNC = BNH (d6i dinh),ma < = BNH = DAB= DNC = DAB (2).

DAB+ NBH =90°
Tu (1) va (2) = DEC = DNC.
= DENC 1a ti giac ndi tiép (t gidc c6 2 dinh ké cling nhin mot canh dudi cac goc bang nhau).

= DNE = DCE (2 gbc ni tiép cung chin cung DE).

Ma E-\CE = ECT‘\ = DBA (2 gbc ndi tiép cing chin cung DA ).
= [TN\E = EE;X . Ma 2 gbc nay nam & vi tri 2 goc dong vinén EN //AB hay EN //AH.
Lai c6: E 1a trung diém cua AC (do OM 1a trung tryc cia AC,OM N AC ={E}).
= N 14 trung diém cuia CH (dinh li duong trung binh trong tam giac ACH ).
Vay MB diqua N 1a trung diém cia CH (dpcm).
Bai 15. Cho tam giac ABC vudngtai 4 (AB < AC) noi tiép trong duong tron tim O . Dyng duong thang
d qua A song song BC, duong thang d' qua C song song BA , goi D la giao diém ctia d va d'. Dung
AE vuéng géc BD (E ndm trén BD), F la giao diém cua BD véi dudng tron (O). Ching minh:
a) Tt giac AECD noi tiép dugc trong dudng tron.
b) AOF = 2CAE
c¢) Ttr giac AECF la hinh binh hanh.
d) DF-DB =2AB’.
Loi giai



a)tacod BAC =90° (goc ndi tiép chin nira dudng tron)

T gidc ABCD 1a hinh binh hanh = AB//CD nén ACD = BAC =90° (hai gbc so le trong)

Suy ra AED = ACD =90° = E;C clng nhin AD duéi goc 90° do d6 t& gidc AECD ndi tiép.

b) tr gidc AECD ndi tiép = CAE = CDE (2 goc ndi tiép chan cung EC)

ABJ/CD = CDE = ABD (so le trong)

= CAE = ABD

Ma ABD1la goc & tam; AOF 1a gbc ndi tiép chan cung AF = AOF =2.4BD hay AOF =2.CAE
c) Taco BFC =90° (goc ndi tiép chin nira dudng tron)= AE//CF (cing vudng goc véi BD)
Lai c6 AFB = ACB=CAD = FEC = AF//EC

Do d6 tr gidc AECF 1a hinh binh hanh.

d) Goi giao diém ctia AC va BDI1a I, do tir gidc ABCD la hinh binh hanh nén
IA=1C;IB=1D;AB=CD

Xét tam gidc DCI vuong tai Cc6 CF la duong cao nén CD’ = DF.DI = AB* = DF.DI

= 2A4B* =2.DF.DI ma 2DI = BD do 46 24B* = DF.BD.

Bai16. Cho dudng tron (O;R)va day MN cb dinh (MN <2R). Ké duong kinh 4B vudng goc véi day
MN tai E. Lay diém C thudc day MN (C khac M, N, E). Puong thing BC cit dudng tron (O;R)tai diém
K (K khac B)

a) Chimg minh AKCE 1a tir giac noi tiép

b) Chitng minh BM* = BK.BC

c¢) Goi I 1a giao diém cua hai duong thang AK, MN; D 1a giao diém cua hai duong thang AC va BI.

Chimg minh diém C cach déu ba canh ciia tam gidc DEK
Loi giai



1) Chtmng minh AKCE 1a t& giac ndi tiép
Ta c6 : LAKE =90°(goc ndi tiép chan nira duong tron )= LAKC =90°
AB 1 MN tai E nén LAEC =90°
Xét tir gidc AKCE cb6 ZAKC + ZAEC =90°+90° = 180° ma hai gbc nay dbi nhau nén
AKCE 1a tt giac ndi tiép
2) Ching minh BM® = BK.BC
Tacd AB L MN nén B 1a diém chinh giita cung MN = sd BM = sd BN
= ZBMN = ZMKB (2 gbc ndi tiép chin hai cung bang nhau)
= 4BMC = ZBKM
Xét ABCM va ABMK c¢ :
/ZMBK chung, Z/BMC = ZBKM (cmt) = ABCM ~ ABMK (g.g)
o BC _BM gy - BC.BK (dfcm)
BM  BK
3) Goi I la giao diém cua hai duong thaing AK, MN; D 1a giao diém cua hai duong thang AC va BI.Ching
minh diém C cach déu ba canh ciia tam giac DEK
Tam gidc ABI c6 BK L Al (do ZAKB =90°),IE 1 AB(do AB L MN)
= BK, IE 1a hai duong cao cua AABI = Cla truc tam AABI = AD la dudng cao cua tam giac
ABI = AD 1 IB= ZADB =90°
Ma 4B 1a duong kinh cia duong tron (O)= D €(0)
Xét (0)co:
ZADK = /ABK (hai gbc ndi tiép ciing chin cung AK)
ZDKB = /DAB (hai gbc ndi tiép ciing chian cung BD)
Tt gidc AKCEni tiép (cmt)=> ZCKE = ZCAE (hai goc ndi tiép cung chdn cung CE)
= /BKE = Z/DAB = /DKB = Z/DAB
= KB a tia phan giac cuia ZDKE
T gidc BDCE ¢6: £BDC + ZCEB =90° +90° = 180°ma hai goc nay dbi nhau
= BDCE la tr giac ndi tiép
— /CDE = ZCBE (cung chin cung CE) = Z/ADE = Z/ABK = /ADK = /ADE
= DA la tia phan giac cia LZEDK



Tam gidc DEK ¢o :

KB la tia phan gidc cia ZDKE, DAla tia phan giac cia ZEDK

Ma C 1a giao diém ciia KB, DA => C 1a tim duong tron ndi tiép ADEK

Vay C cach déu ba canh ctia tam gidc DEK

Bai17. Cho tam gidc nhon ABC c6 AB < AC vandi tiép duong tron (O). Goi H la chan duong cao ha
tir dinh A ctia tam gidc ABCva E 13 hinh chiéu vudng goc cua diém B 1én duong thing 40

a) Chung minh 4AEHB léqtﬁ' giac noi tiép 7

b) Chirng minh duong thang HE vudng goc véi duong thang AC

c¢) Goi M la trung diém cua canh BC.Tinh ti s6 %

Loi giai

a) Chirng minh AEHB 14 tir giac noi tiép
Tacod:
AH 1 BC = ZAHB =90°, AE 1 BE = ZAEB =90°
T giac AEHB c6 ZAHB = ZAEB = 90° cing nhin canh AB dudi 1 gbc khong d6i
= AEHB 1a tir giac ndi tiép
b) Ching minh duong thang HE vudng goc v6i duong thang AC
Kéo dai A0 cét duong tron (O) tai K khi d6 4K la dudng kinh cia duong tron tim O, ta c6 C thude
duong tron (0)= LACK =90° (gbc ndi tiép chan nira dudng tron)
=CK 1L AC
T giac AEHB 16i tiép (cmt) = LEHC = /BAE (hai goc cung bu véi £BHE)
= LEHC = Z/BAK
Xét (0) ¢6 : £ZBAK = ZBCK (hai gbc ndi tiép cliing chan cung BK)
= LEHC = ZBCK ma hai géc nay & vi tri so le trong = HE //CK
) {CK L AC(cmt)
Ta co = HE 1 AC(dfcm)
CK //HE

. \ R 5 ’ 2 A ME

¢) Goi M la trung diém cua canh BC.Tinh ti s6 ——
MH

Goi N 1a trung diém ciia 4B
Ta c6 N 1a tm dudng tron ngoai tiép t& gidc ABHE = NE = NH (1)

Tam gidc ABC 6 : M, N lan luot 13 trung diém BC, AB



Suy ra MN la dudng trung binh cta tam giac ABC = MN //AC
Ma HE 1 AC(cmt)= MN L HE(2)

Tur (1) va (2) = MN la dudng trung tryc cia HE = MH = ME = % =1

Bai 18. Cho tam gidc ABC c6 ba goc nhon va AB < AC. V¢ cac duong cao AD, BE,CF cuia tam giac
d6. Goi H 1a giao diém cua cac dudng cao vira v&

a) Chung minh ring cac t giac AEHF va BFEC ndi tiép

b) Goi M, N lan luot 1a trung diém cua cac doan thang AH, BC.Chung minh rang FM .FC = FN.FA
¢) Goi P,Q lan luot 1a chan cac dudng vudng goc ké tir M, N d¢én duong thang DF.Chig minh rang
duong tron dudng kinh PQ di qua giao diém cua FE, MN

Loi giai

a) Chung minh ring cac t giac AEHF va BFEC ndi tiép

Tac6 LAFH =90°(do CF 1 AB); ZAEH = 90°(BE 1.4C)

Suy ra ZAFH + ZAEH =180° ma hai goc nay dbi nhau nén AEHF 1a ti giac ndi tiép

b) Goi M, N lan luot 1a trung diém cua cac doan thang AH, BC.Chung minh rang FM.FC = FN.FA
Tam gidc BFC vudng tai F ta co: FN 1a dudng trung tuyén tmg véi canh huyén BC

= PN =221

Tam giac BEC vuodng tai E ta c6 EN 1a dudng trung tuyén tng véi canh huyén BC
1

= EN = EBC(Z)

Tur (1) va (2) suy ra FN = EN (*)

AAHF vudng tai F ¢6 FM 1a dudng trung tuyén tmg voi canh huyén AH

= FM :%AH(3)

AAEH vudng tai E c6 EM la dudng trung tuyén tmg véi canh huyén AH = EM = %AH (4)

Tur (3) va(4) suy ra FM = ME (**)

Tur (*) va (**) ta c6 MN la duong trung truc EF
Goi G 1a giao diém cua MN,EF
Tam gidc FME c6 MG la duong cao dong thoi 1a duong trung tuyén



= AFME cén tai M ¢6 MG la phéan gidc = ZFMG = %AFME(S)

Xét dudng tron ngoai tiép tir gidc FAEH ¢6 :

ZFAE = %AFME (g6c ndi tiép bang nira goc ¢ tAm chin cung EF) (6)
T (5) va (6) suy ra LFAE = ZFMK hay Z/FAC = ZFMN

Taco FM =MH(=%AH] = AFMH can tai M

— /MFH = /MHF = /DHC (vi /MHF = /DHC 14 hai goc déi dinh)
Tacd: FN = NC(Z %BC) = AFNC can tai N=> ZNFC = Z/NCF
Ma ZDHC + ZNCF =90°( ADHN vubng tai D)

Suy ra ZMFH + ZNFC = ZMFN =90°
Xét AFMN va AFAC co:
ZMFN = ZAFC =90°, LZFAC = ZFMN (cmt)

— AFMN ~ AFAC = % = F—’é — FM.FC = FN.FA(dfem)

¢) Goi P,Q lan luot 1a chan cac dudng vudng goc ké tir M, N dén duong thang DF.Ching minh rang
duong tron dudng kinh PQ di qua giao diém cua FE, MN
Vi MN 1 EF tai G nén ZMGF =90°
Taco MP L PQ tai P nén LMPF =90°
T gidc MPFG c6 : ZMGF + ZMPF =90°+90° = 180° ma hai goc nay ddi nhau
= MPFG la tr giac ndi tiep = LMGP = ZMFP (cung nhin canh MP)
Vi MN 1 EF tai G= ZFGN =90°
Taco NQ L PQtai Q= LNQF =90°
T giac NOFGco :
ZFGN + ZNQF =90°+90° = 180° ma hai goc nay d6i nhau nén NOFG 1a tir giac ndi tiép
= ZOGN = ZQFN (hai gbc ndi tiép cung chin cung QN)
= ZMGP+ ZQGN = ZMFP + ZLQFN
Ma ZMFN =90° = ZMFP + ZQFN =90°
= LMFP+ ZQGN =90° = ZPGQ =90°
buong tron duong kinh PQ c6 LPGQ =90° = G edudng tron duong kinh PQ.
Bai19. Cho tam gidc déu 4BC ndi tiép dudng tron (0), diém D thuc cung nhd 4B (D khéc A va B).
Céc tiép tuyén véi dudng tron (O)tai B vaC cit 4D theo thi tu tai £va G.Goi I 1a giao diém cta CE
va BG
a) Chung minh ring AEBC ~ ABCG
b) Tinh s6 do goc BIC.Tur d6, hay chung minh tir gidc BIDE ni ti€p
¢) Goi K la giao diém cua DIva BC.Ching minh ring BK* = KI.KD
Loi gidi



P
a) Ching minh raing AEBC ~ ABCG
Goi tiép tuyén tai B,C cta (O) cit nhau tai P.
ZEBC =180°—- £ZPBC =180°—- £ZPCB = LZGCB
Goi dudng tron ngoai tiép tam giac DEB cat dudng tron ngoai tiép tam giac GCD tai I'khac D. Ta co :
ZDI'B=180°— ZDEBVa /DI'C =180°— ~2DGC
Cht ¥ ring ZBPC =180° - ZBOC =180° —120° = 60°
Dodé ~Br'c =120°.Laicé:
ZBDE = Z/EI' B = 60° (do t&r gidc DACB ndi tiép va EDI'Bndi tiép) din dén :
E,I',Cthang hang. Tuong tu G,[',Bthang hang, din d&én 7 =1"
Do d6 thu dugc £BIC = ZEBC = ~GBC dan dén cac tam giac EBC; BIC va BCG dong dang vé6i nhau.
b) Tinh s6 do goc BIC.Tir d6, hdly chimg minh tir giac BIDE ndi tiép
Tir cdu a) ta dd chi ra ~BIC =120°va BIDE ndi tiép
) Goi K1a giao diém ctia DI va BC.Chiing minh ring BK* = KI. KD

Tacd: LCIB = ZKIB = ZBEI = ~IDB dan dén tam giac KIB dong dang voi tam gidc KBD
:>£=ﬁ:>BK2 =KI.KD

KB KD
Bai 20. Cho tam gidc ABC vudng tai C (AC < BC), duong cao CK va dudong phan giac BD

(K € AB, D € AC). Qua D ké dudng thang vuong goc v6i AC cat CK, AB lan luot tai H va 1.
a) Chirng minh t&r giac CDKI ndi tiép.
b) Chirng minh AC.AD = DH.AB.
¢) Goi F 1a trung diém cua AD. Puong tron tam I ban kinh ID cat BC tai M ( M khac B) va cat AM tai N
(N khac M). Chung minh B, N, F thang hang.
Loi giai



4° >

a) Taco: CDI = 90" (gt)
CKI =90° (gt)

— CDI = CKI

Vay tir giac CDKI ndi tiép.

b) Ta c6: BD la phan giac cua tam giac ABC (gt) =

AD AB __AD DC

(1)

Xét ADCH va ACBA cO:
CDH = BCA (=90°)
DCH = CBA (cung phu 154\6‘)

= ADCH ~ ACBA (g-g)
DH DC

>—=—(2

ac e @

T (1), @) = 2L AP . ycup = aB.DH
AC ~ 4B

c)

Goi F’ 1a giao diém cta BN véi AD, Q 1a giao diém ctia AB voi ().
Ta co: ID // BC (cung vudng goc voi AC) = IDB = DBC

Ma DBI = DBC (gt)

= IDB = DBI

= = =
DC BC AB  BC



— AIDBcantail = IB=ID = Be(l)
=t giac BMNQ ndi tiép
= NBQ = NMO
Ta c6: OMB =90° (goc ndi tiép chan nira dudng tron)
=>0OM 1L BC
= QM // AC (cung vudng goc véi BC)
— NMO = MAD (so0 le trong)
— NAF'=F'BA
Xét AF'AN va AF'BA co:
NAF'=F'BA (c/m trén)
BF'A chung
= AF'AN ~ AF'BA (g-g2)
S LA IN P #=FBFN ()
F'B F'A
Talai c6: DA L ID (gt) nén DA 1a tiép tuyén cua (I) = F'DN = NBD
Xét AF'DN va AF'BD co:
F'DN = NBD (c/m trén)

BF'D chung

= AF'DN ~ AF'BD (g-g)
ED_EN pD=FBFN (4
F'B F'D

Tt (3), @) = F'4*=F'D* = F’A=F’D Hay F’ la trung diém ctia AD
Do d6 F’ trung véi F
Vay F, N, B thang hang
Bai 21. Cho tam gidc ABC c0 ba goc déu nhon. Céc duong cao AK, BE va CF cit nhau tai H . Goi
I 1a trung diém cia doan AH , N la trung diém cua doan BC'.
a) Chimg minh bén diém ’A , E’, H, F nam trén cing mot duong tron.
b) Chung minh NFE' 1a ti€p tuyén cua duong tron duong kinh AH .
¢) Chimg minh CI’ - IE* = CK.CB.
Loi giai



a) Chung minh bén diém A, E, H, F nam trén cung mot dudng tron.
Tacod AEB = 90° (do BE la duong cao cia AABC) hay AEH = 90°
AFC =90° (do CF la dudng cao cia AABC) hay AFH = 90°

Xét tir gide AEHF c6 AEH + AFH = 90° +90° =180°
Ma A/E?[ , ﬁ & vi tri di nhau
Do d6 tir giac AEHF 1oi tiép dudng tron dudng kinh 4H
Suy ra bén diém A4, E, H,F cung nam trén mot duong tron (dpem)
b) Chung minh NE 13 tiép tuyén cua duong tron duong kinh A ;
Vi 7 1a trung diém cta doan thing 4H nén 7 13 tAm dudng tron duong kinh 4H
Suyra IA=IFE
= AIAE cantail

= A=k (1)
AEBC vuédng tai Ecoé EN la dudng trung trrung tuyén tng véi canh huyén BC

— EN =NC (:Bz—cj

= AENC cantai N

= NCE =E, (2)
Xét AAKC vudng tai K co KCA + A = 90° hay NCE + A = 90° 3)

T (1), (2), (3) suy ra Ei + E4 =90°

Laicé Ei+ Es+IEN =180° (do A, E, C thing hang)

= 90° + [EN =180°

— [EN =90°

Suyra EN 1 EI tai E

Do d6 NE 1a tiép tuyén ciia dudng tron duong kinh AH (dpem)

¢) Chimg minh CI* - IE* = CK.CB.



Ap dung dinh 1i Py — Ta— Go ACIK vuéng tai K, ta c6: CI° = CK* + IK*
Lai c6 14 = IE = IH (cung ban kinh duong tron tam I)

= CI'-IE*=CK’ +IK* - IE’

CI* —IE* =CK* +(IK + IE)(IK — IE)

CI* —IE* =CK’> + (IK + IE)IK —IH) = CK* + AK.KH ~ (4)

Ta laico CK.CB= CK(CK +KB)=CK*+CK.KB  (5)

Xét AKBH va AKAC co

KBH = KAC (Cung phu v6i ACB); BKH = AKC =90°
Do d6 A4HK <» AACB (g —g)

KB KH
= ——=—
K4 KC

Tir (4),(5) va (6) suy ra CI’—IE* =CK.CB (dpem)

= KA.KH = KB.KC hay AK.KH = CK.KB (6)

Bai22. Cho duong tron (O) dudng kinh 4B. Trén tiép tuyén ciia duong tron (O) tai diém A 1ay diém M
(M =A4). Lay diém N trén doan thang 0B (N khac O va B).Duong thang AN cit duong tron (O) tai hai

diém C,D (C nam giita M va D). Goi I 1a trung diém cua doan thing cp

a) Chung minh t&r gidc 4MIO 1a th giac noi tiép

b) Qua D ké dudng thing song song voi MOcit AB tai H. Ching minh MA*=MCMD va

LIAB = ZMDH

¢) Goi E,Flan luogt 13 giao diém cua dudng thing A7O véi hai duong thang BC, BD.Chung minh tir giac

AEBF 1a hinh binh hanh

Loi giai

a) Ching minh t& gidc AM7O 1a tir giac noi tiép

Ta c6 : I1a trung diém ctia CD nén OI LCD (tinh chat dudng kinh — day cung)
= LOIM =90°

MAla tiép tuyén cua duong tron (O) tai A (gt) nén £MAO =90°

Xét tlr gidc AMIO ¢6 L OIM + ZMAO = 90° +90° = 180° ma hai goc nay d6i dién nhau

Nén tir gidc AMTO 1a tir gidc noi tiép



b) Qua D ké duong thidng song song v&i MO cét AB tai H. Ching minh MA® = MC.MD va
/IAB = Z/MDH
Ta cd L MAC = 2CDA (gbe ndi tiép va goc tao boi tiép tuyén va ddy cung cung chian cung AC)
Xét AMCAva AMADCO :
/DMAchung, ZMAC = ZMDA(cmt)

MA

MC )
= AMCA ~ AMAD(g.g) = —— =——(hai cap canh tuong tng ti 1€
(g-g) WD MA( ap Ce g ung ti I¢)

= MA?> = MC.MD (dfcm)

Vi AMIO 1 tir gidc noi tiép (cmt) nén ta co :

ZIMO = £IAO = ~£I4B (hai géc ndi tiép cung chan cung OI)

Vi HD / /MO = #MDH = ZIMO (2 goc so le trong)

Vay £I4B = ZMDH (dfem)

¢) Goi E, F lan luot 13 giao diém cta dudng thang AzO véi hai duong thang BC, BD.Ching minh tir gic
AEBF 1a hinh binh hanh

Kéo dai DH cat BC tai K

Taco: ZIAB=/MDH (cmt)hay £IAH = ZIDH ma A va D 1a hai dinh ké nhau cta t& gidc AIHD cing
nhin canh IH duéi 1 gbc bang nhau

Suy ra tir gidc AIHD nodi tiép dudng tron

— /HID = ZHAD (cing chian cung HD)

Xét (O) tacod: ~BAD = ~BCD (hai goc noi tiép cung chin cung BD)

Hay ~HAD = #BCD

Suy ra /BCD = /HID (= Z/HAD), ma 2 gbc ndy & vi tri dong vi nén 7# / /CK

Suy ra A 1a trung diém cta DK (dinh Iy vé dudng trung binh ctia tam gic)

= HK = HD(1)

Vi DH//OH(gt):HK//OE,HD//OF

Xét ABOE 6 HK /10E(emt) = 25— BH (he qua ciia dinh Iy Talet ) (2)
OE  BO
Xét ABOF ta c6 HD | /OF (cmt) = % _ % (hé qua dinh Iy Talet ) (3)

Tu (1), (2), (3)= OE =OF

Xét tir gidc AEBF ta c6: OA=0B = R;O0F = OF (cmt)

Suy ra tr gidc AEBF 1a hinh binh hanh (dpcm)

Bai23. Cho tam giac nhon ABC ( AB < AC) ndi tiép dudng tron tam O. Hai tiép tuyén tai B va C ciia

duong tron (O) cat nhau tai M, tia AM cat duong tron (O) tai di€m D.

a) Chung minh ring t giac OBMC nbi tiép duoc dudng tron.

b) Chtrng minh MB?* = MD.MA

¢) Goi E 1a trung diém doan thiang AD; tia CE cat dudng tron (O) tai diém F. Chting minh rang: BF // AM.
Loi gidi



M

a) Chirng minh ring tir giac OBMC néi tiép dwoe dwong tron.

o . (oBLMB |MBO=90
Ta c6 MB, MC la céc tiép tuyén cua dudng tron (O) nén {O { 0=90

=4
OCLMC | MCO =90
Xét tir gidc OBMC ¢6 MBO + MCO =90° +90° =180°

Ma MBO,MCO 13 hai goc dbi nhau nén ttr gisc OBMC ndi tiép.

b) Chirng minh MB? = MD.MA

Ta c6 DBM = BAM (g6c tao boi tiép tuyén va dy cung va goc noi tiép cuing chin cung BD).
Xet AMBD va AMAB co:

DBM = BAM
- = AMBD# AMAB (g.g)
BMA chung
_MB_MD _ g2 aamp
MA MB
¢) Goi E 1a trung diém doan thang AD; tia CE cit dwong tron (O) tai diém F. Chirng minh ring: BF
// AM.

Ta c6 E 1a trung diém ciia AD nén OE L AD (méi quan hé giita duong kinh va day cung) = OEM =90’
Xét tir gide OEMC c6 OEM +OCM =90° +90° = 180°

Ma OEM,OCM la hai gbc dbi nhau nén tir gisc OEMC ndi tiép.

— COM = CEM (hai goc noi tiép ciing chin cung CM) (1)

Ta lai ¢c6 COM = BOM = % sd BC (tinh chét hai tiép tuyén cat nhau)
Ma BFC =% sd BC (tinh chat goc noi tiép)

— COM = BFC (2)
Tir (1) va (2) = MEC = BFC



Ma hai goc MEC vi BFC & vi tri dong vi = EM / /BF hay AM / /| BF

Bai24. Cho tam giac ABC nhon ndi tiép duong tron tim O, dudng cao BE va CF . Tiép tuyén tai B
va C catnhautai S, BC va OS catnhautai M .

a) Chung minh ring AB.MB = AE.BS .

b) Hai tam gidc AEM va ABS dong dang.

c) Goi AM cit EF tai N, AS cit BC tai P. Chirng minh rﬁng NP 1 BC.

Loi giai

a) Ta ching minh AABE ~ ABSM .

b) Tir ca ta co A_E — @ (1)
U cdu ata cod 1B BS
ma MB = EM (do ABEC vuédng tai E ¢6 M 1a trung diém cia BC)
AE EM — - —=
nén — = —— C6 MOB = BAE;EBA+ BAE = 90",
AB  BS

—

]\71%+]\70\B:900 nénMBO:ﬁél

do d6 MEB — 5124: MBE . Suy ra MEA — 5/1}_31\4 (2)
Tu (1) va(2) suyra A AME ~ AABS (dpcm).
¢) D& thdy SM vudng goc v6i BC nén ta ching minh NP / /SM .

Xét AANE vi AAPB: Tt caub) taco AAEM ~ AABS nén NAE — PAB.Mi AEN — ABP

i o AN AE
(do tr gidc BCEF ndi tiép). Do d6 AANE ~ AAPB nén E = E



AM AFE AM AN
ico—=—(AAEM ~ AABS). =——né 4 5 NP/ /SM
Lai co 1S AB( ) Suy ra 1S 1P nén trong tam giac AMS co //

(dinh ly Talet ddo). Do do6 bai toan dugc chiing minh.

Bai25. Cho tam gidc 4BC nhon ndi tiép duong tron (O; R), c6 ba dudng cao AK,BE va CF cat nhau
tai H.

a) Chung minh t& gidic AEHF ndi tiép.

b) Hai duong thang BE va CF cat dudng tron (0) lan luot tai A va N (M khac B; N khac C).
Chirng minh: MN //EF .

c) Gia st hai diém B,C ¢4 dinh, diém 4 di dong trén cung 16n BC ciia dudng tron (O) (A4 khac B,C).

Tim vj tri ciia diém A sao cho chu vi tam gidc KEF dat gia tri 1on nhét.

Loi giai

a. Chirng minh ti giac AEHF ndi tiép:

. HE | 4 AEH =90°
Xét tir gidc AEHF , o Clen= AEH =50
HF 1 AB (gt) = AFH =90°

= AEH + AFH =90° +90° = 180"

Vay ti gidc AEHF nodi tiép dudng tron.

b. Hai dwong thing BE va CF cit duwdng tron (0) lan lwot tai A7 va N (M khac B; N khic C).
Chung minh: MN //EF .

. BE 1 AC(gt)= BEC =90"
X¢ét tr gidc BCEF , ¢O: Clen= /\C ? .
CF 1 AB(gt)= BFC =90°
TG gidc BCEF ¢6 2 dinh E,F lién tiép nhau cung nhin canh BC duéi 1 goc 90°.
— Tt gidc BCEF ndi tiép dudong tron dudng kinh BC.



— FEB=BCF (2 gbc ndi tiép cung chan cung BF ) hay FEB = BCN . (1)

Xét duong tron (O) co: BMN = BCN (2 goc ndi tiép cung chan cung BN ). (2)

Tir (1) va (2) , suy ra BMN = FEB .
Ma 2 gbc nay & vi tri dong vi = MN //EF . (diéu phai ching minh).

c. Gia sir hai diém B,C ¢6 dinh, diém A di dong trén cung l6n BC ciia dwong tron (O) (4 khac

B,C). Tim vi tri ciia diém A4 sao cho chu vi tam giac KEF dat gia tri 16n nhét.

Xét duong tron duong kinh BC, co FBE = ECF hay ABM = ACN (2 gbc ndi tiép cung chin cung EF
).

= AM = AN = AM = AN .

Ma OM = ON =R nén 04 la dudng trung truc cta doan thang AN .

— 0OA L MN.

Laicé: MN //EF (cdub) = OA4 L EF .

Tuong tu: OB L FK; OC L EK .

Ta cO: Syipe = Sopir + Sorsx + Sopcx = %OA.EF + % OB.FK + % OC.EK = %R.(EF + FK + EK)

= %.R.CAKEF (trong do C,;,,. 1a chu vi AKEF').

Khi d6: Chu vi AKEF 16n nhét khi va chi khi dién tich A4BC 16n nhét.

Ma S, . = %.AK.BC.

Theo d& bai BC cb dinh nén S, . 16n nhat khi va chi khi 4K 16n nhit. < 4 1a diém chinh giita cung
16n BC.

Vay chu vi AKEF 16n nhét khi va chi 4 13 diém chinh giira cung 16n BC.

Bai26. Cho tam gidc ABC nhon, ndi tiép dudng tron (O; R) va AB < AC .Baduongcao AD, BE,CF
ctia tam gidc ABC(D, E, F' 1a chan cac duong cao) dong quy tai diém H . Ké duong kinh AK cia dudng
tron (0; R) .Goi M 1a hinh chiéu vuong goc ctia C trén duong thing AK .

a) Chirmg minh rang tir gidc BCEF ndi tiép dudng tron.

b) Ching minh rang tam giac ABD dong dang véi tam gidc AKC va MD song song véi BK .

¢) Gia st hai dinh B,C ¢ dinh trén duong tron (O; R) va dinh A di dong trén cung 16n BC' ciia duong
tron (O; R) . Chirng minh rang duong thing MF ludn di qua mot diém cb dinh va tim vi tri ciia dinh A
sao cho dién tich tam gidc AEH 16n nhat.

Loi giai



a)Taco BEC = 90° (vi BE 1a dudng cao cia AABC)
ﬁ% =90° (vi CF la duong cao cia AABC)

e

= BEC = BFC = 90°

o —

Xét tu gidc BCEF ¢6 BEC = EF?‘ = 90° ( theo chirng minh trén) q

= Pinh F va F la hai dinh ké nhau cung nhin canh BC dudi mot goc khong doi 90°
Do do tir gidc BCEF ndi tiep ( dpecm)

b)

* Chimg minh rang tam gidc ABD dong dang vé6i tam giac AKC

Taco+ ACK = 90° (1a goc ndi tiép chan nira duong tron)
+ ABC= m( cung chin ;1—(/\’)

Xét AABD va AAKC ¢o

ADB = ACK = 90°

A/B\C = IB(\C ( theo chtrng minh trén)

D6d6 AABD ~ AAKC (g.9)

* MD song song voi BK .

Xét dudng tron tAm (O)c() CBK = KAC ( cing chin I/(—E’) (1>

Chimg minh tir giac A CMD ndi tiép

4

= KAC = CDM (cung chan ]\/42*) (2)
Tu (1) va (2>suy ra CBK = CDM = DM || BK (dpem)
c)



Goi I trung diém BC

Tacod ACK =90° ( chin ntra dudng tron) = CK L AC
Ma BE 1 AC (BE la dudng cao cia A4BC)

Suy raCK || BE (1)

Tuong tu BK || CF (2)

CK || BE

BK || CF

Suy ra tir gidc CHBK 1a hinh binh hanh.

Ma 7 trung di€ém cua BC

Suyra I,H,K thing hang.

Xét AAHK ¢6 O la trung diém cia 4K

7 1a trung diém cua HK

Suy ra O7 la duong trung binh cia AAHK = AH =201
Do or khong d6i nén 4H khong doi

Tacod S, :%AE-HE (1)

Xét tir gidc CHBK c6 {

Ta 6 AAEH vudng tai E nén AE* +EH* = AH’
Ap dung bt dang thtc ¢ si ta co
AH?> = AE> + EH? > 2\ AE* -EH* =2 AE - HE

= AE-HES%AHz (2)

Ta(l)va(2)suyra S,,

< %AHZ khong doi
1
= SAAHE :ZAli

DAu “=” xau ra khi AE = HE = HAE = 45° = ACB = 45°



Bai 27. Trén nira duong tron tam 0) duong kinh AB véi AB = 2022, lay diém C (C khac A va B),
tir C k¢ CH vuong goc AB(H € AB). Goi D la diém bét ki trén doan CH (D khac C va H), duong
thiang AD cat nira duong tron tai diém thir hai E .
a) Chirng minh tir giac BHDE 14 tir giac noi tiép.
b) Chitng minh: AD-EC=CD-AC .
¢) Chimg minh: AD.AE + BH.BA =2022”.
d) Khi diém Cdi dong trén nira dudng tron (C khéc A, B va diém chinh gitra cung AB ), xac dinh vi tri
diém C sao cho chu vi tam giac COH dat gia trj 16n nht.

Loi giai

E

u
A H 0 B

a) Xét tir gidkc BHDE c6: DHA =90°(gt); DEB=90° ( gbc noi tiép chan nira duong tron) nén
DHA = DEB do d6 tir gidc BHDE noi tiép.
b) Xét hai tam giac AADC va AACE ¢6: CAD chung; ACD =90°—CAH = CEA

Nén AADC ~ AACE(g-g) do do g—lg = ‘g—g hay AD.EC =CD.AC.

¢) HD: Dya vao y (1) dé chimg minh AADH ~ AABE(g.g) khi do:
AD-AE+BH-BA=AB-AE+ AB-BH = AB*> =2022°.
d) Tam giac CHO vuong tai H nén theo dinh li Pytago ta co:

OC?>=0OH>+ HC? = %(OH +HCY + %(OH —HC)* 2 %(OH +HCY?

Hay Ia OH + HC < OC2 nén Co,,, =0C+OH + HC <(1+~/2)0C = (1++/2) 1011

Dau "=" xay ra khi va chi khi diém C nim trén ntra dudng tron O sao cho ACD = 45°.

Bai28. Turdiém M nam ngoai duong tron (O;R),ké tiép tuyén M4 (4la tiép diém) va cat tuyén MBC
khong di qua tam O (diém B nam gitra hai diém M,C).Goi H 1a trung diém BC. Puong thing OH cit
dudng tron (O; R) tai hai diém N, K (trong d6 diém X thudc cung BAC).Goi D 1a giao diém cia 4N va
BC

a) Chimg minh t& gidc AKHD 13 tir giac noi tiép



b) Chimg minh ~/NAB = ~NBDva NB’ = NAND
c) Chimg minh réng khi dudng tron (O; R) va diém A cb dinh dong thi cat tuyén ABC thay doi thi diém

D ndm trén mdt duong tron c6 dinh

Loi giai

a) Chimg minh ti gidc AKHD 1a ti gidc ndi tiép
Ta cd LKAN =90° (goc ndi tiép chin nira dudng tron)= L KAD = 90°
H 1a trung diém ctia BC = OH 1 BC (tinh chat dudng kinh — day cung)
= LZKHD =90°
Xét ttr giac AKHD c6 ZKAD+ ZKHD =90°+90° =180°, ma hai goc nay dbi dién
Nén tir giac AKHD noi tiép
b) Chirng minh ~~NAB = ~NBDva NB* = NAND
Vi H 1a trung diém BC = N 1a diém chinh giita cung BC = BN =CN
— /NAB = ZNBC = «NBD (hai goc néi tiép chan hai cung bang nhau)
Xét ANBDvVAa ANABCO :
ZANB chung, ZNBD = ZNAB(cmt) = ANBD ~ ANAB(g.g)

NB NA

= — =2""(2 cap canh tuong Ung ti 1€ NB? = NA.ND (d
ND NB( ap C3 gimg ti1¢)= (dfem)

c) Chtng minh rang khi dwong tron (O;R)va diém A/ c6 dinh ddng thoi cat tuyén A/BC thay
déi thi diém D nam trén mt dwong tron c6 dinh

ZMDA%Sm%sdﬁc:%sm%sd@%sm:wgcﬁn tai M

= MD = MAma MA khong dbi nén D e (M;MA)
Bai29. Cho duong tron (O;R) va dudng thang d khong di qua O cat (O) tai hai diém A; B. Trén tia d6i
cua tia BA lé}l diem M; qua M ké hai tiép tuyén MC; MD v6i duong tron (O) ( C; D 1a céc tiép diém). Goi
H 1a trung diém cua AB.
a) Chirng minh tir gidlc OMCH ni tiép.
b) OM cét dudng tron (O) tai I va cit CD tai K. Ching minh OK.OM=R”
¢) Puong thang qua O vudng goc voi oM, cit tia MC va MD lan luot tai P va Q. Tinh d6 dai OM theo R
sao cho dién tich tam gidc MPQ nho nhat.
Loi giai
a) Chirng minh tir giAc OMCH ni tiép.
Vi H 14 trung diém ciia day cung AB nén OH L AB = OHM=90’



Ta ¢6: OHM = OCM =90’ nén tir gidc OMCH ndi tiép.

Q
D

.
K

b) OM cit duwong tron (O) tai I va cit CD tai K. Ching minh OK.OM=R’

Tam gidc ODM vudng tai D (vi ODM =90’ ). Mit khac: MC=MD (t/c hai tiép tuyén cit nhau);
OC=0D=R = OM la dudng trung tryc ciia doan thang CD = OM L CD. Trong tam gidc vuéng ODM
ap dung hé thic b’=a.b' ta c6: OD’=OK.OM < OK.OM=R*.

¢) Puong thing qua O vudng géc véi OM, cit tia MC va MD lan lwot tai P va Q. Tinh d6 dai OM
theo R sao cho dién tich tam giac MPQ nhé nhat.

Q
D
0 K M
H
A C
P

Theo t/c hai tiép tuyén cit nhau ta ¢6 MO 1a tia phan giac ctia goc PMQ, mit khac MO L PQ nén tam
gidc PMQ can tai M= PQ =20P .

Taco S %MO.PQZMO.OP . Trong tam gidc vuong OMQ ta co:

PMQ —



LR WS SNDU SR B

OD> OP* OM* R* OP* OM’

Ap dung bt dang thirc C6 si

1 1 11 2 1 2

+ > . = & —2

OP> OM? OP’ 'OM* OP.OM R’ S,
1 _ 1

o = 2R?. Déu “=" xéyra <{OM’ OP’ < OM=0P=R2.
OM.OP=2R’

S

Vay S, dat gi4 tri nhé nhit < OM=R~/2.

PMQ
Bai30. Cho duong tron (O,R) va dudng thang d khong di qua O cit duong tron tai hai diém A, B. Ly
mot diém M trén tia doi cua tia BA ké hai tiép tuyén MC, MD véi duong tron (C, D 1a tiép diém). Goi H 1a
trung diém cua AB.

a) Chuing minh rang M, D, O, H cling nam trén mot dudng tron

b) Poan OM cit dudng tron tai I. CMR I 1a tim duong tron ndi tiép tam gidc MCD.

¢) Puong thing qua O, vudng goc voi OM cit cac tia MC, MD theo tht ty tai P, Q. Tim vj tri cia diém
M trén d sao cho dién tich tam giac MPQ bé nhat.

Loi giai

D
o

:

a. Do MD la tiép tuyén ctia (O) => MD 1 OD =>MDO = 90"

Do H 14 trung diém cua AB; diy AB khong di qua tim O

nén OH 1 AB;=>MHO =90°

Xét tir gidkc MHOD ¢6 MDO + MHO = 90° +90° =180°

= t gidc MHOD noi tiép

= M, D, O, H cung nam trén mot dudng tron.

b. Do MC, MD la tiép tuyén cia (O)

=>MO la tia phan giac cia CMD => Ml la tia phan giac ctua CMD (*)

Ol 14 tia phan giac cia COD => COI = DOI hay CI = DI (1)



Ma MCI = %sd& : DCI = %sdl/;l )

Tir 1,2 => MCI = DCI => CI la phan gidc ciia MCD (**)

Tir (*), (**) => I 1a tim duong tron ndi tiép tam giac MCD

c.Tacod S,,, = %MO.PQ = %.MO.ZOP = MO.OP

Ma AMCO ~ AMOP(g.g)

Mo _co
MP OP

=> 8,5, = MP.CO = (MC + CP).CO 2 2JMC.CP.CO=20C" = 2K’

Dau “ =" xay ra khi MC = CP < AMOP vudng cin

& PMO =45" < CMD =90

=> MO.OP = MP.CO

< MCOD la hinh vuéng canh R <=> OM = R\/E .Vay di¢n tich tam gidc MPQ bé nhét khi OM = R\/E



BAI 30. PA GIAC PEU
A. CAC KIEN THUC CAN NHO
1. Pa gidc déu
- Nhiing hinh nhu Hinh 9.38 dugc goi chung 1a céc da giac.

" .
E
R L
c @ b) c) d)

Hinh 9.38
- Pa giac ABCDE (H.9.38a) 1a hinh gdbm niam doan thang 4B, BC,CD, DE, EA, trong d6 bat ki hai doan
thang ndo c¢6 mot diém chung ciing khong cting nam trén mot duong thang. Pa giac ABCDE ¢6 nim
dinh 14 cac diém 4, B,C, D, E ; nam canh 1a cac doan thang 4B, BC,CD, DE, EA va nim goc 1a cac goc
EAB, ABC, BCD,CDE, DEA .
- Néu v6i mot canh bat ki cua da giac, cac dinh khong thudc canh dé déu ndm vé mot phia ddi voi duong
thang chura canh do thi da gidc dugc goi 1a da giac 161. Cac da giac trong Hinh 9.38 a, b, d 1a cac da giac
16i. Pa giac trong Hinh 9.38¢ khong phai da giac 161.
Dinh nghia: Pa giac déu 1a mot da giac 16i c¢6 cac canh bang nhau va cac goc bang nhau.
Nguoi ta chimg minh duoc rang cac dinh ciia mdi da giac déu ludn cung ndm trén mot dudng tron, duogc
goi la duong tron ngoai tiép da giac, tAm duong tron dugc goi 1a tAm cta da gidc va da giac dugc goi la
ndi ti€p duong tron do.

Vi du 1. a) Dudi ddy 13 hinh cac da gidc déu thudng gap trong hinh hoc (H.9.41).

12 Gy

Tam gidc déu Hinh vudng Ngii gidc déu Luc gide déu Bat gidc déu

Hinh 9.41

b) Trong nghé thuat, kién trac, cong nghé ché tao va thé g101 tu nhién c6 nhiéu hinh phang c6 dang da

gidc déu. Nhing hinh phang nay khong chi dep vi sy can d6i hai hoa ma con tdi uu trong viée sap xép va
su dung (H.9.42).

N
43 i

WAl

il
Mol
L 2

Gach fat hinh vuéng

3\\51 ‘ kit
)-@‘ Mﬂ’.ﬂ
Mat d& dinh &c Hép dung bénh keo Céc 16 16 ong

Hink 9.42

Vi du 2. Trong céac hinh phing dudi ddy, hinh phing nao c6 dang 1a mot da giac déu?



Hinh a Hinh b Hinh ¢ Hinh d
Loi gidgi

Tg thay da giac trong hinh a khong phai da giac 16i, da giac trong hinh b 1a hinh thoi c6 cac goc khong
bang nhau, da giac trong hinh c 1a bat gidc c6 cac canh khong bang nhau, da giac trong hinh d 1a hinh
vuong. Do vay chi c6 hinh phang trong hinh d c6 dang da giac déu.
Vi du 3. Cho tam giac déu ABC c6 canh 6 cm. Trén canh 4B léy cac diém M, N ; trén canh BC léy cac
diém P,Q; trén canh CA 1y cac diém E, F, sao cho cac doan thiang
AM ,MN,NB, BP,PQ,0C,CE,EF,FA du bang 2 cm nhu Hinh 9.43. Héi MNPOEF c6 12 mét luc giac
déu hay khong?

Hinh 9.43

Loi gidgi
. 5 AM  AF 1
Theo Hinh 9.43 , ta thdy MNPQEF 1a mét da giac 161. TacO ——=——=—.
AB  AC 3
Theo dinh li Thalés dao cho tam giac ABC va dudng thang MF thi MF //BC.
MF AM 1 BC
Suyra —=——=—.Dod6 MF =——=2cm. Tuong ty, NP =QF =2cm.
BC AB 3 3
Vay luc gidc MNPQEF c6 tat ca cac canh bang nhau.
Mit khéc, tam giac AMF 14 tam giac déu vi AM = MF = FA=2cm nén FMA =60 va
FMN =180 — FMA =120,
Tuong tu cac goc tai cac dinh N, P,0,E,F cua luc gisc MNPOEF déu bang nhau va bang 120°. Vay luc
gidc MNPQEF c6 cac canh va cac goc bang nhau. Do d6 MNPQEF 1a luc giac déu.

2. Phép quay

Phép quay thuan chiéu o (0° <a < 360°) tam O giit nguyén diém O, bién diém A4 khac diém O thanh
diém B thudc duong tron (O, 04) sao cho tia O4 quay thuan chiéu quay cta kim dong hd dén tia OB
thi diém A tao nén cung 4B c6 s6 do o (H.9.48a). Pinh nghia tudng tu cho phép quay nguoc chiéu o
tam O (H.9.48b). Phép quay 0" va phép quay 360" giit nguyén moi diém.

A 5
<o) o<e);
B A

a) b)

Hinh 9.48



Vi du 4. Cho tam giac déu ABC ndi tiép duong tron (O) nhu Hinh 9.49. Hay cho biét cic phép quay
ngugc chiéu lan lugt 120°,240°,360° v6i tam O sé bién cac dinh 4, B,C thanh nhiing diém nao.
Loi gidi
Céc phép quay nguoc chiéu lan lugt 120,240, 360° véi tim O bién cac diém A, B,C thanh nhimng
diém tuong ing dugc cho bdi bang sau:

Dinh A B C
Phép quay
nguoc chiéu
120° B C A
240° C A B
360° A B C

Khdi niém: Mot phép quay duoc goi 1a giit nguyén mot da giac déu H néu phép quay d6 bién mdi diém
ciia H thanh mot diém ctia H. Nguoi ta chi ra ring néu mot phép quay bién cac dinh cia da gidc déu H
thanh céac dinh ctia H thi phép quay d6 gitr nguyén H .

B. CAC DANG TOAN

Dang 1. Nhan dang da gigc déu

Vi du 1. Tim céc da giac 16i trong hinh v& va giai thich.

Loi gidi
A

A A A

A E

B
C
B F B D

B ? D

C D c D E C
a) b) ) d) €)

Céc da giac trong hinh a,c, e la cac da giac 161 vi da giac luén nam vé mot phia ctia duong thang chira
mot canh bat ki cua da giac.

Pa giac ¢ hinh b khong phai 12 da giac 161 vi khong ciing nim vé mot phia so véi dudng thang 4D hodc
BC.

O hinh d ciing khong phai 1a da giac 161 vi khong cting nam vé mot phia so voi dudng thang BC hoic
DC.

Vi du 2. Trong céc hinh phang sau, hinh nao 1a hinh phang c6 dang da giac déu?



Hinh phing c6 dang da giac déu 1a hinh b va d.
Vi du 3. Tim va goi tén cac da giac déu c6 trong hinh v& dudi day.
Loi gidi
Hinh 3b 1a ngii giac déu, Hinh 3d 1a hinh bat giac déu; Hinh 3e 1a tir giac déu; Hinh 3g 1a lyc giac déu.
Vi du 4. K& tén cac loai da gidc déu c6 trong hinh.
Loi gidi
Céc da giac déu c6 trong hinh 1a: Tam giac déu, tir gidc déu va luc giac déu.

Vi du 5. Cho duong tron (O; R). Lay céc diém 4,B,C,D,E,F trén dudng tron (O;R) sao cho sé do

e~ — — — —— —

Lai gidi
A
F B
E C
D

Ta cod sd@zsdﬁ?zsd@zsdﬁ:sdﬁzsd ﬁ:%:@i

Xét tam gidc AOB cantai O c6 AOB=60" (vi sd AB=60")

—+AOB ddunén AB=R va ABO=60" (1)

Tuong tu v6i tam gidgc BOC déu = OBC =60" va BC=R (2)

Tir (1) va (2) = ABC = ABO+OBC =60 +60 =120°va AB=BC=R.

Chtrng minh tuong tu vdi cac canh va cac goc con lai ta ¢6 da giac ABCD co:

AB=BC=CD=DE=EF=FA=R.

— e~



Vi du 6. Cho ngii gisc ABCDE c6 cac canh bang nhau va A = B=C = 108". Ngii gidc ABCDE c6 phai
1a ngii giac déu khong?

Huéng din: Dé ching minh ngii giac ABCDE déu ta phai chimg minh:
* Cac canh bang nhau (gia thiét da cho).

* Céac goc bang nhau: D=E =108’

Ta co: AB=BC=CD=DE =FEA (gt) (*).

Xét tam gidc ABE c6 AB=AE (gt)nén aABE cantai A c6 A =108 (gt)
180~ 4 180" 108"
2 2

=B =k = 36

o~ o~

Tuong tu voi tam giac BCD , taco: B, =D, .
Laico ABC=B,+B, +B, =108 = B, =108 ~(B,+ B, |= B, =108 ~(36 +36 ) =36
D@ thdy a ABE =aCBD (c.g.c) = BE = BD hay tam giac EBD céantai B c6 1/3; =36

~ 180°-B, 180" -36

=E, =D, 5 =72 .Khi d6 AED =E: +E> =36 +72" =108’

Tuong ty CDE=108".Vdy A=B=C=D=E=108" (**) "

Ta @ va ((*) ) — Ngii giac ABCDE 1a ngil giac déu (Céac canh bang nhau, cic goc bang nhau).

Dang 2. Tinh toan

Vi du 1. Cho ngii gisc déu ABCDE nhu hinh v&.



A B

a) Tinh tong cic goc trong cua tam gidc ABC, ACD, ADE , tir d6 suy ra tong cac goc trong ngil gidc déu
ABCED.

b) Tinh s6 do goc E .
Loi gidi
a) Tong cac goc trong cua tam gidc ABC bang 180°. Tuong ty voi hai tam giac con lai ACD va ADE .
Vay téng cac goc trong clia ba tam gidc ABC, ACDva ADE 13:3.180° =540
= Tong céc gbc trong clia ngii giac déu ABCED 1a 540°.

b) Vi ABCED la ngii giac déu nén tat ca cac goc déu bang nhau nén s6 do moi goc cua ngii giac déu bang

% —108°. Vay sb do goc E bang 108’

Vi dy 2. Cho hinh tron (O; R).
a) V& hinh tam giac déu, hinh vudng, hinh luc giac déu co cac dinh nim trén (0; R) .
b) Tinh cac canh cta cac hinh vira v& theo R .

Loi gidi

a) » V& tam giac déu 4BC ndi tiép dudng tron (O;R) . V& duong cao AH , ta co:
AB=AC;0B=0C =R

Nén 4,0, H thudc duong trung tryc cia BC vi aABC déunén O la trong tim ciia tam gic.

Tacod AH = % AO = % R (1) (tinh chét trong tim). Lai c6 AH la dudng cao cua tam giac ABC déu nén
ABA+3
AH=—\/_. Tir (1) va (2) = >R = AB3 — 4=R_ R
2 2 2 NG

Vay canh cta tam giac déu ndi tiép dudng tron (O; R) la /3R



=]

- V& hinh vuéng ABCD néi tiép dudng tron (O;R).

VA
N

Ta c6: AC L BD (tinh chat hai dudng chéo hinh vudng). Xét tam giac AOB vudng tai O .
Theo dinh 1i Pythgore, ta c6: AB* = 04’ +OB* = R* + R* =2R* = AB=+2R’ = RV2
Vay canh cta hinh vudng ndi tiép duong tron (O;R) 1a RV/2 .

- V& luc giac déu ABCDEF noi tiép dudng tron (O;R)

A

|
=

=

D
Vi ABCDEF 1a luc giac déu = AB=BC=CD=DE =EF =FA
:sdﬁzsdﬁzsd@zsdﬁzsdﬁ’zsda

= = 360 _

= AOB = BOC = COD = DOE = EOF = FOA = . 60’

Xét tam gidc AOBcan tai O c6 AOB =60" nén aAOB déu = AB=R.
Chtng minh tuong tu, tacd BC=CD = DE;EF = FA= AB=R.
Vay canh cua hinh luc gidc déu noi tiép duong tron (O; R) la R.

Ghi nhé: Ban kinh duong tron ngoai tiép 1a R .



- D6 dai canh tam giac déu noi tiép 13 rR/3
- B6 dai canh hinh vudng ndi tiép 1a Rv/2 .

- Do dai canh hinh luc giac déu ndi tiép 1a R .

| Dang 3. Phép quay

Vi du 1. Cho lyc gidc déu ABCDEF .
a) Tinh s6 do cac goc BCF, BDF, BEF .

b) Goi O 1a tam cuia luc giac déu. Hay chi ra ba phép quay tim O giit nguyén tam giac ACE .

Loi giai

C D

a) Dé thdy ABCDEF 1a luc giac déu nén ABF = AFE = FED = EDC = DCB = CBA =120'.

Ta c6 tir gidc ABCF ndi tiép dudng tron (R) nén BCF = BAF =180 hay

BCF +120° =180 = BCF =180" —120" = 60" .

Tuong ty tr giac ABDF noi tiép dudng tron (R) nén BDF = BAF =180 hay

BDF +120° =180" = BDF =180 —120" = 60" .

Tuong tu ta ¢c&6 BEF = 60°.

b) Ba dinh 4,C,E cuatam giac déu ACE chia duong tron (0) thanh ba cung bang nhau:
sdAC=sdCE=sdEA=120

Do do6 co6 6 phép quay tam O gitt nguyén tam gidc do la:

Phép quay 120°,240° thudn chiéu hodc 120° nguoc chiéu.

Nhdn xét: Co tit ca 6 phép quay 120°,240°.3640° tim O thuén chiéu hodc nguoc chidu kim ddng hd giir
nguyén tam giac.
Vi du 2. Cho tam giac déu ABC ndi tiép duong tron (0) . Hay chi ra cac phép quay bién tam giac thanh

chinh noé.



Huwéng din: Tuong ty cau b, bai todn 9 , ¢o tit ca 6 phép quay d6 1a phép quay 120°,240°, 360" tim O

thudn chiéu va nguoc chiéu.

Vi du 3. Cho tam giac ABC déu nhu hinh v&.
B
N »

a) Phép phép quay thuan chidu 60° tim A ;

C

Piém B bién thanh diém nao:

b) Phép phép quay nguoc chidu 300 tam A .

Loi gidi

B
m
C

a) Tam giac ABC déunén AB = AC . Do d6 C thuoc duong tron (A; AB )

Xét duong tron (A; AB) ,ta co: BAC =60 = sdBmC = 60’

Khi d6 diém B bién thanh diém C qua phép quay thudn chiéu 60° tim A .

b) Ta ¢6: sdBnC =360" —sdBmC =360 — 60" =300’

Khi d6 diém B bién thanh diém C qua phép quay nguoc chidu 300° tim A.

Vi du 4. Cho hinh vuéng ABCD tam O (hinh v€). Néu cac phép quay gilr nguyén hinh vudng do6.

Loi gidi



Ta c6 bon diém A4, B,C, D thudc duong tron tim O 13 giao diém hai duong chéo AC va BD.
Tacd AC L BD. Cé 8 phép quay gilr nguyén hinh vuéng ABCD 1a:

* Phép quay 180°,270°,360" tam O thudn chiéu.

* Phép quay 90°,180°,270°,360" tam O nguoc chiéu.

Vi du 5. Cho hinh vuéng ABCD c6 tam O nhu hinh v&. Phép quay thuan chiéu tim O bién diém A thanh
diém D thi cac diém B,C, D twong tng bién thanh cac diém nao?

Loi gidi

Ta cd6 ABCD la hinh vuéng nén OA=0B=0C =0D va AC L BD.

—_—

Ta c6: AOB =BOC =COD =D0OA=90".

Phép quay thuan chiéu tim O bién diém A thanh diém D 1a phép quay 3.90° =270" . Khi d6 diém B bién
thanh diém A , diém C bién thanh diém B va diém D bién thanh diém B .

Vi du 6. Cho hinh vudng noi tiép duong tron tim O . hiy cho biét cac phép quay thudn chiéu 1an luot
90°,180°,270" v&i tAm O s& bién cac diém 4, B,C,D thanh nhimng diém nao?

Loi gidi

Céc phép quay thudn chiéu lan lugt 1a 907, 180°,270" véi tm O bién cac diém 4, B,C,D thanh nhiing

diém tuong ung cho bdi bang sau:



Pinh

Phép quay A B C D
cung chiéu

90° B C D A
180° C D A B
270° D A B C

C. GIAI BAI TAP SACH GIAO KHOA
9.24. Trong céac hinh phang sau (H.9.52), hinh nao 13 hinh phang c6 dang da giac déu?

a) b) c) d) e}
Hinh 9.52

Loi gidgi
Hinh b 13 hinh vuéng, hinh d 13 hinh lyc giac déu vi hai hinh déu c6 cac canh bang nhau va cac goc baang
nhau.
9.25. Trong cac hinh dudi day (H.9.53), hinh nao v& hai diém M va N thoa man phép quay thuan chiéu
60" tim O bién diém M thanh diém N ?

M
N i i
L '
o 0 502 o N
0480 Mo, [f80 o o8
a) b) c) dj

Hinh 8.53

Loi gidi
Phép quay thuén chiéu 60" tdm O bién diém M thanh diém N tirc la diém N thude dudng tron (O;0M )
sao cho tia OM quay thudn chiéu kim dong ho dén tia ON thi diém M tao nén cung MN s6 do 60°.
Do d6, hinh d dung.
9.26. Cho tam giac déu ABC ndi tiép dudng tron (O) ban kinh 2 cm. Tinh d¢ dai cac canh ciia tam giac
ABC.

Loi gidi

A

B
N_E S

Vi tam gidc ABC déu noi tiép duong tron (O) nén O la trong tam, truc tdm cia tam giac ABC .



Goi H 1a giao diém ctua AO va BC nén AH la trung truc ddng thoi 1a dudng cao trong tam giac déu
ABC.

BC\3

3

Do dé: 04 = = BC =+/304=23(cm).

Viy canh cta tam giac déu bang 23 em.
9.27. Cho hinh thoi ABCD ¢6 A=60". Goi M,N,P,Q 1an luot la trung diém cua AB,BC, CD,DA.
Ching minh rang MBNPDQ 1a luc giac déu.

Loi gidi

B

Vi ABCD 1a hinh thoi nén 4B=BC =CD=AD.Vi M,N,P,Q lan luot la trung diém cua
AB
AB,BC,CD,DA nén MB=BN =NC =PC=PD=DQ N (1)
Tam giac ABD c6: AB = AD nén tam giac ABD la tam gidc can tai A, ma A=60" nén tam giac ABD
déu.
Do d6, AB=BD.Vi M,Q lan lugt 14 trung diém ctia AB va AD (gt) nén MQ la duong trung binh ctia
1 1
tam giac ABD . Do d6, MQ = EBD = EAB (2).
Vi N,P lan luot 1a trung diém cia BC va CD (gt) nén NP 1a duong trung binh ctia tam giac CBD . Do
1 1
do, NP = EBD :EAB (3)

Tur (1), (2) va (3) ta c6: MB = BN = PD = DQ = MQ = NP (¥)

Vi ABCD 1a hinh thoi nén ABC = ADC;C = A =60

Ta c6: ABC+ ADC +C + A4 =360" = ABC = ADC =360" —2.60" =120°

Tam giac NPC c6: NC = PC nén tam giac NPC cantai C.Ma C =60 nén tam giac NPC déu.

Do d6, CNP =60". Ta c6: BNP+ PNC =180 (hai goc ké bi) nén BNP =120’

Chirng minh tuong tu ta co: NPD = @ = @\-479 =120

Do d6: ABC = ADC = BNP = NPD = DOM =QMB =120" (*¥)

Tir (*) va (**) ta c6: MBNPDOQ 1a luc giac déu.

9.28. Cho tam giac déu ABC ndi tiép duong tron (O) nhu Hinh 9.54. Phép quay nguoc chiéu 60" tim
O bién cac diém 4, B,C lan lugt thanh cac diem D, E, F . Chiing minh rang ADBECF 1a mét luc giac
deéu.



Vi luc giac ADBECF nbi tiép dudng tron (0) nén OA4 =0B=0C =0D = OFE = OF . Vi phép quay
ngugc chiéu 60" tdm O bién cac diém 4, B,C lan lugt thanh cac diém D, E, F nén
AOD = BOE = COF =60 Vi tam gidc ABC déunén A0, BO la cac dudong phan giac clia tam giac
ABC.

— = = . e
Ta c6: BAO = ABO = EABC =30 . Tam giac OAB c6: BOA=180 —BAO—- ABO =120 .
Suy ra: BOD = AOB— AOD = 60" . Tam giac AOD can tai O (do O4=0D ), ma AOD =60" nén tam
giac
DAO d&u. Do @6, DA= AO = OD,DAO = ADO =60 .
Tuong tu ta co: DO =0B =BD,0DB=0BD=60", EO=0B = BE,OEB = OBE =60,
EO=0C =CE,0EC = OCE = 60", FO=0C = CF,0FC = OCF =60,
FO=0A4= AF,0FA = OAF =60’
Vay ADBECF 1a luc giac déu.
9.29. Liét ké nam phép quay giit nguyén mot ngii giac déu noi tiép mot duong tron tim O.

Loi gidi

Gia st ABCDE 1a ngii giac déu noi tiép duong tron (O) (hinh v¢).




Vi ngii giac ABCDE ndi tiép dudng tron (O) nén O4=0B=0C =0D =OE .
Vi ABCDE 1a ngii giac déunén AB=BC=CD=DE =EA.

Xét AOAB va AOBC ¢6:04=0B,0B=0C,AB = BC

Do d6 AOAB = AOBC(c.c.c)

Chirng minh tuong tu ta c6 AOAB = AOBC = ACOD = ADOE = AEOA.

— — — — - — e~ — -

Suy ra AOB = BOC = COD = DOE = EOA. Ma AOB+ BOC + COD + DOE + EOA =360

Do d6 5SA0B =360". Suy ra AOB = BOC = COD = DOE = E/O\A_%SO =72

Khi d6 phép quay nguoc chidu 72° tim O giit nguyén diém O , bién diém A thanh diém B thudc duong
tron (O; OA) sao cho tia OA quay nguoc chiéu kim dong hd dén tia OB , diém A tao nén cung AB c6 s6
do 72°.

Vay mdi phép quay nguoc chiéu 72° tim O & mdi dinh 4, B,C, D, E s& giit nguyén ngii giac déu noi tiép
mot duong tron tam O.

9.30. Cho vong quay mit trdi gdm tam cabin nhu Hinh 9.55. Hoi dé cabin 4 di chuyén dén vi tri cao nhat
thi vong quay phai quay thuén chiéu quay ctia kim dong hd quanh tim bao nhiéu d6?

Vi tri cao nhét
1 |

Wy ay

A I
Y fan\ W
§ay ::,
Hinh 9.55 .
Loi gidai

Gid str 8 cabin tao thanh mot bat gidc déu ABCDEGHK néi tiép dudng tron (O).

<A,
A

Vi bét gidc ABCDEGHK néi tiép duong tron (O)nén O4=0B =0C=0D=0E = OG =0H =0K.

Vi ABCDEGHK 14 ngii gidc déunén AB=BC=CD=DE=EG=GH =HK =KA.
Xét AOAB va AOBC ¢6:04=0B,0B =0C, AB = BC . Do d6 AOAB = AOBC(c.c.c)
Chtng minh tuong tu ta c6 AOAB = AOBC = ACOD = ADOE = AEOG = AGOH = AHOK = AKOA.

—

— e

Ma AOB+ BOC +COD + DOE + EOG + GOH + HOK + KOA =360". Do d6 8408 =360°



Suyra@:ﬁ::@:@:ﬁ;zcﬁ:@:@ﬂ; 45,

Khi d6 AOG = AOK + KOH + HOG = 45" +45" +45 =135,

Dé cabin 4 di chuyén dén vi tri cao nhat (vi tri ctia cabin G ban ddu) thi tia O4 quay thuén chiéu kim
ddng hd dén tia OG, diém A tao nén cung AG c6 s6 do 135",

Vay dé cabin 4 di chuyén dén vi tri cao nhit thi vong quay phai quay thuan chiéu kim dong hd quanh
tAm c6 so do 1a 135",

D. BAI TAP TV LU)(EN ‘ ‘ ‘ ‘

Bai 1. Tinh so do cia moi goc cua ngii giac déu, luc giac déu, bat giac déu ( da giac deu 8 canh).

Loi giai
M&i goc clia ngii gidc déu bang: w: 108"
MB&i goc cua ngii luc déu bang: w: 120°
Mdi goc clia bat giac déu bang: w: 135°

Bai 2.  Tinh s6 canh cia mét da giac déu, biét moi gdc cua nd bang 135°.

Loi giai
Goi n la so canh cua da giac déu.

(n-2).180°

n

Ta co =135°

.. n—2 135 3
nén = =_
n 180 4

Do d6 4(n—2)=3n.

Vay n=8.

Bai3. Cho tam giac déu ABC, cac duong cao AD, BE, CF catnhautai H. Goi I, K, M theo tht
tu 1a trung diém cia HA, HB, HC . Chimg minh rang DKFIEM 1a lyc giac déu.

Loi giai



B D c

Xét AHDC vudng tai D, DM 13 duong trung tuyén tng voi canh huyén nén DM = HM . Ta lai ¢6

C, =30° nén H, =60°. Do d6 AHDM 14 tam giac déu.
Tuong tu cac tam gidc HME , HEI, HIF , HFK, HKD 1a cac tam giac déu.
Luc gidac DKFIEM c¢6 cac canh bang nhau va cac goc bang nhau (bang 120°) nén 1a luc giac déu.
Bai 4.
a) Tinh s6 duong chéo cia da giac 7 canh.
b) Pa giac ndo c6 sé duong chéo bang s canh?
Loi giai
a) Tir moi dinh cua hinh n — giac 16i. ké duge n—1 doan théng dén céc dinh con lai, trong do6 c6 hai doan
thang 1a canh cua da giac, n —3 doan thang 1a duong chéo.
Pa gidc ¢6 n dinh nén ké duoc n(n—3) duong chéo, trong d6 mdi dudng chéo tinh 2 lan. Vay sé duong
n (n — 3)

chéo cua hinh » - gidc 161 1a

n
b) Giai phuong trinh =n.Tadugc n=>5

(n-3)
2

Bai5.  Cho lyc giac déu ABCDEF . Goi M la trung diém ctia EF , N 1a trung diém cia BD . Chimng
minh ring AMN 1 tam giac déu.

Loi giai



\ N

E D

Goi O la giao diém cia AD, BE, CF.D& dang ching minh N 1a trung diém cua OC,
AAFM = AAON (c.g.c).

—

Tir d6 AM = AN va MAN =60° nén AAMN 1a tam giac déu.
Bai 6.  Cho lyc giac déu ABCDEF . Trén canh AB, BC, CD, DE, EF, FA liy cac diém A’, B, C’
, D', E', F' saocho AA'=BB'=CC'= DD’ = EE' = FF'. Chling minh réng A'B'C'D'E'F' 1a mot luc giac
déu.

Loi giai
Huwoéng din: Chimg minh rang cac tam giac AA'F, BB'A’, CC'B', DD'C', EE'D’', FF'E bang nhau.

Bai7. Mot luc gidc déu va mot ngii gidc déu chung canh AD (nhu hinh v&). Tinh céc goc cua tam giac

ABC.

Loi gidi




Theo cong thirc tinh goc ciia da giac déu, ta co:

— (6—2).180“ —
ADB = =120 = DAB = DBA = 30"

(5 _ 2)180"

ADC = — 108" = DAC = DCA = 36";

Suy ra BDC = 360" —120° —108° =132° .

—  —— 180" — 132"

Ta ¢c6 ABDC (DB — Dc) can tai D. Do d6 DBC = DCB = — 924"

Suyra BAC = 30" +36° = 66°; ABC = 30" + 24" = 54"; BCA = 24" + 36" = 60"
Bai 8. Cho ngii gidc déu ABCDE . Goi I 14 giao diém cia AD va BE . Chung minh rang
a) DIBC la hinh binh hanh;
b) DI* = AI- AD.
Loi giai

o —

a) Ta c6 moi goc trong ctia ngil gidc déu c6 s6 do 1a 108° hay AED = 108°; Tam gidc AED can
tai F tu do A1 D = 36°; Tuong tu tinh dugc B = E = 36° = D

—

Vay IA1 = J/E\l + 21 = 72° (goc ngoai cua tam giac FAI)va D, = EDC — l/)\l =108° —36° = 72°.
Vay 52 = IA1 ma hai goc nay & vi tri dong vi suy ra IB / /DC . Chirng minh twong ty ta c6
DI / /BC hay DIBC' la hinh binh hanh.
b) Xét tam giac AIE vatam giac EAD, ta co
+ Go6c A chung;

—_

+ AEI = ADE.
= AAIE ~ AAED(g — g)suy ra j—é = j—i suyra AI-AD = AE*- BC* = DI’

A

5B



Bai 9*. Puong tron tim O ndi tiép hinh vudng ABCD , tiép diém trén AB 1a M . Mot tiép tuyén
v6i (0) cat cac canh BC,CD lan lugt & E, F . Ching minh rang

a) Cac tam giac DFO va BOE dong dang.
b) ME song song voi AF'.

Loi giai
A M B
o)
N E
D F C

a) Xét tam giac ADFO, ta ¢ DOF + DFO + ODF = 180°

— DOF + DFO =145 (do ODF = 45") (1)

Xét tir gidc DBEF ,tacd D+ B+ E + F =360 = DEF + BEF = 270’ .
Mit khac ta ¢c6 FO, EO 1an luot 1a phan giac gbc DFE va BEF nén ta co

—_— 1/\

DFO = %DFE va BEO = EBEF

Suy ra DFO + BEO = 145° (2)

—_—

Tu (1) va (2) suy ra DOF = BEO.
Xét tam giac DOF vatam gidc BEO , ta co
+ ODF = OBE = 45°;

—_— -

+ DOF = BFEO (chtrng minh trén).
= ADOF ~ ABEO(g — g)

2 2
b) ADOF ~ ABEO = DFE _ DO = DF -BE =DO-BO = BD :AB = BM - AD.
BO BE
BM  BE
= ——=—
DF  AD

Xét tam giac ADF va EBM ,tacd

+ ADF = MBE



. BM _ BE
DF  AD’

Suy ra AADF ~ AEBM = BME = AFD

Mat khac ta c6 BAF = m)(AB / /CD). Suy ra BME = BAF suyra ME / /ED .

Bai 10. Cho ngil gidc ABCDE c6 céac canh bang nhau va A=B=0C.
a) Ching minh tr gidc ABCD la hinh thang can.
b) Chang minh ngii gidc ABCDE 1a ngii giac déu.
Loi giai
A
E B

ety

a) AABCva ABCDco AB = BC;ABC — BCD; BC = CD
— AABC = ABC’D(c.g. c) = AC =BD.

AABDva AACDcb AB=DC ;AC = DB ; AD chung

= AABD = AACD(cg.c)= BAD = CDA

= ABAH = ACDK = BH = CK = BC'//CD

= ABCD la hinh thang can

b) Chiing minh tuong ty cau a, ta c0 ABCE la hinh thang can.
Taco: AABC can= Eﬁl\C: ECTél,ma‘l ;1: 6 = CTATE = A/C7)
= AAEC = ACDA(c.g. c) = ACDEFE1a hinh thang can

(Chiing minh tuong tu cau a)



Ta co:

AB//CK(ABCD ]la hinh thang can)

BC//AK(ABCE la hinh thang can)

ma: AB = BC. Suy ra ABCK 14 hinh thoi= 4 = C, = C,

—~ e~ e~~~

AC’DEle‘lhinhthangcﬁn:>CA’Z:E1 =FE =C = C =C,

1 1 1

—» AABC = ACDE = ABC = CDE

—_—

Churng minh tuong tu, ta dugc: BAE = AED
Dodé: A=B=C=D=Eva AB= BC = CD = DE = EA(g1)

= ABCDE la ngii giac déu

Bai 11. Chirng minh rang tong d6 dai cac canh ctia mot ngii giac 16i bé hon tong do dai cac dudng

chéo cua no.
Loi giai

A

N :

C

Ap dung tinh chat vé quan h¢ cac canh cua tam giac, ta co:



AB+ BC +CD + DE + EA < (AN + NB) + (BP + PC)

+(CQ+ QD)+ (DK + KE)+ (EM + MA) (1)

Mit khac: AN + PC < AC; BP + DQ < BD;CQ + KE < CE ;DK + MA < DA;EM + NB < EB
2)

Tu (1) va (2) suy ra diéu phai ching minh

Bai 12. Cho hinh ngii giic déu ABCDE ¢ tAm O.

a) Phép quay thuan chiéu tAm O bién diém A thanh diém C thi cac diém B,C,D,E tuong trng

bién thanh cac diém nao?
b) Chi ra cac phép quay tdm O giit nguyén hinh ngii giac déu da cho.
Loi giai

A

360°

a) A0C =220 9 —144°

Phép quay thudn chiéu 144° tim O bién diém 4 thanh diém C thi cac diém B,C,D,E tuong
ung bién thanh cac diém D, E, A, B

b) Céc phép quay tdim O giit nguyén hinh ngii gidc déu da cho la:

o Nam phép quay thudn chiéu a° tim O voi a°1an luot nhan cac gia tri 72°144°%216°%288°% 360° .
o Nam phép quay nguoc chiéu a° tdm O v&i o° 1an luot nhan cac gia tri 72°144°216°%288°% 360°

Bai 13. Cho tam giac déu, thuc hién phép quay nguoc chiéu tim A goc 90° ta duoc tam giac déu. Hay vé

tam giac deu do.

Loi giai



C!

Bl

Céch dyng: Phép quay nguoc chiéu 90" tim A , bién diém B bién thanh diém B'.

Xac dinh diém B’ theo hudng dan sau:

Vé duong tron (A;AB) vi tia Ax sao cho BAx = 90", tia Ax cat dudng tron (A;AB) tai diém B'.
Tuong tu ta dung dugc c diém C'.

Bai 14. Cho hinh ngii gidc déu ABCDE c6 tim O (Hinh v&).

D
E C
A
A B

a) Phép quay nguoc chidu tim O bién diém A thanh diém B thi cac diém B,C, D, E tuong ung bién thanh
cac diém nao?
b) Chi ra ba phép quay tdm O giit nguyén hinh ngii giac déu da cho.

Loi gidi

a) Phép quay nguoc chiéu 72" tam O bién diém A bién B thi cac diém B,C, D, E lan lugt bién thanh cac
diem C,D,EvaA.

b) Ba phép quay tdm O giir nguyén hinh ngii giac déu:

1. Phép quay nguoc chiéu 144°;

2. Phép quay nguoc chiéu 216 ;

3. Phép quay thuén chiéu 72" .

Ban hay tim thém nhing phép quay con lai giit nguyén hinh ngii giac déu.

Bai 15. Trong céac hinh dudi ddy, hinh nao v& hai diém M va N thoa mén phép quay thuan chiéu 60°
tdm O bién diém M thanh diém N ?



M

N
M
N
/50° 60° ~0° N 60° .
M 0 N
0 M o

a) b) c) d)
Loi gidi
Phép quay thuan chidu 60" tdm O bién diém M thanh diém N 1 hinh d , vi ta c6 OM = ON va
MON =60’ .

Bai 16. Cho tam giac déu ABC ndi tiép duong tron (O) nhu hinh v&. Phép quay ngugc chiéu 60" tim O
bién cac diém 4, B,C lan lugt thanh cac diém D, E,F . Chirng minh r:;ing ADBECF 1a mdt lyc giac déu.

o)
AN

Phép quay nguoc chiéu 60° tdm O bién A thanh D. Ta c6: OD = OA va AOD = 60" nén tam giac AOD
1a tam giac déu = AD =04 =0D =R (R la ban kinh dudng tron (0)).

Chtng minh tuong tu, ta c6: BE=CF =R = AD = BE = CF = R(*)
Tam giac ABC déu ndi tiép dudng tron ( O) ,taco: OD=0OA=0B (1)
Lai c6 AOB=120" ma AOD =60 (cmt)=> DOB = 60"(2)

Tir (1) va (2) suy ra tam giac DOB 1a tam giac déu.



Chimg minh tuong tw céc tam gidc EOC va FOA ciing la tam gidc déu.= DB = EC = EA = R(**)
Tur (*) va (**)= AD = DB = BE = EC = CE = EA(= R)(3)
Tir (3) va (4) = ADBECF 1 mét lyc giac déu.

Bai 17. Vong trong ctia mai giéng troi hinh hoa sen ctia nha ga Bén Thanh (Thanh phé H6 Chi Minh) ¢6
dang da giac déu 12 canh (Hinh v&). Hiy chi ra bon phép quay bién da giac déu d6 thanh chinh no.

Da giac déu 12 canh ABCDEFGHIKLM i tiép dudng tron (O) (Xem hinh v&).

Ta c6: @=%=3o° vi AOB =BOC =COD =DOE =...= 30’

Va 04=0B=0C =0D =... (ban kinh dudng tron ngoai tiép)

Ta chon phép quay thuan chiéu (hoic nguoc chiéu) goc quay30°,60°,90°,120° bién da giac da cho thanh

chinh noé.



LUYEN TAP CHUNG
A. Vi DU VA BAI TAP SACH GIAO KHOA
Vi du 1. Cho t&r gidc ABCD ndi tiép dudng tron (O). Biét rang AOB = IZOO,B/O\C =40, COD =80".
Tinh s6 do cac goc cua tir giac ABCD .

Hinh 9.56

Loi gidi
—_— 1 — ° ’ ’ —_—
Xét duong tron (O), ta c6: ADB = EAOB =60 (goc nodi tiep va goc ¢ tam cung chan cung AB);
— —— | — . . . — = 1 = .
BAC=BDC = EBOC =20 (céc goc nodi tiep va goc ¢ tam cung chan cung BC ); CAD = ECOD =40

(g6c ndi tiép va goc & tAm cung chan cung CD ).

Suy ra BAD = BAC +CAD =60 va ADC = ADB+BDC =80".

Vi céc goc di nhau clia tr gidce ndi tidp ABCD c6 tong bing 180° nén ABC =180 — ADC =100" va
BCD =180"—BAD =120’ .

Vi du 2. Cho luc gidc déu ABCDEF .

a) Tinh s6 do cac gbc BCF,BDF,BEF .

b) Goi O 1a tAm cta luc gidc déu. Hiy chi ra ba phép quay tdim O giir nguyén tam giac ACE .

ﬁ .—“».“\
c™~——D
Hinh9.57
Loi gidi
a) Luc gidc déu ABCDEF c6 cic goc bang 120° va ndi tiép mot duong tron (O) . Khi d6, cac tir giac

ABCF, ABDF , ADEF ndi tiép (0). Vivay BCF =180" — BAF =180° —120" = 60’ .

Tuong tu, BDF = BEF =60".

b) Tuong tu cau a, cac goc cua tam giac ACE déu bang 60", hay ACE la tam gidc déu va noi tiép duong
tron (O) . Nhu vay, ba phép quay tam O giit nguyén tam giac ACE 1a ba phép quay thuan chiéu lan luot
120°,240°,360" v6i tam O.



Loi giai

9.31. Cho tam giac ABC c6 cic duong cao 4D, BE,CF . Chimg minh ring BCEF,CAFD, ABDE la
nhiing ttr giac noi tiép.

Loi giai
A
E
F
- C
B D

- Vi ABEC vuéng tai E (do BE L AC ) nén tam giac c6 dudng tron ngoai tiép duong tron duong kinh
BC . Do d6 ba diém B, E,C cung nam trén duong tron dudng kinh BC .

Vi ABFC vuéng tai F (do CF L AB ) nén tam giac c6 dudng tron ngoai tiép 1a duong tron duong kinh
BC . Do d6 badiém B,F,C cing nam trén duong tron duong kinh BC .

Suy ra bon diém B, C, E, F cling nam trén mot dudng tron hay tir giac BCEF 1a tir giasc noi tiép.
Chtrng minh tuong tu, ta ciing c6 ti gidc CAFD noi tiép dudong tron dudng kinh AC va tir giac ABDE
ndi tiép duong tron duong kinh 4B .

Vay BCEF,CAFD, ABDE 1a nhiing tir giac ndi tiép.

9.32. Cho tir gidic ABCD nbi tiép duong tron (O), AB cit CD tai E, AD ciat BC tai F nhu Hinh 9.58.
Biét BEC =40" va DFC =20’ , tinh s6 do cac goc cuia tir giac ABCD.

F

Hinh 9.58

Loi gidi

Xét AADE cb A+ ADE+E =180° (tong ba goc clia tam giac)

Do d6 ADE=180"—E—A=180"-40 — A=140"—A.

Vi ABCD la t&r giac ni tiép duong tron (O) nén téng cac goc ddi nhau cua tir giac bang 1807, do do
A+BCD=180",suyra BCD=180"— 4.

Xét tir gidc ABCD co: A+ ABC + BCD+ ADC =360’ (tdng céc gbe clia mot t gide)

Suy ra 21+(160° —21)+(180° —21)+(140° —2)=36o°. Hay 24=120",nén A=60".

Dodé ABC=160"-A=160"-60"=100"; ADC =140" - A=140"-60"=80";
BCD=180"—A4=180"—60" =120".



Vay ti giac ABCD c6 A=60"; ABC =100"; BCD =120"; ADC = 80"
9.33. Cho hinh vudéng ABCD c¢6 canh bang 4 cm . Tinh chu vi, dién tich cta cac duong tron noi tiép va
ngoai tiép hinh vuong ABCD.

Loi giai

. 1
Goi R la ban kinh duong tron ngoai tiép hinh vuéng ABCD . Khidoétacd R = EAC .
Xét AABC vudng tai B (do ABCD la hinh vuong), theo dinh 1i Pythagore, ta co:
AC* = AB> + BC* =4>+4%> =32

Do d6 AC:\/3_2=4x/§(cm). Suyra R =%AC=%.4\/§=2\/§(cm).

Chu vi cua dudng tron ngoai tiép hinh vudng ABCD1a: 27R = 27.2/2 = 47~/2 (cm)
. Y 2 2 2
Dién tich ciia duong tron ngoai tiép hinh vuong ABCDla: 7R™ = 7[(2\/5 ) = 87[( cm )

Goi r 1a ban kinh duong tron noi tiép hinh vuéng ABCD . Goi M, N, P,Q lan luot 13 trung diém cta
AB, BC, CD, DA.Vi ABCD la hinh vudng nén hai duong chéo AC, BD vudng gdc voi nhau tai trung
diém O cia mdi duong.

. . 1
Xét AOAB vuong tai O c6 OM 1a duong trung tuyeén g véi canh huyén nén OM = EAB .

Mit khac, AOAB céan tai O (vi OA=OB ) nén dudng trung tuyén OM ddng thoi 1a duong cao, do d6
OM 1L AB taiM.
Tuong tu, ta c6: ON L BC tai N,OP 1L CD tai P,OQ 1 AD tai Q va

ON =lBC,OP =1CD,OQ =lDA.
2 2 2

Ma AB=BC=CD=DA (do ABCD 1a hinh vuéng) nén OM =ON =OP =0Q .
Vay duong tron (0; oM ) 1a dudng tron noi tiép hinh vuéng ABCD .

1 1
Khi dé tacs r=0M = AB :5.4:2(cm).

Chu vi ctia dudng tron ndi tiép hinh vuéng ABCD1a: 27r =27.2 =47 (cm).
Dién tich ctia duong tron ndi tiép hinh vudng ABCD 1a: zr? = 7.2% = 47r( cm’ )

9.34. Biét rang bon dinh 4, B,C,D ctia mdt hinh vudng cting nam trén mot duong tron (O) theo thir tu
nguoc chiéu quay ciia kim dong hd. Phép quay thuan chiéu 45  bién cac diém 4, B,C, D lan luot thanh
cac diém E,F,G, H .



a) V€ da giac FAFBGCHD .
b) Pa gidc EAFBGCHD c6 phai 1a mot bat giac déu hay khong? Vi sao?
Loi gidi

E

- V& dudng tron (0) Trén duong tron (0) v€ hinh vuéng ABCD sao cho cac dinh 4,B,C,D theo thir
tu

nguoc chiéu kim dong ho.

- Lay diém E thudc duong tron (O) sao cho tia 04 quay thudn chiéu kim dong hd dén tia OF va

AOE = 45,

- Xac dinh cac diém F, G, H tuong tu nhu cach x4c dinh diém E & trén. Noi 4 v6i E,E v6i D, D véi
H,H vé6i C,C voi G,G v6i B,B voi F va F véi A. Khi d6 ta duoc da giac EAFBGCHD .

b) Vi ABCD 1a hinh vuéng nén duong tron (O) ngoai tiép hinh vuéng c6 tim O 1a giao diém hai duong
chéo. Do d6 AC L BD tai O hay AOD =90". Suy ra AOE =90" — EOD + EOD =90" =90 —45" =45’
Xét AOAE va AOED cb: OA = OE, AOE = EOD (cing bing 45° ), OE=0D.

Do d6 AOAE = AOED(c.gc)

Tuong tu, ta s€ ching minh dugc:

AOAE = AOED = AODH = AOHC = AOCG = AOGB = AOBF = AOFA.

Suyra AE=ED=DH = HC =CG =GB = BF = F4; (1)

OAE = OED = ODH = OHC = OCG = OGB = OBF = OF4;

OEA=ODE = OHD = OCH = OGC = OBG = OFB = OAF.

Xét AOAE c6 OA=0OE nén AOAE cantai O, suy rara OAE = OFA .

—

— e — e~~~ —~— -

— e~~~ e~~~

Hay EAF = AFB = FBG = BGC =GCH =CHD = HDE = DFEA. (2)

Tir (1) va (2) suy ra EAFBGCHD c6 cac canh bang nhau va cac goc bang nhau.
Vay EAFBGCHD 1a bat giac déu.

9.35. Cho ngii giac déu ABCDE noi tiép dudng tron (O) nhu Hinh 9.59.



Hinh 9.59
a) Hay tim mot phép quay thuan chiéu tim O bién diém 4 thanh diém C.
b) Phép quay trén s& bién cac diém B,C,D, E lan luot thanh nhitng diém nao? Phép quay nay c6 gii
nguyén ngii giac déu ABCDE khong?
Loi gidgi
A

‘

N\

C

=

AVAN

Vi ngii gisc ABCDE noi tiép duong tron (O) nén OA=0B=0C =0D =OE .
Vi ABCDE 1a ngii giac déunén AB=BC=CD=DE =EA .

Xét AOAB va AOBC ¢6:04=0B,0B=0C,AB=BC

Do d6 AOAB =AOBC (c.c.c).

Chtrng minh tuong tu ta c6 AOAB =aOBC = ACOD = ADOE = AEOA.

— e~ e~ - — — e~ -

Suy ra AOB = BOC = COD = DOE = EOA.Ma AOB+ BOC +COD + DOE + EOA =360".

Do d6 540B =360". Suy ra @:ﬁ:@:ﬁ:@:%:nﬂ

Khi d6 s6 do ctia cung 16n AC bang: AOE+EOD+DOC =72 +72" +72" =216’

Do d6, dé bién diém 4 thanh diém C thi tia O4 phai quay thuan chiéu kim dong hd dén tia OC, diém A
tao nén cung AC c6 s do 216°. Vay phép quay thuan chidu 216° tdm O bién diém A4 thanh diém C.
b) Phép quay thudn chiéu 216 tim O bién cac diém B,C,D, E lan luot thanh nhiing diém D,E, A,B.
Khi d6 phép quay nay giit nguyén ngii giac déu ABCDE .

9.36. Ngudi ta mudn 1am mot khay dung banh keo hinh luc gidc déu c¢6 canh 10 cm va chia thanh 7 ngin

gém mot luc gidc déu nho va 6 hinh thang can nhu Hinh 9.60. Hoi luc gidc déu nho phai c6 canh bang
bao nhiéu dé né cé dién tich bang hai 1an dién tich mdi hinh thang?



Hinh 9.60
Loi gidi

Gia st ABCDEG 14 khay banh keo hinh luc giac déu canh 10 cm , duoc chia thanh 7 ngian gdm mat luc

giac déu nho MNPQUT va 6 hinh thang can MNBA, NPCB, PODC,QUED,UTGE,TMAG .

Goi O la giao diém cua ba duong chéo chinh 4D, BE,CG cua hinh luc giac déu ABCDEG.
Hinh lyc gidc déu MNPQUT chia thanh 6 tam giac d&&u OMN, ONP, OPQ, OPU, OUT, OTM.
Ta d& dang chirng minh duoc cac tam gidc déu d6 bang nhau nén ching c¢6 dién tich bang nhau.
Khi d6, Sypour =6Somy - Ké OK L 4B, tacé K 1a trung diém cia AB nén AK =5cm.

Tacd MN //AB (do MNBA1a hinh thang can) nén OK L MN .

Goi H la giao diém ctia OK va AB,tacé OH L MN va H la trung diém cua MN .

Goi x(cm,0< x <10) 14 d6 dai canh cia luc gidc ddu MNPQUT , ta c6 MN = x, MH = g .

Vi ABCDEG la luc gidc déunén AOAB la tam gidc déu, do &6 OAB = 60".
Xét AOAK vudng tai K , ta c6: OK = AK.tan OAK =5-tan 60" = 5/3 (cm)

Xét AOMH vuong tai H , ta c6: OH = MH = tan OMH zg.tan 60’ :#(cm).

3 (10—x)ﬁ(cm
2 2

Suy ra HK = OK = OH =53 - ).

1 1 x\/g xzx/g
Ll

Dién tich cua tam giac OMN 1a: S, = E.OH MN = 3y X7

Dién tich cua hinh thang can MNBA la:

(10-x)3 ~(100-x)4/3
2

%- .(x+10)——4 (cmz).

Pé dién tich hinh lyc giac déu MNPQONT bang hai 1an dién tich mdi hinh thang (chang han hinh thang

xzﬁ:(loO—xz)\/E
4

4

S, = %.HK.(MN+ AB)=

MNBA thi 6S, =28, hay 3S, =S,. Do d6 3. = x’ =25= x=5(do x>5)

Vay canh hinh luc gidc déu nho bang 5 cm.



B. BAI TAP THEM
Bai 1. Tinh s6 do cac ciia ttr giac ndi tiép ABCD trong hinh v&.

Loi giai

Tam giac AOB can tai O = AOB =O0BA :% =57,5

— —— 180 -78 _

Tuwong tu tam gidc BOC can tai O= OBC = OCB = 51

Do d6 ABC =0BA +OBC=57,5 +51" =108,5"
Ta c6 tir gidc ABCD noi tiép nén ADC + ABC =180" = ADC =180 — ABC = 180" —108,5 = 71,5"

—  — 180°-106" _

Lai c6 tam gidc AOD can tai O nén OAD = ODA = 37

ma BAD = OAB+O0AD =57,5 +37 =94,5’
Vi t& gidc ABCD ndi tiép nén BCD +BAD = 180" = BAD =180~ BAD = 180" —94,5 = 85,5’

Bai 2. Tinh dién tich ctia mot hinh chit nhat, biét rang hinh chit nhat d6 c6 chiéu dai gip hai 1an chiéu
rong va ban kinh dudng tron ngoai tiép bang 2,5cm.

Huoéng din: Hinh chir nhat ABCD la tir giac noi tiép va duong tron ngoai tiép c6 tim 1a giao diém hai
dudng chéo va ban kinh bang mot nira do dai duong chéo.

Loi giai

Ta c6 AC 1a dudng kinh ctia duong tron ngoai tiép AC =2.2,5=5(cm)

Goi chiéu rong cua hinh chir nhat 1a x thi chiéu dai 4 2x



Xét tam gidc ABC vuong tai B . Theo dinh li Pythagore, ta co:
X H2x)} =5 =5x* =252 x> =5= x =/5(cm)

Vay chiéu rong ctia hinh chit nhat 1a J5 (cm) va chiéu dai 1a NG (cm)
Do d6 dién tich hinh chit nhat ABCD 1:/5 -24/5 =10(cm’)

Bai 3. Xac dinh tim va ban kinh duong tron ngoai tiép hinh chit nhat va hinh vuéng trong hinh v&.

Loi giai
4
M N
B 4 C
3
I
A D
a) Q P
b)

a) Goi I 1a giao diém cua hai duong chéo AC,BD cua hinh chit nhat ABCD nén I 13 trung diém cta
AC.

Tam gidc ABC vuong tai B . Theo dinh 1i Pythagore, ta co:

AC’=AB’+BC’=3’+4> = AC=+3"+4 =5

Vay dudng tron ngoai tiép hinh chit nhat ¢6 tdm I (14 trung diém ciia AC ) va ban kinh R = % = % =25
b)Goi J 1a giao diém cta hai dudng chéo hinh vuéng MNPQ nén J 13 trung diém cta QN.

Tam giac QMN vuong tai M. Theo dinh 1i Pythagore, ta co:
QN> =QM>+MN? =4 +4% = QN =~+/4> +4% =42

Vay dudng tron ngoai tiép hinh vudng c6 tam J (1a trung diém cta QN) v ban kinh

RV M2,
2 2

2 A 1s n 5 2
Tong quat: Ta c6 ban kinh dudng tron ngoai tiép hinh vuong canh a bang a\2/7 .
Bai 4. Cho duong tron tdim O c¢6 ban kinh R =5cm.

a) Tinh d6 dai canh ctia hinh vudng néi tiép trong (O).

b) Mét hinh chir nhat noi tiép trong (O) c6 chu vi 28 cm . Tinh chiéu dai va chiéu rong cua hinh chitr nhat
do.



Hwéng din: Hinh vudng va hinh chir nhat 1a cac tir gidc noi tiép. Pudng tron ngoai tiép cia chiing c6
tam 1a giao di€m cua hai dudng chéo va ban kinh bang mdt ntra d6 dai duong chéo.

Loi giai

Goi hinh vudng néi tiép trong duong tron (0;5c¢cm) 1a ABCD.
Taco: AC=2.R =2.5=10(cm)

Goi canh hinh vudng 1a x . Theo dinh li Pythagore, ta c6:

x*+x* = AC?

2x* =10

X =50=x=50 =52

Vay canh hinh vudng ndi tiép trong duong tron (0;5cm) bang 52.

b) (Xem hinh v¢).

Goi chiéu dai a, chiéu rong b. Ta c6 chu vi hinh chit nhat 2(a +b)=28. Ntachuvi a+b=14.

Tam giac ABC vuong tai B . Theo dinh li Pythagore, ta co:

a’+b* = AC?
a’+b> =10’
a’+b* =100

a+b=14 (1)

Theo bai ra, ta c6 h¢ phuong trinh:
a +b =100 (2)(a>b>0)

Tir (1) = b=14—a (%), thé (**) vao (2), ta co:



a*+(14-a)* =100
a’ +(196—28a+a2)=100

24’ —28a+196-100 =0

a’—14a+48=0

a’-8a—6a+48=0

a(a—8)—6(a—8)=0

(a—6)(a—-8)=0

a—8=0 hoic a—-6=0

a=8=>b=14-8=6(via>b)

Vay chiéu dai cua hinh chir nhat 1 8 cm va chiéu rong la 6 cm .

Bai 5. Cho hinh vuéng ABCD c¢6 canh bang 4 cm . Tinh chu vi, dién tich ctia cac duong tron noi tiép va

ngoai tiép hinh vuéng ABCD .
Huwéng din: Can tinh ban kinh duong tron noi tiép, ngoai tiép.

Loi giai

D@ thiy ban kinh duong tron noi tiép r = % = g =2(cm)

Chu vi ctia dudng tron ndi tiép hinh vudng P=2-71r=2-7-2=4xn(cm)

Dién tich cta duong tron ndi tiép hinh vudéng S, =r-1’=r-2"= 47r(cm2)
Hinh vuéng ABCD ndi tiép duong tron (O;R) c6 AC 1a duong kinh.

Xét tam giac ABC vudng tai B . Theo dinh li Pythagore, ta co:
AB2+BC2=AC2 4> +42 = AC* = AC =42 +4? = 4/2(cm) = AC= 242
Chu vi cia dudng tron ngoai tiép hinh vuéng ABCD 1a: P,=27-R= 4\/§7r(cm)

Dién tich cta hinh tron ngoai tiép S,=7-R’=7- (2\/5)2 = 87[( sz)



Bai 6. Cho tam giac nhon ABC c6 AD,BE,CF 1a duong cao va H 1a tryc tdm. Chirng minh r:;ing:
a) T&r gisc AEHF, BDHF va CDHF la cac tir giac ndi tiép.
b) DA la duong phan giac cua goc FDE.
Loi giai
a) Ta co: AFH +AEH =180 = Tt gidc AEHF ndi tiép.
Chtrng minh tuong tu, ta ¢6 cac t giac BDHF va CDHF ndi tiép.
b) Xét tit gisc BDHF ndi tiép (cmt) = FDH = FBH (hai goc ndi tiép cing chén cung FH )
Tuong tu v6i tir gidc ndi tiép CDHE, ta ¢o HDE = HCE
ma FBH = HCE (cung phu véi B/A\C) — FDH = HDE , chiing t6 AD la dudng phan giac cua goc FDE.

Bai 7. Cho tam giac ABC nhon noi tiép dudng tron (O), dudng cao AD cit dudng tron (O) tai E . Trén
AD lay H sao cho D la trung diém ciia EH,BH cit AC tai K . Chimg minh t& giac HKCD noi tiép.

Huwéng din: Ta dua vé cau a , bai toan 16 bang cach chimg minh BKC=90".
Loi giai

A F

Dé thdy aBDE = ABDH (c.g.c) = B =B: va Ei = H,.

H, = H, (dbi dinh)

Bi=A, (goc ndi tiép cung chan cung EC) ma Bi+Ei =90’ (do BDE =90’ (gt)
= A+, =90’

Trong aAHK = AKH =180" —90" = 90" = HKC = 90°

Ta c6 HKC + HDC =180".Do t& giac HKCD ndi tip.

Bai 8. Tir mot diém M nam ngoai duong tron (0), vé cat tuyén MBC va tiép tuyén Mt tiép xuc vai (O)

tai A Goi I 1a trung diém cua day BC. Chiing minh AMIO 1a mot tir giac noi tiép.

Loi giai



M

D@ thdy tam giac BOC can tai O , ¢6 OI 1a trung tuyén (gt) nén OI dddng thoi 1a dudong cao nén OI L BC

Mit khac tiép tuyén Mt tiép xtic voi (O) tai Anén OA L Mt .

Xét tir giac AMIO c6 MAO +MIO =180" nén AMIO 1a mot tir gic ndi tiép.

Bai 9. Cho tam gidc ABC vudng tai A . Liy diém M bat ki trén doan AC , dudng tron duong kinh CM cat
hai auong thang BM va BC lan luot tai D va N . Ching minh rang:

a) Tt giac ABCD ni tiép;
b) Cac duong thing AB,MN,CD ciing di qua mot diém.
Hudéng din:

Céu b) Cho hai duong thang cit nhau tai mot diém, chimg minh duong thir ba di qua diém d6.

Loi giai

M
a) Goi O la tam cua dudong tron duong kinh CM. Ta c6 DO = MO =CO hay DO = TC

Chutng to MDC la tam gidc vudng tai D .
Xét tir giac ABCD c6 BAM = BDC =90’ (cmt) nén bdn diém A,B,C,D cung thudc mot duong tron
duong kinh BC hay tir gidc ABCD noi tiép.

b) Goi giao diém cua hai duong thaing AB va CD 1a 1, ta ¢4 M 14 truc tAm ctia tam giac BIC nén IM 1a
duong cao tht ba = IM L BC

= IM va IN phai tring nhau hay ba diém I,M,N thang hang.



Vay cac duong thing AB,MN,CD cung di qua diémI .

Bai 10. Trong mot dudng tron. Ching minh ring goc gitra tiép tuyén mot day va goc ndi tiép cung chin
mot cung thi bang nhau.

Loi giai
—T
B
»
X A
T

Ké OH L TB. Tam giac BOT can tai O nén duong cao OH dong thoi 1a duong phan gic hay
BOH = HOT - BOT

] — C , o
Laico BAT = EBOT (gbc ndi tiép bang nira goc ¢ tam cung chan mot cung) = HOT = BAT (1)

Tam gidc OHT vudng tai H , ta c6 HOT +OTB =90°

Lai c6 OTB+BT =90 (do tx Ia tiép tuyén) = HOT = BTx (2)

Tr () va(2) = ITx = BAT (ﬁ( 1a goc gira tiép tuyén va mot day chin cung BT, BAT la goc noi tiép
chin cung BT)

Két Luén: Trong mot dudng tron goc giita tiép tuyén mot day va goc noi tiép ciing chan mot cung thi
bang nhau.

Ghi chii: Két luan cta bai toan 20 nay s& dung dé chimg minh cho cac bai toan khéc va , chung ta xem la
mot dinh 1i trong hinh hoc.

Bai 11. Cho tam gidc ABC nhon noi tiép trong duong tron (O), cac duong cao AD va E cat nhau tai H .
BO cit DE tai I va cit dudng tron (O) tai M. Chimg minh rang: tr giac DIMC ndi tiép.

Loi giai




Ta c6: AEC =AD =90 (gt) nén tir giac AEDC ndi tiép = BDE = BAC =180°
Ma BDE +EDC =180 (k& bi1)= BAC = BDE (1)

Ké tiép tuyén Bx v6i dudng tron (O) ta cd CBx = BAC (2) (goc giira tiép tuyén mot day va goc noi tiép
cung chan cung BC ).

Ta(l)va(2) = BDE = CBx = Bx //ED (cap goc so le trong bang nhau)
méa Bx L OB (tinh chét tiép tuyén)= DE L OB hay DIM =90’

D& thiy BCM =90° (do BM la duong kinh)= DIM + BCM =180’
Chtng t6 tir giac DIMC ndi tiép (Tong hai goc ddi bang 180" ).

Bai 12. Cho tam giac ABC(AB > AC) ndi tiép dudng tron (O) duong kinh BC . V& dudng cao AH cua
tam giac. Trén canh BC 1y F(F # 0 ) sao cho CF=CA . V& CI vudng goc v6i AF tai I va CI cit canh AB
tai E . Ching minh rang: tr giac ATHC va BEIH ndi tiép.

Loi gidi
E A

B[ E g: §nt:
F H

D@ thiy tir giac 4 HC ndi tiép ( AIC = AHC =90’ )= A=1 (1) (goc ndi tiép cung chan cung HC)

Lai c6 BAC=90" (BC la duong kinh) hay BAH + A, =90'ma BAH+B=90= A, = B(2)
Tir(1)va(2) = B=1Iima [ + EIH =180" (k& bu )= B=EIH=180".
Chimng 6 tir giac BEIH noi tiép.

Bai 13. Cho hinh binh hanh ABCD c¢6 dinh D nam trén duong tron dudng kinh AB . Ké DM va BN ciing
vudng goc voi duong chéo AC . Chimg minh CBID ndi tiép.

Loi giai




Nbi B véi D, tacd aADB vudng tai D ( AB 1a duong kinh ) hay AD L BD.
ma AD//BC(gt) = BD L BC = DBC = 90" hay DBC = DMC =90’
Hai dinh M, B cuing nhin DC dudi hai goc bang nhau cling bang 90" nén ttr gac CBMD ndi tiép.

Bai 14. Tir diém A bén ngoai duong tron ké hai tiép tuyén AB,AC dén duong tron ( B,C 1a tiép diém).
V& duong kinh BD cuia dudng tron (O) . Tiép tuyén tai D cia (O) cit duong thing BC & E,OFE cit AD ¢
N . Ching minh rang: tir giac AONC ndi tiép.

Loi giai

Goi H 1a giao diém ctia AO va BC ta co6 OA = OC(=R) (tinh chit hai tiép tuyén cit nhau) nén OA 1a
duong trung truc ctia doan BC nén OA L BC tai H.

Xét tam giac ACO vudng tai C (tinh chét tiép tuyén) va tam giac CHO vudng tai H(cmt) ¢ OAC
chung.

Do d6 aACO -aCHO (g.g) = OC_OA _ o2 —om-0a
OH OC

Ma OA =OC(=R) = OD> = OH.OA(])
Xét aAOD va aDOH ¢6 AOD chung va (1)=aAOD -aDOH (c.g.c) = OAD = ODH (2)

Lai c6 tir giac OHED ni tiép (O/}ﬁi +ODE =180’ )= ODH = OEH (3) (g6c¢ ndi tiép cung chan cung
HO)

Tir (2) va (3) = OAD = OEH ma OEH + EOH =90° = OAD + EOH = 90’
Xét tam gidc ANO, ta c6: ANO = ACO =90° .
Do d6 tir giac AONC ndi tiép.

Bai 15. Cho dudng tron (O) duong kinh AB . Trén tia dbi cua tia BA 1iy diém C ( C khong tring véi B ).
Ké tiép tuyén CD véi duong tron ( O ) ( D 14 tiép diém). Tiép tuyén tai A cua dudng tron (O) cit duong



thang CD tai E . Goi H 1a giao diém ciia AD va OE,K la giao diém BE va dudng tron (0) ( K khong
trung voi B ).
a) Chirng minh: AE® = AK .EB.
b) Chung minh: Tt gidc BOHK noi tiép.
Loi giai
a) Ta co: AKB=90" (vi AB la duwong kinh) =aAKE vudng tai K

E

Lai c6 EAB vuong tai A (tinh chat tiép tuyén)
Xét aAKE va aEAB, c6 AEK chung =aAKE -aBAE (g.g)

AE EB
=>—=—

= AE? = EK.EB (1) (dpcm).
K (1) (dpecm)

b) D& thiy EO 1a duong trung truc cia AD hay EO L AD tai H .

Xét aEHA va aEAO ¢6: EHA = EAO =90°, AEO chung

AE E
Do 6 aEHA -aEAO (g.g)= ~& =EO
EH AE

= AE’ =EH-EO (2)

Tu (1) va (2) = EK.EB = EH.EO.

—EHK ~ aEBO( c.g.c) = Hi =B ma Hi +KHO =180" (k& bi)= Bi + KHO =180’

Chimg t6 tir giac BOHK noi tiép.

Bai 16. Cho tam giac ABC nhon ndi tiép dudng tron (O), ba dudng cao AD,BE,CF cit nhau tai H .

a) Chirng minh tir giac AFHE ndi tiép. Xac dinh tim va ban kinh ciia duong tron ngoai tiép tir giac AFHE

b) Goi M 1a giao diém ctia EF va BC va AM cit duong tron (O) tai I . Chiing to: tir giac AEFI ndi tiép.

Loi giai



a) Ta c6 AEH = AFH =90 (gt) => AEH + AFH =180°

Do d6 AFHE noi tiép dudng tron tim 1a trung diém ctia AH va duong kinh 1a AH .

b)Ta c6 BFC = BEC =90’ (gt) = BFEC ndi tiép = MFB = MCE

— AMFB -aMCE(g-g) = E - MB _ k. ME = MB-MC()
MC ME

Chung minh tuong ty ta ciing c6 MB.MC = MLMA. (2)(vi 4 diém A,I, B,C thudc (O)).

Tir (1), (2) = MEME = ML.MA (= MB.MC) =aMIF -aMEA (c.g.c) = MIF = MEA .
Vay tir giac AEFI ndi tiép.
Bai 17. Cho tam giac ABC nhon ndi tiép dudng tron (0), cac dudng cao AD,BE va CF cit nhau tai H .

a) Chung minh riang: T& giac BFEC ndi tiép, xac dinh tim va ban kinh cua duong tron ngoai tiép tir gic
BFEC.

b) Puong thiang EF cit dudng thang BC tai M va cét duong tron (O) tai K va T (K ndm gitta M va T).
Chimg minh rang: MK.MT = ME.MF .

¢) Chirng minh tir gidc KTID ndi tiép.

a) Ta c6: BFC=BEC=90" (gt)



. A 2 B
= T gidc BFEC ndi tiép dudng tron tdm I 1a trung diém cua BC va ban kinh TC .

b) Xét duong tron (1) ta cod FEB =FCB (g6c ndi tiép cung chan cung FB).

— AMEB ~aMCF(g-g) = Y& - MB _ ME.MF = MB-MC (1)
MC MF

Chtrng minh tuong tu véi duong tron (O) ta c6 MB-MC = MK - MT (2)

Tu (1) va (2) = MK.MT = ME.MF(3)

¢) Dé théy tir gidc HECD ndi tiép ( HEC + HDC =180" )

— HED = HCD (gdc ndi tiép cung chan cung HD).

Lai c6 BFEC noi tiép (cmt) = HCD = FEB (g6c ndi tiép cung chin cung FB)
— HED = FEB(= HCD)

Laico BIF = 2FCB (goc & tam duong tron (I) va goc ndi tiép cung chian cung BF )

— BIF = MED =sMIF caMED (g.g). = %:%: MI-MD = ME - MF (4)

Tu (2), (4) = MLMD = MK.MT.

Do d6 aMDK ~aMTI (c.g.c).= MDK = MTI = T gidc KTID ndi tiép.
Nhan xét: Ciing ndi vé dudng tron o le ta hiy xét bai toan twong ty sau, trong d6 3 diém 1a chan ba
duong cao va diém con lai 13 trung diém cua doan thang ndi truc tim dén dinh.
Bai 18. Cho duong tron (O;R). Ly cac diém A, B,C,D,E trén dudng tron (O;R) sao cho sd do cac cung
XI\B, ]gé, (/JB, 61?3, ﬂ bang nhau. Pa gidac ABCDE c6 1a da giac déu khong? Vi sao?

Loi giai

o~ o " — o

Céac cung AB, BC, CD, DE, EA bang nhau va cing c¢6 s do bang 360

=T72°

Viy AOB = 72%BOC = 72°,COD = 72°, DOE = 72°, EOA — 72°

Tinh cac goc cia tam giac can OAB ta co (ﬁ = (ﬁ = 54°.

Chtng minh tuong tu ta dugc EAB = ABC = BCD = CDE = DEA. (1)

Chtrng minh AOBA = AOBC nén AB = BC, tuong tutac6 AB =BC = CD = DE = EA(2)

Tir (1) va (2) ta c6 da gide ABCDE c6 1a da gidc déu.



A
< \B
E \
/ )
D
Bai 19. Cho tam giac déu ABC, cac dudng cao AD, BE, CF catnhautai H.Goi I, K, M theo thu

tu 1a trung diém cia HA, HB, HC . Chimg minh ring DKFIEM 1a luc giac déu.

Loi giai

.

B D c

Xét AHDC' vuéng tai D, DM 1a duong trung tuyén tng v6i canh huyén nén DM = HM . Ta lai c6
a =30° nén H = 60°. Dodo AHDM latam giac déu.

Tuong tu cac tam giac HME, HEI , HIF', HFK , HKD la cac tam giac déu.

Luc giac DKFIEM c6 cac canh bang nhau va cac goc bang nhau (bang 120°) nén 1a luc giac déu.

Bai 20. Cho lyc giac déu ABCDEF . Trén canh AB, BC, CD, DE, EF , FA 14y cac diém A’, B’,
C', D', E", F' saocho AA' = BB’ = CC' = DD' = EE' = FF'. Ching minh rang A’ B'C'D'E'F’

la mét luc giac deu.

Loi giai



E D\/\/C,
D

Chung minh rang cac tam giac AA'F, BB'A’, CC'B’', DD'C’, EE'D’, FF'E bang nhau nén
AlB' — B'C' — C'D' — D'E" — ElF' — F'A'

Chi ra céc tam giac cdn OA'B'; OB'C'; ....OF'A' bang nhau tir d6 chi ra cac goc

A'B'C'=B'C'D'=..F'A'B'
T d6 A'B'C'D'E'F' 1a mot luc giac déu.

Bai 21. Cho mot da giac déu n canh c6 d6 dai mdi canh 13 « . Hiy tinh ban kinh R cua dudng tron ngoai
tiép va ban kinh r ctia duong tron ndi tiép da giac déu do.
Loi giai

Goi A, B 1a 2 dinh lién tiép cua da giac déu n canh. Goi O 1a tam da giac déu.

Tacé@:ﬂ.
n
, . , , . . . AB  a
Ké OH vuong goc AB,H € AB.Tac6 AOHA vuong tai H va HA = N = 3



Hon ntra ta co HOA:AQﬁ: 180 )

n
Khi do
r r \ \ . A M HA
+ Ban kinh duong tron ngoai tiép bang R = OA = BT
sin
n

180°
_

+ Ban kinh duong tron ndi tiép bang r = OH = HAcot

Bai 22. Tinh dién tich luc giac déu noi tiép duong tron ban kinh R.
Loi giai
Tacé AB = R nén suy ra tam giac OAB déu. Tuong ty ta c¢6 cac tam giac OBC, OCD, ODE , OEF ,
OAF 1a cac tam giac déu canh R .
Vay dién tich luc giac ABCDEF 1a
RV3  33R
6.5,,, =6. 1 = 5

Bai 23. Tinh s6 do ciia mdi goc cua ngii giac déu, luc giac déu, bat giac déu ( da gidc déu 8 canh).

Phuwong phap:

DPa gidc déu c6 n canh bang nhau va ciing c6 n goc bang nhau nén c6 cong thurc tinh s6 do moi goc 1a:

(n —2).180"
n
Loi giai

o 0

M&i gbc cta ngii giac déu bang: 6-2).180° 108"
o 0
M&i goc ctia ngil luc déu bang: (6-2).180° 120°
0

M3di goc cia bat gidc déu bang: w: 135°

Bai 24. Cho lyc gidc déu ABCDEF . Goi M 14 trung diém cia EF | N la trung diém cta BD . Chimg
minh ring AMN 14 tam giac déu.

Loi giai



L.‘\i"

E D

Goi O 1a giao diém ciia AD, BE, CF . D& dang chimg minh N 1a trung diém cta OC,
AAFM = AAON (c.g.c).

L —

T ddo AM = AN va MAN = 60° nén AAMN 1a tam giac déu.

Bai 25. Mot luc gidc déu va mot ngii gidac déu chung canh AD (nhu hinh v&). Tinh cac goc clia tam giac

ABC.

B
Theo cong thirc tinh goc cua da giac déu, ta co:

— (6 - 2).180U

ADB = =120" = DAB = DBA = 30°;



S (5—2)180° S
ADC = =108" = DAC = DCA = 36°;

o —

Suy ra BDC = 360° — 120" — 108" = 132" .

— 180° —132°

Ta¢6 ABDC (DB = DC) cin tai D. Do dé DBC = DCB = — 94"

= 60"

Suyra BAC = 30" 4 36" = 66°; ABC — 30" +24° — 54°: BCA — 24° + 36"



BAI TAP CUOI CHUONG IX
PHAN 1. GIAI BAI TAP SACH GIAO KHOA
A. TRAC NGHIEM
9.37. Khang dinh nao sau day la dung?
A. Goc ndi tiép co sd do bang s do cung bi chan.
B. Goéc ¢6 hai canh chira cac day cung ctia dudng tron 1a goc ndi tiép duong tron do.
C. Goc ndi tiép co s6 do bang mot nira sb do cung bi chan.
D. Géc c¢6 dinh nam trén dudng tron 1a goc ndi tiép duong tron do.

Loi gidgi

Chon C
Trong mot dudng tron hodc hai duong tron bang nhau:
- Goc noi tiép c6 sb do bang nira s6 do cung bi chin. Do d6 phuong 4n A 12 sai va phuong an C 1a dang.
- Goc noi tiép 1a goc o dinh nam trén duong tron va hai canh chira hai day cung ctia duong tron d6 nén
phuong an B va D la sai.
9.38. Cho tr gidc ABCD ndi tiép mot dudng tron c6 A—C =100°. Khing dinh nao sau day 1 ding?

A. A=80".  B.C=80". C. B+D=100". D. A4=140".
Loi gidgi

Chon D

Vi tir gidc ABCD ndi tiép mot dudng tron nén tong hai goc d6i nhau bang 180°, do d6

B+D=180";4+C =180’

Ma A—C =100 nén 2:@:146 va 6:@:40‘2

9.39. Pa giac nao dudi diy khong noi tiép mot duong tron?

A. Dagiac déu. B. Hinh chir nhat. C. Hinh binh hanh. D. Tam giéc.
Loi gidi

Chon C

Céc tam gidc, hinh chir nhat, da giac déu la cac da giac ndi tiép dugc mot duong tron.

Hinh binh hanh khong 14 da giac noi tiép dudng tron.

B. TU LUAN

9.40. Cho tam giac ABC c6 cac dudng cao BE,CF catnhautai H.Goi M 1a trung diém ctia BCva I
1a trung diém ctia AH . Chirng minh ring:

a) Tt gidac AEHF ndi tiép mot dudng tron tam 7 ;

b) ME, MF tiép xtic voi dudng tron ngoai tiép tt giac AEHF .

Loi gidi



C

a) Vi tam gidc ABC c6 cac duong cao BE,CF catnhautai H nén HE | AE va HF L AF.

Vi AAEH vudng tai E nén dudng tron ngoai tiép cua tam giac c6 tam 7 , duong kinh 4H . Do d6 ba
diém A,E,H cung nam trén dudng tron tim 7 , dudong kinh AH .

Vi AAFH vudng tai F nén dudng tron ngoai tiép ctia tam giac c¢6 tam 7 , dudng kinh 4H . Do d6 ba
diém

A,F,H cung nam trén dudng tron tAm / , dudong kinh AH .

Suy ra bon diém A,E,H,F cung ndm trén duong tron tim / , duong kinh AH .

Vay tir gidc AEHF 1a tir giac ndi tiép dudng tron tdm 7 , duong kinh AH .

b)

B D M c

Xét AIAF c6 IA=1F(do A, F thudc duong tron tam I dudong kinh 4H) nén AIAF can tai L.
Suy ra IAF = IFA. (1)

. ; . ) 1
Xét ABCF vudng tai F c6 FM la trung tuyén ung vdi canh huyén BC nén FM = MB =MC :EBC .

Xét ABMF c6 MB = MF nén ABMF can tai M , suy ra MFB = MBF . Kéo dai AH cit BC tai D, khi
dé AD la duong cao cua tam giac ABC
Xét AABD vudng tai D, ta co: BAD + ABD =90’ (t6ng hai gbc nhon trong tam giac vuéng bang 90 )

o~ — e~

Do d6 IFA+ MFB = IAF + MBF = BAD + ABD =90 . Lai c6 IFA+ IFM + MFB =180’

Suy ra IFM =180 —(IFA+ MFB) =180 —90" =90". Hay MF L IF, ma IF la ban kinh dudng tron ngoai
tiép tir gidac AEHF . Do d6 MF tiép xuc v6i duong tron ngoai tiép tir giac AEHF .

Tuong tu, ta ciing chimg minh duoc ME tiép xtic voi dudng tron ngoai tiép tr giac AEHF.

Vay ME, MF tiép xuc v6i duong tron ngoai tiép tir giac AEHF .

9.41. Cho tam giac ABC ndi tiép dudng tron (0). Goi M, N, P lan luot 14 trung diém cua cac canh
BC,CA, AB . Chirng minh rang céc tir gisc ANOP, BPOM ,CMON 14 céc tir gidc ndi tiép.

Loi gidi



Vi tam gidc ABC ndi tiép duong tron (O). Ma M, N, P 1an lugt la trung diém cia cdc canh BC,CA, AB
nén OM,ON,OP 1a ba duong trung truc cta tam gidc 4ABC . Do d6 OM 1 BC,ON 1 CA,0OP 1 AB.
Vi AOAN vudng tai N nén tam giac ndi tiép dudng tron c6 dudng kinh O4. Do d6 O, 4, N nam trén
duong
tron duong kinh O4 .
Vi AOAP vudng tai P nén tam giac noi tiép duong tron dudng kinh O4. Do d6 O,A,P nam trén dudng
tron duong kinh O4 . Suy ra bén diém A,N,O,P nam trén dudng tron duong kinh OA .
Vi vay, tir gidc ANOP noi tiép duong tron duong kinh O4 . Ching minh twong ty, ta c6 BPOM ndi tiép
dudng tron dudong kinh OB, CMON ndi tiép dudng tron duong kinh OC .
Vay ANOP, BPOM, CMON la céc tir giac noi tiép.
9.42. Cho‘m(f)t hinh lyc giac déu va mot hinh vudng ciing noi tiép mot dudng tron. Biét rang hinh vudng
c6 canh bang 3 cm . Tinh chu vi va dién tich cua hinh luc giac déu da cho.

Loi giai
Gid st ABCDEG 1a hinh luc giac déu va MNPQ 14 hinh vudng cung ndi tiép duong tron (O;R).
Dod6 OA=0B=0C=0D=0OE=0M =ON =0OP=0Q=R.

Vi MNPQ 13 hinh vudng nén dudng tron ngoai tiép hinh vudng nay c6 tim la giao diém hai dudng chéo.
Mit khac, hai dudng chéo MP, NO vudng goc v6i nhau tai trung diém O cua mdi duong.

Xét AOMN vudng tai O, theo dinh 1i Pythagore ta c6: MN*> = OM* + ON?
Suyra 3° =R’ +R*, hay 2R* =9 nén R =\/g=¥(cm).

Vi ABCDEG nén AB=BC=CD=DE=EG=GA.
Xét AOAB va AOBC ¢6:0A =0B,0B =0C,AB =BC. Do d6 AOAB =AOBC (c.c.c).
Chtng minh tuong tu ta c6 AOAB = AOBC = ACOD = ADOE = AEOG = AGOA.

— e~ — —— -

Suy ra AOB=BOC =COD =DOE = EOG =GOA.



—

Ma AOB+ BOC + COD + DOE + EOG + GOA =360". Do d6 640B =360°

Suy ra A0B = BOC = COD = DOE = EOG = 5071_3660 — 60"

Xét AOAB c6 OA=0B va AOB =60 nén la tam gidc déu. Nhu vay cac tam giac
BOC, COD, DOE, EOG, GOA ciing déu 14 tam giac déu. Do d6

AB=BC=CD=DE=EG=GA=04= R—i( m).
Khi d6 chu vi ctia hinh lyc giac déu 4BCDEG la:

32

AB+BC+CD+DE+EG+GA=6R = 6—_9\f( cm).

Goi H 1a trung diém ctia AB . Tam gidc ABC déu c6 OH la dudng trung tuyén nén ciing 1a dudng cao
cua tam giac.

W2 . . 32 B 36

Xét AOAH vuodng tai H , ta c6: OH = OA.sin OAH = T.sm 60 = 5 T(cm).
Dién tich ctia tam giac déu O4B 1a: S, = ; .OH .AB = ; 3:( 3{ 9f(cm2).

Dién tich ctia hinh luc gidc déu la: § =68, =6.

N3 21\3, ,
T—T(cm )

9.43. a) Cho hinh vudng ABCD ndi tiép dudng tron tam O (H.9.61). Phép quay thuan chiéu 45  tim O
bién cac diém 4, B,C, D lan luot thanh cac diém A4, B',C’,D'. Hiy vé tt giac A'B'C'D’.
b) Phép quay trong cau a bién cac diém A', B',C’, D' thanh nhimng diém nao?

A D
)
B C
Hinh 9.61
Loi gidi

a) Ly diém A’ thudc dudng tron (O) sao cho tia OA4 quay thun chiéu kim dong hd dén tia 04 va
AOA =45 . Xéc dinh cac diém B',C', D’ twong ty nhu céch xéc dinh diém A’ & trén. Néi A’ v6i B, B’
véi C',C' véi D'. Khi d6 ta dugce tir gisc ABC'D'.

Al

D!
B!

C!



b) Vi 4BCD 1a hinh vudéng nén dudng tron ngoai tiép hinh vuéng nay c6 tim la giao diém hai duong
chéo. Mit khéc, hai duong chéo AC, BD vudng géc véi nhau tai trung diem O ctiia moi dudng.

Ta c6: AOD = AOA'+ A'OD nén 90" =45 + 40D, suyra £/OD =90 —45" =45".

Do d6 phép quay thudn chiéu 45  tdm O bién diém A thanh diém D.

Tuong tu, phép quay thudn chiéu 45" tdm O bién cac diém B,C,D’ lan luot thanh cac diém 4, B, C.
Vay phép quay trong ciu a bién cac diém A,B',C’, D' thanh nhiing diém D, 4, B,C

Al

D!

B!

CF

9.44. Ban Lan mudn cat hinh ngdi sao c¢6 dang nhu Hinh 9.62 (trong 46 ABCDE 13 mét ngii giac déu).
Lan gip doi to gidy, vé mot nira ngdi sao va cat theo nét v&. Hoi goc tao bai ludi kéo va nép gip lic dau
bang bao nhiéu do?

Hinh 9.62
Loi gidi
Ngii giac déu ABCDE dugc tao boi ba tam giac 1a ABC, ACD va ADE . Ma mdi tam giac co tong céac
goc bang 180" nén tong sé do 5 gdc cua ngii gidc déu ABCDE la: 3.180° =540

, . . 40° .
Vi ABCDE 1a ngii gidc déu nén cac goc cua ngii gidc bang nhau va bang % =108 .

Goi F la dinh cta tam giac can c6 canh day 1a AB (hinh v¢).

Ta c6: FAB+ BAE =180° (hai goc k& but). Suy ra FAB =180" — BAE =180 —108" =72".
Tam gidc FAB cantai F nén FAB=FBA=72".



Mat khac, AFB+ FAB+ FBA=180° (tong ba goc clia mot tam giac)
Nén AFB =180 — FAB—FBA=180"-72" 72" =36 .
Vay goc tao boi ludi kéo va nép gip lic dau la %ﬁ = %.360 =18".

PHAN 2. BAI TAP THEM

A. TRAC NGHIEM
1. Khing dinh nao sau day ding?

A. Goc noi tiép co sb do bang sd do cung bi chan.
B. Goc ¢6 hai canh chtra cac ddy cung cua dudng tron 13 goc noi tiép dudng tron do.
C. Goc ndi tiép co s6 do bang mot nira sb do cung bi chan.
D. Géc ¢6 dinh nam trén duong tron 1a goc ndi tiép duong tron do.
Loi gidi
Chgn C

2. Cho tit gidc ABCD néi tiép mot dudng tron cd A—C =100°. Khing dinh nao duéi day 1a dang?
A. A=80". B. B=80". C. B+D=100". D. A=140".

Loi gidi
Chon D

3. Pa giac ndo sau ddy khong noi tiép mot dudng tron?

A. Pa gidc déu. B. Hinh chit nhat. C. Hinh binh hanh.  D. Tam giAc.
Loi gidi

Chon C

B. TU' LUAN

1. Tim va goi tén cac da giac déu trong hinh dudi day

Caol

a) b) g

Loi giai
Hinh b: Ngii giac déu
Hinh d: Bét giac déu
Hinh e: Hinh vuong.
Hinh g: Ngii giac déu
2. Tinh s canh ctia mot da giac déu, biét mdi goc ctia nd bang 135°.



Loi giai

Goi n 1a s0 canh cua da giac déu.

(n - 2).180°
Ta co =135°
n
. n—2 135 3
ne = =,
n 180 4

Do d6 4(n—2):3n.

Vay n = 8.
3. a) Tinh s6 dudng chéo ctia da gidc n canh.
b) Pa giac ndo c6 s6 dudong chéo bang sé canh?
Loi giai

a) Ttr mdi dinh cua hinh n — giac 16i. ké duoc n — 1 doan thrfmg dén cac dinh con lai, trong do6 co6 hai doan

thang 1a canh cua da giac, n — 3 doan thang 1a duong chéo.
Pa giac c6 n dinh nén ké dugc n (n — 3) duong chéo, trong d6 mdi duong chéo tinh 2 1an. Vay s duong

. n (n — 3)
chéo cua hinh n - gidc 161 1a .

n(n—B)

b) Giai phuong trinh =n.Tadugc n=>5

4. Cho tam giac ABC vudng tai 4. Trén AC lay mot diém M va dung dudng tron dudng kinh MC .
N6i BM kéo dai gip duong tron tai D . Puong thing DA gip duong tron tai S . Ching minh ring CA
1a tia phan gidc ctia goc SCB .

Loi gidi

B

Truwong hop 1: D nam trén cung 16n MS.

Ta c6 SCM =SDM (1) gbc ndi tiép cung chan cung SM cua duong tron duong kinh MC).



D& thdy MDC =90° (MC 1a dudng kinh). Tuong tu BAC =90 (gt).

= Bbn diém B, A4,D,C cung nam trén mot duong tron duong kinh BC'.

— SDM = ACB (2) (gbc nodi tiép cung chin cung AB ).

Tir (1) va (2) = SCM = MCB hay CA la tia phan gidc cia goc SCB .

Truwong hop 2: D nam trén cung nho MS va Truong hop 3:D trung voi S . (Hoc sinh ty giai).

5. M & chinh gifta ntra duong tron tdim O duong kinh AB . Trén cung nho BM lay diém C batki. V&
tiép tuyén tai B cia (0) cit MC tai D.Goi H 1a giao diém cia MB va AC.Ké HI vudng goc voi
AB . Chimng minh rang CA4 14 tia phan giac ciia goc MCI.

Loi gidi

> D

D& thiy ACB=90" (vi AB 1a dudng kinh); HCB =90 hay C thudc dudng tron dudng kinh HB.

Lai co HIB = 90" (gt) nén I thudc duong tron duong kinh HB nén bdn diém C,H,I,B cung thudc
dudng tron duong kinh HB. = HCI = HBI (1) (géc ndi tiép cing chén cung IH ).

Laicé HBI = MCA (goc ndi tiép cung chin cung MA) = MCA = MBA , chiing t6 CA 1a tia phan giac
cua goc MCI.

6. Cho sA4BC ndi tiép duong tron (O;R) dudng kinh 4D, dudng cao AH .
a) Chung minh aAHB va aACD ddng dang.

ab.c

b) Goi a,b,c la d§ dai ba canh twong ung voi cac dinh 4, B,C . Chung minh S, = iR

Loi gidi




a) Ta co ABC = ADC (gdc ndi tiép cung chan cung AC ). Lai co ACD =90’ ( 4D 1a duong kinh)
Do d6 aAHB A ACD (g.g)

b) aAHB wadCD = B AL _ 4y ABAC _AB.AC
AD  AC AD 2R
1 1 AB.A AB.AC.B
Dods S, =+ 4H.BC =L ABAC o ABACBC _abe
2 2 4R 4R

7. Cho tam giac ABC c¢6 cac dudong cao BE,CF citnhau tai H.Goi M 1a trung diém ciia BC va I 1a
trung diém ctia AH . Ching minh rang:

a) Tt giac AEHF ndi tiép duong tron tam I ;
b) ME, MF tiép xtc voi duong tron ngoai tiép tr giac AEHF

Loi gidi

A

a) D& thdy AEH = AFH =90’ (gt).

Ta gidc AEHF c6 AEH + AFH =180 (gt) nén ndi tiép duong tron tam 7 .
b) Ta c6 tam giac BEC vudng tai E (gt), EM 1a trung tuyén

—~

— EM =BM =CM hay aBME cantaiM = B, = E,

Laic6d H,E thudc duong tron tam [ nén aHIE cantail = ]/-I\2 = /E\l ma 1/—1\1 = ]/-I\2 (déi dinh)
S F -7,
Goi K 1a chan duong cao ké tir A d&én BC , ta c6 tam giac BKH vuong tai K

Goi K 1a chan dudng cao ké tir A ¢én BC , ta ¢6 tam gidc BKH vudng tai K
—B,+H,=90" ma B, =E,,H, =E (cmt)= E, +E, =90" hay IEM =90" = ME L IE
Chimg t6 ME tiép xtc véi duong tron (1) ngoai tiép tir gidc AEHF .

Chimg minh tuong tw ta c6 MF tiép xtc véi (7).



8. Cho tam gidc ABC ni tiép duong tron (0). Goi M, N, P lan luot 14 trung diém ctia cac canh
BC,CA, AB . Chimg minh rang céc t gisc ANOP, BPOM ,CMON 1a cic tir giac ni tiép.

Tacd M,N,P lan luot 1a trung diém cua cac canh BC,CA, AB nén OM,ON,OP lan luot 1a cac trung
tuyén ciia cac tam giac cdn BOC,COA va AOB .

Do d6 ching dong thoi 14 cac dudng cao ctia cac tam giac cin néu trén.

D& dang ta c6 ANO = APO =90" = ANO + APO =180’

Do d6 tir giac ANOPnoi tiép. Ching minh tuong ty ta c6 BPOM va CMON noi tiép.

9. Cho tam giac nhon ABC ¢6 duong cao AH (H e BC ) va noi tiép duong tron tim O ¢ dudng kinh
AM (Hinh v&). Chirng minh OAC = BAH

Loi gidi

(0]
BUC
M

Dé théyﬁ/[ =90 (vi AM 1a duong kinh). Tam giac ACM vuong tai C = OAC + AMC =90’

Lai ¢6 tam giac AHB vudng tai H (gt) = BAH + ABC = 90’
Ma AMC = ABC (goc ndi tiép cung chin cung;lz'): OAC =BAH.

10. Cho hinh vuéng ABCD c¢6 d6 dai canh banga . Goc vudng xAy thay doi sao cho tia Ax cat doan
thang BC tai M vatia Ay cat doan thing CD kéo dai tai N .

a) Chung minh hai tam giac A4BM va AND bang nhau;



b) Goi O 1a trung diém ctia MN . Chimg minh ABMO va ANDO 1a céc tir giac ndi tiép;
¢) Chirng minh ba diém B, D,0O thing hang.
Loi gidi

X

B I\'/
C

N\y
a) Ta c6 BAM +MAD =BAD =90" (1). Lai c6 Ax L Ay nén x4y =90" hay MAD + DAN =90'(2)

Ta(l)va(2) = BAM = DAN nén hai tam giac vudng ABM va AND bang nhau theo trudng hop g.c.g.
=AM =AN

b) Tam gidc AMN vudng cantai A, cd AO 1a duong trung tuyén nén dong thoi la duong cao hay
AO L MN hay AOM =90’ . D& thiy t& gidc ABMO c6 ABM = AOM =90’

— ABM + AOM = 180" nén ABMO 1a t& gidc noi tip.
Lai c6 AON = ADN = 90", ching to bén diém 4,0,D, N cing thudc mot dudng tron dudng kinh AN

hay tir gidc ANDO nbi tiép.

¢) Ta c6 tir giac ABMO ndi tiép (cmt) = BOM = BAM (goc ndi tiép clng chan cung BM ),

BAM = m(cmt) . Lai ¢6 tir gidic ANDO nbi tiép (cmt) = DAN = DON (g6c ndi tiép cung chin cung
DN)

— BOM = DON , ma ba diém M,O0,N théng hang (gt)= B,D,0O théng hang.

11. Cho mét hinh luc giac déu va mot hinh vudng cting ndi tiép mot dudng tron. Biét rang hinh vudng c6
canh bang 3 cm. Tinh chu vi va dién tich cia mot hinh luc giac déu da cho.

Loi gidi



Ta c6 tam giac AOBvuong tai O . Theo dinh 1i Pythagore, ta c6: OA”> + OB> = AB’
hay R?+R*=9 < 2R’ =9 < R? :%:R:\/g:¥(cm)

Ta c6 canh cta hinh luc gidc déu bang ban kinh duong tron ngoai tiép.

3\/_

Goi P 1a chu vi cta hinh luc gidc déu, P =6.——= =92 2(cm)

iﬁ_

; 32
Xét tam giac déu KOI canh R= T\/_ nén duong cao ON = OK .sin OKN = 5

W2 32 B 1sﬁ(cm2)

1
272 T2 2 8

ISJ_ 27I( ).

Tich tam hinh luc gidc déu la: S =6.——=

Do d6 dién tich tam gidc KOI =
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