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VU VAN D

Bién soan: Thac si Vii Van Du
CHUONG 1. UNG DUNG PAO HAM BE KHAO SAT HAM SO
Bai 1. Tinh don diéu va cuc tri cia ham s6
1. Tinh don diéu ctia ham so6
a. Khai niém
— Gid st ham sd y =f(x) c6 tap xac dinh la K. Ta ndi
+ Ham s6 y =f(x) dong bién trén K néu Vx;; x, eK:x, <x, = f(x,) <f(x,) .
+ Ham s6 y =f(x) nghich bién trén K néu vx,; x, eK: x, <x, =f(x,) >f(x,) .
+ Ham s6 dong bién (hodc nghich bién) trén K goi chung la don diéu trén K.
- Chay
+ Néu ham s6 dong bién trén K thi d6 thi di 1én tir trai sang phai.
+ Néu ham s nghich bién trén K thi d6 thi di xudng ti trai sang phai.

y o

OI ; ,; l() E:I lIJ

Ham s& dong bién trén khoang (a;b) Ham s6 nghich bién trén khoang (a;b)
b. Tinh don diéu va dau ctia dao ham
Dinh ly. Cho ham s6 y =f(x) c6 dao ham trén K.

— Néu f'(x) >0 v6i VxeK thi ham s6 y =f(x) dong bién trén K. <
— Néu f'(x) <0 véi VxeK thi ham sd y =f(x) nghich bién trén K. il
— Néu f'(x) =0 v6i YxeK thi ham s6 y =f(x) khong doi trén K. ;Z>(
2. Cuc tri ham so 8

a. Khai niém
— Diém cuc dai va diém cyec ti€u ctia ham s6 goi chung 1a diém cuc tri.
— Gia tri cuc dai va gia tri cwc ti€u cia ham s goi chung la cyec tri.
- Pbiém M(x0 ;f(xo)) dugc goi la diém cyec tri ctia d6 thi ham sé.
— Ham s6 c6 thé dat cuc tri tai nhiéu diém trén tap xac dinh ctia nd, hodc c6 thé khong co cuc tri trén
tap xac dinh dé.

. Cach tim cuc tri caa ham s6

o

- Néu f'(x) d6i ddu tir + sang - khi di qua diém X, thi ham s& dat cuc dai tai diém x.
— Néu f'(x) d6i dau tir - sang + khi di qua di€ém x, thi ham s0 dat cyc ti€u tai diém X, .
- Néu x, la diém cuyec trj ciaham s6 y =£f(x) thi f'(x,)=0.
c. St dung bang bién thién d€ xét tinh don diéu va tim cuc tri cia ham sd
Budc 1. Tim tap xac dinh D ctia ham s6.
Buoc 2.
+ Tinh dao ham f'(x) ctia ham s&
+ Giai phuong trinh f'(x) =0 dé tim cac diém tdi han (la cac diém tai d6 f'(x) =0 hodc f'(x)
khong xac dinh)
Budc 3. Lap bang bién thién va xét dau £/(x).
Vé don diéu
+ Neéu f'(x) >0 voi Vxe(a;b) thi ham s6 y =f(x) dong bién trén khoang (a;b).
+ Néu f'(x) <0 véi Vxe(c;d) thi ham s6 y =f(x) nghich bién trén khoang (c;d) .
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Veé cuec tri
+ Neéu f'(x) doi dau tir + sang - khi di qua di€ém x, thi f(x) dat cwc dai tai diém x|

+ Néu f'(x) d6i ddu tir - sang + khi di qua diém x, thi f(x) dat cyc ti€u tai diém X,
+ Néu x, la diém cuc tri cia ham s6 y =f(x) thi f'(x,)=0.
Budc 4. Két luan.
Bang bién thién mot s6 ham co ban

X -0 Xy X, +o0 X -0 X, X, +00
f(x) F 0 N 0 + £(x) ~ 0 N 0 -
yl +om +o0 yz
f(x) / \ / i) \ / \
Ham bac ba —e0 Y Y1 -
y=ax’ +bx* +ex+d < | - i x | —oo o
£(x) v f(x) -
+o0 +a0
-0 —w
\ A , d d
Ham phan thic x | -2 +0 x | —> -= a0
Bac 1/Bac1 £ + + £'(x) _ _
¢ o« A o0
(hay ham nhat bién) / +oo\
ax+b feo | % z 0 | 2 a
— C C
y cx+d = / \
X —n0 X 3 X, +0 X —o0 X —% X +0
(%) + 0 - _ 0 + f'(x) - 0 + |« 0 -
Hém Phén thl’l’C () Vi \ Y2 / f(x) Y1 Y2
N ST
Bac 2/Bac 1 —f/ - =
. aX2 + bX +C X - —§ X, +0 x —o0 7(% 4o
~ dx+e F) * + 00 - -
o +0 oo —+o0
N / / 0 \ \
Luu y: Mot s6 cong thirc dao ham nhanh va kiém tra s6 cuc tri ctia ham sd co ban
R A . o ax+b
Ham phan thic bac1/bac1dang y =
cx+d
a b‘
. , |c d|  ad-bc e ) )
e Daoham y'= = = e Ham so khong cd cuc tri.
ox+d  (ex+d)
2
. A A A ax"+bx+c u(x
Ham phan thttc bac2/bac1dang y= _uk
dx+e dx+e
C
ad.x® +2aex + )
. , el ad.x”+2aex+be—cd
e Daoham y'= = - )
dx+e (dx+e)
e Vé cuc tri
\ ~ 14 . e \ ~ A /4 . e
* Hams6 c62cuctri < au(——)>0. * Ham s6 khong c6 cuc tri < a.u(—a) <0.
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Bai 2. Gia tri 16n nhat va gia tri nhé nhat cia ham sé
1. Pinh nghia. Cho ham s8 y =f(x) xac dinh trén tap D . Khi d6
- SO0 M duoc goi la gia tri 16n nhat ctia ham s6, va duoc xac dinh va ki hiéu:
f(x)<M, vxeD
M = maxf(x) < .
D Ix, eD:f(x,) =M
- SO0 m duwoc goi la gia tri nho nhat cia ham s6, va dugc xac dinh va ki hiéu:
. f(x)2m, VxeD
m =minf(x) < .
D dx, e D:f(x,)=m

2. Pinh li
a) Moi ham sd lién tuc trén mét doan déu ¢ gia tri 16n nhat, gia tri nho nhat trén doan do.
b) Tinh chat

— Neéu y=£(x) dong bién trén [a;b] thi r[n_ib1]r1f(x) =f(a) va r[n%]xf(x) =f(b).

— Néu y ={(x) nghich bién trén [a;b] thi I[n}]l]’lf(X)Zf(b) va r[n%]xf(x) =f(a).
3. Tim gia tri 16n nhat va gia tri nhé nhat cia ham sé trén mét khoang hoic mot doan
Truong hop tong quat (Si dung Bang bién thién)

Cho ham s6 y =f(x) lién tuc trén mot khoang hodc mot doan dang xét

Buwdc 1. Tinh dao ham y' =£'(x)

Budc 2. Giai phuwong trinh {'(x) =0 d€ tim cac nghiém trong khoang hoac doan dang xét él
Budc 3. Lap bang bién thién ciia ham s6 y =f(x) trén khoang hodc doan dang xét ;(
Budc 4. Tir bang bién thién ta suy ra min va max ctia ham s6 trén khoang hodc doan dé. Z
Truong hop dic biét: Ham s6 y =f(x) lién tuc trén [a; b] 8

Buwdc 1. Tinh dao ham y' =£'(x)
Budc 2. Giai phuwong trinh f'(x) =0 d€ tim cac nghiém x; trong [a;b]
Budc 3. Tinh f(a), f(b), f(x;).

[a;b]

A =maxf(x)

Budrc 4. So sanh cac gia tri vira tim duoc i
a= minf(x)
[a;b]
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Bai 3. Pudng tiém can cta d6 thi ham s

1. Dinh nghia
— Choham s6 y =f(x) c6 d6 thi (C)
+ Duong thang x=a 1a tiém can déng ctia (C), néu lim f(x)=co.
+ Duong thang y=b la tiém can ngang ctia (C), néu limf(x)=b.

+ Duong thang y=ax+b, v6i a#0 la tiém can xién cta (C), néu lim[f(x) —(ax +b):| =0.

— Chuy
L. ax+b oo d . .. a
+ Dothiy= c6 duong tiém can dung la x =—— va duong tiém can ngang la y =—.
X + c C
2
+ Do thi y= ax tbxte c6 duong tiém can ding x = -5, duong tiém xién y = 2x- (ae—bd).
dx+e d d
2. D4u hiéu nhén biét duwong tiém cin cta d6 thi ham s6 y = %
v(x
a. Tiém can ding
Budc 1. Giai phuong trinh v(x)=0 < xe {xl,xz,...,xn} .
u(x, )=0
Budc 2. Néu () ,voi k=1,n thi lim ul = = x=X, lamot duong tiém can ding.
v(x,)=0 x>x V(X)
Chu y: Néu 6 Budc 1 phuong trinh v(x) =0 v6 nghiém thi d6 thi khong cd tiém can dung. é
3
b. Tiém can ngang <
Budc 1. Dau hiéu nhan biét -
* Tap xac dinh chtta «© 8

* Bac u(x) < Bac v(x)

u(x)

o Budc 2. Xét gidi han limﬁ =b = y=Db la mot duong tiém can ngang.
X—>0 V X

A

<Zt c. Tiém can xién

>  Buwodc 1. Dau hiéu nhan biét

lg * Tap xac dinh chita «© .

* Bac u(x) < Bac v(x)+1
Budc 2. Tim tiém can dang y=ax+b
Cach 1. Phuong phap tong quat, tim tiém can xién dang y =ax+b

*  Tim hé s0 azlim@.

X—>0 X
* Timhéso b= lim[f(x) —ax] .
Cach 2. Phuong phap chia da thtec (chi sie dung cho ham phin thirc hitu ti)
w(x)

ut) _ ax+b+——+,
v(x) v(x)

* Thuc hién phép chia Tt cho Mau, ta dwoc y =
voi bac w(x) <Bac v(x)

* Tiém can xién la phan du ctia phép chia trén, titcla y =ax+Db.

a bl a

d e :ax—(ae—bd).

2
+bx+c , .o . .. a
Luu y: D0 thi y=% c6 duwong duong tiém xién yzax—
X+e
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Bai 4. D6 thi va tuong giao

1. Khéo sat ham s6 bac ba, dang y =f(x) =ax’ + bx* +cx +d (a #0)
Budc 1. Tim tap xac dinh D=R.

Buwoc 2. Xét sy bién thién ctia ham sd

— Tim khoang don diéu va cuc tri cua ham s6

— Tim cdc gidi han ctia ham s6 tai .

— Tim toa d0 tam d6i xting ctia do thi.

Budc 3. Bang bién thién va d6 thi minh hoa

S6 cuc tri Bang bién thién D6 thi
Yk
X —o0 Xy X, +o0
f'(x) + 0 — 0 +
V. +ao0
\ .
w S S (VA
—n Y,
2 v
X -0 X, X, +a0
f'(x) - 0 + 0 -
—+0o0 yz //\
f(X) / \ > -
\ \./ : <
Y1 —o0 Gl
<
Y ' >
X —a0 +o0 Z
£(x) + _8
A pal 0 .
f(X) / 0 € T
'D.
a . —
p4 : 7
) < N Y . Ly 4
>
an) f'(x) -
> +o0
\ -
f(x) \ o T [3) T
Luuy
* Don diéu

+ Neéu f'(x) >0 voi Vxe(a;b) thi ham s6 y =f(x) dong bién trén khoang (a;b).
+ Néu f'(x) <0 véi Vxe(c;d) thi ham s6 y =f(x) nghich bién trén khoang (c;d).

* Cuec tri
+ Neéu f'(x) doi dau t + sang - khi di qua diém x, thi f(x) dat cuc dai tai diém X, .
+ Néu f'(x) d6i dau tir - sang + khi di qua diém x, thi f(x) dat cwc ti€u tai diém x,.
+ Neéu x, la diém cyec tri ciia ham s6 y =f£(x) thi f'(x,)=0.

* Tam do6i xting cuia do thi la toa d6 ctia diém udn

Hoanh d6 tam ddi xting la nghiém ctia phuong trinh f'(x) =6ax+2b=0< x = —33 .
a
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2. Khao sat ham sd phén thiec bac 1/ bic 1, dang y =f(x) = ax H; (c#0,ad —bc#0)
X+
Budc 1. Tim tap xac dinh D=R\ {_é} .
C

Budc 2. Xét si bién thién ciia ham s6

— Tim khoang don diéu va cuc tri cia ham sd
ad —bc

(cx+d)?

* Néu ad—bc>0 thi ham s6 luén dong bién trén tirng khoang xac dinh.

+ Pao ham f'(x)=

* Néu ad —bc <0 thi ham s6 luén nghich bién trén ting khoang xac dinh.
+ Ham phan thitc bac 1/ bac 1 khong cé cuec tri.

— Tim tiém can cua do6 thi ham s6

* Tiém can ding la duong thang x = d
c

* Tiém can ngang la duong thang y = a
c
Budc 3. Bang bién thién va hinh dang d6 thi
ad—bc>0 ad-bc<0
Ham sd dong bién trén tirng khoang xac dinh Ham s6 nghich bién trén tirng khoang xac dinh
d d
I - +o0 x | - —— +o0
C C
f'(x) T + £'(x) _ _
+c0 —+o0
£(x) i/ a f(x) | 2 a
‘ ¢ © \ )
Y / o
u y
------------------------- U -/_-_'_,_:__-_-——;-— _—-—_—_—;\_\O_______
/ €T \ i@
Luuy

A aAE da oo e
— Tam doi xtng I(——;—) la giao diém cta hai dwong tiém can
cc

— Truc d6i xting 1a hai duong phéan giac ctia cac goc tao boi tiém can dung va tiém can ngang, c6 dang

a

y__
C

X+ —
c
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3. Khao sat ham phan thttc bac 2/ bac1, dang y =

Bién soan: Thac si Vii Van Du

u(x) ax’+bx+c

v(x)

Budc 1. Tim tap xac dinh D=R\ {—%} .

Buwoc 2. Xét sy bién thién ctia ham sd

— Tim khoang don diéu va cuc tri cua ham s6

— Tim hai duong tiém can ctia d6 thi ham s&

Budc 3. Bang bién thién va d6 thi minh hoa

dx+e

Bang bién thién

D6 thi

e
1 E )(2 +a0

- 0 +
+0 +0
y1 \ y2 /

“ 7N
ad >0 _ _
e
X ) 3 b% +0
f'(x) + +
+0 +0
f(x)
_ <
—00 —00 Gl
e <
X —or X, - X, +0 P>
d z
f'(x) - 0 + + 0 -
+0 +0 8
f(x) \ v, /’ / ¥ \
ad<0 :
e '
X —o0 *a +co E
f'(x) _ _ E
—+o0 o0 T S
: T xr
f(x) ) \

Luu y: C4c kiém tra nhanh: dao ham, cuc tri va tiém can cua ham sd dang y =

— Paoham y'=

— Cuctri

ad.x® +2aex+

e

u(x) ax’+bx+c
v(x)

dx+e

_ad.x” +2aex+(be—cd)

(dx +e)’ (dx +e)’

. N . e
+ Ham s6 c6 2 cuc tri < a.u(—a) >0.

S O NLLA . . e
+ Ham s6 khong c6 cuc tri < a.u(—a) <0.

+ DPuong thang di qua hai diém cuc tri c6 dang: y =

(ax’ +bx+c)’  2ax+b

(dx+e)’ d
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— Tim tiém can ctia d6 thi ham s6

+ DO thi c6 tiém can diing la duong thang x = —% .

N : b
+ DO thi co tiém can xién la duong thang y = %x - 3 ‘ = %x —(ae—bd).
e

— Tam déi xtrng ctia d0 thi la giao diém cta hai duong tiém can.

X=——=

d
a
=—x—(ae—bd
y C1x (ae )

Ttec 1a nghiém ctia hé

— Truc d6i xieng 1a hai duwong phén gidc ctia cac goc tao boi tiém can ding va tiém can xién, c6 dang

/az B
ik (a) +1—d

x+ < Ex—y—(ae—bd)

4. X4c dinh d4u cac hé s6 trong cac ham s6
a) Xac dinh d4u cac hé sé a, b, ¢, d ctia ham bac ba y =f(x) =ax’ + bx* + cx+d (a #0)
— DAu cta hé s6 a (Dya vao hinh ddng d6 thi hodc bang bién thién)
+ Néu nhanh do6 thi ngoai cung, bén phai di 1én thi a>0. Ticla lim f(x)=+0=a>0.
+ Néu nhanh do thi ngoai cling, bén phai di xudng thi a<0. Ttcla lim f(x)=—0=a<0.

— DA&u cta hé s6 b (Dya vao vi tri diém udn)

b g

\ A A7 A ]
+ Hoanh d6 diém u6n x  =——.

3a ;(

« A7 A~ \ A 2 M Ao . A7 . A XCD + XCT Z

+ Diém uon la trung diém ctia doan thang ndi hai diém cyec trinén x = > )

.

+ Néu diém uén o bén phai truc tung Oy thia vab trai ddu. Tkclanéu x, >0=ab<0.
+ Néu diém uén ¢ bén trai truc tung Oy thi a vab cung ddu. Ticlanéu x,  <0=ab>0.
D. — DA&u ctia hé s6 ¢ (Dua vao vi tri cac diém cuee tri)
, + Neéu ham s6 ¢6 hai diém cuec tri trdi dau thi a va c trai dau.

+ Néu ham s8 ¢6 hai diém cuc tri cung dau thi a va ¢ cung dau.

VU VAN

— DA&u ctia hé s6 d (Dya vao giao diém ctia d6 thi véi truc tung Oy 1a M(0;d) .
+ Né&u M ndm phia trén truc hoanh Ox thi d>0.
+ Néu M nam phia dudi truc hoanh Ox thi d <0.
+ Néu do thi di qua goc toa do thi d=0.

+b

a ~ (c#0,ad~be=0)

b) Xac dinh dau cic hé s6 a, b, ¢, d cia ham nhat bién y =f(x) =

X
X+
N . A A e P 1y d
— Dua vao duong tiém can ditng cua do thila x=——
c
A PN A . M A 2. \ d
+ Neéu tiém can ding nam bén phai truc tung Oy thi ——>0<cd<0.
c
A A A 7 M A 7. \ d
+ Neéu tiém can ditng nam bén trai truc tung Oy thi —— <0< cd>0.
c

+ Néu tiém can dung la truc tung Oy thi d =0<d=0.
C
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. \ A s a1 1a a
— Duwa vao duong tiém can ngang cta do thila y=—
C

N ~ y ~ ~ \ v a
+ Neéu tiém can ngang nam bén trén truc hoanh Ox thi —>0<<ac>0.
C

~ PN A M A 7. \ \ a
+ Neéu tiém can ngang nam bén dudi truc hoanh Ox thi — <0< ac<0.
C

+ Néu tiém can ngang la truc hoanh Ox thi 2 _0e=a=0.
C
.. e o e 1. . \ b
— Duwa vao giao diém cua do thi voi truc tung la M(O;a)

+ Diém M nam phia trén truc hoanh Ox thi g >0<bd>0.

+ Diém M nam phia dwdi truc hoanh Ox thi §< 0<bd<0.

+ Diém M thudc truc hoanh Ox thi g =0 b=0.
2
¢) Xac dinh dfu cic hé s8 a, b, ¢, d, e ctia ham phan thitc bic 2/ bac 1, dang y =2 > d* bx+c
X+e

. . cn A 4 s A s 1a e
— Dua vao duong tiém can ding cta d6 thila x = —3

+ Né&u tiém can déing nam bén phai truc tung Oy thi —% >0<ed<0.

VA QA

-~

A PN A ’ M A /. \ e
+ Neéu tiém can ding nam bén trai truc tung Oy thi 4 <0<=ed>0.

NaN

+ Neéu tiém can ding la truc tung Oy thi —% =0<e=0.

— Dua vao giao diém caa do thi véi truc tung la M(O;S) (néu cé)
e

8]

N M 2 A 2 . C
+ Diém M nam ¢ phan dwong cua truc Oy thi —>0<ce>0.
e

VU VAN D

PPN M 3 A ” v C
+ Diém M nam 6 phan am cta truc Oy thi — <0< ce<0.
e

o . v A C©
+ Diém M trung vdi goc toa do thi —=0<c=0.
e

— Dua vao vi tri cac diém cuc tri cia d6 thi ham s6
be =cd

+ Db thi c6 mdt diém cuc tri nam trén truc Oy thi b 0
=C=

+ PO thi c6 mdt diém cuc tri ndm & phan duwong truc Oy thi bc” >2ad
+ PO thi c6 mdt diém cuc tri ndm & phan am truc Oy thi bc” < 2ad

+ DO thi 6 hai diém cuc tri trdi dau thi ad(be —cd) <0

+ DO thi ¢6 hai diém cuyec tri trdi dau thi ad(be —cd) >0

— Duwa vao gio6i han tai
+ Neéu lim f(x) =+ thi ad >0

X—>+0

+ Neéu lim f(x)=— thi ad<0.

X—>—00
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Al s s s ax+b .. | . , NP ax> +bx+c
5. Phan biét hinh dang ciia ham y = voi treong hop khong c6 cuc tri cia ham y=———
cx+d dx+e
. e ax+b . e ax”> +bx+c
Ham so y = Hamsd y=——
ox+d dx+e
£
x —o0 _ i P X -0 1 X +0
£(x) N 4+ fr(x) + +
—+o0 +0 +0
00 E_ / E- “
Bang bién .
thién . d i e
x —o0 - +o0 X —co — +co
c d
£1(x) — — f'(x) _ _
—+00 4o
a \ a
o | 2 \ 2 £(x) \
—00 —o0
v YA
o] / . / r
@]
<
(@]
<
Db thi ;2>(
v | Y @)
s €
L
o VTS
N : s &
) \\
"
1

10
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CHUONG 2. VECTO VA HE TOA PQ TRONG KHONG GIAN
Bai 1. Vécto va cac phép toan vécto trong khéng gian

1. Khai niém vécto trong khong gian

Vécto trong khong gian 1a mot doan thang ¢ hudng.

D9 dai ctia vécto 1a khoang cach gifta diém dau va diém cudi ctia vécto. Ki hiu: [a|.

Gia ctia vécto la duong thang di qua diém dau va diém cudi cta

vécto do.

Hai vécto ciing phwong néu gia ctia chiing song song hodc trung
nhau.

Hai vécto bang nhau néu chiing c6 cung d¢ dai va cung hudng.

Néu hai vécto a,b bang nhau thi ta viét 1a a =b.

Hai vécto d6i nhau néu ching c6 cling d6 dai va nguoc hudng.

Vécto doi cta a dwoc ki hiéu la —a.

Vécto - khong c6 diém dau va diém cudi trung nhau, ki hiéu 1a 0.

Quy wdc vécto - khong cé dd dai bang 0 va cung phurrong, cling hudéng véi moi vécto.

—~ Chuy

+ Kihiéu AB chi vécto co diém dau A, diém cudi B.

+ Néu khong can chi ro diém dau va diém cudi thi vécto con duoc ki hiéula u, v, X, y,....

2. Cac phép toan vécto trong khong gian

a. Tong cta hai vécto trong khong gian

8]
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b. Hiéu cta hai vécto trong khong gian

Trong khong gian, cho hai vécto &, b.

- Lay mot diém A tuy y, vé AB=a, BC=b.
- Vécto AC 1a tdng ctia hai vécto &, b.

- Ky hiéula a+b.

» Phép lay tong ctia hai vécto con goi la phép cong vécto.

Trong khong gian, cho hai vécto a, b.
= Hiéu cua hai vécto a, b 1a vécto é+(—15).
- Kihiéulaa-b.

» Phép lay hiéu cta hai vécto con goi 1a phép trir vécto.

c. Cac quy tac

Quy tic ba diém:

Véiba diém A, B, C batki, tacé AB+BC=AC.

Quy tic hinh binh hanh:

* Néu ABCD la hinh binh hanh thi AB+AD=AC.

* Néu AM la trung tuyén caa AABD thi AB+AD =2AM

11
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Bién soan: Thac si Vii Van Dy

B C
Quy tic hinh hop: ! “
Néu ABCD.A'B'C'D’ 13 hinh hop thi AB+AD+AA’=AC'. V .
D
. A
Quy tac hiéu: Véiba diém A, B, C batki
* Chung gdc: AB-AC=CB.
* . BA —_ CA = BC
Chung ngon: BA-CA =BC. e o

Tich ctia mot s6 véi mét vécto

— Cho s thuwe k#0 vavécto a#0.

+ Tich ciasd k va a la mot véc to.
+ Kihiéula ka.
+ Phép 14y tich cia mot s6 véi mot vécto duge goi la phép nhan mot s6 voi mot vécto.

* ka cung hudng véi a néu k>0;

B A
* k.d ngwoc hudng véi a néu k<0.
* Do dai cia ka bing [K.[d]. z v N
— Quiuwdc: 0a=0 va k.0=0.
— Tinh chat 4 B K
+ Haivécto a va b cing phuong véi nhau néu t6n tai s k sao cho a=k.b, b=0.
. , S <
+ Ba diém phanbiét A, B, C thang hang khi va chi khi c6 s6 k=0 dé€ AB=kAC. el
<
+ Néu I la trung diém ctia doan thing AB thi IA+IB=0; IA=-IB; Al= %AB P ;Z>(
o
<

4.

+ Néu G la trong tam caa AABC thi ?A+@+(Yi=6; sz—éﬁ; ﬁ:—ze?;

Tich vé hudng cua hai vécto trong khong gian
Goc giita hai vécto: Trong khong gian, cho hai véc to i va v khac 0. /

+ LAy mot diém A batki, vé AB=1i, AC=v . . \
+ Goc BAC goi la géc gitta hai vécto u va v.

+ Kihiéu (u;v).

Tich vo hudng cta hai vécto: P F
Trong khong gian, cho hai véc to i va v khéc 0. —
+ Tich vd hudng cta hai véc to u va v la mot so. Ki hiéu u.v.

+ Xac dinh boi cong thic: u.v = |ﬁ|.|§|.cos(ﬁ,x7) .

Nhan xét:

+ 0 <(G;v)<180°

+

Néu (u;v)=0° thi u va v cung huéng.

+

Néu (4;v)=180" thi u va v nguoc hudng.

+ Néu (t;v)=90° thi u va v vudng gbc véi nhau, ki hiéu u Lv.

. Cong thitc tinh d¢ 16n ctia hgp luc trong khong gian
Gia st co baluc F,, F,, F, cling tac dung lén mot diém va (F;E)=a, (F;E)=p, (F;F)=0.Khi dé dd

16n hop lwc F duoc tinh béng cong thirc: F> = F12 + F22 + F32 —2(EF, cosa.+EE, cospB+EF cosg).

Néu F, E,, E, d6i mot vudng goc véi nhau thi F> =F + 2 +F2.

12
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Bai 2. Toa do cua vécto trong khéng gian

1. Hé truc toa d¢ trong khong gian

Hé truc toa d¢ vudng goc trong khong gian (hay hé truc toa d0 Oxyz) gom ba truc Ox, Oy, Oz vudng
goc voi nhau tiing d6i mot tai diém O.

+ Diém O goi la gdc toa do.

+ Goi i, j, k 1a ba véc to don vi trén ba truc Ox, Oy, Oz.

+ Ox, Oy, Oz lan luot goi 1a truc hoanh, truc tung, truc cao.

+ (Oxy), (Oxz), (Oyz) goila cac mit phang toa dd.

2. Toa d6 ctia diém va ctia vécto

VA QA

AaN

8]
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— Toa d6 ctia vécto: Trong khong gian Oxyz, cho vécto u.
+ Néu ti=xi+ y.i +zk thibdbasd (x; y;z) goi la toa dd cuia u vata viét u=(x;y;z).
+ Quiudc: i=(10;0), j=(0;1;0), k=(0;0;1).
— Toa d6 cua diém: Trong khong gian Oxyz, cho diém M.
+ N&u OM=x.i+y.j+zk thibdbasd (x;y;z) goila toa dd cia diém M va ta vict M(x;y;z) .
+ Cacgiatri x, y, z lan luot goi 1a hoanh d9, tung d¢, cao d¢ ctia diém M.
— Nhan xét
+ Toa do ctia diém M clng la toa do cua vécto oM , tecla M(xy;z) < OM = (xy;2).

+ Toa do cuia goc O(0;0;0). D C

x=x'
+ Cho u=(x;y;z) va v=(x;y;z).Khidé ui=v&ejy=y'.

z=7

+ Tt gidc ABCD la hinh hinh hanh < AD =BC. A¢ >/

13
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+ Néu M(x;y;z) va N(x;y';2") thi MN=N-M =(xX'-xy' -y;z' -z).

3. Cac phép bién d6i quan trong

HINH CHIEU: “CHIEU” dong am véi “THIEU”

— thiéu dai lugng nao thi cho dai lwong d6 bang 0

Hinh chiéu cta diém M(x,y,z)

1én truc Ox la diém A(x,0,0)

1én truc Oy la diém B(0,y,0)

1én truc Oz la diém C(0,0,z)

1én mit phang (Oxy) 1a diém M, (x,y,0)
1én mit phang (Oxz) 1a diém M, (x,0,z)
1én mit phang (Oyz) 1a diém M, (0,y,z)

S O

o

-
Ptis

______________________________________

KHOANG CACH
Thiéu dai lugng nao tinh theo dai luong dé

DPOI XUNG: “DOI” dong am véi “DOI”
— thiéu dai lwong nao thi d6i ddu dai lwgng dé

Khoang cach tir diém M(x,y,z)

0 dén truc Ox o6 do dai d, = y> +2*
0 dén truc Oy c6 do dai d, =/x* +22
0 déntruc Oz c6 dd dai d, =x* +y’
0 dén (Oxy) c6 d6 dai d, =v7* =|7|

0 dén (Oxz) c6 dd dai d, = fy =|y]

0 dén (Oyz) c6 do dai d, = =[]

bié€m ddi xing cta diém M(x,y, z)

Y
O
Y
Y
O
Y

qua truc Ox la diém X(x,—y;-z)
qua truc Oy la diém Y(-x,y,-z)
qua truc Oz la diém Z(—x,-y,z)
qua mat phang (Oxy) 1a diém X'(x,y, —z)<
qua mit phang (Oxz) la diém Y'(x, —y,z)i’
qua mat phang (Oyz) 1a diém Z'(-x,y,z) ;Z>(

o
<

14
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CHUONG 3. CAC SO PAC TRUNG PO PO PHAN TAN CHO MAU SO LIEU GHEP NHOM

Bai 1. Khodng bién thién, khodng t& phan vi ciia mau sd liéu ghép nhém

1. Khoang bién thién

~ Cho mau s6 liéu ghép nhém

Nhém laa,) | [aya,) [asa.,)

Khi d6 khoang bién thién ctia mau sd liéu ghép nhém trénla R=a,, —a
- Chuy
+ Khoang bién thién cia mau s& liéu ghép nhdm ludn 16n hon hodc bang khoang bién thién ctiia mau

1°

s0 liéu gdc.
+ Khoang bién thién cia mau s8 liéu ghép nhém 1a gia tri xap xi khoang bién thién ctia mau s4 lieu
gbc va c6 thé dung dé do mic 46 phan tan ctia mau s liéu.
2. Khoang t& phan vi
~ Cho mau s6 liéu ghép nhém

8]
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Nhém [a,;a,) [a,;a,) [aay.,)
Tan sd n, n, n,
Tan s6 tich lay n, n, +n, n, +n, +..+n,
+ T phan vi cta mau sb liéu ghép nhom, ki hiéula Q,, Q, va Q,. -
+ Khoang tt phan vi ctia mau s& liéu ghép nhém, ki hiéu va xac dinh l1a Ay =Q;-Q,. :‘1
+ Dbétim Q,, voi k=1,2,3 talam theo cac budc sau ;Z>(
Buéc 1: Tim ¢6 mau n=n,+n,+..+n,_. 8

Budc 2:
. ’ A N ;oA N ~ , o M n ,.
e Tim nhém dau tién c6 tan so tich ldy, 16n hon hodc bang T, = k.Z, voi k=1,2,3
Gia st nhém déla [a ;a,, ), véi 1<m<k.

e Tim d4u mat bén trdi ciia nhom [am ;amﬂ) la: a

e Tim do dai cia nhom [am;aml) la:
e Tim fan s§ ctia nhém [a_;a, ) la: n
m-1

e Tim tan s6 tich Ity ciia nhom [amfl ;am) la:  f

Buwdc 3: T phan vi Q, , v6i k=1,2,3 duoc tinh theo cong thitc Q, =a_ + (k.% - fmq)-L
n

m

— Khoang t phan vi ctia mau s8 liéu ghép nhém 1a gid tri xdp xi cho khoang t& phan vi ctia mau s
liéu gdc va co thé dung dé do mitc d6 phan tdn ctia nira gitta ctia mau s6 liéu (tap hop gom 50% s&
liéu ndm chinh gitta mau s6 liéu).

— Khoang tt phan vi ctia mau s6 liéu ghép nhdm cang nho thi dit liéu cang tap trung xung quanh trung
Vi.

- Khoang t& phan vi dwgc dung dé xac dinh gia tri ngoai 1é cua mau sd liéu. Gid tri x ctia mau so liéu
la ngoai 1§, néu: x>Q, +1,5.AQ hodc x<Q, -1,5.AQ.
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Bai 2. Phuong sai va do léch chuin ctia miu sé liéu ghép nhém

1. Dinh nghia

~ Xét mau sd liéu ghép nhém cho boi bang sau:

Nhom [a;b) [ul;uz) [uz;us) [uk;um)
s s 1eA a+b
Gia tri dai dién c=—— C c c
+ e 3 2 1 2 k
Tan so n, n, n,

— Phuong sai cia mau s liéu ghép nhém, ki hiéu S?, duoc tinh boi cong thiec:
1 - - -
Sk =;[n1(cl -X)*+1n,(c, =X)* +---+n,(c, —x)ZJ

~ D¢ léch chudn ctia mAu s8 liéu ghép nhém, ki hiéu 1a S, va duoc tinh S=+/S? .
Trong do
+ n=n,+n,+---+n,laco mau.

_ nc¢ +n,c,+---n,C
+ X=_11 2%2 k

£ 1a s6 trung binh.
n

- Chuy
+ Phuong sai cia mau s6 liéu ghép nhém c6 thé dugc tinh theo cong thitc sau:

2 2 2
_ NG AMG NG o

SZ

n

<

+ Trong thdng ké, ngudi ta con diing dai lwong sau d€ do mitc do phan tan cua mau s6 liéuiéhép

nhom

<\2 <\2 <\2
s n,(c, —X)"+n,(c, =X)" +---+n, (¢, —X)
n-1
2. Y nghia ctia phwong sai va d léch chuin ctia mau s6 liéu ghép nhém

P>
Z
w)

<

. — Phuong sai cia mau s6 liéu ghép nhém la gid tri x4p xi cho phuwong sai cia mau sd liéu gdc. Do léch
; chuan ctia mau s6 liéu ghép nhdm ciing 1a gia tri xap xi cho d6 1éch chuan ctia mau s8 liéu goc. Ching
’<>f duoc dung d€ do mitc d6 phan tdn ctia mau s6 liéu ghép nhém. Phuong sai va dd 1éch chuan cang
zg 16n thi dit liéu cang phan tan.

- D0 léch chuan c6 cung don vi vdi don vi cia mau s6 liéu.
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CHUONG 4. NGUYEN HAM - TiCH PHAN

Bai 1. Nguyén ham

1. Pinh nghia. Cho ham s6 y =f(x) xac dinh trén K.

- Ham s6 F(x) goila mot nguyén ham cua ham so f(x) trén K néu F'(x) =f(x) véi xeK.

~ V6imdi hang s§ C thi F(x)+C ciing 1a nguyén ham ctia ham s8 f(x) xac dinh trén K.

— Ho tét ca cdc nguyén ham caa f(x) trén K ky hiéu va xac dinh la I f(x)dx =F(x)+C.

- Biéu thic f(x)dx goila vi phan cua F(x), ki hiéu dF(x) . Nhw vay dF(x) =F'(x)dx =f(x)dx.
2. Tinh chat ctia nguyén ham

* [kf()dx =k[f(x)dx véi k 1a hing s6 khéc 0.

* I[f(x) + g(x)]dx = If(x)dx + J.g(x)dx .

3. Nguyén ham ctia mot s6 ham s6 so cip

a. Nguyén ham ctia ham sé liy thira

* Nhéc lai tinh chat ctia ham s6 liy thita

— DPao ham:

— Tinh chat:

1
inzx"“; Q/;:x;,vdix>0.
X
n+1
* Nguyén ham ctia ham s6 lay thtra: J. x"dx = +C.
n+1
fodx=c; [dx=x+C;

* Hé qua:

1
(&)—2&.

(x*) = ox*!

b. Nguyén ham ctua ham sd lugng giac

* Cong thirc bién d6i lwgng giac thuong dung

<
Ch
=
j 1 dx=+/x+C; jldx=1n|x|ZC.
2x X -8

(D) sina+cos’a=1 @ 1+tan’ a=—— , %=k
Hing déng thitc s
ang dan
g cans 3 1+cot’a=———, a=kn krt
sin® a () tana.coto =1, oc;t?
(1) sin(a +b) =sinacosb +sinbcosa © . tana + tanb
i o (2) sin(a—b)=sinacosb—-sinbcosa an(a+b) = 1—tanatanb
Cong thitc cong L
(3) cos(a+b)=cosacosb—sinasinb tana—tanb
(6) tan(a—b)=—————
(4) cos(a—b)=cosacosb +sinasinb 1+tanatanb
(D sin20 =2sinacosa (2) cos2a = cos’a —sin® o
Nhan do6i - 20—
@) tan20.= 2tan§x 2cos”a—1
1-tan” a =1-2sin’a
@ sin’ o — 1- C;)s2oc 1 ,
Ha bac @tanzazﬂ,a;ﬁEJrkn
,  1+4+cos2a 1+cos2a
(2) cos’o=—"
2
1
(1) cosacosb = %[cos(a —b) +cos(a + b)] (2) sinasinb = E[cos(a —b) - cos(a + b):l
Tich thanh tong ) .
(3) sinacosb = E[sin(a +b) +sin(a — b)] (4) cosasinb = E[sin(a +b) —sin(a - b)}
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* Nguyén ham ctia ham s luong giac

J.cosxdx=sinx+C fsinxdx=—cosx+C
1 1

J. —dx=tanx+C I-Z dx=-cotx+C

cos” X sin” x
c. Nguyén ham caa ham s6 mii
*  Cong thitc bién d6i thuwong dung;:

Cho a,b>0 va o,feR.Khido
a B __ LotB, aO!_ a—f, a\B _ ap. o _ L0l 0, aa_aa
a’a"=a""; —=a ; a®)" =a""; ab)* =a®b*; —)' =—
N (a%) (ab) ) =1
* Nguyén ham ctia ham s6 mii: Iexdx=eX+C; jaxdx:la +C,véi 0<a=1.
na

Bai 2. Tich phan

1. Dinh nghia
— Cho ham s6 f(x) lién tuc trén doan [a;b:l . Néu F(x) 1a mot nguyén ham cta f(x) trén doan [a;b]

b
thi F(b)—F(a) duoc goi la tich phan tir a dén b ctia ham s6 f(x) . Ki hiéu: If(x)dx .

b
~ Céng thitc Newton - Leibnitz: [f(x)dx =F(x)|. =F(b)-F(a). -
b ' e
Trong dé: '[ goi 1a d4u tich phan; a la can dwdi; b la can trén; f(x)dx biéu thirc dudi ddu tich ﬁaén.
Z

b b b )
- Gid tri cua tich phan khong phu thudc bién s6, tic 1a [f(x)dx = [f(t)dt = [f(u)du =...= F(b) - Fa).

- Bang so sanh nguyén ham va tich phan ham so cap twong ting

B’ Nguyén ham Tich phan
Z n+1 b nel [P bn+l _ n+l
< Ny X ndx = X _ a
; IX dx n+1+C -!-X X 1r1+1|5l n+1
Q
> NP 1 b
Ham sd liy thira —dx Ix+C dx=+/x| =vb—+/a
J 24x I 24/x |
b
I—dx=ln|x|+C Ildx— —In|a|
X X
Icosxdx=sinx+C jcosxdx:sinxt =sinb —sina
Z b
jsinxdx=—cosx+C J‘sinxdx:—cost =—cosb +cosa

Ham s6 lwong giac

dx =tan x| =tanb —-tana

1
j > dx=tanx+C
Cos cos? x

I 1 dx=-cotx+C

b
> ——cotx| =—cotb+cota
a

a
.T
a
.T
a
b

sin” x sin? x
X X X b b a
_[e dx=¢e*+C e’dx=e"| =e’ —e
a
, - a
Ham so6 mi B
ax B ax aB_aa
Iaxdx: +C J.aXdX= =
Ina ) 11'1aOL Ina
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2. Tinh chat

* j'f(x)dx =0. * _Tf(x)dx =— j.f(x)dx .

* Tk.f(x) dx=k jif(x)dx . Vi k=const . * .T[f(x) + g(x)]dx = .Tf(x) dx+ .Tg(x) dx.

* jl[f(x)—g(x)]dx: Tf(x)dx—ig(x)dx. * Tf(x)dx: jf(x)dx+if(x)dx, voi a<c<b.

3. Y nghia ctia tich phan

a. Y nghia hinh hoc Y
b

Néu ham s6 f(x) lién tuc trong doan [a;b] thi I |f(x)|dx la dién tich

a

hinh thang cong gidi han boi d6 thi ham sd y =f(x), truc Ox va hai

duong thang x=a, x=b. S — b

b. Y nghia co hoc
b
Cho mét vat chuyén dong véi van téc v =v(t) thi .f |v(t)|dt la quang dwong ma vat di chuyén duoc tir

a

thoi diém t=a dén thoi diém t=b.Gia sit v tinh theo m/s va a, b tinh theo gidy.

Bai 3. Ung dung cia tich phan

1. Dién tich hinh phang va thé tich khai tron xoay

YA L

-~

Y y = f(x) y=rx

AaN

Loy =g(x) Ll
()l a b \\l/\

(C)):y =£(x)
Hinh phang (H) gi6i han béi: (C,):y=g(x).Khido
x=a,x=b

b
- Dién tich hinh phang (H) duoc xac dinh boi cong thitc S = ﬂf(x) - g(x)|dx .

b
- Thé tich khi tron xoay khi quay quanh truc Ox 1a V=n I ‘fz(x) —~ gz(x)‘dx .

2. Thé tich vat thé

Goi B 1a phan vat thé gi6i han boi hai mat phéng vudng goc vai truc Ox tai cac di€ém a va b, S(x) la dién

tich thiét dién ctia vat thé bi cat boi mat phang vudng goc véi truc Ox tai diém x, (a<x<b). Gia st S(x)

b
la ham s lién tuc trén doan [a;b]. Khi d6, thé tich ctia vat thé B duoc xac dinh boi V = IS(x)dx .
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CHUONG 5. PHUONG TRINH MAT PHANG, PUONG THANG, MAT CAU
TRONG KHONG GIAN
Bai 1. Phuong trinh mit phing

1. Vécto phap tuyén (VTPT) va cip vécto chi phwong (VTCP) ctia mit phing

—
T

L=/

— Vécto i #0 1a vécto phap tuyén (VIPT) ciia mat phang (o) néu vécto fi cd gid vudng goc véi (o)

— Vécto 1 #0 1a vécto chi phuong (VTCP) ctia mdt phang (o) néu vécto t ¢ gid song song hodc nam
trong mit phang (o).

— Néu mit phang (o) c6 cap VICP G va v thi i=[d;v ] 1a VTPT cua (a).

— Néu n 1la mot VIPT caa (o) thi kn (k#0) ciingla VIPT cua (a).

— Chuy
+ Tich cé hudng ctia u=(x;y;z), v=(x’;y’;z") la mot vécto duoc xac dinh va ki hiéu nhu sau:

SUFTETE]

V4 V4
’

7

y
y!

V4

+ Tinh chat
e [Gv]Llivalav]ly.

3
YA NA

A

folen

o [4v]=-[v,4d].

* 4 va v cung phuong <:>[ﬁ,x7:|=6.
()

Q

2 o [[6,v] =[d]|9]-sin(d,v).

<Zt e Mit phéng (o) di quabadiém A, B, Cnhén ri= [@,E] lam vécto phép tuyén.
1; + Ung dung cua tich c6 huéng

>

* Xét sy dong phang cta ba vécto:
Ba vécto a, b, ¢ dong phéng = [5;5}6 =0. Goi la tich hdn tap

Bon diém A,B,C,D tao thanh ti dién [E;E] AD#0 .

A D

* Dién tich hinh binh hanh: S, = ‘[

* Tinh dién tich tam giéc: S, . = %‘[AB-AC

* Tinh thé tich hinh hop: V, @;E] .ﬁ‘ .

BCD.ABCD' ‘[

* Tinh thé tich t& dién: V., = %‘[A—B;A—CJ.E‘ .
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2. Phuong trinh ctia mit phang
— Trong khéng gian véi hé truc toa dd Oxyz, mdi mat phang déu c6 phuong trinh tdng quat dang
Ax+By+Cz+D=0, trongd6 A, B, C khong dong thoi bang 0.
- Chay
+ D goilahé s6 tu do ctia phuong trinh tong quat.
+ Vécto n=(A,B,C) la mdt vécto phap tuyén ctia mit phang.
3. Lap phuong trinh téng quat ctia mit phing
a. Mit phing di qua mét diém M va biét vécto phap tuyén i
VTPT n=(A;B;C)

5 dang A(x—x,)+B(y ~y,)+C(z~2,)=0.
di qua M(x,;y,;2,) c6 dang A(x—x,)+B(y-y,)+C(z~-z,)

Mat phang (P) :{

Hodc Ax+By+Cz+D=0 véi A,B,C khong dong thoi béng 0 va D=—(Ax, +By, +Cz)).
b. Mit phing di qua mot diém M va biét cap vécto chi phuong @ va v
VTPT 1, =[ G;V ]

St

Mit phang (P): {

di qua M(x,;y,;2,) .
c. Mt phang di qua ba diém A, B, C khong thang hang ?
. A, o VTPT fi= [E,EJ 4
Truong hop tong quat: Mat phang (P): o) c
di qua A

Phuong trinh mat chan

- Néu mat phéng P) cit ba truc toa do Ox, Oy, Oz lan lwot tai cac

-~

diém A(a;0;0), B(0;b;0), C(0;0;c) vbi abc=0 thi (P):§+%+E=1
a C

A NVYA QA

abe

Q.E
.mn

1 111 7

2 " o oA’ OB oC
7 + H la triec tdm caia AABC < OH L (ABC). %
)§ d. Lap phuwong trinh mjt phang (o), biét (o) // (B)
lg Loai Phuwong phap
Mt phang (o) di qua M(x,;y,;z,) Vasong | go cach 1.
song(B): Ax+By +Cz+D=0. *  Vécto phap tuyén (o) la: fi, =1i, =(A;B;C).
K ; * Mit phang (a) qua diém M.
i 36 Cach 2:
%r-ﬁ ————————— * Do (0)//(B)= (a): Ax+By+Cz+D'=0,v6i D=D'.
/8 M * Thay diém M vao (o) =D'=?= ().

Mit phang () // (B): Ax+By +Cz+D=0
* Vi (0)//(B)= (0): Ax+By+Cz+D'=0,vdéi D=D'.

va cach (B) mot khoang bang k. . , .
* Vi (a) cach (B) mot khoang bang k

/ T J = d((0);(B)) =k—=—2=d(M;(p))=k
3

4l
’ [p-Df
_ =

Tl _ksp=2
S JA? +B*+C?

/ h [ / * Co6 D'= phuong trinh mat () hoan chinh.
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Bién soan: Thac si Vii Van Du
e. Lap phuong trinh mit phang (o), biét (o) L ()

Loai Phwong phap

Mit phang (a) di qua M(x,;y,;z,) va -
* Tim cdp vécto ni, va n,.
vudng goéc voi (P):Ax+By+Cz+D=0,
(Q): A+ By +C'z+D'=0. * Vécto phép tuyén (o) la: n= [np ;nQ] .
*  Mit phéng (o) qua diém M(x,;y,;z,)-
o Hodc bai toan sé gap:

Mit phang (o) di qua M(x,;y,;z,) va vudng goc véi giao

np

T tuyén cua (P): Ax+By+Cz+D=0;
/ (Q): A'x +B'y +C'z+ D' =0.

Mit phang (o) di qua A, B va vudng goc
(8): Ax+By+Cz+D=0.
* Tim cdp vécto AB va n,.

* Vécto phap tuyén (a) la: n= [@;ﬁs} .

*  Mit phang (o) qua diém A .

<
Ch
<
P>
Z
w)
<
'D. . 4 A \ _ N o J X y Z
QA (o) di qua goctoadd O la Ax+By+Cz=0 Phuong trinh mat chan (o) : —+ = +2-=1
Z a C
<
>
i
>
“ (a)//Ox: By+Cz+D=0 “ (a)//Oy: Ax+Cz+D=0 “ (a)//Oz: Ax+By+D=0
@ chta Ox: By +Cz=0 @ chta Oy : Ax+Cz=0 @ chta Oz: Ax+By=0
----- —
) — i | |
5 T v io i
)z/l.' ................... 5/
= (a)//(Oxy): Cz+D=0 “ (a)//(Oxz): By+D=0 = (0)//(Oyz): Ax+D=0
“ (a)=(Oxy):z=0 = (a)=(Oxz) y=0 “ (a)=(Oyz): x=0

Chua y: Mt phang (a)) song song (hodc chita truc) nao, mat phang nao thi cho cac an twong tng bang 0.
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Bién soan: Thac si Vii Van Du
4. Diéu kién song song, vuong goc ctia hai mit phing
Cho hai mit phang (a): Ax+By +Cz+D=0 va (B): A'x+By+Cz+D'=0.Khi dé:
A B C D

£ (@) fi, =k,
@I® <1y vy T A B D

* (@) L(B) & A, L, < AA'+BB+CC=0.
, A B C D
* At oS =,
(@) cht () & -t e
A B C D
* = & —=—=—"=—,
@=® < T g o >

5. Khoang cach
a. Khoang cach tir diém dén mat phang
Khoang cach tir diém M(x,;y,;2,) dén mat phang (a): Ax+By+Cz+D=0 duoc xac dinh boi cong
|Ax, +B.y, +Cuz,+D|
b. Khoang cach giita hai mit phing song song c6 ciing vécto phap tuyén
Cho (a): Ax+By+Cz+D=0 va (B): Ax+By+Cz+D'=0,véi D=D’.

[p-Df

Khoang c4ch gitta hai mt phang d4 1a dl:(oc);(B):I =
JA? +B* +C?

thire: d[ M; (o) |=

6. Goc giita giita hai mit phang <
()
Cho (a): Ax+By +Cz+D=0 va (B): Ax+B'y+Cz+D'=0.Dat ¢=[(a);(B)], v6i 0 <p<90 . <1
s P>
Khi d6 goc gitra hai mat phang (o) va (B) dwoc xac dinh boi cong thirc: Zz
S
A5, |AA’+BB'+CC] <
CoOsp=r—-7—r= .
A, 8, VA?+B2+C* A +B?+C”
.
A
Z
<
>
2
>
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Bai 2. Phuong trinh dudng thing

1. Phuong trinh dwong thang
a. Vécto chi phwong ctia duwong thang

i

A (73

— Vécto 4 khac vécto 0 c6 gid song song hodc triing véi duong thang A duoc goi la vécto chi phrrong

(VTCP) ctia duong thang A.

— Néu u 1a VTCP ctia dwong thang A thi ki, k=0 ciing la VTCP ctia A.
b. Lap phuong trinh tham s& va phwong trinh chinh tic ctia duong thang

Duong thang A: .
VTCP u=(a;b;c)

M U

Loai Phuwong phap
X=X, +at
* Phuong trinh tham s6 |y =y, +bt
z=2z,+ct
. L e X=X, Y-V, z-2
i * Phuong trinh chinh tac 0 - 0 - 0 abc=0
di qua M(x,;y,;2,) 8 a b ¢

* Nhan xét
+ Diém Med < M(x,+aty,+bt;z,+ct) goi la
tham s6 hoéa toa d6 diém M.
+ Véi mdi gia tri ctia tham s0 t ta tim duwoc mot toa do
nam trén dwong thang d.

+ Phuwong trinh tham s6 cua ba truc toa do

<

Ox:¢y=0. Oy:iy=t. Oz: y§9
z=0 z=0 VES!

=

Puong thang A di qua hai diém A va B
B,

A A AB

* Chon A hodc B la diém ma A di qua.
* Nhan AB lam VTCP.

Giao tuyén ctia hai mit phang
(): Ax+By+Cz+D=0 va
(B):A'x+By+C'z+D'=0

> X

* Cho 1 trong 3 an x;y;z =0 dé tim 2 an con lai

By+Cz+D=0 {y:?

. , R :M(O;?;?)
By+C'z+D'=0

x:0—>{
z="?

* Vécto chi phuwong u = [ﬁa;ﬁd .

Puong thang A di qua M va vudng goc véi

gid ctia hai vécto u; v.

[@; 9]

* Adiqua diém M
* VTCP cia Ala [G;v].
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Bién soan: Thac si Vii Van Du

c. Puong thing A di qua diém M cit ca hai duong thang di, d: va théa man diéu kién

CACH 1

* Goi A=And, = Aed, phu thudc tham so.

* Goi B=And, = Bed, phu thudc tham s6.

* Viba diém M,A,BecA nén ba diém d¢ thang hang, tir d6 suy ra
MA = kl\ﬁ, ta xac dinh dwoc toa d0 A,B.

CACH 2

* Tim vécto phap tuyén cia mp(M,d,), mp(M,d,) 1a n, va n,.

* Xac dinh vécto chi phwong cua A la u, = [ﬁl;ﬁJ .

* Duong thing A qua diém M va c6 VICP1a 4, .

d1

d. Puong thing A nim trong mit phang (P) cit ca hai duong thang di, d:

* Goi A=(P)nd,; B=(P)nd,.
* Goi 1, 1a VTCP cua duong thing A thi i, = AB.

*Qua A

* Puong thang (A) : {. VICP i
A

dy

e. Duong thing A di qua diém M va vudng géc v6i duong thing d

VA QA

-~

* Goi N=And=Ned phu thudc tham sd.
* Tim toa dd N tit hé thiee A Ld < u,.u, =0.
* Viét phuong trinh duong thang di qua hai diém M, N

a8
NaN

\
N

f. Lap phuong trinh duong vuong goc chung cia hai duong thang chéo nhau

Loai Phuong phap

= =
Ald, AB 1d,

Goi A=And, = Aed, phu thudc tham s6.
Goi B=And, = Bed, phu thudc tham s6.
Ald AB Ld AB Lu
{ ! { e 1T S Toads A, B.

AB L,

Viét phuong trinh dwong thang A di qua hai diém A, B.
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Bién soan: Thac si Vii Van Dy
2. Vi tri twong d6i ctia hai duwong thang trong khong gian
x=x, +a,t, X=X, +bt,
a. Vi tri twong d6i ctia hai duwong thang (A,):{y=y, +a,t, va (A,)):1y=y,+b,t,

z=z, +ast, z=z,+b,t,

qua M, va A, :{qua M,

Ph hap 1: Xét hai duong thang A, :
wong phap 1: Xét hai duong thang A, {VTCP i,

u; , u, cung phwong

* AN, &y —— T <:>[
u; , M; M, khong cung phwong [ﬁ

Uy, U, cung phwon i1, |=0
* A15A2<:>{_,1—2 \gp & = [ﬂl 2]
u; , M; M, cung phwong [ul;Mle] =0
, u; , u, khong cuing phwong [ﬁl;ﬁz:l #0
* AcatA, e ) S, B =2 .
u; ,uy, M;M, dong phang [ul;Mle =0
* A, va A, chéonhau
u; ,u, khong cing phwon R <
_)1_)2 gA gM g& ®|: 1.1\/[11\/[2]:0 C
u; ,u,, M;M, khong dong phang <
P>
1'1‘1] E
* Diéu kién d€ A, vudng goc voi A, < u,.u, =0 ]

x, +a,t, =x, +b,t,
Phuwong phap 2: Xét hé phuong trinh 1y, +a,t, =y, +b,t, (¥)

=

A z, +a,t =z, +b,t,

V-4

’g * Néu hé (¥) c6 nghiém duy nhat thi (A,) va (A,) catnhau.
E * Néu hé (*) 6 vo s6 nghiém thi (A,) va (A,) trung nhau.

* Néu hé (*) c6 vo nghiém thi (A,) va (A,) song song hodc chéo nhau
+ 1, va u, cung phuong thi (A,)//(A,)
+ 1, va u, khong cung phuong thi (A;) va (A,;) chéo nhau
X=X, +a,t

b. Vi tri twong d6i ctia dwong thing (A):{y =y, +a,t va (a): Ax+By +Cz+D=0

z=2z,+a,t
x=x,+a,t (1)
=y, +a,t 2
Xét hé phuong trinh: Y=Yor® (2) (*).
z=1z,+a,t 3)

Ax+By+Cz+D=0 (4)
Ly (1), (2), (3) thé vao (4)
e Néu (*) c6nghiém duy nhat < A cat (o).
e Néu (*¥) v nghiém < A//(a).
e Néu (*) c6vdsdnghiém < Ac(a).
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4, Goc

Loai

Hinh vé

Goc giita hai duong thang
Duong thang A, VTCP u,, duong thang A, VICP u,.
Goi ¢ 1a goc gitra hai duong thang A, va A,.
u,.u
5, f| ,voi 0° <p<90°.
[1d,

Khi d6 cosp=

|u1

Goc giita dwong thang va mat phang
Duong thang A ¢6 VICP 4 va mat phang (o) c6 VIPT 1.
Goi ¢ la goc gitra hai duong thang A va (o).

Khi d6 sing=-———, v6i 0° <9p<90°.

|iA
i

Goc giita hai mat phang
Mit phang (P,) VIPT 1i,, mat phang (P,) VTPT n,.
Goi ¢ la goc gitta hai mat phang (P) va (P,).

.1

1 2| ;.
2L véi 0°<p<90°.
| In,

Khi d6 cosp=

|n1
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Bai 3. Phuong trinh mit cau

1. Dinh nghia
— Téaphop cac diém M trong khong gian cach diém 1 ¢6 dinh mot khoang
R khong d6i goi la mat cau tam I ban kinh R, ki hiéu la S(I;R).
— Dién tich va thé tich mat cau
* Dién tich mét cau: S. =4nR>.
« Thé tich mt cau: V. = %nw .
2. Phwong trinh mit cau
Loai 1.
— M3t cau tdm I(a;b;c), bdn kinh R ¢6 phuong trinh: (x—a)’* +(y—b)’ +(z—c)’ =R>.
— Phuong trinh mat cu tdim O, ban kinh R ¢ phuong trinh: x* +y* +z> =R>.
Loai 2.
— Mit cau tam I(a;b;c), ban kinh R ¢6 phuong trinh: x* +y* +2z° —2ax—2by —2cz+d =0
voi d=a’+b* +c? —R%.
- Luuy:
+ Diéu kién dé (*) la phuong trinh mit cau khi chi khi a® +b* +c* -d >0.
+ taml (hésé’cﬁax_hésﬁ'cﬁay.hésﬁcﬁaz) va ban kinh R = /az b2+t —d
-2 4 -2 ’ — - .

2

3. Lap phwong trinh mit cau

Loai 1. Co ban (5): {T];i;ll Ik(iﬁ?RC)

Loai 2. Viét phuong trinh mat cau (S) c6 tam I(a;b;c) va di qua diém A.
Cach giai: (S) c6 tam I(a;b;c) vaban kinh R=IA.
Loai 3. Viét phuong trinh mat cau (S) c6 duong kinh AB, véi A, B cho trudc.

B va ban kinh R:%'

=(S):(x—a)* +(y—-b)* +(z—c)*=R?

Céch gidi: (S) c6 tam I= 27

Loai 4. Viét phuong trinh mat cau (S) c6 tam I(a;b;c) va tiép xtc véi cac truc toa do.
R =d(L;Ox) =vb* + ¢’
Cach giai: (S) c6 ban kinh x4c dinh theo cac treong hop sau | R =d(I;Oy) =+a’ +¢*

R =d([;0z)=+a’ +b’

Loai 5. Viét phwrong trinh mét cau (S) c6 tdm I(a;b;c) va tiép xtic véi cac mit phang toa do.

'R=d[L;(Oxy)]=]c|
Cach giai: (S) c6 ban kinh xac dinh theo cac treong hop sau | R = d[I;(Oxz)] = |b|
R= d[I;(Oyz)] = |a|

(*),

Loai 6. Viét phuwong trinh mat cau (S) c6 tam I(a;b;c) va tiép xtc voi A:

a0 [ Mgiyeize)|

a b

Cach giai: (S):R=d[LA]=

X=X, Y=Yy _2-%

C

Loai 7. Viét phuong trinh mat cau (S) c6 tam I(a;b;c) va tiép xtc véi (P): Ax+By+Cz+D=0.

_|Aa+Bb+Cc+D|

Cach giai: (S):R=d[L(P)|= JA B 1O
+B* +

28
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Loai 8. Viét phuong trinh mat cau (S) di quabon diém A, B, C, D.
Cach giai: - Goi (S):x* +y” +2° —2ax—2by —2cz+d =0
- Vi A, B, C, De(S) nén tim dugc 4 phrong trinh = a, b, ¢, d=(S).
Loai 9. Viét phuong trinh mit cau (S) di qua 3 diém A, B, C va tam I thudc mit phang (P).
Cach giai: - Goi (S): x> +y”> +2° —2ax—2by —2cz+d =0
+ Vi A, B, Ce(S) nén tim dwoc 3 phurong trinh
- Vi Ie(P) ta tim dwoc phwong trinh thit tu.
- Giai hé bon phuong trinh nay = a, b, ¢, d=(S).
Loai 10. Viét phuong trinh mat cau (S) di qua 2 diém A, B va tam I thudc duong thang A.

Cach giai: - Vi [ e A nén tham s6 héa toa do diém I theo A.
- Tinh d6 dai IA, IB theo tham s8 t cia duong thang A.

. Vi A,Be(S) nén IA=IB=t= tamIvabankinh R=IA.

-~

Ad NVA QA

Loai 11. Viét phuong trinh mit cau (S) c6 tdm I va cit mit phang (P) theo giao tuyén la mot dubﬁg tron
c6 ban kinh r.
Cach giai: - Dya vao méilién h¢ R* =d*[I;(P) |+r* =TH* + AH".
- Cannh6 C=2nr va S, =nr’.

Loai 12. Viét phuong trinh mgt cau (S) c6 tdm I va cat duong thang A tai A va B.

2
Cach giai: Duya vao mdi lién hé R* =d*(I;A)+ AH? =TH” + % .
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3. Vi tri twong d6i v6i mat cau

A"/

Piém
M H=M
IM >R : Diém M nam IM =R : Diém M nam trén IM<R: Diém M nam
ngoai mat cau mat cau trong mat cau
Duong
thang
d(I; A) >R : Duong thing d(I; A) =R : Duong thing d(I; A) =R : Puong thang
khong cat mat cau tiép xtic mat cau cdt mat cau
Mit phang

d[L;(P) | >R : Mt phang

khong cat mat cau

d[L;(P) | =R : Mt phang

tiép xtic mat cau tai M

d[I;(P) | <R : Mat phang

cat mat cau

30




Bién soan: Thac si Vii Van Du

CHUONG 6. XAC SUAT CO PIEU KIEN

1. Xac suat c6 diéu kién

— Xac sudt cua bién c6 A véi diéu kién bién cd B da xay ra, duoc ki hiéu va xac dinh la:

P(AIB) = TAB) pose peaiB) = 2AB) (61 pB) > 0.
P(B) n(B)
Trong d6, ki hifu A~B va AB la hoan toan nhut nhau va doc la: A giao B.

— Tinh chat
+ P(AB)=P(B).P(AIB) goila cong thirc nhan xac suét.
+ Néu A, B 1a hai bién 8 doc 1ap thi (A, B) hodc (A, B) hodc (A, B) cling 1a hai bién c¢& doc lap.

Khi do
P(AB)=P(A).P(B).
P(AIB)=P(A). - P(AIB)=P(A).
P(BIA)=P(B). - P(BIA)=P(B).
+ Neéu A, B lahaibién co bat ki thi
P(BIA)=1-P(BlA). - P(AIB)=1-P(AIB).
P(AB) + P(AB) =P(B). - P(AB)+P(AB)=P(A).

2. Str dung so d6 cay dé tinh xac suét c6 diéu kién

Bién c6 B Bién ¢ AB = P(AB) = p1.ps
Bién c6 A
Bién cé B Bién c6 AB = P(AB) = p1.p4
Goc
- Bién cé B Bién ¢6 AB = P(AB) = p,.ps
a -
:<Zﬁ Bien co A
)
> Bién c6 B Bién c6 A B = P(A B) = p,.ps
o)
> I4
Luuy

— Bién c6 nao xay ra trudc thi xép & cot dau tién.

~ Trong cung mot cdt tong hai x4c suat ludn bang 1. Técla p, +p, =1, p, +p, =1, p +p, =1-
— Trén cung mot duong, tich cta hai x4c sudt la xac suat cua bién cd giao.

3. Cong thitc xac suat toan phan

Cho haibién cd A va B v6i 0<P(A)<1, khido

* P(A)=P(AB)+P(AB)=P(A).P(BIA)+P(A).P(BIA)

* P(B)=P(AB)+P(AB)=P(A)P(BIA)+P(A)P(BIA)

4. Cong thitc Bayes

Cho hai bién ¢8 A va B véi P(A)>0 va 0<P(B)<1.Khi d6

P(B).P(AIB) _ P(B).P(A |B)

P(BIA)=——1 = S
(A) P(A)P(BIA)+DP(A)P(BIA)
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CUNG KHAM PHA MOT SO HINH KHOI MOI LA

Cau 1. Cong thuc tinh chiéu dai mang truot?

Tra loi

h h R 0 d
d ' — R ' d
=J h? + d? L =+/(2nRn)? + h? L=R-0
, B » Ming xodn hinh tron Maing hinh parabol hodc cong déu
Ming triot thang nghiéng o s .
(xoan oc déu quanh truc) (xdp xi bang cung tron)

Mang truot thang nghiéng (ddc thang): Gia st mang nghiéng tao thanh mot tam gidc vudng véi
chiéu cao h va chiéu dai ddy d, thi do dai mang chinh la canh huyén: L=+h*+d* .

Mang xoin hinh tron (xoin d¢ déu quanh truc): Gia st mang truot tao thanh mot vong xoan tru
ding, co:

* R:ban kinh ctia vong tron day

<

* h: chiéu cao tong cua mang Cu

* n:s8 vong xoan ;<>(

Z

Khi d6 chiéu dai méang trueot L=4/(2nRn)* +h*. g
<

Mang hinh parabol hoic cong déu (xap xi bang cung tron):

Gia stt mang c6 hinh cung tron ban kinh R va géc tao bdi cung 1a 0 (tinh bang radian):

jo) Khi d6 chiéu dai méang truot L=R.0.

; Cau 2. Cong thtic tinh thé tich ctia khéi parabol tron xoay?

i~ Tra 1oi

E Néu hinh parabol tron xoay ¢6 chiéu cao h va ban kinh miéng ddy

1 R (dinh ndm & déy), thi cong thie thé tich 1a: V = %n.Rz.h .

Cau 3. Cong thttc tinh thé tich thung ruou cd 2 day la cac hinh tron véi
duong kinh hai day 1a D,, duwong kinh phan phinh to nhat cua
thung rwou la D,, chiéu cao thung ruwoula h?

Tra loi
Thung rwou hinh tru phinh gitra (hinh thdu kinh quay)

* Chiéu dai (chiéu cao): h

D
* Ban kinh hai ddy (ban kinh miéng): r = 71
D,
* Ban kinh chd phinh to nhat (¢ gitta): R = 7
h

2
Khi d¢ thé tich thung regu la V= I {4(1. ) >+ R} dx.

2
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Cau 4. Cong thitc tinh dién tich tam gidc Reuleaux?
Tra loi
Tam giac Reuleaux la gi?

Trén moi canh, vé mot cung tron c6 tam la dinh d6i dién va ban

kinh ciing bang a. K&t qua 1a mot hinh cong khép kin ¢6 d6 rong ~
khong ddi a, goi 1a tam giac Reuleaux.

_ 2
Giai thich cong thirc: S = (“% : ‘
A 7 \ X 0 3 2 TEaZ
* Dién tich 3 cung tron (moi cung 60°) = gna =

V3.’
* Trie di dién tich tam giac déu = 4 .

Ciu 5. Cong thirc tinh dién tich tam giac déu, dinh dwgc bo tron?
Tra loi a

Pic diém hinh hoc
* a: d0 dai cach canh ctia tam giac déu.
* h: chiéu cao tir dinh xudng day.
* r: ban kinh bo tron tai mdi dinh.

2’3 _m?

Cong thirc dién tich tam giac bo tron: S=

4 2
Cau 6. Khdi tru xoan la gi? él
Tra loi §(
1. Khéi tru xoin (Helical Cylinder) z
< gim o
¢ DPic diem: -

* Co6 dang nhw mot 6ng tru nhung bé mat bén khong théng ma la duong x0&n Oc.
* C6 truc chinh va ban kinh khong ddi, nhung duong sinh 1a dwong xoan.

B' ¢ Tinh chat:

><Zﬁ * Khong c6 mit phang ddi xtng.

> * Khong thé "trai phang" nhuw tru thong thuong.

E * D@ xuat hién trong ky thuat (vit X04n, ong van chuyén dang X04n).

+ Ung dung: Thiét ké truc vit trong may ép, hé théng van chuyén trong nha may, bang tai.
2. Cong thirc

* R:ban kinh day

* h: chiéu cao tru

*

I: chiéu dai duong sinh (theo xoan)
* n: 58 vong xoan
S,,: dién tich xung quanh h

*

* V: thé tich

Chiéu dai dwong sinh xoan 1=./h? +(27Rn)>
Dién tich xung quanh S =2nRnl.

Thé tich khdi tru xodn V =nR>h.
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Cau 7. Khoi dinh hudéng am thanh la gi?
Tra loi
1. Khéi dinh huéng 4m thanh (Acoustic Horn Shape)
* Dang phéu loe dan tir mot diém nho dén mot vanh mé rong 16n.
* C4u trac co ban cua khoi dinh hudéng am thanh la hinh nén loe, hoac hinh dang theo ham
logarit, mii, hodc parabol
2. Cong thtrc

* R:ban kinh miéng loa (miéng loe 16n)
* 1: ban kinh ¢d loa (dau nho) T
* h: chiéu cao truc ttir 0 dén miéng
I: chiéu dai dwong sinh (mép cong ngoai)
* S, dién tich xung quanh(phan bé mét loe) h
V: thé tich khoéi dinh hudng am than
Chiéu dai dwong sinh 1=1/h? + (R —r)’ - \

Dién tich xung quanh S =n(R+1)l.

*

*

Thé tich khéi tru xoan V = %nh(R2 +Rr+1?)

Cau 8. Khoi ném la gi?
Tra loi
Khéi ném thwong dwoc tao ra khi: é
* MOt hinh hop chit nhat bi cit chéo mot mit (tao ra madt tam giac) h ;<>
* Mot hinh lang try tam gidc c6 mot day bi nghiéng

Thé tich V = %abh .

E' Cau 9. Néu cong thirc tinh thé tich hinh “Phién tru”

Z Tra loi

’§ * Dién tich xung quanh S =nR(h, +h,)

)

> . (h, -h,)?
* Dién tich toan phan S =S _+nR* +7R.|R* + % .

» h +h
+ Thétich V=nR>. 12

Cau 10. Néu cong thirc tinh thé tich hinh ném?
Tra loi
Dang 1
* Dién tich xung quanh S, =2Rh=2R"tana

2 2 >
* Dién tich toan phan Stp - qu + “E . nR. R2 +h

* Thétich V= %th = %R3.tanoc
Dang 2

* Thé tich V= (E - 2).th = (E - E).Rg’.tanot
2 3 2 3
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Cau 11. Néu cac cdng thirc co ban cua hinh cau?
Tra loi
ca s ol .y el 4
Dién tich mat cau: S = 4nR?. Thé tich mat cau: V. = §WR3 .

Cau 12. Khi cit mit cau boi mdt mit phr?mg thi thiét dién tao thanh 1a hinh gi?
Tra loi
* Goi mat cau la (S), mat phang la (P)
Thiét dién tao boi (S) va (P) la duwong tron (C)
Taicla (S)n(P)=(C).
+ Dt d=1J=d[L;(P) ]. Khid6: R*=r*+d’,

Véi r va R la ban kinh ctia duwong tron (C) va mat cau (S).
Cau 13. Néu cong thitc tinh thé tich chom cau?
Tra loi
V= zh’ (R0
» Thé tich 3
\% =%.(3r2 +h?)

S =2xnRh

xq

* Dién tich xung quanh bé mat chom cau s o
S, =n(* +h?)

Cau 14. Néu cdng thirc tinh thé tich khéi chop c6 dién tich day 1a B va chiéu cao h?
Tra loi

VA QA

AaN

* Dién tich xung quanh S = tong dién tich cdc mét bén.

* Dién tich toan phan S =S +S,, .
* Thé tich khoi chop V = %B.h , voi B la dién tich day, h 1a chiéu cao

h(B+B'++BB)
3
Cau 15. Thé tich khoi chép S.ABC c6 SA, SB, SC vudng goc véi nhau ting ddi mot?

Traloi: V= w Ta con goi day 1a khéi tam dién vudng.

* Thé tich khoi chop cut V= , voi B va B’ la dién tich day duwdi va day trén.

Cau 16. Néu cong thiic tinh thé tich khdi chép S.ABC c6 SA, SB,
SC vudng gdc vdi nhau titng d6i mot, dién tich cac tam giac
SAB, SBC, SAClanluotla S, S,, S, ?

y_V25.5,5,

3 s

Cau 17. Néu codng thirc tinh thé tich khoi lang tru cé dién tich day la B va chiéu cao h?
Traloi: V=Bh.

Cau 18. Néu cong thiic tinh thé tich khdi 1ap phuong c6 canh bang a?

Traloi: V=a°.

Tra loi:
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Cau 19. Néu cac tinh chét caa khoi chép déu

Tra loi
Tén goi Hinh chop tam giac déu Hinh chop t giac déu
Mo hinh
* Day la tam giac déu * Pay la hinh vudng.
Tinh chat | * SA=SB=SC. * SA=SB=SC=SD.
* SH_1(ABC), H la trong tam AABC * SO L (ABCD), véi ACNBD=0.
* Khéi chop ti gidc déu c6 canh day bang
* Khéi chép tam giac déu canh ddy bang a . a2AJ4b? —2a2
a canhbénbang b thi V=—"—7"—".
1y . a’A/3b”* —a’ 6
,canhbénbang b thi V=——"7—— e o er o ei aa m s
12 * Khoi cAhop tir gidc déu co tat ca cac canh
* Khoi tie dién déu, cé tat ca cac canh bang . a2
bang a thi V= .
a thi v—aSﬁ- ° Ce
12 * Khéi chép te gide déu cd canh ddy bang
* Khoi chép tam giac déu canh ddy bang a | a mit bén tao véi ddy goc o thi ;Z>(
, mat bén tao voi day goc a thi v a’.tana g
. a’.tana 6
The tich V= : s (o1
e 24 * Khoi chop tt gidc déu co canh day bang
* Khoi Ach(')p tam giac déu canh bén bang b a SAB=a, ac(®:T) thi
, canh bén tao vdi day goc B thi 42
V_\/g.be’.sinﬁ.coszﬁ V:a3.\/tan2a—1.
= 1 . S
* Khoi chép tam giac déu canh ddy bang a | * Khéi chop tit gidc déu canh bén bang b,
, canh bén tao véi day goc B thi mat bén tao véi day goc B, B e(0; g) thi
a’.tanP
V= 12 V= 4b3 .tan B
3.4/(2+tan’B)°
Néu ABC la tam gidc déu canh a thi: Néu ABCD 14 hinh vudng canh a th:
a’\3 a\3 % S 2
- 3 - =a .
Tinh chat | * Smwe =T VA AA=T e
cia da ) 3 + AC=BD=aV2.
o | * AH=ZAA'=——. a\2
gidc day 3 3 * HA=HC=HB=HD="=.
, 1 , a\/g
* AH=-AA=——. * ACLBD tai H.
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He thitc lwgng trong tam giac thwong: Trong AABC, ta luon dat:

Pinh ly ham s6 sin:

Bién soan: Thac si Vii Van Du

Cau 20. Néu cac cong thitc hé thitc luong trong tam giac?

Tra loi

Hé thitc lwgng trong tam gidc vudng

Cho AABC vudng tai A, c6 AH la duong cao, AM la trung tuyén.
* BC?=AB’+AC’

A
* AH.BC=AB.AC.
* AB?>=BH-BC
x AC?>=CH-CB.
« AH— AB.AC
JAB? + AC? ]
s B H M C
* AH®=HB-HC.
* BC=2AM.
. S 1 1

—-AB-AC=E-AH-BC.

AABC —
2

* Po dai cac canh: BC=a, AC=b, AB=c.

* Dién tich tam giac: S.

* Ntra chu vi tam gidc: p= a+12)+c

* Ban kinh duong tron ngoai tiép va ndi ti€p tam giac lan luotla R, r. <

+ Puong cao ke tir cic dinh A,B,C Iinluotla h ;b h . ot

* Puong trung tuyén keé tix cac dinh A,B,C lanlwgtla m_; m,; m_. ;2>:(
a’=b*+c* —2bccos A 8

b C

——=——=——=2R.  Dinhly ham s6 cos: |b* =a® +c* —2accosB
sinA sinB sinC

¢ =a’ +b*-2abcosC

, b’+c® a’ S= 1a.ha = 1b.hb = lc.hC
m} =2 2 2 2
T, :absinC:bcsinA:acsinB
Cong thitc trung tuyén: (m? = a ;C —bz Dién tich tam giac: 2 2 2
a’+b> S:ﬁ:p,r
5=\p(p—a)(p-b)(p—0)

Cau 21. Néu cong thirc tinh dién tich mot sd hinh da giac co ban?

Tra loi
Hinh vudng canh bing x thi S=x* va duong chéo bang xv2
Hinh chit nhat, ¢6 chiéu rong bang a va chiéu dai bang b thi S=a.b va duong chéo bang v/a® +b’

d,d
Hinh thoi, ¢6 d¢ dai hai duong chéo lan lwotla d, va d, thi S= 12 2.

Hinh binh hanh, c¢6 d6 dai mot canh la a va dwong cao ha xudng canh d61a h thi S=ah.

Hinh thang c6 d6 dai hai déy 1an Tuot 13 a va b, duwong cao h thi 5= @2

a’\/3 a3

Néu day la tam gidc déu canh a thi S= 7 duong cao h = —
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Cau 22. Néu cac cong thirc co ban ctia hinh nén?

Tra 10i
Cho hinh nén ¢4 chiéu cao la h, ban kinh day r va duong sinhla 1 thi cé:

* Dién tich xung quanh: S =mrl.
* Dién tich ddy (hinh tron): S, =mnr®.

A 7 \ NAS _ _ 2
* Dién tich toan phan: S, =S _ +S5, =mnrl+mr’.

+ Thé tich khéinén: V., = %sdéy h= %nrzh .

* MGdi lién hé gittar, 1, h1a 1> =r> +h>.
Cau 23. Néu cac cong thic co ban ctia hinh nén cut?
Tra loi
Cho hinh nén cut c6 chiéu cao la h=1IJ, ban kinh day nho r,

ban kinh ddy lon R va duong sinh la 1 thi c6:
* Dién tich xung quanh: S =r(r+R)l.

*

Dién tich ddy nho: S, = nr’.

*

Dién tich day I6n: S, =7R>.

* Dién tich toan phan: S, =S _ +S,, =n(R+1)l+n(r* +R?).

* Thé tich kh6i non: V = %nh(R2 +1> +Rr).

<

(@]

Cau 24. Cho hinh nén (N) ¢6 chiéu cao h, ban kinh d4y R. Mt phang (P) di qua dinh S cat duwong tr(‘§4 day
tai hai diém M va N. Tinh khoang cach tir tam cua duong tron day dén (P).

Tra loi

*

Thiét dién la tam giac can SMN.
* Khoang cach tir tdm ctia ddy dén mit phang (P), tic 1a
d[0;(SMN) | =OH, véi OH = ——22L__
SO* +OI*

. 1
asvn VA SASMN ZESI'MN

*

Dién tich cua thiét dién, titccla S

*

OM=0ON=R
I la trung diém cua MN

*

Cau 25. Néu cac cong thitc co ban cuia hinh tru?
Tra loi
Cho hinh tru c6 chiéu cao 1a h va ban kinh day bang r, khi d¢:
* Dién tich xung quanh ctia hinh tru: S, =2nrh.

* Dién tich toan phan ctia hinh tru: S, =S +2.5,, =2nrh+2mur’.

* Thé tich khéi tru: V=S, h=mnr’h.

Nhan xét

* Chu vi hinh tron: C=2nr

* Do dai day cung AmB la L=ra

* Dién tich mot phan mat ngoai cta hinh tru la S=r.o.h.

— néu o =2n ta cd cdng thitc dién tich xung quanh cua mat tru.

— trong nhiéu dé thi gan day lai khai thac cong thicc S=r.oh.
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Cau 26. Néu mot s6 cach dat hé truc toa do ddi voi mot s6 hinh da dién thuwong st dung?

Tra loi
Pa dién Cach dat heé truc toa do Toa d0 cac dinh
la D A(0;0;0), B(a;0;0),
Hinh hép chi nhat 5/ c C(a;b;0), D(0;b;0),
(hodc Hinh l1ap phuong) I S oY A'(0;0;¢), B'(a;0;¢),
5 : C'(a;bic), D'(0;b;c)
Hinh chép t giac déu (i :0,0), BO; Y2 ﬁ ;0),
S.ABCD c6 day hinh vuon
M y-v\ /\% a\/7 \/E
canh bang a, chiéu cao khoi C(—— 0;0), D(0; T ;0),

chép bang h.

S(0;0;h), O(0;0;0)

Hinh chép tam gidc déu
S.ABC c6 ddy la tam giac déu
canh b?ang a, chiéu cao khoi

chép bang h

a a
A(0;——=;0), B(0;—;0
( > ), B( > )

C(O;&;O), H(O;&;O),
2 6
a3

5(0: %= 1), O(0;0;0) S

Hinh chop S.ABCD, day
ABCD la hinh chi¥ nhét va
SA L(ABCD); AB=a,

Nd NVA

A(0;0;0), B(a;0;0),
C(a;b;O), D(O;b;O),

AD=b, SA=c 5(0;0;¢).
Hinh chop S.ABC, ddy ABC A(0;0;0),
1a tam gidc vudng tai A va B(a;0;0),
SA L (ABC); AB=a, AC=b, c(0:b:0),
SA=c S(O;O;c).

Hinh chép S.ABCD, day
ABCD 1a hinh thoi canh bang

a, SA L (ABCD), BAD=a
va SA=h.

0O(0;0;0), A(O;—acos%;O)
C(0; acos ;0), B(asm; 0;0),

D(— asm2 ;0;0), S(0;0;h).
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Pa dién

Toa d0 cac dinh

Hinh chép S.ABC c6

(SAB) L (ABC), ASAB can tai
S, chiéu cao cuia khoi chop
béng h, AABC vuodng tai C,
AC=a, BC=b.

Cach dat hé truc toa do

Hinh chép S.ABC c6

(SAB) L (ABC), ASAB can tai
S, chiéu cao cuia khoi chop
béng h, AABC vuodng tai A,
AB=a, AC=b

A(O,‘O,‘O), B(a;O;O),

a
C(0;b;0), S[E,o,hJ,

H(E;O;Oj
2

Hinh chép S.ABC 6
(SAB) L (ABC), ASAB can tai

H(0;0;0), A(i;O;OJ,

N

S‘, chiéu cao cta khoi chép B{—i;O;OJ C(O;i,OJ,
bang h, AABC vudng, can \/E \/5
tai C, CA=CB=a, AC=b 5(0;0;h) <
Ch
= <
5(
\ , , B(0;0;0),
Hinh chép S.ABC, ddy ABC 2
la tam gidc vudng tai B va A(a; 0; O) ¢
SA L(ABC); AB=a, BC=b, C(0;b;0),
SA=c. 5(0;0;¢c),

Hinh ldng tru ABC.A'B'C’,
day la AABC vuodng tai A,
AB=a, AC=b AA'=h

A(O;O,‘O), B(a;O;O),
C(0;b;0), A'(0;0;h),
B'(a;O;h), C'(O;b;h).

Hinh lang tru ABC.A'B'C/,
day la AABC déu canh a,
AA'=h

O(0;0;0), O'(0;0;h),

a a3
A(=;0;0), B(0;——:;0),
G:0:0), BO; 50
a a
C(-=;0;0), A'(=;0;h),
( 5 ) (2 )

Ve

av3 a
B'(0;——=;h), C'(-=;0;h).
( > ), C( 5 )
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Pa dién Cach dat heé truc toa do Toa d0 cac dinh
. A(0;0;0),
A ' B(asina;acosa;0)
Hinh 14
inh lang tru C(asino;b—acosa;0), D(0;b;0)
ABCD.A'B'C'D’, day la i c
ABCD la hinh thang can, A 0'0 h
AB:a, ADZb AA’:h, A ) ) (/ 7 )/
O 4 D B'(asina;acosa;h),
BAD=o.
C'(asino;b—acoso;h),
’ D'(0;b; h)
. - A(0;0;0), B(asin%;acos%;O),
Hinh lang tru ABC.A'B'C’, ,

day la ABC la tam giac can
tai A, AA'=h AB=AC=a,
BAC=a.

C(-asin<;acos—;0), A'(0;0;h),
2 2
B’(asing;acosg;h),
2 2

C’(—asing;acosg;h)
2 2

Hinh ldng tru ding
ABCD.AB'CD’, day ABCD
1a hinh thoi canh bang a,
BAD=a va AA'=h.

0(0;0,0), A(O;—acos%;O),
o o
C(0;acos—;0), B(asin—;04),
(0acos;0), Blasin ;04)
: (x' ’ <(
D(—asmE,O,O), 0(0,0,@
“ o
A'(O;—acosE;h), o
C’(O;acos%;h),B’(asin%;o;h),

D’(—asin%;o;h).

a D
: o
. N\
A@ T b
B a T\, y
.
HET
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