CHUYEN PE 12 BAT PANG THUC VA CAC CAU TOAN CUC TRI

A. KIEN THUC CO BAN CAN NAM
I. PINH NGHIA

Bét dang thtc 13 hai biéu thirc ndi v6i nhau boi mot trong cac dau > (16n hon), < (nhé hon), >
(16n hon hoic bang), < (nh6 hon hoic bang).

Tacd: A>B< A-B>0
A>B< A-B>0
] Trong bat déng thitc 4> B (hoacA<B,A>B,A<B), A goila vé trai, B goi la vé phai cua bat déng
thirc.

[] Cac bat dang thic 4> B va C > D goi 13 hai bat dang thirc cung chiéu. Cac bat dang thic 4> B va
E < F goi la hai bat dang thirc trai chiéu.

(] Néutacd 4>B= C>D tandibit dang thic C > D la hé qua cua bat dang thirc 4 > B .

[ Néutacd 4> B < E > F tandi hai bt dang thic 4> B va E > F 1a hai bat dang thtc twong duong
[1 A> B (hodc 4 < B ) la bat ding thirc ngat: 4> B (hodc A< B ) la bat dang thirc khong ngit

] A>B la A>B hoac A=8B

] A# B ciing la bat déng thirc

') Hai bat dang thirc cting chiéu, hop thanh mot day khong mau thudn goi 1a bat dang thirc kép.
Vidu:A<B<C

IL. TINH CHAT

() Tinh chat 1: (tinh chat bdc cau) a>b va b>c=a>c
] Tinh chat2: a>b<a+c>b+c

Hé qua:a>b+c<=a—c>b

(] Tinhchat3: a>b vac>d=a+c>b+d

. A ac >bc neau c >0
! Tinh chat4: a >b < )
ac <bc neau c <0

) Tinh chdt 5:a>b>0 va ¢>d >0= ac>bd
() Tinh chit 6:a > b >0, n nguyén duong = a" > b"
[J Tinh chit 7:a > b >0, n nguyén duong — a>4b

Hé qua: a,b>0

a22b2<:>a2b<:>x/g>\/g

'] Tinh chét §8: a>b,ab>0:>l<ib
a

m

() Tinh chat9: a>1, m va n nguyén duwong, m>n=a" >a";

0O<a<l1, m va n nguyén duong, m>n=a" <a".

III. CHUNG MINH BPT

Muédn chirg minh mét bat ding thirc, ta phai dira vao bat dang thuc ding da biét.
Ghi nho: Ya

) a*>0;-a° <0.Dau" =" xayra < a=0



2) |a| >a> —|a|. Déau "="xdyra < a=0
C6 hai cach chimg minh bat dang thirc:
[} Cach I: Bién d6i bat dang thirc can chimg minh thanh mot bat déng thirc twong dwong ma ta da biét 1a
dang.
[ Cdch 2: Bién d6i twong duong bat dang thirc da biét thanh bat dang thirc can chimg minh.

Sau ddy 1a mot sb phuong phap chimg minh bt dang thirc. Khi giai mot bai toan ching minh bat
dang thirc, can phai cin clr vao dic thu ciia bai toan ma chon phwong phap thich hop.
MGdi bai toan c6 thé dugc giai bang cac phuong phap khac nhau, ciing ¢6 khi phai phdi hop nhiéu phuong
phép.
Phuong phap 1 (Vin dung dinh nghia va tinh chat cia bat dang thirc): Dé ching minh 4> B, ta can
chung minh 4-B2>0
Phuong phép 2 (Phuwong phdp bién doi tiwong dwong): Dé chimg minh 4> B, ta ding cac tinh chét cia
bat dang thirc, bién ddi twong duong bat dang thirc cn chimg minh dén mot bat dang thirc da biét 1a
ding.
Phwong phdp gidi 3: (Phwong phdp lam tréi) Dé ching minh 4 > B nhiéu khi ta phai chirng minh 4> C
v6i C 14 biéu thirc 16n hon hodc bang B .
Tir d6 ta co 4> B, hodc ta ching minh D> B v6i D 1a biéu thirc nho hon hay bing 4: D< 4, tir d6 ta
cOA=B.
Phwong phdp gidi 4: (Phiong phdp chitng minh phan chirng ) Dé chtng minh 4> B, ta gia st A< B, tir
d6 1ap luan dé dan dén diéu vo 1i. Nhu vay, ta da dung phuong phap chirng minh phan ching.
Phwong phdp gidi 5: (Phwong phdp vin dung cdc bai todn co ban vé phdn s6) Mot sb bai toan bat dang
thirc c6 dang phan thirc thuong van dung céc bai toan co ban vé phan sd.

Ta c6 hai bai toan co ban sau day:
Bai toan 1. Véia ,b ,¢ > 0. Ching minh ring:
a+c
b+c
a+c
b+c

a)Néua<bthi%<

b)Néuathhi%>

Huéng din giai
a+c
b+c’

a) a<b = ac<bc = ab+ac<ab+bc :a(b+c)<b(a+c):>%<

b) Chirng minh tuong tu.
Bai toan 2. Véix ,y ,z > 0. Chimg minh rang:

L, 4 Ll 4 111, 09

Huéng din giai

a) (x—) 20=(x—y)’ +4xy>4xy = (x+y)* > 4xy :LZ 4 >
xy o (x+y)

b) Tira)taco(x+y) 2dpym s 4 T 1, 4
Xy x+y x y x+y

c)(x+y+z)(l+l+lj:1+1+1+£+1+Z+£+£+i
X y z Yy X z Yy z X

:9+(£+Z—Zj+(l+i—2]+(f+i—2]
y X z y zZ X



P C D N Stk N k) WP SR ) SO

xy vz Xz X Yy z Xx+y+z

Céc bai toan dang “>,<” thuong dung bai todn 1, cac bai toan dang “>,< ” thuong dung bai toan 2. Khi
ding dén cac bai toan nay ta can phai chirng minh rdi méi van dung.
Phwong phdp gidi 6: (Phiong phdp co ban vé gid tri tuyét doi YPbi véi mot sb bai toan bat dang thirc co
chura gia tri tuy¢t ddi, ta co thé van dung céc bai toan co ban vé bat déng thirc chira gié tri tuyét ddi sau.
Bai toan 1. Chirg minh rang;

a)|a|+[b|=|a+b|. Déu “="xdy ra < ab>0

b)|a—b|2|a|—|b| . Déu “=” xay ra <:>b(a—b)20

X,y

X

Bai toan 2. Chirng minh rang néu x, y =0 thi | = >|— >2

412
X

Dau “="xdyra <> x=+y
Tir d6 suy ra, néu m,n >0, ta co:
1
D2+ 50 yme—2>2.
nom m
Dung bién doi trong duong, ta d& dang chimg minh duoc cac bai toan nay.
Khi can ding dén cac bai toan nay, ta phai chimg minh rdi méi van dung.
Phurong phdp gidi 7: (Phicong phdp van dung BPT lién hé giita tong binh phirong, binh phwong ciia tong,
tich hai s6 ) Mot sb bai toan chimg minh bat ding thirc c6 thé van dung cac bit ddng thuc lién hé giita
tong binh phuong, binh phuong cua tong, tich hai sd.
Bai toan 1. 2(x +y ) (x+y) > 4xy
Bai toan 2. 3(x2 +° +22) > (x+y+z)2 Z3(xy+xz+yz).
Chii y: Khi can dung dén cac bai toan niy, ta phai chimg minh rdi méi van dung.
Phwong phdp gidi 8: (Phwong phdp sir dung cdc bai todn co ban vé can thire )Khi giai mot s6 bai toan bat
dang thirc ¢6 chtra cin thirc bac hai, ta ¢ thé van dung cic bai todn co ban vé bat dang thic chira cin
thirc.

Bai toan 1. Choa, b> 0. Chimg minh rang: aT+b >Jab

Déu “=" xay ra khi va chi khia = b . (Bt dang thirc C6 — si)

Bai todn 2. Chimg minh rang |ax +by| < \/(a2 +b° )(x2 + yz)
Dau “=" xay ra khi va chi khi ay = bx . (Bat dang thirc Bu — nhi — a— cop—xki).

Bai toan 3. Chitng minh ring a’ + b +\/x2 +y° > \/(a + x)2 +(b+ y)2

Déu “=" xay ra khi va chi khiay = bx . (Bat dang thirc Min—cop—xki).

Khi can dung dén Bai toan 2 va 3, ta phai chimg minh réi méi van dung.

Riéng Bai toan 1 (bat dang thirc Co—si), chiing ta dugc phép ap dung ma khong can phai ching
~b'+VA' ~b'-/A'

X =, X, =——.

a a

Phurong phdp gidi 8: (Phwong phép vin dung diéu kién c¢é nghiém ciia phirong trinh bdc hai ) Mot sd bai

to4n chimg minh bat dang thirc, c6 khi ta phai van dung diéu kién c6 nghiém cua phuong trinh bac hai.

Can nhé: Phuong trinh ax® +bx+c¢ =0 (a # 0)

A=b*—4ac



A < 0: phuong trinh v6 nghiém

A =0: phuong trinh c6 nghi¢m kép: x = _L

2a

A > 0: phuong trinh ¢6 hai nghiém phan biét:

—b+JK
= . x

_b-VA

X

2

2a

Truong hop b=2b"thi A'=bh"—ac
A'<0: phuong trinh v6 nghiém

'

A'=0: phuong trinh c6 nghiém kép: x =——

a

A'>0: phuong trinh c¢6 hai nghiém phan biét:
B. BAI TAP VAN DUNG

Cau 1:

Cau 2:

Caiu 3:

Cau 4:

Cau 5:

Cau 6:

Cau 7:

Cau 8:

Cau 9:

s . 2 , . N X z t
Cho x, y, z, t la cac so thuc duong. Ching minh rang: +—2 + >2.
y+z z+t t+x Xx+Yy

Cho x, y, z 14 3 s6 thuc duong théa man x(x—z)+y(y—z)=0. Tim gi4 tri nho nhét cta biéu

3 3 2 2
, X X +y +4
thitc P=———+ 2y =+ Y .
X"+z° y +z xX+y

\/x+6m +\/x—6\/m

81 18

— ——+1

X X

Tim gié tri nhd nhat ctia biéu thirc 4 = , VOl x>9.

Cho ba s6 duong x, y, z théa man xyz = 2. Chirg minh

X 2y 4z 1
752 2 Tt T 2 S5
X +y° 4+5 6y +z°+6 3z +4x +16 2

Gia st ba sb thuca,b,cthoéa man didu kiéna >0,b=3a*,a+b+c=abc. Chtrng minh réng:

1423

az> .
3

Cho céc sb thuc a,b,c théa man (a4 +b4)(b4 +c4)(c4 + a4) = 8. Chtrng minh riang

(a2 —ab+b2)(b2 —bc+cz)(c2 —ca+a2)21.

Cho cac s6 duong x, y, z thoa man: \/x2 +y° +\/y2 +2% +4/z2 +x* =2014. Tim gi4 tri nho

2 2 2
A . - X , X A
nhat cua biéu thuc T = + Y +

y+z z4+x x+y

Cho x, y, z la cac s6 thyc duong thoéa man xy + yz +xz =1. Ching minh rang;
3

1 1 1 2 X
+

- 2> SR
Lex® 14y 1427 3(Jlex? 147 V142

Véi x,y 1a céc sb thuc duong thay d6i thoa man diéu kién 4x> +4y® +17xy+5x+5y >1.

Tim gia tri nho nhit cua biéu thirc P=17x* +17y° +16xy.



Caul10: Cho a, b, ¢ la ba s6 thuc thoa diéu kién a+b+c=10. Tim gid tri nho nhit cua
M=a +b*+c*.
Céu 11: Cho ba s6 thyc duong x, y, z théa min: x+ y+z=3. Tim gia trj nho nhét cta biéu thic:
x y z

S: 2+ 2
I+y° 14+z° 1+x

2

L . . 2 1 .
Cau 12: Tim gia tri nho nhat cia ham s6: y =1—+— vol 0<x<1.
-X X

Cau 13: Cho a, b, c la cac s6 duong thoa man diéu kién l+ % +l < 3. Chirng minh rang:
a C

a b c
2+ 2+
1+ 1+c¢° 1+a

5 +%(ab+bc+ca)23

Cau 14: Cho ba sé duong x, y, z thoa méan diéu kién x+ y +z =1. Chiing minh rang

350 + 3826 > 2015

+yz4zx XX+ 4z
Xy T+ ). y

4 2014 2015

?"’"""’ 92013 + 92014

Cau 15: Ching minh rang; 1+%+23—2+ <4
Cau16: Cho a, b 1a cic s6 duong thoa man diéu kién (a +b)’ +4ab <12. Ching minh bat dang thuc:
1 1

—+——+2015ab <2016.
l+a 1+5b

Cau17: Cho cac sb thyc dwong a, b, ¢ thoa min ab+bc+ca=1. Ching minh rang:

a\/b2 +1+b\/c2 +1+C\/a2 +1 > 2. Déu “=" xay ra khi nao?

2 2

2
Cau 18: Tim GTNN cua A = X + Y + z biétx,y,z>0, XY +4yz +4zx =1.
X+y y+z z+X

Cau 19:
a) Cho ba s6 duong a, b, ¢. Chimg minh rang (a+b+ c)(l+%+lj >9
a c
b) Cho 3 s6 duong x, v, z thoa diéu kién x+ y+z =1. Tim gia tri 16n nhit cta biéu thirc
X v z
x+1 y+1 z+1

P=

Ciu 20: Cho a, b, ¢ 1a ba s6 duong. Chl'rngminhréng:\/ a +\/ b +\/ )
b+c c+a a+b

Cau 21: Cho x,y,z 13 ba sé duong théa min x+ y+z = 3. Ching minh ring:

al + L + = <1
x+\/3x+yz y+\/3y+zx z+\/3z+xy

x;yeR
Cau 22: Cho x; y théa man 1 . Ching minh rang: Jx + \/; Sz\/z.
OSx;ySE I+y 14+4x 3




Cau 23:

Cau 24:

Cau 25:

Cau 26:

Cau 27:

Cau 28:

Cau 29:

Cau 30:

Cau 31:

Cau 32:

Cau 33:

Cau 34:

Cau 35:

Cau 36:

Cau 37:

Cho cac s6 thuc duong x, y, z théa man xy + yz + zx = 2xyz. Tim gia tri nho nhat ctia biéu thirc:
X y z

= + +
z(z+x) x(x+y) y(y+2)

Choa,b,c>0véa+b+c=3.Chfrngminhrénga5+b5+cs+l+%+126.
a C

Goi a, b, c 1a d§ dai ba canh ciia mdt tam giac c6 ba goc nhon. Chirng minh rang véi moi s
2 2 2

2 2 2

N z 2x°+2y° 42z

thuc x, y, z ta luon co6: — +—y2 +—> 5 ); 5
a b ¢ a +b" +c

Cho a, b, ¢ 1a cac s6 thuc duong thoa man 2ab + 6bc + 2ac = Tabc . Tim gia tri nho nhat

4ab 9ac  4bc

cua biéu thuc C = + + )
a+2b a+4c b+c

Cho x, y 1a cic sd thyc duong thoa min x + y = 1. Tim gia tri nhé nhat cua biéu thirc

B=—1—+L.
X" +y Xy

Y Xy

.7 . 5 A 5 s R ’ X
Tim gia tri nho nhat cta biéu thac: M =—+—t 5.
Yy X X +y

x;y €R
Cho x; y thdéa man 1 . Chirng minh rang: \/; + \/§ < 2\/5 .
OSKYSE I+y 1+x 3

Cho x, y 14 2 s6 thuc thoa man: x? + 2y?+ 2xy + 7x + 7y + 10 = 0.
Tim gi4 tri nho nhét va gia tri 16n nhat cta biéu thirc: A=x +y + 1.

) N a b c a b c
Cho a, b, ¢ > 0. Chung minh rang: + + < + +
a+b b+c c+a b+c c+a a+b

4x+3

x> +1

Tim gia tri nho nhat caa biéu thirc: A =

a+l b+1 c+1
+

Cho a, b, ¢ > 0 thda mén a + b + ¢ = 3. Chting minh rang; > —+— >
b"+1 ¢ +1 a +1

L : s 2016x% +2x +201
Tim gia tri Ién nhat cda bicu thue: Q = 016x -Z x +2016
x +1
, J4 , . N a b c
Cho cac s0 duong a, b, ¢c. Chung minh rang: 1< + + <2

a+b b+c c+a

Cho tam gidc ABC c6 chu vi2p=a+ b +c (a, b, ¢ 1a d§ dai ba canh cta tam giac). Ching

s 1 1 1 [1 1 lj
minh rang : + + 22 —+—+—|.
p—a p-b p-c a b c

Cho a,b,c>0.Chﬁngminhr5ng\/ 4 +\/ b +\/ < 2
b+c c+a a+b



Cau 38:

Cau 39:

Cau 40:

Cau 41:

Cau 42:

Cau 43:

Cau 44:

Cau 45:

Cau 46:

Cau 47:

Cau 48:

Cau 49:

Cho ba sb thuc duong a, b, ¢ théa ab+bc+ca=3abc. Tim gia tri nho nhat cta biéu thirc
3 3
a b c

+ + :
c+a’ a+b* b+ct

3

A=

Cho a, b, ¢ 1a cac s thyc thoéa mén a? + b + ¢ = 1. Ching minh ring abc + 2(1 +a+b+c +
ab + ac + bc) > 0.
Cho a, b,c 13 ba s6 thuc dwong, tim gi4 tri nho nhat ctia biéu thuc:
a+b+c a*+b* b+t F+a’
= +— +— +— .
2abc c"+ab a +bc b +ca

Cho ba sb thuc duong a,b,c théa man a+b+c=1. Tim gia tri l6n nhat cua biéu thirc:
a b c
3.3 2 o3 2 MPYE 2
9a’+3b"+c 9b’+3c"+a 9c’+3a"+b

Cho x, y, z la cic sd thyc dwong théa min x+y+z=xyz. Chimg minh ring:

1++/1+x? +1+«/1+y2 +1+\/1+zz

X v z

Chirng minh véi moi sb nguyén duong 7 16n hon 1 ta c6 \/ \/ 34/4... n 1 Jn <3.

1
1+2x 1+2y 1+2z

<xyz

Cho ba s6 khong am x,y,z thoa man

Chimng minh rang xyz < é .

Chl’rngminh\/ a +\/ b +\/ € >2,v6ia,b,c>0
b+c a+c b+a
1 1

Cho a, b, c 1a 3 canh mét tam gidc. Chirng minh: ! + + Zl+
a+b—c b+c—a c+a-b a

1

!
b c

a/ Cho hai s6 duong x, y thoa mén x +y = 1.

Tim gia tri nho nht cta biéu thic: M = (xz +L2j( V' + sz
y X

. 1 1 1
b/ Cho x, y, z la cac s6 duong thoa man + + =6.
x+y y+z z+x

. Dy 1 1 1 3
Ching minh rang: + + <—.
3x+3y+2z 3x+2y+3z 2x+3y+3z 2

Cho tam giac ABC c6 chu vi br:ing 2. Ky hi¢u a,b,c 1a do dai ba canh ctia tam giac. Tim gia tri
nho nhét cita bidu thire § =— 9420, 16¢
b+c—a c+a-b a+b-c

Cho ba s6 duong a,b va ¢ thoa man abc =1. Chirmg minh rang:
1 1 1 1
2 2 T3 2 = 2 S5
a +2b"+3 b " +2c"+3 c +2a+3 2




Cau 50: Céc sb thuc duong x, y, z thod man diéu kién: x + y+tz=1.
Tim gia tri nho nhét ctia biéu thirc:
4 4 4
X y z

F=— TS TS
(X" +y)x+y) (+z)+z) (27 +x7)z+x)

a=0

Cau 51: Cho céc sb thuc a, b, ¢ thoa man diéu kién: 2b - c 4
—2>—+

a a
Ching minh rang phuong trinh ax®> + bx + ¢ = 0c6 nghiém.
g gp g g

Cau52: Cho x, y, z > 0 thoa mdn x + y + z = 2. Tim gia tri nho nhit cua biéu thic P =
xz yz ZZ
+ +
y+z z+x x+y

Cau 53: Véix, y I hai sé thuc théa man »* +332 +5y+3=11Y9— x> —\9x* —x° . Tim gia tri 16n nhét
va gia tri nhé nhat ctia biéu thirc 7' = x — y +2018.

2 2 2 2 2 2
Cau 54: Cho a,b,c>0.Chﬁngminhr5ng:b re e b

y 3 ; >2(a+b+c).

Ciu 55: Chimg minh rang néu a, b, ¢ 13 do dai ba canh cta mot tam giac c6 chu vi bang 3 thi
3a® +3b° +3c” +4abc >13.
2 b2 cZ dZ

Céu 56: minh bét ding thic .

+ + >16.
b—-1 c¢c-1 d-1 a-1

Cau 57: Cho céc sb thyc duong a, b, ¢ théa man (a+c)(b+c)=4c’. Tim gid tri 16n nhat, nho nhét cia
a b ab

biéu thic P = + + .
b+3¢c a+3c bc+ca

Cau 58: Cho a,b,c 1a céc s thuc khong am théa man a+b+c =3

Ching minh rang a\/b3 +1+ b\/c3 +1+ c\/a3 +1<5

Cau59: Cho a,b,c 1a cac s thuc duong thoa man abc=1.

a b c
(@i )(b+1) (be1)(cr1) (crD)(at)

Chirng minh > % .

X y z S 1

Ciu 60: Chimg minh rang: — +— +— >
x =yz+2019 y " —zx+2019 z"-xy+2019 x+y+z

Cau 61: Cho a>0, b>0. Ching minh J;(\/%—I]Z@(l—\/gj. Dau “=" xay ra khi nao?
a

Cau 62: Cho x; y; z 1a cac sd thyc duong thoa méan: xyz = 1. Tim gia tri 16n nhat cua biéu

1 1 1
- + -+

thirc: 4 =
X+’ +1 Y42 +1 2 4x+1

Ciu 63: Cho x, y, z 12 ba s6 duong. Chtrng minh ring:



Cau 64:

Cau 65:

Cau 66:

Cau 67:

Cau 68:

Cau 69:

Cau 70:

Cau 71:

Cau 72:

Cau 73:

Cau 74:

Cau 75:

Cau 76:

1 1 1
2 + 2 + 2
X +yz Yy +xz zo+xy

< —

{1 1 1
2\xy yz zx

|

Cho x,y,z la cac s6 thuc duong thoa man x > z. Chimg minh rang

Xz y? x+2z 5

+ + > =,

V' +yz xz+yz x+z 2

Cho a,b,c 1a cac sb thuc thoa min a® +b°+c¢* <12. Tim gia tri 16n nhét cua biéu thic

S:4(a3 +b’ +c3)—(a4+b4+c4)

Cho a, b, ¢ 13 ba sb thuc duong théa méin a +b+ ¢ =3. Ching minh rang:

1

2
a b ¢

1 1 A < a 9 . A
—+—+—2a’+b’+c’. Dau dang thirc xay ra khi nao?

Cho a,b,c>0.Ch1'rngminhre°1ng\/ a +\/ b +\/ < s,
b+c c+a a+b

Cho x,y,z >1. Tim gia tri nh6 nhét ctia biéu thirc:

X

Y

z

T =

+ +
3Jx+2y—1-4 3Jy+2z-1-4 3Jz+2x-1-4

Cho ba s6 duong a,b,c thoa man: \/a2 +b’ +\/b2 +c° +\/c2 +a* =+/2011.

. 2 2 : I (2011
Ching minh rang: A b -5 > 0—
b+c c+a a+b 2\ 2

Cho x, y, z 1a cac s thuc duong théa man x +y+z = xyz.

Chung minh rang:

1++1+x? +1+\/1+y2 +1+\/1+z2

X

y

z

<Xxyz

Cho 3 s6 a, b, ¢ thda man 0<a<b<c<l. Tim gia tri 16n nhit cua biéu thuc

1

B:(a+b+c+3)(

1 1
+ + :
a+1 b+1 c+1j

Cho x, y la cac sb thyc duong thoa man: ! + 2 =2 . Chung minh rang:

Cho a,b,c 1a céc sb thuc duong. CMR:

s ok A .
Chtrng minh rang: V61 moi s0 nguyén duong #n, ta co: 5

Xy

5% +y—4xy+y> >3

ab

bc ca <a+b+c

+ + <
a+3b+2¢c b+3c+2a c+3a+2b 6

1

11
+——=+—F=+.t————F=
R2 43T (n+1)n

<3.

Cho hai s6 thyc x va y théa man x* +xy+ y® =1. Tim gid tri 16n nhit cia P=x’y+xy°.

Chimg minh ring (a +b+c){

mot tam giac.

3a-b 3b-c

3c—a

2 +2 +
a - +ab b”+bc

CZ+CCZ

} <9 voi a,b,c la d0 dai ba canh cua



S5x-1 - - - - -
Suy ra < al 2+5y 1+5y 21318(x+y+z)—9<:>5x 1+5y 1+5y 21£9

X-x" y-y z-z X-x" y-y z-z

A .~ 1 , . sy 3yz 4zx Sxy
Cau 77: Cho x,y,z>0 théa man 2 y+\/—= . Chirng minh rang + + >4

ﬁ X y z

10



CHUYEN PE 12 BAT PANG THUC VA CAC CAU TOAN CUC TRI

A. KIEN THUC CO BAN CAN NAM
I. PINH NGHIA

Bét dang thtc 13 hai biéu thirc ndi v6i nhau boi mot trong cac dau > (16n hon), < (nhé hon), >
(16n hon hoic bang), < (nh6 hon hoic bang).

Tacd: A>B< A-B>0
A>2B< A-B>0
] Trong bat déng thitc 4> B (hoacA<B,A>B,A<B), A goila vé trai, B goi la vé phai cua bat déng
thirc.

[] Cac bat dang thic 4> B va C > D goi 13 hai bat dang thirc cung chiéu. Cac bat dang thic 4> B va
E < F goi la hai bat dang thirc trai chiéu.

(] Néutacd 4>B= C>D tandibit dang thic C > D la hé qua cua bat dang thirc 4 > B .

[ Néutacd 4> B < E > F tandi hai bt dang thic 4> B va E > F 1a hai bat dang thtc twong duong
[1 A> B (hodc 4 < B ) la bat ding thirc ngat: 4> B (hodc A< B ) la bat dang thirc khong ngit

] A>B la A>B hoac A=8B

] A# B ciing la bat déng thirc

') Hai bat dang thirc cting chiéu, hop thanh mot day khong mau thudn goi 1a bat dang thirc kép.
Vidu:A<B<C

IL. TINH CHAT

() Tinh chat 1: (tinh chat bdc cau) a>b va b>c=a>c
] Tinh chat2: a>b<a+c>b+c

Hé qua:a>b+c<=a—c>b

(] Tinhchat3: a>b vac>d=a+c>b+d

. A ac >bc neau c >0
! Tinh chat4: a >b < )
ac <bc neau c <0

) Tinh chdt 5:a>b>0 va ¢>d >0= ac>bd
() Tinh chit 6:a > b >0, n nguyén duong = a" > b"
[J Tinh chit 7:a > b >0, n nguyén duong — a>4b

Hé qua: a,b>0

022b2©a2b©\/5>\/3

'] Tinh chét §8: a>b,ab>0:>l<ib
a

m

() Tinh chat9: a>1, m va n nguyén duwong, m>n=a" >a";

0O<a<l1, m va n nguyén duong, m>n=a" <a".

III. CHUNG MINH BPT

Muédn chirg minh mét bat ding thirc, ta phai dira vao bat dang thuc ding da biét.
Ghi nho: Ya

) a*>0;-a° <0.Dau" =" xayra < a=0



2) |a| >a> —|a|. Déau "="xdyra < a=0
C6 hai cach chimg minh bat dang thirc:
[} Cach I: Bién d6i bat dang thirc can chimg minh thanh mot bat déng thirc twong dwong ma ta da biét 1a
dang.
[ Cdch 2: Bién d6i twong duong bat dang thirc da biét thanh bat dang thirc can chimg minh.

Sau ddy 1a mot sb phuong phap chimg minh bt dang thirc. Khi giai mot bai toan ching minh bat
dang thirc, can phai cin clr vao dic thu ciia bai toan ma chon phwong phap thich hop.
MGdi bai toan c6 thé dugc giai bang cac phuong phap khac nhau, ciing ¢6 khi phai phdi hop nhiéu phuong
phép.
Phuong phap 1 (Vin dung dinh nghia va tinh chat cia bat dang thirc): Dé ching minh 4> B, ta can
chung minh 4-B2>0
Phuong phép 2 (Phuwong phdp bién doi tiwong dwong): Dé chimg minh 4> B, ta ding cac tinh chét cia
bat dang thirc, bién ddi twong duong bat dang thirc cn chimg minh dén mot bat dang thirc da biét 1a
ding.
Phwong phdp gidi 3: (Phwong phdp lam tréi) Dé ching minh 4 > B nhiéu khi ta phai chirng minh 4> C
v6i C 14 biéu thirc 16n hon hodc bang B .
Tir d6 ta co 4> B, hodc ta ching minh D> B v6i D 1a biéu thirc nho hon hay bing 4: D< 4, tir d6 ta
cOA=B.
Phwong phdp gidi 4: (Phiong phdp chitng minh phan chirng ) Dé chtng minh 4> B, ta gia st A< B, tir
d6 1ap luan dé dan dén diéu vo 1i. Nhu vay, ta da dung phuong phap chirng minh phan ching.
Phwong phdp gidi 5: (Phwong phdp vin dung cdc bai todn co ban vé phdn s6) Mot sb bai toan bat dang
thirc c6 dang phan thirc thuong van dung céc bai toan co ban vé phan sd.

Ta c6 hai bai toan co ban sau day:
Bai toan 1. Véia ,b ,¢ > 0. Ching minh ring:
a+c
b+c
a+c
b+c

a)Néua<bthi%<

b)Néuathhi%>

Huéng din giai
a+c
b+c’

a) a<b = ac<bc = ab+ac<ab+bc :a(b+c)<b(a+c):>%<

b) Chirng minh tuong tu.
Bai toan 2. Véix ,y ,z > 0. Chimg minh rang:

L, 4 Ll 4 111, 09

Huéng din giai

a) (x—) 20=(x—y)’ +4xy>4xy = (x+y)* > 4xy :LZ 4 >
xy o (x+y)

b) Tira)taco(x+y) 2dpym s 4 T 1, 4
Xy x+y x y x+y

c)(x+y+z)(l+l+lj:1+1+1+£+1+Z+£+£+i
X y z Yy X z Yy z X

:9+(£+Z—Zj+(l+i—2]+(f+i—2]
y X z y zZ X



P C D N Stk N k) WP SR ) SO

xy vz Xz X Yy z Xx+y+z

Céc bai toan dang “>,<” thuong dung bai todn 1, cac bai toan dang “>,< ” thuong dung bai toan 2. Khi
ding dén cac bai toan nay ta can phai chirng minh rdi méi van dung.
Phwong phdp gidi 6: (Phiong phdp co ban vé gid tri tuyét doi YPbi véi mot sb bai toan bat dang thirc co
chura gia tri tuy¢t ddi, ta co thé van dung céc bai toan co ban vé bat déng thirc chira gié tri tuyét ddi sau.
Bai toan 1. Chirg minh rang;

a)|a|+[b|=|a+b|. Déu “="xdy ra < ab>0

b)|a—b|2|a|—|b| . Déu “=” xay ra <:>b(a—b)20

X,y

X

Bai toan 2. Chirng minh rang néu x, y =0 thi | = >|— >2

412
X

Dau “="xdyra <> x=+y
Tir d6 suy ra, néu m,n >0, ta co:
1
D2+ 50 yme—2>2.
nom m
Dung bién doi trong duong, ta d& dang chimg minh duoc cac bai toan nay.
Khi can ding dén cac bai toan nay, ta phai chimg minh rdi méi van dung.
Phurong phdp gidi 7: (Phicong phdp van dung BPT lién hé giita tong binh phirong, binh phwong ciia tong,
tich hai s6 ) Mot sb bai toan chimg minh bat ding thirc c6 thé van dung cac bit ddng thuc lién hé giita
tong binh phuong, binh phuong cua tong, tich hai sd.
Bai toan 1. 2(x +y ) (x+y) > 4xy
Bai toan 2. 3(x2 +° +22) > (x+y+z)2 Z3(xy+xz+yz).
Chii y: Khi can dung dén cac bai toan niy, ta phai chimg minh rdi méi van dung.
Phwong phdp gidi 8: (Phwong phdp sir dung cdc bai todn co ban vé can thire )Khi giai mot s6 bai toan bat
dang thirc ¢6 chtra cin thirc bac hai, ta ¢ thé van dung cic bai todn co ban vé bat dang thic chira cin
thirc.

Bai toan 1. Choa, b> 0. Chimg minh rang: aT+b >Jab

Déu “=" xay ra khi va chi khia = b . (Bt dang thirc C6 — si)

Bai todn 2. Chimg minh rang |ax +by| < \/(a2 +b° )(x2 + yz)
Dau “=" xay ra khi va chi khi ay = bx . (Bat dang thirc Bu — nhi — a— cop—xki).

Bai toan 3. Chitng minh ring a’ + b +\/x2 +y° > \/(a + x)2 +(b+ y)2

Déu “=" xay ra khi va chi khiay = bx . (Bat dang thirc Min—cop—xki).

Khi can dung dén Bai toan 2 va 3, ta phai chimg minh réi méi van dung.

Riéng Bai toan 1 (bat dang thirc Co—si), chiing ta dugc phép ap dung ma khong can phai ching
~b'+VA' ~b'-/A'

X =, X, =——.

a a

Phurong phdp gidi 8: (Phwong phép vin dung diéu kién c¢é nghiém ciia phirong trinh bdc hai ) Mot sd bai

to4n chimg minh bat dang thirc, c6 khi ta phai van dung diéu kién c6 nghiém cua phuong trinh bac hai.

Can nhé: Phuong trinh ax® +bx+c¢ =0 (a # 0)

A=b*—4ac



A <0: phuong trinh v6 nghiém

A =0: phuong trinh cé nghiém kép: x = —2i
a

A > 0: phuong trinh ¢6 hai nghiém phan biét:

—b+A —b—/A
X = , X, = .
2a 2a
Truong hop b=2b"thi A'=bh"—ac
A'<0: phuong trinh v6 nghiém

'

A'=0: phuong trinh c6 nghiém kép: x =——
a

A'>0: phuong trinh c¢6 hai nghiém phan biét:
B. BAI TAP VAN DUNG

Caul: Cho x,y,Z,tlécécséthu:cduo’ng.Chl'rngminhrr:fmg: al + Y + z + ! >2.
y+z z+t t+x x+y

Loi giai
Dat
X z t
A= +-2 +
y+z z+t t+x x+y
X y z t
M = + + +
x+y y+z z+t t+x
y z t X
N = + + +
xX+y y+z z4+t (+Xx
X y z t y z t X
=>M+N = + + + + + + + =4.
x+y y+z z+t t+x x+y y+z z+t t+x
Ta co:

+t x+z +t x+z
N+a=2""4 + 2T
x+y y+z z+t t+x

:(yﬂ)( j+(x+z)( Lo, ! j> dy+r) | A(x+z)

y4+z t+x) Xx+y+z+t x+y+z+t
Chtrng minh tuong ty ta cling c6: A+ M >4.

+
xX+y z+t

> A+M+A+N28= A=2.
Dau “=" xay ra khi va chikhi x=y=z=¢>0.
Cau2: Choyx, y, z1a 3 sb thuc duong théa man x(x—z)+ y(y—z)=0. Tim gia tri nho nhét cua biu

3 3 2 2
thuc P = X + Y +x +y +4.

x+z0 Y4z’ X+y
Loi gidi
, i ) X3 _ X22 )CZ2 . z
Ap dung bét bing thic Cosi 2, 2 ¥~ 2, 2 =¥, =¥



Cau 4:

3

2 2
4
Tuong tu Zy 2Zy—i.SuyraPZery—z+w,
V' +z 2 X+y
x*+y°
Theo gt z = =SP>x+y+ >4,

X+y x+y
Vay P, =4 x=y=z=1.

min

\/x+6\/m +\/x—6\/m

Tim gia tri nho nhit cta biéu thirc 4=
81 18
———+1
X X
Loi gidi

Taco Vx+68x—9 =vx—-9+3; Jx—6Jx-9 :‘\/x—9—3‘

81 18 x—9 \/x—9+3+‘\/x—9—3‘
Va |5 —-——+1= ‘:— = A=ux.
X X

X x-9

2
X

Khi x> 18 thi 4=—2 =2Jx-9+ 18 >12, d4u bang xay ra khi x = 18 (1).

Jx=9 0 Jx-9

Khi 9<x<I8 thi 4=—> —6+ 549>6+%=12 )

x-9 xX—

Suyra 4 . =12.

Cho ba s6 duong x, y, z théa mén xyz = 2. Chimg minh

X 2y 4z 1

2 2 T 2 T3 2 <5

2X"+y +5 6y +z°+6 3z +4x +16 2
Loi giai

Ap dung bét dang thirc Co-si cho hai s6 khong am, ta co

2+ +5=(7 + )+ (P + 1)+ 4> 2xp +2x +4 =2(xy + x +2),

6y’ +2°+6=(4y" +z2)+2(0  +)+4=4yz+4y+4=4(yz+y+1),
322 +4x* +16= (2" +4x°)+2(2° +4) + 8> 4zx + 82 + 8 = 4(zx + 2z + 2).

X 2y < y

Suy ra ——— < =55 < ,
2X"+y 45 2(xy+x+2) 6x +z +6 2(yz+y+1)

4z < z
327 +4x* +16  zx+2z+2)
Cong céc bat dang thirc theo vé, ta dugc
< T A ——
2(y+x+2) 2(yz+y+1) zx+2z+42

1 x N y N 2z
2\xy+x+2 yz+y+1 zx+2z+2

1 X N Xy N 2z
2\xy+x+2 xyz+xy+x zx+2z+x)z

_1 X P 2 _1
200y +x42 xy+x+2 x+xy+2) 2

5

, VOl x>9.



Cau5: Gia su ba s thuca,b,cthéa man diéu kiéna >0,b=3a>,a+b+c=abc. Chirng minh rﬁng:

1+23

3

az>

Loi gidi
Ta thdy 3a® = bc = 3a’ = abc = a° =aTbc

Ap dung bat dang thic Co-si:

b+eY 3a° —a ?
3a2=bc£( j =
2 2

(3a3 —a)2

=3a’ <
=124’ < (3’ ~a)’

= a*(3a*-1) 2124°

= (302 1) ~(243) 20

= (30’ -1+243)(3¢* ~1-24/3) 20

30> —1-2/3>0
302 —1+2/3>0
30> —1-2/3<0
3a2—1+2/3<0
1-243

3
1+243

3

1-243
3
1+243

3

14243

3

1423

3

a’ >

a’>

a’ <

a’ <

=a’>

=a>

(Do a>0).

Cau 6: Cho cac so thuc a,b,c théa min (a4 +b4)(b4 +c4)(c4 + a4) = 8. Chitng minh rang
(az —ab—i—bz)(b2 —bc+cz)(c2 —ca+a2)21.
Loi gidi
+ Ta ching minh két qua 2(a2 —ab+b’ )2 >a*+b* (1).
That vay, (1) < 2(a4 +b* +a’b’ +2a°b* - 2ab(a’ +b’ )) >q* +b*

6



Cau 7:

& (a2 +b’ —2ab)2 >0.

< (a —b)4 >0, bat dang thirc dung, dau bang xay ra khi va chi khia=b

+ Tuong tu c6 (2): 2(b2 —bc+cz)2 >b*+¢*, (3): 2(02 —ca+az)2 >ct+at.

+ Thiy céac vé cua (1), (2), (3) déu khong am, nhan theo vé cac bat dang thirc nay ta duoc
8(a2 —ab+bz)2 (b2 —bc+cz)2 (02 —ca+az)2 2(a4 +b4)(b2 +c4)(c4 +a4)=8

Hay (a2 —aberz)2 (b2 —bc+cz)2 (02 —ca+az)2 >1 (%).

Do a’>—ab+b*, b* —bc+c*,c* —ca+a® >0 nén tir (*) suy ra

(a2 —ab+b2)2 (bz—bc+c2)2(c2 —ca+az)2 >1, c6 dpcm.

Cho céc s6 duong x, y, z thoa man: \/x2 +y° +\/y2 +2° Jr\/z2 +x> =2014. Tim gi4 tri nho

2 2 2
£ , <2 , X z
nhat cua biéu thac 7 = + Y +

y+z z+Xx x+y'

Loi giai
Pit a=+x"+y" ; b=y’ +2"; c=Vz" +x° (a;b;c>0)
=a+b+c=2014
a=\x"+y' =>a’=x’+)"
b=y’ +z2 =>b* =y +7
c=NZ+x' = =72"+x"
a-b*+c*  , a+b’ -, —ad+b+c

2
Sy =— A
2 Y 2 2

Ap dung bét dang thuc C6 — sy, ta co:

2 2
y+z£1/2(y2+22):b\/§:> y)irz beﬁ
z+x£1/2(z2+x2) =c2 > z)-}:xz%

2 2
x+y£,/2(x2+y2) :a\/§:> xj-y = ai/i

2 2 2 2 2 2 2 2 2

al + Y + z > X + Y + z :L x_+y_+_

y+z z+x Xx+Yy b\/E c\/E aﬁ \/5 b ¢ a
2 2 2 2 2 2 2 2 2

Tzl[a b+c+a+b c+a+b+c]

T =

b c a

T>—+ +
22\ b b ¢ ¢ a a
Ap dung bét dang thirc C6 — sy, ta co:

2 2 2

a—+b22a; b—+a22b; c—+a22c
b a a

1 [az ¢ a b b j
—+—+—+—+—+——a-b—c

2 2 2

a—+cZ2a; b—+022b; c—+b22c
c c b



Cau 8:

2

2 2
:>a—+c—+a—+b—+b—+c—24(a+b+c)—2(a+b+c)=2(a+b+c)=2.2014=4028

=>—+—+—+—+—+——a-b-c22(a+b+c)-(a+b+c)=a+b+c=2014

. . 2014
Dau “ =" xay ra khi a=b=c=0—

vay MinT =207 oy oy -, 2014
V2 32

Cho x, y, z la cac s6 thuc duong thoéa man xy + yz+xz = 1. Ching minh rang;
3

1 N 1 N 1 >z x .y .z

Lex® 14y 1427 3(lex? 147 142
Loi giai

1+x2=xy+yz+xz+x2:(x+y)(x+z)

1+y2:xy+yz+xz+y2=(x+y)(y+z)

1+22:xy+yz+xz+22:(z+y)(x+z)

I SR S 2(x+y+z)

1+x> 1+ 1+Z2° (x+y)(y+z)(z+x)

(33 [ S S Y (U | R S A
Taco.[\/l_ﬂc2 \/1+y2 \/1+22J ( y )(sz 1+y° 1+ZJ
—(xtvyiz al + 4 + -

=l ){(Hy)(xﬂ) (x+7)(y+2) (ZW)(“Z)}

_ 2(x+y+2z)

(x+»)(y+2)(z+x)

2
1 1 1 x y z
= + + 2 + +
I+x* 1+y" 1+2° [\/lﬂc2 \/ler2 \/1+22]

Do d6:

gx+y+z_4(x+y+z) x vy .z
3 \/l+x2 \/1+y2 \/1+z2 3(x+y)(y+z)(z+x) \/l+x2 \/1+y2 \/1+z2
Bét dang thuc tro thanh

z

I S
NI \/l+y2 1+ 2

Ta co:

<3
2

X _ X <l( X N X j
N \/(x+y)(x+z)_2 X+y Xx+z



y o y SL( y_ Y j
\/1+y2 \/(x+y (v+z) 2\x+y y+z

z_ _ z Sl( z N z ]
\/1+Z2 \/(x+z)(y+z) 2\x+z y+z
- 4 3

N \/1+y2 Jivz2 2

Cau9: Vi x,y 1a cic s6 thuc duong thay doi thoa man diéu kién 4x* +4y* +17xy+5x+5y>1.
Tim gia tri nho nhit cua biéu thirc P=17x* +17y° +16xy .
Loi giai
Pit a =x+ y . Ap dung bat ding thirc Co — sy, ta cé:

(x+y) & 5 ’
xySTZT hay Ea+1 >2

Twr do, ta co a z%(\/i—l) . Suy ra

2
P=17x>+17y* +16xy =174’ —18xy > 174’ —%aZ 22(\5—1) =6-42

Dau “=" xay ra khi va chi khi x = yz%.
Caul10: Cho a, b, ¢ la ba s6 thuc thoa diéu kién a+b+c=10. Tim gid tri nho nhit cua

M=a +b*+c*.

Loi giai
M =a*>+b* +c :(a+b+c)2—2(ab+bc+ca)=100—2(ab+bc+ca)
Ap dung bt dang thirc Co — sy, ta c6:
2 2 2 2 2 2
a +2ab+b .bcéb +2bc+c Cca<S +2ca+a
4 ’ 4 ’ 4

=ab+bc+ca<a’ +b*+c’
=M >ab+bc+ca

ab <

:MZIOO_M
:>M2m
3
. a=b=c 10
Dau ™ =" xay ra Q{a+b+c:10©a=bzcz?
100 _10

Vay MinM:TQazbZC— 3

Cau 11: Cho ba s6 thuc dwong x, y, z thoa man: x+ y+z=3. Tim gia tri nho nhat ctia biéu thirc:

S= x2+ y2+ z
I+y" 1+z° l+x

2



Loi giai
2 2

2
X zZ zZ zX
P R S N S S

Ta co: =X, ;
1+y° 1422 1422 D142 142

2

I+y

2 2 2
=8 = x2+ y2+ Zz=(x+y+z)— xszryzerzx2
I+y° 1+z° 1+4+x I+y° 1+z° 1+4+x

2 2 2
=85=3- Xy2+y22+zx2
I+y° 14+4z° 1+x

' xyt xy yz _yz yz  zx* _zxt X
<L =— < <L =2 - <

Ta co: =< ; > < ; - <—
I+y 2y 2 14z 2z 2 1+x" 2x 2

2 2 2
X 4 zX Xy+yz+zx
v, Lty

+ <
1+y* 1+z2° 1+x° 2

g3 YR

Do (x+y+z)2 Z2(xy+yz+zx):>xy+yz+zx£3

:>523—i=i
2 2

Vay MinS:%®x=y=z=l

e . . 2 1 .
Cau 12: Tim gié tri nho nhat cua ham s6: y :1—+— vol 0<x<1.

-x X
Loi giai
y= 2 +l: 2 —2+l—1+3:£+1_—x+3
l-x x 1-x X 1—x X
2x 0
Vio<x<l=> I-x
-X
—>0
X

Ap dung bt dang thirc C6 — sy, ta c6:

2x JI=xs, | 2x 15X 502 = ys0243
1-x X 1-x x

Dau “=" xay ra khi: lz—le_—x@bcz =x"-2x+lex* +2x-1=0
-Xx X
Sx=-1+2 (nhan) hoac x:—l—\/z(loai)

Vay Miny =22 +3 < x=+2-1

Céau 13: Cho a, b, c l1a cac s6 duong thoa man diéu kién l+ % +l < 3. Chung minh rang;
a c

a b c
2+ 2+
1+ 1+c¢° 1+a

5 +%(ab+bc+ca)23

Loi giai
Ap dung bat dang thirc C6 — sy cho 2 sb duong, ta co:
£+222;2+£22;£+£22
b a c b a c

10



Cau 14:

a b b ¢ ¢ a
=>—4+—4+—+—+—+—26
a ¢ b a c
a b b ¢ ¢ a
=>—+—+—+—+—+—+326+3
a ¢ b a c

:>(1+£+£J+(2+1+2j+(£+£+q29
b c a c a b
I 1 1 I 1 1 1 1 1
=a|l—+—+—|+b| —+—+—|+c| —+—+— (29
a b c a b c a b c

:>(l+l+lj(a+b+c)z9

a b c

9 1 1

<—+—+

a+b+c a b
=a+b+c=>3

Ap dung bét dang thirc C6 — sy cho 2 s6 duong, ta co:

1
c

<3

2 2
1+b*>2b= a s=a- ab > za_ﬂ:a_a_b
1+b 1+b 2b 2
Tuong tu, ta co: =2 —b—c; ¢ 5 Zc—2
I+c 2 l+a 2

= a2+ b2+ 22a+b+c—l(ab+bc+ca)
1+b6° 1+c¢° 1+a 2
a b c

5 +l(ab+bc+ca)2a+b+cz3

2+ 2+
1+b6° 14+c¢° 1+a
Dau“="xayrakhi a=b=c

Cho ba s6 duong x, y, z théa man diéu kién x+ y+z =1. Chimg minh rang

B0, 3% o5

Xy+yz4zx xT+y 4z

Loi giai
Ap dung bét dang thirc C6 — sy cho 2 s6 duong, ta co:

1 1 11 1 1 4
+b)| —+—|>2Vab 2, |~ —=4=>—+—>
(a )(a bj “ a b a b a+b

(x2+y2)+(y2+Zz)+(zz+x2)22xy+2yz+2zx
=’ +y +20 > xp+yz+zx

:>x2+y2+22+2xy+2yz+2zx23(xy+yz+zx)

(x+y+z)2 1

Sxy+yz+zx < —mF—=—
3 3
P 350 - 3826 =386 1 i 12 |+ 157
Xy+yz+zx x +y +z 2xy+2yz+2zx x +y 4z Xy+yz+zx
>386- 4 ——+ 157
2xy+2yz+2zx+x"+y +z° xy+yz+zx
= 1544 -+ 157 :1544+L21544+ﬂ=2015
(x+y+z) xy+yz+zx Xy+yz+zx 1

3
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x:y:z _)C:J/Y:Z:l

Dau bang xay ra khi va chi khi {x+y+z=1 = ) 1 3 (khong xay
2xy+2yz+2zx=x"+y +2° 373

ra)

Vay P>2015

Cau 15: Ching minh rang: 1+%+;—2+%+....+%+%<4
Loi giai
) 3 4 2014 2015
DatS:7+?+....+W+22W,taco.
3 4 2014 2015
2SZ3+?+ 2012 + 2013
3 4-3 5-4 2015-2014 2015
:>2S—S:5+ > + > +...+ S —22014
1 1 1 1 2015
=85= 1+5+2—2+?+.... W —ZZW
2014
11 1 1 1_@) 1
Ma‘11+5+7+?+....+22m=1_—1 =2—22013
2
, 1 2015
Do d6: Szz—w—w<2
2 3 4 2014 2015
31+5+?+?+....+W+W<4

Ciu 16: Cho a, b 1a cac sd duong thoa mén diéu kién (a +b)’ +4ab <12. Ching minh bit ding thirc:
1 1

——+——+2015ab £2016.
l1+a 1+b

Loi gidi
Taco: 12> (a+b)’ +4ab>(2ab) +4ab

Dit t =ab (1>0), ta co:

1228 +4° <26 +1° -3<0 & (1-1) (27 +3t+3) <0

Do 2¢*+3t+3>0 voi moi ¢

Nén t-1<0< <1

=0<ab<l1

1 N 1 < 2
l+a 14b 1+-Jab’
11 N 11 <0
l+a 1+\/E 1+b 1+\/E_

\/E—a N \/E—b <O<:>(\/E—\/;J[\/E B \/ZJ<O
(1+a)(1+\/£) (1+b)(1+\/ﬁ)_ 1+ab \1+a 1+b)"

Ching minh duoc: Va,b>0 théamanab<1

That vay, BDT
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(5 (i
“ (1+\/E)(l+a)(1+b)

<0. Do0<ab <1 nén BDT nay dung

Tiép theo ta s8 CM ———+2015ab < 2016,Va,b >0 théa manab <1

2
1+\/£

Dit t=+Jab,0<t<t ta duqc%+2015t2 <2016
+

2015¢° +2015¢* —=2016¢—2014 <0
& (£-1)(2015¢” +4030¢ +2014) < 0. BDT nay ding V¢:0<¢<1

Vay L+L+2015ab£2016. D'fmg thirc xdy rakhi a=b=c
l+a 1+b

Caul17: Cho cac s6 thuc dwong a, b, ¢ théa min ab+bc+ca=1. Chimg minh rang:

a\/b2 +1 +b\/c2 +1+C\/a2 +1 > 2. D4u “=" xay ra khi nao?
Loi giai

a\/b2 +l+b\/c2 +1+C\/a2 +12>2
o a(b2 +1)+b(c2 +1)+c(a2 +1)+2ab1/(b2 +1)(c2 +1) +2bc\/(c2 +1)(a2 +1)

+2ca,(b +1)(a* +1) 24

Ap dung bét dang thirc Cosi ta co:

\/(az +1)(6* +1)=Va?b* +a* +5* +12Na*h* +2ab+1=ab+1

Dit

S = a(b2 +1)+b(c2 +1)+c(a2 +1)+2abJ(b2 +1)(c2 +1) +2bc\/(c2 +1)(a2 +1)
+2ca\/(b2 +1)(a2 +1)

= S>a’b* +b’c* +ctfa’ +at +b*+ ¢ +2ab(bc+1)+2bc(ca+l)+2ca(ab+l)

=(ab+bc+ca)2 +(a+b+c)2
Z(ab+bc+ca)2 +3(ab+bc+ca):4

a=b=c>0
i A b+1=bc+1= 1 =bh= _‘6
Déu "=" x4y ra khi va chi khi |40+ =octi=catrlea=b=c=—-

ab+bc+ca=1

2 2

2
Cau18: TimGTNNcia A=— 4+ + % biktx,y,2>0, Jxy +/yz ++/zx =1.
X+y y+z z+X

Loi giai
2 2 2
X z X+y+z
A S
X+y y+z z+X 2

Theo bat dang thirc Cauchy:

+y+z /Xy + +
ngz Xy;yTHZ«/yz;Z;XZ zxnénX;ZZ xy \/;TZ ZX:%

MinA=l<:> X=y=z=—
2 3



Cau 19:

Cau 20:

Cau 21:

a) Cho ba s6 duong a, b, c. Chiing minh rang (a +b+ c)(l+%+l) =29
a

C
b) Cho 3 s6 duong x, v, z thoa diéu kién x+ y+z =1. Tim gia tri 16n nhit cta biéu thirc
b y z

= + +
x+1 y+1 z+1

Loi giai
a) Ta co:

a+b+c>3abe (1)

l+l+lz3‘3/ ! 2)
a b c ab.c

(1) nhan (2) vé theo vé, ta duogc (a+b+c)(l+%+lj >9
a c

b) P= X y z
x+1 y+1 z+1

P=1—1+1—1+1—1=— 1+1+1
x+1 y+1 z+1 x+1 y+1 z+1

Ta co: (l + l+1j > 2 (theo cau a)

a b c a+b+c

. 1 1 1 9 9
Nén + + > =—
x+1 y+1 z+1) x+1+y+1+z+1 4

VéyGTLNcﬁaPlé% khi x:yzz:é

Cho a, b, ¢ 12 ba s6 duong. Chl'rngminhréng:\/ a +\/ b +\/ )
b+c c+a a+b

Loi giai

ApdungCési: fb+c.1sl(b+c+l):a+b+c
a 2 a 2a

Suyra: |~ >—29  (dhu"="khia=b-+c)

b+c a+b+c

Tuong ty : / b ,_ 2 (ddu"="khib=c+a)
at+c a+b+c

€ > 2¢ (dhu"="khic=a+tb)
a+b a+b+c

A A g A A, 32 ” ~ a b C
Cong ve véi vé ba bat dang thic trén, ta du:(_yc:\/ + \/ + \/ >2
b+c c+a a+b

Déu"="kh6ngxéyra:>\/ a +\/ b +\/ c 2
b+c c+ta a+b

Cho x,y,z la ba s6 duong thoa man x + y+z =3. Chiing minh rang:

14



Cau 22:

Cau 23:

X y z
+ + <1
X++3x+yz y+3y+zx z+3z+xy
Loi giai
2
Tu (x—\/;) ZO<:>x2+y222x\/y72 (*) Ddu “=" < x* = yz

Chira: 3x+yz:(x+y+z)x+yz:x2+yz+x(y+z)22x\/;+x(y+z)

Suy ra : 3x+yz 2\ 2x\fyz + x(y + 2) =x(Jy ++z) (Ap dung (*))
x Jx
x+3x+yz 2x(Wx+ y+\/;)Z>X+x/WS(\/;+ T (1)
Wy~ v:
y+«/3y+xz \/;+\/;+\/— z++3z+xy \/—+\/;+\/—

Tir (1), (2) va (3) = AN S <1
+\/3x+yz y+\/3y+xz Z+\/3Z+xy

Tuong tu :

Dau “="xayrakhix=y=z=1.

X;VER
Cho x; y thdéa man 1 . Ching minh rang: Vx \/_
O0<x;y< 5 I+y 1+ x 3

Loi giai
Ttr gia thiét suy ra:

9 (%_JJ(T_JJ>0@&+ﬁsg+ﬁJE (1)

+)x\/;<xT y\/;ﬁy.f x\/7+y\/7<— (x+y) (2)
Laico

\/E<xy+— ¥ xyS¥LXy+%j (3)
\/—<X+y g xyS—(x+y) (4)

T (1), 2), 3) va (4) ta cc')

xx+yfy+ x+\/—<— xX+y +£+ \/7( +1]+%(x+y)

4

S¥(1+x+y+xy)

Jx \/7 X x+y\/;+\/7+\/7 2\/_

I+y 1+x I+x+y+xp

1 5 . 1
Dau dang thurc xdy rakhi: x=y = 5

Suyra: VT = (dpcm)

Cho céc sb thuc duong x, v, z thoa man xy + yz + zx = 2xyz. Tim gia trj nhé nhat cta biéu thic:
X Ly oz
z(z+x) x(x+y) y(y+2)

Loi giai

15



Cau 24:

Cau 25:

Ap dung BDT Co-si cho hai s6 duong, ta cé:

2x2y+y(z+x) S5 /2x2y y(z+x) = 23(1)
Z+x 2 Nz+x 2

Tuong tu ta co:

2y°z

Lt )
X+y 2

2
2z°x N x(y+2)

> 22x(3)
y+z

Cong timg vé cta (1), (2) va (3), ta co:

2x’y 2y°z 27°
rV e, Zx+xy+yz+zx22(xy+yz+zx)

z+x x+y y+z

2x° 2y’z  27°
<=> xy+ yz+ Zxey+yZ+zx
z+x x+y y+z

Chia ca hai vé caa BPT cho 2xyz, ta co:

X Ly oz JXytyziax

B z(z+x) x(x+y) y(y+z) B 2xyz

DAu bang xdy ra khi x:y:g:E

Vay GTNN cua P 1a 1 khi xzy:z:%.

Choa,b,c>0véa+b+c=3.Chtrngminhrénga5+b5+cs+l+%+126.
a c

Loi giai
Ap dung bét dang thirc C6 si ta co:

1
a+—>2a*
a

b’ +122b2
b

1
+=>2c2
c

Suyraa’+b>+¢° +l+l+122(a2+b2+cz)
a b c

Matkhaca?+1>2a;b*>+1>2b;c2+1>2c¢

Suyraa’+b*+c*>2a+2b+2c—-3=3

Vaya’+b’ +¢° + l+l+126(dpcm).
a b c

Goi a, b, c 1a d dai ba canh ciia mdt tam giac c6 ba goc nhon. Chirng minh rr:ing véi moi sb
NS y2 z° 2xz+2yz+222

thue x, y, z ta ludn ¢6: —+=5+—> —

a- b ¢ a +b +c

Loi giai

Vi a> +b* +c* > 0ta co:



a b° ¢

2 2 2 2 2 2 2 2 2
:x2(2+b +22 a j+y2[2+a +Z2 b j_l_zz[era +122 c j

2 2 2 2 2 2 2
:2x2+2yz+2zz+xz(b+cTaj+yz (Hbc_zbjﬂ (%) *

Gia st a<b<c thi ¢*—a®2>0;¢* —b*>0. Voi canh ¢ 16n nhat, ZACBnhon (gt) do vay ké
duong cao BH ta c6 ¢* = BH* + HA> < BC? + CA*> = a® + b tir 46 suy ra biéu thtc (*) 1a khong
am suy ra diéu phai chimg minh.

x2 2 ZZ
(012 +b° +c2)(—2+y—2+—2]

Ciu 26: Cho a, b, ¢ 1a cac sb thuc duong thoa min 2ab + 6bc +2ac = Tabc . Tim gia tri nhd nhat

4ab N Qac +4bc
a+2b a+4c b+c’

cua biéu thuc C =

Loi giai
Tu gt: 2ab + 6bc + 2ac = Tabc vaab,c>0
Chia ca hai vé cho abc > 0 :>2+6+z=7
c a
g 1 1 1 x,y,z>0
dit x=—y=—,z=—>=
a b c 2z+6x+2y=7

4ab 9ac 4bc 4 9 4
= + +

Khidé C = + + =
a+2b a+4c b+c 2x+y 4dx+z y+z

=C= +2x+y+ +4x+z+ +y+z-2x+y+4x+z+y+2)

2x+y 4x+z y+z

[\/ﬁ \/ﬁ] (m m]z [m y+zJ +17217

. 1
Kh1x:5,y:Z:1 thiC=7

Vay GTNN cuaCla7khia=2;b=1;c=1

Ciu 27: Cho x, y 1a cac sé thuc duong thoa min x + y = 1. Tim gia tri nho nhat cta biéu thic

B=—1i+L.
X +y Xy
Loi giai
Ta co: B= 1 y -1 1 _ 1-2xy _
(x+y) —3xy(x+y) Xy 1-3xy xy xy(I-3xy)
o (x+y)’ _1
: <X J7 -1
Theo Cosi: xy < 2 i
Goi Bo 14 mot gid tri ciia B, khi do, tdn tai x, y dé: B, = ——2%Y
P Bo & magid tri cua B, kni 46, naix v 48 By = 735

& 3Bo(xy)? — (2 + Bo)xy + 1 =0 (1)
B, >4+23

Pé ton tai x, y thi (1) phai c6 nghiém xy < A=B¢> —8Bo +4 >0 <
B, <4-23



Dé y ring v6i gid thiét Cau toan thi B > 0. Do d6 ta c6: B, >4+2+/3 .

2+B, _ 3+\/_ 3+\/_
6B, 2+\/_ 2+\/_

W I_W

V6i B, =4+23 = xy =

:>x(l X)=——"""= &

&S X X+ — —O<:>x_
6(2++/3)
/i_l - /i_l
Vay, B —4+2\/_ dat dugc khi x = hoac
I /i_l /i_l
X = 2 ,y= 2 .
A Qe T ik et Bk T Kp o VA y, Xy
Ciu 28: Tim gia tri nho nhat cua biéu thiae: M = —+ Tt
y X x4y
Loi gidi
b I 3 1
Béta=—+z,tacéM=a+—=—a+ﬁ+—
y X a 4 4 a
3a _ 3
Via=—+=2>2nén —>—;
y X 4
1 1 1
Tacog+—22,/£.—=2.—=l
4 a 4 a 2
I 3a a 1_3 5 5
Dodo M =a+—=—+—F+—2—+l=— M=—a=2x=y
a 4 4 a 2 2

. )
Vay gia tri nhd nhat cua M bang E khi va chi khi

=C= +2x+y+ +4x+z+

2x+y 4x+z y+z

x;y €eR

. X 242

Cau 29: Cho x; y théa man 1 . Chtrng minh rang: \/_ + \/§ < \/_
OSX;ySE I+y 1+x 3

+y+z-2x+y+4x+z+y+z).

Loi giai
Tir gia thiét suy ra:

o[- oo et
+)X\/—<X\/—; y\/7 y\/_ =X x+y\/7<— X+y (2)

Lai co:
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Cau 30:

Cau 31:

Foswel (22 <2 () ()

=

Frs2 N ey ()

2
Tir (1), (2), 3) va (4) ta cc')'

XX +y4Jy +Vx + y<—( y)+ £+¥(xy+%j+%(x+y)

£&(1+X+y+xy)
Suyra: VT = Jx \/7 Xxry y+\/;+\/7 2\/_ (dpcm)
I+y 1+x I+x+y+xy

Cho x, y 12 2 sb thuc thoa man: x* + 2y>+ 2xy + 7x + 7y + 10 = 0.

Tim gia tri nho nhét va gia tri 16n nhat cta biéu thirc: A=x +y + 1.
Loi giai

x2+2y*+2xy + 7x+ 7y + 10 =0.

cz(x+)02+7Cx+y)+10:—y2

Sx+y+2)(x+y+5)=—y"<0

S —-4<x+y+1<-1

*x+y+1=-4khix=-5y=0

*x+y+1=-1khix=-2;y=0

Vay Amin=-4khix=-5;y=0

Amax=-1khix=-2;y=0

Cho a, b, ¢ > 0. Chimg minh rang;

, s a b c a b C
Cho a, b, ¢ > 0. Chung minh rang: + + < + +
a+b b+c c+a b+c c+a a+b
Loi giai
\ R a a—+c
Via, b, ¢c>0nén <l= < .
a+b a+b a+b+c
b b+a C c+b
Tuong tu: < ; <
b+c a+b+c c+a a+b+c
a b c
+ + <2 (1)

a+b b+c c+a

a a
* Ta c6: =
b+c Ja(b+c)

Vi a, b, ¢ > 0 nén theo bat dang thirc Co- si ta co:
a+(b+c) ,7(b+c)>0

2 - 1
a+b+c \/a(b+c)

<~




Cau 32:

Cau 33:

2a a 2a fa
< < <:> <
a+b+c a(b+c a+b+c \b+c
Tuong tu:
a+b+c \/a+c a+b+c Vb+a
:>\/ a +\/ b +\/ ¢ >2
b+c c+a a+b

Déu‘=”xéyrakhia=b+c;b=c+a;c=a+b
taclaa=b=c (v0 ly).

Vree eta Vo,
= + + >2 (2)
b+c c+a a+b

Tu (1) (2) ta c6 dpcm.

4x+3
Tim gi4 tri nho nhat cua biéu thic: A = >
X" +1
Loi giai
4x+3 X* + 4x+4
Taco: A=—; =—l+———
X" +1 X" +1
X+2
A=—1+ g_ .
x> +1
4x+3

A=

> 1Déiu"=”xé1yra Sx+2=0x=-2
X"+

Vay 4., =-1khix=-2

a+l b+1 c+1
+ + >
b>’+1 c*+1 a’+1

Cho a, b, ¢ > 0 théa man a + b + ¢ = 3. Chirng minh réng:

Loi giai
Str dung bat déng thae Co si
b*(a+1 b (a+1
Ta co: a2+1 =a+1_$2a+1_ (a )=a+1_b+ab (1)
b +1 b +1 2b
Tuong tu: b2+1 2b+1—c+b€ (1)
c +1

va CZ+1 Setl a+ca(3)

a +1
Tu (1); (2) va (3) suy ra:

a+l b+1 c+1 _a+b+c ab+bc+ca
2 + 2 + 2 Z +3_
b"+1 ¢ +1 a +1 2 P

Mit khac a* +b* +¢* > ab+bc+ca
2016x° +2x+2016 B (2017x* +2017) = (x* =2x+1)

2 Q= x*+1 2 +1
hay3(ab+bc+ca)£(a+b+c) =9 ; s R
2017(x" +1) (x-1) (x-1) *
= > - =2017--— *)
x +1 x +1 x +1
Do dé: c12+1 N l)2+1 N cz+l Za+b+c_I_3_ab+bc+ca
b*+1 ¢ +1 a +1 2 2
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Cau 34:

Cau 35:

Cau 36:

Vay c12+1 + b2+1 + C;Ll 23.Déub§ngxéyrakhia=b=c=1
b>+1 ¢ +1 a +1

2

Tim gié tri 16n nhit ctia bidu thite: Q = 2010F +2x+2016
x°+1

Loi giai
Ta co:
2
Vi (x2 1)1 >0 nén tir (*)=Q<2017-
X+

(x—1)
x*+1

Vay max Q=2017 < x =1

Dau “=" xdy ra < =0eox-1=0=x=1

Cho céc s duong a, b, c. Chimg minh ring: 1< —2—+ b ¢ o
a+b b+c c+a
Loi giai
Via, b, ¢ 1a cac sé duong (gt) nén ta co:
a __a _ a+c ()
a+b+c a+b a+b+c
b - b - b+a @)
a+b+c b+c b+c+a
c___¢ _ c+b 3)

a+b+c c+a c+a+b
Cong timg vé (1), (2) va (3), tacd: 1<—— -2 4 €
a+b b+c c+a

Cho tam giac ABC c¢6 chu vi 2p =a + b + ¢ (a, b, ¢ 1a d§ dai ba canh ctia tam giac). Chiing

minh rang : ! + ! + ! 22.(l+l+1).

p—a p-b p-c a b c
Loi giai
, b+c—a
Chi ra dugc: p—a:T>0;p—b>0;p—c>O
Ap dung BDT Cé sitacé :
1 2

(p—a)+(p-b) ( + jZZ\/(p—a)(p—b)- =4
| ] p-a p-b V(p—a)(p-b)
Suy duogc: ! + ! > 4 :i

p—a p-b p-a+p-b c
Tuong tu: ! + ! zi; ! + 1 Zi

p—-b p-c a p-c p—-a b

Suy duogc: 2.[ ! + ! + ! j24.(l+l+lj
p—a p-b p-c a b c

Suy dugc dpem va

Dau “="xay rakhi a=b=c.
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Cau 37: Cho a,b,c>0.ChL'rngminhr5ng\/ a +\/ b +\/ € 2
b+c \Nc+a a+b

Loi giai
Ap dung BPT Cauchy ta co a+b+cz2‘/a(b+c)<:>,/ba > 2ba
+c a+b+c

Chlﬁ:ng minh tu:ong tu ta dugc

Vc+a a+b+c Va+ a+b+c

a+b+c)
Suy ra =2
+c c+a a+b a+b+c

a=b+c

Dau bang xdy ra < {b=c+a < a=b=c=0(Trai voi gia thiét)
c=a+b
Vay dau = khong xay ra suy ra dpcm.
Ciu 38: Cho ba s6 thuc duong a, b, ¢ thoa ab+bc+ca=3abc. Tim gia tri nho nhat cia biéu thuc

3 3 3
a b c

A= + + .
c+a’ a+b> b+’
Loi giai
X 1 1 1
Ciach 1: Theodé: ab+bc+ca =3abc < —+—+—=3
a b c
a _(a3+ac)—ac_a ac
c+a’ c+a’ c+a’
ac 1 c+1
c+a222a\/Z:> \/—<
c+dad’
3
a c+1
Suy ra >a-—
y c+a’ 4
3 a+1 c’ b+1
Tuong ty : >2b— , 2C—
a+b 4 " b+c 4

3 3
S A>2—(a+b+c)——
uy ra 4( ) 1

Dung BDT Cb Si chirng minh dugc: (a+b+c)(l+%+1j >9
a c
:(a+b+c)329:>a+b+c23

Suy ra Az%,déubéngxéyrakhi a=b=c=1.

. 3
Vay m1nA=E khi a=b=c=1.

1 1 1
Cach 2 :Taco: ab+bc+ca=3abc<=>—+—+—=3
a b c
1 1 | ,1,2>0
Pit x=—, y=—, z=— khidé: {7 .
a b c X+y+z=3
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X y z

Biéu thic A duoc viét lai: 4= —+ —+ >
y(x+y) z(y+z7) x(z+x7)

X _Gy)-y 1y
yx+y)  yx+y) oy x+)y’
y . 1 R 1 1
S—nn ——2————
x+y0 20 y(x+y) vy 2Jx

.1 1 1 1 1 N X 1 1 1
ma =—2/1.—<—|l+—|nen ————>——— I +—
2\/; 4 x 4 X y(x+y) y 4 X

(ddu bang xay ra khi x=y=1)

Tuong ty : Lzzl—l 1+l , ;221_1(”1)
z(y+z) z 4 y) x(z+x) x 4 z

Suy ra A:%(l+l+1j—i.

Taco:

ma x+y222y\/;:>

x y z) 4

I 1 1
Dung BDT C6 Si ching minh duoc: (x+y+ z)(—+—+—] >9.
X y z

1 1 1 1 1 1
<:>3[—+—+—j29c>—+—+—23 (Vi z+y+z=3).
X y z Xy z

30 0 s .
Do do AZE ,daubang xay rakhi x=y=z=1 haya=b=c=1.
A 3.,
Vay m1nA=E khi a=b=c=1.

Ciu 39: Cho a, b, ¢ 13 cac sb thuc thoa man a> + b? + ¢2 = 1. Ching minh rang abc + 2(1 +a+b + ¢ +
ab + ac + bc) > 0.
Loi giai
Taco: a*+b*+c*=1=a"=1-b>-c*<1
& -1<a<l=1+a>0
Tuong tu :
= (1+a)(1+b)(1+c)>0
& l+at+tb+c+ab+ac+bec+abc>0(1)
Mit khac: (1 +a+b+c)>=(1+a)>+(b+c)*+2(1 +a)b+c)
=1+a®+b?+c?+2a+2b+ 2c + 2ab + 2ab + 2bc
= (a2 +b?>+c?) +(a® +b>+c?) +2a+2b+2c+2ab+2ab + 2bc
=2(a*+b>+c?+a+b+c+ab+ac+bc)

:>a2+b2+cz+a+b+c+ab+ac+bc=%(1+a+b+c)220(2)

Cong (1) va (2) vé theo vé ta duogc:
abc +a? +b? + ¢+ 1 +2a+2b + 2¢c + 2ab + 2ab + 2bc > 0
<abc+2(l+a+b+c+ab+ac+bc)>0

Cau 40: Cho a, b,c 1a ba sd thuc duong, tim gia tri nho nhét cta biéu thuc:

_a3+b3+c3+az+b2 b +c* t+a’
2abc +ab a*+bc b +ca
Loi giai
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Cau 41:

a’ b? ¢’ 2ab 2bc 2ac
+t—t—t— +— +—
2bc 2ca 2ab ¢ +ab a +bc b +ac
a a+bc 1 b b+ac 1 &  F+ab 1

- = - = —— nén
2bc 2bc 2 2ac 2ac 2 2ab 2ab 2

Véi cac sb duong x, y ta A, DIN (x—)* 20 ludn dung, diu bang xay ra khi va chi khi
y X

P=

Ma

X=y.
Ap dung ta co:

2 2 2
Pz(c +tab 2ab ]{a the | 2be ]{b tac  2ac J_%22+2+2_%=%

2ab  c*+ab 2bc a’ +bc 2ac b’ +ac
Dau bing xay ra khi va chikhia=b=c
613+b3+c3+az+b2 b’+c* +a’
2abc c’+ab a’+bc b’ +ca

Két luan:gia tri nho nhit cua P = bang % khia=b=

C

Cho ba sb thuc duong a,b,c thdéa man a+b+c=1. Tim gia tri 16n nhét cua biéu thirc:

a b c
= + +
9¢° +3b*+¢ 9 +3c*+a 9 +3a*+b
Loi giai
Ching minh:

(@ +b*+)X*+y* +2°) = (ax+by+cz)’, Ya,b,c,x,y,z€ R. (1)
That vay: (1) & (a’y® —2abxy +b*x*)+(a’z* —2acxz +c*z*)+(b°y* —2bcyz +c*z°) > 0

& (ay —bx)’ +(az —cx)* +(by —cz)* 2 0 (dung)

ay =bx
Dau "="< < az=cx
by =cz

Ap dung BPT (1) ta c6: (9a° +3b* +c)(9i+§+c) >(a+b+c)’ =1
a

Dau "="<a=b=c=

1
3

=94 +3b* +¢c>

a 1 1
1 1 :>9 3 3b2 Sa(9—+§+c)
I a +3b" +c a

9a 3

Tuong tu co: Sb(L+l+a) ¢ SC(L+§+[))

95° +3c% +a 9% 3 T 9°+3a°+h 9¢
a+b+c

:>P£3%+ +(ab+bc+ca)

2 2
:>P<1+1+M:1.D0 ab+bc+ca£M

33 3 3

1
Vay Pmax=1c>a:b:c:§.
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Cau 42:

Cau 43:

Cau 44:

Cho x, y, z 1a cic s6 thuc duong théa min x+y+z=xyz. Ching minh rang:

1+V1+x° +1+\/1+y2 +1+\/1+22

X y z

<Xxyz

Loi giai
Cho x, y, z 1a cac s thuc duong théa man x+ y+z=xyz.

1++41+x° +1+\/1+y2 +1+\/1+zz

X y z
I 1 1

Tu Gtsuy ra: —+—+—=1.
Xy yz zx

n . N1+X I 1 1 1 I 1)1 1y _1(2 1 1), ,
Nén ta co: = |5t—t—+t—= || —+— || —+— | <z —t—+=-|i"="y=z

X xy yz zx

Ching minh rang: < xyz

2 2
ngwmmgi[i 4 1}1+_J1+ZS1(1 1 i)
y 2\x y =z z 2\x y =z
/ 2 ’ 2 / 2
Vf?l}’talcc')pr Ltx +1+ Ly +1+ I+z £3(l+l+l}"="<:>x=y=z
X y z x y z
Ta cod (x+y+x)2—3(xy+yz+xx):....zé[(x—y)z+(y—z)2+(x—z)2}20

Nén()c+y+x)2 23(xy+yz+xx)
Xy +yz+xz
xyz

1+x/1+x2+l+\/1+yz+1+\/1+z2 - .

<xyz;"="ox=y=z

:>(xyz)223(xy+yz+xz):>3 Sxyz:>3(l+l+llﬁxyz

X y z

Vay
X y z

Chirng minh véi moi sb nguyén duong 7 16n hon 1 ta c¢6 \/2\/344..4/(14 —1)\/; <3.

Loi gidi
Véi mdi s6 nguyén duong k ta c6 k = Ji? = 1/1+(k2 —1) = \/1+(k—1)(k+1) .

Str dung dang thirc trén lién tiép voi k =3,4,....n ta duoc

3=W=J1+2M=\/l+2\/1+3m =
:\/l+2\/l+3\/1+---\/1+(n—1)(n+1)

:\/l+2\/l+3\/1+---\/1+(n—1)m >\/2\/3\/W

Ta c6 diéu phai chimg minh.

1 1
+ + =2.
1+2x 142y 142z

Cho ba s6 khong am x,y,z théa man
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Chumng minh rang xyz < € .

64
Loi giai
Taco: ——=1-—1 411 _ 2 22 5, 4z
1+2x 1+2y 1+2z 1+2y 1+2z (1+2y)(1+2z2)

Tuong tu ta co: ! >2 oz . ! >2 4xy
1+2y (1+2x)(1+2z) 1+2z (I+2x)(1+2y)
1 1 | >3 64x°y*z*
14+2x 142y 142z \(1+2x)°(1+2y)* (1+2z)

Khido: < ! > 8. 8xyz
1do: (14+2x)1+2y)1+22) (14+2x)1+2y)1+22)
& 12 64xyz

1
& xyz < —
S

Céu 45: ChL’mgminh\/ a +\/ b +\/ €S2, véia,b,c>0
b+c a+c b+a
Loi giai

(b
Ta cé b+c+a2 /—(b+c)a<:>b+c+a> (b+c)a

2 2a a
©b+c+a2 /b+c - / a > 2a
2a a b+c a+b+c
b 2b c 2a
Tuong tu: ‘/ > R ‘/ >
a+c a+b+c b+a a+b+c

\/ a +\/ b +\/ c 22(a+b+c):2
b+c a+c b+a (a+b+c)

Diu bang xay ra khi b+c =a, ¢ + a =b, a+ b= ¢ (Diéu nay khong co)
Véy\/a +\/b +\/ < 2
b+c a+c b+a
1 1

Cau 46: Cho a, b, c 1a 3 canh mét tam giac. Chirng minh: ! + + Zl+
at+tb—-c b+c—a c+a-b a

Loi giai
. . ) 1 1 4
Vo1 x>0,y>0taco (x+y) 24xy > —+—2=
X y x+y
R
x+y 4\x y

a, b, ¢ 1a 3 canh cua mot tam giac nén a+b-¢ >0, a+c -b >0, ¢ +b- a >0,
Ap dung bdt(I) voi cac sb x= atb-c, y= a+c -b duong ta co:

1

1
b c

1 N 1 S 4 _g
a+b—c a+c-b a+b-c+a+c—-b a
1 1 4 2
Tuong tu: + > =—
b+a-c¢ b+c—a c+b-a+a+b-c b
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> -
c+b-a c+a-b c+b-a+c+a->b

1 1 1 1 1
+

1 1 4 2
+ J—
c

+ —+— +— (dpem)
a+b—c b+c—a c+a-— b a b
Cau 47:
a/ Cho hai s6 duong x, y thoa min x +y = 1.
Tim gia tri nho nht caa biéu thirc: M —(x +L](y +Lj
y X

s A . 1 1 1

b/ Cho x, y, z 1a cac s6 duong thod man + + =60.

xX+y y+z z+x
1 1 1

Chimng minh rang: + + <
3x+3y+2z 3x+2y+3z 2x+3y+3z

N | W

Loi giai

4 4 2.2
a)M:[szrsz(szr%j: X’y +1+1+ zlzzxy +22x2y +1
Y X X"y X7y
(X2y2+1)2 x2y2+1 2 1 2
- 22 = Xy+—
Xy Xy xy

. 1 15
Taco: xy+—=| xy+ +
xy l6xy ) 16xy

! >2 [xy. ! :2.12l (D)
16xy 16xy 4 2

*\/E<x+y:l:>y ! ! >4 = ! >i=l:> 15
2 2 léxy 16 4  l6xy

j 15 1 15 17

*Taco: xy+

>3 g

:>
Tr(l)va(2) = (xy+—j (

l6xy ) léxy 2 4 4
Vay M = (xy+—j (—7) 289
4
. Xy = : xy=l 1
Dau “=" xay ra < léxy < 4o x=y=— (Vix,y>0)
xX=y xX=Yy 2

) 289 . 1
VayvminM= — taix=y= —
dy 6 - y 5

b) Ap dung BBT l+% >
a

1 (1 1
= <—|—+—
a+b 4(a bj

Ta co:

4 (vGia, b>0)
a+b

IN

1 1 1 1 1
= — +
3x+3y+2z (2x+y+z)+(x+2y+z) 4(2x+y+z x+2y+zj

1|1 1 1 1 1
—| = + + +
414\ x+y x+z x+y y+z
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1 2 1 1
<— + +
16\ x+y x+z y+z

1 1{ 2 1 1
Tuong tu: <— + +
3x+2y+3z 16\x+z x+y y+z

1 1 2 N 1 N 1
2x+3y+3z 16\ y+z x+y x+z

cong vé theo ve, ta co:

1 1 1 1 4 4 4
+ + <— + +
3x+3y+2z 3x+2y+3z 2x+3y+3z 16\x+y x+z y+z

4( 1 1 1 1 3
S_ + + :—_6:—
16\x+y x+z y+z) 4 2

Céu 48: Cho tam giac ABC c6 chu vi bang 2. Ky hiéu a,b,c¢ 1a do dai ba canh cta tam giac. Tim gia tri

nhé nhét cia biéu thie §=—2— + % + 16¢
b+c—a c+a-b a+b-c
Loi giai

b+c—a=x 2a=y+z
bat <c+a-b=y=>{2b=z+x
a+b—c=z 2c=z+y

Ta co

g=2rz 0t Joary) 1fy v,z 16x, 92 16y ), 1 534044234)=19
2x 2y 2z 2\x 'y x z y z 2

Gia tri nho nhét cua S 1a 19. Pat duge khi va chi khi « :%;bzg;c:%

Cau 49: Cho ba s6 duong a,b va ¢ thoa man abc =1. Ching minh rang:
1 1 1 1
2 2 T3 2 T 2 S
a +2b"+3 b +2c"+3 ¢ +2a +3 2
Loi giai
Taco: a’ +2b° +3=(a* +b*)+(b* +1)+2>2ab+2b+2
Tuong tu:b° +2¢> +3>2bc+2c+2, ¢ +2a° +3>2ac+2a+2
1 1 1 1 1 1 1
2 2 t3 2 T 2 <= + + )
a +2b°+3 b +2c"+3 c"+2a+3 2 ab+b+1 bc+c+l ac+a+l
1 1 N 1 1 )_l
2 ab+b+1 1 1 2

—+—+1 l+a-|rl
a ab

Suy ra:

Céu 50: Cac s6 thuc duong x, y, z thoa mén diéu kién: x +y +z = 1.
Tim gi4 tri nho nhét cia biéu thirc:

e y4 =
= 2 2 + 2 2 + 2 2
(X" +y)x+y) (V+z)+z) (7 +x)z+x)
Loi giai

a’+b*

Tacéd (a—b) 20 Z(a+b)2 (ddu “=" xay ra khi a = b)
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4 4

Ta cé: —; )2c —— )2} =X—-);
(x"+y)x+y) (T +y)x+y)
Tuong ty: — )2}4 -— §4 =y-z;— §4 —— ’264 =y
V' +z)y+z) (V+z)y+2) (z2+x)z+x) (z+x)z+Xx)
Do do F=—; )54 +— )2;4 +— i4
(x"+y)x+y) (V' +z)y+z) (2 +x)z+x)
:l x4+y4 N y4+z4 N zt+x? j
20(°+y)(x+y) (P +2)y+2) (22 +x7)(z+)
21 (x2+y2)2 N (y2 +22)2 N (22+x2)2
4 (P +y)x+y) P+ y+2) (22 +x7)(z+x)
1 (x2+y2)+(y2+22)+(22+x2)
40 (x+y) (y+2) (z+x)

>l((x+y)2 +(y+Z)2 +(Z+x)zj 1

1
"8l Gty (+2)  (z+x) =g Leyrz) =g

Do d6 F dat gia tri nho nhat bang %khi X=y=z=

W | =

a=0
Cau 51: Cho cac sb thuc a, b, ¢ thoa man diéu kién: { 2p S C 4
—2>—+

a a

Chimg minh rang phuong trinh ax® + bx + ¢ = 0c6 nghiém.
Loi giai
+) Néu ac < 0 = phuong trinh c6 nghiém.

2D usg

+)Néuac>0 = avaccungdau, tr @ @ = b vaa cung dau
=> a, b, ¢ cung dau. Vi thé ta chi cin xét a, b va ¢ ciing duong 1a du
Vi a, b, ¢ cung duong ta c6 :

2 2
&2£+4©b20+4a@b220 +8ac +16a
a a 2 4
- > (¢c—4a)
(:)bz—4aczc 8ac +16a :( ) >
Cau52: Cho x, y, z > 0 thoa mdn x + y + z = 2. Tim gia tri nho nhit cua biéu thic P =
2 2 2
b z
+-2
y+z z+x x+y
Loi giai
Vix,y,z>0taco:
, , , X' y+z
Ap dung BDT Cosi doi voi 2 s6 duong va ta dugc:
y+z 4
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Cau 53:

2 2
X Ytz o, | X ytz
y+z 4 y+z 4

-9 X _
- 'E_x (1). Tuong tu ta co:

Y x+z

+ > y(2)
X+z 4

2 x4y

+
x+y 4
Cong (1) + (2) + (3) ta dugc:

2 2 2
pal ¥ Ly .z +x+y+z
y+z z+x x+y 2

> z(3)

xty+z_,

:>P2(x+y+z)—

Déu “=" xay ra @x:yzzzg

Véay min P = 1 <:>x=y=Z=§

V6i x, y 1a hai sé thuc théa man 1° +33 +5y+3=114/9— x> —/9x* —x° . Tim gi4 tri 16n nhét
va gia tri nhé nhat ctia biéu thire 7 = x -y +2018.
Loi giai

Diéu kién —3<x<3.

124307 45y +3 =119 — x> —/9x* —x° <:>(y+1)3+2(y+1)=(\/9—x2 )3+2\/9—x2
<:>a3+2a=b3+2b,(a=y+l;b=\/9—x2)
<:>(a3 —b3)+2(a—b)=0<:>(a—b)(a2 +ab+b* +2):0

2
Do a2+ab+b2+2=(a+%bj +%b2+2>0.

Suy ra

a—b=0©y+l—\/9—x2:0©y:\/9—x2—l<:>x—y:x—\/9—x2+1=4—(3—x+\/9—x2)£4

, . 3—x=0 L . .

Dang thirc xay ra khi < 92 0c>x:3:>y:—l.Vayg1é1tr1 16n nhat cua T 1a 2022 tai x
—Xx =

=3;y=-1.

Talai co

x=y21-32 o x-V9-x? +121-32 © x+3/22/9-x* & x> +64/2x+18 29— x°

2 +642x 4920 < (\/§x+3)2 >0 (Png).
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Cau 54:

Cau 55:

Cau 56:

Suyra T=x—y+2018>1-3v2+2018=2019-3+2

Pang thic xay ra khi chi khi x/§x+3:0<:>x:—¥ (théa man). Suy ra

yz—i—(l 3\/5) 3\/_ 2

32 322
e :

Vay GTNN T 1a 2019342 tai x=

2
2 2 2 2 2 2
Cho a,b,c>0.Chﬁngminhr5ng:b re L Za + 4 all >2(a+b+c).
a c
Loi giai

2 2 2 2 2 2
Apdungbétdéngttht’rcCauchytacc') b +c + £ a 4 & b 22(E+g+a_bj

a b c

=(E+ﬂ]+(ﬂ+a—bj+(a—b+b—cj>2(a+b+c)
a b b ¢ c a

Dau bing xay rakhi a=b=c.

a b c

Chtng minh rang néu a, b, ¢ 1a d6 dai ba canh ctia mot tam gidc co6 chu vi bang 3 thi
3a® +3b° +3c” +4abc >13.

Loi giai
Pit T =3a” +3b* +3c¢* +4abc . Do vai trd cua a, b, ¢ binh dang nén khong giam tong quat, ta
cothé giastr 0<a<b<c.

Tr a+b+c=3 vaa+b>csuyra 1Sc<%

T=3(a’+b)+3¢* +4abc =3[ (a+b)’ —2ab |+3c” +4abc
=33 -c)* +3c* —2ab(3-2c¢)

2 2
Do 3-2¢>0 va abé(a;bJ :(3;cj , suy ra

T >3(3-c)* +3c —%(a+b)2(3—20)
=3(c* —6c+9)+3¢’ —%(3—0)2(3—20)

27 , 1 )
=2 -+ =c(c-1D)*+=(c-1)*+13>13
5 5 (c=1) 2( )

Dau bang xay rakhi a=b=c=1.

Cho cac sb thuc duong a, b, ¢, d thoa min a>1, b>1, ¢>1, d >1. Ching minh bit ding
thire @ + b’ + ¢ + d’ >16.
b—1 ¢c-1 d-1 a-1
Loi giai
Via>1l, b>1l, ¢c>l,d>1 néna-1>0;b6-1>0;c-1>0;d-1>0.
Ap dung BDT ta co

Cl2 2
A~ 1)>2,/b - 4b=1) =4a (1)
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b ‘/ CA(e=1) =4b (2)
C—

dc 4 A(d - 1)>2‘/ A(d —1) = 4c (3)
‘/ Aa—-1)=4d (4)

Tu (1), (2); 3); (4) taco
2 2 2 2
- b = d +4(a+b+c+d)-1624(a+b+c+d)
b-1 c¢-1 d-1 a-1
2 2 2 2
-4 4 b < d >16. Dau bang xay rakhi a=b=c=d =2
b-1 c¢-1 d-1 a-1

Cau 57: Cho céc sb thyc duong a, b, ¢ théa man (a+c)(b+c)=4c’. Tim gid tri 16n nhat, nho nhét cia

a b ab

biéu thuc P = + + .
b+3¢c a+3¢c bc+ca

Loi giai
Dit a =xc;b=yc (x,y>0). Tir didu kién suy ra: (x+1)(y+1)=4
X y 4 xy :x2+y2+3(x+y)+ xy

Khido P= +
y+3 x+3 x+y xy+3(x+y)+9 X+y

_ (x+y)2 +3(x+y)—2xy+ Xy
xy+3(x+y)+9 X+y

Do (x+1)(y+1)=4=xy=3—(x+y)
bat t:x+y(0<t<3):>xy:3—t

2 2
Va 3—t=xy£(x;yj =%@t2+4t—1220:>r22 (do t>0)

t2+3t—2(3—t)+3—t t 3

Khido P= +——3Véi2ét<3
3—-t+3t+9 t 2t 2
Taco: P>2 5——— \/—
+y=+6
Dodé P, = f—i khi #=+/6 hay (x;y) 12 nghiém ciia hé xry=V6
2 xy=3-+/6
— - t—=2)(t-3
Talaico pol 3046 _=50+6+20_(1=2)(1=3) 0 gs o3
2t 2t 2t
) . e x+y=2
Do d6 P, =1 khi =2 hay (x;y) la nghiém cua hé | Sx=y=1
Xy =

Cau 58: Cho a,b,c la cac s thuc khong am théa man a+b+c =3

Chimng minh rang a\/b3 +1+ b\/c3 +1+ c\/a3 +1<5
Loi giai
Dt P:a\/b3+1 + b\/c3+1 + c\/a3+ 1 suy ra
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Cau 59:

Cau 60:

2P =2a\b’+ 1 +2b\’ +1 + 2¢c\Ja’ + 1=
2a\)(b +1)(6* = b+ 1)+ 2b\[(c +1)(c* = ¢ + 1)+ 2¢\(a + 1)(a* — a +1)

Sa(b2+2)+b(c2+2)+c(a2+2)=ab2+bc2+ca2+6=Q+6

Khong mat tinh tong quét, ta gia st b < ¢ < a ta co
b(a - c)(c - b) > 0 < abc + b’c > ab* + bc? < ab* + bc* + ca® < abe + b*c + ca?

a+b a+b

Dod(')Qéabc+bzc+ca2S2abc+bzc+ca2:c(a+b)2:4c R

4

4 a+b a+b) 4(a+b+c) 43
<—lc+ + = = =
27 2 2 27 27
Do d6 2P <10 < P<5.DA4u “=” xdyra < a+b+c=3, b<c<a, 2c=a+b, abc=2abc

<b=0,c=1,a=2.

Cho a,b,c 14 céc sb thuc duong thoa man abc=1.
a b c
+ +
(a+1)(b+1) (b+1)(c+1) (c+1)(a+1)
Loi gidi
Du doan: véi diéu kién rang budc cua cac sb thuc duong a,b,c c6 abc=1, ta cod thé du doan

Ching minh > % .

dang thirc xay rakhi a=b=c=1.
Ter d6 ta c6 bat diang thic cdn ching minh twong duwong  voi:
a(c+1)+b(a+1)+c(b+1) _ 3
>= (1)
(a+1)(b+1)(c+1) 4
Nhén thay rang:
(a+1)(b+1)(c+1)=(ab+b+c+1)(c+1)

:abc+ab+ac+a+bc+b+c+1=2+(ab+bc+ac)+(a+b+c)

Va: a(c+1)+b(a+1)+c(b+1)=(ac+bc+ab)+(a+b+c)
(ab+bc+ac)+(a+b+c) >§

2+(ab+bc+ac)+(a+b+c) 4

<:>4[(ab+bc+ac)+(a+b+c)}Z6+3[(ab+bc+ac)+(a+b+c)}

Vay (l) =

<:>(ab+bc+ac)+(a+b+c)26(*)
Laico: a+b+c>33/abc =3

ab+bc+ca>3a*b*c* =3

Nén (*) ludn dung.

Vay a + b + c 22.
(a+1)(b+1) (b+1)(c+1) (c+1)(a+1) 4
Dau "=" xayrakhivachikhi a=b=c=1.
Chimng minh rang: 5 al +— b4 +— z > !
x —yz+2019 »y°—zx+2019 =z —xy+2019 x+y+z
Loi giai

Chtng minh bat dang thirc:
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Cau 61:

2 42 2 2
a> b ¢ a+b+c .. .
—+—+—ZQ(*)V0’1 a, b,ceRva x, y,z>0.
X y z X+y+z

Vé6ia, beR va x, y>0 taco:

2
a_2+£>m

k)
X y xX+y

e (@y+bx)(x+y)zxp(a+b) < (bx—ay) 20 (luén ding).

. e 2 p2 2 (a+b) & (a+b+c)
Ap dung bat dang thirc (**), ta co: a—+b—+c—z( ) +C—Z( ) )
X y z xX+y z X+y+z

Vi:i xy + yz + zx = 673 nén x(xz—yz+2019) = x(x2+xy+zx+l346)>0.
Tuong ty: y(y* —zx+2019)>0 va z(z* —xy+2019)>0.
Ap dung bat dang thic (*) ta co:
x y z

2 + 2 + 2

x —yz+2019 y°—zx+2019 =z~ —xy+2019
x2 y2 ZZ

- + 2 + 2

x(x” = yz+2019)  y(»* —zx+2019)  z(z* —xy+2019)

. (x+y+z)2
B x3+y3+Z3—3xyz+2019(x+y+z)

Bién doi:

(1

x3+y3+z3—3xyz=(x+y)3—3xy(x+y)+z3—3xyz
:(x+y+z)[(x+y)2—(x+y)z+zz}—3xy(x+y+z)
:(x+y+z)(x2+y2+22—xy—yZ—Zx)

Ttr d6 suy ra:

X+ +2 =3xpz+2019(x+y+z)= (x+y+2) (x2+y2+22—xy—yz—zx+3-673)
:(.X+y+Z) |:x2+y2+Zz_xy_yZ_ZX+3'(xy+yZ+Zx):|

= (x+y+2) (x+y+z)2 :(x+y+z)3 2)

Tur (1) va(2) suy ra

x .\ y s z >(x+y+z)2_
x> —yz+2019  »*—zx+2019 Zz—xy+2019_(x+y+z)3 X+ y+z

223 D) o o ).

cyc

(dpcm).

Cho @ >0, b> 0. Chirmg minh &(@-1}2@(%\&} Déu = xy ra khi ndo?
a

Loi giai
Véi a>0; b>0 tacod:

Phuong trinh (1) twong duong: \/%(\/% — 1) > (1 - \/EJ Q)
a
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Dit \/% =X (X >0). Thay vao phuong trinh (2) ta c6: X (X —1)> (1—%)

2 —_— —_— —_—
@X(X—I)ZX_IQX(X (X1,
X X

(x-1)(x-1) oo (X =1)(X =1)(X +1) 0w (X —1)" (X +1) .
X X

Do X >0 nén X +1>0 ma (X -1)">0.

Suyravéi a>0, b>0 thi \/Z(\/%—qzﬁ@-\ﬁ].
a

Viy ddu bang xdayra < X =1<a=h.

=

Cau 62: Cho x; y; z 1a cac sd thyc duong thoa méan: xyz = 1. Tim gia tri 16n nhat cua biéu

1 1 1
5 + +

thirc: 4 =
Y+y 4+l Y4241 24X +1

Loi giai
Taco (x—y)’ =0 Vx;y
<:>x2—xy+y22xy
Ma x;y > 0 =>x+y>0
Ta cé: x> +y° = (x + y)(x? - xy + y?)
= X +y > (x +y)xy
= x>+ y +1 =x3+yP +xyz > (x + y)xy + xyz
S>xX+Hy 1 >xy(x+y+2z)>0
Tuong tw: y* + 2>+ 1 >yz(x +y+2)>0
Z2+x+1>zx(x+y+2)>0

1 1 1

=A< + +
xy(x+y+z) yz(x+y+2z) xz(xX+y+2z)

A< Xtytz
CXyzZ(X+y+2)

:ASL:I
Xyz

Viy gia tri l6nnhatciaAlal @ x=y=z=1

Céu 63: Cho x, y, z 12 ba s6 duong. Chtrng minh ring:

1 1 1 11 1 1
2 t 3 t3 SOl -t ot
X +yz Yy +4+xz z+xy 2\xy yz zx
Loi giai
Ap dung BPT C6 si cho cac s6 duong x* va yz, ta co:
1 I 1

X Hyz > 24x7yz = 2xyz = ! < =—
2 x\/;

X’ +yz 2x yz

1 < lvé 1 <1.1

1
y2+xz_2'y\/; zz+xy_2z\/5

Tuong tu, ta co:
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1 1 1 1
Suy ra: + + <=

1
1
X +yz Y 4xz 0+ xy 2( y\/x_z \/_]()
I 1 1 \/E+JE+\/E
+ + = (2)
X+ yz y\/x_z z\/a xyz
Ta co: yz+x/;+\/5 <x+y+z(@3)
Thét viy: (*) < 24yz + 2Vxz + 2y <2x + 2y + 2z
2 2 2
<:>(\/——\/;) +(\/——\/;) +(\/;—\/;) > 0 (BDT dang)

Dau “="xayrakhix=y=z

Ta co:

Tur (2) va (3) suy ra: ! + ! + ! §x+y+Z:L+i+i(4)
XAl Yz y\/; ZA/ XY xyz yz Xz Xy

Tar (1) va (4) suy ra: ——— + — 4 ! SL(L+L+LJ
X +yz y4xz z +xy 2\xy yz zx

Ciu 64: Cho x,y,z 1a cac sd thuc duong théa man x > z. Ching minh ring

Xz y? x+2z_5

> + + >
yi+yz xz+yz x+z 2

Loi gidi
xz oy 2z
Xz : x+2z  yz [P
Tacd P=— X - )= X
y +yz xz+yz Xx+z y—+l EJFI 142
vz vz X
X 2
Xy 2z
B R L
Ty x T hel el el
4l S41 142 a+i dxc
z y X
trong d6 a®> ==, b* =, > == (a,b,c >0)
y z x
Nhén xét rang a’. b* =§=CL221 (do x>z).

@ b 2ab @ (@ +1)(ab+1)+b* (b +1)(ab+1)-2aba’ (a® +1)(b* +1)

Rt Tt ™ (@ +1)( +1)(abe1)
_ab(a” =b*) +(a=b)(a’~b')+(a=b)’ >0
(az+1)(b2+1)(ab+l) -
2
, 2 b’ 2ab N 2 s o .

Do d6 bZa+1"'az+1 > aba+1 :lil :1+c (l) Dang thitc xdy rakhi a=>.
C

Khi d6 i+1+202 _2_2(2(1+cz)+(1+c)(1+202))—5(1+c)(1+cz)

l4c A2+1 2 2(1+C)(1+c2)
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C1-3c¢+3-¢ (l-¢) N <
_2(1+c)(1+cz)_2(1+C)(1+Cz)_0 (dO C_l) (2)

Tu (1) va (2) suy ra diéu phai ching minh.Déang thic xay rakhi a=b, c=1<x=y=z.

Cau 65: Cho a,b,c la cac sb thuc thoéa min a®+b°+c¢><12. Tim gia tri 16n nhit cua biéu thic
S = 4((13 +b’ +c3)—(a4 +b* +c4)

Loi giai
Ta co
S=4(a3 +b3+c3)—(a4+b4+c4):(4a3 —a4)+(4b3 —b4)+(4c3 —04)

Ta ching minh: (4a3 - a4) < 4q* that vay

(4a’ -a*)<4d’ & a* -4d’ +4a’ 20 = a’(a=2)" 20
Tuong tu ta co (4b3 —b4)£ 4172;(4c3 —c4) <4c?

Viy ta co:

S :4(a3 +b’ +c3)—(a4 +b* +c4)

=(4a’ —a*)+ (40’ -b") +(4c’ —c*) <4(a’ + b7 +7) < 48
Vay gié tri 16n nhat bang 48 xay ra khi (a,b,¢)=(2,2,2)

Cau 66: Cho a, b, ¢ 1a ba sb thuc duong thoa mén a+b+c =3. Ching minh rang:

1 1 1 o -
—+—+—2a’+b’+c’. Dau dang thirc xay ra khi nao?
a b ¢
Loi giai
A A . A £ n , ) 1 . ,
Trudng hop 1: Néu ton tai mot trong ba s6 a, b, ¢ thudc nira khoang (0; EJ thi ta co

%+biz+ci2 >9=(a+b+ c)2 > a* +b* +¢* . Khi d6 bat dang thirc can ching minh dung.

Truéngh(jp2:a>l;b>l;c>ltac() a+b+c:3>a+l+l:>a<Z tuongtu’b<z;
3 3 3 3 3 3
c<Z.V€1y a;b;ce l,z .
3 33

Ta ching minh Lz—x2 >-4x+4 Vxe (%,%) ().
X

That vay

(*) & 1-x* >4 +4x* & x* —4x* +4x* —1<0 <:>(x—1)2(x2 ~2x-1)<0
& (x=1)"((x=1)" ~2) <0 luén diing voi VxeG;%j.

Vay Lz—a2 >—-4a+4; bLZ—b2 >—-4b+4; Lz—c2 >—4c+4.
a c
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Cau 67:

Cau 68:

Tur d6 suy ra L2+L2+L2—a2 b’ —c* 2 —4(a+b+c)+12=0 :>L2+L2+L22a2 +b” +c
a b ¢ a b” ¢

(dpcm). Diu «

<17 xay ra khi va chi

a b C
+ +
a++2013a+bc b+ +2013b+ca c++2013c+ab

khi a=b=c=1.

Cho a,b,c>0.ChL'rngminhr5ng\/ a +\/ b +\/ € 2.
b+c \Nc+a a+b

Loi giai
Chﬁngminhrﬁng\/ a +\/ b +\/ € 2.
b+c c+a a+b

, a 2a
Ap dung BDT Cauchy tacoé a+b+c>2\/a(b+c <:>,/ >
b g y ( ) b+c a+b+c

Ching minh tuong tu ta dugc

/ c
c+a a+b+c a+b a+b+c

\/ \/ \/ a+b+c)
Suy ra =2
b+c c+a a+b a+b+c

a=b+c

Dau bang xay ra < {b=c+a < a=b=c=0(Trai voi gia thiét)
c=a+b
Vay dau = khong xay ra suy ra dpcm.

Cho x,y,z >1. Tim gia tri nho nhét ctia biéu thirc:

X y z
T: + +
3yx+2y—-1-4 3\y+2z-1-4 3Jz+2x-1-4
Loi giai
2 2 2 2
X P +b+
Trudce hét ta chirng minh bat dang thirc a—+b—+c—2—(a C)
X y z xX+y+z

(*) voi x,y,z>0, a,b,c
bat ki.

£ , a b c
Dau "=" xdayra & —=—=—
X y z

2 2 2
a+b
Chitng minh: Trudc hét ta ching minh a_+b_ > ( ) ,
X oy x+y

That vay quy dong hai vé 1én ta dugc bét dang thirc trong duong (ay — bx)2 >0, luén ding.
Diu "=" xay ra <:>ay=bx<:>£=2
R
2 42 2 2
. a+b
Ap dung ta duoc a—+b—+c—2( )
x oy oz

2
c? (a+b+c)
po>
X+y  z  Xx+y+z
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b
A n_n 2 Y a b c
Dau "=" xdy ra < & —=—=— (dpcm)
b ¢ x y =z

a
X
a

X+y z
Bt dang thirc thirc (*) duwoc chimg minh.
Ap dung bét dang thirc ¢o- si cho hai s6 khong am 3 va \/xTy—l ta co:
9+x+2y—-1 «x

3Jx+2y—-1< =—+y+4
y > Sty
:3./x+2y—1—4s§+y
2
Suy ra X S X 2x _ 22x
3Jx+2y—-1-4 gw x+2y  x%+2xy
2 2
Twong tu 2y z 2z

a4 > . >
3Jy+2z—-1-4 y2+2yz’3\/z+2x— —4 2402
Cong vé véi vé tuong tmg clia cac bat dang thic trén ta duoc
2 2 2
> 22x N 22 . 222
X“+2xy Yy +2yz z"42zx

Lai ap dung bét dang thirc (*) ta c6

2x? N 2y° N 222 -9 (x+y+z)2 5
x2+2xy y2+2yz 22 +2zx x2+2xy+y2+2yz+22+22x
Dodo T =2

x+2y-1=9
y+2z-1=9
Dau "=" xdyra < {z+2x—-1=9 @x:y:z:?(TMBK)
x _y oz
x2+2xy y2+2yz_22+2zx

Vay Min 7 =2 khi x = y—z—130

Céu 69: Cho ba sé duong a,b, c thoa man: \/a2 +b +\/b2 +c? +\/c2 +a’ =+/2011.

2 2 2
Chimg minh rang: A b +-C > l %
b+c c+a a+b 2\ 2

Loi giai

Taco 2(a’ +b°) > (a+b)>.

2 b2 CZ 2

>
b+c+c+a+a+b \/2 b2+c \/2 c +a’ +\/2(c2+a2)

Pit x=vb* +¢’ ,y:\/c +a ,z=\/a +b%,

y2+22—x2+Zz+x2—y2+x2+y2—zz

22x 22y 22z
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suyra VT >




L [(w+2? (z+x)° (x4
(G e N |
szi [(y;xz) +2x—3xJ+(%+2y—3y]+(%+22—32ﬂ

1
2m[(Z(y+Z)—3x)+(2(z+x)—3y)+(2(x+y—32)]

Suy ra VTZL(ijy+Z):l 2011

22 2\ 2

Ciau 70: Chox, y, z 1a cac sb thyc duong thoa man X +y+z=xyz.

1+v1+x° +1+\/1+y2 +1+\/1+22

x y z

Chting minh rang: <xyz
Loi giai
1 1 1
Tu Gtsuy ra: —+—+—=1.
Xy yz zX

Al \/1 T 11 \/[1 1}(1 1) 1(2 1 1},, )
Nén ta co: = —t—t—+—= || —+— || 4= || ZH—+ = ||"="y=2
X

X X’ Xy yz zx X y z) 2\x y z

4 X 2

g IrIey” 11 4 1) Levlez 101 1 4
B ’ 2lx oy oz

Tuong tu ta co —+—+—
b% 2 z

xX y z
1+ 1+x 1+«/1+y 1+\/1+z (
X

X

Vay ta co

Ta co (x+y+x)2—3(xy+yz+xx):....:%[(x—y)z+(y—z)2+(x—z)2}20

Nén()c+y+x)2 >3(xy+ yz +xx)

I 1 1
:>(xyz)223(xy+yz+xz):>3méxyz:>3(—+—+—jéxyz
xyz X y z
2 2 2
Vayl+\/1+x +1+\/1+y +1+\/1+z <xzi'="Gx=y=2z
x y z

Cau7l: Cho 3 sb a, b, ¢ théa min 0<a<b<c<l. Tim gid tri 16n nhit cia biéu thirc

B= (a+b+c+3)[ 1 b-1|-1+C-1|-1]

Loi gidi
biat x=1+c, y=1+b, z=l+ado 0 <a<b<c <1 =>1<z <y<x<2
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Khi d6 A=

1 1 1
x+tytz)(—+—+— )3+3+x+x+y+y+z+i
X Yy Zz X z Xy
(l_zj[l_z}o@1_1_1+ﬂ20@£+1g£+1
z y z y.z y z z
(1—-)(1——j>0@1—5—1+ﬂzo@Z+Zsi+1
X y X yx y X X
PRSI S +2:>x+x+y+y+£+££2(£+ij+2
y z y X z X y z X z Xy z X
bat —=t=>1<¢<2

X z 1 241 22-5t+2 5 (2t-D(-2) 5
t+=-= = +== +=
zZ X t t 2t 2 2t 2

Dol<t<2 = F=D=2) o x,
z

zZ.3
2t x 2

=A <3+ 2.§+2 =10 Ta thay khi a=b=0 va c=1 thi A=10 nén gia tri 16n nhat cia A 13 10

Cau 72: Cho x, y la cac sb thuc duong thoa man: 1 + 2 =2 . Chung minh rang:
Xy

5% +y—4xy+y> >3

Loi gidi

* Ta co:

5% +y—4xy+y’ >3
S 4X7 —4xy+y’ +x>+y—-320

22

<:>(2x—y) +x +y-320
*l+z:2©g:2_l©gzzx_l<:>y: 2X

Xy y X oy X 2x—1

Viiy>0;x>0=2x-1>0= x>1/2 Thay y:22x1 vao x2+y—320
x_

3_ 2 _
_320<:>2x X" +2x 6X+320(1)

Tacod: X*+y—-3>20< x>+
2x—1 2x—1

Vi2x-1>0= (1)< 2x’ —x* +2Xx-6x+3>02x° —x* —4x+3>0
Ma
2X3—X2—4X+3=2X3—2X2+X2—X—3X+3=(X—1)(2X2+X—3)

=(X—1)2(2X+3)20 vx >0 Vay (2X—y)2+xz+y—320 vx >0,y >0
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ab N bc N ca <cz+b+c
a+3b+2c b+3c+2a c+3a+2b 6
Loi giai

Cau 73: Cho a,b,c la cac sd thuc duong. CMR:

Du doan a=b=c tich mau dé a+c=b+c=2b

Taco6 ap dung BDT (x+y+z)(l+l+l]29©;£l(l+l+lj
X y z x+y+z 9\x y z
ab ab ab( 1 1 1 1 ab ab a
_ P LN S N P L A A O
a+3b+2c (a+c)+(b+c)+2b 9 \a+c b+c 2b) 9\a+c b+c 2
Tuong tu
bc bc bel 1 1 1 1( bc bc b
= <— + +— |== + +—1(2)
2a+b+3c (a+b)+(a+c)+2¢c 9\a+c b+c 2b) 9\a+b b+c 2

ac ac ac( 1 1 | 1{ ac ac ¢
= _—( + +—j ( + +—J(2)
3a+2b+c (a+b)+(b+c)+2a 9 \a+b b+c 2a) 9\a+b b+c 2

T (1) (2) (3) suy ra polfac+be abtac betab atbtc)_a+b+tc
9\ a+b b+c a+c 2 6
Déu “=" xay ra khi a=b=c

1 1

1
—t— .t
W2 4B ()

Dy .. 1
Cau 74: Ching minh rang: Véi moi s6 nguyén duong n, ta co: 5 + <3.

Loi giai
Taco 1 = ntlon- (m)t(%f=(m_%)(;/(n+1)2+m+vn—z).
Ma 3f(n+1)" +f(n+ 1)+ <33(n+1) = 1<33(n+1)° (Vnr1-n).
1 R(n+1)* (¥n+1-3n) 3( 1 J

Tu d6 suy ra < =3 —=——
T )Y (n+ 1)V Y Ynsl

Nénl+L+L+ +;<3(1_Lj+3(i_ij+ +3[L_ 1 )
2 32 KRBT m+pdn U N2 2 33) 7 W Yn+

11 1 1 1 1
=—+ + +..+ < 3| —- <3
2 332 433 (n+1)3n [1 %/mlj

1 1 1 1

= —+ + +o.t
2 %2 4B (n+))dn

Céu 75: Cho hai s thuc x va y théoamin x* +xy+y* =1. Tim gi4 tri 16n nhat cia P=x’y +xp°.

<3.

Loi giai

Ap dung BDT Cési cho 2 s6 khong 4m ta co:

X2+ > 24x*y° :2|xy|22xy :>x2+y2+xy22xy+xy:3xy:xyé%.
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a+b)2

Taco (a—b) 20 2ab<a* +b* < dab<(a+b) o ab<l

(1)-

P=x'y+xy’ :xy(x2+y2)=xy(l—xy) vi X’ +xy+y° =1

2 2 2
Ap dung BDT (1) taco 2P =2xy.(1-xy) < _ = <{1+—=1| :4=—
Ap dung BDT (1) y.(1-xy) (2xy+i 2) (H:y) ( 1] ;

2 o s 2 s _ . .
= P< e Vay P co6 gia tri 1on nhat bang s Dau bang xay ra khi va chi khi

xyzévé |x|=|y| :xzyzihoéc X=y=

-1
NS Na

3a—-b 3b-c 3c-a
2 + 2 2
a +ab b +bc ¢ +ca

Céau 76: Chung minh rang (a+b+c){ }S 9 véi a,b,c 1a @0 dai ba canh cua

mot tam giac.
Loi giai
Gidsut a+b+c=tvadit a=t;b=ty;c=tz=>x+y+z=1.

Ta chimg minht(x+ y+z) 5(3)26_)}) n 5(3)2/_2) + 5(35_’5) <9
4 (x +Xy) t (y +yz) t (z +zx)
3x—y N 3y—-z N 3z—x <9,
X +xy Vi+yz zZ+zx
4x—(x+y)_|_4)/—()/+Z)+4z—(z+x)£9<:> 4 _l+i_l+i_l£9
x(x+)/) y(y+Z) Z(Z+x) -z x 1-x y 1-y =z

-1 -1 1 .
& >x >+ >Y Sy <9 Vi ab,c la ba canh cia mdt tam gidc
x—x" y—y’ z z°

néna-+b >c:>x,y,ze(0;%j.

Ta co: _1S18x—3<:>(3x—1) (2x-1)<0 ding Vxe(O,lj
X—X
S5y-1 2 1
> £18y—3<:>(3y—1) (2y )<0 ding Vy e| 0;—
y=y 2
52—1<18 < 1
- < Z—3<:>(3z—1) (22 1) 0 ding Vze| 0;—
z—z 2
Suyra<:>5x_1+5y—1+5y_21£18(x+y+z)—9<:> x| ~+ y—l £ 1<9
xX—=x" y-y z-z x—-x> y-y° Z z’
. . 3 3yz 4zx Sxy
Cau 77: Cho x,y,z>0 théaman 2 y+\/—— Ching minh rang + + >4

T X y z
Loi giai

Ap dung bat dallng thirc CauChy ta co
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3yz+4zx+5xy:(£+ﬁj+2(ﬂ+ﬂ]+3[ﬁ+ﬂj222+4y+6x
X y z x y x z y z

=4(x+y)+2(z+x)28\/E+4JE=4\/§(2\/}+\/2):4J§.%=4.
X

Dau bang xay ra khi va chi khi

rmyozol
Yy 3
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