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SO GIAO DUC VA PAO TAO MON: TOAN
(Danh cho thi sinh thi chuyén Toan)
PE CHINH THUC Théi gian lm bai: 150 phit, khéng ké théi gian giao dé
(D2 thi gdm 01 trang)

Cﬁul(z,oaiém).ChobiéumacP=3"+4*/;‘7_‘/;“_*/—‘3,
x+2/x-3 Jx+3 Jx-1

a. Rut gon biéu thic P.
b. Tim tit c c4c gi4 trj nguyén cia x dé biéu thirc P nhin gi4 trj nguyén.
Cau 2 (1,0 diém). Cho P(x) la da thic c6 tat ci c4c hé sb nguyén. Biét ring, P(2025) va
P(2026) 12 c4c s6 tyr nhién 1é. Chémg minh ring, da thirc P(x) khong cé nghiém nguyén.
Ciu 3 (1,0 diém). Lép 9D c6 45 hoc sinh, mdi ban déu biét choi it nhét mot trong hai mén
thé thao: 44 ciu, béng d4. Chon ngiu nhién mét hoc sinh trong 16p d6. Xét cac bién cb:
A “Hoc sinh dugc chon biét choi ca hai mén d4 ciu va bong d4”;
B: “Hoc sinh duge chon biét choi mén d4 ciu”.
Biét ring, X4c suat ciia bién ¢d 4 bing %, X4c suit ciia bién c6 B bing :32- Tinh xé4c suit clia
bién ¢ C: “Hoc sinh dugc chon biét choi mén béng d4”.
Ciu 4 (2,0 diém).
a. Cho sé nguyén duong 7 12 tich cia ba s6 nguyén t phan biét. Biét ring, tong tit ca cic
udc nguyén duong clia 7 bing 2n—16. Chimg minh ring, n—8 chia hét cho 6.
b. Cho p la sb nguyén t6 thoi man p—1 chia hét cho 4. Chimg minh ring, p*-p*—4
khéng phai 12 s chinh phuong.
Ciu 5 (3,0 diém). Cho tam gi4c nhon 4BC (4B <.AC).néi tiép dudmg trdn (0). Goi BH va
CQ 14 hai dudng cao clia tam gidc ABC. Tiép tuyén tai B va tai C clia dudng trdn (O) cit nhau
tai M. Hai dudmg thing OM va BC cit nhau tai N.
a. Chimg minh ring, 4BO = BHN.
b. Dudmg thing OM cit dudng trdn (O) tai D va S (D nim gita O va M ). Hai dudng thing

AD va BC cétnhautal F. Goi I 1 tim dudng tron ngoai tiép tam gidc AFN. Chimg minh ring,
hai dudmg thing O va AS vuéng géc véi nhau,

c. Hai dudng thing AM va BC cét nhau tai E. Hai dudng thing AN va HQ cét nhau tai G.
Chimg minh ring, hai duong thing GE va OM song song véi nhau.
Ciu 6 (1,0 diém). Ban Thai viét ra bang 100 s& nguyén duong déi mét phan biét, mdi sé
khéng 16n hon 2%. Déi véi mdi cip s6 (a, b) duge ban Thai viét ra, ban Nguyén viét sb
a+b—UCLN(a, b) trén bang. Chimg minh rdng, ¢6 it nhit mot s6 trong c4c s& ma ban
Nguyén viét khéc véi tt ca cic s6 ma ban Thii viét.
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Cau 1.
x+24x=3%0
#1 ) .
a. DPKXD:{/x 120 <:>{x>O.V('nx20,x¢1,taco
X2
x>0

C3x+dx =7 x4l Afx-3 3x+4x-7 x4l Wx-3

P V3 nt3 ol (aDWa3) Axi3 el

@P:3x+4\/;—7—(\/;+1)(\/;—1)—(\/;+3)(\/;—3): x4 +3 (x4 +3) _Jx+l
(Vx —D(Wx +3) Wx-DWx+3) Wx-DWx+3) Jx-1

Vay P=\/\/§j Voix>0,x %1,

b.V(’yixZO,x;tl,céP:%:Hﬁ.

. 2 .
bé P nguyén thi N nguyén < +x -1 UQ2)= {ir l;iZ} ,kéthop x>0,x#1 = x e {0;4;9}
x —

Vay tap gia tri nguyén cua x thoa man la {0;4;9}.

Cau 2. Gia st da thitc P(x) bac n>1 thoa mian P(2025), P(2026) 1a s6 tu nhién va ¢ nghiém
nguyén a. Khi d6 theo dinh 1y Bezout thi P(x) =(x—a).Q(x), véi degQ(x)=n-1.

Ta c6: P(2025)P(2026) = (2025 —a).0(2025).(2026 — a).0(2026).

Do 2025-a,2026 —a 1a hai sb nguyén lién tiép nén (2025—a)(2026 —a) chan.

Mit khac P(2025)P(2026) 1é. Do d6 xay ra diéu mau thudn.

Vay da thtic P(x) khong c6 nghi¢m nguyén.

Cau 3.

© & D

Hinh chira C, B 1an luot 1a tap cac HS biét choi mon dé cau va bong d4. Hinh chira 4 13 tip cac

HS biét choi ca hai mon dé cau va bong da. Goi s6 phan tir tap chi A,B,C lan luot 1a n,,n,,n,..
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. . . . 2
Goi xac suat cua bién co 4, B, Clan lugt1a p,, py, po- Theo gia thiét thi p, =§,p3 :E'

. . . 2
Cach 1: SO hoc sinh biét choi ca hai mon da cau vabong dala n, = p,.45= 5.45 =10 hoc sinh.

. . \ 2
S0 hoc sinh biét choi mon da cau la n, = p.45= 5.45 =30 hoc sinh.

= S hoc sinh biét choi mon da bong 1a: n. =45-30+10 =25 hoc sinh.

ne 25 5

Xac suatbién cd Cla: pe=——=——=—.
= Xac suat bien co C la: P 45 45 9
Cich 2: Xac suat bién c6 C 1a

=l-p,+ _1_§+2_§
Pc Pp TPy 379 9"

Vay pc = >
9
Cau 4.
a. Gia stt n = pqr, voip, g, r 1a cac s nguyén t6 phan biét.
Ta 6 cac udc duong cua n 13 1, p,q,r, pq,qr, pr, pgr. Theo gia thiét thi
2n—16=1+p+q+r+pg+qr+rp+ pgr=~1+p)1+q)(1+r).
Tacla 4|(1+ p)A+q)A+r). 2pgr—16 =1+ p)A+q)1+7r).
Trong p, g, r phai c6 it nhit hai s nguyén t6 1&. Suy ra 4|1+ p)(1+q)(1+r) = 2(n—3).
Hay ndi cach khac 2|n-8. (1)
Gia sir ta p, ¢, r 1a cac s6 nguyén td chia cho 3 du 1, thi c6 p+1,¢g+1,7+1 chia cho 3 du 2.
Do d6 (1+ p)(1+¢q)(1+r) chiacho 3 du 2 va 2pgr chia cho 3 du 2.
Suy ra 16 =2 pgr —(1+ p)(1+¢)(1+r) chia hét cho 3. Dan dén diéu vo 1y.
Nhu vay trong ba s6 ton tai mot sd chia cho 3 du 2.
Khido 3|(1+ p)1+q)1+r)=2(n—8) hay 3|n-38. (2)
T (1) va (2) ta cd n—8 chia hét cho 6.
b. Gia st p’ — p> —4 1a s6 chinh phuong, dat p’ —p* -4=a".
Khido a’ =(p-2)(p*+p+2).
Piat d =gcd(p—-2,p> +p+2). Suyrad|(p-2)(p+3)+8=4d|8.
- Néu d chin thi p—2 chin va kéo theo p—11¢,voly do 4| p—1.
-Néu d=1. Khidd p—2,p° + p+2 déula sb chinh phuong.
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Do p—1 chia hét cho 4 nén p—2 chia cho 4 du 3, suy ra p—2 khong thé 1a sé chinh phuong
(do s6 chinh phuong chia cho 4 chi du 0 hodc 1). Nhu vay diéu gia sir 1 sai.

Vay p’ — p> —4 khong thé 1a sé chinh phuong.

Chii y: ¢ trén ta ding tinh chat: Néu hai s6 nguyén duong a,b nguyén t6 cing nhau va tich ab
1a s6 chinh phuong thi a,b déu 14 sé chinh phuong. HS tw chitng minh.

Cau 5.

a. Ta c6 tam giac ABO can tai O va tam giac HNB can tai N nén £/BHN = Z/NBH.

Ta c6 bién ddi goc nhu sau

180°— ZAOB 180" ~2/ACB
2

ZABO = =90' - /ACB = Z/HBN = /BHN.

b. Do DS di qua O nén DS 1a duong kinh ctia duong tron (O). Suy ra ZSAF =90

Ta thay SM vudng goc BC tai N nén ZSNF =90,

Khi d6 ta chimg minh duoc tir giac ASNF ndi tiép. Ma do 7 1a tAm dudng tron ngoai tiép tam
giac AFN nén tir giac ASNF ndi tiép duong tron (/) ¢6 duong kinh 1a SF.

04=0S8

4= IS = Ol la duong trung truc ciia A4S nén Of vudng goc AS.

Do d6 ta co: {

|

c. Ta co N 1a trung diém cua BC, suy ra NQ = NH = NB = NC.
Goi J 1a trung diém GH thi NJ vudng gboc voi GH. Ta co:

AH _sin ZABH.AB _sin ZHNQ ‘ AB _ sin JEHNJ. AB _ JH.AZB _ HQ.AB
HN HN 2 HN  HN NQ.BC

M
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Ta c6 bién doi goc:
ZBMC =180"— ZBOC =180" —=2/BAC =180 —2(90" — ZACQ) = L HNOQ.

Chu y tam gidc HNQ can tai N va BCM can tai M nén

HQO ON HQ 1

AQNH ~ ABMC = = = = .(2)
BC BM  ON.BC BM
T (1 3 (2 A_H—A_B(3)
u(l)va(2)suyra N - BM

Ta cé: LAHN = LZAHQ + ZQHN = LZABC + ZMBC = ZABM (AAQH ~ AACB).(4)

/NAH = ZMAB(5)
T (3) (4) suy ra AAHN ~AABM (c.gc) =< AN AH

S 7 %
AM AB()
AG AH
Tu (5) suy ra AAHG ~ AABE(g.g) => —— = ——(**
(5) suy (gg)=- =2

Tir (%) va (%) thi 2% =AY _ 6E || oM. Ta c6 didu phai ching minh.
AE  AM

Cau 6.
Ta thay cac s6 ma ban Nguyén viét ra déu 13 sé nguyén duong. Goi 100 sé ma Thai viét ra bang
1d a, <a, <...<ay,,(a, e N"). Gia sir khong ton tai s6 nao trong cac s ma ban Nguyén viét khac
vOi tat ca cac ma ban Thai viét.
Nhu vay voimoi 1<i< j<100, thi g, +a, —gcd(al.,aj) esS,S= {al;az;...;aloo}.
Khi d6 ag, +a,5, — 26d(ayy,a,4y) € S. Ta thiy dgy < @ + ;4 — gcd(agy, a0y ) . Suy ra

Agy + a19g — 86A(gg, Ay99) = @y < 8Cd(agy, A1) = Agg = Ao | @19 (1)
Bay gi0, gy < dgg + agy — gCd(dyg, ayy) .
Néu Aog + Agg — 8CA(agg, g9 ) = @199 = Aoy | Agg —gCd(dyg, gy ) , do (1)
Suy ra agy < agy —gcd(ayg, gy ) < g, vO 1y. Nhur vay

Uog + Aoy — 8Cd(dog, gy ) = Aoy = Aog | Aoy | g0

Bay gi0, ay; <dy, +ag —ged(ay;, ag) = ay; + agg —ged(ay;, ag ) € {a%a gy 5 Ay }
Tuong tu nhu trén thi ay, | deg | gy | -

Lap lai qua trinh nhu vy thita co a,|a, |...| aog | Ggy | @1gp-

Tadit a,, =q,.a, voi ¢, €N ,q, #1,Vi=1,99.

Ta thiy @4y = @ooGos--q1a = 2. Ma a,,, khong 16n hon 2°*. Suy ra mau thuén.

Nhu vay c6 it nhat mot so trong cac s6 ma ban Nguyén viét khac véi tat ca cac ma ban Thai viét.
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