DAT HOC QUAC GIA TTA NOI DE THI TUYEN SINH VAO LGP 10
TRUONG DAl HQC KHOA HQC TY NHIEN TRUONG THPT CHUYEN KHTN NAM 2025

D2 chinh thire

MON THI: TOAN (VONG 2)
Thoi gian lam bai: 150 phit (khong ké thoi gian phat de)
Ciu L. (3,5 didm)
1) Giai phuong trinh

Y1 +4B3257 - 2x+1 =425 —x+1+4x* +1,

trong d6 v6i a 12 sé thie khong am thi ¥a =+Va.
2) Giai hé phuong trinh

X+y+xy=3,
1+12(x+y) =7y’ +6xy(y +3-xp).

Cau IL (2,5 diém)
1) Tim tAt ca c4c cdp s6 nguyén duong (x;y) théa man
25" +(47 +1)(4x* +3x+3) = (4" +4x* +3x+4)5".
2) Cho cac sé thuc x,y,z théamin 1<x,y,z < 2. Chimg minh ring

x ¥ .z x y? z 3xy 3yz 3zx
- e T | R Tt 3 3 ¥ 3 7|23 t 3 *
x+8z y +8x z +8y z°+8xy x +8yz y +8zx

3
y 23 x3

Cau I11. (3,0 diém)
Cho tam gidc ABC cantai 4 c6 O la trung diém BC va BAC <90°. Xét duong tron (O) tiép
xtc céc canh CA, AB theo tha tu tai R, Q. Trén cac canh CA, AB lan luot iy E,F (khong tring
cac dinh tam gi4c) sao cho EF tiép xtic (O) tai P va EF khong song song BC. Goi H,K lan
luot 14 tryc tAm céc tam gidc OFB, OEC. Goi giao diém cha FH,EK véi BC lanluotla M, N.
1) Chimg minh ring hai tam gidc OHM,OKN dbng dang va R = ﬂ.
OH AF
2) Dung diém G sao cho OHGK 14 hinh binh hanh. Chimg minh ring O,G, P thing hang.
3) Liy S,T lan luot d6i xung véi Q,R qua BC. Gia st X la giao diém cua SF va
TE, D la giao diém cia BS va CT. Ching minh ring AX song song véi PD.
Cau IV. (1,0 diém)
Mot tdp M céc s6 thuc phan biét dugc goi 1a tap dic biét néu no ¢6 nhitng tinh chét sau:
i) voi mdi x,ye M, x# y thi xy#0,x+y#0 va ding mdt trong hai sd xy,x+y 1a
50 hitu ty;
i) voi mdi x e M thi x* 1asévaty.
Hay tim sb phan t&r 16n nhét c6 thé ¢6 cua tap dic biét.
---HET---

Cdn bg coi thi khong gidi thich gi thém
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Cau I:
(1) Giai phuong trinh

Ve+1+4+V322-2c+1=v222—z+1+Vz3+1,
trong d6 véi a 1a sb thyc khong am thi /a = /av/a.
(2) Giai hé phuong trinh
T+y+zy=23,
1+ 12(z +y) = Ty® + 6zy(y + 3 — zy).
Cau II:
(1) Tim tat ca cac cip sb nguyén duong (z;y) théa man
25Y + (4 + 1)(4z° + 3z + 3) = (4" + 42% + 3z + 4)5Y.
(2) Cho cac sb thyc z,y, z théa méan 1 < z,y,z < 2. Ching minh ring
2:3 3 23 23 3 3 3 3 3
8 e e e
y? 28 23 ) \ 234823 3 +8z3 23483 224+ 8zy 22+8yz y?+ 82z

Cau III: Cho tam gidc ABC can tai A c6 O la trung diém BC va BAC < 90°. Xét duong tron (O)
tiép xtc cAc canh CA, AB theo thit ty tai R, Q. Trén cac canh CA, AB lan lugt liy E, F (khong tring
cac dinh tam giac) sao cho EF tiép xtic (O) tai P va EF khong song song BC. Goi H, K lan lugt 1a
trye tam cac tam gidsc OF B, OEC. Goi giao diém ctia FH, EK véi BC lan lugt 13 M, N.
i OK _ AE
OH AF’
(2) Dyng diém G sao cho OHGK la hinh binh hanh. Ching minh ring O, G, P thing hang.

(1) Chitng minh ring hai tam gisc OHM,OK N dong dang

(3) Lay S,T lan lugt déi ximg véi Q, R qua BC. Gia sit X la giao diém cta SF va TE, D la giao
diém ctia BS va CT. Chitng minh ring AX song song véi PD.

Cau IV: Mot tap M céc s6 thyc phan biét duge goi 1a tap dic biét néu né cé nhitng tinh chat sau:
i) véi méi z,y € M, x # y thi zy # 0,z + y # 0 va dling mot trong hai sb zy, r + y 1a s hitu ty;
ii) v6i mdi z € M thi z? 1a s6 vo ty.

Hay tim s6 phan ti 16n nhit c6 thé c6 cha tap dic biét.
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Cau I:
(1) Giai phuong trinh

Ve+1+v322 -2z +1=v222—z+1+ Vz2+1
trong dé6 véi a la s thyc khong am thi ¥/a = 1/\/a.
(2) Giai hé phuong trinh
z+y+zy=3,
1+ 12(z + y) = Ty® + 6zy(y + 3 — zy).
Ldi giai:
(1) bKXD: z > —1.
Chuyén vé ta c6 phuong trinh tuong duong
V32 —2z+1- V222 —z+1=Va2+1-Vz+1

V3224 1-V22 341 VaP+1-Va+]
V32 -2z +1+ V222 —z+1 Yr?+1+r+1

22—z

-——eeeee———— ——
(V322 -2z + 1+ 222 —z+1)(v322 -2z + 1+ 222 —z + 1)
-z

T (it vt )WV A1+ VT +])
Ta thiy réng phuong trinh c6 nghiém z = 0,z = 1.
Xét truong hogp z =# 0, 1.
= (V312 —22+1+ V222 —z+1)(V322 -2z + 1+ V222 —z + 1)
=(Ve?+1+vVz+ 1) (V22 +1+Vz +1)

Néuz’<z= V322 -2z +1< ¥z +1,V222 —z+1 < v/x2 + 1.
Dong thdi V322 -2z +1<vVz+1,vV222 —z+1 < Vz2 + 1.

Vi vay, ro rang diu bing sé khong thé xay ra.

Trudng hgp z? > z thi ciing tuong ty.

Do d6 phuong trinh chi ¢6 2 nghiém z = 0,z = 1.

(2) Ta c6 phuong trinh thit hai tuong duong
1+12(z+y)+2° +1° = 8y +6zy(y+z+y)+2° <= 1+12(z+y) —3zy(z+y) +(z+y)* = 2y+z)®

= 14+3z+y)d-zy)+ (z+9)> = Q+1)} = 143z +y) +3(+y) + (= +y)* = Qu+zx)®
= (z+y+1)P =+l =z+ty+l=Y+r=y=1=z=1

Vay hé phuong trinh ¢6 nghiém (z,y) = (1,1).
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Cau II:

(1)

Tim tat ca cac cip sb nguyen duong (z;y) théa man
25Y + (4 + 1)(42® + 3z + 3) = (4° + 42% + 3z + 4)5Y.

(2) Cho céc sb thuc z,y, z théa mén 1 < z,y,z < 2. Ching minh ring
3 3 3 3 3 3 3 3 3
P BN x P . & > oy Sz 3
o 23 22\ 234822 P+ 83 2248y 224+8zy 22+8yz y?>+ 82z
Lai giai:
(1) 25Y + (4= + 1)(42* + 3z + 3) = (4% + 42 + 3z + 4)5Y.

(2)

<= 5% + (4% + 1)(42® + 3z + 3) = (42% + 3z + 3)5Y + (4 + 1)5Y.

<= 5¥(5Y — 4" — 1) + (4z® + 3z + 3)(4* + 1 — 5¥) = 0.

< (Y —4"—-1)(42*+ 3z +3 —5Y) = 0.

TH1: 5Y = 4% + 1. Néu z = 1 thi y = 1 thit lai thda man.

Néu z > 2 thi 4* = 0 (mod 8) nén 5Y =1 (mod 8) suy ra y chn. Nhung lai ¢6 5 = 4" +1 =2
(mod 3) nén y 1é ta c6 diéu vo Ii.

TH2: 472 +3z+3 =5 suyra4z?+3x+3 /3 nénz /3 suy ra 4z’ +3x+3 = 1 (mod 3)
dan t6i 5 = 1 (mod 3) suy ra y chin. Khi d6 42> + 3z + 3 1a sb chinh phuong ma lai cé
(2z)? <42 +3x+3< (2z+2)?suyrad4z’+3z+3=(2z+1)? = =2 = y=2. Thi lai
théa man.

Vay (z;9) = (1;1), (2;2).

Ta chitng minh VT' > 1> VP.

3z 3 3
Dit A= ——0 o o TR
22+8ry z2+8yz y?+8zz
8 27 % y? (z+y+2)?

3—-A= + - >
3 22+ 8zy x2+8yz y?+8zx — 2+ y?+ 22+ 8(xy +yz + 2x)

o =

8
Tacbd 22 +y* + 22+ 8(zy+yz+2z) = (r+y+2)*+6(zy+yz+2z) < 3(z+y+2)* nén 3— §A >
hay A<1tiic VP<1.
3 3
L v e T
2+823  y*+8z2 248y

Pt =@, P=b=cwmB=

Suy ra
a b c
a+8 T b+8a  ct8b
_ a? 4 b? 3 c?
a?+8ac b2+ 8ab %+ 8be
(a+b+c)?
~ a?+b* + % + 8ab + 8bc + 8ca

B =

Tuong ty trén a® + b* + ¢* + 8ab + 8bc + 8ca < 3(a + b+ ¢)? nén B >
| i

M&—3+—3+—323suyra.VT2IZVPtacédpcm.
Y Z <

W=



Ldp todn thay Khdinh chuyén Su Pham — SDT: 098 924 5256 Toan diéu kien KHTN 2025 — 2026

Cau III: Cho tam gidac ABC can tai A c6 O la trung diém BC va BAC < 90°. Xét dudng tron (O)
tiép xtc céc canh CA, AB theo thit ty tai R, Q. Trén cic canh CA, AB lan lugt lay E, F (khong trung
cac dinh tam giac) sao cho EF tiép xtc (O) tai P va EF khong song song BC. Goi H, K lan lugt 1a
tryc tam cac tam gidsc OF B, OEC. Goi giao diém cta FH, EK véi BC lan lugt 1a M, N.

(1) Chitng minh ring hai tam gisc OHM, OKN déng dang va o = -41—3-
OH AF
(2) Dyng diém G sao cho OHGK la hinh binh hanh. Ching minh riing O, G, P thing hang.

(3) Lay S, T lan lugt la d6i xing v6i Q, R qua BC. Gia sit X 1a giao diém ctia SF va TE, D la giao
diém ctia BS va CT. Chiing minh ring AX song song véi PD.

Lai giai:

(1) Do tam gidc ABC can tai A nén ZABC = ZACB. Lai ¢6 OQ L AB va OR 1L AC nén suy ra
ZQOB =90° — LABC =90° - ZACB = ZROC.

Ta c6 H, K la tryc tam tam gidc FOB va EOC nén FH | BC va EK | BC suy ra ZHMOQO =
LKNO = 90°.

e e OH OM
Tit hai diéu trén ta c6 AHOM «~ AKON suy ra OK = ON (1).
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(2)

(3)

Ta ¢6 FM || AO || EN (cuing vudng géc BC) nén ap dung dinh Ii Talet ta cé: —g% I;i 8

CN CE L OM BM CE AF
ON ~AE "™ ON =~ BF CN AE
i B _BE o OM _AF
Dé thay ABFM «~ ACEN nén CN - CE tit day ta co ON — AB (2).
OH AF
Tit (1) va (2) suy ra — OK — A’ dpcm.

Ta c6 céc tit gisc FPOQ va OPER nbi tiép nén ZPOQ = ZAFE va /ZPOR = ZAEF.
Do tit gidc HGKO 1a hinh binh hanh nén ZGHO = 180° — ZHOK va HG = OK.

Ta cé tit gidc AQOR noi tiép nén ZHOK = 180° — ZEAF suy ra ZGHO = LEAF va —g =

g—g - A? nén ta c6 AGHO «~ AEAF dan t6i ZGOH = ZAFE = /POQ.

Tuong ty ZGOK = ZPOR tit day suy ra ba diém O, P, G thing hang.
Do @ déi ximg S qua BC nén OQ = OS hay S € (O) va QS L BC. Dé c6 QR || BC nén
QR 1 QS suy ra RS la dudng kinh clia (O) hay O la trung diém RS.

Két hop véi O 1a trung diém BC suy ra BSRC va hinh binh hanh suy ra BS || AC. Tuong tu O
13 trung diém QT va CT || AB dan t6i ABDC la hinh binh hanh nén O Ia trung diém AD.

K& dudng kinh PY ciia (O) ta dugc APDT I hinh binh hanh nén PD || AY. Dé chimg minh
PD || AX tachira A, X, Y thing hang.

Goi I 1a tam noi tiép tam giac AEF va I', Z lan lugt 1a hinh chiéu cta I léen AE, EF.

Tac6 A, I, O tl:ﬁ.ng hang va IT’ | OR nén E == —07 ma IZ || OY (cung vuéng géc EF)
nén A, Z, Y thang hang.

Ta c6 FI, FO lan lugt 1a phan giac trong va ngoai géc AFE nén FI 1 FO.

Dudng thing qua A vuéng goc Al cit FO tai J. Ta c6 ZJAI = ZJFI = 90° nén tit giac AIFJ
noi tiép suy ra ZJIF = LJAF = 90° — ZIAF = 180° — ZEIF do d6 J, I, E thing hang vi vay
J 1a tam dudng tron bang tiép géc E cla tam gidc AEF.

Ké JW L AF vaJU L AEv6i W € AF, U € AE.
Do JA la phan giac ngoai goc FAE nén JU = JW.

Ta ¢6 JW || QO (cung vudng géc AB) nén —— 2 a0 ma SO || JU nén S, F, U thing

hang.

Tuong tu goi OF cidt AJ tai L thi L 1 tam dudng tron bang tiép géc F cla tam giac AEF. Ké
LV L AF v6iV € AF thi E, T, V thing hang.
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X
U
14
J
L
W ’
0
B C
A T
Y
2 3 EF + AF — AE
Theo tinh chat tam bang tiép, ta tinh duge AU = FZ = i 5 , AU = EZ =
EF + AE — AF AE + AF + EF ZF UE VA L
5 va FV = EU = 2 SuyraZE-UA-VF—lnenapdung

dinh i Ceva dao cho tam giac AEF ta c6 AZ, FU, EZ dong quy suy ra X, A, Z thing hang nén
A, Y, X thang hang, ta c6 dpcm.
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Cau IV: Mot tap M céac s6 thyc phan biét duge goi 1a tap dic biét néu né c6 nhitg tinh chat sau:
i) v6i mdi z,y € M, x # y thi zy # 0,z + y # 0 v diing mot trong hai sé Ty, z + y 14 sb hitu ty;
ii) v6i méi z € M thi 22 la sb vo ty.

Hay tim s6 phéan tit 16n nhét c6 thé c6 cla tap dic biét.
Ta sé ching minh ring M chi c6 thé chita t6i da 4 phan tit.
Véi |M| = 4, khi d6 M = {1+ V2, -1+ /2,2 — v/2,—2 — V/2} sé thoa mén yéu ciu bai toan.
Gia sit ton tai M = {a,b,c,d, e} thda man yéu ciu bai toan. D& thay a,b,c,d,e # 0.
Xét cac s6 a, b, c.
b
Néu ab, be, ca hitu ti thi thi % . ca = a? hitu ti (vo 1)
Néu a + b, b+ ¢,c + a hitu ti thi (a + b) — (b+ ¢) + ¢+ a = 2a hitu ti (v6 Li).
Néu ab, ac,b + ¢ hitu ti thi a: _-:-_ :c =2a hitu ti (vo lf) (1)
Vay néu ab hitu ti thi b+ c,c + a vo ti.
Vay gia sit ab hitu ti, khi d6 dé thiy a + c,a + d,b + ¢, b+ d hitu ti, din téi cd hitu ti.
Tuong ti de, ce hitu ti (v6 1i do (1)).
Vay M c6 t6i da 4 phan tit.
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