PHUONG NGHIiA PO PE THI CHON HOQC SINH GIOI LOP 9
Pé thi gom 01 trang NAM HOQC 2025 — 2026
Mo6n thi: TOAN
Thoi gian lam bai 150 phat (khong ké thoi gian giao dé)

Bai 1.
22 —1

1. ChobiéuthircA:g—{— 1 — ‘2 voi g = Do 4l
z z -1 :1?(;1;2+1)

a. Rat gon biéu thirc A.
b. Chimg minh: Khong ton tai s6 nguyén = dé biéu thirc A nhén gié tri nguyén.

2 2
z°+y =5

2. Tim tat ca cac cap s6 thue (.r;y) thoa man diéu kién: 3 4 0y 10( )
' +2y" =10(z —y

Bai 2.
1. Chon ngfiu nhién mot s6 tu nhién c6 hai chir s6. Tinh xéac sudt dé téng hai chit s6 cua sb
dugc chon bang véi chir s tan ciing ctia s6 2026,
2. Véi a,b,c 1a cac s6 nguyén, ¢ 1a s6 chian thoa man dong thoi cac diéu kién:
(ab — 1)2 = C(a2 4+ bz) +ab+1vaa®+b° =c" + ab. Ching minh: ¢ + 1 1a s6 chinh
phuong.
Bai 3.
1. Tim tat ca cac cap sd nguyén (ar, y) théamin: 2> + 2y -2y +2—-y+3=0.
2. Vi cac sb thue duong a,b,c thoa man abec = 8. Tim gia tri lon nhat cta biéu thic:
I 1 1
T 3 + 3 3 + 3 3 ;
a’°+b"+8 b'+c"+8 " +a"+8

Bai 4. Cho tam giac ABC' nhon, khong can ¢6 ba duong cao AD, BE,CF cit nhau tai H : cac
duong thing AH,BC cat EF lan luot tai G va S; M la trung diém cua BC ; dudng thing
MH cat SA tai L; SH cit AM tai K.

AE _ AF . EF
AB AC  BC

2. Ching minh: AFE = BFD va AG.HD = ADGH.
3. Chimg minh: L, K,G thang hang.

=cosA.

1. Ching minh:

Bai 5. Hinh vuong 15 x 15 dugc chia thanh = hinh vuéng 2 x 2 va y hinh vuéng 3 x 3 véi z,y
1a céc sb tu nhién.
1. Ching minh: 3 = 1 khong thoa man dé bai.

2. Tim gia tri nho nhat cua y .
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2 e

2 Loi giai

Bai 1:

2 2 —1
1) Cho biéu thitc A = 2 et

- 6l x # 0;x # *1.
x z4-1 ;r(rz—}-l)VII# e

(a) Riit gon biéu thitc A.

(b) Chitng minh: Khong ton tai s6 nguyén = dé biéu thitc A nhan gia tri nguyén.

2492 =5

2) Tim tit ca cac cap s6 thue (z:y) thoa man diéu kién: < | ,
) ¥ (z:y) {.1;‘* +2y3 = 10(z — y)

Loi giai:
1) (a) Taco
_2(z®+1) T 2

Tz(22+1)  z(@®+1) z(a2+1)
_2*+24+2-2 28%+z

r(z2+1)  z(z?+1)
_z(2z+1) 2z+1

T x(z?+1)  22+1

(b) Ton tai gia tri nguyén x = 2 dé biéu thitc A nhan gia tri nguyén. Do d6, ménh dé "Chitng
minh khong ton tai s6 nguyén z..." ciia dé bai la khéng chinh xac.

2) Tu phuong trinh thit nhét, ta ¢6 5 = 2 + y*. Thay thé s6 5 vao phuong trinh thit hai, ta dugc:
23 + 2y = 2(2% + 1®)(z — v)
Khai trién vé phai va rit gon:

z3 + 2y = 2(2® - 2%y + xy? — ®)

z2 + 2y = 22° — 22%y + 2z9% — 28
0 =z° — 2%y + 2zy® — 43°
0 = 2%(x — 2y) + 2y*(z — 2y)
0 = (z — 2y)(a® + 2?)

Ta ¢6 hai truong hgp sau:

Trudng hop 1: 2% +2y> = 0 Vi 22 > 0 va 2> > 0 vdéi moi z, y € R, nén ding thitc chi xay ra khi
x =0 va y = 0. Thay (0;0) vao phuong trinh thit nhat: 0% + 0% = 0 # 5. Vay trudng hgp nay vo
nghiém.

Trudng hop 2: v — 2y = 0 & = = 2y. Thay x = 2y vao phuong trinh thit nhat:

(29)°+y*=5
42+ =5
)

5y2 =
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e V6iy=1 = x = 2. Ta dudc nghiém (2;1).
e V6iy=—-1 = z = —2. Ta dugc nghiém (—2;—1).
Hé phuong trinh ¢6 hai cap nghiém thoéa man la (z;y) € {(2:1), (—2; -1)}.
Bai 2:

(a) Chon ngau nhién mot sé tu nhién c6 hai chit s6. Tinh xac suat dé tong hai chit s6 ciia s6 dugc
chon bing véi chit sé tan ciing cia sé 202629%,

(b) Véi a, b, ¢ la cic s6 nguyén, ¢ la s6 chin théa man dong thai cac diéu kién: (ab — 1)? = ¢(a® +
b?) + ab + 1 va a® + b? = ¢% + ab. Chitng minh ring ¢ + 1 1a s6 chinh phuong.

Loi giai:

(a) Ta thiay 2026 = 1 (mod 5) nén 2026*°* =1 (mod 5) nén 2026%°% ¢6 chit s6 tan cung la 1 hoac 6.
Ma 2026%°% 1a s6 chin nén né c6 tan cing la 6.

C6 tat ca 6 s6 tu nhién c6 hai chit s6 ma téng hai chit s6 bang 6 1a 15, 24, 33, 42, 51, 60 vi vay xac

Z 2 Z » 2 . £ ) , 2 £ . K ~ 1
suat dé s6 dude chon c6 tong hai chit s6 cia né bang chit s6 tan cling cuia 202629 1a T
5

(b) Tit a® + b* = ¢® + ab suy ra

(ab—1)* = ¢(a® + b*) +ab+1 = ¢(c* + ab) + ab+ 1
=(c+1)(—c+1)+ablc+1)=(c+1)(* —c+ 1+ ab)

Datd= (c+1;* — ¢+ 1+ ab). Khi dé6 (ab—1)%: d* dan t6i ab—1:d.
Mat khédc doc=—1 (modd) nén 0=c* —c+1+ab=1+1+1+ ab (mod d) hay ab+ 3: d.

T hai diéu trén suy ra 4 : d. Ma ¢ chin nén ¢ + 1 1é suy ra d 1é tit d6 ta phai c6 d = 1.

Vay (c+1;2—c+1+ab) =1. Ma (c+1)(c* —c+1+ab) = (ab—1)? nén ¢+ 1 la s6 chinh phuong.
Bai 3:
(a) Tim tat ca cac cap so6 nguyén (z,y) théa man: 22 + 2y —2y* +r —y +3 = 0.
(b) Vé6i cac sb thue duong a, b, ¢ théa man abe = 8. Tim gia tri 16n nhat ctia biéu thitc:

1 1 1
~ PrPTh PreiR 8w 1h

i i
(a) Ta c6 bién doi

P?+ry—-2+rz-y+3=0
(z-y)(z+2y)+z—-y+3=0
(z—y)(z+2y+1)=-3

Do z, y la cac s6 nguyén nén xay ra cac truong hop sau:

3
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(b)

D — :1 5

T { Y — y=—=2 (KTM).
z+2y+1=-3 3
z—y=-1

TH2: =y e=0, y=1.
z+2y+1=3
L 5

THS; {2 4=32 = y=—2 (KTM);
z+2y+1=-1 3
T—y=-3

THA4: = =2 =71
z+2y+1=1

Vay (z;y) = (0;1), (—2;1) 1a hai cap nghiém nguyén duy nhat ctia phuong trinh.
B6 dé: Véi moi s6 thite duong z, y, ta luon co:

3+ > ay(z +y)
Chitng minh:

Py} —aylx+y) = (x+y)(@® -2y + ) —2ylz +y)
= (z + y)(z* — 2zy + o°)
=(z+y)(x—y)? >0 (Luon ding vi z,y > 0)

Déiu “=" xay ra khi z = y.

Ap dung bé dé trén ta c6
a’®+b*+8 > ab(a +b) + 8

8 = abc vao vé phai:
a® +b* + 8 > ab(a + b) + abc = ab(a + b+ ¢)

Suy ra
1 1
- < 1
a*+b*+8 ~ abla+b+c) (1)
Tuong tiur ta co:
S @
B+c2+8 ~ be(a+b+c)
1 1
<
A+a*+8 " cala+b+c) 3)
Tit (1), (2), (3) suy ra
1 1 1

<
~abla+b+c) +bc(a+b+c) i cala+ b+ c)

P<; i+l+l
“a+b+c\ab bc ca

1 c+a+b
a+b+c abe

4
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r 1 a+b+c 1
—a+b+c abe  abe
P
8
Déu “=" xdy ra khi a = b = ¢ = 2. Vay gia tri 16n nhét ciia bicu thitc P l1a §.

Bai 4: Cho tam giac ABC nhon, khong can ¢6 ba duong cao AD, BE, C'F cit ;lllatl tai H, cac duong
thang AH, BC cat EF lan lugt tai G va S, M la trung diém ciia BC, duong thang M H cit SA tai L,
SH cat AM tai K.

AE _AF _EF
AB AC * BC

(b) Chitng minh ZAFE = ZBFD va AG-HD = AD - GH.

= cos A.

(a) Chitng minh

(¢) Chitng minh L, K, G thang hang.

Lai giai:

A
L ----------- q ___________ K

B . ®
& i D M C

) AE AB .. . AE AF

(a) Ta c6 AAEB «~ AAFC suy ra AF = AC dan téi A8~ AC"

o EF AE ” p :
Khi d6 AAEF «~ AABC suy ra BC - AB - cos A (do tam giac AEB vuong tai E).

(b) Ap dung dinh li Menelaus cho tam giac AHB véi E, F, G thing hang ta c6:

GH FA EB _  _ GH _FB EH
GA FB EH GA ~ FA EB

)
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Ap dung dinh 1i Ceva cho tam giac AHB v6i BD, HF, AE déng quy ta c6

DH FA EB__IZ:> DH FB EH
DA FB EH DA FA EB

H DH

T hai diéu trén suy ra

(c) Ap dung dinh li Ceva cho tam giac ASH véi SD, HL, AK dong quy ta c6:
DH LA KS

DA I8 K
GH B DH = GH 2 KS
GA- DA “GA IS KH

suy ra L, G, K thang hang, ta c6 dpcm.

Ma = 1. Ap dung dinh li Menelaus dio cho tam giac ASH ta

Bai 5: Hinh vuong 15 x 15 dlfQC chia thanh z hinh vuéng 2 x 2 va y hinh vuéng 3 x 3 véi z, 1 la
S S
cac so tu nhién.

1. Chitng minh: y = 1 khong théa man dé bai.

2. Tim gia tri nho nhat cua y.

Loi giai:

Goi z 1a s6 hinh vuong 2 x 2 va y la s6 hinh vuéng 3 x 3. Dién tich hinh vuéng lén: 15 x 15 = 225.

Ta c¢6 phuong trinh: 4z + 9y = 225 (1).
Bay gio ta t6 mau cac 6 vuong trong bang béi hai mau den tring nhu sau:

(EEEEEE®
dEEEEEEE
oJomEEE NN
sHEHEEEEN
M EEEEN
(AEEEEEEN
 EEEEEEN

1 2345678 9101112131415
e Tong s6 6 den trén bang la: 7 x 7 = 49 6.
e Mot hinh vuéng 2 x 2 bat ky luon chita ding 1 6 den.
e Mot hinh vuéng 3 x 3 bat ky chita it nhat 1 6 den.

Khi do6 ta phai c6 z +y <49 (2).

9225 — 9y
T (1) ta c6 x = ————. Thay vao (2):
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& 225 — 9y + 4y < 196

< 225 - 196 < Sy

&29<5y&y>58

Mat khac, tit (1): 4z + 9y = 225. Khi d6 y = 1 (mod 4).
S6 tit nhién nho nhat théoa man y > 5.8 va y chia 4 du 1 1a y = 9. Dudi day la mot cach chia khi

y=29.

10

(S

Vﬁy Ymin = 9.

3Ix3

Khu

(Chnta 36 1

vuc

12 x 12

1inh 2 x 2)

2x2

3x3

10

15
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