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Cau 1. (5,0 diém)

a) Cho s6 thuc a thoa man 0<a<1. Xét ddy sb (u,)co u, =a,u_, =2u (1-u ), vneN *

n1
Chiang minh day s6 (u,) ¢6 giéi han hitu han va tim gii han do.
b) Cho sb nguyén duong n va da thic P(x) =a x" +a,_ X" +...+ax+a, théa man hai diéu kién sau:
() {a,.,,...,a,} lamot hoan vi cua {0,1,2,...,n}.
(i) P(x) c6 n nghiém déu 1a sé thyc.
Chang minh rang P(0) =0.

Céu 2. (5,0 diém) Cho tam giac ABC khoéng can, noi tiép duong tron (O) . Buong tron ndi tiép (1) caa tam
giac ABC tiép xtic véi CA, AB lan lugt tai E va F . Goi J la tim duong tron bang tiép géc A cua tam giac
ABC, M va N la trung diém JF,JE.

a) Chizng minh rang BM =CN .
b) Gia st BM cat CN tai P. Chitng minh rang P nam trén duong tron (O).
Céu 3. (5,0 diém)

a) Cho s6 nguyén duong k va sé nguyén to p =6k +1. Vi mdi s6 nguyén duong m khdng chia hét cho p,
ta ki hiéu a,_ la sb nguyén dwong khong vuot qua p thoa man m.a, =1(mod p).

p-1
Ching minhrang >"a, =0 (mod p).
i=1

b) Vi mbi s6 nguyén duong n, ki hidu P, =11.2!....n!. Tim tat ca cac s6 nguyén duong m < 2025 sao

P s A
cho L"‘I“ la sO chinh phuong.
m!
Céu 4. (5,0 diém) Trong mdi 6 vuéng don vi cua bang nxn, ta dién sé 1 hoac —1. Sau d6, & mdi budc, ta
chon 1 6 va doi dau tat ca cac so cua 2n—1 6 cung hang hoac cung cot véi 6 do. Tim sé nguyén duong k 16n
nhat sao cho vai moi trang thai dién s6 ban dau, sau hiru han budc ta co thé nhan duoc bang cé it nhat k s6 1
trong moi truong hop sau:

a) n=4.
b) n=2025.
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) Hwéng din chim
Céau 1. (5,0 diem)

a) Cho s6 thuc a thoa mdn 0<a<1. Xét ddy sb (u,) co u, =a,u_, =2u (1-u ), ¥neN *.

n+1

Chiang minh day s6 (u,) ¢6 giéi han hitu han va tim gigi han do.

Bai giai: Co u, =2u,(1-u,) >0 va u, < % Ta chirng minh dugc O<u, S% bang quy nap. (1d)

Xétu,,—u =u —2u’=u (1-2u)>0 nén (u,) ladiy sb ting va bi chan trén nén co gisi han L(1d)
. 1

Thay vao ta dugc L = 2 (1d)

b) Cho sb nguyén duong n va da thic P(x) =a x" +a,_ X" +...+ax+a, théa man hai diéu kién sau:
() {a,.a,,...,a,} lamét hoan vi cua {0,1,2,...,n}.
(i) P(x) c6 n nghiém déu 1a sé thyc.

Chang minh rang P(0) =0.

Bai giai: Gia strrang 0 khong phai 1a mot nghiém, rd rang P(x) khong c6 nghiém nao 16n hon 0.

Suy ra moi nghiém ciia P(x) déu la s6 am. (1d)
Theo cong thirc cua Vieta, khong c¢6 @, nao co thé 1a 0, mau thuan do {a,,a,,...,a,} 1a mét hoan vi cua

{0,1,2,...,n}.(1d)



Ciu 2. (5,0 diém) Cho tam giac ABC khoéng can, noi tiép duong tron (O) . Buong tron ndi tiép (1) cua tam
giac ABC tiép xtic voi CA, AB lan luot tai E va F. Goi J la tam duong tron bang tiép géc A cua tam giac
ABC, M va N latrung diém JF,JE.

a) Chizng minh rang BM =CN .
b) Gia sir BM cat CN tai P. Chitng minh rang P nam trén dwong tron (O) .

Bai giai:

a) Goi (1) tiép xuc BC tai D. Trén tia ddi tia
BA, CA lay G, H sao cho BG = BD = BF, CH
=CD =CE.

Khi ¢6 BM 1a trung diém GJ nén BM // GJ va

BM =1GJ
2

Tuong tu CN // HJva CN = % HJ (1d)

Ta chirmg minh dwoc JG =JD = JH nén BM =
CN (1a)

b) Do cac cap dudng thang song song nén
/BPC = ZGJH

Ma ~£JGB = ~£JDB va ZJHC = 2JDC nén
ZAGJ + /AHJ =180° . Do d6 AGJH la tir giac
noi tiép (1,5d)

=> /BAC + /GJH =180° nén ABPC la ttr
giac noi tiép hay P thudc (0). (1,5d)

Céu 3. (5,0 diém)
a) Cho sb nguyén duwong k va sé nguyén té p =6k +1. Véi mdi s6 nguyén duong m khdng chia hét cho p,
ta ki hiéu a_ 1a sb nguyén duong khong vuot qua p thoa man m.a, =1(mod p) .

p-1
Ching minhrang >"a, =0 (mod p).
i=1

Bai giai: Do p la s6 nguyén t6 nén voi moi i e{L;2;...; p—1}; ton tai duy nhat a, e{1;2;...; p—1} d¢

l.a, =1(mod p).

Ta chitng minh rang {a }tao thanh hé thang dw thu gon mod p .

That véy, gia str ton tai i = j €{1;2;...; p—1}sao cho a, = a;(mod p).
Laico i.a = ja; =1(mod p); suy ra a;(i— j) =0(mod p) (vo1y)

Vay diéu gia sir sai, hay {a }tao thanh hé thing du thu gon mod p . (1d)
Do d6 {&;a,;..;a, , } lahoan vi cua {1;2;...;p-1}.

Nhan xét: m=n(modp) thi a, =a, . Va a,.i’ =1=(a)*i’(modp) => a, =(a)* (mod p) (1d)



Suy ra faiz zi(ai)2 zf’ii2 = p(p—lis(Zp—l) =k(2p-1)p=0(modp).

b) V&i mdi s6 nguyén dwong n, ki hiéu P, =11.21....n!. Tim tat ca cac s6 nguyén duong m< 2025 sao

cho % la s6 chinh phuong.

Tacd P, =11.2!.....20241=1.(1.2).(1.2.3).....(1.2.3.....2024) =17°%2%%% . 2023%.2024

= (122101 3101 | 2022.2023).(2.4.....2024) = (1°221°11 3 | 2022.2023)%.2'°%.1012!.

Nhu vay chi can chon m=1012 thi % la s6 chinh phuong. (1,5 &)

Ta ching minh chi c6 m=1012 thoa man. Gia st ton tai s6 m=2012 ma % la s6 chinh phuong
=> P2024 . P2024 _ 1012'

: = 12 binh phuong ctia mét sb hitu ti.
m! 1012 m!

, | . p . n 1 ) Z n
- Néu m<1009 thi % chia hét cho 1009 la s6 nguyén to nhung khong chia hét cho 1009°=> vo

1i(0,54)
- Néu m=1009;1010;1011;1013 thay tryc tiép vao thay khdng thoa man. (0,5d)

/ | , / / ‘
- Néu m>1013 thi % chia hét cho 1013 la s6 nguyén to nhung khong chia chét cho 1013* do
m< 2025 =>v0 li.(0,5d)
Vay chi co m = 1012.

Céu 4. (5,0 diém) Trong mdi 6 vudng don vi cua bang nxn, ta dién s6 1 hoic —1. Sau d6, & mdi budc, ta
chon 1 6 va ddi dau tat ca céc s6 ciia 2n—1 6 cuing hang hoic cling cot véi 6 d6. Tim sé nguyén duong k 16n
nhét sao cho vai moi trang thai dién sé ban dau, sau hitu han budc ta ¢ thé nhan duoc bang c6 it nhat k s6 1
trong méi trudng hop sau:

a) n=4.

b) n=2025.

Bai giai:

a) Vai n = 4, ta chirng minh k = 16. Tac la véi moi trang thai ban

dau, ta déu co thé dua bang co tat ca cac 6 déu 1a sb 1. .

Cach lam 4 ta c6 thé tao ra thuat todn c6 thé do6i dau 1 6 con cac &
con lai gitr nguyén.

Gia str ta can ddi dau 0 trén clng bén trai, ta s& thuc hién cac budc
chuyén bang cach chon lan luot tt ca cac 6 cuing hang va cling
cot voi 6 do, ké ca 6 d6. Khi do, 6 can d6i dau duoc tac dong 2n -
1 1an, cac 6 cing hang va cuing cot véi 6 d6 dugc tac dong n lan,
cac 6 con lai duoc tac dong 2 1an. Do vay cac 6 con lai giir nguyén




con 6 d6 dugce d6i ddu. Lam twong tu v6i cac 6 con lai ta c6 thé d6i dau tit ca céc 6 thanh sé 1. (1d)
b) Vi n chin, 1am twong ty phan a ta cd k =n?.

Vi n I¢, ta chung minh k=n?—n+1

Viéc tim ra s6 k nay rat tu nhién, ta xét bang (n—1)x (n—1)
gom n—1 cot va n—1 hang dau tién cua bang.

Vi n-1 1a s6 chin nén vai thuat toan nhu phan a, ta c6 thé
khién cho tat ca cac 0 trén bang nay déu mang so6 1.

Con dudng vién chix L con lai, c6 2n-1 6. Néu ta chon 6 ¢
g6c thi s& d6i dau ca 2n - 1 sb trén cac & nay. Do vay trudng
hop x4u nhit 13 trén dudng vién nay c6 n-1s6 -1 vansé 1.
Khi 6 s6 6 mang s6 1 1a (n—1)> +n=n?—n+1.

Vi 13p luan trén ta cling tim ra cach co thé tao ra it nhat
n?—n+1 sb 1 trong moi trudng hop. (2d)

Ta ching minh rang c6 trang thai ma ta khong thé tao ra bang nhiéu hon n? —n+1 s6 1.
Trang thai 6 1a bang c6 n—1 6 dau tién caa hang dudi cling mang s6 -1.

Goi S(x;y) latich tat ca cac sb ¢ hang tha x va cot thir y,
khong tinh giao diém cua hang x va coty. Vi n 1a s6 1é nén
mdi budc chuyén doi thi S(x;y) déu khong doi.

Trang thai ban dau nhu hinh v&, tit ca cac 6 & n-1 cot dau
tién dau c6 S(x;y) = -1. Va qua cac budc d6i thi cac tich do
la gitr nguyén. Bén mot budc bat ki, xét bang vudng
(n=1)x(n—1) gom n-1 cot va n-1 hang dau tién, néu trong bang
nay hang nao ciing chira s6 -1 thi bang c6 it nhat n—1 s6 -1, néu
c6 1 hang khong c6 s6 -1 nao. Ta xét c4c tich S(x;y) & cac 0 trén
hang d6, vi trén hang d6 da khong co s6 -1 nén cot chira 6 d6
chic chin phai ¢6 s6 -1, nhu vay ¢d it nhat n-1 s6 -1. Do vay -1 -1 -1 |-
bang ludn c6 it nhat n-1 s6 -1.

Vay véi n 1é thi k =n® —n+1. Pap s6 bai toan 1a k =2025° —2025+1 . (2d)



