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Trong thdi gian viia qua, dugc sy gilp d& cla Nha xudt ban Giao duc Viét Nam,
trudng Trung hoc phé thdng chuyén Lé Hdng Phong da bién soan b sach “Gidi todn
danh cho hoc sinh I6p chuyén’ theo dinh hudng bam sat sach gido khoa, bé sung céac
chil dé nang cao theo trinh dé trudng chuyén va cac ndi dung thi Dai hoc. Bd sach da
dugc déng dao hoc sinh va gido vién cac trudng chuyén st dung va tin cay.

Trong qua trinh d8i méi gido duc, dap (ing yéu ciu mdi clia sach gido khoa chuyén
ban, chuhg toi bién soan lai bd sach Giai toan danh cho hoc sinh céc trudng chuyén
va hoc sinh kha gidi & cac trudng Trung hoc phd thdng trén toan quéc. Bo sach “Gidi
todn Idp 12” dugc bién soan nhadm dap ng t6t nhat cho céc ki thi T6t nghiép THPT va
dac biét 1a ki thi Tuyén sinh Dai hoc — Cao dang. Bo sach nay gém nam quyén:

e Giaitoan 12 - Ham s m{ — 1dgarit va sé phic;

o Gidi todn 12 — Phuong phap toa dé trong khong gian;

e Giditoan 12 — Khdo sat ham sg;

o Giditoan 12 - Khéi da dién va khdi tron xoay;

e Giditodn 12 - Tich phan — Nguyén ham.

Noi dung quyén “Gidi todn 12 — Khéi da dién va khdi tron xoay’ bam sat theo cau
tric cla sach gido khoa Hinh hoc 12 '(Nang cao) va dugc trinh bay theo hai chudng
nhu sau:

o Chuong |. Khgida dién, Thé tich clia khdi da dién;

e Chuong Il. Mat cdu. Mat try. M&t nén.

Trong mbi bai hoc, ching t6i xay dung hé thdng bai tap rén luyén dya theo cac
van dé cy thé€, mot s6 bai tap dugc trich trong cac dé thi dai hoc dé ban doc tham
khao. Chuing tdi cé cung cdp dap an va hudng dan gidi so luge clia mot s6 bai tap tieu
biu nham gitp cac ban doc dn tap, nang cao kién thic, rén luyén ki nang giai toan.

Hi vong auyé"n sach sé giup ich cho cac ban hoc sinh trong qua trinh hoc tap, rén
luyén nang cao bd mén Toan I8p 12, chd ddng va ty tin budce vao ki thi Dai hoc — Cao
déng dé dat dugc k&t qua t6t nhat; quydn sach nay cling la tai lidu hé trg cho gido
vién Toan cac trudng Trung hoc phd théng trong cong tac dao tao hoc sinh gioi.

Moi y ki€n déng gép xin gli vé theo dia chi sau:

e Trudng Trung hoc phd théng chuyén Lé Héng Phong, 235 Nguyén Vin CU,
Quéan 5, TP. H6 Chi Minh.

e Ban bién tap Toan — Tin, Cong ty CP DVXBGD Gia Dinh — Nha xuat ban Giao
duc Viét Nam, 231 Nguyén Van Cu, Quén 5, TP. H6 Chi Minh.

Tran trong cdm on. ‘
‘ CAC TAC GIA






Chu’o‘ng I
KHOI PA DIEN.
THE TICH CUA KHOI PA DIEN

§1. KHAI NIEM Vi KH61 PA DIEN

A. TOM TAT GIAO KHOA

I. KHOI PA DIEN. KHOI CHOP. KHOI LANG TRU
1. Xét mot hinh (H) gdm hai dflc diém:
a) (H) gdm hitu han cdc da gidc phing;
b) (H) chia khong gian thanh hai phin: phin bén trong va phdn bén ngoai
cia (H).

Hinh (H) ciing véi cdc di€m nim trong (H) dugc goi 1a khdi da dzen gidi
han bdi hinh (H).

Méi da gidc ctia hinh (H) dudc goi 12 m6t mdt cta khoi da dién.

Cdc dinh, cdc canh cda mdi mit con goi 1an lugt 12 dink, canh clia khoi
da dién.

2. Khdi da dién dugc goi 1a khdi lang tru néu néd du’dc gidi han b3i mot hinh

lang try.

Khéi da dién dugc g0i 1a khdi chdp néu né dugc gisi han bdi mot hinh choép.

Khéi da dién dudc goi 12 khdi chép cut néu né dudc gidi han bdi mot hinh
chép cut.

Tuong ty ta c6 cdc dinh nghia vé khéi chép n-gidc, khoi chép cut n-gidc,
khéi chép déu, khéi hép, ...



3. Tén cha kh&i ling tru hay kh6i chép duge dit theo tén cla hinh lang try
hay hinh chép gidi han no. Ching han v6i hinh ling tru ngl gidc
ABCDE.A'B'C'D'E' ta c6 khéi ling try ngi gidc ABCDE.A'B'CD'E/, v6i hinh
chép tit gide déu S.ABCD ta ¢6 khdi chép u gidc déu S.ABCD. |

4. Chi y: Khoi da dién dugc gidi han bdi hitu han cdc da gidc phing, nhung
khong phai bat ki hinh nao gdm hitu han cdc da gidc phing cling gidi han dugc
mot khdi da dién. v

Tir day @ di ta chi xét cdc khoi da dién gidi han bdi hinh (H) gdm mot s&
hitu han cdc da gidc phing thod mén hai diéu kién sau:

. PP ~ *A s ~ ” ~ P -2 - -
a) Hai da gidc phin biét chi ¢ thé hodc khdng c6 diém chung, hodc ¢o
mot dinh chung, hodc ¢cé mdt canh chung; ‘

b) Mdi canh ctia da gidc ndo ciing 12 canh chung clia ding hai da gidc.

Hinh (H) gém cdc da gidc d6 duge goi la mot hinh da dién (hay goi don
gidn 1a da dién).

Mbi da gidc nhu trén dudc goi 1a mot mit cla hinh da dién.

Cic dinh, cdc canh cda da gidc 4y theo thif ty goi la cdc dinh, cdc canh
cua hinh da dién.

IL PHAN CHIA VA LAP GHEP CAC KHOI PA DIEN

1. N&u khai da dién (H) 12 hgp cda hai khdi da dién (H,), (Hz) sao cho (Hy)
v (H,) khong c6 diém trong chung thi ta n6i ¢6 thé chia dugc khdi da dién (H)
thanh hai kh&i da dién (H,) va (Hy). Khi d6 ta con néi ¢6 thé ghép hai khoi da
dién (H,) va (H,) dé dugc khdi da dién (H). -

2. Chd y: M3i khdi da dién bat ki ludn c6 thé€ dudc phan chia dugc thanh
nhitng kh&i td dién.



B. PHUONG PHAP GIAI TOAN

Van dé 1. Chitng minh mét s tinh chat
lién quan dé&n dinh, canh va mét ciia mét khéi da dién

1. PHUONG PHAP

o Ap dung thich h(fp cdc tinh chdt duge néu tr ong dinh nghia ciia khéi da
dién dé chitng minh.

2. CAC Vi DU

Vi du 1: Ching minh rang néu khéi da dién cé cac mat la nhiing tam giac
thi t6ng s6 cac mat cla nd phdi la mét s6 chdn. Hay chn ra nhiing khéi da
dién nhu thé vdi s6 mat bang 4, 6, 8, 10.

Giai
Goi sd canh va s6 mit ctia khoi da dién 14n lugt 1a ¢ va m.
Vi m6i miit ¢6 ba canh vi mdi canh 1a canh chung ctia diing hai mit nén ta

L. . . ) . 3m . e .
¢6 s6 canh ctua khdi da dién la ¢ = —~2—— = 3m = 2¢ = 3m chia hét cho 2 ma

3 khong chia hé&t cho 2 nén'm phdi chia hét cho 2, nghia 1a m 1a s6 chdn.
Cac vi du:
o Khoi uf dién ABCD la khéi da dién ¢6 4 mat ma mdi mit 1a mot ta;ﬁ gidc.
o Xéttam gidc BCD va hai diém A, E & vé hai phia clia mat phflllo (BCD).

Khi dé ta ¢é khdi luc dién ABCDE la khéi da dién c6 6 mit ma moi mit Ia
nhitng tam gidc.

e Khdi bdt dién ABCDEF la khdi da dién ¢é 8 mit ma mm mét 1a nhirng
tam Ou\L

e Xét ngli gidc ABCDE va hai di€ém M, N & vé hai phia ca mit phing
chira ngd gidc. Khi d6 ta ¢6 khoi thap dién MABCDEN la khéi da dién ¢6 10
mat ma mdi mit la nhitng tam gidc.

Vi du 2: Ching minh r&ng khéng t6n tai mot khéi da dién co:

a) s6 canh it hon s& mit.

b) 8 dinh it hon s& canh.



Giai
a) Goi s6 canh va s& mit clia khdi da dién (H) 1an lugt 1a ¢ va m.

Vi mbi mit ctia kh&i da dién c6 it nhi't 3 canh va mdi canh I1a canh chung
clia diing 2 mit nén ta ¢é: 2¢ > 3m => ¢ > m. Viy khong thé tdn tai mo6t khdi da
dién ma sd canh it hon s6 mit.

b) Goi s6 canh va sd dinh clia khdi da dién (H) 1an lugt 1a ¢ va d.

Vi mdi dinh cta khdi da dién 13 dinh chung cta it nhit 3 canh va qua 2
dinh bat ki ¢6 ding mdt canh nén ta ¢6: 2¢ > 3d = ¢ > d. Vay khong thé ton tai
mdt khéi da dién ma s6 dinh it hon s6 canh.

Vén dé 2. Phéan chia va lap ghép cdc khdi da dién

1. PHUONG PHAP

o Tuy theo véu cdu ciia bai todn, chiing ta chon nhing mdt phdng thich hop
Aé phin chia khéi da dién thanh nhiéu khdi da dign.

o D& chitng minh ¢6 thé ldp ghép cdc khéi da dién (H)), (Hz), ..., (H,) thanh
khéi da dién (H) ta ¢é thé chitng minh khéi da dién (H) ¢6 thé phén chia thanh
cde khéi da dién (H;), (H»), ..., (H,).

2. VI DU: Chia mét khéi lap phuong A D
thanh 5 khéi ti dién. ; ] )
Gidi |
Ta c6 thé chia khdi 1dp phudng § '
ABCD.A'B'C'D' (hinh bén) thanh 5 ‘\\;,/
khéi ti dién sau day: DA'D'C, /,/;\‘f::\':”” '''''' D’
A'ABD, C'BCD, BA'B'C', BDC'A". B:/’ = o
C.BAITAP

1. Mot khéi da dién c¢6 it nhat bao nhiéu dinh? Tai sao?

2. Chdng minh ring mot da dién ma mé&i dinh cla né déu Ia dinh chung
ctia ba canh thi tdng sd céac dinh clia né phai la mot s6 chén.



3. Chiing minh rang néu khéi da dién c6 cac méat 1a tam giac va mdi dinh
la dinh chung cla ba canh thi d6 Ia khé&i tu dién.

4. Cho t dién ABCD. Goi E, F, G lan lugt 1a trung diém cac canh AB,
AD, DB. Hay phéan chia tit dién ABCD thanh 4 khdi tu dién ma cé cac dinh 1a
4 trong 7 diém A, B, C, D, E, F, G.

5. Hay phan chia khai lang try tam giac ABC.A’B’C’ thanh ba kh&i t( dién
c6 cac dinh la 4 trong 6 dinh cla khéi lang tru.

6. Hay dung ba mat phéng chta cac dinh clia khéi bat dién ABCDEF c6
cac mat la nhiing tam giac déu dé phan chia khéi bat dién dé thanh 8 khdi
tu dién.

7. Hay dling 4 mat phang dé phan chia khdi chép S.ABCD thanh 10 kh8i
ta dién.

§2. PHEP POI XUNG QUA MAT PHANG.
SUBANG NHAU CUA CAC KHOI PA DIEN

A. TOM TAT GIA0 KHOA

I. PHEP BIEN HINH TRONG KHONG GIAN |

1. Phép bi€n hinh trong khong gian trong khong gian 14 mot quy tic F dit
twong dng mdi di€m M trong khong gian vdi mot di€m M' duy nhat. M' goi 1
dnh cia M qua phép bié€n hinh F va ki hiéu la M' = F(M).

2. Qua phép bi€n hinh F, m&i hinh (H) dugc bi€n thanh hinh (H') gdm tit c3
cdc dnh cla cdc diém thude (H).

1. PHEP POI XUNG QUA MAT PHKNG (P)

1. Pinh nghia 1: Phép dbi xiing qua mdt phdng (P) 1a phép bién hinh bi€n
mbi diém thuoc (P) thanh chinh n6 va bién diém M khong thudc (P) thanh diém
M'sao cho (P) 1a mit phano trung truc ctia MM'.

2. Dinh li: N&u phép ddi xiing qua mit phing (P) bi&n hai diém M, N Iin
lugt thanh hai diém M’, N' thi M'N' = MN.



Ta ¢6 thé néi: “Phép dbi xitng qua mdt phdng (P) la phép bién hinh bdo
toan khodng cdch giita hai diém bat ki”.
3. Pinh nghia 2: N&u qua phép ddi xing qua mit phing (P) ma hinh (H)
bién thanh chinh né thi ta néi (P) 1a mdt phdng doi xing cia hinh (H).

I11. HINH BAT DIEN PLEU VA MAT PHANG POI XUNG CUA NO

1. Hinh da dién gém 8 mzflf 1a nhitng tam gidc déu EAB, EBC, ECD, EDA,
FAB, FBC, FCD va FDA goi la hinh bdt dién déu. Ki hiéu 1a ABCDEF.

2. Tinh chat: B&n dinh A, B, C, D niim trén mot mit phing va dé 1a mot
mit phing doi xing ctia hinh bdt dién déu ABCDEF.

Iv. PHEP DOT HINH TRONG KHONG GIAN VA SU BANG NHAU CUA
CAC HINH
1. Pinh nghia: Phép bién hinh trong khong gian dudc goi 1a phép doi hinh
n€u né bio toan khodng cdch gitta hai diém bat ki. Nghia 1a n€u F bi€n hai
diém M, N 1an lugt thanh hai diém M, N' thi M'N' = MN.

2. Mét s& phép doi hinh trong khéng gian:

e Phép rinh nen theo vecto v la phép bién hinh bi€n diém M thanh diém
M' sao cho MM'=v.

e Phép ddi xing tdm O 1a phép bi€n hinh bi€n O thanh chinh né va bién
diém M khic O thanh diém M’ sao cho O la trung di€m clia MM'. Né&u qua
phép ddi xdng tim O ma hinh (H) bi€n thanh chinh né thi ta néi O 1a tdm ddi
xitng cua hinh (H). '

o Phép ddi xing qua duong thdng d 12 phép bién hinh bién moi diém
thudc d thanh chinh né va bién diém M khong thudc d thanh d}em M' sao cho d
la dudng trung tryc cia MM'. N&u qua phép ddi xing truc d ma hinh (H) bi&n
thinh chinh né thi ta néi d 1a truc ddi xing clia hinh (H).

3. Hai hinh biing nhau

e Hai hinh goi 1a biing nhau n€u c6 mdt phép ddi hinh bi€n hinh nay
thanh hinh kia.

e DPic biét: Hai da dién goi la biing nhau n€u ¢6 mot phép ddi hinh bién
da dién nay thanh da dién kia.
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e Dinh li: Hai hinh tf dién ABCD va A'B'C'D' biing nhau néu chiing ¢6
cdc canh tudng dng bing nhau, nghia la AB = A'B', AC = A'C, AD = AD,
BC=B'C,CD=CD'vaDB=DB."

e Hé qua 1: Hai &t dién déu c6 canh bing nhau thi bing nhau.

e Heé qud 2: Hai hinh 1ap phuong c6 canh biing nhau thi biing nhau.

B. PHUONG PHAP GIAI TOAN
Védn dé 1. Chiing minh hai hinh biing nhau

1. PHUONG PHAP

e P& chitng minh hai hinh (H) va (H’) béng nhau ta chi ra mét phép doi
hinh f bién hinh nay thanh hinh kia.

o Clui y: Néu (H), (H’) la tit dién hay hinh ldp phuong thi ngodi phuong
phdp néu trén, ta co thé dp dung dinh li vé sy bdng nhau ciia hai ti dién, hai

tl dién déu, hai [dp phuong.

2. CACVIDU
Vi du 1: Cho hinh Iap phuong ABCD.A'B'C'D'. Chiéing minh réng:
a) Céc hinh chop A.A'B'C'D' va C'.ABCD béng nhau.
b) Cac hinh lang tru ABC.A'B'C' va AA'D'.BB'C! b&ng nhau.

Gidi A D
a) Goi O la tAm clia hinh 1ip phuong. Ta cé: B VAR ,(“
Qua phé}p ddéi xing thm O, hinh chép ,’l i :‘.‘\0 N
. AA'B'C'D' bién thanh hinh chép C.CDAB ma DONN N
-z Al -~ A ~ - Nyt ~ ~ ~ /I /*_ —-)\- Y A
phép doi xidng tdm l1a phép ddi hinh nén hinh J AT b
chép ALA'B'C'D' va C.ABCD biing nhau. e c

b) Qua phép ddi xiing qua mit phang (AB'C'D) thi hinh ling try ABC.A'B'C"
bi€n thanh hinh ling tru AA'D'.BB'C' ma phép d6i xiing mit 1a mdt phép ddi
hinh nén hinh ling try ABC.A'B'C' vd AA'D'.BB'C’ biing nhau.
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Vi du 2: Cho ti dién ABCD. Goi E, F, G, H, |, J 1an lugt |a trung diém cla
AB, AC, AD, BC, CD, DB. Chting minh hai ti dién EFGJ va IFHJ bang nhau.
Giai

Goi O la giao diém cta HG va FJ.
Ta c¢6 cdc tt gidac: FGIH, EFlJ 1a cic
hinh binh hanh.

Do d6 O la trung di€ém cia FJ, GH,
El nén phép d6i xitng tam O sé& bién E
thanh 1, bi€n F thanh J, bi€n G:thanh H
va bi€n J thanh F. Suy ra phép ddi xting
tim-O bién EFGJ thanh IJHF. Do dé
hai ti dién EFGJ va JHF bing nhau.

Véan dé 2. Chitng minh mot phép bién hinh la phép doi hinh

1. PHUGNG PHAP

e Tu chiing minh ring “Véi M, N bt ki ¢6 dnh qua fla M’, N’ thi M'N’ = MN”.

2.CACVIiDU
Vi du 1: Chiing minh réing céc phép tinh tién, ddi xting truc, déi xting tam
la nhiing phép dai hinh.
' Giai
* Gi st phép tinh tién theo vectd a bi€n hai
diém M, N lan lugt thanh M, N'. Khi d6 ta c6:
MM'=NN'=a = MN=M'N’
= MN = M'N".
Vay phép tinh ti€n theo vectd a 1a mot
phép ddi hinh.
* Gid st phép d6i xding qua truc d bi€n hai
diém M, N 1an lugt thanh M', N'. Goi I, J 1an lugt
1a trung di€m MM' va NN'. Khi d6 ta ¢6:
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)

MN2-M'N? = (MN+M'N')(MN—M'N')
= (W+ .r+m+m+ﬁ+fﬁ')(m-m—m'+f‘w)

(1N—N’+W—fﬁ)

il

3]

=l
~——

= 2I(MM'+N'N) =0 (vi IJ L MM",1[ L N'N)

= MN=M'N"
Viy phép ddi xiing truc 1a mot phép doi hinh.
* Gid st phép d6i xding qua tim O bi€n hai diém M, N 1an lugt thanh
M', N'. Khi d6 ta cé6:
OM=-OM', ON=-ON' = OM-ON =ON'-OM"
= NM=M'N' = M'N' = MN.
Vay phép di xitng tim O 1a mot phép ddi hinh.

C.BAITAP

1. Cho khéi ti dién déu ABCD. Goi M la trung diém AB. Chiing minh hai
khoi ti dién AMCD va BMCD béng nhau.

2. Cho hinh hép ABCD.A'B'C'D'. Goi E va F theo th( tu 1a tfung diém cla
cac canh BB', DD'. Chiing minh réng: M&t phang (CEF) chia kh&i hop thanh
hai khoi da dién bang nhau.

3. Cho khéi lap phuong ABCD.A'B’C’D’. Goi | 1a trung diém AA’. Goi
A+, Az lan lugt la di€m d6i xiing clia A qua B va qua D. Goi H = IA; ~ BB va
G=1A, N DD". ‘

a) Ching minh hai khéi ti dién HBA,C va GDCA; b&ng nhau.
b) Chiing minh hai khéi t dién HBAC va GDA,C bing nhau.
4. Goi D 14 phép d6i xting qua mat phang (P) va a la mot dudng thing

nao dé. Gia sl B bi€n dudng thdng a thanh dudng théng a'. Trong trudng
hgp nao thi:

a) a trung vdéi a'?
b) a song song vdi a'?
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c)acata'?

d) ava a' chéo nhau?
5. Tim cac mat phéng d&i xting clia cac hinh sau day:

a) Hinh chop tu giac déu.

b) Hinh chép cut tam giac déu.

c) Hinh hop chi nhat ma khéng c6 mét nao la hinh vudng.
6. Ching minh rang:

a) Hgp thanh cla hai phép déi xting qua hai mat phang song song (P)
va (Q) 1a moét phép tinh tién.

b) Hgp thanh cla hai phép d&i xting qua hai mat phéng (P) va (Q)
vudng goéc véi nhau la mot phép doi xling qua dudng thang.

7. Cho hinh 1ap phuong ABCD.A'B'C'D’. Goi M, N, P, H, K, E lan lugt la
trung diém céac canh BB’, BA, BC, CC’, C'B’va C'D’. Chuing minh hai khéi tu
dién BMNP va C’HKE bang nhau.

§3. PHEP VI TU.
SU PONG DANG CUA CAC KHOI PA DIEN
CAC KHOI PA DIEN PEU

A. TOM TAT GIAO KHOA

I. PHEP VI TU TRONG KHONG GIAN

1. Pinh nghia: Cho s8 k khong di khdc 0 va mot di€ém O c8 dinh. Phép
bi€n hinh trong khong gian bi€n diém M thanh M’ sao cho OM' =kOM goi la
phép vi tu. Piém O goi la tdm vi 1y va s6 k goi 1a ti s6 vi ty.

2. Tinh chat

e N&u phép vi tu bi€n hai diém M, N thanh hai diém M, N' thi
M'N'=kMN va do d6 M'N' = Ikl MN.
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e Phép vi tr bi€n ba diém thing hing thanh ba di€m thing hang, bon
diém dong phing thinh bdn di€ém ddng phing. Tir d6 suy ra phép vi ty bién
dudng thing thanh dudng thing, mit phing thinh mit phing.

II. HAT HINH PONG DANG
1. Dinh nghia: Hinh (H) goi 12 déng dang v6i hinh (H') n€u c6 mdt phép vi
ty bi€n (H) thanh (H,) ma hinh (H)) bing v6i hinh (H').
2. Chiy
e Hai hinh tf dién déu bat ki ludn luén ddng dang véi nhau.

e Hai hinh 14p phuong bat ki ludn ludn déng dang véi nhau.

I11. KHOI PA DIEN VA SUDPONG DANG CUA CAC KHOI PA DIEN PEU

1. Pinh nghia: Khoi dua dién déu 1a mot khi da dién 16i ¢6 hai tinh chat sau:

e Cdc mit 12 nhitng da gidc déu va c6 ciing sd canh.

e MB0i dinh la dinh chung ctia ciing mdt s& canh.

Khéi da dién déu ma mdi mit ¢é n canh va mdi dinh 1a dinh chung cda p
canh goi 1a khoi da dién déu loai {m; p}.

2. Chu y: Ngudi ta chiimg minh dudce ring: “Chi ¢6 5 loai kh&i da dién déu”.
bé 1a loai {3; 3}, loai {4; 3}, loai {3; 4}, loai {5; 3} va loai {3; 5}. Tuy theo s&
mit clia chiing, 5 khdi da dién 16i wén 1dn lugt ¢é tén goi la: khéi t dién déu,
khéi 1ap phudng, khéi bat dién déu, khéi mudi hai mit déu (thip nhi dién déu)
va khoi hai mudi mit déu (nhi thip dién déu).

3. Bang tém tit ctia nim loai khéi da dién déu:

Loai - Tén goi S& dinh S6 canh S& miit
{3;3) Tt dién déu 4 6 4
{4; 3} Lip phudng 8 12 | 6
{3;4} Bat dién déu 6 12 8
{5;3}) | Mudi hai mat déu 20 30 12
{3;5} Hai mugi mat déu 12 30 F 20
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B. BAI TAP

1. Chiing minh réing phép vi ty bién méi dudng thadng a thanh mot dusng
thdng a’ song song ho#c trung vdi a, bién mdi mit phang (a) thanh moét mat
phéng (o) song song ho&c trung vai (a).

2. Cho mot khéi ti dién déu, hay chiing minh rang:

a) Trong tam clQia cac mat cGa né 1a cac dinh clia mot khéi ta dién déu.
b) Trung diém clia cac canh clia n6 la cac dinh clia mdt khdi tam mat déu.

3. Hai dinh clia mét khéi tam méat déu dugc goi la hai dinh déi dién néu
chiing khong cuing thuéc mét canh cla khoi dé. Doan thdng ndi hai dinh doi
dién goi la duodng chéo clia khéi tdam mat déu. Ching minh rang trong khdi
tam mat déu:

a) Ba dudng chéo cat nhau tai trung diém mai dddng.
- b) Ba dudng chéo doéi mét vudng goc véi nhau.
c) Ba dudng chéo bang nhau.
4. Ching minh rang:

a) Tam cac mat clia mot khéi lap phuong la cac dinh clia mot khoi tam
mat déu.

b) Tam cac mat clla mot khéi tam méat déu l1a cac dinh clia mot khdi
lap phuong.
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$4. THE TICH CUA KHOI PA DIEN

A. TOM TAT GIAO KHOA

I. KHAINIEM VE THE TICH CUA KHOI DA DIEN
® Thé tich clia mot khéi da dién 13 s do phin khong gian ma né chiém chd.
¢ Ta thita nhdn cdc tinh chat hién nhién sau day:
a) Hai khoi da dién (H;) va (H,) biing nhau thi ¢6 thé tich bing nhau.

b) N€u kh&i da dién (H) dugc phan chia thanh hitu han cdc khdi da dién
nhé thi thé tich cta né bing (8ng clia tat cd cdc khdi da dién nhd do.

¢) Khéi 1ap phuong c6 canh biing | thi ¢6 thé tich bing 1.

e P& don gidn, th€ tich cda khéi da di€n gidi han bdi hinh (H) ciing dugc
goi 12 thé tich ctia hinh da dién (H).

e Khdi [dp phuong ¢ canh bing | dugc goi 1a khdi lap phuong don vi.

IL THE TICH CUA CAC KHOI DA DIEN THUONG GAP

1. Dinh li: Kh6i hop chit nhat véi ba kich thudc 12 ba s6 duong a, b, ¢ ¢6 thé
tichla V =abc.

2. Dinh li: Khéi chép c6 dién tich ddy 1a Saiy VA chiéu cao 1a h ¢6 thé tich

bf‘mg V= ;Sd;iy h.

J
3. Dinh li: Khi ling tru ¢6 dién tich ddy 1a Sy, va chiéu cao 1a h ¢6 thé tich
: S ;! - y y
bang V = Sy;y h.

B. PHUONG PHAP GIAI TOAN

Vi du 1: Tinh thé tich khéi lang tru ABC.A’'B’C’ biét dién tich clia mat
BCC'B’ bang 10cm? va khoéng cach gilta canh bén AA’ va (BCC’B’) bang 6cm.

Giai
Ta co:
VAB(‘t/\'B‘(” = V/\’/\B(‘ + VA‘BB’(" +‘VA'B(‘("
17
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ma
= SAB(-.d(A'.(ABC))

1
* Vaase 3
1
= SS/\fB‘C"d(Bw(A'B'C')) =Vansc (1)

]
* Vappo = 5SBB‘(‘."-d(A"(BB'C'))

B

Spce-d(ALBCCY) = Vaee (2)

_1
3
: o 1 CA ! '
Do do: Vancance = 3Vasee = =Spee-d(A L(BCCY)
. J
11, ‘ N 3
Vi du 2: Cho lang tru tu giac déu o ¢’
ABCD.A'B'C'D' canh day a. Mat phang
(ACD') tao vi (AA'D'D) mot goc 60°. A’ ST B
a) Tinh thé tich hinh lang tru da cho. / ": \‘\ I 7
b) Chiing minh (B'AC) L (D'AC) H v’J
Giai l/', {),:Q-:::_l\:-:/""-—j::‘_‘,:i::"—:: C
a) Goi O = AC N BD. V& DH 1L AD [ T 0 el
| A B

Ta c¢é: (DCH) L AD'
. bric- ((ACD"),(AA'D'D)) = 60°
= DH=CD cot60" = —1—;/;3;-
— 3‘——1,-=-2-,— = DD= .
> V2

Vi L - -
D'D> DH?! DA?> a* a’ a
3

a

5

Do dé: Vascnawcen = Sasen.D'D =
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a

J2

Ta cling ¢c6 AOBB” = AODD’ nén OB’ =a. Suyra: OD'=a=0B".

b) Ta ¢c6 AODD’ vuéng tai D, ¢c6 OD =DD’ = = 0D’ =a.

ViB'D = a\/i = AB'D'O vudng tai O.
Vi B'OD' = ((B'AC),(D'AC)) = (B'AC) L (D'AC).
Vi du 3: Cho hinh chép SABCD, day la hinh thang vudng tai A va B,

AB = BC = a, AD = 2a, SA L (ABCD). Goi M, N lan lugt la trung diém cla
~ SB, SD. Tinh thé tich hinh chép biét ring (MAC) vudng géc véi (NAC).

Giai

LS‘

Goi I, H 1an lugt 1a trung di€m AD va AB, O 1A giao diém ctia AC va BI, vé
HK // BI (K € AC).

Ta co: ABCI 1a hinh vudng

= ACLBI
ma AC L NI (do NI // SA)
= AC 1 (NIO) = NOI = ((NAC),(ACD)) = a.

Tuong ty ta co: MKH = ((MAC),(ACB)) =B.
Theo gid thi€t ta suy ra : o + p = 90°.
Mat khdc ta c6: tano = II\?—CI) va cotf = HK = tano

NI_HK . NLMH = OLHK
ol MH
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SA SA a2 a2
22 2 4
(AD+BC)AB _ 32’

2 2

= SA =a.

Mit khac ta c6: Sapep =

3

A 1 a
Vay Vsapep = ;SAB(,‘.D'SA = 5

C.BAITAP

1. Cho hinh ch6p S.ABCD c¢6 day la hinh thang vudng tai A va B, biét
AB = BC = a, AD = 2a, SA 1 (ABCD). Cho biét géc gitia (ACD) va (SAD) co
s6 do la 60°. Tinh thé tich hinh chép.

2. Cho hinh chép déu SABC, canh day a. Lay K l1a diém thudc canh SA
v8i SA = 3SK. Tinh thé tich hinh choép biét rang SA L (KBC).
3. Cho hinh chép SABC, SA = x, BC =y, céc canh con lai déu bang 1.
a) Tinh thé tich hinh chép theo x, v.
b) V&i gia tri ndo cla x, y thi thé tich hinh chép I6n nhat?
4. Cho tam giac ABC c¢6 dinh va mot diém S thay déi. Thé tiCh cla khoi
chép S.ABC cé thay déi hay khéng néu:
a) Binh S di chuyén trén mot mét phdng song song véi méat phang (ABC)?
b) Binh S di chuyén trén mot mét phang song song véi chi mot canh day?
c) Binh S di chuyén trén mét dudng thing song song véi mot canh day?
5. V8i mot mat phéhg qua mo6t canh clia ti dién va mot diém trén canh
déi dién cla ti dién do, hay chia khéi ti dién thanh hai khai ti dién sao cho
tf s6 thé tich clia hai khéi ti dién nay bing mot s6 k > 0 cho trude.
6. Cho ti dién SABC c6 SA = SB = SC = 1, ASB = 120°, BSC = 60°,
ASC = 90°.
a) Chung minh tam giac ABC vudng.
b) Tinh thé tich tu dién.
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7. Trong mé&t phang (o) cho dudng tron (T) dudng kinh AB = 2R. Diém C
di dong trén (T). Trén dudng thang d qua A, vuéng géc véi (a), 1dy diém S
sao cho SA = R. Ha AH 1 SB, AK L SC.

a) Ching minh: AK L (SBC), SB 1 (AHK).
b) Chung minh khi C thay ddi, K di déng trén mot dudng tron ¢d dinh.
¢) Tim gia tri I6n nh&t cla thé tich ti dién SAHK.
8. Cho hinh chép SABC cé cac canh bén bang nhau va bing a. Cac mat
bén hgp véi day mét géc o (0 < a < 90°).
a) Ching minh SABC la hinh chép déu.
b) Tinh thé tich hinh chép theo a va o.

9. Tinh thé tich cla khéi hép ABCD.A'B'C'D' bi€t rang AA' B'D' Ia khoi t
~dién déu canh a.

10. Cho lang tru ding ABCD.A'B' c' D', ddy la hinh thoi canh a, BAD = 60°.
Bi€t AB' L BD'. Tinh thé tich hinh lang tru.

11. Cho hinh lap phuong ABCD.A'B'C'D' canh a va diém M thudc canh AB
v8i AM = x (x < a). M&t phang (P) qua M va chia A'C'.
a) Tinh dién tich thi€t dién do (P) ct hinh lap phuong.
b) (P) chia hinh Iap phudng thanh hai khéi da dién. Tinh x dé thé tich
clia mét trong hai khéi gép doi khéi kia.
12. Cho hinh hdp chit nhat ABCD.A'B'C'D' va mot diém M e AD. Mat
phéng (A’ BM) cét dusng chéo AC' tai H.

a) Chung minh rang khi M thay d&i trén canh AD thi dudng thdng MH
cat A'B tai mot diém c6 dinh.

b) Khi M la trung diém AD, tinh ti s6 thé tich cGa hai kh&i da dién taora
sau khi c&t hinh hop bdi mat phang (A'BM). »

c) Gid sit AA'= ABva MB L AC. Chiing minh AC' L (A'BM) va H la truc
tam clia AA'BM.

13. Cho Iang tru déu ABC.A'B'C' ¢6 chiéu cao h, AB' & BC'. Tinh thé tich
lang try.
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14. Cho hinh hop chii nhat ABCD.A'B'C'D' c6 AB = a, AD = 2a, AA'=a.
a) Tinh khodng céach gitta AD' va B'C,

b) Diém M chia trong doan AD theo ti s6 LA‘M—M[S =3. Tinh d(M, (AB'C)).

c) Tinh thé tich td dién AB'D'C.
15. Tinh thé tich ctia khdi lang tru n-giac déu co tat ca cac canh déu bang a. |

16. Cho khdi lang tru diing ABC.A'B'C' c6 day la tam giac ABC vuodng tai A,
AC = b, ACB = 60°. Busng thang BC' tao véi (AA'CC') mét goc 30°.
a) Tinh d6 dai doan AC". ‘
b) Tinh thé tich khéi lang tru da cho.

17. Cho khdi lang tru tam giac ABC.A'B'C' c6 day la tam giac déu canh a,
diém A' cach déu ba diém A, B, C, canh bén AA' tac v6i mat phang day mot
gbc 60°.

a) Tinh thé tich cla khoi lang try do.

b) Chiing minh rang mat bén BCC'B' cla hinh lang try ABC.A'B'C' la
mot hinh chi nhat.

c) Tinh t6ng dién tich cac méat bén clia hinh lang try ABC.A'B'C’ (téng
dé goi 1a dién tich xung quanh cla hinh (hoac khai) lang tru da cho).

18. Cho diém M n&m trong hinh ti dién déu ABCD. Ching minh rang
téng cac khoang céach ti M tSi bén mat cta hinh t& dién 1a mot s& khong
phu thudc vao vi tri cla diém M. Téng dé bang bao nhiéu néu canh cla td
dién déu bang a?

19. Cho khéi lang try tam giac déu ABC.A'B'C'. Goi M la trung diém cla
AA'. Mat phang di qua cac didm M, B', C chia kh&i lang tru thanh hai phan.
Tinh ti & thé tich cla hai phan dé.

20. Cho khdi chép tam giac S.ABC. Trén ba dudng thdng SA, SB, SC lan
luct 1ay ba diém A', B', C' khac véi S. Goi V va V' lan lugt la thé tich clia céc

khoi chop S.ABC va S.A'B'C'. Chung minh rang: v = SA SB SC .
V' SA'SB'SC'

21. Khdi chop S.ABCD cé day la hinh binh hanh, M 1a trung diém cla
canh SC. Mat phang (P) di qua AM, song song v@i BD, chia khoi choép thanh
hai phan. Tinh i s6 thé tich cha hai phan do.

]
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22. Chiing minh rdng néu c6 phép vi tu ti s6 k bién ti dién ABCD thanh td
dién AB'C'D' thi YABCD _ 3.
ABGCD
23. Cho hinh chép SABC day la tam giac déu canh a, SA L (ABC), SA = a.
M la diém thay déi trén canh AB. Dat ACM = o.. Ha SH L CM.
a) Tim quy tich diém H. Suy ra gia tri I6n nhat cGa thé tich t& dién SAHC.
b) Ha Al L SC va AK L SH. Tinh do dai SK, AK va thé tich tu dién SAIK.

24. Cho hinh chop déu SABC canh day a, dudng cao SH = h.
a) Cho mat phéng (P) qua BC va vuéng goéc véi SA. Xac dinh thié_'t dién
do (P) cét hinh chép.

b) NEu h_ J3 thi (P) chia hinh chép thanh 2 phan. Tinh ti s6 thé tich
a

cla hai phan doé.
25. Cho hinh chop SABC day la tam giac can, AB = AC = 3a, BC = 2a.
Mt bén hgp véi day méot géc 60°. Ha dudng cao SH cla hinh chop.
a) Chiing minh H la tam dudng tron ndi tiép tam giac ABC va SA 1L BC.
b) Tinh thé tich hinh chép.

BAI TAP ON CHUONG I

1. Cho t¢ dién ABCD co6 thé tich bang V. Goi B' va D' lan lugt la trung
diém clla AB va AD. Mat phang (CB'D') chia kh&i ti dién thanh hai phan.
Tinh thé tich moi phan do.

2. Cho khdi hop ABCD.A'B'C'D'. Chiing minh réng sau trung diém cla
s&u canh AB, BC, CC', C'D', D'A' va AA' nam trén mot mat phéng va mat
phdng dé chia khdi hop thanh hai phan cé thé tich badng nhau. |

‘3. Cho khéi t dién ABCD, E va F 1an lugt la trung diém cia hai canh AB
va CD. Hai mat phing (ABF) va (CDE) chia khéi td dién ABCD thanh bén
khoi td dién..
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a) Hay ké tén bon khai td dién dé. | |

b) Chuing t6 rdng bén khéi td dién dé cé thé tich bang nhau.

c) Chuing té ring néu ABCD la khai td dién déu thi bon khoi td dién noi
trén bang nhau.

4. Cho khéi lang try ding ABC.A'B'C' ¢6 dién tich day bang S va AA' = h.
Mot mat phdng (P) cat cac canh AA', BB', CC' lan lugt tai Ay, By va C,. Biét
AA1= a, BB1 = b Vé CC1 = C.

a) Tinh thé tich hai phan cla khéi lang tru dugc phan chia bdi mat
phang (P).

b) V3i diu kién nao cla a, b, ¢ thi thé tich hai phan d6 béng nhau?
5. Cho khéi lang tru déu ABC.A'B'C‘ va M Ia trung diém cla canh AB.

Mat phdng (B'C'M) chia khai lang try thanh hai phan. Tinh ti s8 thé tich hai
phan doé.

6. Cho khdi chép S.ABC c6 dudng cao SA = a, day la tam giac vudng can
cé AB = BC = a. Goi B' 1a trung diém cla SB, C' la chan dudng cao ha ti A
clia tam giac SAC.

a) Tinh thé tich khéi chép S.ABC.
b) Chiing minh rang SC vuéng géc vai (AB'C').
c) Tinh thé tich khéi chép S.A'B'C'.

7. Cho hinh chop ti giac déu SABCD, dudng cao SH va mot mat phing
(o) qua A vudng goéc véi SC. Biét (o) cét SH tai Hy sao cho -Sélj}_—:— :% va ()
cat cac canh bén SB, SC, SD lan lugt tai B', C', D".

a) Tinh ti 6 dién tich thiét dién AB'C'D' va dién tich day cla hinh chép.
b) Cho canh day b&ng a. Tinh thé tich hinh chép SAB'C'D".

8. Cho tU dién SPQR c6 SP L SQ,SQ L SR,SR L SP.Goi A, B, C lan
lugt 1a trung diém clia PQ, QR, RP.

a) Ching minh cac mat bén cla ti dién SABC la cac tam giac bang nhau.
'b) Tinh thé tich ti dién SABC khi SP =a, SQ =b, SR=c.
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9. Cho hinh chép S.A’ BCD,' day la hinh thang vuong tai Ava D, AB = AD = a,
DC = 2a. Canh bén SD vudng vdi day, SD = av3.Tu trung diém E cla CD,
dung EK L SC (K € SC).

a) Tinh thé tich hinh chép S.ABCD theo a va chiing minh rang SC 1 (EBK).
b) Tinh khodng céach tu trung diém M clia SA dén (SBC).
10. Cho AB la doan vudng géc chung clia 2 nia dudng thang Ax, By

vudng goc v8i nhau. Cho AB = a. Cho diém M di dong trén Ax va diém N di
déng trén By sao cho dé dai MN khang déi.

a) Bat AM = x, BN = y . Tinh thé tich V clia ti dién ABMN theo a, x, y.
b) Tinh gia tri 16n nhat ctia V.
c) Tim quy tich trung diém | cia MN.

11. Cho hinh chép S.ABCD, day la hinh chit nhat cé dién tich bang J3,
g6¢ hgp bdi hai dudng chéo cla ddy cé s6 do 1a 60°. Cac canh bén nghiéng
déu v&i day mot géc 45°. Hay tinh thé tich hinh chép.

12. Cho hinh choép cut tam gidc déu ABC.A’B’C’ ¢6 chiéu cao h. Mat bén
BB'C’C vuéng goéc v6i mat AB’C’ va cach A mot khoang bang 2h. Tinh thé
tich hinh chép cut dé6 theo h.

13. Cho hinh h¢p chit nhat ABCD.A'B'C'D', AB = a, BC = b, AA' = c.

a) Tinh dién tich tam giac ACD' theo a, b, c.
b) Goi M, N Ian lugt Ia trung diém clia AB, BC. Tinh thé tich ti dién
D'DMN theo a, b, c.

14. Cho hinh lap phudng ABCD.A'B'C'D". Dung mat phing éhtra dudng
chéo AC cla hinh vudng ABCD va qua trung di€ém M cla B'C'. Mat phéng
dé chia hinh lap phudng thanh hai phan. Tinh thé tich cia hai phan do.

15. Hinh chép tam giac déu S.ABC c6 canh day la a, cac canh bén tao
vGi day mét géc 60°. Goi (P) la mat phang di qua BC va vudng goéc véi SA.
Goi H la giao diém clia SA véi (P). '

a) Tinh ti 56 thé tich cla hai kh&i chép S.HBC va S.ABC.
b) Tinh thé tich kh&i chép S.HBC va A.HBC.

16. Hinh chép tam giac déu S.ABC ¢6 dd dai canh day la a. Goi M, N lan

lugt la trung di€m clia SB va SC. Biét (SMN) vuéng géc (SBC).
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a) Tinh dién tich tam giac AMN theo a.
b) Tinh thé tich kh&i chép S.AMN va A. BCMN.

17. Hinh chép S.ABC c6 day ABC la tam giac déu canh a, SA = 2a va

SA vudng goc (ABC). Goi M, N lan lugt 1a hinh chiu vudng goéc cta A 1én
SB, SC.

a) Tinh dién tich tam giac AMN theo a.
b) Tinh thé tich clia kh&i chép A.BCMN.
18. Hinh chop S.ABCD c6 day la hinh vudng canh a va canh SA vubng

goc day, SA = 2a. Goi B, D’ lan lugt 1a hinh chiéu cla A 1én SB SD. Mat
phing (AB'D’) cat SC tai C'.

a) Chiing minh SC vuéng goc Vvai (AB’D’) va ti gidc AB’C’D’ c6 hai
dudng chéo vudng goc nhau. Tinh dién tich ti giac AB’C’D’theo a.
b) Tinh thé tich khéi chép S. AB'C’D’.
19. Hinh chép tu giac déu S.ABCD c6 day ABCD la hinh vudéng canh a,

canh bén tao v6i mat day géc 60°. Goi M la trung diém SC. Mat phang (P)
chi&ra AM va song song vdi BD. (P) cAt SB, SD lan lugt tai Eva F.

a) Tinh dién tich ti giac AEMF theo a.
b) Tinh thé tich cua khdi chép S.AEMF.
20. Hinh chép S.ABCD co6 day ABCD la hinh chir nhat vGiAB = a, AD = a\/_

SA = a va SA vudng géc v6i (ABCD). Goi M, N lan luct 1a trung diém cia
AD, SC va | 1a giao diém clia BM va AC.

~a) Chung minh (SAC) vudng goc (SMB).
b) Tinh thé tich cla khdi ti dién AMNB.
21. Cho hinh chép ti giac déu SABCD. Mat phang (o) qua AB va trung

diém M ciia canh SC. Tinh ti s thé tich cla hai phan khdi chop bi phéan chia
bdi (o).

22. Hinh chop t giac déu SABCD c6 day ABCD Ia hinh vuodng canh 2a,
canh bén SA = a5 . Mat phang (o) chiia AB va vudng goc véi (SCD), (o)
cat SC, SD lan lugt tai C’ va D’.

a) Tinh dién tich clQa tu giac ABC’D’ theo a.
b) Tinh thé tich clia khdi da dién ABCDD’C’.



23. Hinh chop ti gidc déu SABCD c6 canh day la a. Mat bén tao véi mét
day mot géc 60°. Mat phéng (P) chtra AB va cat SC, SD lan lugt tai M, N.
Biét (P) tao v6i mat day cla hinh chép mot géc 30°.

a) Tinh dién tich cla t& giac ABMN theo a.
b) Tinh thé tich cGa khéi chép SABMN.
24. Hinh lang try xién ABC.A’B’'C’ ¢6 day ABC la tam giac déu canh a,

canh bén BB’ = a, hinh chi€u vudng goc cla B’ 1én day (ABC) trung vdi
trung diém | clia canh AC. '

a) Tinh goc gitia canh bén va mat day.
b) Chiing minh rdng mat bén ACC’A’ la hinh vuéng.
c) Tinh thé tich cla khéi lang truy. _

25. Hinh kh?’/iExng try ding ABC.A'B'C’ ¢6 day la tam giac can tai A V@i
AB = AC = a, BAC = 2a.. Géc gilia (A’BC) va mat day 1a B. Tinh thé tich clia
khéi lang tru.

26. Hinh lang tru tam gidc ABC.A’B’C’c6 day ABC la tam giac déu canh a.
Piém A’ cach déu 3 dinh A, B, C. Canh bén AA’ tao v8i méat day mot goc 60°.

' a) Ching minh rang mat bén BCC’B’ |a hinh chii nhat. |

b) Tinh thé tich cla khéi lang tru.
¢) Tinh dién tich xung quanh cQa hinh lang tru.

27. Hinh hép chii nhat ABCD.A'B'C’D’cd dud.ng chéo A’C = d, tao véi mat
day (ABCD) géc o va tao vdi mat bén (ABB’A’) géc B. Ching minh réng
thé tich cQia hinh hop chii nhat la:

V = d® sinasinp./cos(a + B).cos(o - ) .

28. Cho hinh lang try tam giac déLI ABC.AB'C’ vdi M la truhg diém AA’,
(MB’C’) chia khéi lang tru thanh hai phan. Tinh i s6 thé tich clia hai phan do.
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HUGNG DAN VA PAP AN

§1. KHAI NIEM VE KHOI DA DIEN

1. Mot khoi da dién ¢6 it nhat 4 dinh.

Chitng minh: Xét mot khoi da dién (H). Goi M, 12 mdt mit bat ki cda (H).
Gid st A. B, C 1a ba dinh lién ti€p clia mit M,. Khi d6 AB, AC 1a hai canh cla
(H). Goi M> 1a mit ctia (H) ¢6 chung canh AB véi mit M. Khi d6 mit M, phdi c6
it nhat mot dinh nita 12 D khdc véi A va B. N&u D trung v6i C thi hai mét M; va
M3 ¢6 hai canh chung 12 AB va BC (v6 1i vi hai mit cta (H) ¢6 diing mdt canh
chung). Do d6 D khdng triing v6i C. Suy ra (H) ¢6 it nhat bdn dinh 1a A, B, C, D.

2. Goi D 1a s6 dinh clia da dién va C 1a s6 canh cia da dién dy. Vi mdi dinh
déu 1a dinh chung ctia ba canh va mdi canh chi qua hai dinh nén 3D = 2C = 3D
12 s8 chin = P 1a s6 chin.

3. Gi4 st A 1a dinh chung ctia ba canh AB, AC va AD clia khéi da dién. Khi
dé mit clia da dién chifa canh AB, AC chinh 1 tam gidc ABC; mit cla da dién
chita canh AC, AD chinh 1a tam gidc ACD; mat ctia da dién chita canh AD, AB
chinh Ia tam giagc AND. Vi BC, BD, DC la canh cta da dién d6 nén tam gidc
BCD la mat clia da dién. Viy-da dién dd cho dugc gidi han bdi 4 miat ABC,
ACD, ADB via BCD nén da dién d6 1a mé6t khéi it dién.

4. C6 thé chia wt dlcn ABCD thanh 4 khéi tif dién thod yéu cau bai todn:
ACEF, EACG, EFCG, FGCD trong d6 E, F, G lan luogt 1a céc diém thudc canh
AB, AD va BD.

5. A'ABC, A'BCB’, A’B’C’C.
6. Dung ba mit phzemg sau: (ABCD), (AECF) va (BEDF).

7. Goi E, F, G, H lan lugt 1a trung diém
cdc canh SA, SB, SC, SD va goi O =BD n AC.
Ta dung 4 mit phzzmg, sau: (SAC), (EFGH),
(EBD) va (GBC) dé phan chia kh&i chép
S.ABCD thanh 10 khéi tif dién sau: S.EFG,
S.EHG, B.EFG, D.EHG, G.OBC, G.OCD,
E.OAB, E.OAD, B.OEG va D.OEG.
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§2. PHEP POI XUNG QUA MAT PHANG.
SU BANG NHAU CUA CAC KHOI PA DIEN

1. Ta ¢6 (MCD) 1L AB tai M 1a trung di€m ctia AB nén (MCD) 1a mat phfmg
trung tryc cia AB. Do d6 qua phép doi xting qua (MCD) thi C, D, M. A lin
lugt bi€n thanh C, D, M, B. Suy ra i dién AMCD bién thanh t¢ dién BMCD.

Vi phép d6i xiing qua mit phing 13 mot phép ddi hinh nén tt dién AMCD
va BMCD biing nhau.

2. Vi AT // CE nén (A'ECF) = (CEF). Mit D
phing (CEF) chia hinh hép di cho thanh hai
kh6i da dién: CEA'FD'C'B' va ABCDFA'E.

Goi O la giao di€m cda EF véi A'C thi
O 1a trung di€m cia cic doan thing: AC,
A'C,BD', DB', EF

= phép ddi xiing tim O bién: A thanh
C', A'thanh C, E thanh F, B thanh D', D thanh B'.

= phép d&i xing P bién khdi da dién
ABCDFA'E thanh C'D'A'B'ECF nén hai khoi
da dién nay bing nhau.

3. a) Xét phép doi xing qua
mét phing (ACC’A’) ta c6:

e H bié€n thanh G:

e B bié€n thinh D:

e C bi€n thanh C;

o A, bi€n thianh A,.

Do d6 BPacear, bi€n
dién HBCA, thanh dién
GDCA,. Suy ra hai khéi ¢ dién
HBCA, va GDCA, biing nhau.

b) Pase) bi€n HBAC thanh HBA,C nén t¢ dién HBAC bing ti dién
HBA,C. Ta da ¢6 ut dién HBA,C biing t dién GDA,C. Suy ra hai khéi tt dién
HBAC va GDCA,; biing nhau. ‘
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4. a)a tring a' < a nam trong (P) hodc a vudng gbéc véi (P).
b) a song song véi a' <> a song .song véi (P).
¢)acita < acdt (P)va akhong vudng goc (P).
d) Khong xdy ra a va a' chéo nhau.

5. a) Xét hinh chép ti gidc déu
S.ABCD. Goi M, N, P, Q lan lugt 1a trung
diém ctia AB, BC, CD va DA. Ta c6: phép
dsi xing qua (SAC) bién: B thanh D, D
thanh B, S thanh S, A thanh Ava C thanh C
nén Bsacy bién hinh chép SABCD thanh
chinh né. Suy ra (SAC) la mdt mat phing
ddi xtng cia hinh chép déu SABCD. g SETTE

Fomeee

Tuong ty ta ciing cé (SBD),
(SMP) va (SNQ) la cdc mit phing ddi
xting ctia hinh chép déu SABCD.

Vay hinh chép déu SABCD c6 4 miit phing d&i xdng.

b) Xét hinh chép cut tam gidc déu ABC.A'B'C'.

Goi M, N, P lan lugt 1a trung diém cla
AB, BC, CA va M', N, P Jin lugt 1a trung diém
A'B', B'C', C'A".

Chifng minh tudng tu nhu trén, ta co cac
mit phing d6i xdng cda hinh chép cut déu
ABC.A'B'C' 1a: (AA'N'N),.(BB'P'P) vd (CCM'M).

c) Xét hinh hop ch nhdt
ABCD.A'B'C'D' ma khong c6 mit nao

12 hinh vudng. A J D
Goi O, K, N, J,F, G, H, L P, L, 0/ Y

Q, M lan lugt 1a trung di€m cdc canh B g {fd'l»--—-- ANy Y

AB. BC, CD, DA, AA', BB, CC, DD, O o e

A'B', B'C', C'D' va D'A". Ta ¢6 cdc mat G¥ E/,""""”"“:’M“"H ~AD’

phing d6i xing ctia hinh hop trén la: ,/’;3"""":7&,' “““““ 70

(JKLM), (OPQN) va (GHIF). | B . z
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6. a) Cho hai mat phing (P) va (Q) song song nhau.
Phép doi xiing qué (P) diém M bi€n thanh diém M.
Phép ddi xing qua (Q) di€ém M' bién thanh diém M".
Goi I, J 1an lugt trung diém ctia MM' va MM

Trén (P) 1dy diém R va trén (Q) 1y diém S sao cho RS L (P) va R, S
c6 dinh.

Tacé: MM"=MM'+M'M"=2IM'+2M'] = 2] = 2RS.
Viy hdp thanh cda hai phép ddi xing qua hai mit phing song song (P)
va (Q) 1a phép tinh ti€n theo vects 2RS.

1M M R| M
ﬂ( R? 4[ —-——-—--E~..._
M Q (I' S\\\‘:\ :K

b) Cho hai mit phing (P) va (Q) vudng géc va cit nhau theo giao tuyén d.
Phép ddi xdng qua (P) di€ém M bién thanh diém M' va phép d&i xing qua (Q)
di€m M’ bi€n thanh diém M". Goi R, K lan lugt trung di€m clia MM' va M'M".

Tacé: MM'L(P) =MM Lld,;
MM"L(Q) =MM"Ld
Suyra d 1L (MM'M")= MM" LdtaiS.

Vi MM // (Q) nén SK // MM' ma K Ia trung diém M'M" = S Ia trung
di€ém MM". Vay M va M" d8i xing qua dudng thing d.

Viy hgp thanh clia hai phép ddi xiing qua hai mit phing vudng géc (P)
va (Q) 1a phép ddi xiing qua duding thing 12 giao tuyén ciia (P) va (Q).
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7. Tacé: BM=CH, BN =C’E,
BP =C’K, MN = HE,
MP = HK va NP = EK.

Suy ra t& dién BMNP va 1t dién
C'HEK bing nhau.

Chi y: Ta ¢é thé chifng minh bing
cdch sau: qua phép d6i xiing qua mit phing
(A’B’CD) thi B, M, N, P lan lugt bi€n thanh
cic diém C°, K, E, H. Do d6 hai khoi wf
dién BMNP va C'KEH bang nhau.

\ §3. PHEP VITU.
SUDPONG DANG CUA CAC KHOI PA DIEN.
CAC KHOI PA DIEN PEU

1. Trén dudng thing a 13y hai di€ém M, N phan biét. Qua phép vi ty Vi k),
cic diém M, N 1an lugt bi€n thanh M', N' thudc dudng thing a'. Ta cé
M'N'=KkMN.

* N&u M, N', M, N thing hang thi a' trung a.
* N&u M, N, M' khong thing hang thi MN // M'N'nén a'// a.

2. a) Xét tf dién déu ABCD canh a. Goi
M, O, P, S lan lugdt I1a trong tam cdc mit
(ABQC), (BCD), (CDA), (DAB) cta t dién.

Goi K=AM n BC, N =AP n CD thi
ta co:

2
= MP//KNva MP=~KN.
' D
Vi KN 1a dudng trung binh cla

ABCD nén KN =

a
5 .
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Do dé ta c6 MP =

W o

Chiing minh tuong ty ta cting c6 MS =SP=0OM = OP = 0S = %.

Vay tf dién OMPS ¢6 cdc mit 1a tam gidc déu va mdi dinh ¢6 dﬂng 3
canh nén OMPS 1a td dién déu. /
b) Xét uf dién déu ABCD, canh a . Goi trung diém ctia AB, AC, AD, BC,
CDva DB lanlugtla L, J, K, H, F va G. Ta ¢6:

KI=KI=KF=KG=HI=HJ=HF =HG =

PO |
>

(Vi ching déu 1a dudng trung binh
clia tam gidc d€u c6 canh biing a).

Suy ra tdm tam gidc KIJ, KIJF,

- KFG, KGI, HIJ, HJF, HFG va HGI 1a tdm
tam gidc déu bing nhau.

Hinh da dién KIJFGH c6 tdm mit
la nhitng tam gidc déu bing nhau va médi
dinh cla né la dinh chung cta diing 4 canh
nén KIJFGH 1a mot bdt dién déu.

3. a) Xét khoi tdm miit déu BCDEAF. Ta c6:

* BCDE la hinh thoi = EC va BD cit
nhau tai O Ia trung di€ém cta mdi dudng.

* AEFC la hinh thoi = AF va EC cit
nhau tai trung di€m ctia mbi dudng = O cling la
trung di€m ctia AF. A

Vay ba dudng chéo AF, EC va BD cit
nhau tai trung di€m cia mdi dudng.

b) BCDE Ia hinh thoi = BD L EC (1);

AEFC la hinh thoi = AF L EC (2);

ABFD 12 hinh thoi = AF 1 BD (3).

Tu (1), (2) va (3) = ba dudng chéo AF, BD, EC dbi mot vudng géc
vdi nhau.

33

3GT12KHG1 DADIEN



¢) Taco

ABCD, CDD'C,

AABD = AEBD = OA =OE = AF=EC (1),
AAEC = ABEC = OA =0B = AF=BD (2).
Tu (1) va (2) = AF=EC=BD.

4.a) Xét hinh 14p phucng
ABCD.A'B'CD'. Goi tdm clia cic mit

D'CB'A', B'A'AB,

ADD'A' va BCC'B' 1an lugt 1a K.H, J,

I,FvaG.

Ta cb
AD', CB', B'D'

: cdc doan thing AC, AB/,

va D'C 1a cdc dudng chéo

clia cdc mit clia hinh 14p phuong da cho
nén AC=AB'=AD'=CB'=BD'=D'C.

Do d6

ACB'D' 1a mot tf dién déu

canh biing a2 ma 6 diém K, H, J, I, F va
G 14n luot 12 trung diém clia cdc canh AC,
CD', DB, B'A, AD', B'C cua tf dién
ACB'D' nén 4p dung két qua cia bai 2 ta
suy ra KHJIFG 12 mot bdt dién déu.

b) Xét hinh tdm mit déu BCEFAA'
Goi X,Y,Z, W, X, Y, Z, W 1an luot 1a
tAm cla cdc miat ACE, AEF, AFB, ABC,

A'CE, AEF, A’

Ta c6:

XX'=

XY =

Tuong tu ta c6

FB, ABC.

B
YY' =7Z7Z'=WW'= —;;AA';
EIL:E.lFCleC.
3 32 3

HES
1 SN K
H .
H \
<N
1 P AN B
’ LA SN
’ I N
D :’/ ! AN
Ay
\ A [t N Y
N\ R Y 2 Il SSRs
\ L= S~
Xt ! K NS
IOy 1 I - .—-\; G
NS 1 - s
SR ol ’ ~
NONINS 7T , N
\\| N l’ P \\\
NN
[ Y1 [ SR AP ———z ,C,
/D’ \\\\ e -
)
P Sa 0 e
>
P '_,—x‘
-
PPt J
lomm N
e
A’ B’

@

T

YZ=7W=WX=XY' =YZ =ZW = WX = XY.
. Vi AA' = FC nén ta c6:
 YZ=ZW=WX=XY'=YZ=ZW=WX=XY=XX'=YY' =77 = WW..
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Mit khic XY 1L XW, XY 1 XX' (do 14n lugt song song v&i FC, BE va
AA’ d6i mOt vudng géc nhau). Vay khdi da dién XYZW.X'Y'Z'W' ¢6 cdc mit 1a
hinh vuéng va mdi dinh ¢6 ding 3 canh di qua nén né 1a khdi da dién déu loai
{4; 3} hay 1a hinh 1ip phuong.

§4. THE TICH CUA KHOI PA DIEN

1. Goi I1a trung diém AD. Ta c6:
AI L AD va Al L SA = Al 1 (SAD) = AI L SD.

V& IK L SD thi ta c6: s
| SD L (CIK) = CK L SD.

Vay  CKI = (A,SD,C) =60°

a
= IK=Clcot60’ = —.
J3
Tacé: AIKD o ASAD — 2 _ 1K B C
| SD ID
sa=2Kgp saz L a5
D J3a J3
. (AD+BC)AB (2a+a)a 3a’
Vi Sagep = = = .
2 2 2
1 322 a5 B a*Js

1
Vay Vsapep = =S SA =—, . = .
Y VsaBcD 3 JABCD 3 \/—3— 2\/—3—

2. Goi O 1a tim clia AABC. Vi SABC 12 hinh

N S
chép déu nén SO L (ABC). Goi I = AO N BC. )
Tacs 2R _A9 _xoust ()
AS Al h
ViSA 1L (KBC) = SA 1 KO. 2)
(1) va (2) = SA L SL | A ¢
5 Cop2 2 2 3’ ., o
bat SA =x, ta ¢6 SI” = Al —-SA=—4—-——X. B
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Mit khdc SI* = SB* - BI* = x’ _9;_1_

= x’~—£=3a~— 2 o222 ga=L
4 4 2 J2
2 2
. SO=ASAT-AOl =, AP a3
2 9 J6
1 1 a’J3 a = a°
Vay V( ién =S SO =—. . = .
1Y af did 3 ABC 3 4 \/(; 12\/5

3. a) Goi M, N lan lugt 1a trung diém SA va BC.
Ta c6 ASBC va AABC cin canh ddy la BC
= AN 1 BCva SN1BC
= BC L (SAN).

Ta cling ¢6 NS =NA = ANSA cin tai N
= NM 1a dudng cao ciia ANSA.

Vsase = 2Vesan

%SNSA CN = lSA MN. P-C—

ma AN = AB? - BN’ = MN? = AN’ - AM? = AB? - BN? - AM?

= MN = l—————-——- \/4 (X +y
Do d6: Vsape = ,~112—)(y\/4—(xz +y2) .

. 1 . | 2
b) Ta ¢6 Vsane < —(x” Y WA (P +y?) = 54—\/<x2 +y) (4 -x* +y%)

ma (x° +y2>2[4—~‘(x2+y2>]:%<x2+y2)2[8-2<x2 +y*)]

3 =

3
20 4y 820 +y*]) 1 8 48
T2 2727 27



482

o Verges A8 _ 2
YT 2aN 27 o
AT 1 2 N o2 2 2 2 2
Diu"="xdyra>x=yvax +y =8-2(x +y)®x=)'=.—\/—-
3

Viy Viapc dat GTLN < x =y = T
3
4. a) Goi H 1a hinh chi€u clia S trén mit phing (ABC), vi (P) song song

(ABC) nén ta c6 do dai SH khong déi, ma dién tich AABC khong d8i nén

Vsane = lSAB(..SH khong thay déi.

3
b) Vi S di chuyén trén mit phing (Q) chi song song véi mot canh ddy nén
né€u goi H 12 hinh chi€u cia S wén mit phing (ABC) thi ta ¢6 do dai SH thay

2. N ~ 2. A 1. 2.
doi, ma dién tich AABC khong doi nén Vsape = =S, u¢.SH thay ddi.
J
¢) Vi S di chuyén trén dudng thing d song song véi mdt canh ddy nén né€u
goi H Ia hinh chi€u cda S trén mit phdng (ABC) // d thi ta ¢6 do dai SH thay

AL N A , ~ A A~ ] N 2.
doi, ma dién tich AABC khéng ddi nén Vsage = —Sxp¢-SH thay doi.
J

A
5. Xét khéi it dién ABCD va M 1a diém thudc

canh CD. Khi dé (ABM) chia khai tf dién ABCD
thanh hai khéi t& di¢n ABMC va ABMD. Goi H, K
1an lugt 13 hinh chi€u ctia C, D trén (MAB). 5 D

Ta c6: k = Vaime _ Sm-CH _ CH '= M '

Vasnn  Saw-DK DK DM o M
) . A Vo
Vay khi M ndm wén canh CD va MC = k.MD thi —28MC _ |

V/\BMD

6. ) Tacé AB=3.BC=1vi AC= 2
= AB*=BC’+ AC?
=  AACB vudng tai C.




b) Goi H 1a trung diém AB, ta c6 SH L (ABC)

1

ma  Sapc = -\—2—2——, SH= +SB>-BH? = fl—% -_—%,
J2

Viy V = —
1Y VSaBC B

7. 2) BC L AC va BC L SA = BC L (SAC)
= BC L. AK ma AK L SC S
— AK L (SBC)
— SB | AK ma AH L SB
— SB L (AHK).

b) Ta ¢6 K e (AHK) ¢8 dinh. )
Mt khic AK L HK. ©)
Tir (1) va (2) = K e dudng tron (T)
dudng kinh AK, nim trén (AHK) ¢& dinh.

) V= %SH.SAHK = éSH.AH.KI (I1a hinh chi&u ctia K trén AH).

>

2 ‘ ,
Vi AH = SAAB _R2R 2R SH = SAT _R va K di dong trén (T")

SB  RJ5 5 SB 5

nén: Vpax < KI max < I1a trung diém AH < Kl = —12—AH = —%

3
Vay GTLN clia V 1a Vyux = LI

12R R R
6’5 V55 1045

8. a) Goi H 12 hinh chi€u cla S trén (ABC), M, N, P 1in lugt 1a trung di€ém
ctua AB, BC, CA. Ta cé: :

AB L (SMH) = SMH = ((SAB),(HAB)) =a.

Tuong ty ta co:
SNH =SPH = o = ASHM = ASHN = ASHP



(A'B'CD") thi do AABD' 1a ur
dién déu nén A, H, O' thing hang

= HM = HN = HP

= H 1a tAm dudng tron ndi ti€p AABC.
ViSA =SB =SC = HA=HB =HC
= H 1a tAm dudng trdn ngoai tié€p AABC. .

Viy AABC déu.
Do d6 SABC 14 hinh chép déu. A
b) Pitx = AM.

"Tacé: AB =2x = MC = x+/3

:>MH=i§—':>SMi HM = X\/g .
3 cosa  3cosa

o ) 5 5 3x° s o 3acosa
Talaico: SM™+ MA“=SA = — X = DX = —————
9cos” o V3+9cos®a.
n2 2 2 )
= Sy = ABNS 345 °® % v SH=SMsino = ———0%
4 1+3cos” a \J1+3cos’a
Viy V 1 asina 3\/§a2coszd a’sinacos® a
Vd SABC = —. . 5 = )
D C
9. (}g)i ()v —= [\.(j' r\ IS'I). Vfl }{ P

hinh chi€u clia A trén

—_———

via A'H = 3A0'=3.9—J—§:a\6. |
3 372 3

Vi AH 1L (AB'CD") nén

-

S
s

-
————

e oty

~
-
~

————

-

AAHA' vudng tai H A’ B’

=S AH’=A'A’-A'H? =a%— 5=
= AH = —a—é—.
3
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11. a) Ta co:

32\/§ _ 32\/5

Samep = 2SaBD = 2. =
AB'CD ABD ) 5

2 1
Viy thé tich kh6i hop 12 V = S, SH == 3 a3 _a

10. Ta ¢6 AC L (BB'D'D)
— AC 1 BD' ma theo gi thi€t BD' L AB'
= BD L (ABC). 2
Goi O = AC A BD va H=BD' 1 B'O. /

Tacé: AABD du =>BD=a=0B=

t\>|r.>

Vi OB' = 3HO ma OB’ = OH.OB' = 30H’

OB a a\/g e S
= OH= = OB'=3HO = WG~ 0™~
NN 2 A

H!}

it At bt

§ \qwu

— BB'= VOB”-OB? = “f

\ .
Vﬁy Vl:‘mg(m ZSAB(‘I).B'B = a \/% Zl\/_ a \/E .

Me(MA'C)YN(ABCD)
A'C'//(ABCD)

= (MA'C) " (ABCD)=MN
va MN // A'C' (N € BC).

Vay thi&t dién cda (MA'C') v6i hinh X T ¢
lap phuong la wi gidc MNC'A'. Ta ¢6 Y "
MNC'A' 12 hinh thang cin. B xn

vé MH L A'C'ta cé:

Mm=ﬁmﬁza3=Jz (st
2 2

N S G I

™~




(MN +C'A"YMH
2

_ [(a ~XV2+ aﬁ] V2a®+x°  (2a-x)V2a® +x?

= 5 S 5 .
b) Ta c6 thé tich hinh chép cut BMN.B'A'C' 1 :

1

Vi= %’(SB‘A'(" +Spun — \/SA'B'C"SBMN) BB

2 2
=_a_[3_+(a~x) —a(a_x)}=—a-(a2—ax+x2).
3] 2 2 2

Vay Sunea =

o 4A - . a
Tirdé bai,tac6 V=3V, <a’= §(a2~ax+x2)

ox’-ax —a’=0ox=a(l + 5).
12.2a) MH ¢ (MA'B) vi MH (ADC'B') = MH = (MA'B) N (ADC'B").
Goi I=AB n AB' thi I ¢6 dinh

vale (MA'B) N (ADC'B") L C’
' 7,
= MH qua I ¢& dinh. i 7
b) Ta ¢6: |
. l A’ E I”/ Ij
Vaams = ;SAMB.AA' \‘\\\ i
= \\ \\ : ,//’
- LapaBAA |} i
12 T \ ’/"—\:}szj— “"‘“"“""::::::= C
O MY
=13 Vo ST T
1/ ‘‘‘‘‘‘‘‘‘‘‘‘
V,. 1 A
- aav 1 B

Vomscpape 1
¢) Taco MB L ACma MB L AA'= MB 1 (A'AC) = MB L A'O
= A'O 1a dudng cao clia AA'MB. (1)
Ta lai c6: A'ABB' 1A hinh vudng = A'B L AB". 2)
Vi DA L (AA'B'B) = A'B L AD. . (3)
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Tir (2) va (3) = A'B L (DAB') ma MI < (DAB") = MI L A'B
= MI 12 dudng cao AA'MB, 4)

Tit (1) va (4) = H 1a tryc tAim AA'MB.

13. Goi N 14 trung diém A'B' thi ta c6:
C'NLAB' va CN LAA' = CN L (AABB)

= C'N L AB'ma AB' L BC' = AB' L (BNC) .
= AB' L BN. . N_
Ta c6 BH = 2HN va BB = BH.BN ZA Ny ¢
it
= h’=2HN.3HN = 6HN” = HN = b6 L N
= BN=3HN= -11\2/—6— Ay BN {
2 \/— B
= B'N= VBN*-B'B* = 62 ~h* = h22
=B'A'=h+2. |
VA2 3 3
Do d6 V = Sagy.BB' = BA®YS g 23 _ N3
4 4 2
14. 2) Vi (AAD'D) // (BB'C'C) D o
= d(AD', BC) = d(AADD), (BB'CC)) A
» =AB=a.
, Af— NI &
b) Vi DM cit (B'AC) tai A H Ny
d(M,(B'AC)) MA 3 i N
= ' = =7 al| i D} £ )
d(D,(B'AC)) DA 4 g/ N ey 4
3 KT foa
= dM, (BAC) = ZdD, BAC). () frZ by,
A a B

Vi BD cit (B'AC) tai I 1a trung di€ém BD
= d(D, (B'CA)) =d(B, (BCA)). (2)
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vVé BK 1L AC, BH 1L KB'.
Tacé: AC LBB'va BK = AC L (KBB)
= AC 1 BHma BH 1L KB’

= BH L (ACB))
— d(B, (B'CA)) = BH.
Tacc’)'l—l+l—l+l+l
" BH?! BB” BK? BB” BA’ BC?
1t 1. 1.9
a2 42’ %  4a?
= BH= 2
3
, - 2a ‘
—  d(B, (B'CA)) = T 3)
. X , 32 a
T (1), 2) va (3) = d(M, (B'CA)) = =.=== =,
| 4°3 2
¢) Ta c6 Vacp = Viop — (Vacs + Vpaco + Vaasp + Vespe)
3
=22 — 4 LBABCBB =22 -2 227 = 22
6 3 3

15. Xét ling tru n—gidc déu AA,...An. A'1A...A', ¢6 tit cd cdc canh bing a.
'Goi O, O'1an lugt 1a tAm clia n—gidc déu A As... A, va A'|AY... A"y

Goi V 1a th€ tich clia ling try AjA;... Ay A'1A'.. Al , ta c6:
V=0Vopn, 04, Ay = n'S()AIAz.‘OO"

Ta 6 00' = a. |

AOA,A; can tai O ¢6 AjAy =a va A0A, = %nE

Goi I 1a trung di€m A, A, thi ta c6:

Ol = A1A2.C0t10’,& = %cotﬁ.
n

| ] .
Do dé V = n.—.AA,.0L00" =2 cot .
2 _ 4 n
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16. a) Taco AB L ACva AB L AA'
| = AB L (AA'CC)

— AC'B=(BC'.(AA'C'C)) = 30°.
AABC vuong tai A = AB = ACtan60° = by/3 .
AABC' vudng tai A = AC' = ABcot30° = by/3.4/3 =3b.

b) Tacé A'A = v A —A'C? =/9b% —b? =2by/2 .

l 1
Do do: S = ;AB./\(’ - _ﬁ)__bz‘\/g.

SUy Fu V{:\B(‘ ABC = Sg\]{('.AA' = %bz'\/?;Qb\/z = b3\[6 .

17. a) Goi H 1a tAm dudng trdon ngoai ti€p AABC.
Taco HA=HB=HCva AAA=AB=AC
= A'H niim trén truc ctia tam gidc ABC
= A'H L (ABC)
= A'AH=(A'A.(ABC)) = 60".

aV3 |

3

Tacéd: AH = —AE~

A'H = AHtan60° = a:/; \/5 =a; S/\B(‘ = N> .
J

b

Vay Vascane =Sasc.A'H=

b) Ta ¢ BC L AE (vi H cling 1a truc tAm ctia AABC);
BC L A'H(vi A'H L (ABC)).
Do d6 BC L (A'AE) = AA' L BCma AA'//BB'nén BC L BB'.
Vi BCC'B' 1a hinh binh hanh ¢6 BC 1 BB' nén BCC'B' 1a hinh chif nhit.

¢) Ta c6:

23\/_ 2a°\3

* AA'=2AH = = Speep = AA'BC =

J



) 332 a\/§9_

Lav3 _als | pp s i - a3
3 2 36 6

* HE=

a*/39
g

= Saspa = 2Saa3 = 2Sa8c = A'EBC =

Ry
3 E

Vay Syq=2.Sapsa + Spcep = a

)
J

18. Goi h 1a dudng cao clia tf dién va a la
canh clia tf dién.
Goi A' 1a giao diém clia AM véi (BCD),
H 1a hinh chi€u cta A trén (BCD), M, 13 hinh
chi€u ctia M trén (BCD).

Taco: B, H, M, A’ thfmg hang.

1
-8, .MM
Do d6 Vupep _3 BCD : - MM, _ MM,
V, o 1 , A'H h
A.BCD -3-.SBCD.A H

= MM| h, —5L0 VM BLD
A.BCD

Tuong ty né€u goi M5 1a hinh chi€u cda M trén (ACD); M3 la hinh chleu
clia M trén (ABD); My 12 hinh chi€u clia M trén (ABC) thi ta ¢c6:

MMz =h VM.ACD : MM? =h VM.ABD : MM4 =h VMAABC
ABCD ABCD VABCD

VMBCD + VMABD + VMA(,D + VMABC J h

= MM| +MM2 + MMg + MM4 h(
/\B(.D

mi h=AH= VAB2—AH? = af af
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19. Goi a 12 canh cia AABC.
Goi L, K, L lan ludgt 12 trung diém

cia A'C', AC va AB.
Ta cod
(A'M+C'C)A'C
Sacem =
2
MA +B'B)AB
- : AB _ Spmm. (1)

Vi d(B', (A'ACC")) = B'1=BK =CL =d(C, (A'ABB")). (2)
Tu (1) va (2) ta c6:

1
Vp.coam = ESC'CMA"d(B'a(C'CMA ")

1 V 1 all 1
= ESB'BAM'd(C5(B,BAM)) =Veppay = —2CCAM =,
C.BB'AM
20. Dung AH L (SBC) tai Hva AH' 1 (SBC) tai H', ta c6:
1 1 S

Vsane = =Sgpo-AH'= —6—SB'.SC 'sinB'SC'AH';

3

Vs.apc = —;-SSBC AH = —16—SB.SC.sin BSC.AH.

V _ Vime _ SBSCAH

V' Vg pe  SB'SC'AH' As
_AH  SA
ml ——=——
AH' SA' ¥
nén ta cé Voape _ SA'. SB'. S'C' .
e SA'SB''SC

21. Goi H=AC N BD, I=SHN AM
= 11a di€m chung cla (P) va (SBD).
Vi (P) // BD nén (P) cit (SBD) theo
giao tuyén d qua I va song song vdi BD.
Goi K, J 14n lugt 13 giao diém cda d
véi SD va SB.
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Ta cé6: 5K = S1 = SL = 2 (doI1la trong tim ASAC).

Ap dung bai 20 va goi V 1a thé tich clia hinh ch6ép SABCD ta c6:
Voamn _SM SJ 21 1

DI 21 1 Veam 1
Vease SC'SB 32 3 vV 6

Tuong tu ta ciing c6 Vsarm = ~1.
\% 6
Do dé Vsam + Vsakm =l+l:l - Voarmr _ 1 . Vs akmy :_1__
v 6 6 3 v 3 Vagcokm 2

22. Dyng AH la dudng cao clia tif dién ABCD.
Goi I 1a tim vi ty va H' = Vg, 1(HD. |
Tacé IA'=KkIA va IH'=kIH = A'H'=kAH = A'H' = [KIAH.

- Viqua Vg ) thi ABCD bién thanh AB'C'D' nén AB'C'D' dbéng dang vdi
ABCD theo ti s8 Ikl. Suy ra Spep = k*Sgep.

Do dé: Vagcp: _3Vamen _Spcp-A'H' :‘IkP'
* Vascp 3Vascp SBCD_'AH
23. a) Ta co: , S
+ H e (ABC) ¢6 dinh.
+ CHLSHvaCH.LSA
- = CH L (SAH) = CH 1. AH
= H nhin AC ¢§ dinh duéi géc 90°.
Viy tdp hop diém H 1a na dudng tron
ABC dudng kinh AC, nim trong mit phing (ABC).

Aé

Ta ¢6: Vsapc = %sAHC SA = éSA.AC.d(H, AC)

nén Vsanc 16n nhat <> d(H, AC) I6n nhit

N .2 ” TN AC a

< H 4 trung diém clia cung ABC < d(H, AC) = EX = 5
Vay Max(Vsae) = Laa =L
1y SAHC 6=
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b) Ta cé: AH=AC.sin a; SH = VSAZ + AH? =av1+sin’ o

2 0
= SK = SA - a vi AK = AS. AH asmao
SH \/1+sin2(x SH \/1+sm o
1 1

Tacé: Vsaki= —g.SSAK.d(I,(SAH))=ESK.AK.d(I,(SAH))

ma d(I, (SAH)) = —;—d(C, (SAH)) = —;—CH = —;—AC COos O = -;—acos o.

1 a asino. 1 a’sin2a
Vay Vsaxi = —acoso, =

6 Viesinfa V1+sin?a 2 24(1+sin’ o))
24. a) SABC 12 hinh chép déu, SH 1a dudng cao .
= H 12 tAm dudng tron ngoai ti€p AABC.
Goi M = AH N BC = M 14 trung di€ém BC.
Tac6: BCLAMva SM = BC L (SAM)
= BC L SA.
Goi N 1a hinh chi€u ciia B trén SA thi SA 1 BN
Vay (BNC) L SA = (P) =.(BCN).
Do d6 thiét dién clia hinh chép véi (P) 1a ABCN.
b) Ta c6 thi€t dién chia hinh chép thianh 2 phan 12 hai hinh chép c6 cung
ddy 1a ABCN va hai dudng cao 1an lugt SN va AN.

Ta.cé6 ASAH «»» AMAN = —Sié—=é-}-—l-:>SAAN = AH.AM

AM AN
maAM—a\/_ viAH= — \/— vaih= a\/_

2 2
:>SA2=AH2+SH2=-3-Z—+3a2=199—.

a3 a3
V@yAN=AH‘A;M= 3‘ 22 =_3_:>.{X_N_:.§..Dodé X&E‘l:i.
SA  SA 10a2 20 SN 17 Vepen 17

3
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25.a) Goi K, I, R 1an lugt 1a hinh chi€u clia H trén
AB, AC, BC. Ta c6: AB L SH va HK = AB L (SHK)

= ((SAB),(ABC)) = SKH = 60°.

Tuong ty ta c6 SIH = 60° = SRH
= ASHK = ASHI = ASHR = HK = HI = HR
= H thugc dudng phan gidc cia AABC.

Ta c6 BC L SH va AH L BC (do AH la dudng phin
gidc cia AABC cin tai A) = BC L (SAH) = SA 1 BC.

b) Ta ¢6: Sasc = ARBR = a.2a+/2 =2a%.42.
Vi A, H, R thing hing = BK =BR = a = AK = 2a.

Ta c6 AAKH o AARB = JK _ AK
AR
— HK = RB AK a.2a a
AR 2&\/_ \/—
— SH = HK tan60° = 23
Nk
o 1 a\/- 2a*\/—
Vay vwc_ < Shnc- SH—-—2 22,22 73
BAI TAP ON CHUONG I
1. Ta cé:
o Vawep ABAD' L1101

ol

e J
* Vesppp =V = Vapep = ZV .

4GT12:KHGI DADIEN



2. Goi sdu trung dlem clia sdu canh AB, BC, CC', C'D', D'A’ vd AA' lan lugt
1aF, G H,IJvaK.

Ta c6:
* 1J 12 dudng trung binh AA'C'D'
* FG la dudng trung binh AABC

—1/AC. )
= FG // ACma AC // A'C

= FG /I AC. (2)
* GH la dudng trung binh ABCC' = GH// BC". -3
* KJla dudng trung binh AA'AD' = KJ // AD'ma AD'// BC'
= KJ // BC.. 4)
Tuong tu ta ¢6: FK // BA' va HI // BA'. } (5)
Tir (1), (2), 3), 4) va (5) = F, G, H, . D
I, J va K cung nim trén mit phing (P) qua F I,
va song song (BA'C'). B
Goi M 14 trung diém FI thi M ciing
1a trung diém cta A'C; AC'; B'D; BD'. Do :
dé qua phép ddi xdng tim M thi ¢
FADCGHIJK bi€n thanh IC'B'A'JKFQHK. N s D’
Vi phép d6i xing 1a phép ddi hinh nén (P) o ™ 7
chia kh&i hop thanh 2 phin biing nhau. bs

3. a) Bon khéi i dién d6 1a: AECF; BECF; AEFD; BEFD.

b) Ta c¢6 E la trung diém AB nén dudng

cao cia tf dién AECF va dudng cao cla tf

dién BECF biing nhau. Suy ra thé tich clia uf
dién AECF va thé tich BECF bing nhau.

Chiing minh tudng tu ta ciing cO:
Vagcr = VAEmD = VBEID Do do the tich cla
bon khoi tif dién trén bing nhau.

¢) Khi ABCD 1a khéi tif dién déu thi ta c6:

* Phép ddi xiing qua mit phing (ABF) bi€n tf dién AECF thanh td
dién AEDF va AEFC thanh BEFD.
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* Phép d6i xing qua mit phing (ECD) bi€n tt dlen AECF thanh t¢
dién BECF va AEFD thanh BEFD.

Phép d6i xing qua mit phing 12 moét phép ddi hinh nén bdn t& dién
AECF, BECF, BEDF va AEDF bing nhau.

4. Ta c6: 4 C
VABC.A,B,CI = VA[.ABC"" Va,.BccB; Ak N\ B
1 P N N
P} — i
_____ ,C:
= Llas+l d(A Bcc,B,)).Bc. BBiTCC)
3 3 2 2

a+b+cs'

1
= Lastlwro)s=
38 3( c)

) h-a)+(h-b)+(h—-c 3h—(a+b+c)
Ta CO VA'B'C'.A]B]CI =( ) ( 3 ) ( ).S = ( 3 .S.

5. Goi S 1a giao diém cla B'M vdi AA' va N 1a giao di€m ctia SC' v6i AC.
Khi d6 (MB'C') chia kh&i ling tru ABC.A'B'C' thanh hai kh&i da dién la
AMN.A'B'C' va BB'MNCC' ¢6 thé tich 1in lugt 1a V| va V,. Ta c6 M 1a trung
diém AB va SA'// BB' nén A 1a trung diém SA'. Suy ra N 1a trung diém cta SC'.

Goi a va h 14n lugt 1a canh ddy va chiu cao cda ling try. .
SA SM SN 111 1 , C

Vsamn_ _ ——= -, == A
SA"SB'SC' 222 8

Ta c6
VSAIBIC'

= VSA'B'C"-VSAMN =Z_ = VAMN.A’B'C' =_;_

Vsascr 8 VSA'B'C‘
‘ C
7 71
= Vamnapc = §VSA B'C' =§ ‘3‘SA pcSA'
7 7 :
BEYA Sapc-2h = 12 75 Vapcamc S

V Yl‘l 7 V LA »1rall
= SAMNABC _ [ VAaMNnA'BC _

VABC.A’B'C' 12 Vewecon  12-7
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! . a
6. a) Ta co Sapc = _Z"AB'BC = 3?_ = Vgape = _}TS/\BC-SA :_é_a3_
J

b) Ta c6 BC L AB va BC L SA = BC L (SAB)
= AB' L BCma AB' L SB (do ASAB cin tai A, B' la trung diém SB")
= AB' L (SBC) = SC L AB". (1)
Mitkhdac SC L AC. (2)
T (1) va (2) = SC L (AB'C).

_ SB' SB'SB SA? a’ |
¢) Ta co: — = = ==
SB SB° SB” 2a 2
SC' SC'SC_SA* _a’ 1
SC sC’ SC? 3’ 3
V\ o ' ¥ 3
Do d6: —ABC - SB .SC =~1—.l=l = Vsane = = Voance =~2-1—.
VS/\BC SB SC 2 3 6 6 ' 36

7. a) Ta c6 BD L (SAC) = BD L SCma (a) L SC
= () // BD = (@) N (SBD)=B'D'// BD ma BD L AC’
= BD' L AC

‘ 1 1
= S/\R'(‘“l)‘ = ;B'D'.AC', SAB('D = -:Z—BD.AC

ma BD = ipp=2
3 3

vi  AC' = ACsin ACC'

B

nén SAB'(”D' = BD .AC =lsilu«2@".
Sanenp BD AC 3
Ta ¢cé6 ASHA «» ACHH,

= tanC =tanA = Eﬁ— = CH ma tanC = %}—{—




‘= tan’C = tanC.tanC = CH SH SH }— = cot’C = i;‘-

:>sinKC?’~ (
\/1+cot C \/

Vﬁym L inAce = ;\/ L

SAB_CD 5 \/—G
bj \ ls sc=l g sc=® go (%)
SABCD' = —. o = . = v
AB'C'D 3 AB'C'D 3 \/1—5- ABCD 3 \/B
ma SC' = SACOSKS\C = SC.COSA‘S\C = C .cos;‘:SE

cosC

HC.cos(180° —2C) -HC.cos2C

) V1-sin’C ) /1__3__

= a\[ \/;(1 2sin2C)=—f‘—£(1— §-)=5‘£. (%)

5 10

Tu, sk Vﬁ. ko ::>V‘ ooy = . -
U (%) va (*%) SAB'C'D 315 10

8. a) ASPQ vudng tai S, SA la trung tuyén = SA = %PQ .

BC 14 dudng trung binh APQR = BC = -;—PQ .

~Dodé SA=BC. (1) P
Tuong tu ta c6: SB=ACva SC=AB. (2)
Tir (1) va (2) = ASAB = ABCS = ACBA = AASC.
b) Ta c6 APAC = AAQB = ACBR = ABAC |

) 1
= SAB(‘ = ZSPQR

0
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1
= Vsapc = SSAB( (S (ABC)) = 3

1 11
- Z SPQR = Z Z SPSQSR =—abc
1 1 (AB+CD)AD a’\3

3 2 S 2
* Tacé: BELCDvaBELSD

= BE L (SCD)
= BE LSCmaEKLSC
= SC L (EBK).

b) AM cit (SBC) tai S
d(M, (SBC)) MS 1
d(A,(SBC))  AS 2

Py

= d(M, (SBC)) = % d(A,(SBQ)). (5)

Mit khic AE // BC = AE // (SBC)

— d(A, (SBC)) = d(L, (SBC)) (= AB N AE).  (6)
V& IH L SB tai H. )
Ta c6 EB =ED = EC =a = ADBC vudng tai B

— BC 1 BD ma BC L SD |

— BC 1 (SBD) = BC LIH. - (8)
Tir (7) va (8) = IH L (SBC) = d(1, (SBC)) = IH.
a2

a 3. 8%

ABHI o ABDS = 1L = 1B = SPIB_ =a‘/_6_.
"7 SD SB SB a5 25
a6 |

Vay d(1, (SBC)) = )
R 205

a\/g a~/30
Tu (5), (6) va (9 dM, (SBC)) = —== .
it (5), (6) va (9) = d(M, (SBC)) a5 20
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10. a) Dung Bz // Ax, MH // AB (H e Bz).

Ta c6: BN L AB va BN L AM = BN L (ABM)

= VABNM = %SABM .BN = éABAMBN

: 1
= Vapnm = gy
b) biat MN =b khong ddi. Ta c6: ABHN vudng tai B
= HB” + BN> = x? + y? = HN? = MN? - MH? = b? — a2
x? +y? _ b* —a?

= Xy <
Y 2 -2

1 2 2
=V < —a(b” —-a“).
ABNM < = ( )

b? —a?
>

Diu"="xdyra < x=y=

Viy MaxV = -liza(b2 ~a?).
¢) BN L (ABM) = BN L BM = ABMN vudng tai B, I 12 trung diém MN
MN b

=Bl= — =,
2 2

_ 2 2 »
Goi C1a trung di€m AB ta ¢6: CI = vBI? - CB? =-——b—2E— khéng doi.

V& cdc tia Ct// Ax va Cr // By = mit phing (tCr) ¢6 dinh.
Vay tdp hdp cdc trung di€m I cla MN la % dudng tron tim C, bdn

vbr-a? | —
kinhR = — nam trong géc vudng tCr.

11. Gid st géc nhd giita hai dudng chéo ciia ddy la DOC = 60°.
Ta ¢6: CAD =30° = AADC Ia nifa tam gidc déu
= AD = CD.tanC = CD+/3
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= Sapcp = AD.CD = CD?*/3 = /3
—=CD=1,AD=+3 =AC=2,
ASAC c6 SAC =SCA =45° |
= ASAC vudng cintai S = SO=0C= 1.
5

N 1. 1
Vay VSABCD = ;SABCD'Soz—i'\/—?’_’l =—:3—.

12. Goi M, N lan lugt 12 trung diém BC va B'C'. Ta c6:
MN 1 B'C. (D)
AB'=AC'=> AN L B'C. (2)

T (1) va (2)
= ANM = ((AB'C",(BB'C'C)) = 90°

= AN L MN ma AN L B'C'
= AN L (BB'C'C)
= AN = d(A, (BB'C'C)) = 2h.
Goi H 1a hinh chiéu cia N trén AM, ta ¢c6 NH L (ABC) = NH la dudng
cao hinh chép cut _
= NH=h = AH = VAN’ -NH? =h\/3 = AHAM = AN’
AN’ _4n’> _4h
AH h/3 3

2AM _ 2 4h _8h
3

= AM =

= BC=

e
&
<

6h2
9

-

15

= SaBc =

4h_ b
AM-MH /3 /3 hJ/3

2 2 2

h?.\/3
T

Talaico AN ="

= B'C' =h= SA‘B'C“ =
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9 4 9 4

- 1{ 16h*v3 h2J/3  [16h2V3 h23
Vay Vagcapce = 3 + + ) h

—+
3

9
13.2) Ta c6 AC = vJa? +b? .

Vé DH L AC ta ¢6 DH.AC = DA.CD

—py -DCDA__ ab

‘AC \/a2 +b?
VDD "+ DH?
a’b?
a’ +b?
. \/azbz +b2 +c%a’ A
a’ +b? '

_h3\/§(16 i+g)_97h3\/§
- i

108

= D'H

=,c?+

VAy Saco = %AC.D'H = %\/a%z +b%c? +cta’.

b) Ta ¢6 Spmn = Sascd — Sapm — Scon — SeMN

ab ab ab 3ab
=ab—- ———"— —_——

4 4 8 8
N 1 , 1 3ab abc
Vay VD'DMN = —SDMN'D D=——c¢=—= .
3 8 8
14. Goi N 1a trung di€m A'B', ta c6 N € (ACM).

S
Q

Goi V, V| lan lugt thé tich ciia hinh lap -
phuong, hinh chép cut BMN.BCA. Ta ¢6 V = a’. < M

1

| A= 4
Vi= E(SABC +Snm ++/SascSnem )BB' '3 - \B

1 [a> a®> [a® a®| 7a° e Tol
= Al — [ = /S
312 8 2 8 24 et

. -
-
-

-
-
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172" poge Y=L
4 v, 17

Goi V,= V-V, =

15. 2) Goi O 1a tdm clia dudng tron ngéai ti€p A ABC. Vi SABC la hinh chép
déu nén SO L (ABC). Do d6 ta cé: : ‘

(SA,(ABC)) = (SB,(ABC)) = (SC,(ABC)) =60°. ¢

Goi I 1a trung diém cda BC thi O thudc AL
Tacé: BCLAIvaBC.LSI
= BC L (SAD) = BC L SA. )

A c
V& IH L SA tai H. )
Tu (1) va (2) suy ra (HBC) L SA
nén (P) = (HBC). | B
Vi ASAO vudng tai O ¢6 SAO = (SA, (ABC)) = 60°
vaAo:-2-A1=—?‘~-.f‘—\-/-—3i=f‘lfi nén SA = — 0 =2a*/§,.

37 32 3 cosSAO 3

Mt khdc AAHI vudng tai H nén:

— a\/-3_ a\/g _ 2a\/§ B a\/g _ 5a\/?_)
3 4 ‘

AH= AlcosIAH=—.—=—— = SH
2 2 4 12
Do dé: Yﬁ?ﬂ:—s—q: Sa\/g. 3 =§.
VSABC SA 12 23\/5 8
’ J—— 2
b) Tacé: SO = SAsinSAOzzan.ﬁ:a va Sapc = 2 V3
- 3 2 4
1 1 azx/g a*\3
—  Veapc= —S,..SO=—. a= .
| SABCT 3 asc 37 4 12

‘ Ve D 5 2°3 52’3
’ Do dé: sﬂﬁc—~8-VSABC=—8—, T = o6

3 3 a3\/§=a3\/§

Vanse = ¢ Vome =g 0 " 3

?




16. a) Goi H 1a trung di€m ctia BC va K = MN ~ SH.
Ta c6: BC L AH va BC L SH
= BC L (SAH) ma MN // BC
= MN L (SAH)
= (KA, KH) = ((SMN), (SBC))=90°. B
Ta c6: K 1a trung di€ém cda SH va AK 1 SH

= AASH cin tai A = SA = AH = af.
2 ’\/—— N
Do d6: SH = v/SB? —BH? = [ ]{—;—) =a—2-2-.

3
1 a%3 a15 a’\5
:% VSABC - SABC‘SO = g ) . 6 = 24
‘ V
Mit khdc; —samn _SM SN _11 1
' Vsare SB S 22 4
1 113\/;5— R 3 a3\/§
Suy ra: Vsamn = ZVSABC =706 va Vapenm = ZVSABC VI
17.2)Tac: ASAM w ASBA = M _5A
BA SB
—~  AM= SA.BA _ Za.a _ 2a

SB /sA?+BA? 5.
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" 2a

Tuong tu ta cé AN = \—/_—
5
Mit khac: S - SMSB _SA° 4
SB SB*® SB* 5
SN 4
Tuong tu ta cling c6 —=—.
: SC 5
4 4a B

Do d6: MN // BC va MN = —S—BC=—5—.

Tam gidc AMN cin tai A. Goi H 1a trung diém clia MN.

Ta c6 AH L MN nén AH = VAM? - MI® = —-f‘- _4a
25 5
1 | 4a 4a 8a’
Do dé: Saun= —.MNAH=—.—.—=
AMN= 5 27575 25
b) Ta cé : VSAMN _ SM _S_N_ 16 — V/\MNCB -2
Vowe SB'SC 25 V... 25
| 9 9 1 a’\3 3a*\3
=  Vauneg= —V. =2 2a = .
AMNCE = 5 Tsane “ 95737y 50
» BC 1 AB
18. a) Ta cé: = BC L (SAB)
BC L SA

= BCLAB maSB.LAB’
= AB’ 1L (SBC) -
= SCL1AB’.

Tuong tw c6 SC L AD’.

Dodé SC._L(AB'D’).

ASAB = ASAD ma AB" va AD’ lan lugt 1a dudng cao clla A SAB va A
SAD nén: ’

SB'=SD'vaSB=SD= 5B SD = B’D’ // BD.
SB SD

Mit khic: BD L SA va BD L ACnén BD L (SAC).



Do d6 B'D’ L (SAC) = D'B’ L AC* = AB’C’D’ ¢6 hai dudng chéo
vudng géc.
Tacs: S0 _SB_SB ‘§B=SA~ 4 pp = fl_BD=2a\/-2‘.
BD SB SB* SB’® 5 5
AC’ L SC nénta ¢6 SA.AC = Sc AC’

SA. AC 2a. a\f 2a\/—

= AC =
a6

g 1 ﬁza\/i 206

Vay S = SAC'H’ D=l 23 = .
Y DABCD 273 5 15 |
' 'SC SA® 226
b) Tacs: oo - SESC_SA° 4 2 g 240 af.

SC  sC®  sC 6 3 ; 3

1
Viy Vsap e =3 =S,

19.2) Goi O = AC ~ BD vii I = AM N SO. S
- Tacé: EF qua I
Vi (P) // BD nén EF // BD.

Vi cdc tam gidc SAC va SBD Ia
cdc tam gidc cdn tai S, ¢6 cdc géc
SAO=SBO=60° nén ching la
cdc tam gidc déu.
Tac6: BD L ACva BD 1 SO

= BD 1L (SAC)= BD L AM ma EF// BD

= EFLAM = Sapmy = %.AM.EF.

Ta c6: AM*AC\/— Vo va 2E_SL_2 :EF:EBDzza“E.
2 BD SO 3 3 3

Vﬁ. S ! a\/g 2&\/5233\/5

Ay dAEMF N 3
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b) Ta c6: AM L SC va SC 1 EF (do SC L BD)
2 3
= SC L (AEMF) = Vg, =—;—SAEMF.SM - % 2 ; & .a\z/i - al\f .
20.2) Ta c6: BM L SA (do SA L (ABCD)). (1)

AMAB v AABC (c.g.c) S
= AQ/I\B —BAC '
ma AMB + AEK/I =90°
— BAC+ABM=90°
— BMLAC. (2)

Tir (1) va (2) = BM L (SAC)

ma BM c (SBM)

= (SAC) L (SBM).
b) Goi O = AC N BD. Ta c¢6: NO 1a dudng trung binh ctia ASAC

— NO // SA ma SA L (ABCD)

= ON L (ABCD)

| T
= Vams = %.SABM NO = é.AB.AM.NO - —é—.a. 3*2/5 a="2 V2.

12

21. Goi N 1a trung diém AD. Ta c6: |
MN // CD // AB = MN < (ABM) = MN c (o).
Do d6 MN = (o) N (SBC).

Suy ra (o) chia hinh chép thanh hai khdi
da dién: SABMN va ABCDNM.

Ta ¢é: VSABMN — VSABM + VSAMN
SABCD VS/\B(‘D
- VSABM + VSAMN
2VSAB(’ 2\/SACD

_I(sM SMSNY_ 11 11)_3
2lSB SB'SD) 22 22) 8
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22.2) Goi I, J lan lugt I3 trung di€m clia AB va CD. Goi O 13 giao diém ciia
ACvaBDthiO e IJ.

Tac6: AB L 1J va AB L SO
= AB L (SIJ)=SJ L AB. (1)
V& AH L SJ tai J. (2)
T (1) va (2) = (ABH) L SJ
= (ABH) L (SCD) |
= (ABH)=(0). B
ViC'D’ = (o) n (SCD) nén C’'D’ qua H.
Ta c6: (o) qua AB, (SCD) qua CD ma AB // CD nén C’'D’ // AB // CD.

Do d6: ABC’D’ 1a hinh thang c6 dudng cao la IH (do IH L (SCD) nén
[H 1 CD).

Ta ¢6: ST = YSD? - ID? =+/52° —a® =2a =IJ = SInén ASIJ déu. Do d6 -
H1a trung di€m ciia SJ va do d6 C’, D’ 14n lugt Ia trung diém cda SC, SD.

SJ\/— \/g

Suyra: C’D’ = %CD =avalH= ———-~=

(AB+C'D)IH (2a+a)a\/§ 3223

Viy Sagep = =
2 2 2
b) Ta c6: ' VSABC'D‘ - VSAC‘D +VSABC - VSAC Dy Vsm;c-
SABCD VSAB(‘D 2VSACD 2VSAB(

1(sC' sp' sC) _ 1 llJ“lj—i

2\SC 'sD sCc) 2(22 2) 8
= VABCDC'D' =§
VSAB(‘D 8

Sy Bl

1
SABCD 3 :g

8
%(Za) \/—_Sa f

S .SO

= Vascoep = ABCD
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23. 2) Goi I, J 1an lugt 1a trung diém
clia AB va CD. Goi O 1a giao
diém ctia AC va BD thi O € 1J.

Tac6:CD L SOvaCD 1L SJ
nén CD L (S1J)

= ((SCD),(ABCD))=SI1=60°.

Tam gidc SIJ cin ¢6 SJI = 60° nén ASIJ déu.
Goi K Ia trung dié€m ctia SJ thi IK | AB,
ma IJ 1 AB nén ((ABK),(ABCD)) =KIJ = 30°
= (ABK) = (P).
Goi M, N 14n lugt 1 trung diém ctia SC va SD thi
MN // AB nén MN C.(P). Do d6 MN = (P) n (SCD).

U3 a3

Tacé: MN=-LCD=2:IK = AL
2 2

2 2
V3

a._a :
(AB+MNJIK _(@F5) o 323

Do dé: SABMN =

2 2 8
b) Ta Cé' YSABMN — VSABM +VSAMN - VS/\BM + VSAMN
SABCD ’ VSABCD 2VS:\B(" 2\/SA(’D

1

SM  SM SN
+

3

N 2[_56— SC'SD) 8

S

1
%" ABCD®

3 3
=  VgoapMn = g'vsmm) = g

SO =




24.a) Ta ¢6: B’ L (ABC)

= BI 12 hinh chi€u ctia BB’ trén (ABC)

. A,
B’
= (BB',(ABC))=B'BI.
Ta c6: Bl = f"—‘fi va BB’ =2
nén cosl?'gl =——Bl1—~=~\/——3 = B'BI=30°.
BB' 2
Do d6 (BB',(ABC))=30°.
b) Tacé: ACC’A’ 1a hinh thoi (AC=CC’ =C’A’ = A’A).
, AC 1 Blva AC L B’'Inén AC L (B’IB)
= ACLBB = ACLCC.
Viay (ACC’A’) 1a m6t hinh vudng ¢6 canh a.
1 a PENE)
¢) Tacé: Bl=—BB'== vi Sppc =
) 5 ) ABC ,
. a’V3
nén - Vupcapce =Sasc.Bl= V3 :
8 A}n
25. Goi I 1 trung di€m cta BC. Ta c6: | . N
BC L Alva BC L AA’ nén BC L (AA’T) FELIN ¢
= A'TA=((A'BC),(ABC))=p. AR RN
3 l/ A‘L “\ \\\
Ta cé: : . SN S \
AABI vudng tai I nén Al = ABcoso. = acosa. B | —
AAA’T vudng tai A nén AA’ = ALtanB = acosa.tanp.

Sapc = ~2-AB.AC.sin 200 =a’sinocoso..

A ‘ ) ’ . 3. 2
Viy Vapcapc = Sapc.AA’ = a281noc.cosoc.acosoctan[3 = a’sino.cos o tanfP

S6T12:KHG1 DA DIEN
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26. 2) Goi H 12 hinh chi€u ctia A’ trén (ABC). Vi A’ cdch déu A, B va C nén
H 12 tam dudng tron ngoai ti€p AABC. Ta c6: BC L AHva BC L A’H

= BC L (A’AH) = BC L AA’
— BC L BB’ ma BCC’B’ la hinh binh hanh

A c
— BCC’B’ 1a hinh chi nhat.
2
b) Ta c6: Sasc = — f .

A’H L (ABC)
— AA’ ¢6 hinh chi€u trén (ABC) 1a AH
= (AA',(ABC))=A'AH =60°;

Vay Vascasce = Sasc.AH =

¢) Tacé: A'M = VA'H’ +HM® = Ja +———..

Ta ¢6: Sapp'a’ = SA(‘(‘.'/\' =2SA'AB = ZSA'BC

1 , a@_az\[;g—
e

=2.—.BCA'M =a
2

: |
AA= VAT HA? = Ja2+2% = 2013
9 3
’ 2
= Sgecep' = BC.BB’ = a. Za;/E = 2a 3\5 .

s

Vay Sxq = Sass'a’ +Sacca + Spees = c



27.Tacé: AA’ L (ABCD) = (A'C,(ABCD))=ACA=aq.

CB L (ABB’A’) = (A'C,(ABB'A"))=CA'B=p.

AC =CA’cosa = dcosa.
AA’ = CA’ sina = dsino.

BC = A’Csinp = dsinp.

AB = VAC? -BC?

.._..\:;---..

~

= \/d*cos? o —d?sin® B

=d+/cos’ o, —sin? B

_ d\/cos 20+ cos2f
2

=d \/cos(oc +B)cos(a—P) .
Vay Vapcpascp = AB.BC.AA’

= d’sina, sinf3 \/cos(a +B)cos(a—P) .

28. Ta c6:
| 1

5 'SA'B'C"E

VM.A'B'C' S MA" =

A'B'C'”

W | —

1 \
= g'SA'B‘C"A A= gVABC.A‘B'C"

Vay ti s6 thé tich clia hai phdn I -,;—

1 M

o
f"
A

-
-

g
-
-
-

e
e
-
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Chu’ong II |
MAT CAU. MAT TRU. MAT NON

§1. MAT CAU. KHOI CAU

A. TOM TAT GIAO KHOA

I. MAT CAU. KHOI CAU

1. Pinh nghia 1: Tip hdp cdc diém tlong khéng gian cdach diém O ¢& dinh
mot khodng R khong d8i dugc goi 1a mdt cdu c6 thm 1a O va ban kinh bing R,
ki hiéu la S(O; R).

Nhur vay: Mit cedu $(0; R)={M|OM =R}.
2. Vi tri tuong a6i gita di€m va mat ciu:
Cho dlem A va mit cau S(O; R). Ta ¢6:
e Piém A thuéc mit cdu < OA =R;
o Diém A ndm trong mit cdu < OA <R;

o Diém A ndm ngoai mitciu & OA>R.
3. Dinh nghia 2: T4p hgp cdc diém thudc mat ciu S(O; R) cling véi cédc
diém nim trong mit ciu dé dugc goi l1a khdi cdu S(O; R).

Nhu vay: Khéi ciu S(O; R)={M|OM <R}.

IL. VI TRI TUGNG DOI GIUA

MAT CAU VA MAT PHANG

1. Cho mat cdu S(O; R) va mit phing
(P), goi d 1a khodng cich tir O t6i (P) va H
12 hinh chi€u cta O trén (P). Ta c6:
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* Né&u d < R thi (P) cit mit cAu S(O; R) theo giao tuy€n la dudng tron
nim trén (P) ¢6 tim H va ¢6 ban kinh r=+R? -d* .

Trudng hgp dic biét:

Khi d = 0 thi (P) di qua tdm O clia mit

- cAu. Mit phing d6 dugc goi 1a mat phdng
kinh; giao tuy€n cda mit phing kinh véi mat
ciu 1a dudng trdn c6 ban kinh R, dudng tron

- d6 goi 1a duong tron Idn cla mit cAu.

* N&ud =R thi (P) vd mit cdu c6 mot

diém chung duy nhat 1a H. Khi dé ta néi (P)
tiép xiic v8i mit cau tai di€m H, hodc ta néi
(P) 1a tié€p dién clia mit cau tai diém H.
biém H 201 12 tiép diém cia (P) va mit ciu.

* NE&ud>R thi (P) va mit cdu S(O; R)
khong c6 diém chung.

2. Mit cau ngoai ti€p hinh da dién: Mat
ciu di qua moi dinh clia hinh da dién H goi la
mdt cdu ngoai tiép hinh da dién H va hinh da
di€n H goi 12 ndi tiép mit ciu dé.

HI
P

I1. VI TRi TUGNG POI GITA MAT CAU VA PUONG THANG

Cho mit cau S(O; R) va dudng thing A.
Goi H 1a hinh chi€u ctia O trén A va d= OH
la khodng cdch tr O t6i A.

* N€u d < R thiA cit mit cau tm hai
diém phén biét.

* NEud =R thi A vd mit cAu c6 mdt
di€ém chung duy nhat H. Khi d6 ta néi dudng
thing A tiép xic véi mit cAu tai diém H,
hodc ta néi A 1a #iép tuvén clia mat cau tai

H. bi€m H goi 1a tiép diém cta A va mit

cau.
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#* N&ud >R thi A vd mit cau khdng ¢6
di€ém chung.

Iv. DIEN TiCH MAT CAU. THE TICH KHOI CAU

1. Mit cAu bdn kinh R ¢6 dién tich 1a: S = 4nR”.

2. Kh&i cAu bdan kinh R ¢6 thé tich1a: V = inR?’.
3 ,

: B. PHUONG PHAP GIAI TOAN
Vén dé 1. Xdc dinh mit ciu

1. PHUCONG PHAP

e Mudn chirng minh nhiéu diém cing thuéc mét mdt cau ta chitng minh cdc
o A . < . A ~ o A AT g ~ u ~ A
diém do cing cdch déu mot diém O ¢& dinh mét khodng R > 0 khong doi.

e Mudn chitng minh mét divong thdng D tiép xiic véi mét mdt cdu S(O; R),
ta chitng minh d(O, D) = R.

o Mudn chitng minh mgt mdt phdng (P) tiép xic vdi mét mdt cdu S(O; R),
ta ching minh d(0O, (P)) = R. '

o Tap hop cdc diém M trong khdng gian nhin dogn thing AB ¢é dinh dudi
modt goc vudng la mdi cAu diong kinh AB.

2.CAC VIDU |
Vi du 1: Cho ti dién ABCD. Chung minh ring tap hop cac diém M trong
khong gian sao cho |I\7I7§ +MB +MC +l\7|6‘ = 4 1a mot mat cau.

Gidi
MA+MB+MC+MD|=4 < [4MG|=4 (G 1a wrong tam 1 dién ABCD)

S MG=1.
Viy tip hgp cdc diém M trong khong gian 1a mit ciutam G ban kinh R = 1.
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Vi du 2: Cho t dién déu ABCD cé canh béng a. Tim tap hop cac diém M
trong khéng gian sao cho :

MA? + MB? + MC? + MD? < 2a2 (*)
Giai
Ap dung dinh Ii trung tuy€n trong tam gidc ta cé:

MA’ + MB’ = 2MI° +é§; =2MI’ +92i (112 trung diém AB);

5

MC? + MD® =2MJ’ +_C_:)[I_ =2MJ? +?’); (J1a trung di€ém CD)

= MA’ + MB’ + MC* + MD? = 2(MI*> + MJ?) + a*

= Q[QMK“ +I—7—J+a" (K 14 trung diém 1J).

2 2 2 2 ’ A
Taco: 1= C D7 €D a
2 4 4
_(aV3) 2’ _a
2 4 2

-~ 2

Ja”

= MA’ +MB? + MC? + MD? =4MK? + -

Do do:

2 2

3a 5 a’ a
<2a MK’ <o MK <

2 8 22

Vay tip hdp cdc di€ém M trong khong gian I3 kh&i cAu thm K ban kinh R = 5

(*) < 4MK’ +

Vi du 3: Trong mat phang (P) cho AABC vudng can véi AB = AC = a. Bu,
Cv la nhiing nla dudng thang vudng géc vsi (P) tai B va C va cung phia véi
(P). Trén Bu, Cv lan lugt 1dy M, N di dong sao cho AAMN vubng tai M. bat
BM=x,CN=y.

a) Tinh y khi x = a, tinh dién tich AAMN vé suy ra cosa v@i o la géc tao
bdi (AMN) va (P).
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b) Goi | la trung diém BC. Chiing minh réng 4 dié°m C, I, M, N thuéc mét
dt{dng‘ tron va nam diém A, C, I, M, N thudc mot mat ciu. Xac dinh tam mat
cau nay. -

Giai
a) Tinh y khi x = a.
Tam gidc ABC vudng cin tai A, ¢6 ) ,
AB=AC=anénBC=a+2. (
Tam gidc ABM vudng tai B cé6:
AM® = AB® + BM” = 22°.

Tam gidc ACN vudng tai C cé:

AN*=AC’ +CN* =2’ +y*.

Tam gidc MNJ vudng tai J c6:
MN? = MJ2 + IN? = 227 + (y - a).
Tam gidc AMN vudng tai M nén:
AN’ = AM? + MN? < a’ + y2 =2a% +2a +(y — a)’
<> 2ay =da’e y=2a.
o Tinh dign tich AAMN. |

Tam gidc AMN vudng tai M nén:

SAMN—%AM MN——a\/_\/2a +(y— a

e Tinh cosao..

Ta c6 AABC 12 hinh chi€u cda AAMN trén mit phing (P)
= S e =Saun-cosa (vEi o la gée tao bdi (AMN) va (P))

1 5
- a‘
SABC 2

\/g . \/_6_
2

:>COSOL“

= o= ’11 CCOS —=

%
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b) Chitng minh 4 diém thuéc mét duong tron.

. Al LBC ' X
Ta c6: = Al L (BCNM) = Al L MN ma MA L MN
Al L BM
= MN L (AMI)= MN LML (1)
Ta lai ¢6: CN L CL (2)

T (1) va (2) suy ra ur gizié CIMN noi tiép.
o Chiing minh 5 diém thudc mot mdt cdu. Xdc dinh tdm mdt cdu nay.
Tacé: AM L MN, ATl LIN (Al L (BCMN)),FAC L CN
= 5diémA, C, I, M, N cting thudc mit ciu dudng kinh AN.
Tam K cda mit ciu 12 trung di€m cda AN,
Vi du 4: Cho hinh chop S.ABCD, frong d6 day ABCD la hinh chii nhat,
SA L (ABCD). Mat phang qua A va vudng goc véi SC cat SB, SC, SD & B’, C’, D’.
a) Chiing minh rang t giac AB'C’'D’ ¢6 hai g6c déi dién vuang.
b) Chiing minh rang néu S di chuyén trén dudng thang vudng gbc vdi mat

phéng (ABCD) tai A thi (AB'C’D’) ludn di qua mét dudng thang c6 dinh va A,
B, B’, C, C’, D, D’ cung thuéc mdt mat cau cé dinh.

Giai
a) Chitng minh rdng nt gidc AB'C'D’ ¢6 hai gdc déi dién vudng.
Ta cé:

BC L AB

‘ __t= BCL(SAB) = BC_LAB'
S BC LSA(SA L(ABCD)[

SC L(AB'C'D")=SC L AB'

= AB’ 1 (SBC) = AB’ L B'C". (1)
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Ta co:

CD L AD
— CD 1 (SAD)= CD L AD'
CD L SA(SA 1 (ABCD) |
| SC 1 (AB'C'D")= SC L AD'
: — AD' 1 (SCD) = AD' LC'D'. (2)

Tu (1) va (2) suy ra diéu phdi chitng minh.
b) * Chitng minh rdng néu S di chuyén trén duong thdng vudng goc voi mdt
phdng (ABCD) tai A thi (AB’C’D)’) luén di qua m{t duong thing c6 dinh.
BD L AC

Ta co: = BD 1 (SAC)= BD L SC.
BD L SA

Trong (ABCD), tir A ké dudng thing d song song véi BD. Khi d6
d L SC. Vay dudng thing d c& dinh chifa trong mit phing (AB’C’'D’).
* Clﬂi’ng minh A, B, B’, C ; C’, D, D’ cang thudc mot mgt cau c¢d dinh.

AB L BC
AD 1 DC

Tacé: AB'L(SBC)=AB'LB'C b

‘ AD'L(SCD)=AD'LD'C
(AB'C'D")LSC=AC'LC'C

= cdc diém A, B, B', C, C’, D, D’ cling thudc mdt mit cau dudng kinh
AC ¢6 dinh.

Vi du 5: Cho AABC déu, canh a, ndi tiép trong dudng tron tam O chua
trong mat phang (P). V& dudng kinh AD cla dudng tron (O), dung SD 1 (P)
vaSDh =a.

a) Chiing minh rang ASAC, ASAB vubng.

b) Xac dinh tam mét cau di qua 5 diém S, A, B, C, D.

Giai
AB LBD|

= AB 1 (SBD)= AB L SB.
ABLSD |

a) Ta cé:

Suy ra tam gidc SAB vudng tai B.
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AC LCD

= AC L (SCD)= AC L SC.
AC 1 SD ~

Suy ra tam gidc SAC vudng tai C.
b) Goi K 1a trung diém SA, ta cé:
OK // SD = OK L (P) = OK la truc cia dudng tron (O)
- = KA =KB=KC=KD.
Tam gidc SDA vudng tai D nén KS = KD = KA.

Suy ra K 12 tAm ctia mit cau di qua 5 diém S, A, B, C, D.
Vén dé 2. Mit cAu ngoai ti€p, ndi ti€p hinh chép

1. PHUONG PHAP

1. Mdt cau ngogi tiép hinh chép
— Mdt cdu ngogi tiép hinh chdp 1a mdt cdu di qua cdc dinh cia hinh
chop. Khi do ta néi hinh chép néi tiép mdt cdu. ’
— Biéu ki¢n hinh chdp noi 1iép mdt cdu: “Hinh chop néi tiép duge trong
m@t mgt cdu khi va chi khi ddy cia né la da gide néi tiép mot duong tron”.
— Tdm cita mdt cau ngoai tiép hinh chop la giao diém ciia truc duong tron
ngogi tiép da gidc ddv ciia hinh chop va mdt trung truc cia mot canh bén.
2. Mt cau néi tiép hinh chép
— Mat cdu néi tiép hinh chop la mdr cdu tiép xic vdi 16t cd cde mdt cia |
hinh chép. Khi dé ta néi hinh chép ngoai tiép mdt cdu.
— Biéu ki¢n mdt phdng 1iép xiic mdt cdu:
o “Mdt phdng (P) tiép xiic véi mdt cdu S(O; R) tai diém H khi va chi
khi (P) vuéng gic vdi bdn kinh OH tai diém H”.
o “Mdt phing (P) tiép xic vdi mdt cdu S(O; R) < d(O, (P))=R".

= Néu mot khéi da dign c6 hinh cdu ndi tiép thi bdn kinh hinh cdu ndi tiép

s '
~ ) A L. AT [N A , ~ A N A
la: r=— vdi V: thé tich khdi da dién; S,,.: dié¢n tich toan phdn hinh da dién. ,
p
= Tam ciia mdt cdu ndi tiép hinh chop cdach déu 14t cd cde mdt cia
hinh chdp. '
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2.CACVIDU

Vidu 1: .
a) Cho hinh chép ti gidc déu S.ABCD c6 canh bén bang a va hgp vdi

mat day mét géc 60°. Tim tam va ban kinh. m&t cdu ngoai ti€p va noi ti€p
hinh chop ay.

b) Xac dinh tam va ban kinh mat cdu ngoai ti€p hinh chop tam giac déu

S.ABC c¢6 canh day béng a va canh bén bing b.
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Giai

a) * Tim tdm va bdn kinh mdt cdu ngogi tiép hinh chop.

Goi O 1a tAm cta hinh vuéng ABCD.
Ta ¢6 SO 1a tryc cia hinh vudng ABCD.

Goi I 1a trung diém clia SB.

-
<
D

~—o
-

Trong mat phing (SBD), qua 1 k& dudng ™~
trung truc d cia SB, d cdt SO tai K. '

Khi dé ta cé:
K € SO = KA = KB = KC =KD; 208
Ked = KS=KB. ‘ |
Suy ra K 13 tim clia mit cau ngoai ti€p hinh chép uf gidc déu S.ABCD.
Bankinh R=KS. -

i
7S 7
LT | SR

T gidgc KIBO ¢c6 KOB=KIB=90° nén tf gidc KIBO 1a t gidc noi
ti€p. Khi dé:
_SISB _ SB? 1

= (S1=—=SB).
SO 280 2

Tam gidc SBD cin tai S, c6 SBD = (SB.(ABCD)) = 60° nén ASBD déu

= SO=aj)/;.

SK.SO =SLSB = SK

Suyra R=SK= a’ﬁ =
a

&
5>



* Tim tdm va bdn kinh mdt cdu noi 1iép hinh chop.
'Goi H 1a trung diém CD. Trong tam gidc SOH ké dudng phan gidc HJ
(J € SO). :

KéJPLSHPeSH) =JPL (SCD) = JP =d(J, (SCD)).
Khi d6 JO = JP (tinh chit dudng phan gidc)
= d(J,(ABCD)) = d(J, (SCD)).

Tu’dng o suy ra J cich déu cdc mit cla hinh chép, nén J 1 tAm mit
ciundi ti€p hinh chép, ban kinh r = JO.

a ‘ a
Tam idc SBD déunén BD=SB =2 =>CD=-—~==0H=—.
& T2 N/

Tam gidc SOH vudng tai O: .
SH? =507 + oH7 = 23 2+(~—a Jz W a T
2 242
o

:»SH————

22"

HJ 12 dudng phén gidc tam gidc SOH
JO_HO a 22 1 ro_ 1
ISTHS 2227 V71 S0 7

a3
2\/7+1'

b) Goi O la tdm clia tam gidc déu ABC suy ra SO
1a tryc ctia tam gidc ABC.

Goi I 1a trung di€m canh SA. Trong (SAO), qua
I'ké dudng trung tryc d clia SA, d ¢t SO tai K.

~Khi d6 ta c6:
K € SO = KA =KB =K(;
Ked = KS=KA.

Suy ra K 1a tAm clia mit ciu ngoai ti€p hinh
chdp tam gidc déu S.ABC. B4n kinh R = SK.

<r=
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Tit gidc KIAO c6 KOA =KIA =90° nén tif gide KIAO Ia uf gidc ndi ti€p.
Khi d6: |
SISA SA’ 1

SK.SO =SLSA = SK =—— —-SA)
SO 280

\.)

2
Tam gidc déu ABC c6 canh bing a nén: AO —13‘— =

Tam gidc SAO vudng tai O:

2 Akl L2
= S0 = J 3—=————‘/’b a_.

“Suyra: R=SK=

23b —a®

Vi du 2: Cho ti dién SABC c6 SA vudng gbéc voi mat phing (ABC),
SA = h, tam gidac ABC déu va cé canh béng a. Xac dinh tam va tinh ban kinh
mat cdu ngoai tiép td dién.

Giai
Goi O 1a tAm ctia tam gidc déu ABC.

Qua O, dung dudng thing d // SA. Khi dé6
d 1 (ABC) va d 1a truc cda tam gidic ABC.

Trong mit phing (SA, d), ké dudng trung
tric cda SA, citd tai K.

IK 14 trung tryc ciia SA nén IS = IA.
K € d nén KA = KB = KC.

Viy K 1a tim clia mit cAu ngoai ti€p uf dién SABC.
Ban kinh R = KA.

Tam gidc OAK vuodng tai O, co:

AK? = AO* +OK? = 23[ (—) S Roak= A
3 3 4 3 4

-v
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Vi du 3: Cho ti dién ABCD véi AB=CD = ¢, AC = BD = b, AD=BC=a.
a) Xac dinh tdm va tinh ban kinh mét cau ngoai ti€p td dién.
b) Chiing minh rang c6 mot méat cau tiép xdc véi bén mat ciia hinh t dién.
Giai
a) Goi E, F, G, H 1an lugt 1a trung diém cla
cdac canh AD, BC, AB, CD. Goi I 1a trong tam
tam gidc BCD, goi K 12 trong tim tf dién
ABCD. Theo dinh nghia trong tim td dién, ta
¢6 K 1a di€m ddng quy clia EF, GH va Al
Tacé: AABC =ACDA (c.c.c)
= HA =HB = AAHB can tai H.
ViG la trung diém AB = HG L AB
=  HG la dudng trung truc ctia AB
= KA=KB. (1)
Chitng minh tuong w ta c6:
HG 1a dudng trung tryc cda CD = KC = KD. (2)
EF la dudng trung truc cia AD = KA = KD. (3)
Tu (1), (2), (3) suy ra K 12 tdm mit ciu ngoai ti€p ifr dién ABCD. Bin
kinh R = AK. Ap dung dinh If trung tuy&n cho tam gidc ABC, ta c6:
| zAB%ACZ_Bc?:_aj_JrELEi
2 4 272 4

Tam gidc AEF vudng tai E, nén ta cé:

AF?

2 42 2 2 2 42 2

EF2=AF2_AE2:E_+E__E__E’_.=3_+E__E.‘

‘ 2 2 4 4 2 2 2
EF

K 12 trung diém EF nén KE = -

Tam gidc AEK vudng tai E, ta ¢6:
2 2 2 202
AKZ::AEZ+EK2=—C—-+1EF‘2=E—+l E—+E———~—C-— =
4 4 4 412 2 2

Y

bZ
+—+
8

o | %,



Suy ra R=KA=—1——' a’+b’+ct.

22

b) Theo tinh chit trong tim cla td dién, ta c6:

Kl= %AI = d(K,(BCD)) = —}‘—d(A,(BCD)) .

Tuong tv:  d(K,(ACD)) = %d(A,(ACD)) ;

d(K,(ABD)) = —jl—d(C. (ABD));

d(K,(ABC)) = %d(D,(ABC)) .

Vi d(A,(BCD)) = d(B,(ACD)) = d(C,(ABD)) = d(D,(ABC)) (:-%S-:&P—)

(do td dién c¢6 4 mit 1a 4 tam gidc bing nhau theo trudng hgp c.c.c, c6 dién tich
biang S). '
Suy ra: d(K,(BCD)) = d(K,(ACD)) = d(K,(ABD)) = d(K,(ABQC)).
Suy ra K 1a tim clia miit ciu ndi ti€p ttf dién ABCD.
Viy ¢6 mot mit ciu ti€p xtic véi bén mit clia hinh tf di€n, mat ciu d6 c6
tdm 1a K. ’ ' ‘

Vi du 4: Xac dinh tam K va tinh ban kinh mat cau ngoai ti€p hinh chép
S.ACB biét ring SA = a, SB = b, SC = ¢ va ba canh SA, SB, SC dbi mot
vudng géc. Chiing minh ring cac diém S, G, K thdng hang, trong dé G la
trong tam tam giac ABC.

| Gidi

Got O 1a trung diém clia BC, tam gidc
SBC vuéng tai S nén O'1a tdm dudng tron
ngoai ti€p tam gidc SBC.

Tir O dung dudng thing d song song véi
SA, khi d6 d 12 truc cda tam gidc SBC.

Goi I 1a trung diém SA, trong (SA, d),
qua I k& dudng thing song song vdi SO,
citdtai K. Do SO L SAnénIK L SA. B
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Viy IK 1a dudng trung truc clia SA.
Ta ¢6: K thudc truc d nén K ciach déu S, B, C.

KI 12 dudng trung truc clia SA nén K cdch déu S va A. Viay K 1a tim clia
mit cau ngoai ti€p tr dién SABC, bdn kinh R = SK.

Tam gidc SOK vudng tai O nén ta cé:
SK? =S0” + 0K’ =(B—2C) +SI° = b'zc' +%1 = R=SK=—;—\/a2 +b’+c .

* Chung minh rdng cdc diém S, G, K thdng hang, trong dé G la trong tdm
tam gidc ABC.

OK//SA GeSK

Ta cé QIS=-l— =1GK 1
SA 2 ——=—
GO 1 GS 2
GA 2

Vay cdc di€ém S, G, K thing hang.

Vi du 5: Trong (P) cho hinh thang can ABCD, AB // CD, ngoai tiép dudng
tron tam O ban kinh r. Trén dudng thang vudng géc véi méat phéng (P) tai O,
I&y di€ém S sao cho OS = 2r. Gid s CD = 4AB.

a) Tinh dién tich toan phan va thé tich hinh chép S.ABCD.

b) Ching té rang O cach déu 4 mat bén clia hinh chép S.ABCD tir d6 tim
tdm va ban kinh mét cau ndi ti€p hinh chép.

Giai

a) Tinh dién tich toan phdn va thé tich
hinh chop S.ABCD.

CD=8a

bDitAB=2a =
AD =BC =5a.

Tam gidc BCN vudng tai N:
BN’ = BC? - CN? = 252 - 92° = 16a°

S4l=16’or=2a az—;;.
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Trong (ABCD), ké OK L AD tai K.

_ ADL OK |
Ta ¢6: = AD 1 (SOK) = AD L SK.
AD 1 SO |

Suy ra SK 1a chiéu cao clia mit bén SAD.
Tam gidc SOK vudng tai O:
SK? = SO? + OK? = di 41 = 5t = SK = 11/5. .
Tudng tu cdc mit bén con lai cling ¢ chiéu cao biing /5 (SK=SM =...).

Suy ra dién tich toan phan:

s, = —;-SK(ABJr BC+CD+ AD)+%BN(AB+CD)
= Sy = %l‘\/g(?.a +5a+8a+5a)+—;—4a(2a+8a)

- -;—:'ﬁ.zoa +202° =525 + 512 =512 (/5 + ).

o . 1 L _, 10 .

Thé tich: V = ESAHCD.SO = B—.Sr 2r= —g—r-‘ :

b) Chutng 16 rdng O cdch déu 4 mdt bén ciia hinh chép S.ABCD tix A6 tim tdm
va bdn kinh mdt cdu ndi tiép hinh chop.

Trong tam gidc SOK, ké dudng cao OH 1 SK tai H. Do AD L (SOK)
(chitng minh trén) = AD L OH. Suy ra OH L (SAD) = OH la khodng cach tur
O dén (SAD).

Do cdc tam gidc SOK , SOM, ... bing nhau nén cic dudng cao tuong {ng tir
O biing nhau, tifc 1a khodng cdch tif O d&n cdc mit bén la bing nhau va bing OH.

Vay O cdch déu cic mit bén ctia hinh chép.
Do dé tim ctia mit cAu ndi ti€p hinh chép 1a mdt diém I thude doan SO.

3 Fa PR .
Ban kinh: r' =Y 10 2

S, 5r(445) 1445
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Vén dé 3. Dién tich mit ciu. Thé tich khéi cAu

1. PHUONG PHAP

- A . , ¢ gea . N 2
* Mdt cau bdn kinh R ¢6 dién tich la: S = 47R".

W A g, Ay s g
* Khéi cdu bdn kinh R ¢6 thé tich la: V = —;nR‘g.
3

2.CAC VIDU

Vi du 1: Tinh dién tich méat cau va thé tich khdi cau ngoai ti€p hinh chép
tam gidc déu cé canh ddy bang a va mit bén hgp véi day mot goc .

Giai
Goi O 1a tim cda tam gidc déu ABC suy ra
SO 1a truc cia tam giic ABC.

Trong mit phing (SAO), goi I 12 trung diém
canh SA.

Trong (SAO), qua 1 ké dudng trung truc d
cda SA, d cit SO tai K.

Khi dé ta c6: K € SO = KA = KB = KC.
K ed= KS=KA.

Suy ra K 1a tdm cda mit cau ngoai ti€p hinh chép tam gidc déu S.ABC. Bén
kinh R = SK.

T gidc KIAO ¢6 KOA =KIA =90° nén tt gide KIAO la tf gidc ndi tiép.
Khi dé: ' ‘
_SISA _SA’ 1

(SI==SA).

SK.SO =SIL.SA = SK =
SO 280 2

Tam gidc SOM vudng tai O, ¢6:

o}

a3

SO
tanp=——=SO=0M.tanp = tang.
() oM p | p
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Tam gidc SAO vudng tai O co:

3a ., 2 _a ?
SA’=S0’+ A0’ =—— tan’ o+ —=—(tan’ o+ 4
36 ? 3012 ( ’ )
a2 t 2 4
A 12( an- ¢+ ) a\/g(tanz(p+4)
=R=SK= = B |
250 a\/';' 12tan @
26 tano

av/3(tan’ @ +4) ) 4ma’(tan’ (p + 4)

Snmc-‘m = 47'CR2 =4n
o 12tan @ 12tan” @

a\/—(tan ¢+ 4)]

thé'icm - T[R -5
3 12tan ¢

Vi du 2: Cho AABC vuéng can vdi AB = AC = a, BB’ va CC’ 1a 2 doan
thadng vudng géc véi mét phang (ABC), 8 ciing mét phia d&i v§i-mat phang
do, BB’ =CC’ = a.

a) Chiing minh r&ng AAB'C’ déu.
b) Tinh thé tich khdi chép A.BCC'B’.

¢) Chiing minh rdng 5 diém A, B, C, C’, B’ thuéc mot mat cdu. Tinh dién
tich m&t cau va thé tich khéi cau ay.

Giai
a) Tam gidc ABC vudng cin tai A nén ta c6:

BC= ABV2 =av2 = B'C'=a2 .

Tam gidc ABB’ vudng cén tai B: Bk e
=ABV2=a2. e
Tam gidc ACC’ vudng cin tai C: a /::3,,(?)1::_\ a
AC = AC\2 =a2. A
Suy ra tam gidc AB’C’ déu. BN\ -'“7,,7 C
b) Goi H 1a trung diém BC, ta c6: NN\
AH 1 BC A

= AH 1L (BCC'B").
AH 1 BB’
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BC |
Suy ra: V .,=%SBCC.B..AH %BCBB' 2C ;a\/i.a.

ABCC'B

¢) Goi O la tdm cda hinh chit nhat BCC’B’ |, ta cé:

BC' +a2+22> a3

OB=0C=0C"=0B’ = = =

2 2 2
Tam gidc AOH vudng tai H:

6]

2 2 2 2 2
OA2=AH2+OH2=[E—\§—) +(—;—) =2.,8 =§-zi—:>OA % 2)

2 4
Tu (1) va (2) suy ra: OB =0C =0C’ = OB’ = OA.

Viy 5 diém A, B, C, C’, B’ ciing thudc mdt mit ciu thm O ban kinh R = -

2 )
Dién tich mit cu: S = 47R’ =4n(9§‘/§—J ~3mal.

1\/5

Thé tich khoi ciu: V—%rcR3 3 [a\/_) mz

N3

Vi du 3: Cho hinh chop ti giac déu S.ABCD cé tat ca cac canh cung
bang a. Goi A’, B’, C’, D’ Ian luot Ia trung diém cla cac canh SA, SB, SC, SD.
Chung minh ring cac diém A, B, C, D, A’, B’, C’, D’ cung thuéc mot mat cau

va tinh thé tich khdi cau dé.
Gidi

Goi O la tdm cda hinh vuéng ABCD. Khi
dé SO Ia truc ctia hinh vudéng ABCD va SO
ciing 13 truc ctia hinh vuéng A’B’C’D’.

Goi I 12 trung diém clia BB’. Trong mit
phing (SBO), ké dudng trung truc cia doan
BB’, cit SO tai K.

-----

~
Jo
-

——d e
S

-

KA =KB=KC=KD B

Taco: KeSO =< .
KA'=KB'=KC'=KD'".

KIla du(‘ing trung tryc cia BB’ nén KB = KB’.
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Suy ra K cdch déu 8 diém A, B,C,D,A",B",C",D".
Vﬁy 8 diém A, B, C, D, A", B’, C", D’ cliing thudc mdt mat ciu tim K bdn
kinh R = KB. o
Ti gidc BIOK ndi tiép:
3a
SISB_ 4 ° 3 a

_3 ___3a\/§
SO X 4 a 4
R

3a\/_2_]2_(§3)2 _99_2_

4 4) 16

~

SK.SO =SI.SB=SK =

Tam gidc SIK vudng tai I: IK* = SK*> - ST’ =[

a)z 9a° 102’

Tam gidc BIK vuéng tai I: BK* = BI* +1K” =(-, +22 = _
4 16 16
2 3
Suyra: R=BK="Y10 (o v dopo 4, 108 _a\ﬁ—d _smy10a’
4 316 4 24

Vi du 4: Cho hinh chép SABC c6 SA =SB = SC = a va ASB =120°,
BSC = 60°, CSA = 90".
a) Chiing minh tam giac ABC vudng va tim hinh chi€u vuong géc H clia S
Ién (ABC).
b) Tinh dién tich mat cau va thé tich khéi cau ngoai tiép hinh chép SABC.
Giai
a) Ap dung dinh li ham s& cos trong tam gidc SAB, ta c6:

AB? =SA2+SB? - 2SA.SB.cos ASB

2
=a’+a?-2.a.a.cos120°

=3a% : nH A B
Tam gidc SAC vudng cin tai S nén :
AC =22 = AC? =22’ . 2) &

Tam gidc SBCcintai S, ¢é BSC = 60" nén tam gidc SBC déu. Do dé:
BC=SB=SC=a=BC’=a’>. (3)
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Tir (1), (2), (3) suy ra: AB? = AC* + BC?.
Do d6 tam gidc ABC vudng tai C.
* Tim hinh chiéu vudng géc H ciia S lén (ABC).
SA =SB=SC |

Ta co6: X = HA =HB=HC.
H 14 hinh chiéu ctia S trén (ABC) !

Ma tam gidc ABC vudng tai C nén H 1a trung di€m cta AB.

b) Tinh bdn kinh R hinh cdu ngoai tiép va bdn kinh r hinh cdu néi tiép hinh
chop SABC.

Ta ¢6: SH 1a truc clia tam gidc ABC. Goi I 1a trung diém SA, trong tam
gidc SAB ké dudng trung truc d clia SA, d cit dudng thing SH tai K. Ta c¢6:

* K thudc truc SH nén K cdch déu A, B, C.

* K thudc dudng trung tryc clia SA nén K cich déu S va A. .
Vay K 13 tdm clia mit cAu ngoai ti€p hinh chép SABC, bdn kinh R = SK.
T gidc ATHK ni tiép (do AIK = AHK =90° ) nén:

SK.SH = SI.SA
=SK = SISA _SA” & _ a =R (ASHB nita déu nén SH = %)
. SH 2SH ' 2

2.2
2

2 2 sy 4 ; 3
= Sm:fncﬁu =4nR" = 4mna” vd Vinsiciu = —’;—’IIR =—7ta .

3
Viduy 5:
1) Tim cdng thuc tinh ban kinh dudng tron giao tuyén clia mat phang véi
‘mét cAu ban kinh R, biét ring mat phang cach méit cau mot khoang bang h.

2) Cho ti dién ABCD cé hai mat ABC va BCD la nhiing tam giac déu
canh a va ndm trong hai mét phing vudng goc véi nhau.

a) Tinh chu vi dudng tron giao tuyén clia (ABC) v6i mat cAu dudng kinh CD.
b) Tim tdm va tinh ban kinh mé&t cau ngoai tiép ti dién ABCD.
Gii |
1) Tim cbng thic tinh bdn kinh dwong tron giao tuyén ciia mdt phdng (P) vdi
‘mdt cdu S(O; R), biét rdng mdt phdng (P) cdch mdt cdu mot khodng bdng h.
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Goi H 13 hinh chi€u clia O Ién
mit phing (P) va M 1a mdt diém
thuéc dudng tron giao tuyén. Tam
gidc OHM vudng tai H nén

r=+vR*-h>.
2)

a) Tinh chu vi duong tron giao tuyén cia
(ABC) vdi mdt cdu duong kinh CD.

Goi H 1a trung diém BC.

Tir gid thi€t hai mit ABC va BCD Ia
nhitng tam gidc déu canh a va nim trong
hai mit phing vudng géc véi nhau, suy ra
AH 1 (BCD).

Goi I 13 trung diém CD, khi dé I 1a
tdm clia mdt cau dudng kinh CD. Mt cau

' CD a

nay c6 binkinh R=——=—.
2 2

Goi K 1 trung diém HC, ta ¢6: IK // HD = IK L BC.
Ma IK L AH (do AH L (BCD)) nén suy ra IK L (ABC).
Viy IK 1a khodng cich tir I d€n mit phing (ABC).

Xét tam gidc déu BCD, ta cé:

K=lppolaB_al3
2 2 2 4
Goi r 1a ban kinh dudng tron giao tuyén cla (ABC) v6i mit cau dudng
kinh CD, ta c6: :

2 4

Chu vi dudng trdn giao tuyé€n: P=2nr = 2n% =
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b) Tim tdm va tinh bdn kinh mdt cdu ngoai tiép tit dién ABCD.

Goi O 12 tAm clia tam gidc déu ABC. Qua O dung dudng thing song song
v6i AH, cit AD tai L. Khi 6 OL 1a truc ctia tam gidc BCD. '

a3

Tam gidc AHD vuéng cin tai H (do AH=HD ——) Goi M 1a trung

diém AD thi ta c6 HM Ia dudng trung tryc ctia AD, HM cit OL tai N.
NeOL =NB=NC=ND
NeHM = NA=ND
= N1 tim ciia mdt cau ngoai ti€p i dién ABCD.
Bdn kinh R’ = NA. Goi P 1a trung diém HD, ta ¢c6 MP // AH // ON. .
1
-HD
HN_HO 3 " 2 vn=lum.
HM HP _1 up 3 3

Xét tam gidc HMP:

Tam gidc AHD vubng tai H c6:

a3 g oaf6 o a6
2 4

HM=+ap=lansz=l
2 2 2

Tam gidc AMN vudng tai M:

AN? = AM? + MN? =[

a5

Suyra:R=AN= —=.

243
Védn dé 4. Ti€p tuyén ctia mat cdu

1. PHUONG PHAP

1) Piéu ki¢n cdn va di dé duong thiang A tiép xic véi mgt cdu S(O; R) tai
diém H la A vudng goc vm bdn kinh OH tai diém H.

2) Puong thdng A tiép xiic voi mdt cdu S(O; R) <‘:>d(0 4) = R.
3) Trong trudng hgp diém A ndm ngodi mdt cdu thi:
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o Qua A ¢6 v6 s6 tiép tuyén vdi mdt cdu, chiing ndm trén mgt phdng tiép
xiic véi mdt cdu tai A.

e D¢ dai cdc doan thdng ndi A vdi cdc tiép diém déu bdng nhau.

o Tdp hop cdc tiép diém la mot duong tron ndm trén mdt cau.

2.CACVIDU
Vi du 1: Hay chiing minh rdng c6 mdt mat cau tié’p xuc vdi cac canh cla
mot ti dién déu ABCD cho trudc. '
Giai
Goi M, N, P, Q, R, S 1an lugt 13 trung diém
ctia cdc canh AB, CD, AD, BC, AC, BD.
Goi K 12 trong tdm cda ti dién ABCD thi
ta co:
K 13 trung di€m cia mdi doan MN, PQ va
RS. (1)
Goi I 1a tim tam gidc déu BCD, ta c¢6 Al
12 truc cia tam giac BCD. Suy ra AI L CD.
Talaicé BN L CD = CD L (ABN)
= CD 1 AB.
Tuong t ta cling c6: AD L BC va AC L BD.
MQ// AC
Ta ¢6: MP//BD } = MQ L MP = MPNQ Ia hinh chit nhit = MN = PQ.
AC L BD

Chitng minh tuong ty ta ¢6: MN = PQ = RS. 2)
Tir (1) va (2) ta suy ra K cich déu cdc diém M, N, P, Q, R, S.

Viy c6 ton tai mit cdu (C) ¢6 tim K va di qua cdc diém M, N, P, Q,R, S.
. 3 . .
Xét tam gidc ABNcé: AN=BN = CD.l/i——— nén tam gidc ABN cin tai N.
| Suy ra dudng trung tuyén MN vita 12 dudng cao. Vay MN L AB hay KM L AB.
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Tuong ty : KN L CD, KP L AD, KQ L BC, KR L AC, KS L BD.
Viy dudng tron (C) tim K ti€p xiic vdi cdc canh clia ti dién déu tai trung

[ 9 -
di€m cta mdi canh.

Vi du 2: Trén dudng thdng Ax vudng géc v6i mat phang chda hinh vudng
ABCD c6 canh a va tam O, ta 1dy mét diém S di dong. Goi H 1a hinh chiéu
clia A trén canh SB, O’ la diém d6i xiing clia tam O qua canh AB. Chiing »
minh rang khi S di dong trén tia Ox thi dudng thing O’'H ludn ti€p xuc voi
mot mat cau cd dinh.

Giai
Ta c6 AH L HB nén tam gidic ABH vudng tai H.
Goi I 1a trung diém AB. Ta c6: HI = 1A = IB = %

Mit khdc O va O’ d6i xing nhau qua AB nén:
I0=10" = —

Suyra:[H= 10 =10’ = -;—
Do d6 tam gidc OHO’ vuéng cin tai H. Suy ra O’H L OH.
Tam gidc HIO vudng cintai I: OH = Ol/2 = 9—\/———— (khong ddi).

Vay khi S di dong trén tia Ox thi dudng thing O’H luén ti€p xtc véi mit ciu

tdm O bdn kinh R = 332[2— ¢ dinh.

_ Viduy 3: Cho hinh chép S.ABCD cé day ABCD la hinh vuéng canh a, biét
SA L (ABCD) va SC hgp vdi (SAB) mét géc 30°.

a) Chiing minh dudng thang AB tiép xGc v6i mat cdu dudng kinh SD.

b) Mat cau dudng kinh SA cat cac canh SB, SC, SD Ian luct tai E, H, K.
Chiing minh 4 diém A, E, H, K déng phang.

¢) Tinh Sagnk va chu vi dudng tron giad tuyén qua 4 diém A, E, H, K.
| Giai
a) Chiing minh duong thing AB tiép xiic vdi mdt cdu duong kinh SD
Mit cau dudng kinh SD c6 tam I 12 trung diém ctia SD.
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Do SA L AD nén A thudc mit cau dudng kinh SD.
Talaico:
AB 1 AD
AB .1 SA
Viy AB tiép xiic v8i mit ciu dudng
kinh SD tai A.

b) Mdi cdu duong kinh SA cdt cdc canh
SB, SC, SD lan lugt tai E, H, K. Chitng minh
cdc diém A, E, H, K dong phdng.

BC L AB

Ta c6: i — BC L (SAB).
BC L SA(vi SA L (ABCD)) |

CD LAD
CD L SA(vi SA L (ABCD))

Cic diém E, H, K thudéc mit cau dudng kinh SA nén ta cé:
| SEA =SHA = SKA =90°.
Tacé: AH 1 SC. )

}:3 AB L (SAD)= AB L AL

}:CD_L(SAD).

AE | SB

— AE 1 (SBC)= AE LSC. (2)
AE 1 BC (BC L (SAB))
AK 1 SD

}:>AKJ_(SCD):> AK 1LSC. (3)
AK 1 CD (CD 1 (SAD))

T (1), (2) va (3) suy ra 4 diém A, E, H, K cling thudc mit phing (P) qua
A va vudng géc SC.
¢) Tinh Saguk va chu vi dudng tron giao'tuyéh qua 4 diém A, E, H, K.
Ta cé: AE 1L (SBC) = AE L EH; AK L (SCD) = AK 1L KH.
Suy ra 4 diém A, E, H, K thudc dudng tron dudng kinh AH (dudng tron

giao tuy&n clia mit phing (P) v6i mit cﬁu dudng kinh SA). Ban kinh R = —%I—-I—

Ta ¢c6 BC L (SAB) = (SC, (SAB)) = CSB =30°.

Tam gidc SBC vudng tai B: tanBSC = BC =SB = BC =a3.
: : SB tan30°
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Tam gidc SAB vudng tai A:
SA® =SB’ - AB? =3a’ —a® =22’ = SA =22 = AC.

Suy ra tam gidc SAC vudng cin tai A, suy ra H 1a trung diém SC. Ta ¢é:

A= SC_SAV2 _ a.ViyR=2.
2 2 2

Chu vi dudng tron giao tuyén : P=27R = 27t£21- =Ta.

2 2 2 ‘
Tam gidc SAB vudng tai A: SESB=SA’ = SE SA2 = Z_az_ ==..
SB  SB 3a© 3

SK _SA® 2a° 2

SD _SD’ 32 3

Tam gidc SAD vudng tai A: SK.SD=SA? =

' // BD
Suy ra: SE_SK g:> o 2 2
" SB SD 3  |EK=ZBD=Z2a\2.
‘ 3 3
_ BDLAC
Matacé: = BD L (SAC).
BD 1 SA
Suy ra: EK 1 (SAC) = EK 1 AH.
1 I 222 a2
Vay Saguk = —AH.EK = — a. = ;
1Y SAEHK > > 3 3

Vi du 4: Cho hinh chép S.ABCD co day ABCD la hinh thoi canh a,
ABC = 60°. A

~ Bi§tSA L(ABCD), SA = a. Goi (I ; R) la mit cAu qua 4 diém S, A, C, D.

a) Tinh R theo a. ’

b) Chiing minh dudng thang BC tiép xtc véi mat cau (I; R).

¢) Chiing minh méat phdng (SAD) cit mat cau dudng kinh SB. Tinh chu vi
clia dudng tron giao tuyén. :

d) Goi E, F I&n lugt Ia trung diém clia AB va SB. Trén tia d6i ciia tia BC ta
ldy diém M sao cho BC = 2BM. Ching minh (MEF) tiép xic v6i mat cau
dudng kinh BC.
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Giai
a) Tinh R theo a.
Tam gidc ABC.c6 AB=BC=a
vi ABC=60" nén la tam gidic déu,
canh a. Suy ra tam gidc ACD ciing la
tam gidc déu canh a.

S

o ——————

Goi H 1a trung diém CD, K 1a
trung di€m AD, G 12 tAm tam gidc
déu ACD

Trong tam gidc SAH, tif G k& oLz N ,
dudng thing d song song vdi SA. M B J C

\\’.>
.
/AN

-

Suy rad L (ACD). Khi d6 d la truc cta tam gidc ACD.

Trong mit phing (SAH), ké dudng trung truc A ctia SA, A ciitd tai 1. Ta c6:
led=>IA=IC=
le A= IA=1S.

Viy 4 diém S, A, C, D thuéc mit cau tdm I ban kinh R = IA.

Tam gidc AGI vudng tai G:

AP = AG? +GI? -[39—\[-) (

3 2

a7 a2l

Suyra R=—==

203 6

b) Chung minh duong thdng BC tiép xiic vdi mdt cau (I; R).
BC// AD
Tacé: AD LCG

IG L(ABCD)=1G 1L BC

= BC LCG
= BC L(CIG)=BC LIC.

Vay BC ti€p xtic vdi mit ciu (I; R) tai C.

¢) Chitng minh mdt phdng (SAI)) cdt mat cdu duing kinh SB. Tinh chu vi ciia
duong tron giao tuyén

A ~ s 2 oA N .« 2 ~ 2 N P . SB
Mat cau dudng kinh SB ¢6 tam la trung diém F ctia SB va ban kinh: R” = —.
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Tam gidc SAB vudng cin tai A: SB= SAV2 =a2 = R'=

a2
>

. CKLAD o . av3

Ta c6: = CK L(SAD)= CK =d(C,(SAD))=——.

CK LSA 2

a3

Vi BC// (SAD) = d(B, (SAD))=d(C, (SAD))= 5
F 1a trung di€m SB nén:

FS _:39&5_(_%_9)_) lzd(p,(SAD))':l.fl_\ﬁ/—izi\/_g_<R'.

BS 2 d(B,(SAD)) 2 ‘ 2 2 4

Do d6 mat phdng (SAD) cit mat ciu dudng kinh SB.

Goi r 1a ban kinh dudng tron giao tuy€n, ta c6:

1'=\/R'2—d2(F,(SAD)):\/[3\2/5] _(a\/g] =\/_z£_~3a z\/Sa“ za\/g.

4 2 16 16 4

- Zl\/g _ na\/g

4

Suy ra chu vi dudng trdn giao tuyén: P =2nr =2

d) Chitng minh (MEF) tiép xic vdi mdt cdu duong kinh BC.
Tam gidc ABC déu va E Ia trung di€ém AB nén CE L EB. Viy E thuC)é
mit cau dudng kinh BC tim J 12 trung diém BC.
Ta c6: MB // OE va MB = OE = ME // BO.
Vi EJ 1a dudng trung binh tam gidc ABC nén: EJ // AC.
ViBO L AC, suy ra ME L El. (1)
EF l1a dudng trung binh tam gidc SAB nén: EF // SA.
Suy ra: EF L (ABCD) = EF LEl. (2)
Tur (1) va (2) suy ra (MEF) L EJ tai E.
Vay (MEF) tiép xdc véi mit cAu dudng kinh BC tai E.

C.BAITAP

1. Cho mét cau dudng kinh AB = 2R. C&t mat cadu bing mot mat phang
vudng goc véi AB sao cho AH = x (0 < x < 2R) ta dudc thiét dién la dudng
tron (T). Goi MNPQ 1a hinh vudng ndi ti€p dudng tron (T).
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a) Tinh theo R va x ban kinh dudng tron (T), canh cla hinh vudng
MNPQ va cac doan thdng AM, BM.

b) Tinh thé tich cla khdi da dién tao bdi hai hinh chop AMNPQ va
BMNPQ. Tinh x dé thé tich nay dat gia tri I6n nhat.

2. Trong mat phang (P) cho hinh thang can ABCD vé6i AB = 2a,
BC = CD = DA = a. Trén nlia dudng thang Ax vubdng goéc vGi mat phing (P )
ta 1ay mot diém di dong S. Mot mét phéng (Q) qua A vudng gbc v6i SB ca at
SB, SC, SD tai P, Q, R theo thd ty do.

a) Chiing minh rang 7 diém A, B, C, D, P, Q, R ludn thuoc mot méat cau
¢6 dinh. Tinh dién tich mat cau doé.

b) Chling minh rang tu glac CDRQ la mét ti giac ndi ti€p va dudng
thdng QR ludn di qua mot diém c¢6 dinh khi S chay trén nlra dudng thdng Ax.

c) Cho SA = a3 . Tinh theo a thé tich khdi cau ngoai ti€p hinh chop
S.APQR va dién tich cla td giac APQR.
3. Cho hinh chép S.ABCD c6 dday ABCD la hinh thang vuéng tai A va D
vGi AB = 2a, AD = DC = a, SA L (ABC), SA = a. ‘

a) Tim tam mat cdu (S) qua 4 diém S, A, C, D. Tim chu vi dudng tron
‘giao tuyé&n clia (SAB) v8i méat cau (S).

b) Chiing minh (SBC) L (SAC). |
c) Chiing minh AD ti€p xuc véi mat cau ngoai tiép td dién SABC.

4. Cho hinh chép S.ABC c6 day ABC la tam gidc vudng cén tai C vdi
AB = a, biét (SAB) L (ABC), hai mat (SAC) va (SBC) cung hdp véi (ABC)
moét géc a vdi tana = J6 . .

a) Tim tam va ban kinh mat ciu ngoai ti€p hinh chép S.ABC.

b) Goi M, N 1an lugt 1a trung diém cac canh SA va BC. Goi D la diém
d8i xting clia A qua C. Chiing minh réng BD Ia ti€p tuyén clia mat cau di
qua 4 diém S, B, M, N.

5. Cho hinh chép ti giac déu S.ABCD c6 chiéu cao SH = ?—ZE nodi ti€p

mét cdu (O; R). Goi M, N Ian lugt 1a trung di€ém céac canh SA, SC.

a) Tim giao tuyén ciia (BMN) va (ABCD). Chiing minh giao tuyén nay
tiép xuc véi méat cau (O; R). '
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b) Chiing minh 6 diém A, B, C, D, M, N cling thudc mot mat cau. Tinh
dién tich mat cau nay.
c) Mat phang (o) vudng goc véi SB tai S, cat kho: cau (O; R) . Tinh
dién tich thiét dién thu dugc.

d) Tim tdm va bén kinh mat cau ndi ti€p hinh chép S.ABC.

6. Cho khoi cdu tdm O ban kinh R va dudng kinh SS’. Mot mat phing
vudng géc véi SS'cat khdi cau theo mét dudng tron tdam H. Cho tam giac
déu ABC noi ti€p trong dudng tron nay. Bat SH = x (0 < x < 2R).

a) Tinh cac canh cla t( dién SABC theo R va x.
b) Xac dinh x d€ SABC la ti dién déu, khi d6 tinh thé tich cla td dién
va chiing minh rdng S’A, S'B, S'C ddi mot vudng goc.

7. Cho mat cau S(O; R) va (P) cach O mot khoang béng h (0 < h < R).
Goi (L) la giao tuyén clia m&t cau (S) va(P). LAy A 1a mot diém ¢8 dinh thuéc
(L). Mot gée vudng xAy trong (P) quay quanh diém A. Céac canh Ax, Ay cat
(L) & C va D. Budng thang di qua A va vudng goc véi (P) cit mat cau & B.

a) Ching minh rang BC? + AD? va BD? + AC? luén khéng déi.
b) V&i vi tri ndo clia CD thi dién tich ABCD I8n nhat?

) Goi H 1a hinh chi€u vuéng géc clia B 1én dudng thang CD. Chuing
minh rang H luén thudc mot dudng tron ¢6 dinh.

8. Trén nlia dudng tron dudng kinh AB = 2R, lay diém C tuy y. Ké
CH L AB (H thugc doan AB). Goi | Ia trung diém CH. Trén nda dudng thang
Ix L (ABC) tai I, 18y diém S sao cho ASB = 90°.

a) Ching minh rang ACAB = ASAB.

b) Chiing minh rang khi C chay trén na dudng tron dé thi (SAB)
¢4 dinh.

¢) Cho AH = x. Tinh thé tich t( dién S.ABC theo R, x. Tim x dé thé tich
ay dat gia tri I6n nhat.

d) ChUng minh rang khi C chay trén nia du0ng tron dé thi tam | cha
- mat cau ngoai tiép t dién SABI thudéc moét dusng thang cd dinh.
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§2. MAT TRU. HINH TRU. KHOI TRU

A. TOM TAT GIA0 KHOA

I. TRUC CUA PUGNG TRON

1. Pinh nghia: Truc cia duong tron (O; R) 1a dudng thing di qua O va
vudng géc v6i mit phing chita dudng tron dé. ‘

2. Nhén xét: Khi diém M khong nim trén dudng thing A thi c6 mot dudng
trdn duy nhi't di qua M va ¢é trucla A, ta ki hiéu dudng tron dé 1a (Cw).

IL. HINH TRON XOAY. MAT TRON XOAY

1. Pinh nghia: Trong khdng gian, cho hinh H va
dudng thing A. Hinh gém tdt cd cdc dudng tron (Cwy) vai
M thuéc H dudc goi 12 hinh tron xoay sinh bdi H khi
quay quanh A. Pudng thing A goi 1a truc cla hinh tron
xoay d6. Khi hinh H 12 mot dudng cong thi hinh tron
xoay sinh bdi né dudc goi 1a mdt tron xoay. '

2. Vidu:

e N&u hinh H 13 dudng tron c6 dudng kinh AB niam trén dudng thing A
thi hinh trdn xoay sinh b3i H khi quay quanh A 1a mjt ciu dudng kinh AB.

o N&u H 12 hinh tron ¢6 dudng kinh AB niim trén dudng thing A thi hinh
trdn xoay sinh bdi H khi quay quanh A 13 khdi ciu dudng kinh AB.

III. MAT TRU

1. Pinh nghia: Cho dudng thing A. Xét mot dudng thing 1/ A sao cho
d(, A) = R. Mit trdn xoay sinh bdi dudng thing 1 khi quay quanh A dudc goi 1a
mdt tru tron xoay (T). A goi 13 truc clia mét try (T), 1 goi 1a duong sinh cla mit
tru (T), R goi 1a bdn kinh clia mit try (T).

2. Tinh chat

e Mit tru (T) 1a tap hdp cdc diém M cdch dudng thing A c6 dinh mot
khodng bing R khéng ddi.
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e Né&u M, 12 mdt di€m bat ki niim trén mit tru thi dudng thing 1, di qua

"M, va song song v&i A s& niim trén mit tru dé.

Cho mit tru (T) va mit phing (P). Khi d6:
e Néu (P) LA thi P) n (T)=C(; R).

e N&u (P)// Ava d((P), A) = h thi:

— Néuh <R : (P)cit (T) theo 2 dudng sinh;

— Né&uh=R: (P) ti€p xtic (T) , (P) dugc goi l1a 1iép dién ciia mit tru (T);

~ Néuh>R:P)n ()= &.

-

.
)
1
1
1
-t e——-

%

IV. HINH TRU VA KHOI TRU TRON XOAY

Cdt mit tru (T) truc A, bdn kinh R bdi 2
mit phiing phan biét (P) va (P’) ciing vudng
g6c vdi A, ta dugce giao tuyén 13 hai dudng
trdn (C) va (C). '

1. Pinh nghia: Phin mat tru (T) nim
gilfa hai mit phing (P) va (P’) cling v&i hai
hinh tron xdc dinh bdi (C) va (C’) dugc goi
13 hinh tru.

Khi dé: hai dudng tron (C) va (C’) goi
‘12 hai duong tron ddy cla hinh tru, 00" goi
13 truc hinh try, do dai OO’ goi 1a chiéu cao
clia hinh try, phan mit try giita hai ddy goi
1a mdt xung quanh cia hinh tru.

~~~~~
N

=

S~

2. Khéi tru: Hinh try cling vdi phin bén trong clia né dudc goi 1a khéi rru.
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V. DIEN TiCH HINH TRU VA THE TiCH KHOI TRU
1. Dién tich xung quanh hinh try ¢6 ban kinh R, chiéu cao h 1a: Syq = 2nRh.

2. Dién tich toan phin hinh tru bing tdng dién iich xung quanh hinh try véi
dién tich hai ddy.

3. Thé tich V cta kh&i tru tron xoay c6 chiéu cao h, ban kinh mit ddy R 1a
V = nR’h.

B. PHUGNG PHAP GIAI TOAN
Vén dé 1. Xdc dinh mat tru

1. PHUONG PHAP

Luu § két qud sau: Néw mot diém M di ddng trong khdng gian c6 hinh chiéu
vudng géc M’ trén () di dong trén duong tron (C) c6 dinh thi M thuéc mdt tru
c6 dinh (T) chita (C) va c6 truc vudng goc vdi (a).

2. CAC VI DU

Vi du 1: Cho (o) va mot diém O ndm trén (a). Goi O’ 1a mét diém nam
ngoai (a) sao cho hinh chiéu H ctia O’ 1én (a) khong tring véi O. Mot diém M
luu dong trén (o) sao cho OO'M = O'MH . Chiing minh ring M n&m trén mat
tru cé truc la OO’.

Giai
Ta cé: H1a hinh chi€u clia O’ trén (o) = O'H L (0) = O'H L HM
= tam gidc O’HM vudng tai H. o’

- Toe M ké MK 1 OO’ tai K.
Xét hai tam gidc vuong O’HM va MKO’ ¢6:

K \ .
O’M Ila canh chung; ’
00'M =0' MH Ho
O = . & 12)
Suy ra hai tam gidc O’HM va MKO’ biing nhau.
Suy ra MK = O’H khéng déi. »
Viy diém M nim trén mit tru c6 truc 13 OO’ va ban kinh bing O’H.
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Vi du 2 Cho hinh try c6 ban kinh R va chiéu cao cling b&dng R. Mét hinh
vudng ABCD c6 hai canh AB va CD I4n lugt Ia day cung cla hai dudng tron
day, canh AD va BC khong phai la dudng sinh cla hinh tru.

a) Tinh dé dai canh cda hinh vuéng ABCD.

b) K& dudng sinh DH. Chiing minh 5 diém A, B, C, D, H cung thudéc mot
mat cau. Tinh thé tich mat cau dé.

Giai
a) Goi a la d6 dai canh hinh vudng ABCD.
Ké dudng sinh DH = DH =00’ =R.

AB L AD
AB 1 DH

Ta co: }:ABL(AHD)SABLAH

HB =2R
=
AH 1 AB.

Tam gidc AHD vuéng tai H:
AH? =AD’ —HD? =a’ -R?. (1)
Tam gidc ABH vudng tai A:

AH’ =HB® - AB®* =4R> -2°.
T (1) va (2) suy ra: '

(2)

a’ —R?=4R? - 32 <:>a2=iRz<:>a=—\~/_§R.
2 J2
AB L AD
b) Tacé: {HB_LHD
CBLCD

= 5di€m A, B, C, D, H ciing thudc mdt mit ciu dudng kinh BD.

BD DH:+HB® R+5
-

Ban kinh R'=
2 2

4 [R\BT _ 55

Thé tich mit cAu: V =inR We_g
3 3 2 6
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Vi du 3: Trong mét ph&ng (o) cho dudng tron (O; R) va mot diém A sao
cho OA = 2R. Trén dudng thing vudng goc vdi (a) tai A, 18y mot diém S cd
dinh. Goi M Ia mdt diém thudc dudng tron (O; R) va |, J lan lugt la trung
diém cla SM va AM.

Chuiing minh rang khi M di dong trén dudng tron (O; R) thi IJ sinh ra mot
mat truy.
Giai
Vi IJ 12 dudng trung binh tam gidc SAM S
nén 1J // SA. _
Tacé SA L (o) = 1J L (). /
Goi K 1a giao diém clia OA véi dudng tron
(0). Do OA = 2R nén K 1a trung diém OA. M
Suy ra JK la dudng trung binh tam gidc J

0 A K 0
AOM = JK =9§I§4—:—I§— khong doi.

Viy khi M di dong trén dudng tron (O; R) thi 1J ludn vudng géc véi (a) va

< (Y ~ . A 2 R ~ g 2 . - z
cdch diém K cd dinh mdt khodng By khéng ddi . Do dé 1J sinh ra mat try co
~ A~ 2 7 ) P , » k) l{
truc qua K va vudng gbc vdi (a), c6 bdn kinh bing P

Vi du 4: Cho hinh try ¢6 truc la OO’, ban kinh day la R. M6t diém S ¢c6
dinh cach OO’ mét khodng 1a a. Mot dudng thdng d di ddng nhung luén qua
S va cat mat tru tai M va N.

a) Chiing minh rng trung diém | cGa MN ludn thudc mot mét tru ¢d dinh.

b) Gia st d ludn hop véi OO’ modt gée o . Chiing minh rang SM.SN khong déi.

Giai

a) Goi M’, N', I', §" Iin ludt 12 hinh chi€u cia M, N, [>—

I, S 1én mat day tam (O).

AN

Vo
W
AN
-_—p
o

N

Ny

Ta c6:

~
Ay
————

Y

Y
A}
\

* 113 trung diém MN nén I’ cling 13 trung di€m
M’N’. Do d6 O’ L M’N’.

3

o o
1
!

,-___
(FA—

{
] \\
[ IS U N
; \
‘.\-_
t r
:jﬁ—-

* S¢S dinh nén S ¢8 dinh va OI'S’=90", S e
M?
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Nhu viy khi d di dong nhung luén qua S thi I' ludén thudc dudng tron
dudng kinh OS’ trong mit phing ddy tim (O) clia hinh tru.

Viy I'luén thuéc mit tru ¢d dinh c6 truc song song véi OO’ va cé dudng
kinh OS’.
b) Ké MH L SS'(HeSS')=>MH/M'S' va MH=M'S".
Ké SK LNN'(KeNN"')=SK=S'N"'va SK//S'N".

Gid thi€t d ludn hop vdi 00’ mdt gée o, ta suy ra MSH = oc,ST\IT( =q.

o . . ‘MH S'M’
Tam gidc SHM vudng tai H nén sina :Mﬁ: SM = M =—
SM sina.  sino
_SK _S'N'

Tam gidc SNK vudng tai K nén sina = SK = SN =— —,
SN sino.  sino
Suyra SMSN=SM SN _OST-RT ' —R™ oo agi

sin® o sin” o sin’ o

(S’M’.S’N” biing phuong tich clia diém S* d6i véi dudng won (O; R)).

Vi du 5: Cho dudng thdng a va mot diém B ¢d dinh khéng thudc a, b la
dudng théng di dong ludn di qua diém B. Hay néu cach dung doan vudng
goc chung MN clia a va b (Nea, Meb) va chiing minh ring diém N ludn d|
déng trén mot mat tru cé dinh. '

Giai
Dung mit phing (o) qua diém B va a
vudng géc vdi dudng thing a tai A.

N M
Dung b’ 12 hinh chi€u cla dudng thing b trén (o).

Trong (a),ké AHLb (Heb). A [ v
Tir H dung dudng thing song song véi a, B H
cdtb tai M. Khi d6 HM L (o) 5
Tir M dung dudng thing song song vdi AH, cita tai N.

Khi d6 MN la doan vudng géc chung ciia a va b.
Thét vdy, vi b’ 12 hinh chi€u cla b trén (o ) nén ta cé:

AH la A
, MN L a
AHLb'=>AH 1lb}=
MN 1 b.
MN// AH
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Trong (on ), ta c6 AHB =90° nén H thudc dudng tron dudng kinh AB ¢6 dinh.
Vi H 13 hinh chi€u cia M trén mit phﬁng (o) nén M ludn thudc mdt mit tru cd
dinh ¢6 truc song song v6i dudng thing a va c¢é dudng kinh 12 AB.

Vén dé 2. Dién tich xung quanh hinh tru. Thé tich khéi tru

1. PHUGNG PHAP

Dang cdc cong thic sau ddy: =8y = 27Rh;
=Sip = Sy + 2Saivs
-V = 7R2h.

Nhin xét:

— Hinh tru néi tiép (ngoai tiép) hinh ling tru la hinh tru ¢ hai ddy la hai
duong tron ndi tiép (ngoai tiép) hai da gidc ddy ciia hinh ldng tru.

— Mdt cdu ngoai tiép mdt hinh tru 1d mdt cdu chita hai duong tron ddy ciia
hinh tru.

— Mdt cdu ndi tiép mdt hinh try la mdt cdu tiép xic vdi hai ddy va tdt cd

cdc duong sinh cta hinh truy.

2.CACVIiDU
Vi du 1: Cho m6ét hinh tru ¢é hai day la hai dudng tron tam O va O’, ban
kinh R, chiéu cao hinh try 1a RV2 . Trén hai dudng tron O va O’ ¢é hai diém
di dong A, B sao cho (OA, O'B) = a khdng déi.

a) Tinh thé tich va dién tich xung quanh cla hinh try. B

b) Tinh AB theo R va a. Or—"1
Gigi ]

a) V=nR%h=7R>R/2 =27R".
S, =2nR.h = 2nR R2 = 2/2nR’

b) K& dudng sinh BB', ta c6: AOB'= (OA,0'B)=a. 03
. t—(i Y )4

: . NV
- Ap dung dinh 1i ham s6 cos cho taim gidc OAB: \\__ICJ/

AB” =0A’+0OB"”=20A.0B".cosa =2R? —2R"*.cosa. .
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Tam gidc ABB’ vudng tai B’:

AB? = AB?+BB" = 2R’ ~2R2gcosa+(R\E) = 4R? -2R%.cosa

= AB = R\/f.\/2 —CcosQ. .

Vi dy 2: M6t hinh tru ¢é thé tich V khéng ddi. Tinh ban kinh day va chiéu
cao cla hinh try dé dién tich toan phan dat gia tri nhd nhat.

‘ Giai
Goi R 12 bdn kinh hinh try va h 1a chiéu cao cia hinh tru.
Tacé: V=nRh.
Sip = Syq + 2Sasy = 2nRh+2.1R* =271(Rh +R?).

Co-si .
S, =2n Rh Rh g2 27:3/53.-1-{-*—‘.112
' 22 22

_ 2 R = _122 , (_\.’.) khéng ddi.

n

- —R2 h=2R
275 (VJ‘. V—ER h {hzzR
<<

=—=3| — < = Vv
® \’/Z T Bﬂ:R2 V =27R"’ R = 3[—.
2 . 2n
h=2R
Viy dién tich toan phan dat gid tri nhd nhit < R vV
= 3,
27
Vi du 3: Cho hinh tru ban kinh day R ndi A D
ti€p trong lang try tG gidc déu cé dudng
chéo hop véi day mét géc o. Tinh thé tich PN
va dién tich xung quanh clia hinh try va thé N !
tich cla lang tru ngoai ti€p. BE——— C’é
Gidi I s
Hinh vuéng ABCD ngoai ti€p dudng tron Y S N N S %
[T ! \ Towr”
ddy hinh try ban kinh R nén c6 canh Lo ‘\i,,,\/ R
A m e '\ \
AB=2R = AC=2R+2. SO @,
_ ; -
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budng chéo A’C hgp v6i ddy mot géc o = ACA'=a.
Tam gidc AA’C vudng tai A:

'

tan o =é—é— = AA'=AC.tano =22R tano = 00",
AC ’

Vimnwe =7TR?.00' =nR? 242R tan o = 24/27R’ tana.

Syq = 27R.00' = 2nR2V2R tan o = 4+/27R” tan o.

Viing ,.41, = AB2.AA'=4R>.2:/2Rtanc = 8v/2R* tana.

Vi du 4: Bén trong mét hinh try vé mot hinh vuong ABCD canh a co 2
canh AB va CD lan lugt thudc hai day cta hinh try. Mat phéng chuiia hinh
vudng tao véi day cla hinh tru mdt géc 45°. Tmh dién tich xung quanh va
thé tich hinh try dé.

Giai
V& dudng kinh BH ctia dudng tron ddy.
AB L AH

Ta c6: — ((ABCD),(ABH)) = HAD = 45"
AB L AD

Suy ra tam giic AHD vuéng cintai H > HA=HD = a

Tam gidc HAB vudng tai A:

2

HB® = AB? 4 AH? =a? + & =29
, 2 2
up_ a3 _ o _HB a3
V2 2 242

'S, =2nRh=2n a3 a2 m'\3
N A

106



Vi du 5: So sanh dién tich xung quanh cla hinh try va dlen tich clia mat
cau ndi ti€p hinh tru. :
Giai
Miit ciu ndi ti€p hinh try nén Ry, = Ry, = R va chiéu cao clia hinh tru h = 2R.

.S =2aRh=27R.2R =47R*;

xght

S,. =4nR’ = Spe = quhtﬂj-

me

Vdn dé 3. Thiét dién clia hinh tru cit béi mét mit phing

1. PHUONG PHAP

a) Cdc thiét dién qua truc ciia mot hinh tru la cdc hinh chit nhdt béing nhau.

b) Thiét dién vuéng géc véi truc ciia mot hinh tru 14 mdt hinh tron bdng
hinh tron ddy.

¢) Néu mot diém M di dpng trong khdng gian ¢é hinh chi€u M’ 1én mot mdt
phdng (o) di dong trén mot duong tron (C) c¢6 dinh thi M thudc mdt tru cd
dinh (T) chita (C) va c6 truc vuéng géc vdi (o).

2.CACVIDU
Vi du 1: Cho hinh try cé ban kinh R va chiéu cao Rv3. Cho hai diém A
va B’ 1an lugt nam trén hai dudng tron day sao cho géc gitta AB’ va truc cla
hinh try bang 30°. Mot mat phang (P) chita AB’ va song song vdi truc cla
h|nh tru. ,
BI
a) Tinh dién tich thiét dién cla hinh tru cat bdi (P)

0,
b) Tinh goc gilia hai ban kinh di qua A va B’. \\,:_,

c) Tinh khodng cach gitta AB’ va truc hinh tru.
Giai
a) Ké dudng sinh AA’ vd BB’, ta dugc thiét
dién la binh chit nht AA’B’B. |
Tam gidc ABB’ vudng tai B ¢6 | T okt
AB'B =(AB',00")=30°; A




anABB=2B _ AB=BB’ tan%O"~R\/_———=
BB' NE)

S, =ABBB'=RR\3=R>/3.
OA = OB = AB =R = tam gidc OAB déu.

b) Ta cé:
O'B'//OB = (0OA,0'B)=(0A,0B)=60".

c) K¢ OH L AB = OH L (P).

_R3

Ta c6 OO’//(P) = d(O0O',AB')=d(0O0",(P))=d(O,(P))=0OH = —

Vi du 2: Cho hinh tru c6 ban kinh R va chiéu cao 2R. Trén
tron day (O) va (O’) Ian lugt Idy hai diém M, N. Mot méat phang
va song song vdi truc hinh try.

a) Tinh khodng cach tif OO’ d&n mét phang (P) dé thiét dién
b&ng 2R

b) Xac dinh vi tri diém M, N trén (O), (O’) dé khéi ti dién M
tich I6n nhat. Khi d6 tinh dé dai MN theo R.

Giai N’
a) K& dudng sinh MM’ va NN’ ta dugc Ag\ o
C N g . s - N . . M, N
thi€t dién 13 hinh chit nhit MM'NN". LR
Goi H 1a trung diém MN. /' g,“; g
. OHLMN | {4 I2R
Ta cé: = OH L(P) AERY
OH L MM’ PN
= OH =d(0,(P)) =d(00,(P)) =h. | \‘1 )
Tam gidac OHM vudng tai H nén m
HM? = OM? - OH? =R* - h’,
Svmnn = MN.MM' = 24/R? —h* 2R =4R+/R” -h* .

Sumnn = 2R? < 4RVR? —h? =2R?

< 2R —h* =R @ 4R> —4h’ =R

. 3., NE)

S hi==~R < h=—R.
4 2
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b) Ké NK L O'M’ (KeO'M’) = NK L OM (OM // O'M").
Ta lai c6 NK L OO,
Suyra NK L (MOO")

l R
= Vyono = %—NK.SMOO. = ;NK%OO'.OM = TNK .

2

Vi du 3: Cho hinh tru ¢6 truc OO’, ban kinh day R va chiéu cao h. Mot
diém M ¢6 dinh cach truc cGa hinh try mot khoang bang 2R. Qua M dung hai
mé&t phéng (o) va (B) ti€p xtc véi mit try theo cac dudng sinh AA’ va BB'.
Goi A la giao tuyén cla () va (B).

a) Chiling minh A vuéng géc vdi day ctia hinh try.
b) Chiing minh mat phéng (AA’, BB’) vudng go¢ véi mat phang (00’ M).

~ ¢) Tinh goc giGia hai méat phang (o), (B) va tinh dién tich cla thiét dién tao
ra khi mat phéng (AA’, BB’) ¢4t hinh tru.

Giai
AA'//BB'
a) Ta c6: AA'c(a),BB' < (B)
A=(a)N(P)
= A//AA’//BB' = A// OO,

Do d6 A vudng géc véi ddy ciia hinh try.

b) Budng thing cdt hai mjt phing chia
hai ddy ctia hinh try 14n lugt tai C va C*. Ta
nhén xét thdy ring (MOO’) = (00’C’C) .

Khi d6 CA va CB 1a hai ti€p tuyé&n ciia dudng tron (O) nén OC L AB.
Ta lai c6: OO’ L AB. |

Suy ra AB L (OO’C’C). _

ViAB c (AA’, BB’) nén (AA’, BB’) L (00’C’C).

¢) Tacé: ((a), (B))=ACB.
A//OO’ = d(M,00") = d(C,00") = CO = 2R .
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Tam gidc AOC vudng tai A c6:

sinlﬁz%—=—8—:l:>0a =30°.
oC 2R 2 .

Suyra (@), (B))=ACB=2ACO =60".
Tam gidc OAC vudng tai A c6:
AC? =0C? ~OA? =4R* R’ =3R*> = AC=R/3.
Tam gidc ABCc6 CA=CB = R/3 va ACB =60° nén la tam gidc déu.
Suy ra AB = Ry3 va S,z = ABAA'=+/3Rh.

C.BAITAP

1. Trén cac dudng tron day cla mét hinh try ¢o chiéu cao h va ban kinh
day R, ngudi ta 1y cac diém A va B. Xac dinh khoang cach gilta cac dudng
thdng AB va tryc ciia hinh try trong céc trudng hgp sau: ’

a) AB = Sh.
2

b) Géc gilia AB va mat day la a.

2. Mot mat phéng di qua truc clia mét hinh truy, ¢4t hinh tru theo thiét dién
la hinh vudng canh 2R. ‘ '

a) Tinh dién tich xung quanh va dién tich toan phén cta hinh tru.
b) Tinh thé tich khai tru. '
c) Tinh thé tich kh&i lang try ti gidc déu ndi ti€p hinh try.

3. Cho hinh chép SABCD c6 day la hinh vuéng canh a va dudng cao
SA = 2a. MNPQ la thiét dién song song véi day, M thudc SA va AM = x. Xet
hinh try cé day 1a dudng tron ngoai ti€p MNPQ va dudng sinh la MA.

a) Tinh dién tich MNPQ theo a va x.
b) Tinh thé tich cla hinh tru theo a va x.

¢) Xac dinh vij tricta M dé hinh tru c6 thé tich 16n nhat.
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4. Cho hinh tru c6 truc la OO’= 2R, ban kinh day R. Goi A la mot diém
trén dudng tron (0), B Ia mot diém trén dudng tron (O’) sao cho OA L O'B.

a) Chiing minh rang cac mat bén cla hinh chép OABO’ la nhiing tam
gidac vudng. Tinh thé tich ctia hinh chép.

b) Goi (o) 1a mat phang qua AB va song song véi OO', Tinh khoéng
céch gitta OO’ va mét phang (a.).
¢) Chiing minh réng (o) tiép xtic véi mét mat try 6 dinh.

5. Cho ti dién déu ABCD c6 canh béng a. Goi O 1a tam clia tam giac
BCD, dung mat phang (o) vudng géc véi AO tai mot diém | thudc doan AO.
Mt phang (o) cdt AB, AC, AD Ian lugt tai M, N, P. M6t hinh try c6 mot ddy
la hinh tron noi ti€p tam giac MNP va day kia ndm trén mat phang (BCD).
Xac dinh vij tri diém | trén AO dé khdi try &y co thé tich 16n nhat.

6. Cho hinh lap phucng canh a.

a) Tinh thé tich hinh try ngoai tip hinh lap phuong.
b) Tinh dién tich mat cau ngoai tiép hinh tru.

7. Cho hinh try ¢6 hai day Ia hai hinh tron tam O va O’, ban kinh day bang
chiéu cao va bang a. Trén dudng tron day tam O lay diém A, trén dudng tron
day tam O’ ldy diém B sao cho AB = 2a. Tinh thé tich clia khéi ti dién
OO’AB.

(Pé thi PH khéi A, ndm 2006)

8. Cho hinh tru cé ban kinh day R = 5cm, chiéu cao h = 7cm. Tinh dién
tich thi€t dién tao bdi hinh try va mat phang («) song song vdi truc va cach
truc 3cm.

(Dé thi CD Céng nghiép Phuc Yén khéi A, ndm 2007)
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' §3. MAT NON. HINH NON. KHOI NON

A. TOM TAT GIA0 KHOA

I. MAT NON

Cho dudng thing A. Xét mdt dudng thing 1 cit A tai O va khdng vudng géc
v6i A. Mit tron xoay sinh bdi dudng thing 1 nhu thé khi quay quanh A goi 1a
mdt non tron xoay (hay don gidn 1a mdt nén).

e A goila truc ciia mit nén.

e 1| goila duong sinh cia mit nén.

e O goi la dinh ctia mit ndn.

e N&u goi a 1a géc giita 1 va A thi 2a goi 12
gdbc & dinh clia miit nén (0° < 2a. < 180°%).

I1. HINH NON. KHOI NON
Cho midt nén N véi truc A, dinh O va géc G dinh 2a.
Goi (P) 1a mit phing vudng géc véi A tai diém I khic O.

(P) cdt mit nén theo dudng trdn (C) ¢6 tAm 1. Lai goi
(P’) 12 mit phing vudng géc véi A tai O.
Khi d6: Phin clia mit nén N gidi han bdi E_._ 3

hai mit phing (P) va (P’) cing v&i hinh tron /< Yo /
1)' I, :\‘\\

xac dinh bdi (C) dugc goi l1a hinh nén.

e O: dinh cia hinh nén.

budng tron (C): duong tron ddy.

Hinh tron (C): ddy ctia hinh nén.

‘Poan thing OM: duodng sinh cia hinh nén.

Poan thing OI: truc clia hinh nén.
e Do dai Ol: chiéu cao cta hinh nén.
Hinh nén cling v&i phan bén trong ctia né goi 1a khdi non.
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I1 DIEN TICH HINH NON. THE TiCH KHOI NON

Mot hinh chép goi 1a ngi riép mot hinh nén néu ddy ctia hinh chép 1a da gide
ndi ti€p ddy cta hinh nén va dinh clia hinh chép la dinh hinh nén.

1. Dinh nghia 1: Dién tich xung quanh cda hinh nén 12 gi6i han ctia dién tich
xung quanh cla hinh chép déu noi ti€p hinh nén d6 khi s6 canh ddy ting 1én vo
han.

2. Dinh nghia 2: Thé tich cha khdi nén 13 gidi han cla thé tich ctia khdi
chép déu ndi ti€p khdi nén d6 khi s8 canh ddy ting 1én v6 han.

3. Pinh li 1: Dién tich xung quanh cda hinh nén ¢6 ban kinh ddy R va dudng
sinh d la:

Sxq = mRd.
4. Pinh li 2: Thé tich cia khdi nén ¢6 ban kinh ddy R va chiéu cao h la:
V= l71:.Rz.h .
1;

B. PHUONG PHAP GIAI TOAN

Vén dé 1. Dién tich xung quanh.
Dién tich toan phin hinh nén. Thé tich khéi nén

1. PHUGNG PHAP

Ap dung cdc cong thitc sau: =8y = 7Rd.
_Slp = S.vc/ + Sd(i_v-
1 !
-V= _Sd:iy‘h = —nR°h.
3 3
Nhiing luu y khi tim thiét dién cvia hinh nén:
o Thiét dién qua truc ciia hinh nén la cdc tam gidc cdn va bdng nhau.
o Thiét di¢n qua dinh la nhitng tam gidc c¢dn ¢6 hai canh bén la hai duong
sinh cda hinh non.
o Thiét di¢n vudng gdc véi truc la nhitng duomg tron ¢ tam ndm trén truc
cia hinh non.
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2.CACVIiDU
Vidu 1:

a) C4t mot hinh nén bang mdt mét phang di.qua truc clia nd, ta dudc thiét
dién la mot tam giac déu canh 2a. Tinh dién tich xung quanh, dién tich toan
phéan va thé tich cha khéi non.

b) C&t mot hinh nén ¢6 chiéu cao h, ban kinh ddy R bang mét mat phéng
song song véi mét day va cach mat day mot khodng bang x. Hay tinh dién
tich thi€t dién.

Giai

’ A
a) Tam gidc ABC déu, c6 canh 2a nén ta c6:
— Pudng sinh AB =2a =d; Ax K
_ Bin kinh ddy: OB = a;

— Pudngcaoh= a3 .

Suy ra qu :n-R.d = 27'[21: M B C

Sp = Sxq + Susy = 2ma’ +ma’ =3ma’; M
1 I, 1, J3
V =—Sgiv.h= ——nR*llz—-na‘.a\/:z—na3.
30T 3 3 3
b) AO=h,OH=h, OC=R.
HK AH h-x h-x

= = = HK = R.
oC AO h

Ta co:

Dién tich thi&t dién: S = nHK? = R> ( h 1_ X ) .
il

Vi du 2: Tinh thé tich clia kh&i nén trong céc trudng hgp sau:

a) Pudng sinh cé do dai la d va hgp véi day mot goc a.

b) Ban kinh day 1a R, géc giia dudng sinh va truc clia khéi néon la

c) Thiét dién qua truc la mot tam gidc vudng can co dién 'tich bang S.
Giai

a) Tam gidc SAO vudng tai O ¢6 SAO = o, ta co:
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sina, :§—9—:>SO=SA.si11a =d.sina=h:
SA

cosa=—?—§—:> AO=SA.cosa=d.cosa=R.

\% =lSd;§y.h = lnth = l7rd3.cos3 o.sino. .
3 3 3

b) Tam gidc SAO vudng tai O ¢6 ASO = B,taco:

tan~B=A—O~:>SO= R .
SO tan 3

3
V=—1—Sd;iy.h= chth: mR .
3 3 3tanp

¢) Tam gidc SAB vudng cin nén ta cé:

h=SO=0A=R;

SSAB=—;—SO.AB=R2=S =R =4S .

V= —;—nth =;nR3 = nS:/§ .

J J

95

/’—

mmmbe . ————

t

Vi du 3: Trong khdng gian cho 2 diém c& dinh S va O. Mét dudng théng d
di dong qua S va luén cach O mot khodng béng a khéng ddi. Chiing minh

rang d di dong trén mot mat nén ¢é dinh.
Giai

Goi (P) 1a mdt phing qua Q va vudng géc véi SO.

Gid st dudng thing d cdt (P) tai M. Ta ¢6 tam gidc
SOM vudng tai O. V& dudng cao OH cida tam gidc
SOM, ta c6: OH =d(0O, d) = a.

Vi, O ¢6 dinh nén SO khéng ddi, dit SO =h.

S

0
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Ap dung hé thirc lugng trong tam gidc vudng SOM, ta ¢6:

] 1 1 1 I 1 h-a
5= ) + 2 = T Ty T TS T T s
OH- SO OM- oM a h ah-
= OM =—21_ Kkhong déi.

[hl _aZ

Viy d ludn di dong trén mdt mit non ¢ dinh ¢6 dinh S va bdn kinh ddy
ah '

R= 2
Vén dé 2. Hinh nén ndi ti€p, ngoai ti€p hinh chép.
Hinh nén ndi ti€p, ngoai ti€p mit cau
1. PHUONG PHAP

e M6t hinh nén dugc goi la ndi tiép mot hinh chdp néu hinh ndn tiép xiic
Vvdi tdt cd cdc mdt cuia hinh chop.

o Mot hinh nén dugc goi la ngoai tiép mot hinh chip néu duong tron ddy
ciia hinh nén la duong tron ngoai tiép da gidc ddy ciia hinh chép va dinh cia
hinh nén la dinh hinh chép.

e Mot hinh nén duoc goi la ndi tiép mdt mdt cdu néu hinh non cé dinh va
duong tron ddy thu¢c mdt cdu.

o Mot hinh nén dugc goi la ngoai tiép mot mdt cau néu mdt cdu tiép xic
Vdi tdt cd cdc duong sinh va hinh tron ddy ciia hinh non.

2.CACVIDU
Vi du 1: Tinh thé& tich cGa hinh nén biét thé tich hinh chép tam giac déu
ndi ti€p trong hinh nén la V.
| Giai
Goi R 1a ban kinh ddy cda hinh nén.

23 3J3R*
Tac: AB=Rv3 =8, =(R3) ”{I—“:“[ER—'

Goi h 1a chiéu cao cda hinh chép. Khi d6 h ciing
13 chiéu cao cda hinh nén.
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Ta c6 thé tich khdi chép 1a:

3V3R? 3 - ., 4V
\Y% lSABC.h=13*/§R .h=£R“h R'h=—.
3 3 4 NG
2 ) V v
Thé tich kh&i nén 1a: Vi 6, = -l—nth _ LV _anv
3 373 33

Vi du 2: Cho hinh chop tam gidc déu cé canh day la a va méat bén ¢c6 géc
4 day la o.

a) Tinh dién tich xung quanh va thé tich kh&i nén noi ti€p hinh chop.

b) Chiing minh riing chiéu cao cdia hinh choép da cho bang:

a ;
h= ——— [sin(oa+30°)sin(a -30°).
\/50030:\/ ( ) ( )
Giai
a) Goi r 12 bdn kinh ddy cda khdi nén noi tiép
hinh chép. Khi d6 r chinh 13 bdn kinh dudng tron S

ndi ti€p tam gidc diy ABC. Ta c6:

1 a\/f—&

r=OH=—AH=—",
3 6

Goi H 12 trung di€m BC, ta c6:

A C
SH L BC (tam gidc SBC cin tai S). T
o a
Tam gidc SHB vuéng tai H ¢c6 SBH = o nén: B

tano = EI—d—:> SH=HB.tana = —a-l‘anoc.
HB 2

Goi O Ia tim ctia tam gidc déu ABC. Khi d6 SO Ia truc clia tam gidc ABC.

Tam gidc SOH vudng tai O c6:

-

6

2 2
50" =SH? ~OH? = L an? o 23 =2 (3an*a-1)
‘ 4 12

a2
=SS0 = \/—-(3tan2 oc—l) .
12
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| av3 a ma~ -
Sy =mrd=n———tana = tano .
2 12

“

’ 1, 1 (a3 "
Vknéi nén =§n1 .’SO=§7{~—————J \/12("’»ta11 (x—l)

6

% %(Xtan 0c~1)

b) Theo ciu a) ta co:

2
h=SO=\/—a——(?nanzoc—l):E tan’ (x—-—: \/lan o —tan® 30°
12 2 3 2

sin(ot —30")sin(o +30%)
cos” a..cos” 30°

= %\/(tan o —tan30%)(tana +tan30”) = i;—\/

=>h=———/sin(a — 30°)sm(oc +30")
\/5 coso \/

Vi du 3: Cho mét khéi cau ban kinh' R, mdt kh&i nén noi tiép trong khoi
cau dé co chiéu cao la x (0 < x < 2R).
a) Tinh thé tich V va dién tich xung quanh S cta hinh non.
b) Tim hé thic lién hé gita V, S, R déc lap ddi véi x.
¢) V&i gia tri nao cla x thi V I6n nhat?
Giai

a) Goi r la ban kinh dudng tron ddy hinh nén, ta c6:

r=+R?—OH? = /R? —(x -R)* =+/2xR —x* ;

vV = Lo =%nx(2xR -x%).

Ta thi'y tam gidc SHB vudng tai H cé:
SB? =SH” + HB® = x* +(2xR —x*) = 2xR
= SB=+2xR .

Suyra S=nr.SB= n\/(éxR —-x’ ).ZXR .
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3V
b) V——l«nx(’)xR X7)= x(2xR —x?) =",
o

5 ’ 3 s , 6VR 2
S=n\/(2xR~x‘).2xR =7 —!2}2 =8 =1 22 & §? =6nVR.
T s

c) V= %nx(_2xR —x7) = %n.x.x.(ZR -X) =én.x.x.(4R —2X).

Ap dung bat ding thiic Co-si, ta c6:
cosi | n[x+x+(4R 2x)J 327R*

V < —
6 3 81

. , , L 4
bang thiic xdy ra khi va chi khi x =4R - 2x < x = ;R .

_ 327R*

" Viy V . =
y IHI\ 8]

Vi du 4: Cho biét hiéu gita dudng sinh va ban kinh day cGa mét hinh nén
la a, géc giGia dudng sinh va mat day 1a a. Tinh dién tich mat cau ndi tiép

hinh nén.
Giai
Theo gid thiét ta c6: SA — OA = a, SAO =q.
Goi R 1a bdn kinh ddy hinh nén, r 12 ban kinh

mat ciu ndi ti€p hinh nén. Khi dé:
OA =AH=R; |

[0=IH=r; a

s

SH =a. R ,:*:[

. Lol
p N . c (qor . T A
Tam gidc SHI vudng tai H ¢c6 HSI =-2——a nén: - F e

r= SH.tan(—g—a) =a.coto.

Dién tich mit cau ndi ti€p hinh nén:

S =4mr’ =4na’cot’ o .

me
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C.BAITAP

1. Cho hinh chép ti giac déu S.ABCD c6 chiéu cao h va ASB =
a) Tinh dién tich xung quanh hinh chop.

b) Chiing minh rang dién tich xung quanh mé&t nén ngoai ti€p hinh
chép bang:
nh?+/2 sina
cos2a

S =

2. Mot hinh nén ¢é dudng cao bang 20cm, ban kinh day R = 25cm.
a) Tinh dién tich xung quanh cla hinh noén.
b) Mét thiét dién di qua dinh, cach tam day la 12cm. Tinh dién tich thié'_t
dién do. '
3. Cho hinh nén dinh S, day la hinh tron (O; R), géc & dinh bang 60° va
AB la dudng kinh ¢6 dinh cla day.
a) Tinh thé tich va dién tich xung quanh cta khoi nén.
b) C, D la 2 diém thudc dudng tron day va & vé cung mét phia ddi vdi

AB sao cho BAC = o (p < 45°) va BAD = 45°. Tinh goc gitia (SAB) va (SCD)
theo ¢.

4. Cho hinh nén c¢é dinh S, chiéu cao h va ban kinh day bang R. Mat
phéng (o) qua S cit thiét dién la hinh gi. Dinh vj tri clia (o) dé thiét dién ¢
dién tich I6n nhat.

5. Dung hai hinh nén ¢6 chung dudng tron day nam cung phia so véi méat
phéng day sao cho hai dinh cach nhau mét doan bang a. Mot mat phéng
chua truc clia hinh nén lan lugt cit hai hinh nén tao thanh hai thiét dién cé
géc & dinh 1an lugt 1a 2 va 2B (a < B). Tinh thé tich cla phan gidi han bdi
hai mat nén va mat day cla chung.

6. Cho hinh n6n ¢cé ban kinh day bang a, chiéu cao b&ng 2a. Tinh thé tich
hinh cAu noi tiép va thé tich hinh cau ngoai ti€p hinh nén.

7. Mot hinh c4u c6 ban kinh r ndi tiép trong mot hinh nén. Tinh thé tich cla
hinh non biét rang thiét dién chia truc cla hinh nén ¢é géc & dinh bang 2a.
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§4. TO HOP HINH CA U, HINH TRU, HINH NON

A. TOM TAT GIAO KHOA

e Mot hinh ciu goi 1a ndi ti€p mot hinh nén khi né c¢6 mit cau ti€p xiic vdi
tat cd cdc dudng sinh va ddy clia hinh nén.

e MOt hinh ciu goi 1a ngoai ti€p mdt hinh nén khi né ¢6 mit ciu chita dinh
va dudng (ron day cla hinh non.

e MOt hinh ciu goi 1 ndi ti€p mot hinh tru khi né ¢6 mit cau ti€p xtc véi
tat cd cdc dudng sinh va hai ddy ctia hinh try.

e MOt hinh cau goi 1a ngoai ti€p mot hinh tru khi né ¢6 mit cAu chita hai
dudng tron ddy cia hinh try.

[ I}

\

1
\
1
'
1]
1
P N
1
i
]
1
i
!
1

-
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B. PHUONG PHAP GIAI TOAN

Vi du 1: Cho biét hiéu gitia dudng sinh va ban kinh day cia mét hinh nén
la a, gbc giGia dudng sinh va mat ddy la o.Tinh dién tich mat cau noi tiép

hinh non.
Gidi
Theo gid thiét ta co:
SA—OA:a,'S/A\O':oc.

Goi R 1a bdn kinh ddy hinh nén, r 1a bdan kinh
mit cAu ndi ti€p hinh nén.

Khidé: OA=AH=R;lI0=IH=r;SH=a.

. R . T T
Tam giac SHI vuéng tai H ¢c6 HSI = §~oc, suy ra:

r= SH.tan(—g——ocjza:cota.

Dién tich mit ciu ndi ti€p hinh nén 1a:

S =4m’ =4na’cot’ o .

ne

Vi du 2: So sanh dién tich xung
quanh cGa hinh try va dién tich cla
mat cdu ndi ti€p hinh try.

Giai

Vi mit cau ndi ti€p hinh ty nén
Rue = Ry = R va chiéu cao cda hinh
tru h = 2R.

Tacé: S, =2nRh=27R2R =47R?,

xgh
S, =4nR’

me

= Spe = quhlm-
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Vi du 3: Cho hinh cau (S) tam ! ban kinh R.
Mot mat phang (P) cdt mat cau (S) theo
dudng tron giao tuyén (L). Tim vj tri cGa mat
phéng (P) sao cho khdi non dinh | va day la
dudng tron (L) cé thé tich I6n nhat.

Giai
Goi r la ban kinh dudng tron (L) va h la
khodng cdch tr tam I clia mat cidu dén mit
phang (P). Ta cé6:

Vnd‘n = f];nrzh 5
J
22 :
n? 4n® 2 2 dn” o, +h
V2 :-~~—r4 h? =~——.~-—.————.h2 < 22
9 9 2 2 9 3
_4n (17 | 2)3 _4n”R®
9.27 9.27
3
= V< 2nR .
93
7nR 1'2 9 R

Viy V =

=h?orr =2k o rr+h?=3n?=RZ2 e h=—r.
, B

o5 =

Kh6i n6n ¢6 thé tich 16n nha't khi (P) cdch tim mit cAu mot khodng bing

Vi du 4: Cho hinh lang try tam glac déu cé canh day bang a, canh bén
bang 2a.

a) Tinh dién tich xung quanh hinh try (T) va thé tich khdi try ngoai tiép
hinh lang tru.

“b) Tinh thé tich kh&i cAu ngoai tiép hinh tru (T).
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Giai

J

a) Goi R 1a ban kinh dudng tr(‘)n ngoai G&p tam

A
i H, 2
t : e |
gidc déu ABC canh a, tacé: R =—=. Suy ra: : L
\f B R
i ¥1 i
a v 2al :
SX(]U'[I = 2T[Rh - 27{[*\/—;‘) Tca l”,—""_i' ‘‘‘‘‘ ‘\4‘
' 3 AT A i A
o A :[[ i C

2 a 20 3 AN
V“".‘ :T[R_h = [ ] 0

T —= 2a=—ma . B
J3 3

b) Goi H, H’ 14n lugt 13 tAm clia tam gidc déu ABC va A’B’C’. Goi 1 1a
trung di€m HH’. Khi d6: khdi ciu ngoai ti€p hinh tru (T) c6 bdn kinh R* =IC.
Suy ra:

7 2 [
4 INE
R'=',H'I?‘+H'C'2 — (%j +(:_fl_.[£_] zg.._. a\/:i

32 12 23

= Viu= inR3 = df fl” 7\/_ 7\/_‘ 3
3 2B T3 Tish

Vi du 5: Cho hinh nén cé chiéu cao h, dudng tron day c6 ban kinh R. Mot
mat phang (P) di déng song song v&i day hinh nén cat hinh nén theo dudng
tron giao tuyén (L). Dung hinh tru c6 mot day la dudng tron (L), mét day
ndm trén day hinh nén va cé truc 1a truc cda hinh nén. Tim vj tri cha méat
phéng (o) dé khai try co thé tich I16n nhat.

Giai

-
J J

Goi x 1a chiéu cao ctia hinh try va r1a bdn kinh.

PN 2
day hinh try, suy ra Vi = mrx.

CTacsd: = Sk _h-x :>1'=B—(h—x);
o R SH - h h
2 2
V=n—(h- )2'\“nR7 (h—x )(h— ().2x
h~ 2h*
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Ap.dung bt ding thitc Co-si, ta c6:

\%

-

J

Py R (h=x)+(h-x)+2xY i nR> 8h’ B 4mR>h
= SR 27 27

]
2h~

2
Suyra V= 47Rh

| o

Sh-x=2x o x=

R o , « h
Vay khi vi tri mat phang () cdch ddy hinh nén mot khodng bing 3 thi khoi

tru ¢6 thé tich 16n nhat.

C.BAITAP
1. Cho hinh chép S.ABC c6 day ABC la tam giac vudng 4 B, SA vudng
goc véiday, SA=BC =a, AB = aJ2.
a)"Xéc dinh tdm | va tinh ban kinh mat cdu ngoai ti€p hinh chép S.ABC.
b) Tinh dién tich xung quanh ctia hinh nén va thé tich khéi nén ngoai
ti€ép mat cau (I).

2. Cho hinh”chép tam giac S.ABC. Hai mat bén SAB va SBC cla hinh
chdp cung vudng géc véi day, mét bén con lai tao véi day 1 géc a. Day ABC
la tam giac vuong tai A, B = 60°, canh BC = a.

a) Tinh dién tich mat cdu ngoai ti€p hinh chép S.ABC.
b) Tinh thé tich kh&i nén noi tiép mat cau trén.

3. Cho mat cau (S) ¢ ban kinh R. Tim hinh try cé thé tich I&n nhat noi
 tiép (8).

4. Cho hinh chép S.ABCD c6 day ABCD la hinh thoi tam O, goc .
ABC = 60°, AB = 2a, hai mat chéo SAC va SBD cung vudng goéc vSi mat
day, tam giac SBD déu. Hay tinh thé tich phan dugc gisi han gilia hai khdi

nén: khéi nén cé dinh S, dudng sinh SA va day la dudng tron dudng kinh AC

v8i khoi nén co dinh S, dudng sinh SB va day la dudng tron dudng kinh BD.

125



5. Cho hinh tru (T4) c6 truc la OO’ = R \/5 ban kinh day R. Goi MN la day
cung di déong clia dudng tron day, MN = R.'Vé cac dudng sinh MM’ va
NN’cCa hinh tru, goi | 1a trung diém OQ’, J 1 trung diém MN’.

a) Chung minh 1J vudng goc véi (MM’N'N).
b) Ching minh J ludn thuéc mot mat tru ¢ dinh (T,) khi day cung MN
di dong. Tinh thé tich kh&i try dudc gidi-han bdi mat tru (T2) va hai day cla
hinh tru (T4).
¢) Tinh thé tich khdi non dinh 1, truc IJ va dudng sinh IM.
6. Cho hinh chop tam giac déu SABC cd canh day bang a, mat bén hop

véi day goc a. Tinh thé tich khi cdu (S) ngoai tiép hinh chop SABC va thé
tich khai nén noi tiép mat cau (S).

BAI TAP ON CHUONG II

1. Cho tU dién déu ABCD canh a.
a) Tinh thé tich V khéi cau ngoai tiép td dién.
b) Tinh thé tich V' khdi tru cé day la dudng tron ngoai ti€p tam giac
BCD va c¢6 truc AH (v6i H la tam tam gidc déu BCD) va tinh cac ti s6

V VABCD VABCD N 2 4. P . a

—, REkR [ ABRL (V l& thé tich tu dién ABCD).

V' vV VI (Vasco : )

2. Cho hinh chép luc giac déu S.ABCDEF c6 canh day bang a, goc gita

canh bén va mat day bang 60°.
a) Tinh dién tich xung quanh S, va thé tich V clha hinh chop

S.ABCDEF. '
b) Tinh dién tich S’ clia mdt nén va thé tich V' clia kh&i noén ngoai tiép

. S
hinh chép va tinh cac ti sé: ——Sﬁ‘ , V\L

3. Tinh i s thé tich V cda hinh tam mat déu canh a va thé tich V' clia
kh&i cau ngoai tiép hinh tam mat déu do.
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4.-Cho ti dién ABCD c6 CD = 2a, cac canh con lai bing a V2.
a) Xac dinh tam | va tinh ban kinh mat cau ngoai tip td dién.
b) Tinh dién tich mat cau va thé tich khéi cau ngoai tiép tu dién.
5. Cho tu dién ABCD ¢c6 AB =AC =a, DA=DB =a, DC = b, mat phang

(ABC) vudng goc vsi mét phang (DBC). Xac dinh tam va tinh ban kinh mat
cau ngoai ti€p hinh chop.

6. Cho hinh chép S.ABC c6 day ABC la tam giac vudng tai A, AB = 3a,
AC = 4a, SA = 2a. Goi B’, C’ lan lugt Ia hinh chiu cla A trén SB, SC.
a) Xdc dinh tam va tinh ban kinh mat cau qua 5 diém A, B, C, B', C.
b) Tinh ti s6 thé tich cla khéi cau ngoai ti€p hinh chép SABC va thé
tich khéi cau qua 5 diém A, B, C, B, C.

7. Tinh thé tich khéi lang tru tam gidc déu cé chiéu cao h va n0| tiép trong
mat cau ban kinh R.

8. Cho hinh chép S.ABCD c¢6 SA L (ABCD), day ABCD la hinh thang
vudng tai A va B cé6 AB = BC = a, AD = 2a, goc gilta hai mat (SAD) va
(SCD) la 80°. Tinh dién tich mat cau ngoai tiép td dién S.ACD.

9. Cho mot hmh tru co6 hai day la hai dudng tron tam O va O’. Goi A, B la
hai diém lan lugt thude hai dudng tron day (O) va (O’). Cho biét thé tich cla

a\/—

khoi tru 1a na®, AB = a f, khodng céch gitia OO’ va AB 1a ZX2 . Tinh ban

kinh va dudng cao clia hinh try da cho.
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HUGNG DAN VA PAP AN

§1. MAT CAU. KHOI CAU

A

1.'a) Goi O 1a tim mit cau dudng kinh AB,
r 1a ban kinh dudng tron (T).

~—~
B ———————

Tam gidc OHM vudng tai H nén ta co:
i? = HM® = OM® = OH” = R* = (x =R’

=2xR—x* = r=v2xR -x*. VAN

Canh hinh vudng MNPQ: 1

MN = /2 = V2 V2xR = x> .

Tam gidc AHM vudng tai H nén:

AM? = AH? + HM *=x* +r? =x7 +(2xR = x")=2xR

= AM =vV2xR .

Tam giic BHM vudng tai H nén:
BM? =BH?+HM ‘= (2R —x)" +1°
= 4RP—4xR+xT +(2xR—x7)=4R’ -2xR

— BM =v4R? = 2xR..
b) Cdch I: .

» 1 1
V=Viuwo T Viwee = 3 Syunpg-AH + 3 Sunee-BH

1 : l

= _:;SMNI’Q'AB = ;

MN- 2R = %Q(ZXR —x").2R = %R(sz -x%).

) Ca-si 2R —3 .
\Y/ :_L}_R_X(QR_X) < _‘ER(_’E_(_B__.Q) :f‘.R-‘.
3 3 2 3

V=%—R"<:>x:2R—x<:>x=R.



. 2 2. A . A N 4 ~ 3 .
Viy thé tich khoi da dién 16n nhat 13 Vi = ;R‘ khi x = R.

v - "l ; B = —‘] 2 2R ‘_l .\/: ‘ ZR = R "
- .. MNPQ’A - MN . - - (l ) . "_‘ J.

V 16n nhdt khi va chi khi r 16n nhat, ma r<Rnén r I6n nhat khi r = R
4

= Vmux = _‘R; .
3
2. a) Goi 1 1a trung diém AB, ta ¢6 :
IA=1IB =a.

Tit gide AICD 1a hinh binh hanh
(Al//CD va Al=CD)

= IC=a=1A=IB.

Suyra ACLCB. (I)

Ti gide IBCD 1a hinh binh hanh
(IB//CD va IB=CD)

= ID=a=1IA=IB.
Suyra AD LDB. (2)
\ JAPLSB (3)
Tacé: (P)LSB=:AQ LSB
IAR 1 SB.

. BCLAC l

\Y [:DBCL('SAC):HBC_LAQ.

i
- BC LSA(SA 1L(ABCD)
Talaicéd AQ LSB = AQ L (SBC)=» AQ LQB. 4)

- BDLAD .
Vi , 1 =>BD_L(SAD)=BD L AR.
BD L SA(SA L (ABCD) '

Ta laic6 AR L SB = AR L(SBD)= AR LRB. (5)

T (1), (2), (3), (4), (5) suy ra 7 diém A, B, C, D, P, Q, R ludn thudc mot
mit cdu dudng kinh AB ¢6 dinh.
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Ban kinhR = —A-Z-B- = a. Dién tich mit cAu S = 4nR’* = 4ma’.

b) Ta cé: AR L(SBD)= AR LSD.

Tam gidc SAD vudng tai A cé dudng cao AR nén SR.SD =SA’. (6)

"Tacé: AQ L(SBC)= AQ LSC.

Tam gidc SAC vudng tai A ¢6 dudng cao AQ nén SQ.SC=SA’. (7)
Tu (6) va (7) suy ra SR.SD = SQ.SC.
Do d6 td gidc CDRQ 12 mot i gide ndi ti€p
Trong mit phiing (SCD), QR cit CD tai K. Ta chitng minh K c6 dinh.
AK c (ABCD) = AK 1 SA

Ta co: = AK L (SAB)= AK L AB.
AK < (Q) = AK 1L SB

Nhu viy néu goi d 1a dudng thiing nim trong mét phing (ABCD), d di qua
A va vubng goc vdi dudng thing AB thi d ¢& dinh, khi d6 K chinh 1a giao
diém clia d vdi dudng thiing CD. Do d6 K ¢6 dinh. Vay dudng thing QR
lu6n di qua mot diém c6 dinh K khi S chay trén nifa dudng thing Ax.

¢) Cic diém P, Q, R déu nhin SA dudi mot géc vudng (ching minh trén), do
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d6 hinh chép S.APQR ndi ti€p mat cAu dudng kinh SA, bdn kinh
SA a\/§ .

R=—= .
2 4
‘. ] : 3V
Tacé: SPLQ)= VS-!\I’QR - j;—'Sf\PQR SP= SJ\I’QR - gﬁ

Tacd: Ve = Ve oo + Ve aor » . D . .
. e SAre A VS.«\(‘I) SD SC VS.AB(‘ SB SC

Tam gidc SAD vudng tai A c6 dudng cao AR nén:

GRSDoSAI > SR_SA”_ SAL 3
SD SD’ SA*+AD° 3a’+a” 4
Tam gidc SAC vudng tz;i" A ¢c6 dudng cao AQ nén: ‘
. 2 2 2
S0SC=sA Q54 SA 3 L
SC SC* SA*+AC* 3a +3a” 2



Tam gidc SAB vudng tai A ¢6 dudng cao AP nén:

2 : 23
SP.SB=SA"’ SP _5A §A 7= j'l PR
SB SB* SA‘ +AB” 3a” +4a 7
\ 31 3 3
Suy ra: _YSAQR SR _S_Q_ = == Vs.;\Q1< ==V en -
Ve acn SD SC 472 8 8
Vi ap 3 3 3
Ta c6: _SAPQ SP S_Q _l_._ == VMPQ = __.,VSJ\B(_ .
Vs anc SB S5C 27 14 14

1
Talaicé: Vg, ., = iSA.SM = af Dl AC —ha\/?iaa 3 _Z a’

1
Ve anc =“§SA S i ﬂ\/‘ EAC.BC=—a 3a\/§a—~a
31 3 . 3 1 3,
Suyra: Vg o T84t T3t Vsarg ‘171"'2"1? ~28"
3 3 45 .

Viy V:[—+—;ja3: a'.
: 32 28 224

Tam gidc SAB vudng tai A ¢6 dudng cao AP nén:

SPSB=SA’ = gpSA 32 3

SB a7 7
3 45
g 3V Toogt 45T
TSP 3a T 20g
J7

3. a) Ta cé: S

SAL(ABCD)=SA LAC. (1) .

CD.LAD .

= CD L(SAD)=CD LSD. (2) J

CD L SA

Tu (1) va (2) suy ra 4 diém S, A, C D , B

cung thudéc mit cfi‘u dudng kinh SC, tAm la

trung di€m I clia SC, ban kinh R = —SE

2 B C

Tam gidc ADC vudng cintaiDc6 AD=DC=a = AC = a2 .
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Tam gidc SAC vudng tai A nén:
SCP=SA*+AC? =a’+2a> =32" = SC =23 .

Suyra R= a

3
S

Goi Ela trung diém AB, ta c6:
CE L AB . _ . -
= CE L (SAB)= d(C,(SAB))=CE =a.
CE LSA
Villa trung diém SC nén:
d(1,(SAB)) _SI | a

. ~ L 4(1(SAB)) = Ld(E.(SAB) =2 =h
d(E,(SAB)) SE 2 2 2

Vih <R nén (SAB) cdt mit ciu (S).

Goi r 12 ban kinh dudng trdn giao tuyé&n cla (SAB) véi mit cau (S). Ta cé:

2 2 2

' s - sy av2 -
Suy ra chu vi dudng tron giao tuyén la P =2mr = 2%—\2/—_— =na~/2.
_ DELAC

b) Ta cé: = DE 1 (SAC). (3)
' DE L SA

Vit gidc BEDC 1a hinh binh hanh (do BE song song va bing CD) nén
BC//DE. (4)

Tir (3) va (4) suy ra BC L(SAC) = (SBC) L (SAC).

BC LAC

¢) T chitng minh trén ta c6: BC L(SAC)=
~ BC L SC.

Suy ra td dién SABC ndi ti€p mit ciu dudng kinh SB, tdm 1a trung diémJ
cua SB.
AD L AB

Ta cé: . +=>AD L(SAB)=AD LAJ.
AD 1 SA

Do d6 AD ti€p xiic v6i miit ciu ngoai i€p i dién SABC tai A.
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4. Goi H 13 hinh chi€u cdia S én (ABC) .
Vi (SAB) L (ABC) nén H thudc giao
tuyén AB. (1)

Goi D, E 1an lugt 1a hinh chi€u ctia H
Ién cdc canh AC vd BC. Ta co:

SDH = ((SAC),(ABC)) =< | s
{ =o0or =o.

SEH = ((SBC),(ABC)) =

Suy ra hai tam gidc vudng SHD va SHE biing nhau.
Suyra HD =HE. (2)
Tu (1) va (2) suy ra H 12 trung diém AB.
Tam glac ABC vudng tai.C nén H 12 tim dudng rdn ngoai ti€p tam gidc ABC.
Viy SH 1a tryc tam gidc ABC.
Trong tam gidc SAH, ké dudng trung wuc d clia SA, d cit SH tai I. Khi dé6
la tim mdt cu ngoai i€p hinh chép S.ABC, bian kinh R = SI.
SK.SA SA°
SH ~2SH’

a

T gide AKIH noi ti€p nén: SLSH =SK.SA = Sl =

Tam gidc ABC vudng can tai C nén: AC=BC = =

al

Tam gidc SHE vudng tai H nén:

tano = §E = SH=HE.tanu =
HE .

Tam gidc SHA vudng tai H nén:

2 2 5 3

SA’=SH> +AH* =| -2 tana | + 9—] =i;.t11112(x+i—
a2 2) 8 4

1 —
= SA=—=+an o +2

2

oy

SA2 ‘g(mn:(x+2) u(mngaﬂ—?.)
~ 2SH Y - 4\/2-lan(1

L 2\/5 tana




-5, a) Tacé:

MN// AC
MN c (BMN), AC c (ABCD)
B e (BMN) (ABCD)

= (BMN)N(ABCD) = Bx, Bx// AC// MN.

Hinh chép déu S.ABCD c¢6
truc SH nén tim O clia mat

cdu ngoai ti€p hinh chép

‘ 3
thudc SH. \

AC L BD
Tac6: ACLSH

= AC L (SBD) ~
= AC 1 BO.

BO c (SBD)

Vi Bx //AC nén Bx L BO.
Viy giao tuy&n Bx ti€p xiic v6i mit cau (O; R) tai B.

b) Tam gidac OHB vudng tai H nén:

OH=SH-0s=-R_r=R
2 2
OB =R.
Ta ¢6 BHZ-:OB:—OHZQBH?:RB_%L::?&
2
av3 ,
Suy ra HA=HB=HC:HD=—2~. (hH
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Tam gidac SHC vudng tai H nén:

SC? = SH* + HC? (%R) +[52£J

2
R IR s
4 4
V3
:>SC=RJ§:>HN:52I-. 2
Tudng tw: HM =§5‘5:~I—{3\/———. (3)

Tu (1), (2), (3) suy ra H 1 tam mit cau di qua 6 di€ém A, B, C, D, M, N.
R3
5

Ban kinh; r=

Dién tich mit ciu: S=4nR" —47{&\/_] =37ma.

c¢) Trong (SBD), ké HK 1L SB (K € SB). »
Ta cé AC L (SBD) (chiing minh trén)
= AC 1. SB = SB L (AKC).

Nhu vay mit phing (o) vudng géc
vGi SB tai S 12 mit phing qua S va
song song v4&i (AKC).

d(O,(AKCQ)) OH

= d(O,(a)) =2d(0,(AKC)).



. . d(O,(AKC)) OH 1
Ta lai ¢o: = =
d(S,(AKC)) SH 3

= d(O,(AKC) = %d(S,(AKC)) = %SK (do SK L (AKC))

R
:>d((),(’oa))=-;—SK.

Tam gidc SHB vudng tai H nén:

3RY
2 ) 33
R\3

R.

SK.SB =SH® = SK = 21— (

233, RS

Vay d(0O, (0))*; ——R= = h.

Vi h:Rﬁ

<R nén mit phing (o) cit khdi cau (O; R) theo thi€t dién la

“~

hinh tron ¢6 bdan kinh R'=VJR* —h" =

A e . 7R’
Dién tich thi€t dién: S=7nR" =—

6. 2) Goi r 1a ban kinh dudng udn giao
tuyén, ta ¢c6: HA = HB = HC = .
Tacé: P =R = OH’=R? = (x —= R)’

=2xR - x°

=r=v2xR-x" .

Tam gidc ABC déu nén:

AB=BC=AC=r/3=3V2xR -x" .
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Tam gidc SHC vudng tai H nén:

SC=SH* +HC® = Jx* +(2xR = x*) = V2xR .
Vay SA=SB=SC=2xR .

b) Ta 6 [SA =SB=5C=2xR
aco: I
|AB=BC=AC =V3/2xR -«

Do d6 wir dién SABC la ur dién déu khi va chi khi:

.. h] e ] 4
V2XR = {32XR -x") @ 2xR =32xR-x") < x = ?R

Khi dé: AB—J 3({2xR - x° J 2R? —LQR) “;/ER

I I AB'3
Vx ABC ;‘SH'S \I3¢ ;‘( 4
2%
R o Y e
33 4 81

9
Ta cé: S'H=2R—x:2R—%R:—;~R:

AB 22

r=—— =" "R

NER

243
S'A=S'B=S'C=vS'H +1 R +§R ;/—R.



Xéttam gidc S'BC c¢6:

S'B*=8'C’ =5‘:—R2

L
3

[ - —S'B*+S'C?=BC?=S'BLS'C.
R]

Tuong ty: S'’AL S’B, S’ALS'C.
Viy S’A, S'B, S’C d6i mdt vudng goc v4i nhau.
7. a) Ta c6:

BC? + AD? = (AB’ + AC?) + AD’
= AB? + (AC? + ADY)
= (20H)* + CD?
=4h? + 47
=4h’ + 4R? - h?)
= 4R? (khong ddi).

Tuong tu:

BD? + AC? = (AB” + AD?) + AC’
= AB’ + (AD” + AC")
=4R? (khong ddi).

b) Trong (P), ké AK L CD (Ke CD).

Ta cé AB L (P)= AB 1L CD = CD 1 (ABK) = CD L BK.

VAay S, :%BK.CD.

Vi CD = 2r khong d8i nén Sycp 16n nhat khi va chi khi BK 16n nhat.
Tam gidc ABK vudng tai A: BK® = AB® + AK*, AB khong d6i.
Do dé: BK > AK o AK=AH < K=H < CD L AH (AK < AH).

N max

¢) Trong mdt phan0 (P), ta cé AK-L KH nén K luén thudc dudng tron dudng
kinh AH trong mit phiing (P).
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AB 1 CH :
8. a) Ta c6: = AB 1L (SCH)= AB L SH.. S
AB L SI p

Tam gidc SAB vudng tai S ¢6
dudng cao SH nén:

SA’ =AH.AB.

Tam gidc ABC vubng tai C ¢6 A
dudng cao CH nén:

AC*=AH.AB.
Suyra SA=AC.
Viy hai tam gidc vuéng SAB va ACB biing nhau.

"Ta c6 ASB =90° nén 4 diém S, A, B, C ciing thudc mit ciu dudng kinh
AB, ban kinh R.
Dién tich mit cau: S, =4nR".
b) Ta c6: I'1a hinh chi€u cda S 1&€n (P) suy ra AAIB 13 hinh chi€u ciia ASAB
1&€n (P).
- Goi ¢ la gbée tao bdi (SAB) va (P). Ta ¢6:

S S IH |
S = Sgap-COs@p=>cosp=— =M = = — 5 =60",
AIB SAB Se S CH 2 '

ABC

Viy khi C chay trén nira dudng tron dé thi (SAB) ludn chia AB ¢6 dinh
va tao vdi (P) mdt géc 60°, suy ra (SAB) c8 dinh.

I
¢) Tacé: V :;SAB(,.SI. :

Tam gidac ABC vudng tai C nén:
AC? = AH.AB = 2xR =5 AC = V2xR =SA.
BC? = BH.AB = 2R(2R - x) & BC = 2R(2R —x) .
CH.AB=AC.BC

, ) R—x'
—~ CH= A(;.II;C -2 AXR.22RR(2R X)_ X(2R —x).
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Taco 11a wung diém CH, SI L CH nén tam gide SCH can tai S.

Theo ciu a thi ACAB=ASAB. Tir d6 suy ra CH = SH (hat dudng cao
tuong ung).

. < "H 2R -
Suy ra tam giic SCH déu va SI= CHY3 \/ A X)

vay  V=1iS
D

V3

=-—Rx(ZR = X).
6 .

- 3
== Y2 DR X(2R-X)
12

3 3 (x+2R-x) 3R
Ta c6- V:\/; <2 _X)S_\/;R.(wr R \J V3R
6 6 2 , 6
3 A
nén Vnm\ = '{'—_R }C> X = 21{ —X <& X = R .
D

o Cd thé dinh x bang cdch khdc nhu sau:

ch J3R

Slh= CH.AB. =—~~—-(H

ABC

Ta ¢o: ‘V=—I~S ll
3 32

V. «<AH < H=0<x=R.

[IIHIAY IR
d) Theo ciu b), mat phiing (SAB) ¢6 dinh. ta ki hiéu Ia mit phing (Q).
Trong (Q), tam gidc SAB vudng tai S nén O la tim ctia tam gidc SAB.

Goi d 13 dudng thing qua O v vudng gic véi (Q), ta ¢6 d ¢d dinh va d
chinh 12 truc cGa tam gidc SAB. Do dé tam clia mit cdu ngoai tiép ti dién
SABI phii thudce duding thiing ¢d dinh d.
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§2. MAT TRU. HINH TRU. KHOI TRU

1. Ké dudng sinh BB".
Tacé: OO’//(ABB)

= d(00’, AB)=d(00’, (ABB")) = d(O, (ABB")). B
Goi H 12 trung diém AB’, ta ¢6: g i
OHLAB) , , 0
= OH L(ABB")= OH =d(O,(ABB"). ! /i
OH 1 BB' P
i AB =3 i
a) Véi AB==h: ! D
2 oo
Tam gidc ABB” vudng tai B" ¢6: . e 'i"“f:ﬁ,w\
( O%===+#1]
2 | Sh V3 A

AB'= AB’ -BB” =

\/—h

= AH=

Tam gidc OAH vuong tai H ¢6:

—— [ [fh] _I6R? - 5h? 400", AB)

OH=JOA" - AH tV'R y

b) Géc gitta AB vit mit diy 13 o = BAB' =

© Tam gidc ABB™ vudng tai B' ¢6

ana=on - " apo P gD
AB' AB' tanao 2tano

Tam gidc OAH vudng tai H ¢6:

OH =JOA’ - AH’ :,\/Rf -( h ]

2tana

_ V4R tan? o - h? =d(00’, AB).
2tana
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2. a) Thi€t dién AA’B’B 1a hinh vudng. < ¢ ,
Suyra AA’=AB=2R. ;
_ o 4n? 2R | i
S, =2mR.00"'=2nR 2R = 4nR* . : |
Sp =Sy + 2S00, = 4mR? +2.7R* =67R" . AT LT
A
| C_____ B
b) V=S4, 00" =nR*2R = 27R". | \ll'?
_ 1),1
C) VACBD.A'("B'D‘ = Ss\(‘Bl)'AA' 2R

2
2
= AC2.2R = (:5) 2R =42R%.

V2

3. a) Suneo = MN.MQ = MN? (MNPQ Ia hinh vudng).
Q

]

MN/ AB = MN _SM
, : AB SA
a.(2a—
— MN = AB.SM:'I( a x)-:Za—x.
SA a

Smnpo = (2a - x)°.
b) Goi R 1a ban kinh ddy hinh tru, ta c6:
R = MN _ 2a—X

2 2
) 2a—x)’

| .Vm.. = R .x =nx(———z—1——~)—, h

— 2 C 5] _ . V}
C) Ta co: RXMZE-ZX(za"’X)(za——X)SE(QXJ‘—.(za X)+(2€l X)]

4 8 8 3

on 64a 8na’ '
8 27 27

2 2 . ~ 9 . 2
Pang thific xdy ra khi va chi khi: 2x =2a -x & x = %
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4. a) Tam gidc OO’A vudng tai O (OO’ 12 truc ctia hinh tru = 00’ L OA)
Tam gidc OO B vudng tai O’ (OO’ 1a truc ciia hinh tru = OO0’ L O’B)
OA 100’
Tam gidc AOB vudng tai O OA L(O0'B)= 0OA L OB |.

OALO'B
Tam gidc AO’B vudng tai O’ (do BO’ L (AQQ’))
3

1 .RR.2R = B—— _
6 3 N4

ZZ}'%
Q

O
=

~

V=—é—OA.O'B.OO'—

b) K& dudng sinh AA’ v BB’, ta duoc thiét
di€n song song vdi truc 1a hinh chit nhat

RS

~———

~

Pyl S
-

=

~~~~~~
S
~

W

> ‘:5; 1.“_.~
\, [N
?w: \x‘
] rd
\u/’
=
'

AA’BB’.
Goi K 14 trung diém AB’ ta c6:
OK L AB' 7Y
= 0K L
OK L AA } (@) N
= OK =d(0,(o)) = d(00",(av)) .
'AB' Ry2

vudng cin tai O nén: OK = - = >

\/_

Tam gidc OAB’

Vay d(OO ()=
nén () ludn ti€p xdc v6i mit tru c6

¢) Theo cdu b) ta ¢c6 d(OO',(a)) =

Rf c6 dinh.

truc OO’ va ban kinh r =
S. Goi r la bdn kinh dudng tron nbi ti€p
tam gidc MNP va x = AL

Ta cé:
Vi = 7’0l = i’ (AO - x).

ABCD 1 tit dién déu nén AO I truc
cua tam gidc BCD = AO L (BCD).
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Tam gidc AOB vudng tai O nén:

2 a3 Y ,oat 227 a6
—al = -

372

AO? = AB* -BO’ = 2’ —{

Miit phing (a) vudng goc véi OA nén (a) // (BCD).

- [ A /‘~ v ~ LI Al -
Ta c6 tam gidc MNP ddong dang vdi tam gidc BCD theo ti s0 20 Do dé tam
gidc MNP ciing 13 tam gidc déu.

3 3
MP_ Al x 3 _up=2% BD=a.

BD AO ad6 av6 J6

i ai

Dién tich tam gidgc MNP: S, = MP*.——=
4 24 8
3W3x 5
. Sunp 8 9v2x
Tacé: Sy =pr=r= ’”;“' = %x ==

R
J6
5 V[
Suy ra: V,,J.l,:n(g\[:x] [d 6—x) §)—l£x3(a\/_ "’)X)

8 3

Ta co:

8ln 2( Jo-3 )-—ﬂl.z.x.x 2\/63—?_)(
96 9 2

3

("6<—Si8m x+x+ﬁ~3 -2x Jon
T 64 3 12

2\/—‘1 \/G—a
5

Ping thic xdy ra < x = —2X &> X =
2
Khido: AL _2v0a 5 _2
AO 9 ‘a6 3
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. .2 . A N . o ~ A] 2 ~ ~ . ~ ~
Viy khi diém I thude doan AO va chia (i 1& —A—(;:; thi thé tich hinh tru Ia

I&n nhat.

6. a) Hinh try ¢6 chiéu cao biing a, ¢6

AC B 21\/5

ban kinh ddy bing r ===

av2 | o’
Vige = Trrh =1 a= .
h.try . B < 5

b) Goi I 1a trung diém OO’. R 1a bdn
kinh mit ciu ngoai G&p hinh tru.

Ta ¢6 I chinh la tdm ctia mit cau.

hl b 2.3 2.2 e 3
Khi dé: R=+OI +r° = ‘I+‘ :“7 .

2

] =3ma" .

a3
2

Viy S, =4nR" = 47{.

22 2 2422 2
AB"=AB -BB " =4a" —a" =3a".
Tam gidc AB’C vudng tai B™ ¢o:

CB?=AC’-AB? =42’ - 32’ =a°

Ké dudng cao B'H cda tam gidc vudng AB'C, ta ¢6:.

[ S I R N1

— = —,+ -
B'H" B'A- BC a0 a 3a
WE) '

3
5

= B'H=

ViB'H=d(B’, (AOO")) = d(B, (AOO"))

1 | a3

. 31 -
= Voo = —B'H.S ,, = —i .EAO.O() ==

2

10-GT12:KHOI DA DIEN

23

]

. Ké dudng sinh BB". Tam gidc ABB" vudng tai B* ¢6:

2




8. Miit phang (ABCD) song song véi truc OO’ va cich truc 3cm.

Goi H 14 trung diém AD. Ta ¢é:

OH,_LADI
= OH L (ABCD)
OH L AB|

= OH =d(O,(ABCD)) = d(O0",(ABCD)) = 3cm.

Tam gidc OHA vudng tai H c6:
HA’=0A’-OH’=25-9=
- = HA =4cm = AD = 8cm.

16

Sapcp = AB.AD = 8.7 = 56 (cm?).

~N

- e o 2 o o

T

|
4
t
[
!
]
1]
1
1
]

* e
S

§3. MAT NON. HINH NON. KHOI NON

1. a) Goi a la canh hinh vuéng ABCD.

Tam gidc SOA vudng tai O ¢6:

SA’=S0O* +0A%= 1’ +‘[

av2
2

2 il
, a”

=h +—.
2

g =~ ASB «
- Tam gidc SAH vudng tai H cd ASH =—, = .suyra
a
SiN — = —— &> sin— = =
»al
2,/h” +
2
) ..o
< 4| h” +=— |sin = =a’
: 2 2
R .o QU 3
<::>(4h2+2a‘)su o=

il . bl (X: i . hl (x hl
< 4h”sin” ~2— +2a°sin”- —=a"

2

Sat = =

e’ L .0
4h’sin® © 4h7sin®
2 2

P ¢ 4 cO
1—2sin - sa
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Tam gidc SHA vudng tai Hcé:

tan—oﬁ:H—A:SH= HA N
2 S

o o
tan 2tan
2 2
‘ s s
‘ ' a a’ 4h7sin® 2h?sina
« [e B
S, =48, =2SH.AB =2 a= = 2 -
X4 S
A * J U 0. coso
2tan- - tan . coso.tan
2 2 : 2

=S, = 2h* ano.

a\/?, ) \/Ehsin(;

e

b) Taco: OA= ,
- : 2 Jeosa
oY 2
a’ | 2hsin ¢ ~ 2h7sin”
SA*=h +—=h'4~| —2 | =>4 — 2
2 21 Jeosa cosa
L Lo
coso+2sin” - 2
2 ) 2 h
= h - = =
: cos o cos
h
= SA=

Jeosa
Phsin® P2rh?sin @
2 h 2

Jeosa  eosal ~ coso

Viy S=n.0OASA=n

2. a) S=nRd =7.25.10 =2507 (cm?).

b) Theo hinh v& ta c6 thi€t dién qua dinh 12
tam gidc SMN va d(O, (SMN))-= 12cm.

K& ban kinh OA LMN tai H.

Khi d6 MN L (SOH).

Ké OK L SH (K e SH).

Suy ra OK =d(0O, (SMN)) = [2cm.




Tam gidc SOH vudng tai O co:

I | |
= 5'1"
OK? OH’ SO
1 I I I 1 ]
- = = — — = —_— =
OH® OK® SO 144 400 225

= OH =15cm.
Tam gidc OHM vudng tai H ¢6:
HM? = OM” — OH = 625 — 225 = 400
=> HM = 20cm = MN =40cm.
Tam gidc SOH vudng tai H ¢o:

SH” = SO” + OH” = 400 + 225 = 625 = SH = 25¢m.

Viy  Sgun = %SH.MN =— 25.40 = 500cm”.

|

2
3. a) Tam gidc SAB déu ¢6 canh
AB = 2R, dudng cao SH = R/3

Sy = mRd =R.2R =27R".

V= —l—nth = LS .
3 3

b) Do BAD =45°nén OD 1 AB
= OH L (SAB).
Ké CH vudng géc véi AB (H € AB)
= CH // OD = CH L (SAB).
Suy m: ASOH Ia hinh chi€u ctia ASCD 1én mit phang (SAB)

= Sgon = S_gw.COS(p ’
S ‘

= cos(p =30 = 9_1_'[_ ‘
YSeD AB
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4. Thi€t dién 1a tam gidc SMN cin tai S

Ké bdn kinh OA clia hinh nén vudng géc
V61 MN tai H. Bat x = OH.

Tam gidc OHM vudng tai H ¢o:
HM® =OM* -OH’ =R* —x°
= HM =+VR" —x" .

Tam gidc SOH vudng (ai O cé:

SH* =SO* +OH" = h” +x°

=SH=vh +x°.

Dién tich thiét dién:

Sy =5 SHMN :%'\/h: +x7.24R? = x” =h? + x? AR -

Ap dung bat ding thiic Co-si,

tacd: .
e R <X+ RT %) TR |
2 2
SUy l‘a Sl“.’l,\ :}—1_—_*:)—-—1—{_:—‘@ ]‘12 -—~R -——X @ X — [{_ _l‘l—

e

Viy thi€t dién ¢6 dién tich 16n nhat khi va chi khi giao uy€n cda (o) véi mit
z ” ~ z - ~ ° - ~ 9 v R: - hh

ddy cua hinh nén cich tim cda ddy mot khodne bine 5

Theo gid thi€t ta suy ra:

OSB=o. . O’?STB:B' va S,,SzOS—OS, =a.

Goi R 1a bdn kinh ddy cla hinh nén.
Tam gidc SOB vudng tai O nén:
R

tana
Tam gidc S;OB vudng tai O nén:

tan‘oc ———R—— =SS0 =
SO -

taxiB:—E—:S,O: R .
SO0 tanf3

()




Vi 0S-0S§, =a & R R _. R‘_‘lﬂﬁi‘}_“_‘i:

a
tanoe  tanf} tan o tan fB

a

, tano tanp
< R= a-———»——l——.
tanf—tano
tanp R tano
=a ‘ , 5,0= - =2 .
tano tanf—tana tanf3 tanf —tana

Goi V. V, lan lugt 1a thé tich ctia hai hinh nén dng vai dinh S va S,. Ta ¢6:

Suyra: SO= R

—T

v Z%HRZ.SO _ 1 R tan 3 R atanP

tanf—tana  3(tanP—tana) '

V, = %nR? S5,0= Lok

tan o R atan o

tanP—tana  3(tanP-tanw) '

Vay thé tich clia phan can tim la:

VieV_V = R atanP nR-atana _TER”a'

~ 3(tan f-tana) - 3(tanp—tana) 3

6. Goi I 13 tam, r 1 bdan kinh va V, 1a thé tich hinh cAu ndi ti€p hinh nén.
Tam gidc SOA vudng tai O ¢o:

SAZ=SO’ + OA* =42’ +a’
= SA = a\/—S_ .

Tam gidc SHI vudng tai H ¢o:

2
=5a°

SI> = SH” + HI°
< (2a-r) :(ﬂ[~11)2 17

J5-1

2

U=

a.

»
4 , 4 5-1
V, = —;‘-m“’ =—ma’ \/— .

3 2

Goi J 1a tAm, R 1a ban kinh va V2 1a thé tich hinh ciu ngoai ti€p hinh nén.
Tac6 R=JS=JA=1]B.
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Goi K 1a trung diém clia SA, vi i gide AKIO ndi ti€p nén:

SK.SA  SA® 52° 5

SI.SO =SK.SA = SI = = =
SO 2SO0 22a 4

3 g ’ 2 !
N
30 3N T

7. Goi R la bdn kinh ddy cta hinh nén.
Tam gidc SHI vudng tai H ¢6:

SH = =rcoto

tan o

Sp=_"

sin-o

- Tam gidgc SAO vudng tai O c6:
SA’=SO’ +0A* & (SH+R) =(Sl+1)* + R?

2

. .+r) +R*
sin o

<::>(rcotoc+-R)2 =(‘

1 2 »
- +——+1|+R"
sin" o sina ‘

<ricot’ o+ 2R cota +R2 = 1‘3[

¢:>21'Rcola=r3(l+colza_+ +l)~r300t3a

sin o

Qzl-Rcotq:zrf( ! +'1J

sin o
S R=r| ——+1 [tanu
sin
‘ l+sino
S R=r —= .
cos o

. 0 . M
cosa SImnao cos™ asino

2 . i : y (1+sina)’
Suy ra vn(')u :':;I“T[R_.SO = T ( ! +SanLJ ( r + l') =nr .(_._E.O_Ll_.



s4. TO HOP HINH CAU, HINH TRU, HINH NON

1. a) Goi I 1a trung di€m SC. Tam gidc SAC
vudng tai A ¢6 1 1a trung diém SC nén:

IS =1A = IC. (hH
) JB(,‘ LAB
Ta co: ‘
[BC LSA.
Suy ra: BC L(SAB)= BC LSB.

Tam gidc SBC vudng tai B ¢6 11a trung
diém SC néniS =1B = IC. (2)

Tir (1) va (2) suy ra:
IS=1A=1B=1C.

SC

Suy ra I 12 tam mat cdu ngogi G&€p hinh chép SABC va bdn kinh R =

Tacé: SC2=SA”+ AC” = SA” + AB” + BC?
=a’ +20° + a® =4a’
- f)(_ Ja=>R=a.

b) Nhdn xér: dudng tron giao tuyén cta (ABC) vai mit cau tAm 1 chinh 12
dudng tron ngoai UEp tam gide ABC.

Goi H 1a trung diém AC. Tam gidc ABC vuéng tai B nén H Ia tim dudng

/\( d\/—

tron neoai tiép tam gidc ABC, bdan kinh r= = ‘”“T‘ Ta ¢o:
o A o

'd\/_:) g = TC'clz,\/g h
5 N

1 a\/— a na3
Vaon = — ﬂl”"‘* ( ] ::

3 3 8

qum'm = nrlC=mn
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(SAB) L (ABC) l
2. a)Tacé: (SBC)L(ABC)
SB=(SAB)N (SBC‘)[
=SB 1 (ABC).
AC L AB (gt)
AC LSB(SB L (ABC))}
= AC L (SAB) = AC L SA.

Tac
aco B

Goi [ 1 trung diém SC. Ta ¢6:
— Tam gidc SBC vudng tai Bnén IS = IB = IC.
— Tam gidc SAC vudng tai A nén IS = 1A = IC.

sc
>

Vay I'1a tdm mat cdu ngoai ti€p hinh chép SABC, bin kinh R =

AC L (SAB)

AC = (SAC)m(AB(“)l

SA =(SAB) N (SAC)
~ AB =(SAB) (ABC)

Ta c6: [:((S/\C‘).(AB(‘))=(SA.AB):§XB:Q.

Tam gidc ABC vudng tai A, B = 60°, BC = a nén AB =

o | ®

. . . . a
Tam gidc SAB vudng tai B nén SB = AB.tana = —;tanoc .

Tam gidc SBC vudng tai B nén
") 2

SC -SB +BC? :———tcm a-+a” 2.8 (tanz(x+4)
4 4 ‘

a /

5 tan~ oc+4
a [ 3

:>R=i~ tan:a+4.

, 2 ja’ (tanza+4)
Smc:"iu = 47IR2 =4TC(§“\} tanz OL+4) = .

=SC=

4
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b) Khdi nén ndi ti€p mit ciu c6 dudng caoh=NH =R +IH
a [ SB a | a
:>h=~4~ tanzoc+4+ 5 :Z ‘tanzot+4+ztanoc
a( |
:Z( tanzoc+4 +tanoc).
i
1 ] a“ al |
Vm;,,z—nRz.h:w.nf(tanza+4).——( tanz(x+4+tanoc)
3 3 16 ’ 4
3
na /
9?(tanza+4)( tanz(x+4+tanaj.

3. Goi 2h 1a chiéu cao hinh tru va r Ia
ban kinh ddy hinh tru.

Il

. 2
Tacé: Vi =2nr"h

D
39

V2 = an?en? —anta g
T

(8

i
oo 3
+,)+h“
_<_161t2 2 2
3
_161;2(1_2 ]7)3_16791{6
27 27
3
:>VS47IR
3J3
4nR> 2 ‘
T <::>—l—:hz<:>1‘2=2hz<:>r2+hz:3112:R2<:>h:——R—.
J3

Viay Viax = .
max 3\/§
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~ (SAC) L (ABCD)
z4. Tacé: (SBD)L(ABCD) != SO L (ABCD).
SO = (SAC) " (SBD)

Tam gidc ABC déu do c6 AB = BC,
g6c ABC = 60°, do d6

AC=22 ) CuEEs

Aiﬁ a3

BO =

—BD=2a3.

BD\/§ _ 23\/5 \/g

Tam gidc SBD déu nén SO = 5 S =2

Viy ta dudc:

2 3
1 (AC ) a3
Visnsac= —n| — | SO=—a“ay3 =——
SAC 431{ ZJ 3 \/— 3

VisnsBD = —;—TE(OB)2 SO = §—3a2.a\/§ = a3,

2 N 2
Thé tich cin tim: V = Vognsep — Vignsac = 5Tca3\/§§ .

5. a) qu H, H’ 1an lugt 1a tfung di€ém MN va M’N’.
Ta c6 t& gidc MNN’M’ 12 hinh chit nhat.
J 1A trung diém dudng chéo MN’
nén J ciing 1a trung diém cda
dudng trung binh HH’.

Vil la trung diém OO’, nén IJ 12

dudng trung binh hinh chit nhat R3
OHH’O’.
Suy ra 17 // OH. (1)

Ta ¢c6 MN = OM = ON = R nén
tam gidc OMN déu.

H 1 trung diém MN nén OH vudng géc MN.
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Vi OH ciing vudng goéc NN’ nén OH vudng géc vdi mit phing
(MNN'M"). (2)

Tu (1) va (2) suy ra IJ vudng géc v3i (MNN'M").

//oH | NE
L 100" =0H= S
OH L 00'[ 2

b) Ta ¢o:

o .

NG

Vay J ludn cich truc OO mot khodng khéng déi biing . Suy raJ

~fl\)

A o a4 . e e N R:
thudc mat tru cd dinh ¢6 truc OO’ va ban kinh bing r= -- -

-

Tinh thé tich khéi tru (0O, r):
3R

2 v S 337R?
V=mr"00'=n R3=222220
4
¢) Kh&i nén dinh I va truc 1) va dudng sinh 12 IM ¢6é ddy dudng tron ngoai
ti€p hinh chit nhat MNN'M" va ¢6 chiéu cao I 1J. Ta dudc:

N2

1 MN'Y 7 RJ3 RZ+3R° nR>3
Vndn = —[ln =—. . = .
2 3702 4 6

2
6. Goi O 12 taAm hinh chép déu SABC, suy ra SO Ia tryc tam gidc ABC.

Goi K 1a trung diém SA, trong (SAO) ké dudng trung tryc clia SA, cit SO tai
I. Khi d6 113 tAm mit ciu ngoai ti€p hinh chép SABC, bidn kinh R = IS.

T gidc AKIO néi ti€p nén:

5
e | 1 SA-
SISO = SKSA=—=SA” = Sl=— :
2 2 SO
Tam gidc SOH vudng tai O nén:
1 a3 a3
SO=0OH.tana =~ ¥ tana =Y ang -
32 6

. ]
1 6a” u-\/_:»
=>R=S[=-— = .
2a3tano  tano




3 ~
) 4 3 4dn| a3 44/3a°
Tacd: Veiy= —nR” =— V3 = e
3 tan o

a4 - 3 .
D tan” o

a3
2.

Khéi nén ndi ti€p mit ciu (S) c6 chiéu cao SO va bdn kinhr= 0A =

223
E

T3 3
tfano = a tano.

ial

1 av3
Slly ra Vygn = -‘Tﬂ'z.SO = E( avs
3 3\ 2

BAI TAP ON CHUONG 11

1. a) Goi I 1a trong tAm cda tf dién déu
ABCD. Khi d6 I thudc truc AH cia
tam gidc BCD, do dé: IB = IC = ID.
Tuong ty ta cling c6 [A =IC = ID.

Viy 1 1a tAm mait ciu ngoai ti€p tf
dién déu ABCD,

A 3
bin kinhR = 1A = IAH .

Tam gidc ABH vudng tai H nén:

AH® = AB* - BH® =’ -(%"fj

4 8 -

av6é ] _ na“\/6_

=V =—nR’ =-f—:—7r[
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b) V'=nBH".AH = 9;’— :

I5 %‘I%

l 12V3 a2 _a'\2
VAB('I) = gsncn'AH = ',; \/_ ) .
., . V ma \/— 9
Tacé: * — =2
Vo8 na‘\/g 8
* VAHCI) — 33\/5 8 2 B 2\/5 '

v 12 .Tta"\/6:3\/§—
* VAu(‘n _ a}\/g 9 __‘_\/E-

Ve 12 e
2. a) Goi O 14 tAm cta luc gidc déu ABCDEF.
Tacé OA=0OB =AB =a.
Tir gia thi&t suy ra géc SAO = 60°.

Hinh chép S.ABCDEF 1a hinh chép déu
nén SO 1a truc clia ddy.

Tam gidc SAO vudng tai O nén:

SO = OA.tan60° = a3 .

Tam gidc SOI vudng tai O nén:

ST =SO* +OF =3af'+[1\2§J EPYCINECINR O

4 4
:Slza\/g.
2
32 VI
Tacé: S, =6S,,=6.-SLCD=3 *[_ = “Jl—s;
T 2 2
] | .a\/g az\/g 3a’
V= ——SO'SAB(‘I)H: = _6 = .
3 3 4 2
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b) Tacdé: S'=n.0ASA=mna2a=2ma’;

mf

v =%nOA SO——ﬂ:a a3 =

S, 3VI15 315 vV 3 3 mf

xy

S 22m’ 4V 2 mB
3 I 2
SF V=2V, =22ELS,,, = DBl
Ta c6: EI:AI:Q\E:V:&;/E.

Suy ra —Y—‘—-ag\/g 51
\A 3 75213\/?2_ i
4. a) Nhian xét: véi gid thi€t CD = 2a, cdc
canh con lai biing a J2 . Ta ¢6: '

* Cdc tam gidc ABC, ABD la cdc t;m
gidc déu, c¢6 canh bing a V2.

* Cdc tam gidc ACD, BCD la cdc tam
gidc vudng cin lan lugt tai A va B.
Do d6 véi I 1a trung diém CD, ta c6:
IA=IC=IDva IB=IC=ID.
SuyralA=1B=IC=1D.

) CD _a

Vay I1a tAm mit cAu ngoai ti€p t& dién ABCD, bdn kinh R = ——2—— = >

b) S =4nR*=4na’; V_ =%7IR3 =—
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5. Goi I 1 trung diém BC.
Vi AB = AC nén Al L BC.
Ta c6 (ABC) L (DBC) nén Al L (DBC).

Vi AB = AC = AD = a nén Al 1a truc
ctia tam gidc BCD.

Suy ra I 1a tAm dudng tron ngoai ti€p
ABCD.

Ta c¢6 1 1a trung diém BC nén tam gidc
BCD vudng tai D.

Trong tam gidc ADI, ké dudng trung truc cia AD, cit Al tai K.
-~ Khi d6: KA = ID.

Vi K thudc truc Al nén: KB = KC = KD.

Vay K 1a tAim mit cau ngoai ti€p tif dién ABCD, ban kinh R = AK.
| Tam gidc BCD vudng tai D nén:

BC?=BD*+DC =2 +b’ = BC=va’ + b’

BC _ Va’ +b’
—

= Dl=—
2

Tam gidc ADI vudng tai I nén:

A =AD’ -DI* =2° ~(

T

3 2__ 2
:>AI=-—-—3—2——-13-(b<a\5).

a’+b’) 3a’-b
4 4

Trong mit phing (ADI), ttt gidac DHKI noi ti€p nén:

AK.Al= AH.AD
AKoAHAD o8 2 @ o
Al 2 V32 -b 3a'-b
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6. a) Tacé: AB L AC (gt). (hH
Tacé: ACLSAva ACLAB
= AC_L(SAB)= AC L SB.
Vi AB’ L SB (gt) nén SB L (AB’C).
SuyraSBLB'Chay BB LB'C. (2)
* Tudng tu ta chding minh dugc:
AB L (SAC) = AB L SC,
ma AC’ L SC (gt)
suyra SC_L (ABC").
Dodé SC.LBC hayCC' LBC’. (3)
Tt (1), (2) va (3) suy ra 5 diém A, B, C, B", C cung thudc mat ciu dudng

BC \/9a +16a’ 5a

kinh BC, tAm la trung diém I cta BC, ban kinh R = T =3

b) Qua I dung dudng thing d song song véi SA. Khi d6 d 12 truc tam gidc
ABC.

Trong mit phing (SA, d), ké dudng trung truc SA, citd tai K. Suy ra K 1a
tAm mét cAu ngoai ti€p hinh chop SABC.

Bén kinh R’ = \/AI 2527
a\/— SA

IK = ——=a2).
2 ( 2 )
Goi V 1a th€ tich kh&i cdu qua 5 diém A, B, C, B', C’. Goi V' 1a thé tich

clia khéi cau ngoai ti€p hinh chép SABC.,

R' 252 4 25

R® 4 29a° 29°

4
Tacs Y =3
| v

3
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7. Goi O, O 1an lugt 12 tim cta tam gidgc déu ABC va A’B’C’. Goi I 1a trung
diém 0O, khi d6°11a tAm miit cau ngoai ti€p ling tru ABC.A'B’C".

BinkinhR =1IC, Ol =

Nz

Tacé: OC=IC -OI' = R’ ——; A’ C

<

=CK = Rl——]I—
4

oW

= AB=2K_ o

N 4

ABN3 3\3(..
:SAIS( 4 4 [R —“4“‘J
. ,3 s
= Vla‘lng try = S,»\li(' h \{;—h [R _%)

8. Goi H 1a trung diém AD. Tt gidc ABCH 1a hinh vudng.
SuyraCH=AH=HD=a |
Do d6 AC L CD.
ViSA L CD nén CD L (SAC)
= CDLSC. (1)
" Talaic6 SALAD. (2)

Tir (1) va (2) suy ra & dién S.ACD ndi
ti€p mit cau dudng kinh SD, tdm 12 trung

di€m I ctia SD, bén kinh R ='§£[—)-.

B C
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Ta ¢6 CH L (SAD) nén: tam gidc SHD 13 hinh chi€u clia tam gidc SCD 1én

(SAD)
= SSHI) = SSC[)' Ccos 60“ = S!\'HI) = —2-8
Stsaa=tlscaz  =sa--Lsaioa

2 272 2

= 2SA’ =SA” +2a° = SA° =2a°

= SD=+2a’+4a’ =a/6 :R:af

me

=S =47R’ =47t%a2 =6ma’.

9. Ké dudng sinh BB’, goi H 1 trung di€ém AB".

Ta c6 OH L (ABB’)

= OH = d(O, (ABB")) = (00", AB) = “23 .

Goi R 14 bdn kinh hinh tru.

Tam gidc OAH vudng tai H nén:
AH? =R? —(——-‘“/5 J
L2

= AB” =4AH’ =4R" 32"

:>SA:a\/2_

Q
=

(

- ———————

e
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Tam gidc ABB’ vudng tai B* nén:

BB"” =AB’ —AB" =22’ —(4R* -3a’) = 52" —4R°
= BB'= /52" —4R’,
Vi =R .BB'=7R* V52" —4R* =7a’

o hinhouy
= R*(5a" —4R*)=2a"

= 4R"-52°R" +a" =0

o 4
@4[5) —5(5 +1=0

= 4t' =5t +1 = 0| dit t=(5} >0]
‘ a

t—"—'l : I{J;—:a3 l{:a

:>t 1+17 =, 14417

=
R = a R = l+\/ﬁ
8 8 8

a.

* VGiR=a=BB =a;
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GIAI TOAN 12: KHOI DA DIEN VA KHOI TRON XOAY
(Danh cho hoc sinh 16p chuyén)

Miss: TZT40m2 - TTS

S§ dang ki KHXB: 57-2012/CXB/831-23/GD.
In 3.000 cudn (QD:21TK), khé 17x24cm.

In tai Cong ty C6 phén in Phiic Yén. S6 in: 397.
In xong va nop luu chiéu thing 4 nam 2012.



