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LOI MO DAU

Thuc t giang day cho thly mén Toan hc trong trrong pto théng la not
trong nhiing mon ke khd, pln lén cac em bc mon Toan 4t yéu dac bist 1a
hinh roc khdng gian, éu khéng cé nting bai ging va plrong phap dy mén
Hinh hoc phu top ddi véi thé hé hoc sinh thi & 1am cho kc sinh thi dong
trong vic tiép thu, @m nhan. D& c6 hén trong mdt 6 bé phan hoc sinh khéng
mudn hoc Hinh ke, ngay cang xaot véi gia tii thuc tién cia Hinh ke, Nhigu
gido vién clra quan tamiting mrc déi twong gido dc, chra dat ra cho minh
nhiém wu va trach nlm nghién éu, hién twrong dungddng loat cling ndt cach
day, mot bai ging cho nhdu I6p, nhiu thé hé hoc trd Van con nhéu. Do d6
pheong phap it cé & b ma naroi gido viénda ty thanh ngoi cam nhan,
truyén thy tri thirc mét chiéu, con ke sinh khdng ol dong trong qué trintihh
hoi tri thac - kién thirc Hinh toc 1am cho bc sinh khéng thich ¢t mén Hinh
hoc.

Tuy nhién i viéc dai sb héa hinh bc thi cac bai toan hinhob khéng
gian t© 1&n don gian va & nhin fon. Gan day trong caaié thi Pai hoc hang
nam da bat dau xuét hién cac bai toanu tri hinh hoc trong khéng gian madi
khi viéc giai cac bai toan nay fi cach tuc tiép bing kién thirc hinh oc khdng
gian thidin tuy & vé cung khé kim. Chinh vi ly dod6 toi chon dé tai “Bai toan
cuc tri hinh hec trong khéng gian”.

Trong plam vi bai viét nay, Wi mong mén gilp cac e c6 thém ghtai
liéu 6n thibai hoc — Caoding vaddng thyi dé cac e hdu duoc rang bai toan
cuc tri nGi chung va bai toanuc tri trong hinh bc khdng gian khéng gin la
qué khé khong thgiai quyét duoc.

Déi twong &p aing chi yéu cho tai [Bu nay & co ban 1a trén &p 12A2,
ngoai ra téi dngdan xen trong cacdi hoc cia cac bp 12A6 va 12A8.

Déi tuong nghién ¢u la cac tai Bu sach gido khoa Hintob 12, sach bai
tap Hinh lbc 12 @ ban va nang cao, cac baiagg trén mang Internet, cac tai
liéu va forum trén cac &n dan Toan hc trén mang Internet clng 6t S5 tai
liéu tham kKo khac.

Phu Gr, ngay 30 thang 4dm 2013
Nguoi viét

Quachbang Thang




Sang kién kinh ngdim nam hoc Truong THPT Phi @
NOI DUNG

. COSO LY THUY ET

Mubdn tim gia ti 16n nhit hoic gia ti nhd nhat caa mot dai lwong hinh
hoc bién thién f ta c6 th sir dung mbt trong cac phong phap sau:
1. Van dung cac Kt qua hinh fbc o ban @ so sanh trc tiép f véi mét dai
lwong khdngddi cho trge. Sauday la mét vai két qua co ban:
a. VA, B,C, AB + BC > CA. Ping thic xay ra khi va chkhi A, B, C thing
hang theo th tu do.
b. Néu ~ ABC vudng hi A thi: AB < BC va AC < BC.
c. Trong ndt tam giacdéi dién véi géc I6n hon 1a @nh lon hon va ngroc lai.
d. Trong &t ca cacdoan thang V& tir mot diém M dén mat phing (o)
(haic duong thing d) khong cha diém M thi doan vuéng goc lafoan thing
ngin nhat.
e. boan thing vudng goc chungae haidudng thing chéo nhau ldoan thing
ngian nhat néi lién haidiém lan leot thuc haiduong thing do.
2. Néu f dugc biéu thi thanh ndt biéu thac caa nhéu dai luong bién thién va
cacdai lwong nay i dugc rang bdc voi nhau i mot hé thaec lién K thi ta s
dung cac Kt dang thirc dai sb dé tim gia ti Ion nhit (gia ti nho nhat) caaf. Cac
bat ding thirc theong dung la:
a. Bat dang thic C6 si:

0 a+a..+a S
n
Va,a,..,a 20, 2 jlaa,...a

n

Daudang thicxay ra< o =a ...=a
b. Bat dang thic Bu-nhi-a-cop-xKki:

Voa,a,...,a, T,T,...,T,

(a2, +az,...+az ) <(a’+z’)(a+3)(a’+z7)

Dau bing xay ra khi< 3 k eR, x, = ka,x, = ka,,....,x =ka
3. Néu f dugc biéu thi bing mdt ham é caa ot bién $ x thi ta & dung
phrong phap kho sat ham &dé tim gia ti 16n nhit (gia ti nho nkat) caa ham
sd do trén mén xacdinh aia no, tr d6 suy ra gia irlén nht (gia ti nho nhat)
cuaf.
4. Phrong phap ¢a do trong khdng gian
a. Trong khéng gian oxyz: Xéthoa d6 Dé cac vudbng goc gisir A(X1,Y1,21),
B(Xz,yz, 22) thi

AB = (xl — T Yy — Y2y~ Z1>
va
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Séang kién kinh ngim nam hoc Trwong THPT Phu @
‘AB‘ = \/<x1 - x2>2 +<?/1 - ?/2)2 + <Z1 — z2)2

b. Cho 2 veat: u = (7,,9,,2,), v = (,,9,,2,)

—

U

—

* v

_ 2 2 2 . _ 2 2 2
—\/l'l +y1 +Z1’ —\/Z'Q +y2 +22

—

U+v

—

U

—

* < |u| + |o| (dAu “=" xay ra khi va chkhi u,v ciing chéu haic 1 trong 2

vecw bing 0).
* Pidu kién dé hai véc & o vaé(8¢ 6) cung plrong 1231 € R dé a=tb

* pidukién déba vécd a:c vab khongddng pHing |a[&;8} c#0

* Pidu kién dé ba vécd a;c vab déng pHing Ié{g;q c=0

* o — —
ulvour=0szz, +yy, +22, =0

* Cho aABC Thi AB+BC > BC va \AB - Bo\ < AC dAu ding thic sdy ra
khi badiém A;B;C thing hang

II. M QT SO BAI TOAN PIEN HINH

Bai to4n 1: Cho tam giac can ABC, AB=AC. M diém M thaydéi trén duong
thang vudng goc i mat phang (ABC) &i A (M khdng tring i diém A)
a) Tim quy tich tong tdm G va trc tdm H @a tam giac MBC
b) Goi O 1a tnrc tAm @a tam giac ABC, hay xa&tinh \i tri caa M dé thé tich tr
dién OHBC dat gia ti lon nhét.
(Pai hoc Quic gia Ha Nbi - 1997)
Hwéng dan giai
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Sang kién kinh ngdim nam hoc Truong THPT Phi @
a) Goi | 1a trungdiém aia BC, tong tamAMBC la G, tong tam @a ABC la
G .

Trong A MIA ta co :E e 1 suy ra GG’ Il MA
IM A 3

Do d6 G ram trénduong vudng goc & mat phing (ABC) &i G-, d6 1a duong
thang chra GG'.

Vi Ml va BD ladwong cao wi H la trec tm A ABC. Vi BE LCA va MA nén
BE L(MAC) = BE LMC (1)

BD ladwong caoa MBC nén BD L MC (2)

T (1) va (2) suy ra MCL(BDE) = OH LMC (3)

Vi BC LMIlva MA nén BC1(MAI) = BC 1LOH (4)

Tu (3) va (4) suy ra OHL(MBC) = HI 1LOH.

Vay H nhindoan ¢ dinh Ol dréi mot géc vudng

< Quy tich H laduong tron @am trong nit phing (MAI) cé dudng kinh Ol (tir
haidiém O va I)

b) Ta dién OHBC céday OBC & dinh nén th tich lsn nhit khi H ¢ vi

tri “cao nhit” so wi ddy OBC.

Xét A OHI vudng khi gécA BC =45°.
Hay A OHI vudng can=aMAI can= AM =Al
Vay khi AM =Al thi thé tich tr dién OHBC I5n nhit.

Bai todn 2: Cho tam giaaiéu OAB c6 anh hing a > 0. Trémwong thing ddi
qua O va vudng gocovmp (OAB) Ky diém M véi OM = x. Goi E, F kn leot
la cac hinh cliu vuéng goc ta A 1én MB, OB. Tréndoan thing EF &t d tai N.
a)Chrng minhAN 1 BM
b)Xacdinh x dé thé tich tr dién ABMN 1a nh nhat.
(Pai hoc Tong hop TP.HCM-1995)
Hwéng din giai

A
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Sang kién kinh ngim na@m hoc Trwong THPT Phil @
a)TacOAF L OBva AF 1L OM nén AF L (MOB)= AF L MB (1)
Theo da thiét AE | MB (2)

Tu (1) va (2) suy ra/B L (AEF) nénMB L AN

b)ANOF ~aBOM (Ia » vudng can cdV = B)

2
Tace: YO - OF L omNo=0F.BO = %a - %

BO OM
2
Thé tich aia tr dien ABMN la: V. = lsOAB,MN _la V3
3 3 4

ABMN

(OM +ON).

1%4 nho nhat khi OM+ON nhd nhat

ABMN
2
Biét OM + ON > 2JOM.ON = 2\/% = a2 (Ap dung BDT Cauchy cho 2&

dwong)

aN?2 a\/_

2
=T =
2 2

Khi ¢6:0M = ON =

Bai toan 3: Cho hinh chép S.ABCD cday ABCD la hinh vudnganh a, anh
bén SA=h vaSA 1 (ABCD).M la diém thayddi trén anh CD.bat CM=x.
a) Ha SH L BM .Tinh SH theo a, h va x
b) XAacdinh i tri coa M dé thé tich tr dién SABH dat gia ti I6n nhit va tinh
gid tii Ion nhat 4y.
(Pai hoc ky thuat TP.HCM-1998)
Hwéng dan giai

a) Ta c¢6: BM 1 SH,BM 1 SA= MB 1 (SHA) biét HBA=CMB (so le
trong)
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

P S 2
sin HBA = sinCMB = A—H = & = AH = AB.BC -__%a a
CM  Ja?+2? o+

AB  BM

Trong tam giac vuéng SHA ta co:
4 4

SH? = SA> + AH? = h? + — SH =, [n? +—2

a’ +a’
b) Trong tam giac vuéng ABH ta cé:

2 2
a +x

1 1 a’ ax 1 o’hx
Viamn = ESABH'SA - g\/aQ g .\/aQ e - 6+ 22
Xét ham $ V=f(x) trén [0;a], ta thy V dat gid ti lon nhat khi va ch khi
x=a<> M trung Wi D.
B 1a’he 1 ,

Véy Max VSABH —g? :1—2& h

Bai toan 4: Cho ot hinh du K c6 tré tich %7[<de> Ngudi ta mubn dat hinh

cau nay mi tiép mot hinh nén cé cBu cao h va ban kinliay R

a) Tim k¢ thiee lién 1€ gitra h va R

b) Xacdinh h va Ré thé tich hinh nén c6 giaitnho nhit
Hwéng dan giai

S

A H B

a) Goi r la ban kinh @a hinh du, theo gi thiét ta co:
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Sang kién kinh ngdim nam hoc Truong THPT Phi @
Cit t6 hop gdm mat cau va hinh néra cho i mat phing (P) qua wc SH @a
hinh nén tadugc mot duong tron (O;r) Bi tiép tam giac can SAB mhhinh \&.
Tacéd:r=0H, h=SHvaR =HA.

Ap dung cong titc S, = pr trongdo:

2 2
p:AB+6;A+SB:2R+22h +R . /7h2+R2.

Taco:S,,, = %SH.AB = SHAH = Rh

Dod6 S, = pr <> Rh = (R+\/h2 +R2).1

<:>R(h—1)=\/h2+R2
<:>R?(h?—2h+1)=h2+R2

2 _ 2 h
e R(h-2)=hoR - (*)
(*) 12 hé thac lién k¢ gita R va h én tim.

2
b) TH tich hinh nén 14V =~ 782 = = — " (BK h>2)
3 3 (h-2)

, 2 _ | h=0
Tacé:Vzén[l— 1 ]:”U’ 4’@).1/:0@{

Ham $:V = %ﬁ(h +2 +hi] vai bién $ h xacdinh trén(2; +oo)

(h-2?) 3(h-2)7" h=4
Bang bén thién:(ta chxét bén h e (2;+o0)
h —o0 0 2 4 +o0
V' + 0 - - 0 +
3

Tir bang bén thié suy ral/, = %’T(dmﬁ) khiva chikhi h =4 VAR =2

Bai to4n 5: Trong khéng gian &i hé toa do Oxyz, cho haitiém A(1;4;2), B(-
r-l_y*2_z
, -1 1 2
a) Viet pheong trinh duong thing d di qua tong tdm G éa tam giac OAB
vudng goc vi mat phing OAB.
b) Tim adé diém M thuc duong thing A sao cho MA + MB? nho nht.
(Pai hoc khbi D — 2007)

1:2:4) vaduong thing A :
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

Hwéng din gidi
a) Viét phwong trinh dwong thiang d qua G, vudng goc mp(OAB)

_)CO+XA+XB

)CG —f:()
+y, +
G 1 trong tim AOAB nén G thda 1 y,, =W=2 = G(0:2;2)
x, =2 =

mp(OAB) ¢6 cip VTCP Ia OA =(1,4:2),08 =(~1;2;4)
= n=(12-6,6)/ /n, =(2-1:1)
d L mp(P) nén ajznjz(Z;—l;l) ma d qua G nén pt dtd:%:y—_2:¥

b) Tim M eA dé MA? + MB? nhé nhat
AB’

GoiE 12 trung di€m clia AB thi MA” + MB* =2ME’ +

Vdy MA*> + MB*> min < ME min < M = H — hinh chi€u cia E 1én dt A
E 1a trung dié€m AB nén E(O;3;3);
Goi (P) la mp qua E va vudng géc dt A thi Z = aj = (—1;1;2)
=ptmp (P): —x+y+2z+m=0.
P)quaEnén3+6+m=0sm=-"9=ptmp (P): —x+y+2z-9=0
-x+y+2z-9=0 x=-1
VayHthéa §x—1 y42 ; <14y=0 :>M(—l;0;4)
-1 1 2 z=4

Bai_toan 6: Trong khbéng gian & hé truc toa d6 Oxyz, choA:

-1 'y 2z+1

-1 2
MA+MB nhé nht.

va A=(-1,2,1); B =(1,-2,-1). Tim trém diém M sao cho

Hwéng dan giai

Céach 1:
Nhan xétduong thing A c6 vect chi phrong Iavj = (-1,2,1)
Va AB-= (2,—4, —2)//1;? Thay ta d6 A vao phrong trinh Aduoc:
-2 2 3

-1 2 1
Vay diém A khong théc Anén AB // A
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

r=1-t
Ta c6 plrong trinh tham&cia A l1a:{y =2t  (t € R)
z=-1+1

Goi | 1a trungdiém cia AB thi 1=(0,0,0). Gi M la hinh chéu cia | trén A thi
M=(1-t, 2t t-1) (1)

V@y:]ﬂz(l—t,zt,t—l).Tacé:zz.JT\/.lzo@t—1+4t+t—1=0@t=%

Thayt = 1 vao (1) tadugc M = [2,2,_—2]
3 33 3
Goi A’ la diém ddi xitng Wi A qua A vi AB //A nén A’,M, B thing hang va
MA’=MB. L dy diém M’ tuy y thuoc A.
Ta co6: MA +M'B=M'A’'+M'B > A’'B= MA'+ MB = MA+ MB
Cach 2:
Nhan xét duong thing Ac6 vect chi phrong la v, = (-1,2,1)va

AB =(2,-4,-2) / v,.

Thay ta d6 A vao phrong trinh A duoc: _—i # % ;t%. Vay diém A khéng
r=1-1

thuoc Anén AB //A. Ta c6 plrong trinh tham&caa Ala: {y = 2¢ (t € R)
z=-1+1%

Goi H la hinh chéu caa A trénA thi H=(1-t,2t,-1+t) (1)

Vay AH = (=t +2,2t—2,t - 2)

Tacévj.ﬁ=0<:>t—2+4t—4+t—2=0<:>6t=8<:>t=%

|

Thay ¢ =§ vao (1)dugc toa do diém H = {%1%,

W | =

Goi A' = (xl,yl,zl) la diém dbi xirng Wi A qua A

oS [2 =16 =2 -
Taco:A'B=|—,—,— v=(1,-8,-1
[3 ; 3]// (1-8,-1)

Vay phrong trinhduong thing A'B 1a: = I
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

r=1-1
Vay phrong trinhtham&cua Ala: sy =2t (t € R)
z=—1+1

Goi M=(x,y,z) 1a giaodiém cia A'B va Athi toa d6 M 1& nghiém cia hg:

2
T ==
l+s=1-t¢ t:l 3
2-8s=2 o1 3 =iy=2 vaym=[2272
1 3 33 3
—1-s=-1+t¢ §=—— -9
3 |,.2
3

Nhan xét M ladiém can tim. Thit vy, lay diém M tuy y trén A
Taco: MA+M'B=M'A'+M'B > A'B=MA'+MB=MA+MB.

Bai_toan 7: Trong khbéng gian & hé truc toa d6 Oxyz, choA:

xr—1 'y 2z+1

va A=(-1,2,1); B =(1,-2,-1). Tim trém diém M sao cho

-1 2
‘MA + MB‘ nho nhat.

Hwéng dan giai

Céach 1:
Nhin xét duong thing Ac6é vect chi pheong la v, =(-1,2,1) va

AB=(2-4-2)/ /v,.

Thay ta d6 A vao phrong trinh A duoc: _—i # % # %

\Vay diém A khdng théc Anén AB// A
r=1-1

Ta c6 plwong trinh tham &coa A a4y =2t (t € R)
z=-1+t

Goi | 1a trungdiém cia AB thi 1=(0,0,0) Gi M Ia hinh chéu cia | trén Athi
M=(1-t, 2t t-1) (1)

Vay:IM = (1-,2t,t —1)
Tacé:ijT/_lz()<:>t—1+4t+t—1=0<:>t=%

Thay ¢ _1 vao (1) tadwgc M = 2,2,_—2
3 33 3
Tachang minhdiém M can tim:
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

That vay. Goi M’ la diém tuy y thuoc A
Ta co: ‘M'A+M'B‘ - Q‘M'I‘ _9M'T > 2MI = ‘EHMB"

Cach 2:
r=1-1
Ta cé plrong trinh tham&cia A l1a: 4y =2t (t € R)
z=—1+1

Lay diém M (1—¢t;2t;-1+1¢)

Ta cOAM = (2-2t-2;t-2) VABM = (—t;2t + 2:1)

Nén AM + BM =(2-2t4t:2t-2)

MA+ Mé‘ = (220 1166+ (26-2) = V248 — 16t + 8

=2
"3

Bai_toan 8: Trong khbéng gian & hé truc toa d6 Oxyz, cho\:

Vay

A+ M nkbnhétkhitzé,tfrcMz(g,

w o

-1 y 2z+1

-1 2
‘m - 3%‘ nho nhét.

va A=(-1,2,1); B=(1,-2,-1) Tim trém diém M sao cho

Hwéng dan giai
r=1-1
Ta c6 plwong trinh tham&caa Ala: {y =2t (t € R)

z=-1+1%
Goi M la diém tuy y thusc A diém M=(1-t, 2t , t-1) *)
Ta co
MA=(t-2,2-2t2—1)
MB = (1,-2 - 2t,~t) = —3MB = (=3t,6 +6,31)
Vay
P = MA-3MB = (=2t — 2,4t + 8,2t +2)
P =‘M—3ﬁ‘ = 4B + 8t + 4 + 1612 + 64t + 64 + 48% + 8¢ +4

= \/24752 + 80t + 72

Pnh°)nré1t<:>t=_?5
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

Khi t = —> vao (*) tadwoc M = | S 21V =8
3 3 3 3
Bai toan 9: Trong khong gian Oxyz chiwong thang: x12 =Y +55 = % (d)

va 2diém M, (2 ; 1; 5) ; M(4 ; 3 ; 9). Timdiém le(d) sao cho IM + IM, nho
nhat.

Hwéng dan giai
Ta c6 (d) c6 véatchi phrong laa = (1, —5,—3) vadi quadiém A(2 ; -5 ; 0).

r=2+t
Phrong trinh tham & caa (d) dy=-5- 5t(t € R)
z==3t

Ta c6 MM, = (2,2,4)nén plwong trinh tham & duong thing MM, la:
r=2+m
y=1+m (m € R)
z=54+2m
Toa d6 giaodiém réu c6 aa (d) vaduong thing MM, 1a nghém hé phrong
24t=2+m t=m
trinh: <-5-5t=1+m < {m =-1.
-3t =5+2m t=-1

Giaodiém E (1, 0, 3). Ta c@®M, = (1;1;2),ET\/Q = (3; 3;6).

Vay EM, = 3EM, nén M va M, ¢ vé cling 1 phiatoi véi duong thing (d).
Goi (P) la mit phang qua M va (P) (d) nén piong trinh mit phiang (P) 1a:

1(x-2)-5(y-1)-3(z-5) =& x-5y-32+18 =0
Giaodiém H aia (d) Wi mat phang (P):

9

t=——

rT—5y—32+18=0 57

=2+t T ==
3 =2 " = H E;E;ﬁ
y=—-H—->5t 10 T7 T

y=—

z = =3t 7

27

z=—

7

Goi M' & diém déi xang aia M, qua (d) nén H Ia trungiém M,M', do do:
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Sang kién kinh ngdim nam hoc Truong THPT Phi @

4

r'=2x, -1 =-

3 4 13 19
e (129
19

1 _ _ -7
2 —2zH z,

Khi @6 moi diém trén (d) cacliéu 2 diém M1 va M".
Nén :FM +FM2=FM'+ FMp, Fe(d)
Tong nay nib nhét khi va chi khi F 12 giaodiém aia (d) Wi duong thing MM’

(vi M, va M'é hai bérduong thing (d)). Ta cé M M, = [372;%4_74]
x=4+8t'
Phrong trinhduong thing qua M Mla:iy =3+2t' (t' € R)
z=9+11t'
Giaodiém aia (d) Wi M'M2 1a nghém hé pheong trinh:
M
Ms
2+t=4+8t t'=—§ (d) E % |
5-5t=3+2' < 1% M
=3t=9+11¢' t=——
7
Toa do diem | can tim 1a :I(E;E;B—O)
7T 07

Bai toan 10: Trong khong gian Oxyz chduong thing A: x—_ll =% = lerl
véi diém A=(-1;-1;0) vadiém B=(5;2;-3). Tim M théc A sao chdMA - MB|

|6 nht.

Hwéng dan giai

Cach 1.
r=1-1
Phrong trinh tham&caa A 1a:yy =2t (t € R)
z=-1+¢

DoMeA= M=(1-t2tt-1)
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SuyraAM =(2-t2t+1,t-1)
BM = (—4—,2t—2,t +2)
Pat
P =|MA~-MB|=[J@~t) + @t +17 +(t =17 —J(t+4) +(2t =2 +(t +2)

_ \/6t2—2t+6—\/6t2+4t+24‘

P 1Y 35 1) 35
> —F===|[t-—=| t—= || t+=]| +—
J6 6) 36 3) 9

Chon M'=(t, 0); A' = [1’@]?3' ) [j@]
6’ 6 37 3
L. \MA'— MB" <A'B'
J6

Dau dang thrc xay ra khi 3 diém M,A',B’ thang hang hay
MA'=kMB' (ke R).

1 J%] ﬁ:[—l &]

Vay MA' =[——t,— . MB'
6 6

3 3
1
e T 1 2
Ma MA'/ /MB' < o S =——t >t ==
BRI 3 3
3

vay M =| .2 21| jadiém én tim.
33 3

Céch 2:
buong thing A di qua diém C=(1, 0, -1) va c6 veetchi phrong la
vj =(-1,2,1). Suy ra:AB = (6,3,-3) va AC =(2,1,-1).

Tacol AB s 3 3)(-3 6)(6 3
aco.[AB,vA}z 5 11 —1ll-1 9 =(9,-3,15)

va| AB,o, | AC =18-3-15=0

Vay 2 duong thing AB va A dong phang
Ta c6 plwong trinh AB:
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r+1 y+1 2z <:>:1:+1_y+1 z r+1=2y+2
6 3 -3 2 1 -1 |y+z=-1

. 20 -2 =—y 20+y =2
Phrong trinh A :

z—1=—-2-1 z4+2=0

Goi D 14 giaodiém cia AB vaA. Toa d6 D la nghém caa he:

20 +y =2
z=1
r+2z=0
3 <4y=0 = D =(,0,-1)
y+z=-1
z=-1
r—2y=1

Taco z, <z, <z,. Vy A va B nim khac phia sodi dudng thingA . Goi H
|a hinh chéu caa aia B trénduong thing A. Toa d6 H=(1-t, 2t, t-1) & 1diém
thudc A.

TacOHB = (t + 4,2 — 2t,-2 — t)
HBw, =0 —(t+4)+22-2t) =21 =0

<:>—t—4+4—4t—2—t=0<:>—6t=2<:>t=_?1
vay =2 271
33 3
Goi B la diém déi xirng Wi B quaduong thing A thi H 1a trungdiém caa BB'.
-7 =10 1 R -4 -7 1
Néntado B'=|—,—,— |=> AB'= =(4,7,-1
o 5= (37 3) -7
Vay pheong trinhdeong thing AB’ 1a:
z+1 y+1 =z Te+7=4y+4 Tex—4y = -3
4 7 _—_1<:> —r—1=4z r+4z=-1
Goi M’ & diém bét ky trénduong thing A thi:
M'A-M'B|=|M'A-M'B|< AB'=|MA- MB'| =|MA - MB|
Vay toa 36 M la nghém aia Fe:

Tr—4y = -3 T =—

3
r+4z=-1 4 1 4 -1
9 SNy == = H = PRENE
20+ 1y = 2 3 33 3
-1
3

z+2=0 5 =
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Bai toan 11:Trong khéng gian & hé toadd Oxyz, cho haitudng thing:

=1+t
r—2y+z2—-4=0
; vag A, 1y =2+t
D lz+2y—-22+4=0 2
z2=14+2t

a) Viét pheong trinh nait phing (P) clira dwdng thing A, v song song & duong
thang A,.
b) Chodiém M(2;1;4). Tim da do diém H thusc duong thing A, sao chadoan
thang MH d d6 di nho nhit.

(Pai hoc khii A — 2002)

Hwéng dan giai

a) Viét phwong trinh mit phing (P) chira dwong thing A, v song song &i
dwong thiang A,.

n () A, 6 VICP1a a=| n.n, |=(2:3:4)

A, ¢6 cap VTPT la
n,= (1;2;—2)

-2y=4 =0
Trong A, cho z=0, ta dudc ey s * = A, qua A(O;—Z;O)
x+2y=-4 y=-2

Vi mp (P) chita A, nén a,=(2;3;4)1a 1 VTCP cita (P)

mp (P) // A, nén aj=(1-,1-,2) 1a 1 VTCP ctia (P)

= (P)¢6 VTPT Ia n=|a.a, |=(2:0:-1)

= pt mp (P)dang: 2x—z+m=0. (P) qua A(O;—Z;O) nén m=0.

Vay ptmp (P)la: 2x—z=0

b) Tim H € A, dé MH nhé nhat.

Ké ME 1 A,. Ta ¢6 ME < MH.

Vay MH min < MH = ME < H = E — hinh chi€u cia M xudng A,

Goi (Q) 1a mp qua M va vudng géc véi A, thi (Q) ¢6 VTPT 1a n, =a, =(1;1:2)
= pt mp (Q) dang : x+y+2z+m=0. Vi (Q) qua M(1:2:4) nén m=-11

Vayptmp (Q) : x+y+2z—-11=0

x=1+t¢
) x=2
=2+t
chéa:<y =S y=3:>H(2;3;3)
z=1+2t
z=3
x+y+2z-11=0
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lIl. BAI TAP TU LUY EN
Bai 1: Cho duong tron tdm O ban kinh R. Xét hinh chop S.ABCD co
SA 1 (ABCD) (S, A & dinh), SA=h cho iréc, day ABCD Ia tr giac tiy y i
tiép mot dudng tronda cho ma caduong chéo AC va BD vuéng géaivnhau.
a) Tinh ban kinh @t cau ngai tiép hinh chop @i qua 5dinh aia hinh chép).
b) Hoi day ABCD Ia hinh gité thé tich hinh chopat gia ti 16n nhit.

(Pai hoc Quic gia Ha Ni-1998)
Bai 2: Cho dudng tron (C) tam Ogduong kinh AB=2R.Piém M di dong trén
(C) va AM=x. Trénduong thing vudng goc §i mat phing chra (C) i diém A,
lay mot diém o dinh S va AS=h
a) Chrng minh &ng hai mit phang (SAM) va (SBM) vuéng gcdi nhau
b) Tinh thé tich tr dién SABM theo R, h, x. Tim ritng Vi tri caa M trén (C)dé
thé tich tr dién naydat gia ti [6n nhit.

(Pai hoc ar pham Quy Nhyn-1998)
Bai 3: Trong khéng gian & hé toaddo Oxyz cho nit phing (P) : x—y +z +3 =
0 va haidiém A(-1;-3;-2) ; B(-5:7:12).
a) Tim bado diém A’ 1a diém dbi xang W6i diém A qua nat phing (P).
b) Gia st M | mét diém chay trn mat phang (P), tim gi tr nho nhat caa biu
thaec: MA + MB

(Du bi 2 —Pai hoc khdi A — 2002)
Bai 4: Trong khéng gian & hé toa d6 Oxyz cho cadliém A(-1:2;3), B(0;3:1),
C(2;2;-1) va D(4;-2;1). Tim MAB, NeCD sao chatd daidoan MN nho nhat.
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KET LUAN

Cudi cung, cho duda rt ¢ gang hing viéc tham ko mot lugng rt [on
cAc tai lBu sach Hn naydé vira viét, vira mangdi giang day ngay cho cac em
hoc sinh @a minh & d6 kiém nghém va kb sung théu sét, ciing ¥i viéc tiép
thu cé cln loc y kién caa cac lan ddéng nghép dé dan hoan thin bo tai lisu
nay, nfing khé tranh kbi nhitng thiu sot Ibi nhitng hiéu biét va kinh nghém
con han cké, rit mong nlan dugc nhitng déng gop quy bauia quy thy gido,

cb gido, cac dn déng nghép va cac bn doc gan xa.
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