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UNG DUNG DAO HAM KHAO SAT HAM SO

SU PONG BIEN - NGHICH BIEN

A.LY THUYET CHUNG.
Dinh nghia 01.
Gia st K la mot khoang, mot doan hodc mot nira khoang va y = f(x) la mot ham

s0 xac dinh trén K, ta cé ham s0 f (x) dwoc goila:
R~ dong bién (tang) trén K néu Vx,,x, K, x, <x, = f(x)< f(x,).
R nghich bién (giam) trén K néu Vx,,x, eK,x, <x,= f(x,)> f(x,).

R~ Ham s6 dong bién hodc nghich bién trén K goi chung la don diéu trén K.
Dinh 1y.
Gid st ham s f c6 dao ham trén khoang K. Khi do:
01 B~ Néu ham s6 dong bién trén khoang K thi f'(x)>0,VxeK.
B~ Néu ham s6 nghich bién trén khoang K thi f'(x)<0,vxeKk.

Gid st ham s f c6 dao ham trén khoang K. Khi do:
B Néu f'(x)>0,VxeK thiham s f dong bién trén K.
B Néu f'(x)<0,VxeK thi ham sd f nghich bién trén K.
B Néu f'(x)=0,VxeK thi ham s§ f khong d6i trén K.

02

Ta c6 cdc nhan xét sau:

~ VN 1 QI - - - - - - - == = = o

—Néu ham s6 f(x) va g(x) cing dong bién (nghich bién) trén D thi ham s& f(x)+g(x)
cting dong bién (nghich bién) trén D. Tinh chat nay c6 thé khong dung d6i voi hiéu

f(x)=8(x)-

| i |

—Néu ham sG f(x) va g(x) la cic ham sG dwong va cung dong bién (nghich bién) trén D

thi ham s6 f(x).g(x) cling dong bién (nghich bién) trén D.
Tinh chit nay co thé'khong diing khi cic ham s6” f(x),g(x) khong la cic ham s6'dwong trén D.

| B |
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Cho ham s6 u=u(x), xac dinh véi x e (a;b) va u(x)e(c;d).

Ham s& f[u(x)} cting xac dinh vé6i x €(a;b). Ta c6 nhan xét sau:

+Gia str ham s6 u =u(x) dong bién voi x e (a;b). Khi d6, ham s8 f|u(x)| dong bién voi
xe(a;b)< f(u) dong bién véi ue(c;d).

+ Gia st ham s6 u =u(x) nghich bién v6i x € (a;b). Khi d6, ham s f[u(x)| nghich bién

vOi xe(a;b) < f(u) nghich bién v6i ue(c;d).

Gia st ham s6 f c6 dao ham trén khoang K. Khi do:

R~ Néu f’(x) >0,VxeK va f’(x) =0 chi tai httu han diém thudc K
thiham s6 f dong bién trén K.

R~ Néu f’(x) <0,VxeK va f’(x) =0 chi tai httu han diém thudc K
thi ham s6 f nghich bién trén K.
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B. CAC DANG BAI TAP.

B> Dang 1.1. Xét tinh don diéu cOa ham sé (biét dé thi, bbt)
O Déchoddthihamsd y=f (x) hoéc Bang bién thién — nhin huéng di ctia d0 thi:

AT

M Khoang ma do thi c¢6 hudng “di lén” - ham s6 dong bién trén khoang do.
M Khoang ma d6 thi c6 hudng “di xudng” — ham s nghich bién trén khoang dé.
® Dé cho dothihamsd y=f ’(x) — lam theo cac budc sau:
M Budc 01. Tim céc giao diém ctia d6 thi f'(x) véi Ox.
M Budc 02. Lap bang xét dau caa f ’(x) béng cach nhin:
% Phan trén Ox mang ddu +. % Phan dudi Ox mang dau -.
M Budc 03. Tt bang xét dau ta tim duoc chiéu “1én — xudng” cua f (x)

R~ Dang 1.2. Ham s8 bac ba don diéu trén khodang k.

O Tim tham s6 m dé ham s6 bdc ba y =ax® +bx* +cx+d don diéu trén tdp xdc dinh

M Budc 01. Tap x4c dinh: D =R. Tinh dao ham y' = 3ax* + 2bx +c.
M Budc 02. Ghi diéu kién d& ham don diéu, chang han:

=>m?

? N, Y a,>0 a>0
bé f(x) dong bién trén R=y'>0, Vxe R < 7 =
A, <0 |p*-3ac<0

{Zy,<0 {a<0

= =>m?
A, <0 b*—3ac<0

bé f(x) nghich bién trén R = ' <0, Vxe R < {

= Luu 1j: DAu ctia tam thirc bac hai f(x) =ax? +bx+c.

a<0
A<0

- [f(x)20, VxeR@{aAZOO- - |f(x)=0, VxeR@{

® Tim tham sé m dé ham sé bac ba don diéu trén mién D cho trudc.

< Phuong phdp 1. (Khi f ’(x) =0 nham duwoc nghiém).
M Budc 01. Tinh f'(x).
. . x=x
M Budc 02. Giai f’(x)=0<:{ t.
— 2
M Budc 03. Lap bang xét ddu, xac dinh cac khoang don diéu cua ham s6.
M Budc 04. Tu bang xét dau, gia st diéu kién dé€ ham s6 don diéu (dong bién hoac
nghich bién theo yéu cau bai toan)la D.
M Budc 05. Dé ham s6 don diéu trén K 1a K< D.
* Phuong phdp 2. (Khi f'(x)=0 khoéng nham duoc nghiém).

M Budc 01.  Ghi diéu kién d€ y = f(x;m) don diéu trén D. Chang han:
bé yéu cau y = f(x; m) dong bién trén D=y’ = f’(x;m) >0.
bé yéu cau y = f(x,' m) nghich bién trén D=y’ = f'(x; m) <0.
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mzg(x
M Budc 02. Co lap m ra khoi bién s6 va dat vé con laila g(x) duoc: g( )
m< g(x)
M Budc 03. Khao sat tinh don diéu cia ham s& g(x) trén D.
Khi m > g(x) =>mz maxg(x)
M Budc 04. Dua vao bang bién thién két luan: D .
Khi m < g(x) =>m< mDing(x)

R> Dang 1.3. Ham sé phan thic don diéu trén khoang k.

O Timthamsé m dé ham s6 y = ax+Z don diéu trén tung khodang xdc dinh
cX +
@ Buéc O1. Tinh f/(x)=-22-%
(cx+d)

M Budc 02. Thuc hién yéu cau bai toan:

& Ham s§ dong bién trén timg khoang xac dinh < f'(x)>0< ad—cb2 >0« ad—cb>0
(cx+d)
@ Ham s6 nghich bién trén timg khoang xac dinh < f'(x) <0< (ad_d;z <0< ad-ch<0.
cx+d
® Timtham s m dé hamsé y= ax+Z don diéu trén tung khoang xdc dinh
cx +

M Budc 01. Dicu kién xéac dinh cx+d # 0 < x % — % .

@ Budc 02, Tinh f'(x)=-22-L
(cx + d)
M Budc 03. Thuc hién yéu cau bai toan:

d—cb>0
= Ham s8 dong bién trén (a;b) < {a %Ce( ) véi —% chita tham s6 m .
- m;n

ad—cb<0
& Ham s nghich bién trén (a;b) & _W . (mn) voi —% chita tham s6 m .
R Dang 1.4. Ham hgp y=Ff(u(x)).
u'=0
F)=0()

M Budc 02. Dé giai (*) ta tim f'(x)=0 (d0 thi cat truc hoanh).

M Budc 01. Tinh y’=u'~f’(u)—>y’=0<:{

x=a u=a
Gia st f’(x)=0<:> : :>f’(u)=0<:> : —nghiém ctia (*)

x=b u=>b

M Budc 03. Lap bang xét ddu cua y'=u'- f ’(u) = khoang don diéu can tim.
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B> Dang 1.5. Ham hgp y=g(x)+h(x).
M Budc 01. Tinh y'= f’(x)ih’(x) —y'=0 <:>f'(x) = ﬂFh'(x) (*)
M Budc 02. Giai (*) bang cach vé /'(x) vao hé truc toa do va xét cac diém ma f' cat i’
Sau khi tim dwgc cac nghiém ta lap bang xét ddu ctia y' = f '(x) + h'(x) .
M Budc 03. Tt bang xét ddu ctia y' = f’(x)ih’(x) = khoang don diéu can tim.
R~ Dang 1.6. Ung dyng phuong phdp haim sé.
M Néu f (x) dong bién hodc nghich bién trén (a; b) thi phuong trinh f(x)=m néu co
nghiém chi ¢c6 duy nhét 1 nghiém trén (a;b);
M Néu f(x) dong bién trén (a;b) thi phuong trinh f(u)= f(v) < u=0 trén (a;b).
M Neéu f(x) dong bién trén (a;b) thi bat phuong trinh f(u) < f(v) Su<v .

M Neéu f(x) nghich bién trén (a; b) thi bat phwong trinh f(u) < f(v) Su>v .
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UNG DUNG DAO HAM KHAO SAT HAM SO

CUC TRI

A.LY THUYET CHUNG.

1. CAC DINH NGHIA - DINH LY.

Dinh nghia 01.

Gia st ham s6 f xac dinh trén tap K va x, € K. Ta ndi:

R x, 1a diém cuwc tiéu ctia ham s6 f néu ton tai (a;b) chita x, sao cho (a;b)cK va
f(x)> f(x,), Vxe(a;b)\{x,} . Khi d6 f(x,) duoc goila gid tri cyc tiéu cia ham f .

B x, la diéin cyc dgi cha ham s§ f néu ton tai (4;b) chita x, sao cho (4;b)c=K va

f(x) < f(xo),Vx € (a;b) \ {xo}. Khi do f(xo) dwoc goi la gid tri cwc dai cia ham f .

e Tengoi e Kij hiew___
Y Diém cyc dai va diém cuc ti€u goi chung la diém cuc tri X,
"% Gid tri cuc dai va gid tri cuc tiéu goi chung & cuc tri (gid tri cuc tr). | 1 ve
% Piém cuc dai va diém cyc tiéu goi chung la diém cuc tri ciia ham so. | M(x,; f(x,))
uA

Gia tri cuc dai (cuc dai)
ctia ham s6

og

Diém cuc tiéu
ctia ham s&

¢ £).
/ o] \:/ 4
) !
> giae e St e ; @\T)
Gia tri cuc neu/1< 3 » .

C
5 > o
(cuc tiéu) . Cé\,,o R
ctia ham s6& 2 %6
O &

Dinh 1y.

01

Gia st hamsd y= f (x) dat cuc tri tai diém x,.
Khi d6, néu y = f(x) c6 dao ham tai diém x, thi f'(x,)=0.

Gia st ham s6 f dat cuc tri tai diém «x,.
Khi d6, néu ham s6 f c6 dao ham tai diém x, thi f'(x,)=0.

I Néw {f’( )>0 Vxe(x,—hx,)

——x, la mot diém cuc dai ctia ham £ (x).
(x <0 Vxe(x,x,+h

02

o la mot diém cyc ti€u cua ham f(x).

) (x7% +h)
. (x)<0 Vxe(xo h; x 0)
A A

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 9



Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

T |z,—h T, To+h T |z,—h Ly T, + h
v’ — 0 + Y + 0 —
Yy Y fas) OB

flz,) CT

Giastt y = f(x) c6 dao ham cdp 2 trong khoang (x,—h;x,+h) v6i h>0.
Khi do:

03 O Neéu f'(x,)=0, f"(x,)<0 thihams6 f dat curc dai tai x,.

O Neéu f'(x,)=0, f"(x,)>0 thiham s6 f dat cuc tiéu tai x,.

- OV T I — = = = = == === == === = = = e e

® Dao ham f'(x) cd thé bang 0 tai diém x, nhung ham s§ f khong dat cuec tri tai diém x, .

® Ham s0 chi ¢6 thé' dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s6 bang 0 hodc tai

1
1
1
1
1
i
i @ Ham s0 ¢6 thé’ dat cuc tri tai mot di€ém ma tai d6 ham s khong c6 dao ham.
:
1
i do6 ham s6 khong c¢6 dao ham.

]

Tir dinh 11 03, ta c6 mot quy tidc khdc ¢ tim cue tri ciia ham s&’
M Budc 1: Tim tap xac dinh. Tim f'(x).
M Budc 2: Tim cac nghiém x, (i=1;2;...) ctia phuong trinh f'(x)=0.
M Budc 3: Tinh f7(x) vatinh f"(x,).
* Néu f ”(xl.) <0 thi ham s6 f dat cuc dai tai diém x..
* Néu f"(x,)>0 thi hams6 f dat cuc tiéu tai diém x,.
2. MOT SO BAI TOAN THUONG GAP.

2.1. Cwc tri cua ham da thiee bac ba.
2.1.1. Cuc tri théa man diéu kién cho trudc.

= Xét ham sd bacba y=ax®+bx’ +cx+d (a=0). C6 dao ham y' =3ax® + 2bx +c (aiO).

Diéu kién Huong giai quyét

C6 hai cuec tri b*—3ac >0

Khéng cé cuec tri

2
4 “A A _ S
(ham s6 don diéu trén R). b*—3ac<0

< phuong trinh y'=0 ¢6 hai nghiém phan biét trdi diu

= c
P=x.x,=—<0

C6 hai cuec tri trdi dau A, >0 {Ay, >0
o
3a

ac<0

< phuong trinh i’ =0 ¢ hai nghiém phén biét ciing ddu

= c
P=x.x,=—>0
3a

C6 hai cyc tri cung ddu Ay >0 A, >0
o .
ac>0
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

< phuong trinh y'=0 c6 hai nghiém dwong phan biét

A >0
4 . . \ g y A ’ >O
C6 hai cuec tri cung dau duong S—y 4+ 2b >0 by<0
3
: ¢ ac>0
P=x.x,=—>0
3a

< phuong trinh y'=0 c6 hai nghiém dm phan biét

A, >0
7 . . \ A A y A'>O
Co hai cyec tri cing dau dm 2b Y
= S:x1+x2:—3—<0<:> ab>0 .
a
c ac >0
P:xl.x2=§>0
x, <a<x, < (x,—a)(x,—a)<0e x.x, —ax, +x,)+a’ <0.
x,—a)lx,—a)>0 x,.x, —afx, +x,)+a*>0
Co hai cyec tri X, <X, < = (u-e)(x; =) o (x+,) :
x, +x, <2« X, +x, <2

x,;x, thoa

a<x <X,

<:>{(Jcl—oz)(3c2 —oz)>0<:>{xl.x2 —a(x1+x2)+a2 >0.
x, +x, > 2 X, +x, > 2

2.1.1. Cuec tri thoa min diéu kién v6i dwong thang.
2.1.2.1. Cuc tri nam cting phia, khac phia so véi mot duwong thang.

Cho 2 diém A(x,;y,), B(x,;y,) va duong thang A:ax+by+c=0.

/ M N&u (ax, +by, +c)(ax, +by, +c)<0 thi hai diém A, B ndm khéc
Tong quat: VITD gitra 2 ( AT YA )( 8 T9Y5 )

SRR : hia so v6i duong thang A.
diém vdéi duong thang P & &

M Néu (ax, +by, +c)(ax, +by, +c)>0 thi hai di€ém A, B nam

ciing phia so véi duwong thang A.

Céc diém cyc tri caa d6 thi nam cung phia déi véi truc Oy
< ham s6 €6 2 cyc tri cung dau
< ' =0 co6 hai nghiém phan biét cung dau

Céc diém cuc tri caa d6 thi nam khdc phia déi vdi truc Oy
< ham s0 ¢d 2 cuc tri trai dau
< y' =0 co6 hai nghiém trai dau

Bac bigt: Céc diém cuc tri cta d6 thi nam cung phia déi véi truc Ox
< y'=0 co hai nghiém phan biét va y_,.y., >0.

® Cung vé phia trén d6i véi truc Ox.

yCD 'yCT > 0

Yep +Yer >0

@ Cung vé phia duéi d6i véi truc Ox.

< ¥ =0 cd 2 nghiém phan biét va {
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Tong hop 1y thuyét THPTQG

Ndm hoc: 2023-2024

< y'=0 c6 2 nghiém phan biét va {

Yep-Yer > 0
Yep TYer < 0

Hoac

2.1.2.2. Phuong trinh duong thang qua cac hai cyc tri.

2b? be
9a

g(X)Z[%——

x+d——
9a

vy

T hodc g(x):y—

hodc g(x) =y

2.1.2.3. Khoang cach giita hai diém cyc tri ctia d6 thi ham s6 bac 3 1a.

3 2
AB— f4e+16e V6i e = b” —3ac
a 9a

2.2. Cyc tri ctia ham da thitc bac bén (truing phuong).
2.2.1. Cuec tri théa man diéu kién cho truéec.

= Xét ham s6 bac bon y =ax* +bx’ +c (a=0).

Céc diém cuc tri ctia d6 thi nam khdc phia d6i véi truc Ox
< ¥ =0 cd 2 nghiém phan biét va y_,.y., <0

< f(x)=0 c6 3 nghiém phén biét (khi nhdm dwgc nghiém).

(hai cwec tri).

Mot ciee tiéu va hai cuc dai

a<0
b>0

0

Diéu kién Tong quat Cu the
7 A . AY . Ay - A? a > O
o ) DPang mot cuc tri va cuec tri la cuc tieu d

C6 mot diém cuec tri b=0
) . ab>0

(mot cuec tri) ) R o . . a<0

Dung mot cuec tri va cuc tri la cuec dai < <0

) a>0

> . Hai cwre tiéu va mot cyee dai < b<0
Co ba diém cuec tri b <0
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Tong hop 1y thuyét THPTQG

Ndm hoc: 2023-2024

2.2.2. Cuc tri théa mian diéu kién hinh hoc.

Gia sitham s8 y=ax* +bx* +c c6 3cyec tri: A(O;c),B —\ /—ﬂ;—é ,C ,’—E;—A tao thanh
2a  4da 2a  4da
tam gidc ABCthoa man dix kién: ab<0. Ddt BAC=«. vA
' -
Tong quat: |cot? L= "7
& quat oot 5 = e
A
o
B c
DU KIEN CU THE CONG THUC
AABC vuong can tai A. b’ =-8a.
Tinh chat AABC déu. b =—24q.
(vuéng/déu/nhon)
AABC c¢6 3 gbc nhon. b(8a + b3) >0.
AABCc6 S, =S, 324°(S,) +b°=0.
Dién tich E
AABC c6 max(So). S =, |-———.
° 324°
AABCc6 BC=m,. am’ +2b=0.
Théa d6 dai canh | AABCc6 AB= AC=n,. 16a°n’ —b* +8ab=0.

AABC c6 BC=kAB=kAC.

b3.k2—8a(k2—4)=0

AABC ¢4 trong tam O. b* =6ac .
Trong/truc tam - -
AABC 6 tryc tam O. b® +8a—4ac=0.
bZ
Y =
AABC c6 ban kinh duong tron ndi tiép r,,,. =1, 4‘a‘£1+ f 1 v J
8a
Noi/ngoai tiép ;
dwong tron AABC c6 ban kinh duong tron ngoai tiép R,,,. =R _ b -8 '
8‘&‘ b
AABC c6 O la tam duong tron ndi tiép b’ —8a—4abc =0.
AABC c6 O la tam dudng tron ngoai tiép b® —8a—8abc =0.
. \ \ e 2 2 [2 A 2 A
Phuong trinh dwong tron ngoai tiep AABC la: x“+y°—| ———+c |y+c| ——— [=0
b 4a b 4a
AABC ¢6 cuc tri B,C e Ox b? =4ac
Lién quan tructoa | AABC ¢4 diém cuee tri cdch déu Ox. b* =8ac.
do S
0 Truc hoanh chia tam gidc ABC thanh hai phan co6 by 4 x/z‘ac‘
dién tich bang nhau '
Lién quan ti gidc | AABC cuing gdc O tao thanh hinh thoi b® = 2ac.

B. CAC DANG BAI TAP.
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

B> Dang 2.1. Tim cyc tri cOa ham s& y=f(x) khi cho BBT hodic D Thi
O Dé cho d6 thihamss y= f (x) hodc Bang bién thién — nhin vi tri “ci cho”:
M Thay “dilén” roi “di xudng” — “cu chd” 1a cyc dai.
M Thay “di xudng” roi “dilén” — “cu chd” la cuc tiéu.
® Dé cho bang xét dau f '(x) — néu dé hoi:
M SO diém cuc tri—> dém s6 lan f '(x) doidau (f '(x) doi dau bao nhiéu Ian thi f (x) co
bay nhiéu cuec tri).

M SO diém cuc dai/cyc ti€u— tir bang xét dau f ’(x) “phéc hoa” duong di f (x) .

Tén goi Kij hiéu
% Diém cyc dai va diém cyec ti€u goi chung 1a diém cuc tri. X,
% Gia tri cye dai va gia tri cuc ti€u goi chung la cuc tri (gid tri cuc tri). Y,
% Diém cye dai va diém cuec ti€u dugc goi chung la diém cuc tri ciia ham so. M ( x,; f ( X, ))
Khi d6 ta cé hé qua:

Khoang cach gitra: Cong thiic

@ Hai diém cuec tri ctia ham so: ‘ X, — xl‘

@ Hai cuec tri ctia ham so: ‘yz - %‘

® Hai diém cuec tri ctia d6 thi ham so: 2 2

(xz _xl) +(]/2 _yl)

R~ Dang 2.2. Tim cyc tri c0a ham sé tudng minh
O Quy tic 01:
M Budc 01. Tim tap xac dinh ctia ham sd.
M Budc 02. Tinh f’(x) . Tim cac diém tai d6 f’(x) bé“mg 0 hoac f’(x) khong xac dinh.
M Budc 03. Lap bang bién thién.
M Budc 04. Tir bang bién thién suy ra cac diém cyec tri.
O Quy tdc 02:
M Budc 01. Tim tap xac dinh ctia ham sé.
M Budc 02. Tinh f’(x). Giai f’(x) =0 va ky hiéu x, (i =1, 2,3,...) la cac nghiém cuia no.
M Budc 03. Tinhf”(x) —)f”(xl.).
M Budc 04. Dua vao ddu caa f ”(xi) suy ra tinh chat cuc tri ctia diém x. .
L f(x,)>0— x, 1a diém cyc tiéu.
L f(x,)<0— x, 1a diém cyuc dai.
B> Dang 2.3. Tim m dé ham s8 y=f(x) dat cyc tri tqi xo
Bai todn: Tim tat ca gia tri cua tham s6 m d&€ ham s@ f’(x) =0 dat cuc tri tai x = x,.
M Budc 01. Tinh f'(x) —)f”(x).
M Budc 02. Thuc hién yéu cau bai toan:
y'(%,)=0

O Ham s0 dat ciec dai tai x=x, =1~ )
y (x0)<0
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Tong hop 1y thuyét THPTQG

Ndm hoc: 2023-2024

O Ham sd dat cuc tiéu tai x =x, = {

y’(xo):O
y"(x0)>0

R~ Dang 2.4. Tim m dé ham s8 y=f(x) cé n cyc tri.

M Ham bac 3 y=ax®+bx* +cx+

d(aiO):

Cé6 2 diém cuec tri
Khoéng c6 diém cyec tri -l b2 —3ac<0
M Ham béc 4 (trung phwong) y =ax* +bx*+c (a#0):

Cé 3 diém cuec tri

Cé 1 diém cuec tri

C6 1 Dai -2 Tiéu

Chi c6 Tiéu

R~ Dang 2.5. Dusng thang qua hai diém cyc tri.

Bai todn: Viét phuong trinh duong thing qua hai diém cwc tri ham s8 y =ax® +bx’ +cx+d :

M St dung mot trong cac cach sau:

2c 2v°
©) g(X):(?C—gjx

+d—b—c.
9a

vy

3ym *

® Dung phép chia da thtrc: dé chia dao— 1ay du.

Bai todn: Viét phuong trinh duong thang qua hai diém cuc tri ham s§ y =

u(x

o(x)

M S dung tinh chat: Néu x, la diém cuyec tri cia ham s6 httu ty y =

4 \ x
tng cuahamsdla y, = =

(dao ttr chia dao mgu).

)

ax’ +bx+c
dx+e

thi gia tri cuec tri tuong

& Bién soan: Gv Lé Minh Tam - 093.337.6281
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

R~ Dang 2.6. Cyc tri ham bac ba thda diéu kién véi dusng thang.
O Vi tri tuong ddi:
Cho 2 diém A(xA;yA), B(xB;yB) va duong théng Azax+by+c=0.
Xét biéu thire T =(ax, +by,, +c)(ax, +by, +c) . Khi do:
¥ Néu T <0 thi hai diém A, B nim khéc phia so véi duong théng A.
¥ Néu T >0 thi hai diém A, B nim cung phia so véi duong théng A.
O Ddc biét
@ Céc diém cuc tri cia &6 thi nam cing phia d6i voi truc Oy
< ham s6 6 2 cuc tri cung ddu < y' =0 ¢6 hai nghiém phan biét cing diu .
@ Céc diém cuc tri cia @6 thi nam khdc phia d6i véi truc Oy
< ham s6 ¢6 2 cyec tri trai ddu < ¥ =0 c6 hai nghiém phan biét trdi diu.
® Céc diém cuc tri cia &6 thi nam cing phia d6i voi truc Ox
< ¥ =0 c6 hai nghiém phan biét va y .y >0.
yCD'yCT > O
Yep+Yer >0

Yep-Yer >0
Yep +Yer <0

M Cung phia trén ddi vdi truc Ox< ¥ =0 ¢ 2 nghiém phéan biét va {

M Cung phia duéi d6i voi truc Ox<> y' =0 6 2 nghiém phén biét va {

@ Céc diém cuc tri cia @6 thi nam khdc phia d6i v6i truc Ox
< ¥ =0 62 nghiém phan biét va y.,-Yor <0, hodc
< f(x)=0 c6 3 nghiém phan biét (khi nhdm dugc nghiém).
O Bai todn: Hai diém cyc tri d6i xting nhau qua duong thang d .
M Budc 01. Tim diéu kién d€ ham sd co6 cuc dai, cyc tiéu =>me D,.
M Budc 02. Tim toa d6 2 diém cyc tri A, B. C6 2 truong hop thuong gap:
Y Truong hop 1: y' =0 c6 nghiém dep x,, x,, tlc co A(xl;yl),B(xz;yz) :
% Truong hop 2: y' =0 khong giai ra tim duoc nghiém. Khi d6 ta can viét phuong trinh
duong thang ndi 2 diém cuc trila A va lay A(x;y,),B(x,5y,) € A

+x2 .y1+y2
2 2

M Budc 03. Goi [ (xl ] la trung diém ctia doan thang AB.

meD

, Ald |AB-u =
Do A, B d6ixtng qua d nén thoa hé { @{AB U =0_, -

led Ied
M Budc 04. Kétluan m=D, "D, .
O Bai todn: Hai diém cuc tri cich déu duong thang 4 .
M Budc 01. Tim diéu kién d€ ham s6 c6 cuc dai, cuc tiéu =meD, .
M Budc 02. Tim toa d6 2 diém cuc tri A, B. C6 2 truong hop thuong gap:
Y Truong hop 1: y' =0 c6 nghiém dep x,, x,, tlc co A(xl,' yl),B(xz;yz) :
Y Truong hop 2: y' =0 khong giai ra tim duoc nghiém. Khi d6 ta can viét phuong trinh
duong thang ndi 2 diém cuc trila A valay A(x1 ; yl), B(x2 ; yz) eA.
M Budc 03. Do A, B cach déu duong thang d nén d(A;d) = d(B;d) =meD,.
M Budc 04. Kétluan m=D, N D, ,

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 16



Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

R~ Dang 2.7. Cyc tri ham bac ba thda diéu kién xi,x..
O Bai toan: Ham sd ¢6 hai diém cuc tri x,;x, thoa diéu kién:
M Budc 01. Tinh y'.
M Budc 02. Tim diéu kién dé ham s6 c6 hai diém cuec tri x;x, (1) .

) S=x+x,= b
M Budc 03. Ap dung dinh ly Vi-ét: ? (%)

M Budc 04. Bién doi ycbt vé dang S; P — thay (*) vao ycbt giai tim m (2)

M Budc 05. Tur (1);(2) >me?
R~ Dang 2.8. Cyc tri ham trung phuong.

Diéu kién _ Tong qudt Cu thé’
Ding mot cyce tri va cyec tri 1a cuc tiéu
Co mot diém cuec tri
. , ab>0
(mot cuec tri)
Dung mot cuec tri va cuc tri la cec dai
Hai cuec tiéu va mot cuc dai
Co ba diém cuec tri (hai
ab<0

cuee tri).
MOt cuee tiéu va hai cuc dai

% Gia sitham s y =ax* +bx’ +c¢ ¢ 3cuc tri: A(O c) B[—,/—E —AJ,C(J—i —A] tao thanh

4
tam gidc ABC thoa man dit kién: ab<0 va cd6 AB=AC = b 4/——
\ 2

M Dat BAC = «a, ludn co: 8a(1+cosa)+b3(l cosa) 0:>cosa— 5
b —8a

3
M Phuong trinh qua diém cuc tri: BC:y = —4A va AB,AC:y = i[, /;—b] x+c
a a

32a3

M Phuong trinh dwong tron di qua A,B,C:x* +y* —(c+n)x+cn=0, véi n= 2_A U3 bén

b —8a
8ab
M Xem thém cac dang 6 muc “2.2.2. Cyc tri théa méan diéu kién hinh hoc”.

kinh duong tron ngoai ti€p tam gidcla R =

4a
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024
R> Dang 2.9. Cyc tri ham hgp y=Ff(u(x)).
O Bai todn: Cho ham 6 y = f(x) (dé c6 thé'ra bang ham, d6 thi, bang biéh thién cia f(x), f'(x)).

Tim sO di€ém cuec tri ctia ham s6 y = f(u) .
CACH 01.
M Budc O1. Tinh y' =u'.f'(u).
. u'=0
M Budc 02. Giai phuwong trinh y'=0< f (
u

M Budc 03. Giai lan luot ' =0 va f'(u)=0 thong thuong giai u' =0 sé don gian,

=0

SN—

X=a u=a x="7
bégiai f'(u)=0,tatim f'(x)=0e|i  (d0thicatOx)— f'(u)=0e|! |
M Budc 04. Lap bang xét dau cua y' = u’.f’(u).

M Budc 05. Tt bang xét dau két luan yéu cau bai toan.
CACH 02.

M Budc O1. Tinh y' =u'.f'(u).

M Budc 02. Tir dé ra ta tim dwoc f'(x), gia st dé ra:

@ Bang xét ddu cua f'(x)— nhinnhing vitri f'(x)=0=|! = f'(x)=(x—a)..(x—b).
s
=a
:f’(x):(x—a)...(x—b).
b

X
@ Db thi cta f '(x) — nhin nhing vi tri &6 thi cat Ox — {
X

x=a
® DO thi cua f(x) — nhin nhitng vi tri “cti cho” —»|: = f’(x) =(x- a)...(x —b) :
x=b
M Budc 03. Tw f’(x) —)f’(u) bang cach chd nao cé x thay bang u.
M Budc 04. Ta c6 dugc y' = u’(x).f'(u(x)) — 1ap bang xét ddu cua ham nay.
M Budc 05. Tt bang xét dau két luan yéu cau bai toan.
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Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

UNG DUNG DAO HAM KHAO SAT HAM SO

GIATRI LON NHAT - GIA TRI NHO NHAT

A.LY THUYET CHUNG.
Dinh nghia.
Chohamsd y=f (x) xac dinh trén tap D.
. 3 ; ) f(x) <M,VxeD
O S6M goila gid tri [6n nhit chia ham s§ y = f(x) trén D néu: :
dx, e D,f(xo):M
Ki hiéu: M = n;e%xf(x) .
) ; ) ) f(x) >m,VxeD
O S8 m goilagid tri nhé nhdt chia ham s y = f(x) trén D néu: :
Ix, eD,f(xO):m

Ki hiéu: m = rilian(x).

[mnf() B

~Néu y = f(x) dong biéh trén [a;b:l thi |

max f(x) = f(b)

—Neéu y = f(x) nghich bién trén | a;b | thi 1 )
y=1) nah L) [nga?f(x)#(a)

min f(x)= £(0)
a;b i
B. CAC DANG BAI TAP.
R~ Dang 3.1. Max - Min ham sé cho trudc doan [a;b].
X=X,
M Budc 01. Tinh f'(x)—> f'(x)=0< { , nghiém nao e[a;b] —snhan va tat ca
X = xn
cac diém «, e(a ;b) lam cho f(x) khong xac dinh.
M Budc 02. Tinh f(a), f(x,), f(x,), f(x,), f(b).
M Budc 03. Khi do: & r[r1?]><f(x)=max{f %), f(x,) ,f(xn),f(a),f(b)}.

% min () =min{£(x),£(x,) £(x,). £ (a) £ ()]

& Néu y=f(x):

min f(x)= f(a) min f(x) = £ ()
R~ dong bién trén [a;b] thi § . P-nghich biéi trén [a;b ] thi | :
max f (x) = f(b) max f(x) = ()
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

R~ Dang 3.2. Max - Min ham sé cho trudc dé thi hodic BBT.
M Budc 01. Xac dinh chinh xac doan can xét:
@ Néu dé ra do6 thi thi xac dinh trén truc Ox — doan khong can xét gach bo.

@ Néu dé ra BBT thi xac dinh trén hang x - doan khong can xét gach bo.

M Budc 02. Tra cac vi tri cao nhat va thdp nhat — két luan r[nabl]x f (x) ,1’[11%1 f (x)

R~ Dang 3.3. Max - min trén khodng (a;b).
X=X,
M Budc 01. Tinh f'(x)— f'(x)=0s|: , nghiém ndo [ a;b|—>nhéan va tat ca cac
X=X,
diém o, e (a ;b) lam cho f '(x) khong xac dinh.
B Budc 02. Tinh A=lim f(x), B=lim f(x), f(x;), f(e)-
M Budc 03. So sanh cac gia tri tinh dugc va két luan M = rFabl)x f (x) , m= r(n1bl)1 f (x)

Y Néu gid tri I6n nhit (nhé nhit) la A hodc B thi ta két ludn khong co gid tri lon nhit (nhé nhit).
B> Dang 3.4. Max - min ham vé ty.
M Budc 01. Tim tap xac dinh D=7, khi d6 sé xét max — min trén D=? néu dé khong
yéu cau xét trén dau.

xX=x
M Buéc 02. Tinh f'(x)—> f'(x)=0<|:  ,nghiémnao [ a;b|—>nhan.

X

X

M Budc 03. So sanh cac gia tri tinh dwgc va két luan M = r(na;)x f (x) , m= r(mbr)l f (x)
B> Dang 3.5. Max - min ham lugng gidc.
O Luuy:
-1<sinX <1 |0<sin?X<1
@ = .
~1<cosX <1 |0<cos’X<1
t=sin X

@ D3i bién {t =COSX:>te[—1;1]—>f(t).

® Dung diéu kién dé phwong trinh asin X +bcos X =c c6 nghiém: a* +b* > c°.
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Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024
R~ Dang 3.6. Max - min ham tri tuyét dai.

Bai todn: Cho ham s0 y = f(x;m) lién tuc trén D. Tim mgx‘f(x)‘ hoac mDin‘f(x)‘ .

Cdc tinh chdt quan trong:

m= minf(x)
@ Gia st y = f(x;m) xéc dinh trén D va ton tai P . Khi d6
M= mgle(x)
m khi m>0
M mgx‘f(x):mgx{‘m;M‘}. | mgn‘f(x)‘: 0 khi m<0<M.
-M khi M<0
(7] Y\ Y\

y = f(x) =|f(2)| d

)

Q @mm-

)

el T
) |

KY

max|f(x)=M {Mz‘f(x)‘,VxeD
mDin‘f(x)=m mS‘f(x) ,VxeD

@ |x|+|y| =[x +y|, dau “=" xay rakhi xy >0 (muc tiéu dé'khit biéh).

®Né’u{

Bén canh dé ta co cac buoc lam nhw sau:
M Budc 01. Tinh f'(x)valap bang bién thién trén doan [a;b |.

m:m~inf(x)20
© Buéc 02. Biénluan | " , tir @6 két lugn M =max(f (x).
M =rﬂ%xf(x)so [a:t]

M Budc 03. Két luan m.
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UNG DUNG DAO HAM KHAO SAT HAM SO

TIEM CAN CUA PO THI HAM SO

A.LY THUYET CHUNG.
Dinh nghia tiém cdn ngang.
Choham s6 y = f(x) xac dinh trén mot khoang v6 han (a;+oo);(—oo;b) hodc (—00;+00) .
Dudng thing y =y, la duong tiém cin ngang chia 46 thi ham s8 y = f(x) néu it nhat mot
trong cac diéu kién sau dwgc thdoa man:
@ limf(x):yo. @ lirpf(x):yo.
Dinh nghia tiém cdn dung.
Dudng thing y =y, la duong tié¢m cdn diing ciia d6 thi ham s y = f(x) néu it nhat mot

trong cac diéu kién sau dwgc thoa man:

@ lim f(x)=+%o. @ Lim f(x)=—0.
®1irr}f(x):—oo. @limf(x):+oo.

. ax+b . A A 4 d .. . a
® Ham y = y vOi ac#0 co tiem can dung x =—— ; tiém can ngang y=—.
cx + c c

@ Ham y = £(x) véi f(x), g(x) 1a ham da thirc, goi bac f(x), g(x) lan luot la p;q. Khi do:

g(%)

O Neéu p<g thicé tiém can ngang duy nhat y=0.

O Neéu p=q thicd tiém cdn ngang y = % v6i a;b 1a hé s6 cua liy thira cao nhat tix va mau.
O Néu p>gq thi khong ¢ tiém can ngang.

_g(xo)zo;f(xo);to
8(x)=f(x,)=0 .

® x=1x, la tiém can ding <

lim f(x) =00
[ g( x)
@ Dung CASIO dé tim TCD hodc TCN ctia ham s6 qua Giéi han Trén mdy tinh
CASIO, ta st dung CALC trén may. X > CALC x, +107°
X X CALC x, 107"
X — +» CALC 10"
X — -0 CALC -10"
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024
R~ Dang 4.1. LY thuyét vé dudng tiém can.
O Duong thang y =y, la duong tiém cdn ngang cua do thi ham s8 y = f(x) néu it nhat mot

trong cac diéu kién sau dwgc thdéa man:
O] 1imf(x)=y0. ®limf(x)=y0.

X—>+0 X—>—®0
O Duong thang y =y, 1a duong tiém cdn ditng ctia d6 thi ham s§ y = f (x) néu it nhat mot

trong cac diéu kién sau duwgc thdéa man:

@ lim f(x)=+0. @ lim f(x)=-.
® lim f(x)=—o0. @ Lim f(x)=-+0.

B> Dang 4.2. Tim dudng tiém can tU dé thi hodc bbt.
O bé cho do thihamsd y=f (x) — nhin duong thang ma do thi khong cat.
O Dé cho BBT — nhin theo nhitng vi tri sau:

M Hai vi tri —0 va +oo (trén hang x) giéong xudng hang y néu hitu han thi d6 1la TCN.

M Vitri x, may co “2 gach” —ta xem tht taix, ;x, thi y c6 chtta oo thi d6 la TCD. (chi ciin
mot trong hai vi tri hodc cd hai vi tri x, ;x, lam cho y c6 chita oo thi do la TCD).
R Dang 4.3. Tim dudng tiém cén cua do thi ham sé tudng minh.
1. Cac buoc tim Tiém cdn ngang:
M Budc 01. Tim tap xac dinh cua y = f(x) Giast x e (a;b) :
® Néu a;b httu han—» DTHS khong ¢6 Tiém can ngang.
@ Néu a/b lavo cung — Budc 2.

li =
M Buéc 02. Tinh Ln;f ()= (+).
lim f(x) =,

M Budc 03. Két luan:
Truong hop 1. Néu y, =y, (httu han) > C6 1 tiém can ngang.
Truong hop 2. Néu y, #y, (httu han) > C6 2 tiém can ngang.
Truong hop 3. Néu

Yy, =3

— C6 1 tiém can ngang.
Y, A

@ y, httu han va {

A =400

— Co 1 tiém can ngang.
v A

@ y, httu han va {

X
Cdch xdc dinh nhanh tiém can ngang: Ham y = % goi bac ctia f(x), g(x) lanluotla p;q.
g(x
Khi do:
O Neéu p<g thicé TCN duy nhéat y=0.
O Neéu p=g thicé TCN y = g v6i a;b 1a hé s6 cua liiy thira cao nhat trén tir va dudi mau.

O Néu p>gq thi khong ¢ tiém can ngang.
2. Cac buoc tim Tiém cdn ditng:
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Xétham y = f(x)= Ax) 6 D;E;F lan luot 1a tap xdc dinh cua f(x);h(x);g(x).

g(x)

x,€E

M Budc 01. Giai g(x) =0—x,. Néu { x, e F —— budc 2, ngureoc lai khong thoa thi loai.

x,&D

M Budc 02. Thay x, vao h(x) ta co cac truong hop sau:

Truong hop 1. Néu x, khong la nghiém cta tt— x =x, la TCD.
Truong hop 2. Néu x, 1a nghiém ttr (bdi m) va la nghiém mau (bdi n) véi

m<n— x=x, latiém can dang.

R Dang 4.4. Bién luan tiém can chia tham sé m.

Bai toan 1.

Bai toan 2.

Bai toan 3.

ax+b
cx+d (C)
cz0

ad—bc#0"

Tiém can do6 thi ham s6 y =

D& o thi ham s8 y = 0 thi {

cx+d

Tiém can d6 thi ham s6 y = (C’) véi a 1a hang sg; f(x) l1a da thitc badc n>0.

_a

f(%)

M Tacédala hz‘?mg sO va f(x) l1a da thitc bac >0 nén d6 thi ham so0 (C’) ludn co
tiém cdn ngang duy nhatla y =0 (bdc tir < bic mau).

M Tim tiém can ding bang cach giai f (x) =0—>x=x,.

Tiém can do6 thiham s6 y = g(x) (C") voi f(x);g(x) l1a da thitc bac n>0.

f(*)

O Tim tiém cdn ngang ta co cac treong hop sau:

M Bac tt > bac mau——DTHS khéng c6 TCN.
M Bac ti¢t < bac mau ——DTHS cé mot TCN duy nhat y=0.

™ Bac tr = bAc mau——>DTHS ¢ TCN y= % .

O Tim tiém cdn dirng ta co cac truong hop sau:

Bai toan 4.

M Buéc 01. Tim diéu kién f(x)=0 c6 nghiém (1).

M Budc 02. Giastt g(x)=0<>x=x,, khid6 f(x,)=0 (2).

M Budc 03. Tur (l)&(Z)—)ké’t luan.

Tiém can do thi ham s8 y = f(x) (C"), véi f(x) 1a ham vo ti.

M Budc 01. Tim tap xac dinh D ctia ham s6.

M Budc 02. DE€ ton tai tiém can ngang cua DPTHS (C ") thitap D phai chira ky
hiéu o hogc ton tai it nhat lim f(x)=y, hodc lim f(x)=y, véi v,

httu han.
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R Dang 4.5. Tim duéng tiém can ham én.

Bai toan 1.

Bai toan 2.

Cho d6 thi/ bang bién thién ham s6 y = f (x) tim tiém can d6 thi ham s6 y = (a )
g\ x
voi a la hdng s6 khac 0 va g(x) xéc dinh theo f(x).

x—>to0 g(x)

M Tim TCD: gidi ¢(x)=0 (dwa vao d6 thi/ bang bién thién ciia ham s6 y = f(x
glatr g g ¥

M Tim TCN: nhin vao vi tri limy =y, va lim y =y, d€ xdc dinh lim [LJ .

dé xac dinh s0 nghiém).

h
Cho d6 thi/ bang bién thién ham s6 y = f (x) tim tiém can do6 thi ham s6 y = (x)

voi h(x) la mot biéu thirc theo x va g(x) 1abiéu thirc theo f(x).
M Tir d6 thi/BBT tim nghiém g(x)=0—> biéu thitc g(x).

x
M Rat gon biéu thic ( ) roi cac duong tiém can.

g(x)

Luu y: diéu kién ton tai ctia h(x).
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Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

UNG DUNG DAO HAM KHAO SAT HAM SO

PO THI HAM SO

A.LY THUYET CHUNG.
1. D6 thi ham sé bac ba.
1.1. Hinh dang co ban:

Truong hop a<0

Phirong trinh y'=0 cd
2 nghiém phan biét

a>0
Phuwong trinh y' =0 co
nghiém kép

Phuwong trinh y' =0 v6

nghiém

1.2. TU d6 thi xdc dinh ham sé.
Xétham 6 y = ax®+bx* +cx+d (a=0).
Tt d6 thi da cho dé€ xac dinh duwgc dau caa cac hé sd trong ham ta thyc hién cac budce sau:
O Buwoc 1. Xac dinh bac.
O Buoc 2. Xac dinh nhanh cudi caa do thi.
O Budc 3. Xac dinh giao diém caa d6 thi véi truc tung.
O Budc 4. Xac dinh sO cuec tri.
O Budc 5. Diém thudc d6 thi ham so.
Trén la cac budc tong quat, gio ta sé xét tirng hé s cu thé nhw sau:
Xdc dinh Nhin vdo Truong hop xay ra
@ bi léen —a>0.
@ bixudng —a<0.

O Dau cta a | Nhanh cudi cua d6 thi

® Cat trén gc O —d >0.
O Dau ctia d | Vi tri d6 thi cat Oy @ Cat dudi géc O —d <0.
® Cat ngay gdc O —>d=0.

Cach 1: , ) ~ o
w . an , @ Co2cuctri »ac<0 kéthgpdauctua a—c.

O Dau ctia ¢ | P06 thi da cho ¢6 ? cuc , . ~ o
tri @ Co 0 cuctri »>ac>0 kéthopdauciua a—c.

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 26



Tong hop 1y thuyét THPTQG

Ndm hoc: 2023-2024

Cach 2:
Stt dung Vi-ét.

+ Ttr &6 thi x4c dinh hai diém cwee tri ciia ham so.
+ Tinh tich hai di€ém cuec tri d6, giasitla P:

® P>0-55>0 kéthop dau cta a —>c.
a

@ P<0—><<0 két hop dau cta a —c.
a

ODAaucta b

+ Ké duong thang ndi 2 diém cuec tri — cat d6 thi tai
1 diém.

A h 1: ’ N , A~
C7a ¢ o + Chiéu diém do xudng Ox:
St dung diém udn 3
Véi x b ® Bén phai goc O ———>0 két hop ddu ctia a —b.
uon 3a ° ba
@ Bén trai goc O - ——<0 két hop dau ctia a —>b.
a
, + Ttr &0 thi xac dinh hai diém cuwee tri ciia ham so.
Cach 2: , ~ . e Cas 2 a1y
) L + Tinh tong hai diém cuec tri d6, gidsttla S:
Str dung Vi-ét (dung o
khi x4c dinh dwoc ® S>0 —)—3—>O két hop dau caa a —>b.
a

tong hai diém cuec tri
am hoac duong)

@ 5<0 %—?<O két hop dau cta a —>b.
a

O Luwu §: D6 thi ham s6 bac ba 6 TAM DOI XUNG 1a diém uén.
Céch tim tam d6i xiing nhu sau:
O  Véi d6 thi ham so: ké duong théng ndi 2 diém cuece tri— cit d6 thi tai 1 diém thi diém nay

la diém udn.

O Véiham s6: ta tim nghiém cua f”(x)=0<> x=Xx, thi day 1a hoanh d¢ cua diém udn.
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2. D6 thi ham sé béac bén.
2.1. Hinh dang co ban:

Truwong hop a>0 a<0

Phiwong trinh y'=0 co
1 nghiém phan biét

Phuwong trinh y'=0 c6 3
nghiém phdn biét

2.2. TU d6 thi xdc dinh ham sé.
Xét ham 6 y =ax* +bx’ +c (a+0).
Tt d6 thi da cho dé€ xac dinh dwgc dau cta cac hé sd trong ham ta thyc hién cac budce sau:
O Buwoc1. Xac dinh bac.
O Buoc 2. Xac dinh nhanh cudi cta do thi.
O Budc 3. Xac dinh giao diém caa d6 thi véi truc tung.
O Buoc 4. Xac dinh sO cuc tri.
O Buwdc 5. Diém thudc do thi ham so.
Trén la cac budce tdng quat, gio ta sé xét tirng hé s6 cu thé nhu sau:
Xdc dinh Nhin vdo Truong hop xay ra
® bilén —a>0.
@ Dbixudng —a<0.
@ Cat trén géc O —c>0.
O D4u cta ¢ | Vi tri d6 thi cat Oy @ Cat dudi gdc O —c<0.
® Cat ngay géc O —¢=0.
D6 thi da cho cd? ® C6 3 diém cuc tri —>ab<0 két hop ddu a —>b.
diém cuec tri @ C4 1 diém cyc tri —ab >0 két hop ddu a —>b.

O D4aucaa a | Nhanh cudi cua do thi

ODAaucta b

OLuuy:
& D6 thi ham s8 bac bén (triing phuong) c6 TRUC DOI XUNG la truc tung (Oy).
% D06 thi ham s6 bac bon (trung phuong) khong ¢ tam déi xtng.
% Db thi ham s& bac bon (tring phwong) 14 ham s6 chan.
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3. D6 thi ham sé hiu ti.
3.1. Hinh dang co ban:

Truong hop y'<0 y'>0

_____________________________________

3.2. TU db thi xdc dinh ham sé.
ax+b

Xétham s6 y = (ad—cbiO).

cx +
Tt d6 thi da cho dé€ xac dinh dwgc dau cta cac hé so trong ham ta thyee hién cac budce sau:
O Buwdc 1. Xac dinh hai dwong tiém can.
O Budc 2. Xac dinh giao diém caa d6 thi véi truc tung.
O Buodc 3. Chiéu bién thién.
Trén la cac budc tong quat, gio ta sé xét tirng hé s cu thé nhw sau:

Nhin vao Truong hop xay ra
® TCD ném bénphai Oy~ —>-%/>0.
@ TCD nam bén trai Oy —>—%<O.
O Tiém can ding c=0
® TCD la Oy —>{ .
d=0
Mot trong cac diéu trén ta sé két ludn d & ¢ cung hodc trai dau.
® TCN nam trén Ox —>%>O.
@ TCN nim dudi Ox —>%<o.
O Tiém can ngang c=0
® TCD la Ox - { .
a=0
Mot trong cac diéu trén ta sé két luan a& c cung hodc trai dau.
® Diém nam trén Ox — % >0.
@ Piém nam dwdi Ox - % <0.
0O Diém giao véi truc Oy d£0
® biémla O - .
b=0
Mot trong cac diéu trén ta sé két luan a& c cung hodc trai dau.

OLuuy:
ax+b
cx+d

% Do thi ham s§ bac bon y =2

% D6 thi ham s hitu i y = 6 TAM BOI XUNG la giao diém hai dudng tiém can.

ludbn c6 1 TCDHD va 1 TCN.

cx+d
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Téng hop lj thuyét THPTQG Néim hoc: 2023-2024
4. Cdc phép bién déi db thi.
Cho ham s6 y = f(x) c6 do thi (C) vdisd a>0 ta co:

Ham sé’ Cdch bién doi
0 y:f(x)+a c6 do thi (C’) Tinh tién (C) theo phuong cua Oy 1én trén a don vi.
Oy=f (x)—a c6 do thi (C’). Tinh tién (C) theo phuong cia Oy xuéng dwdi a don vi.
0 y=f(x+a) c6 do thi (C'). Tinh tién (C) theo phwong cia Ox qua trai a don vi.
O y=f(x—a) 6 do thi (C’) Tinh tién (C) theo phwong cua Ox qua phai 2 don vi.
Oy= —f(x) c6 do thi (C’). Pai xting cuia (C) qua truc Ox.
0 yzf(—x) c6 do thi (C’). Pai xting cuia (C) qua truc Oy.

< Bién d6i do thi ham sg chira tri tuyét doi.
Tir d6 thi (C):y = f(x) suy ra:
@ D6 thi y= f(|x|) (C)

Nhan xét:

O  Gilr nguyén phan db thj bén phai Oy cua d6 thi (C):y = f(x).
Cdch vé: O BoO phan d6 thi bén trai Oy cua (C ) , 18y d6i xttng phan d6 thi duoc
gitt qua Oy.

A
Khdo sdt va vé& (C) 1 /
/ ; o I >
O Bophando thi cua (C) bén tréi Oy, git \/ """
Bién a6 (C) nguyén (C) bén phai Oy. o =
O Lay do6i xting phan d6 thi duoc gitt qua Oy *
@ Pb thi yz‘f(x)‘ (C).
, f(x) khi f(x)=0
° At: T Y= =
NhQn xét: acé: y=|f(x) {f(x) khi f(x)<0
O Gii nguyén phan db thi phia trén Ox cia 86 thi (C):y = f(x).
Cach vé: O Bo phan db thi phia dudi Ox cua (C), 14y d6i xting phan db thi bi bo

qua Ox.
Vidu2. Tirdothi (C):y=f(x)=x"-3x suyradothi y=|x*-3x.

Khdao sat va vé (C) | Tac6 do thi (C):y = f(x)=x"-3x:
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1
]
1
1
4 T
/-1 o x
a2 -
___________________________________________________________________ B

O Bo phan do thi cua (C ) dudi Ox, gitt nguyén
(C) phia trén Ox.

Bién d6i (C):
( ) O Lay doi xiing phan do6 thi bj bo qua Ox.

® Pb thi y=‘u(x)‘.v(x) (C).

Nhan xét: Ta c: y=|u(x)0(x) = {u(x),v(x):— f(x) Khiu(x)<0

O Gilr nguyén phan trén mién u(x)>0 ctia d6 thi (C):y = f(x).
Cdch vé:
a

O Bo phan trén mién u(x) <0ct (C , 1y d6i xting phan bi bé qua Ox.

f(x) khix=1
Nhan xét =|x-1(2x* -x-1)=
Anx Y ‘ 1‘( ) {f(x) khix <1
O Gift nguyén (C) voi x>1. o1 YA
O Bo (C) véi x<1.Ldy d6i xting phan do thij bi
Bién déi (C): bo qua Ox. A
Chu y: Trong qua trinh thyc hién phép suy do thi Lo >
nén ldy déi xtiing cac diém dac biét ctia \ '
(C): giao diém véi Ox, Oy, CB, CT... o)
Vidu4. Tudo thi (C):y:f(x)z— suy ra do thi (C’):yz‘ xl‘ :
pa— x j—
B e
—— khixe (1; +oo)
. __ X _Jx-1
Nhan xét y=r—"m7=
‘x 1‘ - khlxe(—oo,l)
________________ e
O Bo6 phan do thi caa (C) véi x <1, gift A
nguyén (C) véi x>1.
v e O Lay d6i xtiing phan do6 thi bi bo qua Ox. 1
Bi&Nn d6i (C): | Chy §: D6t voi ham phan thic thi nén Iy doi 0 ;
xtng cac duong tiém can dé thyc hién ! x
phép suy do6 thi mot cach twong d6i
chinh xac.

Chit §: voi dang: y =|f(|x])| ta lan luot bien d6i 2 do thi y = £(|x) va v =|f(x)
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R~ Dang 5.1. TU dé thi/bbt d& cho xdc dinh ham sé.
M Budc 01. Xac dinh bac.
M Budc 02. Xac dinh nhanh cudi cua do thi.
M Budc 03. Xac dinh giao diém cua do thi vdi truc tung.
M Budc 04. Xac dinh sO cuec tri.
M Budc 05. Diém thudc do6 thi ham so.
B> Dang 5.2. TU dé thi/bbt d& cho xdc dinh cdc hé sé.
M Xem lai cdc muc “Ttr d6 thi xac dinh ham s6.”
B> Dang 5.3. D6 thi ham sé chua tri tuyét dai.
1. Cach vé DTHS y = f([|)

M Gitr nguyén phan do6 thi bén phai Oy ctia d6 thi (C ) y=f (x)
M B6 phan d06 thi bén trai Oy cua (C ), 1dy d6i xting phén d6 thi duoc gitr qua Oy.
2. Cach vé PTHS y = |f(x)
M Gitr nguyén phan db thi phia trén Ox cta d6 thi (C):y = f(x).
M Bé phan d6 thi phia dwéi Ox cua (C), 18y d6i xtiing phan d6 thi bi bo qua Ox.
3. Cach vé DTHS y = ‘u(x)‘v(x)
M Gitr nguyén phan db thi trén mién u(x)>0 cua d6 thi (C):y = f(x).
M B6 phan do6 thi trén mién u(x) <Ocua (C ) , 1ay d6i xitng phan d6 thi bi bé qua Ox.
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UNG DUNG DAO HAM KHAO SAT HAM SO

SU TUONG GIAO

A.LY THUYET CHUNG.

Phuong phdp téng quat.

R~ Cho hai ham s8 f(x) va g(x) 6 db thi lan luot 1a (C,);(C,). Khi d6 s& giao diém
(diém chung) ctia hai dd thi (C, );(C,) chinh la s6 nghiém f(x)=g(x).

R Véi g(x) =0 thi phuong trinh f (x) = g(x) la phwong trinh hoanh d¢ giao di€ém véi
truc hoanh.

B. CAC DANG BAITAP.

R~ Dang 6.1. Dém s8 giao diém (diém chung) biét ham tudng minh.
M Cho haiham s§ f(x) va g(x) c6 do thi Ian luot 1a (C, );(C, ). Khi d6 s8 giao diém
(di€ém chung) ctia hai d06 thi (Cl) ;(CZ) chinh la s6 nghiém f (x) = g(x).
R~ Dang 6.2. Dém s8 giao diém (diém chung) biét dé thi/bbt.
M Giai phwong trinh f (x) =a v6i a 1a hang s8 ta ké duong thang y=a song song véi Ox

cdt dd thi f(x) tai bao nhiéu diém thi c6 bdy nhiéu diém chung.

M Ap dung cic phép bién dsi do thi & “Chi dé 05. D6 thi ham s6”
R~ Dang 6.3. Tim m dé dths giao véi (¢’) tqi n nghiém.
O Vi d6 thi ham sé bdc ba:
”~ Nham dwoc (*) c6 nghiém nghiém x = x,, khi do:

3 2 2 X=X

01 ax” +bx +cx+d:0<:>(x—x0)(a1x +b1x+cl): 0 ax+byte =0
Dé'tdch ra dweoc nhw thé'ta chia hookne.
B> Tuy theo yéu cau bai toan ma ¢é diéu kién cho ax® +bx+c, =0.

R~ Co lap duoc m vé mot vé& (v€ phai) va bién s ¢ vé€ con lai (v€ trai) c6 dang;:

h(x):k(m)

0 72 | Khi d6 thuc hién cac budc sau:
O Budc 1. Tinh h'(x) — lap BBT ctia ham s6 h(x).

O Buwdc 2. Tt BBT cuia ham s6 h(x) ta thuc hién yéu cau bai toan.

B~ Ham s8 f (x) =ax® +bx’ +cx+d c6 cac diém cuec tri 1a “s6 dep”, khi do:
O (*) c6 mot nghiém < f (x) khong cd cuc tri hodc cd cuc tri thoa f.,.f., >0.

O (*) c6 hai nghiém pb<> f(x) c6 cuctri théa f,.f., =0.
o (*) c6 ba nghiém pb < f(x) o cuc tri théa f.,.f., <0.

B~ Ham s8 f (x) =ax’ +bx’ +cx+d c6 cac di€m cyc tri 1a “s6 khong dep”, khi d¢6 ta

04

dung phurong trinh dwong thang qua hai diéin cuc tri két hop dinh ly Vi-ét d€'tinh f.,.f.,
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O V§i d6 thi ham sé bdc bon (tring phuong):

Phueong phap nham nghiém:
R Gia st x = x, la mot nghiém ctia phuwong trinh.

X ==x
01 | & Knidé taphan tich: f(x,m)=(x-x)g(x) =0 ) )
8\X)=
R~ Dua vao gia thiét xtr 1y phuong trinh bac 2 g(x)=0
Phuong phap dat an phu:
R Dgt t = xz,(t > O) . Phuong trinh: at® +bt+c=0 (2).
't <0=t
® Dé€ (1) ¢6 dtng 1 nghiém thi (2) c6 nghiém #,,t, thoa man: | * 2
02 t,=t,=0
't <0<t
@ Dé (1) ¢6 dang 2 nghiém thi (2) cd nghiém ¢,,¢, thda man: 01 , t2
U<t =1,

® D€ (1) c6 dang 3 nghiém thi (2) c6 nghiém ¢, t, théa man: 0=t <t,
@ D€ (1) ¢6 ding 4 nghiém thi (2) c6 nghiém ¢ ,t, théa man: 0<t, <t,

O Vai do thi ham s6 phdn thiic:

O Cho ham s6 y = Z;fiz (C ) va duong thang d:y = px+q . Phuong trinh hoanh d6 giao diém
. \ ax+b SRAEIP R ~
cua (C) vad: i px+q & P(x,m) =0| (phuong trinh bac 2 an x tham s6 m).
cX +

O Mot s6 cau hoi thuong gép:

01

Tim m d€ d cit (C ) tai 2 diém phan biét < (l) c6 2 nghiém phan biét khac —é.
c

02

Tim m d€ d cat (C) tai 2 diém phan biét cliing thudc nhénh phai cta (C) < (1) 6

A A 1A S A X d
2 nghiém phan biét x,,x, vathéaman : ——<x, <x,.
c

03

Tim m d€ d cat (C) tai 2 diém phan biét ciing thudc nhénh trai ctia (C) < (1) c6 2

A A 1A s d
nghiém phan biét x,x, va théaman x, <x, <——.
c

04

Tim m d€ d cat (C) tai 2 diém phan biét thudc 2 nhanh ctia (C) < (1) c6 2 nghiém

A 1A Sl o d
phan biét x,,x, vathéaman x, <——<x,.
c

05

Tim m d€ d cat (C) tai 2 diém phan biét A va B théa man diéu kién hinh hoc cho
truedc:

® Doan thing AB=k

@ Tam gidc ABC vuong.

® Tam gidc ABC c6 dién tich S
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R~ Dang 6.4. Tim m dé dths phan thuc giao véi (c’) thda diéu kién.
O Vi d6 thi ham sé phdn thiic:

O Chohamsd y= ax+b (C) va dudng thang d:y = px+q. Phuong trinh hoanh d¢ giao

cx+d
diém cta (C) va d: ax+Z =px+q < F(x,m)=0| (phwong trinh bac 2 &n x tham s& m).
cx+

O Mot s6 cau héi thueong gdp:

01

Tim m & d it (C) tai 2 diém phan biét (1) c6 2 nghiém phan biét khac — 2
C

02

Tim m &€ d cat (C ) tai 2 diém phan biét cung thudc nhanh phai ctia (C ) = (l)

7 * A A N \ 2 ~ d
co 2 nghiém phan biét x,,x, va théaman : ——<x, <x,.
¢

03

Tim m d€ d cit (C ) tai 2 diém phan biét cung thudc nhanh trai ctia (C ) & (1)

7 * A A - AN \ 2 ~ d
co 2 nghiém phan biét x,,x, va théaman x, <x, <——.
c

04

Tim m d€ d cit (C) tai 2 diém phan biét thudc 2 nhanh cua (C) & (l) co?2

- N Pal LAY \ 2 ~ d
nghiém phan biét x,,x, va théa man x, <—-=<x,.
¢

05

Tim m d€ d cit (C ) tai 2 diém phan biét A va B thoa méan diéu kién hinh hoc
cho truoc:

® Doan thang AB=k

@ Tam giac ABC vuong.

® Tam giac ABC c6 dién tich S,

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 35



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

LOY THUA - HAM SO LOY THUA

A.LY THUYET CHUNG.
1. LOy thvua:
1.1. Binh nghia.
B Cho s6 thuc b va s8 nguyén duong n(n> 2).
S6 a dwoc goi la can bacn ciasé bnéu a" =b.
Chii f:
nlé | beR | ¢ Coduy nhat mot can bacn cia b, ky hidu b .

b<0 | ¢« Khong ton tai cin bacn ctia b

b=0 | *COmoOtcanbacnchablaO

n chdn
¢ C6 hai bac n ctia a la hai sO d6i nhau,
b>0
¢ Can co gia tri duwong ky hiéu la (’/E , can co gia tri am ky hiéu la —¥/E .
1.2. Coéng thuc.
So'mii o Cosoa Liy thiea a”
a=neN aeR a" =a" =a.a..a (nla thita s& a)
az—n,(neN*) a#z0 a“:g_":in
a
m . m
a:;,<mEZ,nEN) El>0 a{‘:a":da?’(d;:bca:bn)
1.3. Tinh chat.
aa’.aﬁ :aa’#ﬁ aﬁ :aa—d (a(v )Xj :a(v./,f
a
N ’ 1 « a(v a - b «
@ (ab) =a"b" = | == - ==
b b b a
@Néua>1thia" >’ a>p. ® Néu 0<a<lthia">a’ a<p.

Cdc tinh chat trén dung trong trudng hgp sé md nguyén hodc khéng.nguyén
Khi xét 10y thua véi s6 md 0 va sé mU nguyén édm thi cg sé « phai khac 0.

Khi xét 10y thua véi s6 md khédng nguyén thi co sé « phadi duong.
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1.4. Tinh chdt cén bac n.
VéiabeR,neN tacd

@ Yo" =a,va @ Xfab =aXlo,va;b
Ja

.n—: Na,vYb=0

%’

o = (4/; )m ,Va>0,n nguyén dwong, m nguyén.

® {¥/a ="%a,Ya>0,n,m nguyén duong.
® Néu P q thlx/a_’” \/a_q Va>0,m,n nguyén duong, p,q nguyeén.

Dac biét: \/_ = \"/_'"

2. Ham sé 10y thua:
2.1. Khdi niém.
R~ Ham sd y=x" vdi a e R duoc goi la ham s8 liy thira.
2.2. Tap xdc dinh.
R~ Tap xdc dinh cia ham s6 y=x" 1a

Néu «a la s6 nguyén duong D=R
Néu a nguyén am hodc bang 0. D =R\ {0}
Néu « khong nguyén D= (O ;+oo)

% Tong quat: Tap xac dinh cia ham s6 y = ( f (x))” :

Do navrivovone RN RGN
e I
DRI > 1) o=

2.3. bao ham.

!

R~ Ham sd y=x", (ae]R) c6 dao ham Vx>0 va (x”) =a.x

a-1

2.4. Khao sat ham s6 10y thva y=x", (aeR).

y=x" voi a>0 y=x" véi a<0
Tép khio sit (0;+0) (0;+0)
Dgo "=ax"'>0, Vx>0 "=ax" <0, Vx>0
ham Y 4 : y ) :
Sw Gidi
bién ot limx® =0, lim x" =+oo. lim x* =400, lim x“ =0.
han x—0" X—>+00 0" Yoo
thién ~ NP
Tiem R , Nhan Ox la tiém can ngang.
. Khoéng co. A S A
cin Nhéan Oy la tiém can ding.
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£x o'} O —+00 — 00 O

+00

T~ -

T
Bang bién thien

N
+
8
@

7 T
%0 /A \0

Do thi O<ea<l
1 4 / a=0
! <0
O 1 »*
D6 thi cua ham s6 liy thira y =x” ludn di qua diém 1 (1 ; 1).
Luu y:

B>~ Khi khao sat ham s6 liiy thtta véi s6 mii cu thé, ta phai xét ham s& d6 trén toan b tap
xac dinh ctia né.
B~ Chang han: y=x°, y=x7, y=x".
Yk

Yi
y == I’S y — (:C?T
/) iz 3 O il?
B. CAC DANG BAI TAP.
R Dang 1.1. ROt gon va tinh gid tri biéu thuc
M Str dung phdi hop linh hoat cac tinh chat cta lay thira.
M Chon a;b 1a cac s6 thue dwong va x;y 1a cac so thuc tuy y, ta co:
a(y ‘a,ﬂ :a(y+,f3 aj zaa—,ﬁ (aa )’H :au,,ﬁ
a
Y (a3 a — b (0%
(ab) =a".b" a1 =L L
b b* b a

@Néu a>1thia">a’ <a>p. ®NeéuO0<a<lthia®>d’ a<p.

R~ Dang 1.2. S0 s@nh cdc biéu thdc chua IOy thua
M Ta c6 hai cach lam nhw sau:

Pua vé cing co sé”
01 Cho aeR:mneZ.Khido

7. m n .
7
@ Véi a>1 — —ad">d"eom>n
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@Véi 0<a<l ——a">d"<om<n.
Pua vé cing s6 mi

02 V6i 0<a<b va m la s6 nguyén thi

@ a"<b" <om>0 @ a">b" <m<0 .

R Dang 1.3. T@p xdc dinh ham sé 10y thua

M Tap xac dinh ctia ham s6 y = (f(x))a la:

« 1a s6 nguyén duong f(x) xac dinh.
o nguyén am hodc bang 0. f (x) =0
o khdng nguyén f(x)>0

R Dang 1.4. D@o ham sé |0y thua

MHams6 y=x", (¢ eR) c6 dao ham Vx>0 va (x")

!
a-1 _r

R Dang 1.5. D6 thj ham sé 10y thia

M Ta lwu y cac yéu t6 trong su bién thién ctia ham s6 lay thira y = x* véi

a>0 a<0

Pao ham y'=ax"">0 Y =ax"' <0, Vx>0.

« s . (e} — b (0% — + . . (0% :+ b (0% — .
Gidi han Eglx 0, }erlwx 0 ngc 0, }Eﬂx 0
Ticm ch Kha , Nhan Ox la tiém can ngang.

tem can ong co. Nhén Oy la tiém cén diang.

! a>1 a=1
D6 thi
Db thi cia ham s6 Ity thita y = x" ludn di qua diém 1(1;1).

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 39



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

LOGARIT

A.LY THUYET CHUNG.
1. Binh nghia.
Cho hai s6 dwong a, b v6i a=1.

B~ S8 a thoa man dang thic a* =b duoc goi la 1dgarit co s a ctia b va ki hiéu la log, b.
B  Taviét: a=log b<a" =b.
2. Tinh chat.

log a=1, log 1=0
< < T

a*" =b, log ( ):a

3. Cong thuc.
R~ Cho 3 s6 duong 4, b,c v6i a#1;c#1 va VaeR, ta cd cac cong thirc sau:

log. (b.c) =log b+log c

1 Tich t6ng - Thuang hiéu log . b_ log b-log, c
C

"

Dicbiét: véi g, >0, a#1 log, % ——log, b

log b" =alog b

»‘ Dac biéet: log, b = lloga b

1
log b= log. b
3 DBi co s6 log, a

» DPac biét: log, c= # ;log . b= —logﬁ b

Q Logarit thap phan va Logarit ti nhién log. a

R~ Logarit thap phan la logarit co s6 10. Viét : log, b=logb=1gb

B~ Logarit tw nhién la logarit co sd e . Viét : log b=Inb
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B. CAC DANG BAI TAP.
R~ Dang 2.1. Tinh gid tri biéu thuc
M Ap dung cac tinh chat — cong thitc dé€ bién doi:
log a=1, log 1=0
A%’ =p, log, (a“) =

01 Tinh chit log, (b.c) =log, b-+log, ¢ (Tich - tng)

log, b_ log b—log, ¢ (Thwong — hiéu)
c

bacbiét:voia, b>0,a=1 logugz—logab

log b" =alog b log . b= ilog,Z b
[e%

02 Cong thiic bay 1
Dac biét: log, 3/_ =—log b
n

@ lo b:M @ log b=log c.log b
ga 1 gu ga gc

% A Og(_‘ a
03 Péi co sé
Dacbiét: log c=

log a
R Dang 2.2. Bi€u dién logarit
O Ta thiec hién theo cdc bwéc sau
M Budc 01. Bién doi cac biéu thirc logarit phu thudc vao tham sd a va b.
M Budc 02. Dat cac biéu thirc logarit cia cac sd nguyén td la cac an x,y,z.... Tie d6 ta
thu dugc phuong trinh hodc hé phuwong trinh véi cac an x,y,z.... Ta tim
cac an nay theo a,b
M Budc 03. Giai hé tim duoc tim x,y,z... theo a,b. Tkt d6 tinh duoc biéu thic theo cac

10gcbvé 1 =log, a

tham sO a,bCac cong thirc nén tang la log, b=
log_ a log, b

R~ Dang 2.3. Ménh dé dung - sai

M Ta luwu y cac cong thirc sau
log a=1, log 1=0
alogab :b, logu(aa):a

01 Tinh chit log, (b.c) =log, b-+log, ¢ (Tich - tng)

log b_ log b—log c (Thuong —hiéu)
c

bacbiét:voia, b>0,a=1 logu%=—logab

log b" =alog b log . b= ilog,Z b
[e%

02 Cong thitc bay 1
Dac biét: log, 4y = —log b
n

log, b
03 Déi co s6 log, b= loi log b=log, c.log b
og.a
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1
log.a

Dacbiét: log, c=
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HAM SO MU - HAM SO LOGARIT

A. LY THUYET CHUNG.
1. Ham sé md.

Ham s6 mi y=a*, (a>0,a¢l)

Tap xdc dinh D=R.

Tap giad tri T= (O ;+oo), nghia 1a khi giai phuwong trinh ma dat ¢ = a’ ™) thi ¢>0.
a>1 Ham s6 y =a* ddng bién, khi do: a' > gt o f(x)>g(x).

Don diéu

O<a<l |Hamsd y=a" nghich bién, khi dé: ' > 2™ & f(x)<g(x).

! 1A
(a") =a".lna=> (a”) =u'.a".Ina

!’ ’

Dao ham (e") =e' = (e”) =e"
-
n.n un—l

Nhan truc hoanh lam dwong tiém can ngang

Yl (7
o =
1
1
_/ . \b

O Nhan xét:
Do thi ham s8 y =a* (a>1) d6i xting v6i d6 thi ham s6 y =a*(0<a<1) qua Oy.

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 43



Téng hop lj thuyét THPTQG Néim hoc: 2023-2024
2. Ham sé logarit.

Ham s6 logarit y =log, x, (a >0,a#1;x> O)

Tap xdc dinh D=(0;+0).
Tap gid tri T =R, nghiala khi giai PT ma dat t =log, x thi t khong c6 diéu kién.
Ham sd y =log, x dong bién trén D, khi do:
o dicn a>1 log, f(x)>1log, g(x) < f(x)>g(x)-
‘ Ham sd y =log, x nghich bién trén D, khi d¢:
O<a<l loguf(x)>Iogug(x)<:>f(x)<g(x).

’ ’ u’
Dao him (1Og” x‘) B x.Ina :(IOg” u‘) B u.lna N (lnn

. y u‘)’ :n-z-ln'“l
1 ,_u u
(lnx)—x, (x>0):>(ln‘u) ”

Y

Nhan truc tung lam duong tiém can ding

Y
y = log,x y = log,x
D6 thi
O Nhan xét:

D6 thi ham s8 y =log, x(a>1) d6i xtmg v6i do thj ham s6 y =log, x(0<a<1) qua Ox.
B. CAC DANG BAI TAP.
R~ Dang 3.1. T@p xdc dinh cua ham sé logarit

a>0
O Diéu kién xac dinh cia ham s6 y =log_ f(x): e
f(x) >0
O Ddc biét: véiham s6 y = log,, [f(x)]n talueuy “mii n” cta f(x):
g(x) >0
O Néu n:2——>DKXD ctiaham s6 y = log, [f(x)]n g(x) #1
f(x) =0
g(x) >0
O Néu n/2——>DKXD ciaham s8 y = log, ., [f(x)]n g(x)=1.
f(x) >0

=Tém lai néu f(x) hodc g(x) c6 “mii n” ta cht y xem “n” chdn hay 1é.
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R Dang 3.2. D@o ham ham sé mi - logarit

, (logu x‘) =7 = (logu u‘) = ;{ , o
O Dao ham ham s0 logarit: x.ma N - (ln” u‘) =n-—-In"" u‘
1 ,u U
(lnx) =—, (x > O) = (ln‘u‘) =—
X u
(a" )’ =a".Ina= (a“ )' =u'a".Ina
O Pao ham ham s6 mua: (e" )' =" = (e“ )' =e"
! u!
) -
( ) n.n un%[
R~ Dang 3.3. Kh@o sat ham sé mi - logarit
O Ta can luu y cac van dé sau:
Ham s6’Mii y=a* (17& a> O) Ham s0'Logarit y =log, x(l¢ a> O)
.. | * a>1—>HS dong bién. ¢ a>1—HS dong bién.
D , . >
01 ondigu |, 0 <a <1—HS nghich bién. ¢ 0<a<1—->HS nghich bién.
02 Tiém cdn | Nhan Ox lam TCN. Nhéan Oy lam TCD.
Nam bén trén Ox. Nam bén phai Oy .
Ludn di qua diém (0 ;1). Ludn di qua diém (1 ;0).
03 D6 thi
DTHS y=a" (1¢ a> O) déi xting y=log, x(l;t a> O) qua y =x (duong
phén xac goc phan tu thi nhat).

O Vi bai todn xét thit tu co sd ta nhd nhw sau:

Ham s’ Mii y=a" (17& a> O) Ham s0'Logarit y =log, x(1¢ a> O)
Cosd >1 Cang gan Oy co s6 cang 16n. Cang gan Ox co sO cang 16n.
0 s0 R ~ . - X .
O<a<] | Cang gan Oy co s8 cang bé. Cang gan Ox co s6 cang bé.
U
Yy = logsx
Hinh minh hoa e
0
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BAI TOAN LAI SUAT

A.LY THUYET CHUNG.
1. LGi don.
R~ S tién 1ai chi tinh trén s6 tién gdc ma khong tinh trén s6 tién 1ai do s6 tién gdc sinh ra.
R Cong thtrc tinh 1ai don:
& Trong do:

V :S6 tién ca von 1an 1ai sau n ky han;
V.=V, (1+ 7’-7’1) V,: S0 tién gui ban dau;

n: SO ky han tinh 1ai;

r: Lai suat dinh ky, tinh theo %.

2. LGi kép.
R~ S6 tién 1ai khong chi tinh trén s tién gdc ma con tinh trén sd tién 1ai do tién gdc do sinh
ra thay d6i theo tirng dinh ky.
R Ta 6 cac loai 1ai kép sau:
2.1. L&i kép, gUi mét lan:

& Trong do:
T : S6 tién ca von 1an 13i sau n ky han;
n
=T, (l+ 1’) T,: SO tién gui ban dau;
n: SO ky han tinh 1ai;
r: Lai suat dinh ky, tinh theo %.

T

n

2.2. LGi kép lién tuyc:
& Trong do:
T : S6 tién ca von 1an 13i sau n ky han;
T,=T,e" T,: S8 tién gri ban dau;
n: SO ky han tinh 13i;
r: Lai suat dinh ky, tinh theo %.

2.3. LGi kép, gui dinh ky.
2.3.1. Truong hop gui tién dinh ki cudi thing.

— Bai todn 1>

Ctt cudi mdi thang gl vao ngan hang m triéu, 1ai suat kép r% (thdng hodc nam).
Hoi sau n (thang hodc ndm) s6 tién thu duoc la bao nhiéu?

Nguoi ta chiing minh duoc sd tién thu duocla: T, = E[( 1+ r)” - 1} .
r

R Chitng minh

Thdng Diu thing Cudi thang
1 Chua gtri m
2 m m(1+7)+m
3 m(1+r)+m m(1+r)2+m(1+r)+m
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n ‘ m(1+r)n_1+...+m(1+r)+m

+ Vay sau thang n ta dugc sd tién T, = m(1+ r)”fl +otm(Lr)+m = m[(l+ r)”_l +o+ (14 r)+1},
+ Ta thay trong ngodc la tong n s6 hang ctia cdp s6 nhan c6 u, =1, u, = (1+ r)n_l , q=1+r

g -1 nén T :ﬂ[(lﬂ’)n —1:|
qg-1 r
~\Bai todn 2 i
Ctt cudi mdi thang gtri vao ngan hang m triéu, 1ai sudt kép r% (thang hodc ndm). Sau n (thang
hodc ndm) s6 tién thu duoc la A triéu. Hoi so tién gui moi thang m 1a bao nhiéu?
Ar
(1+7) -1

* Biétrang: S =u +..+u, =u,.

Nguoi ta chitng minh dwoc s0 tién can giri moi thang la: m =

R Chitng minh

+ Ap dung bai todn 1 ta c s8 tien thu duoe fa T, = | (1+r) -],
r

Ar

o Ma d@ cho s6 tién d6 chinh 1a A nén A = ﬂ[(lw)” —1} o m= R,
1+r) -1

r
| Bai todn 3
Ctt cudi moi thang gli vao ngan hang m triéu, 1ai sudt kép r% (thang hodc ndm). Sau n (thdng
hodc nam) s6 tién thu duoc la A triéu. Hoi s6 thang hodc nam 7 la bao nhiéu?

Nguoi ta chitng minh duoc sd thang thu duoc dé bai cho la: n=1log, , (ﬂ + l] .
m

R Chitng minh

+ Ap dung bai todn 1ta c6 sd tién thu dwocla T, = ﬂ[(1+ r)n —1]
r
* Dé cho sd tién d6 chinh la A nén:
A= ﬂ[(l+r)” —1} Sm= A—rn o 1+r) = A len-= log,.,, [ﬂ+lj
r (1+r) -1 m m

= Nhu vay trong truong hop 2.3.1 nay ta can nam viing cong thic bai todn 1 tlr d6 c6 thé dé
dang bién ddi ra cac cong thire 6 bai todn 2, bai todn 3.

2.3.2. Truong hop gui tién dinh ki ddu thdng.

\Bai todn 4ln

Ctt dau moi thang gtri vao ngan hang m triéu, 1ai suat kép r% (thang hodc nam).
Hoi sau n (thang hodc ndm) s6 tién thu duoc la bao nhiéu?

Nguoi ta chitng minh dwoc so tién thu dugcla: T, = ﬁ[(1 +r)” — 1}(1 +7).
r

- y

R~ Chitng minh

¢ Ta xay dung bang sau:

Thdng Ddu thiang Cudi thang
1 m m(1+ r)
2 m(1+7)+m m(L+r) +m(l+r)

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 47



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

3 m(1+r)2+m(1+r)+m m(1+r)3+m(1+r)2+m(1+r)

n m(1+r)n +...+m(1+r)
+ Vay sau thang n ta duoc s tién:
(1+7) -1

T, =m(l+r) +..+m(l+r)= m[(1+ r) (14 r)} =m(1+7) »

Bai toan 5
Ctt dau moi thang gli vao ngan hang m triéu, 1ai sudt kép r% (thang hodc nam). Sau n (thang
hodc nam) s6 tién thu duoc la A triéu. Hoi s0 tién g mdi thang m la bao nhiéu?
Ar

(1+r)[(1+r)n —1} .

Nguoi ta chitng minh dwoc s6 tién can gii moi thang la: m =

R Chitng minh

+ Ap dung bai todn 4. Ta c6 s8 tién thu dugc la: T, = E[(1+ r)n —1}(1+ r),
r

* Madé chosotiéenddla Anén A= E[(1+ r)n —1} (l+ r) Sm= Ar

r (1+ r)[(1+ ) —1} '
. . ya m
|\ Bai todn 6/
Ctr dau mdi thang gtri vao ngan hang m triéu, 1ai suat kép r% (thang hodc ndm). Sau n (thang

hodc nam) s6 tién thu duoc la A triéu. Héi s6 thang hodc nam # la bao nhiéu?

Nguoi ta chitng minh duoc s thang thu duoc dé bai cho la: n=1og,, {(I:U’) + 1} :
m(l+r

.

R Chitng minh

+ Ap dung bai todn 4. Ta cé: s8 tién thu duocla: T, = E[(1+ r)n —1:|(1+ r) .
r

¢ Dé chosdtién dola Anén: A= E[(1+ r)n —1}(1+r)
r

Ar A isnslog, | AT 1.
(1+r)[(1+r)"_1}®(1+r) T lg“{m(m) 1}

= Nhuw vay trong truong hop 2.3.2 ta can nam vitng cong thitc bai todn 4 tir d6 c6 thé dé dang
bién doi ra cac cong thitc 6 bai todn 5, bai todn 6.

<> m=
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2.3.3. Truong hop vay no va trd tién dinh ki didu thding.

|\ Bai todn 7/
Vay ngan hang A triéu dong. Ctt dau moi thdng (ndm) trd ngan hang m triéu, 1ai suat kép r%
(thang hodc nam). Hoi sau n (thang hodc ndm) s6 tién con no 1a bao nhiéu?

e . N oA 3 3 n (1+?’)n -1
Nguoi ta chitng minh dwoc s tien connola: T, = A(1+ r) - m(l + r)f
L R Chitng minh
¢ Ta xay dung bang sau:
Thdng Piu thing Cudi thiang
1 A-m (A-m)(1+7)= A(1+r)—m(1+7)
2 A(L+r)-m(1+7r)-m A(+r) —m(L+r) —m(1+r)

3 | A@+r) —m(1er) —m(Ler)—m | A7) —m(Ler) —m(Lr) —m(1+r)

n A(+r) =m(L4r) —omm(Ltr) —m(L+r)
+ Vay sau thang n ta con no so tién:

T = A(1+ r)n —m(l+ r)n —...—m(1+ r)2 —m(l+ r)

n n n (1+ r)n -1
= A(Ler) = (Ler) e (L) | = A(Ler) —m(Ler
3. B&i todn tang trudng dan sé.
R Cong thtic tinh:
— | = Trong do:
X, =X, (1+ 7’) r: ti1é tang dan s6 tir nam n dén nam m.

. X :dan s6 nam m.
(m,neZ ;mZn) .
X :dan s6 ndm n.

R~ Twr d6 ra cd cong thirc tinh ti 1€ ting dan sd 1a |1 = m-p ™ —1/.
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PHUONG TRINH MU

A.LY THUYET CHUNG.
R~ Phuong trinh mii co ban: a* =b (a>0, a=1).
9 Phuong trinh ¢ mot nghiém duy nhat khi b >0.
< Phuong trinh v6 nghiém khi b<0.
B. CAC DANG BAI TAP.
R~ Dang 5.1. Phudng trinh mi co ban
= Giai phwong trinh m co ban: a* =b (a>0, a=1).
@ Khido6 a* =b<x=log, b
Luu y:
9 Phuong trinh ¢6 mot nghiém duy nhét khi b>0.
< Phuong trinh vo nghiém khi 5 <0.
R Dang 5.2. Dua vé cung co sé
Véi a>0, a=l: o™ =g < f(x)=g(x)-
R~ Dang 5.3. Logarit héa
O<a=#l b>0

O Ph trinh o™ = .
uong trinh a = f(x):logab

O Phuong trinh @’ =) < log o’ =log b*¥ & f(x)=g(x).log,b

hosc log, '™ =log, b*") f(x).log, a=g(x).

R Dang 5.4. D4t dn phu dé thdy
f=g2 s
f(t)=0

9 ——t=3"

O Bién déi quy vé dang: f[ag(xq =0(0<azl) < {

O Thong thwong s€ gdp cac co s6: ( 4 ——+=2";t>0.
25— 5t=5"

R Dang 5.5. D&t @n phu véi phuong trinh dang cép

O Phuong trinh dang cap c6 dang: |m.X* +n.XY +p.Y* =0|.

O Khi d6 véi phuong trinh mii ding cap c6 dang: |m.a”’ &) 4 n.(a.b)f(x) +pb” “~0

O Phuong phap lam nhu sau:

720 (a.b)f(x) 2/ )

A TP =0

01 Chia 2 v& cho b*1) | dst (%j —+>0.
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2
{[ajf(ﬂ} (ajf(X)
S m.| — +n.| — +p=0
b b

o mt?+nt+p=0.

& (ap)®

m. T +1. T +p. 70 =0
f(x)
. , b 2
02 Chia 2 vé cho azf(x), dat (—j =t>0. b f(x) b f(x)
a <:>m+n.(—j +p. [—J =0
a a

o m+nt+pt’ =0.

R Dang 5.6. D&t @n phy véi tich hai co sé bdng 1
O Phuong trinh dang cap c6 dang: |m.X* +n.XY +p.Y* =0|.

O Phuong trinh mii ta xét c6 dang: [m.a’® +nb"™ +p=0 (*) trong d6 ab=1.

O Phuong phap lam nhu sau:

Vi a.b =1:>b=1_) Dét t=ﬂf(x),t>O:>bf(x) _
a

-+ | =

Khi do (*)<:> m.t+n.%+p=0<:> mt’ +n+pt=0.

R~ Dang 5.7. Phuong phdp ham sé

O Pinhli. Néuham sé y= f(x) la ham s0 lién tuc va dong bién trén (a;b), y= g(x) 1a ham s
lién tuc va nghich bién trén (a; b) thi phuong trinh f (x) = g(x) o t6i da mot nghiém
trén (a;b).

O Phuong phéap lam nhu sau:

= Bién d6i phwong trinh da cho vé dang f(x)=k, véi k la hang s

¢ Chttng minh f (x) la ham dong bién( nghich bién) trén tap xac dinh.

01

¢ Tim x,sao cho f(x0)=k

¢ Kétluan x;1a nghiém duy nhét cia phuong trinh f (x) =k.

= Bién d6i phuong trinh da cho vé dang f (x) = g(x), véi D, D, lan luot 1a tap xac dinh
ctia hai ham s8 f(x),g(x)

02| Chting minh f (x) la ham dong bién va g(x) nghich bién trén tap D, N D, (hay nguwoc lgi)
¢ Tim x,sao cho f(xo) =g(x0)

+ Két luén x,1a nghiém duy nhét ctia phuong trinh f(x)=g(x).

= Bién d0i phuong trinh da cho vé dang f (u) =f (v), véi ham s f (t) la ham dong
(03 | bién(hay nghich bién).
¢ Phuong trinh f(u)= f(v)<u=0.

& Luu y:
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Néu f(x) va g(x) la ham dong bién(nghich bién) trén (a;b) thi f(x)+g(x) cting la

ham dong bién (nghich bién) trén (a;b).
Ham s8 y = a* dong bién khi a >1va nghich bién khi 0<a<1.
R Dang 5.8. Phuong trinh cha tham sé

O Dé€ giai bai toan tim tham s6 m trong phwong trinh mii ta ¢6 hai cach phd bién:

01

= C0 lap duoc tham sd m.

¢ Ta dung do thi ham s dé€ bién luan sd nghiém (bai toan twong giao).

= Khong c6 lap duoc tham s m va ¢6 lién quan dén Vi-ét.
(02 | ¢ bédt an phu dwa vé phuong trinh bac hai/bac ba.
+ Két hop dinh ly Vi-ét d€ giai quyét yéu cau bai toan
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PHUONG TRINH LOGARIT

A.LY THUYET CHUNG.
R~ Phuong trinh logarit co ban: log, f(x)=b (a>0, a=1).

R Luu U: khi giai phuong trinh logarit can phai c6 diéu kién d€ logarit ton tai.

B. CAC DANG BAI TAP.

R~ Dang 6.1. Phudng trinh logarit co bdn
« Giai phuwong trinh logarit co ban: log x=b
@ Khidd log x=b<>x=4a" (a>0, a;tl)

R Dang 6.2. Dua vé cung co sé

O Cho 1#a>0. V6i diéu kién cac biéu thic f(x) va g(x) xéc dinh, ta thwong dua cac phuong
trinh logarit vé cac dang co ban sau:

f (x) >0

flx)=a"

# Loai 2: log, f(x) =log, g(x) = {f

# Loai 1: log, f(x)=b<:>{

R~ Dang 6.3. MU héa
O Véi diéu kién cac biéu thiee f (x) va g(x) xac dinh, ta thwong dwa cac phuong trinh logarit vé

cac dang co ban sau:

R Dang 6.4. D&t @n phy dé thay
O Giai phuong trinh f(loga g(x)) =0, (0<a=1).
M Budc 01. Dit t=log, g(x) (*)
M Budc 02. Tim didu kién caa ¢ (néu cb)
M Budc 03. Dua vé giai phuong trinh f (t) =0 da biét cach giai.
M Budc 04. Thay vao (*) dé tim x.

R~ Dang 6.5. Phuong phdp ham sé

O Pinh li. Néuham s§ y = f(x)la ham s& lién tuc va dong bién trén (a;b), y =g(x)la ham s§
lién tuc va nghich bién trén (a; b)thi phuong trinh f (x) = g(x) 6 t6i da mot nghiém
trén (a;b).

O Phuong phap lam nhu sau:
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01

= Bién d6i phwong trinh da cho vé dang f(x)=k, voi k la hang s
¢ Chung minh f (x) la ham dong bién( nghich bién) trén tap xac dinh.
¢ Tim x,sa0 cho f(x,)=k

+ Két luan x,la nghiém duy nht cua phuong trinh f(x)=k-.

02

= Bién d6i phuong trinh da cho vé dang f (x) = g(x), véi D,, D, lan lwot 1a tap xac dinh
ctia hai ham s§ f(x),g(x)

¢ Chiing minh f (x) la ham dong bién va g(x) nghich bién trén tap D, N D, (hay nguwoc lgi)
¢ Tim x,sao cho f(xo) :g(xo)

¢ Két luan x,1a nghiém duy nhét caa phuong trinh f (x) = g(x).

03

= Bién d0i phuong trinh da cho vé dang f (u) =f (v), véi ham s6 f (t) la ham dong
bién(hay nghich bién).
¢ Phuong trinh f(u) = f(v) SuU=0.

& Luu y:

Néu f(x) va g(x) la ham dong bién(nghich bién) trén (u; b) thi f(x) + g(x) cting la
ham d6ng bién (nghich bién) trén (a; b) .
Ham s6 y = a" ddng bién khi a >1va nghich bién khi 0<a<1.

R~ Dang 6.6. Phuong trinh cha tham sé

O D¢ giai bai toan tim tham s6 m trong phwong trinh logarit ta c6 hai cach pho bién:

01

= C6 lap duoc tham s& m.

+ Ta dung d6 thi ham s6 d€ bién luan sd nghiém (bai toan twong giao).

= Khong cd 1ap dwgc tham sd m va co lién quan dén Vi-ét.

(02 | ¢ bat an phu dwa vé phuong trinh bac hai/bac ba.

+ Két hop dinh ly Vi-ét d€ giai quyét yéu cau bai toan
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BAT PHUONG TRINH MU

A. LY THUYET CHUNG.

. 01 b<0 Tap nghiém cua bat phuwong trinh la R.
ang 01.
1 ¥ 1 .
a*>b(a>0;a#1). b0 - 7 >bex>log,b
O<a<l1 a >b<x<log b.
b<0 Tap nghiém cua bat phuwong trinh la &.
Dang 02.
N s a>1 a <bsx<log b.
a*<b(a>0;a#1), b0 i
O<a<l a<bsx>log b.

B. CAC DANG BAI TAP.
R Dang 7.1. Bat phuong trinh mi co ban

@ Xem lai muc “Ly thuyét chung”
% Bat phuong trinh mii co ban: a* >b (a >0;a+# 1). Chu y dén co sé.

R Dang 7.2. Dua vé cung co sé
# Ta cd hai cht y nhuw sau:

@D Vi a>1, o’ < gt () x)
@ Véi 0<a<1, o' < <:>f( )z g(x)

R Dang 7.3. D@t @n phy
O Phuong phap dat dn phu ta thuong sit dung mot s6 phuwong phap sau:
O day ta xét bat phuong trinh dang f (x) >0, cac truong hop khac tién hanh tuong tu.

Bt phuong trinh dang A a™ + An_la(”fl)x +..+Aad +A,20.
Dat t=a" (t>0), ta thu dwoc bat phuong trinh dang A t"+A " +..+ At+A; 20.
Bat phuong trinh dang Aa** + B(ab)" +Cb™ > 0.

Chia ca hai v& cho b* roi dat t = (%j ,t>0, taduwoc At?+Bt+C>0.

Bat phuong trinh dang Az’ + Bb*™ +C >0, trong d6 a’b* =k
Dat '™ =t > 0) = b**) = k., ta thu duoc bat phuwong trinh moéi At +BTk +C=>0.

R~ Dgng 7.4. Logarit héa

O<a=#l b>0

f(x) >log b

O Phuong trinh @’ > b < log a’® > log b & f(x)>g(x).log,b

O Phuong trinh /" > b < {

hodc log, a (RIS log, b & f(x).log, a> g(x).
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R Dang 7.5. Chéa tham sé
O St dung PP giai BPT logarit két hop cong thitc, tinh chat ctia m, ldy thtra, logarit.
O Khai thac diéu kién bai toan.
O Xt ly bai toan va chon gia tri m thoa DK bai toan (cach “mo”
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BA’T PHUONG TRINH LOGARIT

A. LY THUYET CHUNG.

Dang 01. a>1 log x>b< x>a’
logax>b(a>0;a¢1). O<a<l log x>b<x<a.
Dang 02. a>1 log x<box<a’
logax<b(a>0;a¢1). O<a<1l log x<bex>a'.

B. CAC DANG BAI TAP.

R Dang 8.1. Bat phuong trinh logarit co bén

O Ta c6 hai chu y sau:

u>a khia>1

O<u<a’ khiO<a<l

O<u<a® khia>0

u>a®  khiO<a<l

R Dang 8.2. Dua vé cung co sé

M log u<b< Ileoguu>b<:{

O<u<v khia>1

< Dung bién d6i logarit d€ duwa vé cung co s6 log, u <log, v < , :
u>v>0 khi0O<a<l

R Dang 8.3. D@t @n phy
O Tim mot log, f (x) chung, ddtlam an phu t d€ dwa bat phuong trinh vé bat phuwong trinh an
t giadi bat phuwong trinh tim ¢ sau d6 tim x.

% Chit ij: Néu dat t =log, x = log, x =—t,log , x = %t,logi x=(log, x)2 =t*,log._a =% :

R~ Dang 8.4. MU héa
O Véi diéu kién cac biéu thie f (x) va g(x) xac dinh, ta thuong dua cac bat phwong trinh

logarit vé cac dang co ban sau:

khi a>1

log, f(x)>g(x) = f(x)>0
) cgt HO<O<L
x)<a

R Dang 8.5. Chira tham sé
O St dung PP giai BPT logarit két hop cong thtc, tinh chat cia md, lay thtra, logarit.
O Khai théc diéu kién bai toan.
O Xtr ly bai toan va chon gia tri m thoa DK bai todn (cach “mo”).
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NGUYEN HAM - TiCH PHAN & UNG DUNG

NGUYEN HAM

A.LY THUYET CHUNG.
1. Dinh nghia:

B~ Choham sG f(x) xac dinh trén K (K la khoang, doan hay ntta khoang).
Ham s6 F(x) la nguyén ham ctia ham sG f(x) trén K néu F'(x)=f(x) VxeK.
Ky hiéu: Jf(x)dx =F(x)+C.

2. Dinh ly:

B Néu F(x) la mot nguyén ham ctia f(x) trén K thi:

e V6i mdi hing s6 C, ham G(x)=F(x)+C ciing 1a mdt nguyén ham cua f(x) trén K.

® Moi nguyén ham cta f(x) trén K déu c6 dang F(x)+C, véi C la mot hang sd.

— Do d6 F(x)+C,CeR laho tat ca cic nguyén ham caa f(x) trén K.

3. Tinh chat:

o ([ f(x)dx) = f(x) va [ £/(x)dx=f(x)+C.

o [k-f(x)dx=k- [ f(x)dx v6i k=0.

o) J‘[f(x)ig(xﬂdx = If(x)dxijg(x)dx

4. Dinh i

R~ Moi ham s& f(x) lién tuc trén K déu c6 nguyén ham trén K.
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5. Bang nguyén ham cd ban:

(1).I0dx=C (2).jdx=x+c
1 (ax+b)(1+1
A3). j’x dx—mx 4 Cla=-1) (14).j (ax+b adx:%T+C,(a¢—l)
1, 1 (15). L
(4).jx2dx— x+C I ax+b a (ax+b)2
). [Ldx=In|x+C 16 [ = injar+bf+C
X ax+ a
(6). Iexdx =e"+C (17). je”“bdx = Ee“’”b +C
a
i ~ ax fes _lakarb
(7).ja dx_lm+c (18).ja dx—k — +C

(8).Icosxdx =sinx+C

1.
(19). J.cos(ax +b)dx = ;sm(ax+b)+C

(9).Isinxdx:—cosx+C

(20).jsin ax+b)dx = —lcos(ax+b)+C

a
1
(10). Icos xdx=tanx+C (21). _[COS (ﬂx+b)dx—;tan(ax+b)+c
1
(11). Ism xdx=—cotx+C (22). jmdx_—zcot(ax+b)+(f

(12). I(1+ tan? x)dx =tanx+C

1
2 g
(23). I(l+ tan (ax + b))dx = tan(ax+ b)+ C

(13). I(1+ cot? x)dx =—cotx+C

6. Béng nguyén hadm ma réng:

1
2 [ —
(24). I(l+ cot (ax + b))dx = Cot(ax + b) +C

(8). J arcsin(

QR

)dx xarcsm +a? —x? +C

(1)_[ =larctan +C
a?+x*> a a
1 a+x

2 =—1In +C
@) Ia Z_x* 2a la-x

X
dx = xarccos = —/a® — x? +C
a

). J arccos [

mlx

(3).]\/ﬁ=ln(x+\/x2+a2)+C (10). Iarctan(fjdx xarctanf—zln(a +x )+C
a
(4). J.\/i—arcsmx +C (11).Iarccot(£jdx xarccot +— ln(a +x )+C
a
x 3 ax+b
(5). ij——arccos +C (12). Jm— al +C
’ 2 ax .
(6). I \/7———1 % +C (13)._[6” Cos(bx)dxz ¢ (acossz;b51nbx)+c
xNx“+a o
(7)'I /az 2 dx= x\a? —x2 +a—2arcsin£+c (14).-[6[“ Sin(b.X')dx: e (asinbx—bcosbx) C
2 2 a a® +b?

& Bién soan: Gv Lé Minh Tam - 093.337.6281

Trang 59



Téng hop lj thuyét THPTQG Néim hoc: 2023-2024

B. CAC DANG BAI TAP.
R~ Dang 1.1. Nguyén ham co ban
M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.
Dinh nghia:
Cho ham s6 f(x) xac dinh trén K (K la khoang, doan hay nira khoang).
Ham s6 F(x) la nguyén ham ctia ham s6 f(x) trén K néu F'(x)=f(x) VxeK.
Ky hiéu: J.f(x)dx =F(x)+C.
Tinh chat:
© (If(x)dx) = f(x) va If’(x)dx:f(x)+C.
o [k-f(x)dx=k-[ f(x)dx vi k=0.
° I[f(x)ig(x)}dx = jf(x)dxijg(x)dx
R~ Dang 1.2. Nguyén ham déi bién

1.2.1. Ddi bién loai 1 (Lugng gidc héa)
O Dau hiéu d€ ta dung phuwong phap “Do6i bién loai 01”:

Déu hiéu Cich dit
2 _y? ) ,. T 0
a—x x=asint , vol ——<t<—
2 2
—x? ) ,. T 0
20— x x—a=asint ,vol ——<t<—
2 2
2 2
L. T T
@+ x=atant , VOl ——<I<—
2 2
2 _g° a ,. T
ro—a x=——vOi ——<t<— va t=0
sint 2
— /e T
H—xhoéc azx x=acos2t ,voi 0<t<—
a-—x a+x 2
- - . &) ﬂ-
(x u)(b x) x—u:(b—a)smzt,vm OStSE

Khi d6 ta c6 cac brdc giai nhu sau:
N Buéc 1: bat x= go(t) voi ga(t) c6 dao ham lién tuc trén K, dwgc chon hop ly.
NBuéc2: LAy vi phan ctia x theo bién s§ ¢, cy thé1a dx = go’(t)dt .
N Buéc 3: Thay ca x= go(t) lan dx = g@'(t)dt vao jf(x)dx duoc bai toan maéi theo ¢ .
NBuéc4: Giai nguyén ham moi If(go(t))cp'(t)dt duoc két qua F(t) theo t, sau do thay

biéu thirc x = go(t) vao F(t) dé tim duoc nguyén ham theo bién x.
1.2.2. Déi bién loai 2
O Dau hiéu d€ ta dung phuong phép “Dai bién loai 02”: I f (t(x))-t'(x)dx

Déu hiéu | Cich dit

dx Biéu thitc can dit ¢+ 1a mau thic t(x)
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J£(e™)# (x)ax Biéu thirc can dt ¢ 1a phéan s méi clia e

[ £(¢(x))-#(x)dx Biéu thirc can dit ¢ 12 biéu thirc chita trong d&u ngojc
JF(3ft()) ¢ (x)ax Dt cin thite c6 trong d&u tich phan

| f(lnx)-% Dit biéu thic chita Inx néu c6 % kém theo

Khi d6 ta c6 cc bude giai nhw sau:
NBu6cl:  Dat t=t(x). (hodc dit t=a-t(x)+b try vao bai cy thé).
ANBuwéc2:  Layviphancia t theo x , cu the dt =#'(x)dx.
AN Buéc3:  Thayca t=t(x) 1an dt=+'(x)dx vao [ f(t(x))-#(x)dx.

N Buéc 4: Giai nguyén ham moi I f (t)dt, duoc két qua F (t) theo t , sau do thay
bién vao két qua dé€ tim dwgc nguyén ham theo bién x.

” Dang 1.3. Nguyén héim tung phan
O Ke bang c6 dang;:

Bao ham Nguyén ham

u dv
\
u'dy --—— v

Tich phan c6 dang judv, vOi u va v la 2 trong 4 loai log — da — lwong - mii.
Tinh 1= Iudv bang c4ch ké bang:
Pao ham MNguyén ham
u dv
XN
u'dy --—— v

N Buéc 1: Chon u dat vao c6t “Dao ham”.
N Buée 2: Chon dv dat vao cot “Nguyén ham”.
N Bu6c3: Tinh theo tinh chat timg cot.
N Buéc4: Tacodkét qua I:Judv:u.v—jvdu.
B Quy tic:
e Trong d6 ta chon u theo qui tic: Nhat - log; Nhi — da; Tam — mii; T — lwgng,

e Con dv la phan con lai trong ddu I .

e DAu & cadc mii tén: miii tén diu tién ludn ludn la dau + va dan xen ddu cho nhau.
R Dang 1.4. Nguyén ham héim sé hiw ti

, e P(x)
Xét f(x)la ham hiru ti c6 dang f(x) :Wx).

B~ Trwong hop 1: Bic tit > Bac mau
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— Chia da thuc du’oc M la thvong, N la du.

Khi do: [ f(x)dx = j dx j(M+QI(\’x)]dx.

B~ Trwong hop 2: Bic tit < Bic mau

Ta c6 cac loai sau:

P =
N Loai 2.1 f(x)=—p trongdo{ ()= {const) jp(x)dx Jdv=Tinfax+t]+C

P(x)
Q(x) Q(x) ax+b
P(x)
Q(x)
SPWEL O(x) c6 A>0

Nhin dang: ~ ® Tt la hang sb.
@ Mau c6 hai nghiém phan biét.

v _ 8 _ gl 1 1 .
_)Iax2+bx+cdx_ja(x_x )(x—x )dx_a(xz_xl)j( de YO

Q( )CO A= 0_)Iax +b X+Cdx_ja(x—xo)2 o a(x_xo)-i-c.

Nhin dang: ~ ® Ttr1a hang s8.

wLoalzz f( )

cd cac truong hop sau:

@ Mau c6 nghiém kép.

1 er 1 s
Q(X) cO A<0—)Im :%Imdx—)Luong glac hoa.
0

Nhin dang: ~ ® Ttrla hang sb.
@ Mau vo nghiém.
p (x) =mx+n

c6 cac treong hop sau:

N Loai 2.3. f(x) = P(x) trong do {

Q(x) Q(x)=ax* +bx+c
GPERN O(x) c6 A>0.
Nhdan dang: ® Bac tit < Bac mau.
@ Mau c6 hai nghiem phan biét.
mx+n x x)+D X=X,
O Cach 1: 1= J.ax +bx+cd I (x x)(x X, _J-(x X, - J *
0 Cach 2: Xét [ = I mxn dx I mx+n dx
ax? +bx +c )

1(X-ln‘x—xl‘+Y-ln‘x—x2‘ )+C.

) a
l . . <——hesotruocx {X=?

—X, «——hesotudo Y =7

Khiddtacod: I = I mx+n dx J mx+n

ax® +bx+c

Dén day ta chi can tim X &Y bang cach giai hé: {

—X

# Luu 1: (1) Cach 18y cac “hé s8” bo vao hé ta 1ay theo thit tw tir PHAI qua TRAL
(2) Vé6i tir 1a hang s6, ta van c6 thé &p dung duoc cach nay.
(Ap dung diwoc cho 2.2.1)
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Vidu: 1= j—dx taxemhéso m=0& n=1.
ax“+bx+c

(3) Khuy#ét vi tri nao thi xem hé s6 d6 =0.

Vidu: I= I dx khuyét "mx" nén hé sé m=0.

ax’ + bx +c
(4) Chu y hé s8 4, bai don gian thuong thdy a=1, bai it thy a=1.

Q(x) c6 A= 0—>I

mx+n mx+n =X—X, > x=t+x
=I ~d Dat{ o

ax®+bx+c dt=dx

u(x —xo)
Nhan dang: ® Bac tir < Bac mau.
@ Mau c6 nghiém kép.
D 2.3.3. Q(x) c6 A<0
Nhan dang: ® Bac tir < Bac mau.
@ Mau c6 nghiém kép.

! ’

X+ 1 )\(ax2+bx+c) +e (ax +bx+c)
'[ax2+bx+cd :I ax® +bx+c dr= '[ ax® +bhx+c dx+'[ax +bx+cdx.
H K

!

)\(ax2+bx+c) '

Tinh H:I : dx—)Détt=ax2+bx+c:dt:(ax2+bx+c) dx.
ax +bx+c
Tinh K= j dx — Luong giac hda.
ax +bx+c
> Chu y: Mot vai cach tach phan thic can nho:
@ 1 _ A N B
(x—xl)(x—xz) x—x, X—X,
@ 1 _ A L BC U6 A b —dac<0

(x—m)(ax2+bx+c) x—m ax’+bx+c
A, B _C . D
(x=a)' (x=b) *=@ (x-a) *=b (x-p)

©
!
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B Dang 1.5. Nguyén ham ham 56' vo ti

Xét f(x)laham vo ti co dang f(x)=P(x)-\/Q( —>_[f )dx = IP )-JQ(x

Thong thwong & dang ham vo ti ta sé dung phwong phép d6i bién.
Va ta nham dwoc (Q(x))' = P(x). Khi do:
AN Bu6cl: Dit t=,/0(x).
N Bu6c2: Tinh vi phan dt:
Nhung dé vi phan thuén tién, ta binh phuong hai vé £ =Q(x).
——2t-dt =Q'(x)-dx = 2t-dt = P(x)-dx
P(x)
N Buée3: Khidd [ f(x)dv=[t-2tdt=[21dt=..
R Dang 1.6. Nguyén ham ham sé lugng gidc

@ sin® a+cos’a =1

@ 1+tan’a = > a¢z+k7r
cos “a
01 Coéng thiic co ban
3 1+cot? a=— —, a#kT
sin” «v
km

@ tana.cota=1, a#—

@ sin(a + b) =sinacosb*sinbcosa

02 Céng thife céng @ cos(aib):cosacosb$sinasinb
+
© tan(aib): tana+tanb
lFtanatanb

D sin2a =2sinacosa

2 cos2a = cos’a—sin® a =2cos’a—1=1-2sin’ o

03 | cong thitc nhan doi T
@ tan 20( o ﬂ’ 4 2
1-tan®« T
oa#—+kmw
2
1-cos2«a
@ sinfa=""T"
2
A . A »  1+cos2a
04 Cong thitc ha bac @ cos’or= —
3 tan’a= M a¢z+k7r
1+ cos2a’

05 | Cong thiic tich thanh tong
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R Dang 1.7. Nguyén héim cé diéu kién
Bai todn O1:
Goi F(x) la mdt nguyén ham ctia ham s6 f(x)=.... Tinh F(x) biét F(a)=b.
N Bu6c1: Dung cc phrwong phép tinh nguyén ham dé tim dwoc F (x:C).
AN Bu6c2: Xtely F(a)=b bang cach thay vao F(x;C). Ta duoc F(4;C)=b=C=?
N Buwéc3: Khidéta duwoc F (x) co cu thé héng sO C.
Bai todn 02:
Goi F(x) la mdt nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.
A Bu6c1: Ding cac phuong phap tinh nguyén ham dé tim dwoc F(x;C).
NBuéc2: X ly F(a) =b bang cach thay vao F(x;C) . Ta dwoc F(a;C) —b=>C=?
N Buwéc3: Khi dé ta duoc F(x) c6 cu thé hang s6 C va tinh F(c).
Bén canh do, ta c6 thé dung cach “Tich phin” d€ xtt 1y bai toan:
Goi F(x) la mot nguyén ham ctia ham s6 f(x)=.... Tinh F(c) biét F(a)=b.
Ta co: F(x):J.f(x)dx

(o

(= F(c)=F() = F(c) =] f(x)dr+F(a)

a

Xét a<c, khi do: j.f(x)dx:F(x)
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7 Vol
TICH PHAN

Téng hop 1

A.LY THUYET CHUNG.
1. Dinh nghia:
B~ Cho ham s6 f(x) xac dinh va lién tuc trén doan [a;b] va F(x) la mot nguyén
ham ctia f(x) trén doan [a;b].
Khi d6 hiéu s6 F(b)—F(g) duoc goi la tich phan tir a —>b.
b
b
_[f(x)dx:F(x) azF(b)—F(a).
2. Y nghia hinh hoc:
b
R~ Néu ham s& f(x) lién tuc va khong dm trén doan [a;b] thi tich phan j f(x)dx

la dién tich S cta hinh thang cong gi6i han boi d6 thi ham s8 y = f(x), truc Ox

va hai duong thang x=a;x=b.

b
Vay dién tich hinh thang cong: S= I f (x)dx.

3. Tinh chat.
1 j f(x)dx =0 (Tich phan c6 hai can giéng nhau thi bang 0).
2 i f(x)dx= -i f(x)dx (Tich phan dao can— thém dau tri).
3 j.a.f(x)dx=aj.f(x)dx vOi aeR.
4 j[ £(x) g(x)}dx:j f(x)dxi:[g(x)dx.

5 Trong doan [a;b], ton tai ce[a;b] thi jlf(x)dx:jf(x)dx+j‘f(x)dx.

6 |Néu f(x)laham chdn (f(-x)=f(x)) thi j f(x)dx= 2@ f(x)dx.

7 |Neu f(x) 1anamie (£(-x)=—f(x)) thi [ f(x)dr=0.
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B. CAC DANG BAI TAP.

R~ Dang 2.1. Tich phdn &p dyng tinh chdt & bang nguyén ham co ban
M Ap dung dinh nghia, tinh chat va bang cong thitc nguyén ham co ban.

1 I f(x)dx=0 (Tich phan c6 hai can giéng nhau thi bang 0).

b
f(x)dx = —j f(x)dx (Tich phan dao can— thém d&u trw).

a

2

a.f(x)dx:aj.f(x)dx voi aeR.

W
[N C—T TR —

[f(x)ig(x)}dx = if(x)dxijjg(x)dx_

5 Trong doan [a;b], ton tai ce[a;b] thi if(x)dx = jf(x)dx+'i.f(x)dx.

6 Néu f(x) laham chén (f(-x)=f(x)) thi jf(x)dx = Zjl-f(x)dx :

7 Néu f(x) lahamlé (f(—x)=—f(x)) thi Ju.f(x)dx:O.

R Dang 2.2. Tich phan tung phan
O Ké bang c6 dang;:
Bao ham Nguyén ham
u dv
X
u'dy --——~ v

Tich phan c6 dang judv, voi u va v la 2 trong 4 loai log — da — luong - mii.
Tinh I= J.udv bang cach ké bang:
Pao ham MNguyén ham
u dv
\

! ;
Uy ——

N Buéc 1 Chon u dat vao cot “Dao ham”.

N Buéc 2: Chon dv dat vao cot “Nguyén ham”.

N Bu6c3: Tinh theo tinh chat timg cot.

N Bu6c4: Tacé két qua I=Iudv=u.v—jvdu.
B> Quy tdc:
e Trong d¢6 ta chon u theo qui tic: Nhat - log; Nhi — da; Tam — mi#i; T® — lwong.
e Con dv la phan con lai trong ddu I .

e DAu & cadc mii tén: miii tén diu tién ludn ludn la dau + va dan xen ddu cho nhau.
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R Dang 2.3. Tich phém ddi bién logi 1

Tinh tich phan ] = I o(x )dx
f(?f)
NBuéc1: Dt ¢ = ¢(x), trong d6 ¢(x) la ham s§ ma ta nhdm dwoc ¢ (x).dx.
N Buéc2: Tinh vi phan dt =¢'(x)dx va d6i can {x e Sp(a).
x=b—o>t= ga(b)

AN Buéc3: Biéu thi f(x)dx theo t va dt.

b #(0)
AN Buéc4: Khidd J=[op(x)e'(x)dx= [ f(t)dt.
R

@D Néu va? —x* dat x=asint hodc x=acost
@ Néu x? -a? datx_—hoac X= ;
cos

(3 Néu h ac thi dat x =acos?2t
Va X Vu+x

@ Néu (x—a)(b—x),(u<b) dat x=a+(b—a)sin2t
® Né&u Vx?+a® dit x=atant hodc x=acost
R Dang 2.4. Tich phém ddi bién loqi 2

Tinh tich phan | = I p(x) ' (x)dx
f(x)
NBuéc1: Dt ¢ = ¢(x), trong d6 ¢(x) la ham s& ma ta nhdm dwoc ¢ (x).dx.
AN Bu6c2: Tinh vi phan di =¢'(x)dx va d&i can {x e Sp(a).
x=b—o>t= go(b)

AN Buéc3: Biéu thi f(x)dx theo t va dt.

b #(0)
AN Bubc4: Khidd J=[p(x)¢ (x)dr= | f(t)dt.
R

® Dang 2.5. Tich phan két hgp déi bién & tung phéan
B Trudng hop 1: Tling phan — Dai bién:
b b b
Tinh I:J.f(x) )dx ap dung “Tung phan” ta dwgc I = h( ) +Ip(x)dx.

b
Liic nay ta 4p dung “Doi bién” && tinh [ p(x)dx

B> Trudng hop 2: Boi bién — Tiing phan:
b t:u(b)
Tinh I = If(x)g(x)dx, ap dung “Ddi bién” ta dwoc I = J. k(x)p(x)dx.

t= u(h)
Lac nay ta 4p dung “Timng phin” dé tinh J. x)dx.
t= u(u)
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R Dang 2.6. Tich phan chida tri tuyét doi
B Cdch 1
¥ Cho f(x)=0 tim nghiém e[a;b ]| gia st cdc nghiém d6 1a x;;x,;..x, €| a;b]

» Khi do I:ﬂf(x)‘dx+ﬂf(x)‘dx+ﬂf(x)‘dx+...+Hf(x)‘dx

X, X, X3 b
o I= If(x)dx + If(x)dx + J.f(x)dx ot If(x)dx
> Tinh mdi tich phan thanh phan

R’ Cdch 2:
> Cho f(x) =0 tim nghiém e [a;b].
= Xét dau f(x) trén [a;b].
A khiA>0
—-A khi A<Q
> Tinh méi tich phan thanh phan
R~ Dagng 2.7. Tich phé@n dya vao do thj
Ap dung 4 nghia hinh hoc:

b
> Ap dung ‘A‘ ={ d€ pha tri tuyét d6i trong .[ .

B~ Néu ham s6 f (x) lién tuc trén doan [a ;b] thi tich phan la dién tich S cta hinh

b
I f (x)dx
thang cong gidi han boi d6 thi ham sd y = f (x), truc Ox va hai duong thang x=a;x=b.

R Dang 2.8. Tich ph&n hém chan lé
Dinh nghia:
Choham s6 f (x) xac dinh trén mién D.

VxeD=-xeD
vxeD: f(-x)=f(x)
VxeD=-xeD
vxeD: f(-x)=—f(x)

Ham s6 f (x) dwoc goi 1a ham s6 chdn néu thoa {

Ham so f (x) duoc goi 1a ham s6 Ié néu thoa {
Khi d¢, trong ddu j :

i jf(x)dx:ZTf(x)dx
B Néuham f(x) CHAN thi " f() ° :

J.1+c"

—a

R~ Néuham f(x) LE thi, [ f(x)dx=0
R Dang 2.9. Tich phan h&im cho nhiéu coéng thuc
& Bai todn 1
g(x) khi x<b

h(x) Ihi 25 5 lién tuc trén D. Tinh fz{f(x)dx.

Cho ham s6 f(x) = {

Xét be [a;c] .

7 Budc 1. Kiém tra ham s6 f(x) cOlién tuctai x=b7?
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Tirc 1a kiém tra hmf( ) hmf( ) f(b) = hmg( ) limh(x) :f(b)

x—b x—>b* x—b x—>b*

» Budc 2. Tach can: ]=J.f(x)dx:J.g(x)dx+J.h(x)dx

L I
¥ Budc 3. Tinh cac tich phan I, ;I, bang cic phuong phéap da hoc.
& Bai todn 2:
Cho ham s6 f(x) = {igi::)) 11;}: ;Ci: lién tuc trén D. Tinh | = jf(x)dx
Xét be [a;c] .
7 Budc 1. Kiém tra ham s6 f(x) colién tuctai x=0b7?
Ttrc 1a kiém tra:

lim f(x)=1lim f(x)= f(b) < limg(x;m) =lim h(x;m) = f(b)

x—b~ x—b* x—b~ x—b"

c b c
» Budc 2. Tach can: ]=J.f(x)dx:J.g(x)dx+Ih(x)dx
a a b

L L
¥ Budc 3. Tinh cac tich phan I, ;I, bang cic phuwong phéap da hoc.
R~ Dang 2.10. Tich phén lién quan max - min

¥ Bai todn: Tinh I :Imin{f(x);g(x)}dx hoac I =Imax{f(x);g(x)}dx.

a

Taxét I = Imm{ (x) g( )}dx

» Budc 1. Giai phuong trinh f(x) = g(x) S xe [a;b] thi nhan nghiém do.
Gia st ta duwoc x=me [u;b].

> Budc 2. Xéthiéu f(x)-g(x), gia s
o Trén [a;m]-f( )_ ( )>0:>min{f(x);
o Trén [m;b]: f(x)- g(x) < 0= min{f(x);

> Budc 3. Khi do I:imm{f }dx:Tg(x)dx+j{f(x)dx.
Khido I = j.max{f(x);g(x)} dx ta 4p dung tuong tu.

R~ Dang 2.11. Tich ph@n ham “an”
2.11.1. Dung phuong phdp déi bién

Dang 1: Cho :[u'(x).f[ ( )]dx tinh If dx hoac _[f dx tmhj [u(x)]dx.

Dai véi loai bai tap nay ching ta sé doi bién = u( )
b b b
> Lwu §: [ f(¢)dt=[ f(x)dx =] f(u)du

Dang 2: Tinh i f(x)dx, biét f(x) thoa: A. f(x)+B.u'. f(u)+C.f(a+b—x)=g(x).
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D&i voi loai bai tap nay, truedc khi 1dy tich phan hai vé ta can cht y rang :
@ Trong dé bai thuong sé bi khuyét mét trong caché s6 A, B,C.

@ Néu f(x) lién tuc trén [a b] thl-[f a+b x dx—.[f

b
b A+B+C!:g

(x)

u(a) thi X)dx =
@vOl{() hjf( )d

()

a

2.11.2. DUng phudng phdp tung phan

!

Xudt phat tir dao ham ham sé tich, ta c6: [u(x).v(x)} = u'(x).v(x) +v’(x).u(x)
Lay tich phan hai vé'ta duoc:
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R~ Dang 2.12. Tich phén lién quan phuong trinh vi phan
2.12.1. Biéu thic dao ham

W) u(x)- f(x)+0 (x)- £ (x) = (%) @), () () -ulx)- £

f*()
Phuong phap giai:

Ndm hoc: 2023-2024

!’
. . , ' (u u'v—o'u
Ap dung cac cong thirc: (uv) =u'v+v'uva (—j
v

0. () (50 (5) (5)= () & ) (5)] =)= ) £(5) et
) F W) (] )
o AL | S5 )= -

2.12.2. Biéu thuc téng hiéu

- £ (x)+ £(x)=h()

Phuong phap giai:
(1). Bién d6i: f'(x)+ f(x)=h(x)=e" f'(x)+e"- f(x)=e"h(x)

<:>[e" f(x)]' =e" -h(x)<:>e" -f(x):je"-h(x)dx
(2). Bién doi: f’(x)—f(x):h(x):e*x-f'(x)—e*x -f(x):e*".h(x)

= [e"“ -f(x)] =e " -h(x) et f(x) = je”‘ -h(x)dx
2.12.2. B&i todn téng quat f'(x) + p(x). f(x) = h(x)
Phwong phap giai:

Nhén 2 v& vdi ejp(x)dxta duoc: ejp(x)dx.f’(x)+ ejp(x)dx -p(x) . f(x) = ejp(x)dx ~h(x)
@[J”(")‘“-f(x)} =h<x>-eM")‘“

x)= [(x) e dx
Tong quit: e f Ih
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R Dang 2.13. Bat ddng thuc tich phéan
% Tinh chat O1:
Choham s6 y = f(x) va y= g(x) c6 dao ham lién tuc trén [a;b]. Khi do:

® Neéu f(x)Zg(x) Vxe[u;b] thi j-f(x)dxzig(x)dx

@ Néu f(x)20vxe[ab] thljf )dx>0. Hé qua If x)dy=0< f(x)=0

Hf )=

®

3 Tinh chat 02:
Choham s6 y = f(x) va y= g(x) c6 dao ham lién tuc trén [a'b], g(x) #0. Khi dé:

Z b
@  Bat dang thic Holder (Cauchy — Schwarz): [If J J.fz (x)dx-J.g2 (x)dx.

a a

Déng thirc xay ra <> f(x)=k.g(x) véi keR
® [if(x)dx}zS(b—a)-ifz(x)dx
¢ Bai t:)dn: Cho ham s ya: f(x) c6 dao ham trén [ a;b] théa man céc diéu kién:
(1) f(m)=n (2) j[ x)] dr=4 (3) fg(x).f(x)dsz
Vi g(x) la ham s6'da biét va lién tuc trén [ a;b] u

Tinh I = j-f(x)dx

b b
» Loi giai: Tinh tich phan jg(x).f(x)dx = B bang phuong phap tirng phan —> Ih(x).f'(x)dx =B

© Hudng 1: © Hudng 2:
» Budc1. Mat khac
b b b ) + Budc1. Gia st tinh duoc J-h dx C
Ih(x).f’(x)dxthz(x)dx~j(f’(x)) dx
a a . a § > Budc 2. Tim 7y thoéa:
casio giathiet
> BUSc2. Diu“=" xayra < f'(x)=k-h(x). j[ x)] dx- 2ljh dx+.jh2 dx=0
Nguyén ham 2 vé& :>f(x;k;C)=? A B C
» Budc 3. Ding f(m)=n=C(k)=? QA—ZIB'+.C—0©7—?-
b
> Budc 4. Ding jh(x).f’(x)dx: B' (Obwsc1) | Buéc3. Lucnay I( )=h(x )) dx=0
=k=? = f'(x )— vh(x)=0< f'(x)=~.h(x)
—> Cudi Cl:ll’lg co du x; k,C = f(X) hoan chinh > Budc 4. Nguyén ham 2 vé& = f(xlc) )
—> YCBT. Ding f(m)=n=>C=?
—> f(x) hoan chinh
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NGUYEN HAM - TiCH PHAN & UNG DUNG

UNG DUNG TICH PHAN

A.LY THUYET CHUNG.
1. Hinh phdng gidi han bdi dudng cong & tryc hoanh:
B Hamso f (x) lién tuc va nhan gia tri khong am trén doan [a ; b] .

Hinh thang cong giéi han béi d6 thi f (x), Ox va hai duong thang x=a, x=b.

b
Khi d6 dién tich hinh thang cong dwoc tinh: §= [ f(x)dx. "
B Truong hop f(x) <0 trén [a;b], ta co —f(x) >0. A //?Bl

k‘-
S hinh thang cong aABb= S hinh thang cong aA'Bb. '

(2

(aA'B'b la hinh doi xitng ctia hinh thang da cho qua truc hoanh). 5
b
Do d6: $=S5,,5, =S, = | (—f(x))dx %
f

¥ Téng quat:
Dién tich ctia hinh phang gi6i han béi 6 thi ham ¥4

5. i
()
B
sO f (x) lién tuc, truc hoanh va hai duong théng y= f(x)
x=a, x=>b duoc tinh: %
b
S:Hf(x)‘dx of @ b
a \7 4
2. Hinh phdng gidi han béi hai dudng cong:

B> Chohams6 y = f(x) va y=g(x) lién tuc trén doan [a;b].
Goi D 1a hinh phang giéi han boi d6 thi hai ham s§ d6 va duong thang x=a, x=b.

& )

Xét truong hop f(x)2g(x)vxe|[ab]. yA y= f(x)

Goi S, ;S, la dién tich hai hinh thang cong gidi han boi
: L
x=a Véy:f(x);y:g(x). !
x=b y = g(x)

-
x

e - -

Se---

b ol
Khi d6 dién tich: S=5, -5, = [[ f(x)-g(x)]dx.
¥ Téng quat:
Dién tich ctia hinh phang giéi han boi d6 thi ham s& f (x) va g(x) va hai dwong thang

x=a, x=b duogc tinh:
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3. Thé tich vat thé:
B~ Goi B la phan vat thé giéi han boi hai mit phang vuong goc véi truc Ox tai cac diém
avab, S (x) 1a dién tich thiét dién ctia vat thé bi cit bdi mat phéng vudng gdc vdi truc

Ox tai diém x, (a<x<b).

—

o y - : X

Giast S (x) 1a ham s0 lién tuc trén doan [a; b]

b
Khi d6, thé tich ctia vat thé B duwoc xac dinh: V = J.S (x)dx )

4. Thé tich khéi tron xoay:
B~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phéng giéi 74
han boi cac dudng y = f(x), truc hoanh va hai dwong thing / AN

x=a, x=b quanh truc Ox: B '
b 0 ".:I 2
V:w.[fz(x)dx

R~ Thé tich khdi tron xoay duoc sinh ra khi quay hinh phang gi6i Y4

han boi cac duong x = g( y) ,truc tung va hai duong thang y=c,  ___

y=d quanh truc Oy: “1___%

b
1% :wJ.gz(y)dy

R~ Thé tich khdi tron xoay dwoc sinh ra khi quay hinh phang  y
gioi han boi cdc dudong y=f(x), y=g(x) (cung nam

mot phia so véi Ox) va hai duong thing x=a, x=b
quanh truc Ox: o[ @ b

1% :ﬂi‘fz(x)—gz(x)‘dx
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R Dang 3.1. Cau héi Iy thuyét
$8 Dién tich hinh phing:

y=£(x) y=£(x)
b . b
(1) Gisihan: {9 5= J[£(x)]dx. @) Giihan: 1Y =8(¥) 5 [[£(x)-g(x)]dx
x=a p x=a g
x=b x=b

38 Thé'tich vt thé:
Goi B la phan vat thé gidi han boi hai mat phfmg vudng goc truc Ox tai cac diém a va b,
S (x) la dién tich thiét dién vat thé bi cat béi mat phang vudng goc truc Ox tai diém x, (a<x <b).

b
Khi d6, thé tich ctia vat thé B duoc xéc dinh: V = [$(x)dx.

8 Thé'tich khoi tron xoay:

y=f(x)
b
(1) Gi6i han: { va quay quanh truc Ox >V = ﬂ_[ f? (x)dx .
x=a f
x=b
y=f()
b
(2) Gi6i han:{¥ = g(x) va quay quanh truc Ox -V = 7r”f2 (x)-¢? (x)‘dx.
xX=a a
x=b
x=g(y)
b
(3) Gidi han: Oy va quay quanh truc Oy -»V = 7TJ. g (y)dy .
x=a g
x=b
R Dang 3.2. Dién tich hinh phdng gidi han bdi y=f(x), Ox, x=a, x=b
y=f(x)
b
% Di¢n tich hinh phing gici han: {°% 5= [|f(x)dx.
x=a p
x=b

Dé pha bo dau gia tri tuyét d6i ta thuwong lam nhu sau:

Budc1: Giai f(x) =0 tim nghiém x,,x,,...,x, e(a;b) (a< X <X, <.<x < b).
Budc 2: Tinh s=T\f(x)\dx+ﬂf(x)\dx+...+ﬂf(x)\dx
b

J.f(x)dx

Xy

+...+

_[f(x)dx

» Ngoai cach trén, ta c6 thé dwa vao do thi dé bo dau gia tri tuyét doi.
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R Dang 3.3. Dién tich hinh phang gidi han bdi y=f(x), y=g(x), x=a, x=b
y=f(x)
3% Dign tich hinh phing gi6i han: 1Y =8 () 52 [£(x)-g(x)dx.

x=a
x=b
Dé pha bo dau gia tri tuyét d6i ta thuong lam nhu sau:
Budc1: Giai f(x) = g(x) tim nghiém x,,x,,...,x, € (a;b) (a <X, <X, <..<X, < b).

Budc 2: Tinh S=f[‘f(x)—g(x)‘dx;;f‘f(x)—g(x)‘dx+...+j‘f(x)—g(x)‘dx

X

J(£(x)-g(x))dx

a

X,

[ (£(x)-g(x))dx

X

b

J(f(x)=g(x))dx

Xy

+ +...+

~ Ngoai cach trén, ta c6 thé dwa vao do thi dé bo dau gia tri tuyét doi.

R Dang 3.4. Dién tich hinh phdng gidi han bai y=f(x), y=g(x), y=h(x)

y=f(x)
$8 Dién tich hinh phing gici han: {y = g(x) .
y=h(x)

Budc1:  Giai f(x)=g(x) conghiém x,.
Giai g(x) :h(x) c6 nghiém x, .
Giai g(x) = h(x) cé nghiém x,.

Gia st x, <x, <x, duoc bi€u dién nhu hinh.
Budc 2:  Khid s:xf\g(x)—f(x)\me\h(x)—f(x)\dx

X

[ (8(x)= f(x))dx

R Dang 3.5. Dién tich hinh phdng dva vao dé thi
y=f(x)
y=8(x)
Budc1:  Quan sat do6 thi thay f(x)—g(x) =0 x=c;c e[a;b].
Budc 2: Xét hiéu f(x)—g(x) trén cac doan [a;c];[c; b].
[u;c]:f(x)—g(x)>0
[c;b]:f(x)—g(x)<0'

Budc3:  Khido Szj.‘f(x)—g(x)‘dx

= j:(f(x)—g(x))dx+Ji-<g(x)—f(x))dx

X3

J (n(x)= £ (x))ax

X,

—+

b
e Trudng hgp 1: { —dién tich hinh phang can tim la § = [| f(x)- g (x)|dx .

Gia s trén {
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— b
e Trudng hgp 2: {y =f(x) — dién tich hinh phéng can tim 1a S = [|f(x)-0|dx .
Ox:y=0 p

Budc 1: Quan sat do thi thay f(x)—0:0<:>x =c;c e[a;b] .
Budc 2: Xét hiéu f(x)—O trén cac doan [a;c],‘[c; b].
[a;c]:f(x)—0>0

[c;b]: f(x)-0<0

Budc3:  Khido S=i.‘f(x)—O‘dx:.[(f(x)—O)deri.(O—f(x))dx.

a

Gia st trén {

B Dang 3.6. Thé tich vat thé
Goi B la phan vat thé gidi han boi hai mat phfmg vudng
goc véi truc Ox tai cac diém a va b, S(x) la dién tich thiét
dién cta vat thé bi cit boi mat phang vudng goc véi truc
Ox tai diém x, (a <x< b)

—

Gia s S(x) la ham s lién tuc trén doan [a; b] 0 V

b
Khi d6, thé tich ctia vat thé B duoc xéc dinh: V = [$(x)dx.

R Dang3.7. Thé tich hinh phdng gidi han bai f(x), Ox, x=a, x=b quay
quanh Ox

Budc 1.  Giai phurong trinh f(x)=0<:>x=c;ce[a;b].

Budc 2. Khidé V=x(f(x)) dx.

R Dang 3.8. Thé tich hinh phang gidi han bdi f(x), g(x), x=a, x=b quay
quanh Ox

Budc 1:  Giai phuong trinh f(x) =g(x) S x=c;c e[a;b].

Budc 2: Khido V =7Tj“f2(x)—g2 (x)‘dx+7r”f2(x)—g2 (x)‘dx :

R Dang3.9. Thé tich hinh phang gidi han bai f(y), g(u), y=a, y=b quay
quanh Oy

Budc 1:  Giai phuong trinh f(y) =g(y) Sy=c;c e[a;b].

Budc2: Khidé V :Wj‘fz(y)—gz(y)‘dy+7r”f2(y)—g2 (y)‘dy.

R Dang 3.10. Tinh gid tri ham qua dién tich hinh phdang

" F(b)-F(a).

b
Ap dung dinh nghia tich phan: j f (x)dx =F (x) .

Thi ltc nay dé bai yéu cau so sanh P(b); F(a).
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Bai todn:
Chohams6 y = f (x) lién tuc c6 d6 thi nhw hinh. F (x) la nguyén
ham cua f(x) trén [a; c].

So sanh F(a);F(c);F(xi) X, € [a;c].
Budc 1:

Budc 2:

Budc 3:

Y

So sanh F( )'F(b).
Tren[ab]f >0—>”f ‘dx If dx F() F(a)
Maifggdx>o:ﬁm@_p@g>0¢3p@)>p@y

Tuwong tw so sanh F(b);F(c).

y=f(x) y=F(x)
Ta thdy dién tich hinh phang gi6i han béi {Ox 16n hon {Ox
x=a;x=> x=byx=c

j‘f(x)‘dx>j;‘f(x)‘dx = F(b)-F(a)>-F(c)+F(b)<—F(a)>-F(c)—>F(a)<F(c).
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CHUONG 4. SO PHUC

1. Dinh nghia sé phuc

' oDinh nghia:
SO phtic z c6 dang z=a+bi (a,b eR,i’= —1).

Phén thuc cua zla a, phan do cua zla b.
e S8 phtic z=a=a+0i c6 phan aobang 0 duogc coi la s thuc.
e S8 phtic z=bi =0+bi c6 phan thiee bang 0 dwoc goi la s6 ao (hay sd thuan ao).
e SO0 vtra la so thuc, vira la so ao.

2. S6 phuc lién hgp - s6 phuc nghich déao

oDinh nghia:
S0 phiic lién hop:
e SO phtic z=a+bi c6 sd phtc lién hop: z'=a—bi, ky hiéu: z
S6 phiic nghich ddo:
* SO phtic z=a+bi cbs6 phiec nghich dao: z'=—
z
3. Cac phép todn
@ﬁ
(1) Phép cong: z,+2, =(a+bi)+(c+di)=(a+c)+(b+d)i
(2) Phép trir: z,—z, =(a+bi)—(c+di)=(a—c)+(b—d)i
(3) Phép nhan: 2,2, = (a+bi)(c+di)=ac—bd +(ad +bc)i
i (a+bi)(c—di) ac+bd—(ad-bc)i
(4) Phép chia: Ao a+b1. = ( i )_ ( - )
z, c+di (c+di)(c—di) ¢ +d
(5) Hai s6 phiic bang nhau: z, =z, < a+bi=c+di < {Z i ;

4. Can béc hai cua sé phuc

o S
(=]
"= Cho sd phitc w . S8 phttc z théa man z° = w dwgc goi la mot cdn bac hai ctia w .
* S0 0 cod ding mot cén bac haila 0
»  S6thuc a>0 c6 hai cinbachaila Va va —a .
= S8 thuc a<0 c6 hai cin bac haila i\f[a) va il .
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5. Tinh chat

]
@ Cdc tinh chat:
v Mbdun cta s6 phttc z=a+bi (a,beR) 1a Z=a’ +b’

Nhuw vay, modun ciia s phirc z chinh 1a khoang cach tir diém M biéu dién s& phtrc

z=a+bi dén gdc toa dd O ctia mat phang phtic la: ‘@‘ =it +b* ==z .

v Mot s6 tinh chat cia modun:

(1) ‘z|20;z:0<:>z:0 (2) ‘zz‘=|z2; —z|:‘z; E‘:‘z|
z
(3) ‘zl.zz|:‘zl|.|zz‘ 4) z—; =%
®) Jel-lz]<lz-=]<[l+[2] ® |tz <fz]+z]
6. Phuong trinh phuc
gCho phuong trinh bac hai ax® +bx+c=0 vdi a,b,ce R,a#0.
Xét biét thiec A =b° —4ac ctia phwong trinh. Khi dé
» Khi A =0, phuwong trinh c6 mot nghiém thye x = —zi.
a
» Khi A >0, phuong trinh c6 hai nghiém thue x,, = %.
. o ~b+i,[|A|
» Khi A <0, phuong trinh c6 hai nghiém phtc x,, = —
#% Dinh 1y Viete:
-b
2,+2,=—
» Phuong trinh az” +bz+c=0 (a # 0) a#0 co62nghiém z va z, thi: a
c
2,2, = ;
Va |z]‘=‘z2‘= %,‘ Z, =%,

% Nhan xét: Trén tap hop C:
» Moi phuong trinh bac 2 déu c6 2 nghiém (khdng nhit thiét phin biét).
» Phwong trinh bac n s€ c6 n nghiém.
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7.S6 phic mi n

?@?
‘.o 7 7
*** Tinh iN voi NeZ

Thay rang:
i =1 (1) Va i' =" =(-1).(-1)=1
i'=i (2) PP =ii' =il=i
i’ =-1 (3) i =i =ii=-1
(4) i’ =i =i(-1)=—i

I'4n +i4i’1+] +i4n+2 + I'4n+3 — 0

7 A /4 1 \
DO dO ta nhan xet: r4n+2 1 (n € Z) VE {-411 A+l s4n+2 4n+3 — _1

4 p+l —
1 =—- 1.1 1 1

4 n+3
1 —

-1

'-gLu‘qng gidc héa sé phuc:
Dang z= r(cos<p+ isin gp) (r > 0) , duoc goi la dang lwgng giac ctia s6 phirc z#0.

Dang z=a+bi (a;b € R), duoc goi la dang dai s0 cua s6 phtic z .

Trongdo: 1 la ‘z‘
2

Cosy =
Nat+b?

¢ la acgumen caa s6 phtrc thoa "

sing =
Na' +b*

Cong thitc Moivre:
» Néu z=r(cosp+ising) thi z" =" (cos(n-ap)+isin(n-ap)).

» Hang dang thiic quan trong (COS () +1!'sin(<,a))]1 =cos(n-p)+isin(n-p)

g o )

1) (1+i) =2i va (1-i) =-2i

2)Néugap (1+1)" thi (1+0)"" =(1+1) (1+1)" =(1+i) | (1+)

B)Néugap (1-i)"" thi (1-i)"" =(1-i) (1-i)" =(1-i) | (1-i)’

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 82




Tong hop 1y thuyét THPTQG

Ndm hoc: 2023-2024

8. Tap hop diém biéu dién

o
@ o , .
" Bdi todn: Trong mat phang toa dé Oxy, hay tim tap hop cac diém M (x;y) biéu dién

s0 phtic z=x+yi thdéa man cac diéu kién cho trudc

» Buc 1: Goi M (x;y) bifu dién s6 phitc z=x+yi voi x,yeR.

» Bugc 2: Bién doi diéu kién K dé tim moi lién hé gitra x, i va két luan.

Mot s6 tap hop diém thuong gap:

Moi lién hé giita x,y

Két lugn tip hop diém M(x;y)

Ax+By+C=0

La duong thang d: Ax+By+C=0

(x—a)2 +(y—b)2 =R’

La duong tron (C) co tam I(a;b) va R =,/Ve Phai

X" +y* +2ax+2by +c=0

La duong tron (C) co tam I(—a;—b) va

R=.la*+b*-c

(x—a)2+(y—b)2SR2

La hinh tron (C) co tam I(a;b) va ban kinh R

x*+y’ +2ax+2by +c<0

La hinh tron (C) co tam I(—a;—b) va R=,/a’ +b* —¢

R} S(x—a)2+(y—b)2 <R;

La hinh vanh khan tao boi hai duong tron dong tam
I(a;b) vaban kinh R ;R,.

y=ax’+bx+c

La Parabol c6 dinh I —ﬂ ;—A
2a  4a

2 2
z—2+g—2=1 véi
MEF, + MF, =2a

La duong Elip (E) cO truc 16n 2a, truc nho 2b va tiéu

cw 2c=2./a’ -b’

FF,=2c<2a

La duong trung triec ciia doan thang

Hét

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 83



HINH HOC

CHUONG1. .
KHOI bA DIEN
CHUONG 2.

KHOI TRON XOAY
CHUONG 3.

TOA PO KHONG GIAN

4



Muc luc

LE MINH TAM
Chwong 01. KHOI DA DIEN

Chii dé 01. HINH DA DIEN - KHOI DA DIEN

Chi dé 02. THE TICH KHOI CHOP

R’ Dang 1.1. Chop c6 canh bén vudng goc V&I AAY ....ceceeeeeceveiecrnieieiecienee.
®> Dang 1.2. Chop cé madt bén vudng goc Vi ddY.....ceeeeuvuvenececierrniccicienanes
R Dang 1.3. ChOP G U ..ttt
R Dang 1.4. TY SO the T v
R Dang 1.5. TONG hIEU thE TN c.uuieiiiieeee s

Chii d¢ 03. THE TICH KHOI LANG TRU

R Dang 2.1. ThE tich IANG tryU AUNG coueveeiiciciriecreeeeee et
R Dang 2.2. ThE tich I8NG trU XIEN ..cuieiieiieiritieieieieee e
R Dang 2.3. Thé tich kh6i 16p phUSNG = KNS RO w.evveeeeeeeeeeecceerees oo
R~ Dang 2.4. Khéi da dién dugc cat ra tU KhSi l8NG tru.. e,
R> Dang 2.5. MaxX = MiN thE ..o

Chuong 02. KHOI TRON XOAY
Chi de 01. KHOI NON

R’ Dang 1.1. Tinh dé dai dudng sinh, bdn kinh day, duSng CAO .....ccveeveeenee.
R Dgng 1.2. Tinh dién tich xung quanh - toan phan - thé tich.......cccccceeuee.
B> Dang 1.3. TRIET AIN ...t
R Dang 1.4. NOI = NGOG HIED ..vuvuiieiieiiecieiiieirieiee et
R Dang 1.5. Min - max lién quan KNSi NON ...t
R Dang 1.6. BAI TOAN TAUC ...

Chii dé 02. KHOI TRU

® Dang 2.1. Tinh dé dai dudng sinh, ban kinh day, dudng CAo .......ccceeueeenee.
R~ Dang 2.2. Tinh dién tich xung quanh - toan phan - thé tich.......cccccceeune.
B> Dang 2.3. THIET AIN ...
R Dang 2.4. NOI = NGOG TIED ..vuvuviiieiiriieiiieisieieieeie et
R Dang 2.5. Min = max lién quan KNOT U ..
B> Dang 2.6. BOI tOAN thUC €. ...

Chi d¢ 03. KHOI CAU

R~ Dang 3.1. Tinh ban kinh khGi CAU €O DAN ...
R Dgng 3.2. Tinh dién tich md&t cAu - thé tich Kh&i CAU..cuvieviereiceicne
R Dang 3.3. THIET JI€N ...
R Dang 3.5. NOI = NGOG HED ..uvviuiiieciriieiricieieee et
R’ Dang 3.6. Min = max [i&n quan KNG NON .....c.euieeieceeee e

Chuong 03. TQA DO KHONG GIAN Oxyz
Chu d¢ 01. TOA PO KHONG GIAN

R’ Dang 1.1. Tim toa dé diém thoa diéu kién cho trudC ... eevcecnicrce
R Dgng 1.2. Tim toa dO di€m dAC DIET.... i
R’ Dang 1.3. Tim toa dé vecto théa dieu Kién cho trubC ... e
> Dang 1.4. LIEN QUAN A0 AQ .evieieiecieiriiieieieircieeieeeeceeeeese e
R Dang 1.5. SU CUNG PRUGNT ..cviuieiieiriicieieeeiserteie ettt

B> Dang 1.6. SU AONG PhANG..cuvveirierrierriieeieeeis s



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

B> Dang 1.7. Ung dung tich CO NUGNG....ccuuieeiieiiieieie et 132
R Dang 1.8. LIEN QUON GOCuuiiiiiiiiieieirinieieieteis sttt ettt ettt 133
B Dang 1.9. TAM TU CU coviieieieieiricecieieire ettt sttt 133
R Dang 1.10. TOO GO NOG ittt ettt 134
£ Cach chon hé toa dd mot s6 hinh KhONG QiAN.....vcveveeeeeeeeeeeeeeceeeeeee e, 135
Chii dé 02. PHUONG TRINH MAT CAU
R’ Dgng 2.1. Xac dinh tdm - bdn kinh - nhan biét phuong trinh Mdt cAu ... 140
R~ Dgng 2.2. Phuong trinh md&t cau cé tam va di qua mOt di€m .eeiecereercrenes 140
R~ Dgng 2.3. Phuong trinh m&t cau nhan hai diém lam dusng Kinh ... 140
R~ Dgng 2.4. Phuong trinh m&t cdu qua 4 diém khong dong phang.....eeeeveerevenes 140
R~ Dgng 2.5. Phuong trinh m&t cau tam | thudc (P) va qua ba di€m.....cecvencreenee 141
R Dang 2.6. Phuong trinh md&t cau tam | thudc d va qua hai diém.....c.ecvcnireennee 141
R~ Dang 2.7. Phuong trinh mat cdu ti€p xuc mat phdng - dusng thdng .........ccceeeee.. 141
R’ Dgng 2.8. Phuong trinh mdt cau cot mat phdng - dusng thENG......coveeeeeeeeeeee, 142
Chu d¢ 03. PHUONG TRINH MAT PHANG
R Dang 3.1. XAC diNh VECTO PRAP TUYEN ..eiiiiiieieee et 145
R~ Dgng 3.2. Phuong trinh mat phdng di qua ba diém déng phang ......cc.ceeveervenenenne. 145
R~ Dang 3.3. Phuong trinh mat phdng di qua hai diém va chia vects ..., 145
R~ Dang 3.4. Phuong trinh mat phdng trung tryc c0a doan thdng .........ccc.eevveerveenenne. 146
R~ Dgng 3.5. Phuong trinh mat phdng qua 2 diém, vuéng géc mat phdng.................. 146
R’ Dang 3.6. Phuong trinh mat phdng qua diém, vuong géc 2 mé&t phdng ... 146
R~ Dang 3.7. Phuong trinh mat phdng song song mat phang KNAC ......eeveerverrvenrennne. 146
R~ Dang 3.8. Phuong trinh mat phdng qua diém, song song/vuéng géc dusng thdng
...................................................................................................................................................... 147
R~ Dang 3.9. Phuong trinh mat phdng qua diém, chiia dusng thadng......c.ceevveevveeneae.. 147
R~ Dang 3.10. Phuong trinh mat phdng chia dd va d 8t A, 148
R’ Dang 3.11. Phuong trinh mat phéng chua d, d’ v& d song SONG & v, 148
® Dang 3.12. Phuong trinh mat phdng chua d v& soNg SONG &' e 148
® Dang 3.13. Phuong trinh mat phdng chua d va vudng gdc mat KhAcC .., 149
R~ Dang 3.14. Phucng trinh mat phdng céch déu 2 dusng thang....eeeecveeceeveeeaee. 149
® Dang 3.15. PhUOng trinh mat phdng lién ~quan MAT CAUL e, 149
Chii d¢ 04. PHUONG TRINH PUONG THANG
R’ Dang 4.1. XAc dinh vecto Chi PhUGNG ....cucviiiicicicircccee e 152
® Dang 4.2. Phuong trinh dudng thdng qua diém & c& s8N VTCP....oveeeeeeeeeeeees 152
R~ Dang 4.3. Phuong trinh dudng thdng qua hai diBm ..........eeeveeveeeeeeesee e, 152
R~ Dang 4.4. Phuong trinh dusng thdng 1& giao tuyén hai mat phdng ......ccc..ceevveeveeee. 152
R’ Dang 4.5. Phuong trinh dudng th&dng qua diém, SONG SONG  eveeeeeeeeeeeeeeeeeeeeeeeene 153
® Dang 4.6. Phuong trinh dudng th&ng qua diém, VuUbNG gAC MAL ..., 153
R’ Dang 4.7. Phuong trinh dudng thdng qua diém, vudng goC d,d’ e, 153
R~ Dang 4.8. Phuong trinh dusng thdng qua diém, // mp vubng goc d........eveenceae.. 154
®> Dang 4.9. Phuong trinh dudng th&ng qua diém, vudng goc d, Cat A ., 154
R’ Dang 4.10. Phuong trinh dudng thdng qua diém, vudng goc & cdt d e, 154
R’ Dang 4.11. Phuong trinh dudng thdng qua diém, song song mp & cdt d ............... 155
R~ Dang 4.12. Phuang trinh dusng th&ng qua diém & cAt di, Az covveevveceeeree e, 155
R~ Dgng 4.13. Phuong trinh dusng th&ng ndm trong mp & c&t di e, 156
R’ Dang 4.14. Phuong trinh dudng thdng n&m trong mp & vuONg gOC A 156
R~ Dang 4.15. Phuong trinh dusng th&ng qua diém va // d' cdt di, Dz, 156

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 85



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

® Dang 4.16. Phuong trinh dudng thé&ng l& dudng vudng géc chung......cecveeeeeeeeae. 157
R~ Dang 4.17. Phuang trinh dusng th&ng & dudng phAN GIGC........vvvreereereereeereaee. 157
R Dang 4.18. LIEN qUAN NINN CRIEU c...ueiiiiciicicici et 158
R Dang 4.19. Lién quan dé’i,xfmg ........................................................................................... 159
Chii dé 05. VI TRI TUONG DOI
R Dang 5.1. Vi tri tUONQ dOi VI MAT CAU ..euviiiiiieiiccirieeeesee e eeeeeseee 163
B> Dang 5.2. Vi tri tuong d&i V&I MAEt PAANG .....euveeereerree e 163
B> Dgng 5.3. Vi tri tuong d6i VS AUSNG thENG. ... 164
B DIANG 5.4, GOC...uouiiiiiiciicie ettt 164
B Dang 5.5. KNOANG CAC ...ttt 164

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 86



Tong hop 1y thuyét THPTQG Nim hoc: 2023-2024

HINH DA DIEN - KHOI DA DIEN

A.LY THUYET CHUNG.
1. Khdi niém vé hinh da dién - khéi da dién.
R’ Hinh ldng try, hinh chép ta thdy chung la nhiing hinh khong gian dwgc tao boi httu
han da gidc.
Cac da giac ay co tinh chit:
»  Hai da gidc phin biét chi c6 thé:
hodc khong giao nhau, hodc chi c6 mot dinh chung, hodc chi ¢6 mgt canh chung.
= MOoi canh ctia da gidc nao ciing la canh chung cia diing hai da gidc.
MGoi da gidc nhie thé’dwoc goi 1d mgt mdt cia hinh da dién (H).
Cdc dinh, canh ciia cic da gidc &y theo thik tw goi 1a cdc dinh, canh cia hinh da dién (H)
2. Khdi niém vé khéi da dién.

R Khoi da dién la phiin khong gian dwoc gi6i han boi 1 hinh da dién, ké'ca hinh da dién do.
R~ Nhing diém khong thudc khoi da dién dwoc goi la diéim ngoai ctia khoi da dién.
R Diém trong:
Nhiing diém thudc khoi da dién nhung khong
thudc hinh da dién giéi han khéi da dién &y.
R~ Mién trong khoi da dién:
La tap hop cac diém trong.
R~ Mién ngoai khoi da dién: A
La tap hop cic diém ngoai.

R~ Moi da dién chia cac di€m con lai ctia khong gian thanh hai
mién khong giao nhau: mién trong va mién ngoai.

R~ Trong d6é chi c6 duy nhat mién ngoai la chira hoan toan mot
duong thang d nao day.
Khoi da dién (H )1a hop ctia hinh da dién (H ) va mién trong ctia né.
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3. Phép bién hinh.

R’ Phép bién hinh trong khong gian:
Trong khong gian, quy tac dit tuong tng mdi diém M véi diém M’ xac dinh
duy nhét duoc goi la mot phép bién hinh trong khong gian.

R’ Phép doi hinh :
Phép bién hinh trong khong gian duoc goi la phép doi hinh néu né bao
toan khoang cach gitra hai diém tuy y.

Nhan xét:
R Thuc hién lién tiép cac phép doi hinh sé dugc mot phép doi hinh.
R’ Phép doi hinh bién:

(+) Mot da dién (H) thanh mot da dién (H'),

(+) Cac dinh, canh, mat caa (H ) thanh dinh, canh, mat tuvong tng cta (H ') .
O Phép doi hinh tinh tién theo vector U :1a phép bién hinh

bién diém M thanh M' sao cho MM'=7.

@ Phép d6i xiing qua mit phing (P): la phép bién hinh

bién moi diém thudc (P) thanh chinh ng,

bién diém M ¢ (P) thanh diém M’

A7

M

sao cho (P) la mat phang trung tryc caa MM’

Neéiu phép doi xitng qua mdt phiang (P) bién hinh (H ) thanh chinh né
thi (P) dwoc goi la mdt phang doi xieng ciia (H)
® Phép doi xiing tim O: 1a phép bién hinh M
bién diém O thanh chinh ng,
bién diém M khac O thanh diém M’
sao cho O la trung di€ém ctia MM'. o
Néu phép doi xirng tdm O bién hinh (H ) thanh chinh né
thi O dwoc goi la tdm doi xitng cua (H).
i oc goi la tdm doi x ngcua( ) v
@ Phép doi xitng qua duong thing d : 12 phép bién hinh d
bién moi diém thudc d thanh chinh no,
bién diéfm M ¢d thanh diém M’
sao cho d la trung triec cia MM'. (IS « .
Néu phép doi xitng qua dwong thang d biéi hinh (H ) thanh chinh né

%

thi d dwoc goi la truc doi xitng ciia (H)

Phép d6i xting qua duong thang d con dwoc goi la phép doi xieng qua truc d .

4. Hai hinh bdng nhav.

Hai hinh dwoc goi la bang nhau néu cé mt phép doi hinh biéh hinh nay thanh hinh kia.

Nhan xét:

R~ Hai da dién duoc goi 1a bang nhau néu c6 mot phép doi hinh bién hinh da dién nay
thanh hinh da dién kia.

B~ Hai tt dién c6 cac canh tuong ting bang nhau thi bang nhau.
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5. Phan chia va 1&p ghép khdi da dién.
Néu khoi da dién (H) la hop cta hai khoi da dién (Hl);(Hz), sao cho (Hl) va (Hz)
khong cé diém trong chung thi ta ndi:

(+) €6 thé chia duwgc khi da dién (H) thanh hai khéi da dign (H,) va (H,),

(+) €6 thé lip ghép dwoc hai khéi da dién (H,) va (H,) v6i nhau dé'dwgc khoi da dién (H).

= Vi du.
Xét khoi lap phuwong ABCD.A'BC'D'.
Mat (BDD’B’) cit khéi lap phuwong dé theo mét thiét dién 1a hinh cht nhat BDD'B'.
Thiét dién nay chia cdc diém con lai ciia khoi ldp phwong ra lam hai phin.
Mbi phan cting véi hinh chit nhat BDD'B’ tao thanh khéi lang tru, nhu vay c6 hai khéi
lang tru: ABD.A'B'D’' va BCD.B'C'D'.
——Khi d6 ta n6i mat phang (P) chia khoi lap phwong ABCD.A'B'C'D’ thanh hai
khoi lang tru ABD.A'B'D' va BCD.B'C'D'.
Twong tw trén ta cé thé chia tiép khoi tru ABD.A'B'D’ thanh ba khéi t& dién: ADBB',
ADB'D" va AA'B'D'.

B

Nhan xét:
Mot khéi da dién bat ki ludn c6 thé phan chia dwgc thanh cac khéi ti dién.
6. Khéi da dién 16i.
Khoi da dién (H ) duoc goi 1a khoi da dién 16i néu doan théng noi hai diém bat ki cta

(H) ludn thude (H). Khi d6 da dién gidi han (H) duoc goi la da dién 16i.

® Luu y: \
Mot khdi da dién 1 khi da dién 1i khi i N

va chi khi mién trong ctia né ludn nam '
vé mot phia d&i véi mdi mat phang di / -
qua mot mat ctia nd. (Hinh 6.1)

R’ Coéng thiic OLE:
Trong mot da dién 16i néu goi D la s6
dinh, C la sO canh, M 1a sO mat
Ticla: D - C+M=2

ITinh 6.1
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7. Khéi da dién déu.
? DPinh nghia:
Khoi da dién déu la khoi da dién 16i cé cac tinh chat sau:
(1) Mdi mit ctia né 1a mdt da giac déu p canh.
(2) Mbi dinh ctia né 1a dinh chung cta dtng g mit.
Khoi da dién déu nhu vay duoc goi la khoi da dién déu loai {p ;q} .
Nhan xét:
Cac mat ctia khdi da dién déu 1a nhitng da gidc déu va bang nhau.
DPinh ly:
Chi c6 ndm loai khoi da dién déu.
loai {3;3}, loai {3;4}, loai {43}, loai {5;3}, valoai {3;5}.
Nhan xét:
Hai khdi da dién déu c6 cling s8 mat va c6 canh bang nhau thi bang nhau.

Hai khoi da dién déu c6 cuing s6 mat thi dong dang véi nhau.
> Vi du.
R’ Quan sat khéi tit dién déu (Hinh 7.1),

ta thdy cac mat cua no la nhiing tam giac déu,

mdi dinh ctia né 1a dinh chung ctia dting 3 mét.
R’ Quan sat khéi lap phuwong (Hinh 7.2),

ta thay cac mat ctia né la nhitng hinh vuong,

mdi dinh ctia né 1a dinh chung dang 3 mat. Hinh7.1 Hinh 7.2
Nhiing khoi da dién ndi trén duoc goi la khai da dién déu

Bang tom tat ciia nim loai khoi da dién déu

Khéi da dién déu S& dinh | S& canh | S6'mat | Ky hiéu {p;q}
Tie dién déu 4 6 4 {3:3)
Kh6i Lap Phicong 8 12 6 143}
Khi Tam Mat Déu 6 12 8 {3:4]
Khoi Muoi Hai Mgt Déu 20 30 12 {5;3}
Khoi Hai Mueoi Mt Déu 12 30 20 {3:5}
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THE TiCH KHOI CHOP

A.LY THUYET CHUNG.
1. Binh nghia:
|| R~ Hinh chdép la hinh c6 day 1a mot da giac, cac mat bén la tam gidc ¢6 chung mot dinh.
2. Thé tich khéi chép.
R~ Cong thiic tinh thé'tich khéi chop:

Trong do:
v 1 gj, |Sladiéntichday
N 5 ) h 1a chiéu cao khdi chép
(khoang cach tir dinh dén mat ddy).

Cach xac dinh duong cao khoi chop:

Logi Duong cao
Canh bén vudng ddy . , . R
Hinh 1.1 Puong cao chinh la canh bén.
Hai mat bé ong da , . ) ) o
arma b\e nviong 4y Puong cao la giao tuyén ctia hai mat bén vuong goc day.
Hinh 1.2
Mat bén vudng day . . Ca R o
Hinh 1.3 Duong cao ctia mat bén vuong goc day.
Chép déu . o4 o sl
Hink 1.4 Puong cao ha tir dinh dén tam da giac day.

Hinh 1.1 Hinh1.2 Hinh 1.3 Hinh 1.4
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4. Cong thuc tinh dién tich ddy.
R Ta co cac da gidc thuong gdp sau:

S=1a.h =1b.hb=10.h
2 "1 2 2 °

Szla.h =1b.hbzlc.h
2 " 2 2 ¢

Tam giac S:%ba.sinA:%ca.sinB:%ba.sinC

A
/ \ S=@=2R2.sinA.sinB.sinC
¢ b 4R
/ \ v6i R 13 bén kinh dudng tron ngoai tiép AABC.
5 . o S=pr

véi p lantta chu viva 7 la ban kinh dwong tron noi ti€p AABC

5= \Jp(p=a)(p=v)(p=c) véi p="121¢

1 2 2
S (s Rl
oac 4\/(a+) c“|lc (a )
Tam gidc vuong AABC vudng tai A:

S =1AB.AC :lBC.AH .
2 2

A C
4 Tam gidc déu
AABC déu, canh AB: S=(AB) -%"
NA .7 (A \/5
K + 3 Chiéu cao tam giac déu h = AB'T'
P g
i |n
Hinh vuéng canh AB
Dién tich hinh vuéng ABCD:S=(AB)’
D_] rC'
A Fig
] L]
Hinh chir nhat
s i Dién tich hinh ch nhat ABCD:S= AB.CD
A T
E Hinh binh hanh
P Dién tich hinh binh hanh ABCD:S = AB.AD.sin BAD

Dién tich hinh thoi ABCD:S= AB.AD.sin BAD = %AC .BD

C
A
/K Hinh thoi
BWD
C

L Hinh thang
/ Dién tich hinh thang ABCD:S = %(AB +CD).h

T gidc co hai dwong chéo vuong goc: S = %AC.BD
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5. Ty sé dién tich.
B> Ta co cac ty sO thuong gdp sau:

AM trung tuyén,

dét SABC :S—)Sl :S2 =

N |

G la trong tam,

dit sABC=s—>sl=s2=s3=§.

BM = MN =NC

dat S

W|lWn

ABC :S—)Sl :Sz :Ss =

M; N; F lan lwot 1a trung diém AB; AC; BC

d4t S, =S—>5 =S, =8, =5, =2.

ABCD:S—)51:SZZS3:S4:_

wny _ AM AN
AB “AC

ABC
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B. CAC DANG BAI TAP.
R~ Dang 1.1. Chép ¢é canh bén vudng gdéc vdéi day
M Day 1a dang dé xac dinh dwgc duong cao (h).
M Ap dung cong thtic: V = %S.h
R~ Dang 1.2. Chép c6 mat bén vudéng géc vai dday
M Khéi chép cé mat bén vudng goc mat phang ddy.
> Ap dung cong thttc: V = %S.h.
¥ Chiéu cao khdi chép la doan thing tir dinh ctia chép ta ké vudng goc vao giao tuyén
ctia mat bén va mat day.
M Mot so kiéu thwong gap:
@ Mait bén (SAB) vuong voi day (ABCD) va SAB la tam giac
3
déu canh ¥ —SH L (ABCD) —h=SH=""" véi H la trung
diém AB.
@ Mt bén (SAB) vudng v6i ddy (ABCD) va SAB la tam giac

cantai S ->SH L(ABCD) —h=SH véi H latrung diém AB. B ,

R Dang 1.3. Chép déu

M Khéi chdp 6 cac canh bén bang nhau.
> Ap dung cong thtic: V = %S.h.

¥ Chiéu cao khdi chép la doan thang tir dinh chép ha vudng géc xudng tam mat day.
M Mot s6 kiéu thuong gép:

@ Chép déu S.ABCD, goc gitta mat phang bén va mat ddy 1a ¢ hodc goc gitta canh bén

vamat dayla ¢.

@ Choép déu S.ABC, goc gitta mit phang bén va mat ddy 1a ¢ hodc géc gitta canh bén

vamat dayla ¢.

Goc gitra mat bén va mat day

Goc gilra canh bén va mat day
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Mot s6 cong thiic tinh nhanh:

Chop déu canh x, day la tam giac V= (x)3 1—\/25
Chop déu canh x, day la ti giac V= (x)3 %
. 2 2 2
Chép déu, canh bén bang x, day la tam giac canh y . V= (}/) 3(x) _(y)
12
2 2
Chép déu, canh bén bing x, déy 14 t gidc canh . s W) ) —2(y)
6

Chop déu, cac mdt bén cung tao vdi day goc ¢, day la tam giac canh x. | y/ (x ) tang

Chop déu, cac madt bén cung tao véi day goc ¢, day la te gidccanh x. | (x ) tang

R Dang 1.4. TY s6 thé tich

M Khéi chdp 6 cac canh bén bang nhau.
> Ap dung cong thtic: V = %S.h.

A. Cho khéi chép S.ABC c6 A';B';C' lin lugt la nam trén SA;SB;SC khi dé:
1.Néu A=A";B=B;C=C thi

Ve v S
SABC — _ABC (Hai khoi chdp chung dinh va chung mt ddy).
Voasc  Sasc

2. Dinh 1y SIMSON cho khéi chép tam giac
V, sse SA' SB' SC'

Ve e SA SB'SC
3. Cat khéi chép boi mit phang song song véi ddy sao cho B 1t
1
S.AA, A,
B. Mt phing cdt cdc canh ctia khoi chép tit gidc S.ABCD cé ddy la hinh binh hanh
lan luot tai M;N,‘P;Q:%:a;ﬁ:ﬁ;gzwgz)\
SA SB SC SD
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Ve _ 0By ( 1,111 J w4
Vs.anco 4 a By
R~ Dang 1.5. TGng hiéu thé tich
M Trong qua trinh tinh thé tich mét khoi da dién Iong ghép trong khéi chdp ta gap kho khan
vi cach tinh thye tiép thi khi do:
O Ta c6 thé tach khoi chép ra thanh cac khoi nho va tinh truc tiép ting khoi da tach.
O Phan can tinh sé 1a phan khoi chép bo di nhiing khéi nho da tinh.
> Vidu:  Cho khoi chép S.ABCD, (a) chia khdi chop thanh V,;V,. Tinh th€ tich khéi V.
> Giai:

S

) o)
Dé tinh tryc tiép thé tich khoi V, ta sé khé dp dung cdng thirc vi thé ta sé
cat khdi chép thanh hai phan:
+ V, la phan chtta dinh S .
+ V, 1a phan dudéi mgt phang (a) .

Goi thé tich khoi chép S.ABCD 1la V ,vay V=V, +V,=V,=V-V,.
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KHOI DA DIEN

THE TiCH KHOI LANG TRU

A.LY THUYET CHUNG.
1. Binh nghia:
R~ Hinh ling try 1a hinh c6 hai day 1a hai da gidc bang nhau nam trén hai mit phiang song
song voinhau va cac mdt bén déu la cac hinh binh hanh.
R Hinh hp 1a hinh lang tru ¢ day la hinh binh hanh.
2. Thé tich khdi lang try.
R Cong thitc tinh thé tich khoi chép:
A C’
Trong do: B
. S la dién tich day
V=5h h 1a chiéu cao khdi chop
(khoang cach ttr dinh dén mdt ddy). 4 ¢
B
Céch xac dinh duong cao lang tru:
Logi Duong cao
Canh bén vudng day . 11 A
Hinh 2.1 Duong cao chinh la canh bén.
Lang tru diing Puwong cao chinh la canh bén
Hinh 2.1 8 ' '
Lang tru xién N N n Ny
Hinh 2.2 Puong cao ha tir dinh xuong mat day.
Lang tru <o hinh chicu Puong cao la hinh chiéu vudng goc ctia 1 dinh xudng day.
Hinh 2.3
Hinh 2.1 Hinh 2.2 Hinh 2.3
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B. CAC DANG BAI TAP.
B Dang 2.1. Thé tich 1dng try ding
M Ap dung cong thiic chinh: V =S.h.
O Tinh dwgc dién tich day ta xem lai “Céng thuc tinh dién tich day”
O Lang tru ding sé c6 cac duong cao song song nhau, tuy vao truong hop dé ra ta sé st

dung dwong cao hop ly.
Dinh nghia Tinh chit
Hinh lang tru La hinh lang tru c6 canh Cac mat bén cta hinh lang tru ding la cac
diing bén vudng gdéc véi mdt ddy. | hinh chit nhat va vudng gbéc véi mat day.

Cac mat bén cta hinh lang tru déu la cac
hinh chit nhat bang nhau va vudng goc
voi mat day.

La hinh lang tru ddang c6

Hinl ling trie dew | 413 da gide déu.

B~ Dang 2.2. Thé tich ldng try xién
M Ap dung cong thiic chinh: V =S.h.
O Tinh duogc dién tich day ta xem lai “Céng thuc tinh dién tich day”
O Lang tru xién s€ c6 cac duong cao dé ra cu thé.
R~ Dang 2.3. Thé tich khéi |ap phuong - khéi hop
M Ap dung cong thiic chinh: V =S.h.
Dinh nghia Tinh chit

. n La hinh hop ¢6 canh bén vudng C6 2 day la hinh binh hanh, 4 mat xung
Hinh hop diing ey 3 s 41 I
gbc voi mat day quanh la 4 hinh cht nhat.

La hinh hop ding c6 day la hinh

Hinh hp chir nhit chit nhat.

Co6 6 mat la 6 hinh chi nhat.

La hinh hop chit nhat 2 day va 4
mat bén déu 1a hinh vudng
O Puong chéo hinh hop =+vd? +7° +¢® véi d;r;c 1a ba kich thwdc ctia hinh hop.

Hinh lgp phuong C6 6 mat déu 1a hinh vudng.

H¢ qua: Duong chéo hinh lap phuwong =av3 véi 4 la canh ctia hinh lap phueong.
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R Dang 2.4. Khdi da dién dugc cat ra tU khéi lang try
A. M{t s6'mdi lién hé thuong gdp giita chép — ling tru va chop — thé'tich:

Méi lién hé giita Céng thiic Hinh minh hoa
A e
2 7
VC(5d) = 3 Vin
< 4 diém thudc mat ddy A o
& =
V5
= go A K
U )Q
~ 1 Z
Vc(4d) 3 Vim
3 diém thudc mat ddy 4 o
B
A’ B
1 . ' (&)
VC(4c1) 6 Viiop f .
Vi 3 diéin thude day va 1 diéin Ai
thudc mat bén S s
D Rei
A B
1 L 1
Vc(4c1) ~3 Vo f
o Vi6i 3 diém thugc mt chéo VS )
Q. H P L .
5 & |
) D C
- ~ 4 B
© ,§ AN )
e V=2V e
C(5d) — 3 * Hop PoNT
V6i 4 dién thuge mdt bén ;’Ai
hodc mdt ddy / ,,"" """""""""" Vi
D e
A’ B’
. e
Vc(5d) 3 Vhiop
V6i 4 diém thudc mdt chéo fap B
D '

& Bién sogn: Gv Lé Minh Tam - 093.337.6281 Trang 99
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B. Mt phing cit cdc canh ctia khéi ling tru tam gidgc ABC.A'B'C' lin lugt tai M;N;P sao cho
AM
AA

Lo BN_ P,
BB "’'cC

VABC.MNP _a +5+ 8
1% 3

ABC.A'B'C’

C. Mt phing cit cic canh cia khoi hop ABCD.A'BC'D' lin lugt tai M;N;P;Q sao cho
AM B cP . DQ

=aq; N=/3; =9;
AA’ BB’ ccC’ DD’

VABCD.MNPQ _a + ﬁ +7+ A
% 4

ABCD.A'B'C'D’
va a+vy=0+\.

B~ Dgng 2.5. Max - min thé tich

Dang Ddu “=" xay ra khi
b
a? +b%)(c? +d?) > (ac+bd)’ a0
BT | (407) (¢ ) () b
Bunyakovsky NI p
(a7 + a5 +..+a)(b] +b] +..+ b7 )= (ab, +ab, +...+ab,) b_l =b—2 ==yt
1 2 n
a+b
——2>+/ab =
BDT ;= ab a=b
AM - CGM Mznal.az ..... a, (n>1) a=a,=..=4a,
n
Khao sdt ham
s6 trén khodng | Tinh dao ham r6i lap BBT, tir d6 két luén theo yéu cau bai toan.
xdc dinh
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KHOI TRON XOAY

KHOI NON

A.LY THUYET CHUNG.
1. Binh nghia.
B~ Trong mat phang (P):
> Cho 2 duong thang d, A catnhau tai O va ching tao
thanh gdc 8 v6i 0° < 3<90°.
> Quay (P) xung quanh truc A vé6i gbc § khong thay doi
dwoc goi la mat nén tron xoay dinh O.
— > Nguoi ta thuong goi tat mat nén tron xoay la mit non.
——Duong thang A goi la truc,
——DPuong thang d duoc goi la duong sinh,
——>Goc 23 goi la géc o dinh.

2. Hinh ndén tron xoay.

R~ Cho AOIM vudng tai I quay quanh canh géc vudng OI
thi duong gdp khiac OIM tao thanh mot hinh,
goi 1a hinh nén tron xoay (goi tat 1a hinh nén).

——Duong thang OI goi la truc,

—— O la dinh,

— OI goi la dwong cao,

—— OM goi la dwong sinh ctia hinh nén.

—— Hinh tron tam I, ban kinh R=IM la day cta hinh non.

3. Dién tich - Thé tich.
R~ Cho hinh ndn c¢6 chiéu cao la &, ban kinh day r va duwong sinh la £ thi c6:

—— Dién tich xung quanh: S, =mrl.
——Dién tich day (hinh tron): S, =mr’.

—— Dién tich toan phan hinh tron: Sp =S5 *5,

——> Thé tich khoi nén: V= % Bh= %m‘z.h
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4. Tinh chat.
Né&u cat mat nén tron xoay boi mat phang:
> Di qua dinh thi c6 cac treong hop sau xay ra:

@ Mt phang cat mat nén theo 2 duong sinh
—Thiét dién la tam giac can.

@ Mt phang tiép xtic véi mit nén theo mot duong sinh
—Mat phang tiép dién ctia mat non.

3 Mat phéng cit mit ndén tao goc o

» Khong di qua dinh thi cd cac treong hop sau xay ra:

® Mt phang cat vudng géc véi truc hinh nén
—Giao tuyén la mot duong tron.

@ M3t phang cat song song véi 1 duong sinh hinh nén
—Giao tuyén la duwong parabol.

® Mat phéng cat song song véi 2 duong sinh hinh nén
—Giao tuyén la 2 nhanh cta 1 hypebol.
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5. M&i lién hé thudng gdp.

Truong hop Noi dung Cong thiic Hinh minh hoa
-
— Quay quanh canh goc h=C,
g vudng C,va C, 1a canh R=C,
- goc vudng con lai. I =c/huyen
AVUONG
Quay quanh canh huyén c/huyen=h, +h,
% —tao 2 nén: i:iziJri
S +Nén trén (nén chira C). R? R C! C
+ Non dwdi (non chira B). [=C, & I,=C,
[ Quay quanh dwong cao= . @
'§' Thiét dién qua truc la tam 2
— giac déu. [=2R
— | ADLu
L =1 =C
% Quay quanh 1 canh — tao R =R, = C
S 2 nén bang nhau. 22
C\3
ho=h, ==Y
2
v h=R
VUONG
2R=1\2
Qua truc
- [=2R
@ ADE
2 pEu po b3
b 2
=
=
+ Vé trung diém caa day.
+ No6i v6i tam — ki hiéu vudng goc.
+ Xem gia thiét:
Khong & (t/dien; m/day) =«.
qua truc

& (t/dien;d/cao)zﬁ.
= d(O;t/dien)=d.
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B. CAC DANG BAI TAP.

® Dang 1.1. Tinh dé dai dudng sinh, bdan kinh ddy, dudng cao
M Truong hop don gian, ap dung cong thirc da co.
—— Dién tich xung quanh: S,=mrl.

——>Dién tich day (hinh tron): S, =mr’.

——Dién tich toan phan hinh tron: Sy =55,
——Thé tich khoi nén: V= % Bh= %wrz.h

R~ Dang 1.2. Tinh dién tich xung quanh - toan phan - thé tich
M Cho hinh nén (H ) c6 ban kinh day bang r, chiéu cao SO=h va do dai duong sinh la I.

Ky hiéu Sear Sy [an lwot 1a dién tich xung quanh va dién tich toan phéan cua hinh nén

(H), khi d6 ta c6
—— Dién tich xung quanh: S,=mrl.
——>Dién tich ddy (hinh tron): S, =mr’.

——Dién tich toan phan hinh tron: Sy =515,

—— Thé tich khoi nén: V= % B.h= %m’z.h

M  Luu y:
® ASAB la tam giac can dinh S va duoc goi la thiét dién qua truc ctia khéi nén.
@ IP=h*+r*.

R~ Dang 1.3. Thiét dién
M Mit phing (P) di qua|® Mat phing (P) di qua|M Mit phang cit vudng goc
vOi truc hinh nén

truc, cat khdi chép theo dinh cta hinh nén va cat o .
mot thiét dién 1a ASAB mit nén theo 2 duong sinh = Thict di¢n 1a duong tron.
can tai dinh S. = Thiét dién la A can.

R~ Dang 1.4. Noi - ngoqi tiép
M Badi todan 1: Hinh nén ngoai tiép hinh chop
¢ Logi 1: Hinh nén ngoai ti€p hinh chép tam giac déu
Khi d6 hinh noén cé:
+ Duwong sinh I 1a canh bén ctia hinh chép
+ Chiéu cao h 1a chiéu cao ctia hinh chép

+ Bin kinh day r bang ABS*@ :
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¢ Logi 2: Hinh nén ngoai ti€p hinh choép tit gidc déu
Khi d6 hinh noén cé:

+ Duwong sinh | 1a canh bén cta hinh chép

+ Chiéu cao h la chiéu cao cia hinh chop

AB\2

2

+ Bin kinh day r bang

M Badi todan 1: Hinh nén ngoai tiép hinh chép
¢ Logi 1: Hinh nén noi ti€p hinh chdép tam giac déu
Khi d6 hinh nén cé:
+Duwong sinh I 1a SN
+ Chiéu cao h 1a chiéu cao ctia hinh chép.

AB\3
=

+ Ban kinh day r = OM =

¢ Logi 2: Hinh ndén ngi ti€p hinh chép i gidc déu
Khi d6 hinh nén cé:

+Duwong sinh 1 la SN

+ Chiéu cao h 1a chiéu cao ctia hinh chép.

+ Ban kinh day r = %

B~ Dang 1.5. Min - max lién quan khi nén
M Xay dung cong thitc can tim min — max.
M Dung cac cach dwéi day dé€ tim min — max.

Dang Diu “=" xdy ra khi
b
@ +0°)(c? +d%) = (ac+bd)’ a2
BOT | (o +0°)( +d")=(ac+bd) =
Bunyakovsky NP p
(af +a; +...+a§)(bl2 +b2 +...+bj)2 (ap,+ab,+...+ab,) b—l =b—2 =.. =b—"
1 2 n
a+b
——2>+/ab =D
BDT ;> !
AM_ GM M >n al_az an (n >1) ul = aZ = =an
n
Khao sdat ham
s0 trén khodng | Tinh dao ham rdi 1ap BBT, tir d6 két luan theo yéu cau bai toan.
xdc dinh
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S, =%AB.AC.sin(AB; Ac) .
Ddnh gia

Khi 6, dé
lugng gidc + 0, e [SABC]

max

PN [sin(AB; Ac)} PN sin(AB; Ac) PN (AB; Ac) ~90° < AB | AC

R~ Dang 1.6. Bai todn thyc té
M Bai todn 1: C4c bai toan thuc té da duwoc mo hinh hoda béng mot bai toan hinh hoc.
—— Sttt dung cong cu hinh hoc, dai s6 (néu can) giai quyét bai toan.
——> Luu y cac diéu kién rang budc cua bién sd va két qua thu dugc c6 phu hop
vdi bai toan thuc t& da cho chua .
M Bai todn 2: Cac bai toan thue t&€ ma mé hinh thuc tién chua chuyén vé mo hinh toan hoc.
Buoc 1: Dua trén cac gia thiét va yéu t6 cua dé bai, ta xay dung mo hinh
Hinh hoc cho van dé dang xét, tizc 1a dién ta “dudi dang ngdn ngir
Hinh hoc” cho m6 hinh mo6 phéng thuc tién.
Bucdc 2:  Str dung cOng cu giai quyét bai toan hinh hoc dwgc hinh thanh tte
buoc 1.
—— Luu y cac diéu kién rang budc ctia bién s6 va két qua thu duogc cd phu hop
vdi bai toan thuc t& da cho chua .
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KHOI TRU

Téng hop 1

A.LY THUYET CHUNG.
1. Binh nghia.
B~ Trong mit phang (P):
¥ Cho 2 duong thang d, A song song véi nhau, cich nhau mot
khoang bang r .

&

> Quay (P) xung quanh truc A thi £ sinh ra mgt mat tron xoay,

dwoc goi la mat tru.

-
—~

—— Nguoi ta thuong goi tat mat nén tron xoay la mgt nén.

1

——Duong thang A goi la truc,
——Duong thing ¢ dugc goi 1a duong sinh,

— r goi la ban kinh.

2. Hinh try tron xoay.

R Cho hinh chit nhat ABCD quay quanh AB
thi duong gdp khiic ADCB tao thanh mét hinh,
goi la hinh tru tron xoay (goi tit 1a hinh tru).

- :

' 2
/=

= = v
A

AN

— > Puong thang A goi la truc,
—> AB goi la duong cao,
— CD goi la duong sinh ctia hinh nén.

——Hinh tron tam B, ban kinh R = BC 1a day ctia hinh nén. Bel__ )
—C

3. Dién tich - Thé tich.
R~ Cho hinh tru ¢6 chiéu cao 1a &, ban kinh day r va duwong sinh la £ thi c6:

—— Dién tich xung quanh: S, =2mrl.
——Dién tich day (hinh tron): S, =mr’.

—— Dién tich toan phan hinh tron: S, =5, 125,
—— Thé tich khdi nén: V=Bh=nr’h
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4. Tinh chat.
N&u cat mat tru tron xoay boi mat phang:
> Cdt 2 mdt ddy thi c6 cac truong hop sau xdy ra:

@ Mt phang cat mat tru theo 2 duong sinh
—Thiét dién la ti gidc (hinh vuéng/hinh chi nhat).

@ Mt phang cat mat tru theo 2 duong sinh, song song
VvOi truc

3 Mat phéng cit mit tru theo 2 duwong sinh, cit truc

> Chi ciat 1 mdt ddy thi c6 cac truong hop sau xay ra:

Mit phéang ti€p xtic véi mat tru theo mdt duong sinh
—Mat phéng tiép dién cua mat tru.

@ Mit phang cat 1 duong sinh hinh tru va 1 mat day
—Giao tuyén la duwong parabol.

> Song song 2 day thi c6 treong hop sau xay ra:

® Mt phang cat vudng géc véi truc hinh nén
—Giao tuyén la mot duong tron.
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5. M&i lién hé thudng gdp.

Truong hop

Noi dung Cong thiic

Hinh minh hoa

Qua truc

Thiét dién 1a hinh
vuong

Thiét dién

Khoéng
qua truc

Song song vdi truc:

+ Vé trung diém cua day.

+N&i voi tam mat day.

+ Xem gia thiét: cach truc 1 khoang
d—>d=0OH

Cit truc tai 1 :

+ Vé trung diém hai day.

+ N&i hai trung diém — cat truc tai I .
+ Xem gia thiét:

& (t/dien; m/day) =O'MI=0HI .

= (t/dien; truc) _OIH=0'IM.

Lién quan vdi khéi hop
— lang tru

Ngoai tiép

1 i ?
h=1=c/ben ™~
N¢i tiép | Noi tiép hinh hop ding — R 1 iy . ‘ 777777 _Fk“ e
2 . N R 1"
[—-_'--\_
L. !
h = canh : : E
Ngoai tiép hinh hép ding — c /dayx/z : E | E
R=—"-+2— ! i '
2 ,6..-::::_'5 ''''' - _\i

~
\-

h=c/ben

Ngoai tiép lang tru dang — {
=7

Véi r la ban kinh dwong tron ngoai ti€p day.

S~
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B. CAC DANG BAI TAP.

® Dang 2.1. Tinh dé dai dudng sinh, bdan kinh ddy, dudng cao

M Truong hop don gian, ap dung cong thirc da co.
—— Dién tich xung quanh: S, =2mrl.
——Dién tich ddy (hinh tron): S, =mr’.
——Dién tich toan phan hinh tron: Stp = qu +2S,

—— Thé tich khoi tru: V =Bh=nr*h

R~ Dang 2.2. Tinh dién tich xung quanh - toan phan - thé tich
M Cho hinh tru (H ) c6 ban kinh day bé“mg r, chiéu cao h va d¢ dai duong sinh la [. Ky

hiéu qu , Stp [an luwot la dién tich xung quanh va dién tich toan phéan caa hinh tru ( H ) ,

khi do ta c6
—— Dién tich xung quanh: S, =2mrl.
——>Dién tich day (hinh tron): S, =mr’.

——>Dién tich toan phéan hinh tron: S, =S _+2S,

—— Thé tich khoi tru: V =Bh=nr*h
B~ Dang 2.3. Thiét dién
Qua truc Khéng qua truc Cit truc
M Thiét dién 1a hinh vudng | M Song song vdi truc: M  Cit tructai I :

h=1=2R + Vé trung diém cua day. + Vé trung diém hai day.
+ No6i véi tam madt day. + N&i hai trung diém — cat
+ Xem gia thiét: cach truc 1 tructai I .
khoang d -»d =0OH + Xem gia thiét:

& (t/dien; m/day) =0O'MI=0HI .

& (t/dien; truc) =0OIH =0'IM.

R~ Dang 2.4. Ni - ngoqi tiép
M Badi toan 1: Hinh tru ngoai ti€p
¢ Logi 1: Hinh try ngoai ti€p hinh hop ding

Khi 6 hinh tru co:
+ Duwong sinh | 1a canh bén ctia hinh hop
+ Chiéu cao h 1a chiéu cao ctia hinh hop

+ Bin kinh day r bang M.
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¢ Logi 2: Hinh tru ngoai ti€p hinh lang tru ding
Khi do6 hinh tru cé6:

+ Duwong sinh | 1a canh bén cta hinh lang tru

+ Chiéu cao h 1a chiéu cao ctia hinh lang tru

+ Bin kinh day r bang r,.

Véi r, 1a ban kinh duong tron ngoai ti€p day

M Badi todan 2: Hinh tru ndi tiép
¢ Logi 1: Hinh try ndi ti€p hinh hop dung

Khi @6 hinh tru co:
+ Duong sinh | 1a canh bén ctia hinh hop T '
+ Chiéu cao h 1a chiéu cao ctia hinh hop
-y , v Cc/da b i
+ Bdn kinh ddy r bang 5 Y . T
,:;/“ \‘\Ji,_—-”"' ‘I

¢ Logi 2: Hinh tru ni ti€p hinh lang tru ding
Khi d6 hinh try cé: -
+ Duwong sinh | 1a canh bén cta hinh lang tru ‘
+ Chiéu cao h 1a chiéu cao ctia hinh lang tru

+ Bén kinh &4y r bing , =§hd :@.

Véi r, 1a ban kinh duong tron ngoai ti€p day

R~ Dang 2.5. Min - max lién quan khaéi try
M Xay dung cong thirc can tim min — max.
M Dung cac cach dwéi day dé€ tim min — max.

Dang Diu “=" xdy ra khi
BDT (a2 Jrloz)(cz+clz)2(ac+bd)2 %:S
Bunyakovsk
/ 7 ( 2, 2 2\(1.2 | 1.2 2 2|4 a4, 4,
a’ +a +...+an)(b1 +b’ +...+bn)2(alb1+a2b2 +..+ab,) PRt
1 2 n
a+b
——>+Jab a=b
BDT 2 \/_
AM - GM
% > {a,.a,...a, (n 21) a=a,=..=4a

Khao sdat ham
s0 trén khodng | Tinh dao ham rdi 1ap BBT, tir d6 két luan theo yéu cau bai toan.

xdc dinh
S = % AB.AC.sin(AB; Ac) .
Danh gida Cas am
huong gidc Khi d6, d& [ S,,c |

o sin(AB; Ac) 1o (AB; Ac) ~90° < AB L AC

o [sin(AB; AC)}

max
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R~ Dang 2.6. Bdi todn thyc té
M Bai todn 1: Cac bai toan thye t& da dwgc mod hinh hoa bf?mg mot bai toan hinh hoc.

—— Stt dung cong cu hinh hoc, dai s6 (néu can) giai quyét bai toan.
—— Luuy cac diéu kién rang budc ctia bién s6 va két qua thu duoc c6 phu hop
vdi bai toan thuc t& da cho chua .
M Bai todn 2: Cac bai toan thue t&€ ma mé hinh thuc tién chua chuyén vé mo hinh toan hoc.
Buoc 1: Dua trén cac gia thiét va yéu t6 cua dé bai, ta xay dung mo hinh
Hinh hoc cho van dé dang xét, tizc 1a dién ta “dudi dang ngdn ngir
Hinh hoc” cho m6 hinh m6 phdng thuc tién.
Bucdc 2:  Str dung cong cu gidi quyét bai toan hinh hoc dwgc hinh thanh tir
budc 1.
—— Luuy cac diéu kién rang budc ctia bién s6 va két qua thu duoc c6 phu hop
vdi bai toan thuc t& da cho chua .
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KHOI CAU

A.LY THUYET CHUNG.

1. Dinh nghia.
> Tap hop cac diém M trong khong gian cach diém O ¢d dinh mot khoang R.

Goi 1a mit cau tim O, ban kinh R, ky hiéu: S(O;R). Khi d6 S(O;R)={M | OM =R}.
2. Vi tri tuong déi c0a mét diém véi mat cau.

> Cho mat cau S(O; R) va mot diém A bat ki, khi do:

® Néu OA=R @Néu OA<R< A |ONEuOA>R< A

=S Ae S(O,- R), nam trong mat cau. nam ngoai mat cau.

OA la ban kinh mat cau.

3. Vi tri tudng ddi c0a mat phdng véi mat cdu.
® Cho mat cau S(O; R) va mot (P) . Goi d la khoang cach tir tdim O ctia mat cau dén
(P) va H lahinh chiéu ctia O trén (P) =d=0H.
® Néu d<R<(P)nS(O;R) | @ Néu d>R«<(P) |® Néu d=R<(P) <6
theo giao tuyén la duong khong cat mat cau | mot diém chung duy
tron trén (P) tam H, ban S (O;R). nhat. Ta ndéi mat cau
kinh r = HM S(O;R) tiép xtic (P).
=R’ —4* =/R*—~OH" .

Do d¢, diéu kién can va du d& (P) ti€p xtic véi mat cau $(O;R) 1a d(O,(P))=R.
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4. Vi tri tudng ddi c0a mat phéng véi mat cdu.
R~ Cho mit cau S(O; R) va mot duong thrfmg A . Goi H la hinh chiéu ctia O trén
duong thang A va d=0H la khoang cach tit tim O ctia mat ciu dén A.

Khi do:
® Néu d>R<>A khong cat | @ Néu d<R<> A cat | @ Néu d=R < A vamit
mit cau S(O;R). mit cau S(O;R) tai | cau tiép xtic nhau (tai mgt

Do d6: diéu kién can va da dé€ A ti€p xtic véi mat cau la d = d(O, A) =R.
5. Dinh ly.
B~ Néu diém A nam ngoai mit cau S(O;R) thi:

@ Qua A 6 v0 s ti€p tuyén voi mat cau S(O;R).

@ Do dai doan thang ndi A vdi cac tiép diém déu bang nhau.

@ Tap hop cac diém nay la mot duong tron nam trén mit cau S (O; R).
6. Dién tich - Thé tich.
R- Dién tich mgt cau: S_ =4nR>. R~ Thé tich khéi cau: V. = % R

7. Mat cau ngoai tiép khéi da dién.
B Truc da gidc ddy (Truc ddy):
Duong thang di qua tam duong tron ngoai tiép ctia da gidc day va vuong goc voi
mat phang chita da giac day.
Bat ki mgt diém nao nam trén truc cia da gidc thi cach déu cdc dinh ciia da gidc dé.
B Duong trung truc ciia doan thing:
Puong thang di qua trung diém ctia doan thang va vudng goc véi doan thang dé.
Bit ki mot diéin nao nam trén dwong trung tryec thi cich déu hai ddu miit ciia dogn thing.
B Mgt trung truc cua dogn thﬁng:
Mit phang di qua trung diém ctia doan thang va vuong goc véi doan thang do.
Bat ki mgt diém nao nam trén mdt trung tryc thi cdch déu hai dau miit cia dogn thﬁng.
8. Tdm va bdn kinh mat cau ngoai tiép hinh chép:
R~ Tdm mdt cdu ngoai tiép hinh chop:;
La diém cach déu cac dinh caa hinh chép.
Hay néi cach khac, né chinh 1a giao diém I ctia truc dwong tron ngoai ti€p mait phang
day va mit phang trung truc ctia mot canh bén hinh chép.
® Bdn kinh:
La khoang cach tir | dén cac dinh ctia hinh chép.
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9. Mat cau ngoai tiép da dién:
9.1. K thudt xdc dinh dudng tron ngoai tiép da gidc:
> Khi xac dinh tAm mat cau, ta can xac dinh truc ciia mat phéng day.
Truc ddy 1a duong thang vudng gdéc véi mat phang ddy tai tim O ctia dwong tron

ngoai ti€p day.

~_

Hinh vu6ng: O la giao Hinh chir nhat: O 1a giao A déu: O 1a giao diém cta 2 duong
diém 2 dwong chéo. diém ctia hai duwong chéo. trung tuyén (trong tam).
\ 1l l_\ 1l
w
Avudng: O la trung diém A thuong: O la giao diém cta hai duong
ctia canh huyén. trung triec cua hai canh A.

9.2. Kij n&ing xdc dinh tryc dudng tron ngogi ti€p da gidc day
R Dinh nghia:
Truc dwong tron ngogi tiép da gidc ddy 1a duwong thang di qua
tam duwong tron ngoai tiép ddy va vudng goc voi mat
phang day.
R~ Tinh chit:
VMeA: MA=MB=MC. Suy ra:
MA=MB=MC < MEeA.
% Buoc 1:
Xac dinh tdam H cta duong tron ngoai ti€p da giac day.
% Buoc 2:
Qua H dung A vuodng goc véi mit phang day.
B> Mot sé truong hop dic biét:

AABC vuong tai A, Adéu ABC, A thuong ABC, goi H la giao
c6 H latrung diém BC. |c6 H latrong tam AABC. | diém ctia 3 duong trung truc.
— Khi d6 truc duong tron | — Khi d6 truc duong tron | — Khi d6 truc duong tron
ngoai tiép AABC la A ngoai tiép AABC la A ngoai tiép AABC 1a A qua H
qua H. qua H.
A A A
B / [ C A / / C A / / C
1 7 T T ! I
A B B
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9.3. K{j nding tam gidc déng dang:

S
R~ ASMO dbng dang véi ASIA = 50 _sM. '
SA S
M
04
I A
9.4. Nhan xét quan trong:
MA =MB=MC
R 3IM,S: = SM 1a truc duong tron ngoai tiép AABC
SA=SB=SC

9.5. Kij thudt xdc dinh mat cau ngoai tié€p hinh chép
R> Cho hinh chdp S.AA,...A, (thod man diéu kién ton tai mdt ciu ngoqi tiép).
Thong thuong, d€ xac dinh mét cau ngoai tiép hinh
chop ta thuc hién theo hai budc:
% Buoc 1:
Xéac dinh tam ctia dwong tron ngoai tiép da giac day.
Dung A: truc duong tron ngoai ti€p da giac day.
% Budc 2:
Lap mat phéng trung truc (a) cua mot canh bén.
Luac do:
—Tam O ctia mat cau: Am(a) = {O}

—Ban kinh: R= SA(: SO) . Tuy vao tiing treong hop.

9.2. Cdch xdc dinh tdm va bdn kinh mat cau cia mét sé hinh da dién:
1. Hinh hp chir nhit, hinh ldp phuong.

> Tam: 4 '
—Tam la I, 1a trung diém ctia AC'. o N <
> Bdn kinh: AN ,
—Bén kinh: R=2S AN
2 A B
D \C
2. Hinh ling try diing c6 ddy noi tiép duong tron,
Xét hinh ldng tru ding ABCD.A'BC'D', trong d6 % 2
c6 2 day ABCD va A'B'C'D’ ndi tiép duong tron o ¢
(0) va (0'). s
Luc d6, mat cau ndi ti€p hinh lang tru ding co: I}
> Tam: Al / .......... B
= [ véi I 1a trung diém cua OO'. \ |
= Ban kinh: o~
=Bén kinh: R=IA'=]A=IB=IB =.... \c

3. Hinh chép c6 cic dinh nhin doan thiang néi 2 dinh con lai dudi 1 g6c vuong:
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Chép S.ABC c6 SAC =SBC =90°. X

Luc d6, mat cau noi ti€p chop co:

> Tam:

= | la trung diém caa SC.

» Ban kinh:

= Ban kinh: Rz%zlA:IleC.

Chop S.ABCD c¢6 SAC=SBC=SDC = 90°.
Luc d6, mat cau ndi tiép chép co:

> Tam:

= [ la trung diém caa SC.

~ Ban kinh:

= Ban kinh: R:%:IA:IB:IC:ID.

4. Hinh chép déu:
Cho hinh chép déu S.ABC....
> Tam:
=Goi O la tam cua ddy = SO la tryc ctaa day.
= Trong (SAO), ta vé dwong trung truc ctia canh
SA la AnSA=M va AnSO=1
= ] 13 tAm mat cau

> Bén kinh: ASMI &> ASOA — °M _ 5L
SO SA
2
— Ban kinh: R=15= M54 _ 54" _ 1, _p_
250

5. Hinh chép c6 canh bén vuéng géc véi mit phang diy:
Cho hinh chop S.ABC.... ¢6 canh bén
SA L (ABC...) va day ABC... ndi tiép dugc trong
dwong tron tam O.
> Tam:
= Tu tam O ngoai ti€p cua duong tronday, ta vé
dudng thang d vudng goc voi (ABC...) tai O.
= Trong (d ;SA), dung duwong trung triec A ctia
canh SA la ANnSA=M va And=1
= I la tam mat cau
> Bdn kinh:
= Ta c6: MIOA]la hinh chit nhat.

2
=Xét AMAI vudng tai M c6: R= Al =VMI* + MA® = /AOZ+(%j :

6. Hinh chép c6 mit bén vudng géc véi mit phing diy:
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Cho hinh chép S.ABC.... ¢ mat bén

(SAB) L(ABC...) va déy ABC... ni ti€p duoc
trong duong tron tam O.

> Tam:

=Tk tam O ngoai ti€p cua duong tronday, ta vé
duong thang d vudng gbc véi (ABC...) tai O.

=Trong (d ;SH ), dung duong trung triec A cua
canh SH la AnSH=M va And=1
= I 1a tAm mat cau.

» Ban kinh:
=Xét ASMI vudng tai M c6: R=SI= [SM*+MI" = /R’ +HO2

=R, =HO

2
=Xét AAHO vuong tai H co: HO /AO AH \/ ( AB] (**)

=T (*)&(**)—>R=\/R§+Rj—(%)

7. Hinh chop khic:
» Tam:
= Dung truc A cta day.
= Dung mat phéng trung truec (a) cua mot canh bén bat ki.

= A m(a) =1 — I la tim mdt cau ngoai ti€p hinh chop.
= [ la tam mat cau

> Bdn kinh:

—khoang cach tit I dén cac dinh cta hinh chép.
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10.T6ng hdp cdc cong thic dac biét vé khdi tron xoay:
1. Chém ciu:

S, =27Rh=m7(r" +h*)

2. Hinh tru cut:
S,, =7R(h+h,)

V =mR? [—hl +h2j
2

3. Hinh ném loai 1:

14 =§R3 tan

4. Hinh ném loai 2:

V= T 2 Ritana
2 3

5. Parabol bic hai-Paraboloid tron xoay:

4 o ) N
SPurabnl = 5 Rh \\\ : 5 /"‘/ w
\ 0
1 1 \ /
V==nRh==V oaja/
2 2 " N

6. Di¢n tich Elip va Thé tich khoi tron xoay sinh bdi Elip:

S=mab / ;\
4 4 ‘ s
onayquanh I § 7Ta2b onuyquanhZa = 5 7mb2 \\i}/

7. Dién tich Elip va Thé'tich khéi tron xoay sinh béi Elip:

S=7T<R2 —1’2)

8. Dién tich Elip va Thé tich khoi tron xoay sinh boi Elip:

V = o R+7r)( R-r ?
2 2

0E
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1. Téng hgp tinh bdn kinh mat cau:

Noi dung Cong thiic
A Lo o, h?
Day bat ky. Rmc = Rd .|.Z
;1 | Canh bén SA 1 (day). Sne tai _5C
Loai1| %2 Y)- | AABC vudng tai B. R= 3
AABC vuong tai C. R= S7B
2
Logi 2 | Chop déu. R= ZS?O
AB?
Loai 3 | Mdt bén vuong gbc voi day. R= sz + Rs -
o : h?
Loai 4 | Ngoai tiép khoi lang tru diing va day noi ti€p duong tron. Rmc = R; + T
c oA e 1A ~ N ve A N 1/a2+b2+cz
Loai 5 | Ngoai tiép khoi hop chit nhat dai; rong; cao lan luot a;b;c. | R=Y" "7 7~
2
Loagi 6 | N&i tiép hinh 1ap phuong canh a. R 22

B. CAC DANG BAI TAP.

R~ Dang 3.1. Tinh bdn kinh khéi cau co ban
M Truong hop don gian, ap dung cong thic da co.
+Dién tich mat cau: S, =47R>. * Thé tich khoi cau: V. = EWRS )
R~ Dang 3.2. Tinh dién tich m@t cau - thé tich khdi cau
M Truong hop don gian, ap dung cong thic da co.

——Dién tich mat cau: S. =4mR?.
2 7 Ao A 4
—>Theé tich khoi cau: V.= 5 7R3,

B~ Dang 3.3. Thiét dién

= Cho mat cau S(O;R) va mot (P) . Goi d 1a khoang cach tir tdim O ctia mdt cau dén (P) va
H la hinh chiéu cta O trén (P) =d=0H.

® Néu d <R« (P)nS(O;R) @ Néu d>R<>(P) khong | @ Néu d=R<(P) c6 mot

theo giao tuyén la duong tron cit mat cau S(O;R). diém chung duy nhéat. Ta noi

trén (P) tam H, ban kinh mt cau S(O;R) ti€p xuc (P).

r=HM =+/R*—d*> =\/R* —~OH? .

Do d6, diéu kién can va du d& (P) ti€p xtic véi mat cau S(O;R) 1a d(O,(P))=R.
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R~ Dang 3.5. NOi - ngoqi ti€p

¥ Tém tit cac dang ban kinh mat cau ngoai ti€p khoi da dién.

Noi dung Cong thiic
PN o h?
Day bat ky. = Rd + T
Logi 1 | Canhbén SA L (day). | AABC vuong tai B. R= 5
) 2
AABC vudng tai C. R= STB
2
Loai 2 | Chép déu. 54
2.50
L . 3 Mvt b/\ A /4 &l d /4 2 2 ABZ
oai at bén vudng gbc vai day. R?+R? - .
h2
Loagi 4 | Ngoai tiép khoi lang tru ding va day noi ti€p duwong tron. = Rg + T
2 2 2
Loai 5 | Ngoai ti€p khoi hop chit nhat dai; rong; cao lan lugt a;b;c. Na“+b"+c”
2

Loagi 6 | Noi tiép hinh 1ap phuwong canh a.

R~ Dang 3.6. Min - max lién quan kh&i nén

M Xay dung cong thitc can tim min — max.

M Dung cac cach duoi day dé tim min — max.

Dang Ddu “=" xay ra khi
BDT (az +b2)(c2+d2)2(ac+bd)2 %:Z
Bunyakovsky P -
(af +a; +...+a5)(b12+b§+...+b§)2(alb1+a2b2+...+a b—lzb—zz ..:b—"
1 2 n
a+b
——2>+ab =b
BDT y 2o i
AM -
M-GM R B >3la,.a,..a, (n 21) L =a,=..=4a,

n

Khao sdat ham
s0 trén khodng

Tinh dao ham r6i 1ap BBT, tir d6 két luan theo yéu cau bai toan.

xdc dinh
S = % AB.AC. sin(AB; Ac) .
Ddnh gia Car oam
leomg gidc Khi d¢, dé [S ABC ]max

PN [sin(AB; Ac)} PN sin(AB; Ac) PN (AB; Ac) ~90° < AB | AC

max
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TOA PO KHONG GIAN

A.LY THUYET CHUNG.
'oDinh nghia:
Trong khong gian Oxyz, truc Ox;Oy;Oz doéi mot vudng goc

voi nhau nhu hinh. C4c vecto don vi trén titng truc Ox;Oy; Oz

lan luwot 1a ?:(1;0;0);;':(0;1;0);122(0;0;1) .

——> Néu a=ai+a,j+ak th1a=(al;a2;a3). /

1. Vécto
Xét hai vécto 4 =(al;a2;a3) vab= (bl;bz;bs) ta co:

a, =b,
(1) Hai vécto bang nhau: ........ccoooevveveeeerrerreeecene. i=bo a,=b,.
ay = b,
(2) CONG — T VECLO: ovvveereeeeceeeeeeeeeseeeereeeeveeenenons ﬁigz(alibl;azibz;a3ib3).
(3) Tich cua MOt SO VL VECLO: oo ki+b= (k.a1 ska,y; k.as).
(4) DO dAi VECLO B 1 eoveeeeeeeeeeeeeeeeee oo ‘Zi‘ = (a1)2 +(a2)2 +(a3)2 .
ab=d.lb|.cos(a:b
(5) Tich vo hudng hai vécto: ..., . ‘ ‘ ‘ ‘ ( )
ab=a.b +a,b,+a,b,
Lo\ db b, +a,b,+a,b,
—— Goc gitra 2 vécto: cos(a;b):‘ab o Wl B

i) (@) +(a,) + (o >2-J<bl>2+(bz>2+<b3>2'

Chii y: Kh'ﬁl;>0th1cosab >0 :>( )lagocnhon

b
Nguoc lai néu 4. b <0 thi cos(?z' )<O:>(a b) la goc tu.

(6) Vécto 4 vudng goc vécto B oo ib=0c a,.b,+a,b,+a,b, =
a, =k.b,
(7) vécto a cung phuong vécto IR [Zi ,b} ~0hodcd =kb < a,=kb,.
a, =kb,
(8) Vécto ;b ;¢ dong phang: ........cccoemmrrreevvvveeerrnns [Zz’,lﬂ c=0
(9) ABCD 1a hinh binh hanh ....cccoceeeeererrceren AB=DC
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(10) Tich c6 hudng ctia hai VECto ....c.oceeveeeecrrceeeanes [Ti ,I;} _| |2 % - % 3 ; T
bZ b3 bl b3 bl bZ
Qui tdc: Che tlr trede ra sau — 6 gitra d6i ddu
HOGC i [u,l;]:|a| ‘b‘ sm(fi,g)
1 _—
(1) Dién tich tam gi4c ABC ......ccoooiiirvvsrmssrirrrrerrreeee S e = E‘[AB ;AC}‘
1 —_— —T ——
(12) Thé tich t dién ABCD ........cccooemmmeemmmsrsrrrrrrrreree Vs = 6‘[,43 ; AC]AD
(13) Thé tich hop ABCD.ABCD' ..o V oo s = ‘[AB ;AD | A4’
2. Diém
Xét hai diém A(xA;yA;zA) va B(xB;yB;zB) ta co:
(1) Toa d6 vécto AB oo @z(xB—xA;yB—yA;zB—zA).
(2) Do dai vécto E: ................................................ A_B" :\/(xB —xA)2 +(yB —yA)2 +(ZB —zA)2 )
M er—)M(x;O;O)
(3) M thuoc cac truc toa dO: ..covvveveveeeeeieieeecieeene MeOy— M(O;y;O)
MeOz —>M(O;0;z)
Cdch nho: Thudc cai gi — cai do co.
M e(Oxy)—)M(x;y;O)
4) m thudc cac mat phéng toa dO: cveeveeeeeeeee. Me (Oxz) —->M (x;O;z)
M e(Oyz)—>M(O;y;z)

Cdch nho: Thudc cai gi — cai do co.

5) 11a trung di€m AB: I(xA;—xB;yA;yB;ZA;ZB]

—>ﬁ+ﬁB’=6:>VM:m+m=2]\_/H'

6) G 1a trong tam AABC: G[xA+J;B+xC ;yA+}éB+yC;ZA+Z;+ZCJ

—>GA+GB+GC =0= VM : MA + MB+MC =3MG
xA+xB+xC+xD .yA+yB+yC+yD _ZA+ZB+ZC+ZD]

4 7

4 4

—>GA+GB+GC+GD=0=>VM: MA+ MB+MC+ MD =4MG
(8) Néu diém M chia doan AB theo ti so k (z\ﬂ = szé) thi ta co:

(7) G 1a trong tam chép ABCD: G(

. o x, —kx,
xA—xM:k(xB—xM) M 1—k
—k. —k. —k. —k. re
Yo=Y =K(¥s=Vu) & yM=yA1_kyB:»M["Al_ka;yAl_kyB;ZAl_kZBJ voi k1.
zA—zM=k(zB—zM) 2, —kz,
Mk
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(9) Ung dung tam ti cu cua # diém:
©
.gcuc tri do dai vecto:
Cho n diém A;A,;...;A vacachésd k;k,;...;k, sao cho k=k +k,+...+k, #0

va duong thang d hodc mat phing (P) . Tim diém M trén duong thang d hodc mit

phang (P), sao cho |k, .MA, +k,.MA, +...+k, .MAH‘ nho nhat.

Huéng gidi quyét:
Buwdc1: Goi I 1a diém thoa man kl.E-sz.E-f— .. .+kn.E =0.
Buéc 2: Ap dung quy tic ba diém bién doi:

k.MA, +k,MA, +...+k MA |= ‘(k1 +k, +...kn)1\7i‘ = |k|‘ﬁ‘

Budc 3: Tim d¢ dai nho nhat cua cac vecto da cho xay ra khi M xay ra ¢ vi tri nao?

EB.vicu-

Trong khong gian Oxyz, cho hai diém A(l; 1;1) ;B (3;1 ;0) va mat phéng (P) .Tim M

trén mat phang (P) dé MA + ]\WS‘ dat gia tri nho nhat.

= Loi giai
Goi I(x; y;z) 15 diém thoa IA+IB=0
Dé thoa duoc diéu nay ta thdy [ 1a trung diém AB.

Taco m+m=m+a+m+ﬁ=m{a@j=m
\—C,_/

;
K a6 [V 8] o] -2
Vay ‘m +MB dat gia tri nho nhat< ‘Z\Tj ‘ nho nhat
< M la hinh chiéu vudng gbc cua [ 1én (P) .

-@,CUC tri d6 dai binh phuong vecto:

Cho da gidc A/A,...A, vacachésé k ;k,;...;k, saocho k=k +k,+...+k,>0.Tim

B
difm M trén duong thing d hodc mit phing (P), sao cho tong
S=k -MA’ +k,-MA; +..+k, -MA’ dat gia tri nho nhat.

Huéng gidi quyét:

Buwdc1: Goi I 1a diém thoa man kl.E+k2.E+ . .+kn.E =0.

2 — 3\ 2 —_  —\2 —\2 _— —\2
Buéc2: Thdy ring zvmf:‘zvm1 :(MAl) :(MI+IA1) :(MI) +2(MI.IA1)+(IA1)

Ap dung quy tic ba diém bién doi:
S=k -MA*+k,- MA? +...+k, -MA?

| (1) 2SI 1) [, | (1) 2308 ) 12

= (ky+ky + ok, )MI” + (K, - IA? + ..+, -IA5)+...+ZM[kl.E+...+kn.E}

=0
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= (ky+hy + ot b, ) MI? + (K, - TA? + .+ K, - TA?)
Budc3: Do k>0,dé€ S=k, MA12 +k, MA; +..+k, MAs dat gia tri nho nhat thi ta
xac dinh vi tri difm M can tim.

» Chii yj: Cho da gidc A/A,...A vacachéss k;k,;...;k, sao cho k=k +k,+...+k, <0.Tim
diém M trén d hodc (P) , sao cho tong S=k, - MA? +k,- MA? +...+k -MA? dat gia tri
16n nhat. Ta ciing thuc hién teong tu.

E@\w du 2.
Trong khong gian Oxyz, tim di€ém M nam trén mat phang (P) chtta AABC sao cho
MA® +2MB* +3MC* dat gia tri nho nhat.
= Loi gidi
Goi I(x;y;2) 1a diém thoa IA+2IB+3IC =0
Vi moi diém M ta co:
MA? +2MB? +3MC? = (M+ﬁ)2 + 2(Mi+ﬁé)2 +3(M+Tc)2

_— —2 —2 _— — —2 —_ — —2

—MI +2MIIA+IA +2MI +4MI.IB+1IB +3MI +6MI.IC+IC

=0

= 6MI? +(IA? + 21B? +31C2)+2M(ﬁ+2ﬁ+3EJ
- -

— 6MI? + (IA2 +2IB% + 31c2)
Vay MA? +2MB? +3MC? dat gia tri nho nhdt< MI =0 nho nhdt & M=1
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3. Hinh chiéu vuéng géc

7 e

Truc Ox: M’(a;0,0)

i ) Truc Oy: M’(0;b;0)
vuong goc ; /

Truc Oz: M’ (0;0;c)
HCVG lén (Oxy); (Oxz); (Oyz) tuong tw \ /

! z Chiéu lén cdi gi cdi do co.
S N
'g' Iﬂ[’(l); 0;¢) M'(0;b;¢)

': |

3 A (a3 05 ¢ !

E ) i . M (a; b;c)

Q) :

P |

-~ I
S o' M(0; b: 0)

= 2R EEEEES ;

- N
-~ - N
M'(a;0;0) ~ - N
M'(a; b;0)
T

4. Péi xUng

Truc Ox: M’ (a;-b;-c)

Déi xing A/{Truc Oy: M’(-a;b;-c)

Truc Oz: M’ (-a;-b;c)

HCVG lén (Oxy); (Oxz); (Oyz) tuong tu
z

” M (—asbi ) Doi x1bng qua cdi i cdi do giir.
& ! Con lai doi (tiec thém diu trie).
-~ .é [ ]
-§ M'(a; —b;¢) | M{(a;b;c)
N |
[T I
[S) | A
-~ | -
S . -
2=y = R
o 1 - _O ==
- ~ Yy

~ ﬂ-ﬂ”(a; b; —e)
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5. Géc

GOc gitra hai vécto i va v cos(ﬁ;i)z ‘?‘ﬁ
u|.|v
——>Goc gitra:
(1) Hai duong thing d,;d,: coovvvvevvveeeeeceeeeeeeeeeeevoeonnns cos(d,;d, ) = ‘\iﬁ‘-‘rﬁz\‘
u|.u,
(2) Hai mit phing (o,);(a, ): (o)) = o
Hai mat phang (al),(ozz). .................................. Cos((al),(az)) = ‘ﬁ ‘ ‘?i ‘ .
11°1°"2
\ 2 o 2 . ﬁ(ﬂ') ﬁd
(3) Duong thang d va madt phang (a): ................ sm(d;(a))‘ = ‘q ‘
SO
6. Khoang cdch
(1) Hai difm A;B: covvvvvvvvvvvvveeeossssssssssssseeeeesesssssssone ‘E‘=\/(x3—xA)2+(yB—yA)2+(zB —ZA)2 .
[ﬁ ;MMOJ
(2) Diem M, va A e d(MO;A):f‘
u
%)d(A"A):d(MO;A)
(4,7, ] m\
(3) Hai duong A ; A, (MeAl;NeAz): .............. d(A ;A ) ‘[ ‘
‘[AB ;CD | .BD‘
%—)d(Al;AZ): — —
| AB;CD |
(4) Piem M, va mat (a):ax+by+cz+d:0: ....... d(MO;(a))z ‘axo +byj T +d‘ .
o)
{5@3/6/((3))
Wd(Mo;(a)):d((ﬁ)i(a)):(A?(a))
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B. CAC DANG BAI TAP.

R~ Dang 1.1. Tim toa dd diém thoa diéu kién cho trudc

P Céng thuc lién quan thudng dung:

Cho ba diém A(xA;yA;zA),B(xB;yB;zB),C(xc;yc;zc)

* Néu d=aji+a,j +ak thi d=(a;a,;a,).

Khi do @:ml?+m27+m3E thi CTM=(ml;m2;m3):>M(ml;m2;m3).

Khi do MO:m17+m2f+m3E thi ]\Td=(m1;m2;m3):>M(—ml;—mz;—ma).

(1) Toa d® VECtD AB : woroooeeeeeeeeeseesseessesesesseeese E:(xB—xA;yB—yA;zB—zA).

(2) D6 dai VECto AB: oo E‘=\/(xB—xA)2+(yB—yA)2+(zB—zA)z :
M eOx — M(x;0;0)

(3) M thudc cac truc toa d0: ..coovvveeveeeeveeeeveeeeeeen, MeOy—)M(O v; 0)
M e Oz — M(0;0;z)

Cdch nho: Thudc cai gi — cai do co.
Me(Oxy)—)M(x;y;O)

(4) M thuoc cac mat phéng toa do: vevvveeeee Me(Oxz)—)M(x;O;z)
Me(Oyz)—)M(O;y;z)

Cdach nho: Thudc cai g1 — cai do co.

(5) 11a trung di€m AB: I[xAerB;yAerB;ZAJFZBJ

2 2 2

—>f4'+ﬁ3':6:>VM:M—A'+MS':2]\7i

6) G 1a trong tam AABC: G(xA+J;B+xC ;yA+yB+yC;ZA+ZB+ZC]

3 3

—»GA+GB+GC =0= VM : MA + MB+MC =3MG

<7> G la trong tam chép ABCD: G(xA+xBZxC o ;yA+yB Zyc Yo ;ZA +ZBZZC +ZDJ

—_— — —  — —

—>GA+GB+GC+GD=0=VM: MA+ MB+MC+ MD =4MG
(8) Néu dieém M chia doan AB theo tisO k (z\ﬂ = km) thi ta co:

x, —kx,
xA—xM:k(xB—xM) Yu = 1—k
Va=Yu=k(Vs=vu) o1y, = y”‘l__lzyB :M(xAl__I;xB ;yAl__I;yB ;ZAl__I;'ZBJ voi k=1.
Z, =2y, :k(zB—zM) 2, —kz,
Tk
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B~ Dagng 1.2. Tim toa dé diém ddc biét

* Dinh nghia dudng cao: la doan vudng goc ké tir mot dinh dén canh day thi
goi la duong cao cta tam giac do.
e Chén dudng cao:. la giao di€ém ctia duong cao va canh day.

e Bai todn: Tim toa d¢ chan duong cao ké tir dinh A trong AABC.
Buoc 1: Tim toa do E; ﬁ—i; ﬁf

01 cfh*an Buorc 2: Do Heal —> AH.BC =0
udng C U lAaHLBC T
cao - S —
Do H e BC — BH, BC cung phuwong — BH =k.BC
AH.BC=0
Budc3: Tk cicyéutStréntacohé: sx . y . z_. —>H(?)
BH _ 7BH _ “BH _ |
Yoo Yee  Fe
e Dinh nghia tryc tdm:  la giao di€ém ctia ba dwong cao.
* Bai todn: Tim toa d¢ trec tam H caa AABC.
Buéc 1: Tim toa do AH ﬁ—i CTi E A—C” BC.
. He AH
Buoc 2: Do —> AH.BC =0
AH 1 BC
Tryc
02 .. BH.AC=0
tam Twong tu ta duoc —
CH.AB = 0
AH.BC =0
Bugc 3: Tl cac yéu to trén ta c6 hé: BH.AC=0-> H(?).
CH.AB=0
* Pinh nghia dudng phan gidc:
la dueong thang chia géc d6 thanh 2 goc bang nhau.
e Chdn dudng phan gidc:
la giao di€m ctia duong phan gidc va canh day.
e Bai todn: Tim toa d§ chan duwong phan gidc trong D ké tir dinh A trong
Chdan | AABC.
dudng Buéc 1: Theo tinh chat duong phan giac: bA_BA
03 hé DC BC
phan — BA —
gidc Do DeAC=DA=—--.DC.
trong

Tinh ty s6 % bang cdc toa dj diém ma deé ra.
x; =k.x;
Buoc 2: Ap dung a4 = kb < v, =ky;. Dé tim toa do D.
z; =kz,
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* Dinh nghia tdm dudng tron ndi tiép tam gidc:
la giao di€ém ctia 3 duong phan gidc trong.

* Bai todn: Tim toa d6 chan tam duong tron ndi tiép AABC.
» Cach 1. Ap dung tinh chat:
“Cho AABC, I li tam dwong tron ndi tiép, ta c6 BC.IA + AC.IB+ AB.IC = 0(*)”

Buoc 1: Tinh AC; AB; BC ta dwoc cac hf?mg s0.
Buoc 2: Tinh ﬁ,‘ Eé; I_C'
Buc 3: Thay vao (*) va thu gon—1(?).

P Céch 2. Ap dung tinh chat giao diém 3 duong phan giac (2 Tan):

Lian 1: Xét AABC, goi D la chan duwong phan giac goc A

Bugc 1: Theo tinh chat duong phan giac: ba_BA
N DC BC
Tam BA
tron — Sy o
0 4 ? Tinh ty so BA bang cdc toa do diém ma dé ra.
noi BC
tiép x; =k.x;

Buoc 2: Ap dung a4 = kb < v, =ky;. Dé tim toa do D.
z; =kz,
Lin 2: Xét AABD, goi I 1a chan duong phan giac géc B
BD

Budc 3: Theo tinh chat duwong phan giac: ID_BD
IA BA

Do IeAD:ﬁD':—@.ﬁ.
BC

Tinh ty s¢’ % bang cdc toa do diém ma dé ra.

X, = k.xg

Buoc 4: Ap dung a = kb < v, =ky;. Dé tim toa do I.

z, =k.z.
i b
R~ Dang 1.3. Tim toa dd vecto théa diéu kién cho trudc

Xét hai vécto @ =(a;;a,;a,) va b =(b;;b,:b,) ta co:

a,=b
(1) Hai vécto béng NhAU: e i=bo a,=b,.
a, =b,
(2) CONG — TIT VECLO: ovvveerereeeeeceeeeeeeeeseeeeeeeeeveeeneenns Zz’igz(alibl;azibz;aaib3).
(3) Tich ctia mdt 56 VOi VECO: wevvrsvvrrvrrrerrrserrne kith=(ka;ka,;kay).
(4) DO AT VECLO B 1 eoveeeeeeeeeeeeeeeee oo ‘Ti‘ = \/(al)z +(112 )2 +(a3 )2 .
a, =k.b,
(5) Vécto @ cting phuong vécto RS [ﬁ ;b } —0Ohodcd =kb < a,=kb, .
a, =kb,
(6) ABCD 13 hinh binh hanh ...occcoererreerseerene AB=DC.
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®~ Dang 1.4. Lién quan d6 dai
Xét hai vécto Zz':(al;az;a3) va l;:(bl;bz;bs) va A(xA;yA;zA),B x

( .
(1) DO dai VECLO @ oo = \(a) +(a,) +(a,)
——lf =" =(a) +(a,) +(a,)
(2) D6 dai VEcto AB: oo ‘E‘H/ (=2, ) + (Y5 =y ) +(z5—2.) -
(3) Tich v6 hudng hai vECt: e b =i |p|.cos(d;0)
(4) Géc gitta hai VECtO T VA T wovrrrrerrersneren cos(d;b) == b
.1

P Bai todn lién quan thudng gdp:

Cho hai vecto # va v co ‘ii‘ =m; z_)" =n va tao voi nhau mot goc «. Tinh ‘ii+5‘ hoac ‘Ei—ﬁ‘

hoac tuy vao yéu cau bai toan.
Hudng gidi quyét
7 oA A2 — — 2 — — 2 —2 - — —2
Buwoc 1: Bién doi (‘u + v‘) = (u + v) =U"+2UuV+70
12
* =i

5:‘ ‘ ‘b‘ cos(a b)

=

Bu6c2: Ap dung:

Dé bién doi:
i1 + 215+ =|ii| +2[i].|o|cos (i:7) +[5] ()
Buéc 3: Lap cac dit kién gia thiét vao (*) = ‘ﬁ + 5‘ =?
R’ Dang 1.5. SY cung phuong
Xét hai vécto @ =(a,;a,;a,) va b= (bl;bz;bs) ta co:

a,=b
(1) Hai vécto bang nhau: ........ccoooevvveeeeerneereeeiene. i=boa, = b, .
a, =b,
a, =k.b,
(2) Vécto i cling phuong vécto b: ................... [ﬁ ;E} =0 hodc i =kb < a,=kb, .
a, =kb,
R~ Dang 1.6. Sy déng phdng
Xét hai vécto @ =(a,;a,;a,) va b= (bl;bz;bs) ta co:
(1) Tich c6 hudng ctia hai vecto @ va L ( al ; Zl ZZJ
( asbz, a,b, “1173/ ab, —a,b,).
(2) Ba vécto @; b; ¢ dong phang: .........cooeeereeveennee. [a b} C=
(3) Bn diém A, B,C,D tao thanh it dién: .......... [E,I@}.E 0.
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R~ Dang 1.7. Ung dung tich c6 hudng

Xét hai vécto d =(a,;a,;a,) va gz(bl;bz;bs) ta co:

(1) B6n diém A, B,C, D tao thanh tt dién: .......... [E,Tc}ﬁ 0.
< A,B,C,D khong dong ph:fmg
1 —_
(2) Dién tich AABC: ....vvvvvvoveeeeesssssssesseeeeeeeeeeeessssone Sy = E‘[AB, AC]‘ :
1 s, [787]
—=DPuong cao AABC: S, ,,. =—AHBC= AH=—24C ==
2 BC ‘BC
(3) Dién tich hinh binh hanh ABCD:: .................. S iscp = 2S i = ‘[E, /TC}‘ :
1 _ T ——
(4) Thé tich tt dién ABCD: ..o V= g‘[AB, AC]AD :
=Dbuwong cao chép ABCD:
) aw. [4Bac]ap
V s =§d(A,(BCD)).SABCD =d(A,(BCD))= =
ABCD H:BC, BD:H

P Bai todn tinh dién tich tam gidc:
Trong khong gian Oxyz, cho A(...), B(),C() Tinh dién tich tam giac ABC
Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto @,E .

Buoc 2:  Tim toa d0 cta Vecto[ﬁ,TC} .

1 _
Buoc3: Stdung S, = E‘[AB' AC }‘ dé tinh dién tich AABC.
Néu bai toan yéu cau tinh dwong cao trong tam gidc:
1 25 '
Buoc4: Stdung S,,,, = 5 AHOB= AH = ﬁ d€ tinh d6 dai duong cao AH .
P Bdi todn tinh thé tich ty¢ dién:
Trong khong gian Oxyz, cho A(...), B(),C(),D() . Tinh thé tich t&* dién ABCD
Hudng gidi quyét
Buéc1: Tim toa d6 cac vecto AB, AC, AD.

Buéc?2: Tinh [E’,A_C']E.
1 - RN
Bu6c3: Stdung V= 6‘[AB, AC] . AD‘ d6 tinh thé tich t dién ABCD.

Néu bai toan yéu ciu tinh khoang cdch ha tir dinh:

Buéc4: Stadung V,, . = %d(A,(BCD)).SABCD =d(A,(BCD))= Viseo 46 tinh d¢ dai

ABCD

khoang cach
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®~ Dang 1.8. Lién quan gdéc
Xét hai vécto @ =(a;a,;a,) va b =(b;b,:b,) ta co:

H.E:‘ﬁ‘.‘g‘.cos(ﬁ;g)

(1) Tich vo huong hai vécto: ... .
ab=a.b +a,b,+a,.b,

Jw @ () ) () (w)

Chity: Khia. b>0 thi cos(a b)>0 :>( ) la goc nhon,

—

Cn . L db a.b+a,b,+a,b
—— Goc gitra 2 vécto: cos(a;b):‘ 2 3773

.\

b
Nguoc lai néu 4. b <0 thi cos( )<0:>(u b) la goc tu.

(2) Vécto @ vudng goc vécto D oo ib=0c a.b +a,b,+a,b,=0

R Dang 1.9. TGm ty cy

P Bai todn cyc tri do dai vecto:
Cho n diéim A;A,; ...; A, vdcic hé s6'k ;k,;...;k, sao cho k=k +k,+...+k, #0 va duong
thang d hodc mgt phang (P). Tim diém M trén dwong thing d hodc mdt phing (P), sao cho

| nho nhat.
Hudng gidi quyét
Buéc1:  Goi I 1a diém thoa man k. IA +k, A +...+k IA =0.
Bu6c2: Ap dung quy tic ba diém bién d6i:
= (ks + K+, ) M| = [ [ Mi]

Buoc 3: Tim d dai nho nhat ctia cac vecto da cho xay ra khi M xay ra & vi tri nao?
P Bai todn cyc tri d6 dai binh phuong vecto:
Cho da gidc AjA,... A, vicic hé s6'k,;k,;...;k, sao cho k=k +k,+...+k,>0. Tim diém M
trén dwong thing d hodc mdt phing (P), sao cho tong S=k,- MA? +k,- MA? +...+k, - MA? dat
gid tri nho nhit.
Huéng gidi quyét
Budc1: Goi I 1a diém thoa man kl.E+k2.E+ . .+kn.E =0.

2

Bu6c2: Thay rang MA? =

42 — \2 — s ——\2 — 2 _ —
:(MAl) :(MI+IA1) = (MI) + 2(MI.IA1)+(IA1)

Ap dung quy tic ba diém bién doi:

S=k,-MA? +k,- MA> +...+k -MA’

o (1) 2T (1) oo () 42

= (ky+ky + ook, )MI? + (K, - IA? + ..+, -IA2)+...+ZM{kl.E+...+kn.E}

=0

= (K + K, + ot ke, )MI? + (K - TA] + ..+ K, - TA?)
Buéc3: Do k>0, dé Szkl-MAf +k2-MA§+...+kn-MA5 dat gia tri nho nhat thi ta xac

dinh vi tri diém M can tim.
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®~ Dang 1.10. Toa dd héa
P Céng thuc lién quan thudng dung:
Xét hai vécto ﬁ=(al;a2;a3) vab= (b bz,bs) ta co:

(1) Tich ¢6 huwdng ctia hai vecto @ va B o, [E,lﬂ= B ; 5 ; o
b, b b, b | |b b,
=(ab, —ab,; ab, —ab,; ab,-ab,).
a, =k.b,
(2) vécto @ cung phwong vécto b: ..., [Zi ,5} =0 hodcd= kb < a,=kb, .
a, =kb,
(3) Ba vécto @; b; ¢ dong Phang: ...........coeeveerrreenn. [a b} < =0.
A 1
(4) Dién tich AABC: ...vvvvvvvveeeeessssssssssseeeneeeeeeesssoone S asc E‘ AB, AC]
1 _—
(5) Thé tich ttt dién ABCD: .cocevvcvccveeecesccreecese V= E‘[AB AC LAD|.
(6) Thé tich kh&i hop ABCD: woeeveeeeseeseersseree V= ‘[Eé, AD} AA
(7) Thé tich kh&i hop ABCD.ABCD : e % ‘[AB,E} AA
(8) Goc:
. — — n,.n
* Gitta hai mat phang: .........cccccvviininiinnnne cosp = COS(TIP n )‘ “ﬁp‘ ‘ﬁQ“
aa
¢ Gitta hai duong thang ..................................... Ccosp = cos(a a ) T
al.|a
. . - o an
* Gitta duong thang va mat phang: .................. singp = sin(a,n) = _‘,‘
al.n

Meo nhé cong thirc vé géc trong hinh hoc Oxyz :
= Cnngloai dung Cos (Gc gitta duong véi duong , mat phang véi mit phang).
* Khacloai dung Sin (Gdc gitta dwong va mat).

9) Khoang cach

o Tt di€m dén mat Phang ......cooveevveevverrrenennn. d(MD,(a)) = [ 4%, + By, + Cz, + D)
VA? +B? +C?
‘[MOM,QJ
o Tt diém dén duong thang:.......c...coevveervvrrenn. d(M , A) = ‘f
i

[d,a]MM]|

hop

* Hai duong thang chéo nhatt:..........c..ccooeeee.e, d (d,d’) =
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» Cdch “gdn” tryc:
e Budc 1: Chon hé tryuc toa dé Oxyz
@ Xac dinh ba duong dong quy va d6i mot cat nhau trén co so ¢6 sén ctia hinh
(nhw tam dién vudng, hinh hfp chit nhat, hinh chop ti¢ gidc déu ...),
o Duya trén cdc mat phang vuong géc dung thém dwong phu.
* Budc 2: Toa db hoa cac diém cua hinh khéong gian.
= Tinh toa d§ diém lién quan truc ti€p dén gia thiét va két luan cua bai toan.
Tinh todn chu yéu dwa vao quan hé song song, vuéng goc cung cdac dir liéu bai todn.
* Budc 3: Chuyén gid thiét qua hinh hoc gidi tich.
o Lap cac phuong trinh duwong, mat lién quan.
o Xac dinh toa dd cac diém, véc to can thiét cho két luan.
* Budc 4: Gidi quyét bai toan.
= St dung cac kién thitc hinh hoc giai tich d€ giai quyét yéu cau ctia bai toan
hinh khong gian.
¥ Cdch chon hé toa dé mdt sé hinh khéng gian.
A. HOp.
0O Hinh hép 1ap phwong - Hinh hp chit nhat ABCD.A'B'C'D’

* Voi hinh lap phuwong . 5
Chon hé truc toa d6 sao cho: TA’
A(O;O;O),B(a;O;O),C(a;a;O),D(O;a,'O), :
A'(O;O;a), B'(a;O;a), C’(a;a;a), D’(O;a;a)
* V6i hinh hép chit nhit. |
Chon hé truc toa @0 sao cho: fl,'t ___________________ D
A(0;0;0), B(1;0;0), C(a;5;0), D(0;b;0),
A'(O;O;c), B’(u;O;c), C'(a;b;c), D’(O;b;c)

DI

xy B C

P Chay: Tam dién vudng 1a mot nira ctia hinh hop chir nhat nén ta chon hé truc toa d6 tuwong
te nhu hinh hop chit nhat.
O Hinh h¢p ditng c6 day la hinh thoi ABCD.A'B'C'D'

Chon hé truc toa d6 sao cho: 5

» Goc toa do trung véi O=ACNBD. A T
> Truc Oz di qua 2 tam cua 2 day B
> Pat AC=a,BD=b,AA =c thi

alo-%0), 8/ Lo0],clo%0), b -L00], R .
2 2 2 2 T |- o
a b a b e D
A Q=5c|, B 50|, C'1 0; ;¢ |, D'| =—;0;c |. g o
e S L I =

P Chay: Véilang tru ding ABC.A'B'C' c6 ddy ABC la tam gidc can tai B thi ta chon hé toa
d6 tuong tu nhu trén véi gdc toa do la trung diém AC, BeOx,C e Oy con truc Oz
di qua trung diém hai canh AC, AC'.

Dl

Cl
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B. Chdp.
O Hinh chép déu

(1) Hinh chép tam giac déu S.ABC, AB=a,SH=h.
Chon hé truc toa d6 sao cho:

> GOc toa d¢ trung véi O la trung diém BC

> AeOx.

> BeOy
Khi d6 A(”J— 0; o] B[O E;oj,c(o;—ﬂ;oj, s(%;ow}

2

(2) Hinh chop t gidc déu S.ABCD, AB=a,SH =h.
Chon hé truc toa do sao cho:

> Goc toa do trung véi O=ACNBD

> BeOx.

> CeOy.

> S5e0xz.

Khi dé: A[O— \/_ ] B[i;O;OJ,C[O;ﬁ;O],
2 2 2

( \2/_ 00] S(0;0;1) .

P Chay: Ngoai cach chon hé truc nhw trén ta c6 thé chon hé truc béng cach khac.
Chang han véi hinh chdép tam gidc déu ta c6 thé chon H=0, truc Oy diqua H va

song song voi BC.
0 Hinh chép S.ABCD c6 SA L(ABCD),SA=h

Néu day la hinh chi nhat.
Chon hé truc toa d6 sao cho:
> Goc toa do trung véi A=0
> BeOx.

> DeOy.

> 5e0z.

Néu day la hinh thoi.

Chon hé truc toa d6 sao cho:

> Goc toa do trung véi O= ACNBD
> BeOkx.

> CeOy.

> 0Oz//SA.

» Chi y:  Cho hinh chép S.ABC c6 SA L(ABC), néu ddy ABC la:

e Tam gidc vuong tai A thi cach chon hé truc nhu hinh chop S.ABCD co day la

hinh chi nhat.
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e Tam gidc can tai B thi ta chon hé truc toa d¢ nhw hinh chép S.ABCD c6 day la
hinh thoi, khi d6 goc toa d¢ la trung diém canh AC.
0 Hinh chép S.ABC c6 (SAB) L (ABCD)

Puong cao SH =h cua ASAB la duong cao cua hinh chop. 2 s

Néu AABC vuodng tai A, AB=a, AC=b

Chon hé truc toa do sao cho:

> Goc toa do trung véi A=0

> BeOy.

> CeOz.

> Oz//SH. A .
Khi d6 A(0;0;0), B(0;a;0),C(b;0;0), AH =c = H(0;c;0),

S(0;c;h) -

» Chay: Cho hinh chép 6 SA L(ABC), néu déy ABC la:

e Tam gidc vudng tai B ta chon B=0O, vuong tai C chon C=0.
e AASB cantai S, AABC cantai C thitachon H=0,CeOx,BeOy, Se0Oz
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A.LY THUYET CHUNG.

Trong khong gian Oxyz, mit cau (S) tam I(a;b;c) ban kinh r

.@Dinh nghia:

PHUONG TRINH MAT CAU

c6 phuong trinh la.

(x—a)2 +(y—b)2 +(z—c)2 =i

1. Phuong trinh

LOAI1 LOAI 2
Phwong Trinh (x—a)2+(y—b)2+(z—c)2 =R x*+y? +2° —2ax—2by—2cz+d =0
Tam L&y hé s6 ty do trong ngodc +-1. Lay hé s6 trude x;y;z +-2.
XacDinh | g, N s LA Ao R=Na’+b*+c*-d.
. Lay can bac 2 vé phai. .y
Kinh Diéu kién ton tai: a° +b" +c*—-d>0.

2. Vi tri tuong doi
Trong khong gian Oxyz, ta c6 3 doi tuong d€ xét vi tri twong doi voi mat cau:

(1) Diém M(a;b;c).

Trong khong gian Oxyz, cho diém M va mat cau S(I ; R) . Khi dé:

Piém

Mait cau

Nam ngoai
< IMn(S)=H

Nam trén

<:>IMm(S)=MzH

Nam trong
< IMN(S)=2

IM >R

IM=R

IM <R
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(2) Mt phang («): Ax+By+Cz+D=0
Trong khong gian Oxyz, cho mit phang (a) : Ax+By+Cz+D =0 vamat cau S(I ; R) . Khi do:

Mit phing
Khong cat Tiép xiic Cit theo giao tuyén la duong tron
< ()N (S)= < ()n(S)={M] < (a)n(S)=C(I';7)
d(l;(a))>R d(l;(a))zR d(I;(a))<R
& Mt phang tiép xtc 2= (a) cat mat cau theo giao

mat cau tai diém M
: : | tuyénla duong tron c6 tam I' va

o ban kinh r.
Mat cau Rz\/r2+d2(1;(a)).

z-2,

(3) Duong thang A: % VY
a b c

X _ _
o _Y 7Y _Z27% va mit cau S(I;R).Khidé:

Trong khong gian Oxyz, duong thang A: -
a

b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
SAN(S)=2 < An(S)={H} < An(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R
< Puong thang tiép AB?
xtic mat cau tai diém H = R:\/T +d2(I?A)-

Mat cau
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B. CAC DANG BAI TAP.

R~ Dang 2.1. X4c dinh tdm - bdn kinh - nhdn biét phuong trinh mat cau

LOAI 1 LOAI 2
Phuwong Trinh (x—a)2+(y—b)2+(z—c)2 =R? x* +y? +2z° —2ax—2by —2cz+d =0
(1) Heésd trude x,y,z bang nhauva | (1) Hé s8 trude x°,y°,2° bang
bang 1. nhau va bang 1.
Nhin xét (2) Hé s6 trede cac ngodc bang nhau | (2) Phuong trinh day da x?, 12, 2°
va bang 1. (3) Thoa man diéu kién ton tai
(3) V& phaila hang s§ duong,. P4+ —d>0
Tam L&y hé s6 ty do trong ngodc +-1. L&y hé s0 trude x;y;z +-2.
XacBinh | 5, N A m N R=+a’+b*+c*—d.
. Lay can bac 2 v€ phai. N
Kinh Diéu kién ton tai: a® +b*+c¢*—-d>0.

R~ Dang 2.2. Phuong trinh mat cau cé tam va di qua mét diém
P Trong khong gian Oxyz, viét phuong trinh méat cau (S)

Loai Phuong phap

Ttr gia thiét ta da cd sdn tam [ va ban kinh R.
Phwong trinh (S) : (x—a)2 +(y—b)2 +(z—c)2 =R%.
» Ban kinh mat cau

R=IM =‘N‘ :\/(xo —a)z +(y0 —b)2 +(zO —c)2 .

» Mat cau co tam I(a;b;c) va ban kinh R=IM.
B>~ Dang 2.3. Phuong trinh mat cau nhan hai diém lam dudng kinh

P Trong khong gian Oxyz, viét phuong trinh méat cau (S)

Tam I(a;b;c) va ban kinh R.

Tam I(a;b;c) va qua dié’mM(xo;yO;zo)

Loai Phuwong phap

» Goi I la tAm mat cau (S)

=1 1a trung diém caa MN
Nhan M(xM;yM;zM)vé N(xN;yN;zN) N VRSN VIR I VN
lam duong kinh 2 2 72 '

» Ban kinh mét ciu R = @ =IM.

R~ Dang 2.4. Phuong trinh mat cdu qua 4 diém khéng déng phdng
P Trong khong gian Oxyz, viét phuong trinh mat cau (S)

Loai
bi qua 4 diém A;B;C; D khong dong
phang

Phuong phap

> Goi I(a;b;c) la toa dO tam mat cAu can tim.
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> Mat cau (S) di qua 4 diém

IA? = [B?
< IA=IB=IC=ID < {IA*=IC* =>toadd I.
IA? = ID?

» Mat cau co tam I(a;b;c) vaban kinh R=1IA.

R~ Dang 2.5. Phuong trinh mat cau tédm | thudc (P) va qua ba diém
P Trong khong gian Oxyz, viét phuong trinh mét cau (S)

Loai

Phuwong phap

Tam Ie(P) vadiqua A;B;C.
Vi (P):cx+B.y+v.z+6=0 hojc (P) la
cdc mdt phang (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong truwong hop I € mot trong cic
mit phang (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

> Goi I(a;b;c) la tAm mat cau

» Taco I e(P)= aa+Bb+v.c+65=0(1).
> Mat cau (S) di qua ba diém A;B;C
IA? = IB* (2)
IA*=1C* (3)

» Ti (1);(2) va (3)=1 lathoa hé:

<:>IA:IB:IC<:>{

aa+Bb+vy.c+6=0
IA? = IB?
IA? =IC?

» Mat cau co tam I(a;b;c) vabankinh R=1A.

=toadd I.

R~ Dang 2.6. Phuong trinh mat cau tédm | thudc d vé qua hai diém
P Trong khong gian Oxyz, viét phuong trinh mét cau (S)

Loai

Phuong phap

Tam I ed vadiqua A;B.
z-z

X—X -
Voi d: 2" Y0 _ 2720 pose d 1a cic
a b c

truc Ox;0y;0z.
& Nhan xét:

Trong truong hop I € mdt trong cdc
truc Ox;Oy; Oz bai todn sé don gidn

hon

> Goi I(a;b;c) la tam mat cau
> Ta co Ied:>I(x0+at;y0+bt;zo+ct).

> Vit IA:IB theo t va tinh do dai |IA

i

> Mat cau (S) di qua hai diém A;B
QIAlee‘ﬁ‘z‘ﬁé‘:tz?.

> Tw t=?=toadod I.

» Mat cau co tam I(a;b;c) vabankinh R=1IA.

R~ Dang 2.7. Phuong trinh mat cdu ti€p xuc mat phdng - dudng thdng
P Trong khong gian Oxyz, viét phuong trinh méit cau (S)

Loai

Phuong phap

Tam I(a;b;c) va tiép xuc véi (P) .

Vi (P): Ax+By+Cz+D=0 hoic (P) la
cdc mat phing (Oxy),(Oxz),(Oyz).

& Nhén xét:

» Béan kinh mat cau
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Trong trwong hop 1 tiép xiic mot trong
cdc mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

_|Aa+Bb+Cc+D
JA? + B +C?

Tiep xuc (a)
Tiep xuc (Oxy)_
Tiep xuc (Oxz)
Tiep xuc (Oyz)

> Mat ;‘éu tam I(a;b;c) va ban kinh de(I;(a)).

Tam I(a;b;c) va tiép xuc véi A.

Voi A2t Y0 2750 pos Al

a b c
cac truc Ox;0y;0z.
& Nhan xét:
Trong truwong hop 1 tiép xiic mot trong
cic truc Ox;Oy;Oz bai toan sé don

gian hon.

R~ Dang 2.8. Phuong trinh mat cdu cdt mat phang - dudng thdng

> Ban kinh mat cau

PNE

( Tl
R= d(l Ox) \/7[2 Tiep xuc Ox-
d(I Oy) m Tiep xuc Oy
_d(I;Oz) W Tiep xuc Oz

d I,A) Tiep xuc A

> Mat cau tam I(a;b;c) va ban kinh R=d(I;A).

P Trong khong gian Oxyz, viét phuong trinh méat cau (S)

Loai Phuong phap
, o e . |Aa+Bb+Cc+D|
Tam I(a;b;c) va cat (P) theo giao Tinh d(I'(O‘)) = JAZ 1+ B2+ C?

tuyén la duwong tron tam I’ ban kinh .
Vi (P): Ax+By+Cz+D=0 hodc (P) la
cdc mat phing (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong trwong hop 1 tiép xiic mot trong
cdc mit phing (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

> Ban kinh: R* =d*(I;())+r* = OH* + HM?

» Mat cau tam I(a;b;c) va ban kinh R.

Tam I(a;b;c) va cit A tai A(xA;yA;zA)
B(xB;yB;zB) va H latrung diém AB.
X—X

vei Ao I 2T
a b c

cic truc Ox;0y;0z.

& Nhén xét:
Trong trwong hop 1 tiép xiic mot trong
cdc truc Ox;Oy;Oz bai todan sé don

%0 hoge A I

Qidn hon.

o]
» Tinh d(I;A)=5——

> Ban kinh: R =d”(I;())+ AH® =OH’ +

AB

» Mat cau tAm I(a;b;c) va ban kinh R:d(I;A).
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Ndm hoc: 2023-2024

A.LY THUYET CHUNG.
1. Phuong trinh

PHUONG TRINH MAT PHANG

» Phuong trinh mit phang (P): Ax+By+Cz+D=0 v6i A?+B*+C?>0.C6 vécto phap

tuyén la ﬁ=(A;B;C).

» Mit phang (P) di qua diém M(x,;y,;

tuyén c6 dang (P): A(x—x,)+B(y—y,)+C(z—z,)=0.

Cacmat phéng dac biét:

zo) va nhan vecto 71 = (A ;B;C ) lam vecto phap

TINH CHAT MAT PHANG PHUONG TRINH HE SO DAC BIET
( ) di qua/chtra gbc O. ( a): Ax+By+Cz=0 D=0

(a) song song/chtra Ox. (@):By+Cz+D=0 A=0

(a) song song/chtta Oy . (a) Ax+Cz+D=0 B=0

(a) song song/chtta Oz . (a) Ax+By+D=0 C=0

(a) song song/trung (Oxy). (a) Cz+D=0 A=B=0

(a) song song/triing (Oxz). (a):By+D=0 A=C=0

(a) song song/triing (Oyz). (a): Ax+D=0 B=C=0

> Nhan xét:

Mat phang khong chita 4n nao thi mit phang sé song song hodc chita truc do

hodc mgt phang khong chita 4n nao thi mat phang sé song song hodc chita mat

phéang do.

2. Vi tri tuong d&i hai mat phdng
Cho mat («): Ax+By+Cz+D=0 ; (3): A'x+By+C’z+D'=0. Khi d6 c6 cac truong hop sau:

hop (@) (5)=4 (e)11(5) ()=(5) () +(5)
Hinh vé y
Xay ra
khi & chi i, E, E, é,=£,=£,¢2, él=£, g=2, AA+BB+CC =0
Khi A" B C A B C D A B C D
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Ndm hoc: 2023-2024

B. CAC DANG BAI TAP.

R~ Dang 3.1. Xdc dinh vecto phdp tuyén
»  Trong khong gian Oxyz, vecto ii =(a;b;c)#0 1a vecto phap tuyén ctia mt phang (P)

thi vecto 771 =k.ii cfing la vecto phap tuyén ctia mat phang (P) .

> Mit phang trong khdng gian déu ¢ phuong trinh dang (P) : Ax+By+Cz+D =0 trong

d6 A’ +B?+C*>0.Khi d6 vecto 71 =(A; B;C) la vecto phap tuyén ctia mt phang.

»  Nhan xét:

* Khi 1ay hé s6, lvu y 18y dung thit tw hé s6 trudc x-y-z.

* Thém/bét, phai thém/bét ca hoanh — tung — cao do
R~ Dang 3.2. Phuang trinh mé&t phdng di qua ba diém déng phéng
» Trong khdng gian Oxyz, viét phuwong trinh mat phang (a)

Loai

Phuwong phap

(1) Pi qua A;B;C khong thang hang.

> Tim vécto AB va AC.

> Vécto phép tuyén cta (a) ti= [E,TC} .

(2) Pi qua A(a;O;O);B(O;b;O);C(O;O;c).
(Phuong trinh dogn chan)

T

> Phuong trinh (P):f+%+z=1.
a c

Luu y:
* V6i phuong trinh doan chan thi v& phai =1

* Bai toan c6 thé “gai” nhu sau: (P) : E+%+E =0
a c

R~ Dang 3.3. Phuong trinh mat phéng di qua hai diém va chda vectd
» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuong phap

Qua A;B vachira az(al;az;as) hoac

chtta/song song truc toa do.
il

|
L=/

e —

> Tim vécto AB va cd san vécto a.

» Vécto phap tuyén ctia (a): 7= [E;é} .
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R~ Dang 3.4. Phuong trinh mat phéng trung tryc cla doan thang
» Trong khdng gian Oxyz, viét phuong trinh mat phang (a)

Loai Phuong phap
La mat phang trung tryc doan thang AB
A
» Vécto phép tuyén ctia mat (a) la: 7= AB.
/ s / > Tim toa d6 trung diém I ctia doan AB.
o : > Mat phang (a) qua diém 1.
B

R~ Dang 3.5. Phuong trinh mat phang qua 2 diém, vuéng géc mat phang
» Trong khong gian Oxyz, viét phuwong trinh mat phang (a)

Loai Phuong phap

Qua diém A;B va vudng goc
(6): Ax+By+Cz+D=0.

3 » Tim cdp vécto AB va 1 =[E;ﬁ(é)]
i, o
s > Vécto phép tuyén (a) la: 7i = [AB ;ﬁ(b)} .
I
_______ » Mat phang (a) qua diém A.

R~ Dang 3.6. Phuang trinh mé&t phdng qua diém, vuéng géc 2 mat phdng
» Trong khdng gian Oxyz, viét phuong trinh mit phang (a)

Loai Phuwong phap
Qua M(xo;yo;zo) va 1L 2 mat
(P):AX+B]/+CZ+D=0, > Tim cadp vécto fi(P) va ﬁ(Q).
(Q) :A'x+By+Cz+D'=0. > Vécto phap tuyén (a) la: n= [ﬁ(Q) ; ﬁ(PJ.
(Q ito > Mat phang (a) qua di€m M(x,;y,:z,)-
'H,Q

Hodc bai todn sé gap:
“ . . \ A 7 7. . A S
Qua M (xo Yo ,zo) va vuong goc voi giao tuyen cua

/ ------ np o (P):Ax+By+Cz+D:0}(Q):A’x“LB'J/JFC'Z”LD’:O”
(@3

R~ Dang 3.7. Phuong trinh mdt phdng song song mat phang khac
» Trong khong gian Oxyz, viét phuwong trinh mat phang (a)

Loai Phuwong phap

& Cach 1:

(1) Qua M(xy;yy7%) va song song > Vécto phép tuyén (o) la: 7, =1, = (A;B;C).

(8): Ax+By+Cz+D=0.

> Mit phang (a) qua diém M.
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¢t Cdch 2:
» Do (a)//(8)= (a): Ax+By+Cz+D'=0 (D= D)
» Thay diém M vao (a)=D'=?=(a).

(2) Song song (P): Ax+By+Cz+D=0 va
cach (P) mot khoang bang k.

_ 7 % f
yél
] i
k fl_'l‘,,

|
(.YKM

» Vi (a)//(P)=(a): Ax+By+Cz+D'=0 (D= D').
> Vi (a) cach (P) mot khoang béng k

= d((a);(P)) = k==
\D—D'

NJA? + B +C?

» C6 D'= phuong trinh mat (P) hoan chinh.

d(M;(P))=k

= =k=D'=?

R~ Dang 3.8. Phuong trinh mdt phdng qua diém, song song/vuéng géc

dudng thdng

» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuwong phap

Qua M(xo;yo ;zo) va vuong goc
x-X y-Y z-Z
T ) .

d

c
d

U N

AL

» Tim vécto i, =(a;b;c).
> Vi (a) 1 d = vécto phap tuyén (a) la: n=1u,.
> Mat phang (a) qua diém M(xo;yo;zo).

Qua M(xo;yo;zo),N(x(');y(')'z(')) va song
x—-X y-Y z-Z
a b ¢

song d:

> Tim vécto iid=(a;b;c);m.
> Vi (a)//d:> vécto phap tuyén (a) ﬁz[ﬁd;m]

> Mit phang (a) qua di€m M(x,;y,;z,)-

R~ Dang 3.9. Phuong trinh mat phdng qua diém, chia dusng thdng
» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuwong phap

Qua M(xo;yo;zo) va chita
x=-X y-Y z-Z
Ca b c

d

—

Tn o
M _
Ud
«Q d A

> LAy A tuy y thudc d, dé nhat ta 18y A(X;Y;Z).
> Tim vécto AM va U, .

> Vécto phap tuyén ctia mat phang (a) la:

n= [m;ﬁd} )

> Mat phéng (a) qua diém M(xo;yo;zo).
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R~ Dang 3.10. Phuang trinh m&t phang chua d,d’ va d cat d
» Trong khdng gian Oxyz, viét phuong trinh mat phang (a)

Loai Phuwong phap
Chira g: XX Y=Y _272
a b c
-X' -Y' -7 v
a-x = yb’ _Z o d,d catnhau | » Tim vécto i, va i,.

d'.’ B
) ﬁd
A Lo Mo

» Vécto phéap tuyén (a) la: ﬁ:[ﬁd,;iid].
> Mat phang (a) qua diém Aed hoac Bed'.

R~ Dang 3.11. Phuong trinh mdt phéng chia d, d’ va d song song d’
» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai Phuong phap
Chia 4. XX ¥ Y _2°2
a b c
p x-X y-Y z-Z » Tim Aed va Bed'
o v ¢ > Tim vécto AB, U, vai,.

va d songsong d'.

ﬁd

> Vécto phéap tuyén (a) la: n= [ﬁ;ﬂd} hoac
n =[E;ﬁw]

> Mat phang (a) qua diém Aed hoac Bed'

R~ Dang 3.12. Phuang trinh mat phdng chua d va song song d’
» Trong khdng gian Oxyz, viét phuwong trinh mat phang (a)

Loai Phuwong phap
Chtta d: x-X_y-Y _z-2 va song
a b c
song véi d,:x—’X' :y—’Y' :z—'Z'. > Tim Aed, do dc(a):Ae(a).
a Ab ¢ > Tim vécto u, va i, .
U n

A oF

» Vécto phép tuyén () la: i =[i, i, |.
» Mit phang (a) qua diém Aed.
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R~ Dang 3.13. Phuong trinh mdt phang chia d va vuéng géc mat khac
» Trong khdng gian Oxyz, viét phuong trinh mat phang (a)

Loai

Phuong phap

x—-X y-Y z-Z
a b c
goc (P):Ax+By+Cz+D=O.

Chtra d: va vuong

> Tim Aed:Ae(P).
> Tim vécto i, va ﬁ(p).

> Vécto phap tuyén (a) la: 7i= [n(P) ; ﬁd]
> Mat phang (a) qua diéfm Aed.

R~ Dang 3.14. Phuang trinh m&t phdng cdch déu 2 dudng thang
» Trong khong gian Oxyz, viét phuong trinh mit phang (a)

Loai

Phuwong phap

Cach déu hai dwong thang d,;d,
/f/
LI

dy
&

do
B

> Kiém tra d,;d, chéo nhau nén VTPT ctia mat
phing (a) la i, = [iidl;iidz] :
> Do (a) cach déu d ;d, nén d(A,(a))=d(B,(a)).

Tim D.
> Viét phwong trinh mat phang (a) :

R’ Dang 3.15. Phuong trinh mat phdng lién quan mét cau
» Trong khdng gian Oxyz, viét phuwong trinh mat phang (a)

Loai

Phuwong phap

Qua A va ti€p xuc mdt cau (S) tai M

7,

~J

o M

» Tim tam I va tinh ban kinh (S)

> (a) ti€p xtc véi mat cau (S) tai M e(S) thi (a)
di qua diém M.

> Vécto phap tuyén (a) La: 7i=MI.

» Mit phang (a) qua diém M e (S)

O Luu y:

Khi bai toan khong cho ti€p diém thi ta phai st dung
cac dir kién ctia bai toan tim duwoc 1 caa (a) va (a)
c6 dang: Ax+By+Cz+D=0 (D chua biét).

Str dung diéu kién ti€p xtic: d(I,(e))=R d&tim D.
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| TOADOKHONGGIANOxyz
PHUONG TRINH PUONG THANG

Ndam hoc: 2023-2024

A.LY THUYET CHUNG.

1. Phuong trinh
X=x,+at

» Phuong trinh tham s6 duwong thang A:{y =y, +bt (teR) c6 diém M(x,;Y,;2,) €A Vécto
z=2z,+ct

chi phuong ii:(a;b;c).

» Phuong trinh chinh tac duong thang A: 7% y_b]/o =Z7% 6 diém M(x0 A ;zo) eA
a c

Vécto chi phuong 1 = (a;b;c).
> Giao tuyén hai mdt phdng:
Cho hai mit phang (a) :Ax+By+Cz+D=0 va (fy) : Ax+By+C’z+D' =0 cat nhau.

Goi A 1a giao tuyén ctia chiing. Khi d6, duong thang A ¢ VTCP 1a |ii = [ﬁ(”) ;ﬁ(ﬂ)} :

2. Vi tri tuang dadi hai dusng thang
Xét hai dwong thang d,;d, 1an lugt c6 VTCP i, ;ii, va cdc diém M,; M, nam trén d,;d, .

A4 \
i, MM, | i, s, | MM,
| |
. R - - J
=0 =0 — S
d=d a//d, 0 paod, qod 1

0
----------------------

----------------------

., 0
----------------------

----------------------

& Bién soan: Gv Lé Minh Tam - 093.337.6281

Trang 150



Téng hop lj thuyét THPTQG Néim hoc: 2023-2024
3. Vi tri tuong déi gitfa dusng thdng vat mét phdng

> Trong khong gian Oxyz,

cho dudong thang A: % ]/_byo = Z7% yamit phang (a):Ax+By+Cz+D=O.
a c

X=x,+at

Ta viét lai phuwong trinh A dudi dang tham s6: A:{y= yz +bt thay x;y;z vao mit phang (a).
z=z,+ct

Duoc phuong trinh: A(x0 +at)+B(y0 +bt)+C(zO +ct)+ D=0.

Dt f(t)=A(x,+at)+B(y, +bt)+C(z, +ct)+D.

Khi d6: A(x, +at)+B(y, +bt)+C(z,+ct)+ D=0« f(t)=0

Ta co cac truong hop sau:

Néu f(t) =0 vO nghiém f(t) =0 ¢6 1 nghiém f(t) =0 v0 s0 nghiém

Thi Duong thang A // (a) . | Duong thang Am(a) =1. Duong thang A (a)

4. Vi tri tudng dai gitfa dusng thdng va mat cau

Trong khong gian Oxyz, duong théng A:XTr YTV 272 oy mat cau S(I;R). Khi do:
a

b c
Duong thang
Khoéng cat Tiép xiic Cit tai hai diém A;B
< AN(S)=2 < An(S)={H} < ANn(S)={A;B]

d(I;A)>R d(I;A)=R d(I;A)<R

< DPuong thang tiép xtc AB?

mat cau tai diém H Rz\/T +d2(I;A)‘
Mat cau
i
5. Khodng cdch lién quan dén dudng thang
Phwong phap 1 Phwong phap 2
. | qua M ‘[ .HJ
> Lap (a)'{J_A a(M;2)- M M;u

Khoang cach tr M dén A. > Tim toa d6 H:(a)mA.

> Khi d6, d(M;A):MH.

. DA
Khoang cach A, va A, chéo | ~ Lap (@): JIA, d(A,;A0,)=
2 2]

nhau.

» Khido d(A;A,)=d(N;(a))
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B. CAC DANG BAI TAP.

®~ Dang 4.1. Xdc dinh vecto chi phuong
»  Trong khong gian Oxyz, vecto ii = (a;b;c) # 0 1a vecto chi phuong ctia dudng thing A

thi vecto m=kii cing 1a vecto chi phwong ctia duong thang A.
xX=x,+at
> Phuong trinh tham s& A:{y =y, +bt (t € ]R) 6 vécto chi phuong u = (a;b;c).
z=2z,+ct
z-2

> Phuong trinh chinh the A: =0 = =90 = Z=%0 ¢4 véeto chi phuong i = (a;b;c).
a c

> Nhan xét:
* V6i phuong trinh tham s0 1y dung thit tu hé s trudc tham so't.
* V6i phuong trinh chinh tac 18y hé s6 dudi mau.
* Néu gia thiét chua dting cu truc, ta phai sap xép lai roi méi 14y hé s§
R~ Dang 4.2. Phuong trinh dudng thang qua diém & cé sdn VTCP
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai Phuwong phap

x=xo+at

» Phuong trinh {y =y, +bt

Qua M, ¢ vécto chi phuwong d =(a;b;c _
P & ( ) z=2z,+ct

Y% _YTH 7% néu {u;b;c};to.
a b c

» Luuy: Phuong trinh tim dugc khong nam trong

hoac

cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R’ Dang 4.3. Phuong trinh dudng thang qua hai diém

» Trong khdng gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap

Qua hai diém A va B » Chon A hodc B la diém ma A di qua.

> Nhan AB lam VTCP —ii = AB.

» Luuy: Phurong trinh tim dugc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra.

R~ Dang 4.4. Phuong trinh dudng thang la giao tuyén hai mat phang

» Trong khdng gian Oxyz, viét phuong trinh duong thang A

Loai Phuwong phap

> Cho 1 trong 3 4n x;y;z =0 d€ tim 2 4n con lai
By+Cz+D=0 =7
y+Cz Q{y

Giao tuyén ctia hai mit phang
(a):Ax+By+Cz+D=O va x:O——>{

By+Cz+D'=0 , = M(0:7:2)
(8): Ax+By+Cz+D'=0

z="

» Vecto chi phuong i = [ﬁ 'fiJ.

a7
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Ty

o) \\n\j

» Luu y: Phuong trinh tim dugc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.5. Phuong trinh dudng thdng qua diém, song song d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M(xo;y0 ;zo) va song song voi d .

» Chon M(xo;yo;zo) la diém ma A di qua.

> Do AJld=ii, =i,

» Luuy: Phurong trinh tim dwgc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.6. Phuong trinh dudng thdng qua diém, vuéng géc mat
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai

Phuwong phap

Qua M(x0 Yo ;zo) va vuong goc

(a):Ax+By+Cz+D=O.

M ¢

» Chon M(xo;yo;zo) la difm ma A di qua.

» Do AL(a)=ii, = Fi(”)

» Luu §: Phuong trinh tim duoc khong nam trong
cac phuong an, ta c6 thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.7. Phuong trinh dudng thang qua diém, vuéng géc d,d’
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Qua M (xo Yo ;zo) va vuong goc hai

duong d, va d,.

» Chon M(xo;yo;zo) la difm ma A di qua.
> VICP: i =| i, ;ii, |.
» Luuy: Phuong trinh tim dugc khong nam trong

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra
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R~ Dang 4.8. Phuong trinh dudng thang qua diém, // (o) vuéng géc d
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai

Phuong phap

Qua M (x0 Yo ;zo) va song song
(a):Ax+By+Cz+D:O va vuong goc d

d
M iy

A Tﬁ /ﬂd

A -/

» Chon M(xo;yo;zo) la diém ma A di qua.
> VICP: i, = iiy i, |.

» Luuy: Phurong trinh tim dugc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R Dang 4.9. Phuong trinh dudng théng qua diém, vuéng géc d, cdt d’
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai

Phuwong phap

Qua M(xo;yo;zo) va vudng goc d, va
cat d, .

- —

> 1A ( ) {J-dl n(”) Ll
a a): =
P quaM(xO;yO;yO) quuM( Xo7 ywyo)

» Goi N =d,n(a)— giai hé theo t >N (?).

M
: qua
> Khi d6 duong thang A: N
i, = MN

» Luuy: Phuong trinh tim duwoc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.10. Phuong trinh dudng thang qua diém, vuéng géc & cdt d
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuwong phap

Qua M(xo;yo;zo) va vudng gocva d.

—

ap (a): <
P quaM(x,;y,:9,) | qua ( o
» Goi N:dm( )—) giai hé theo t—)N( )
M
) qua
» Khi d6 dwong thang A: [N
ii, = MN

» Luu y: Phuong trinh tim dugc khong nam trong

Yoilo)

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra
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R~ Dang 4.11. Phuong trinh dudng thang qua diém, song song (o) & cdt d
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap

Qua M(x0 Yo ;zo) va song song
(a): Ax+By+Cz+D=0 vacat d. > Lap (6){

song Song(a) o ﬁ(ﬁ) = ﬁ(a)
quaM(x,;y03Ys) | quaM(xy;y,:9,)
» Goi N =dn\(B)— giai hé theo t >N (?).

M

, qua
» Khi d6 duong thang A: [N
i, = MN

» Luuy: Phurong trinh tim dugc khong nam trong

cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.12. Phuang trinh dudng thdng qua diém & cét dy, d,
» Trong khdng gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap

ua M(x.;v,; vacitd vad,.
Qua M(37401%) L > Ciich 1:

M qua M
> Viét (a):{”’”a @{ 14y N ed,btky.

od, ﬁ(”) =

M
> Vigt (6):{quaM {qua

—,1dy Q e d, batky.
54, i,y =MQ Y Qed;batly

> Khi d6 duong thang A = (a)m(ﬁ) — phuong

» Cdch 2:

o \@ trinh giao tuyén.

uaM _|quaM- .
> Viét (a):{qjA @{ﬁ( )=—Q»,lay Qe batky.
1 a

» Goi N=(a)nA, - giai hé theo t = N(?).

, quaM
> Khi d6 duong thang A:<" .
u, = MN

» Luuy: Phuong trinh tim dwoc khong nam trong cac phuwong an, ta cé thé thay toa do diém
ma duong thing di qua dé kiém tra
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R~ Dang 4.13. Phuong trinh dudng thdng ndm trong (o) & cdt di d2
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap
Nam trong (a):Ax+By+Cz+D=O va > Goi {M:dlm(a)
cat d, va d,. " IN=d,n(e)
M
; qua
> Khi d6 duong thang A: {N
i, =MN

» Luuy: Phurong trinh tim dugc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R’ Dang 4.14. Phuong trinh dudng thdng ndm trong (¢) & vubng goc d

» Trong khong gian Oxyz, viét phuong trinh duwong thang A

Loai

Phuong phap

Nam trong (a):Ax+By+Cz+D:O va

vuong goc d.

| @
K\ - N

» Goi N=dn(a).

i quaN
» Khi d6 dwong thang A:- I
uA = |:n(a) ;ud:|
» Luuy: Phuong trinh tim duwoc khong nam trong
cac phuong an, ta cé thé thay toa do diém
ma duong thang di qua dé kiém tra

R~ Dang 4.15. Phuong trinh dudng thang qua diém va // d’ cét di, d;
» Trong khong gian Oxyz, viét phuong trinh duwong thang A

> Goi N:(a)md2 — giai hé theo t:>N(?).

Loai Phuong phap
Qua M(xo;yo;zo) va //d' va cit d, vad, » Cach 1:
A d’ > Vich ( ) {Hd' quaM
iét (a): =3 I
— r't d2
Uy ) ) d’ qua M
M > Viét (5):{” &4 Lo
d1 ﬁn’z - dz n(ﬂ) - ud’;ud2:|
)/\@ » Khi d6 dudng thang d =(a)~(8)— phuong
= trinh giao tuyén.
A ' » Cich 2:
\ ' d uaM 4 ¢
/ - > Viét (a):{” @{‘1 _ ,18y M ed, batky.
thy ) n =U,
A 1 (n) d
N
dy

4 2\“\

e e . quaN
> Khi d6 duong thang A:< . .
U, =u,
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» Luuy: Phuong trinh tim dwgc khong nam trong cac phwong an, ta cé thé thay toa do diém
ma duong thang di qua dé kiém tra.

R~ Dang 4.16. Phuong trinh dudng thang la dudng vuéng géc chung

» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai

Phuong phap

La duong vudng goc chung cta 4, va d,

€d,

| Med, — R
> Goi 1 = MN(?) (toa dd theo t;k).

> MN la duong vuong goc chung

@{a@@:o@{t? :{M(?).

i, MN=0 (k=2 |N(?)
M
R qua
> Khi d6 duong thing A: {N
ii, = MN

» Luuy: Phuong trinh tim dugc khong nam trong
cac phuong an, ta cé thé thay toa d¢ diém
ma duong thang di qua dé kiém tra

R~ Dang 4.17. Phuang trinh dudng thdng la dudng phan gidc
» Trong khdng gian Oxyz, viét phuong trinh duong thang A

Loai

Phuwong phap

Buwong phan gidc goc trong,
Puong phan gidc goc ngoai tao boi hai
duong thang d, va d,.

A d;

Xét 2 duong thang d, va d,. cé 2 vécto chi phuong

lan luot 1a i, = (al;bl;cl);ii2 :(a2 ;b, ,'cz) thoa man
2 2 2 2 2 2

a, +b; +c; =a, +b; +c;.

* Néu u,.u, >0 thi vécto chi phwong ciia phin gidc

—

, phin gidc ngoai |0 =1, —1,|.

— —

trong (U =1, + U

N

* Néu 1,.ii, <0 thi vécto chi phwong cuia phin gidc trong

u=1u,—u,|, phin gidc ngoai |v =u, +1,|.

> Diém di qua thdéa A=d, Nd,.
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R~ Dang 4.18. Lién quan hinh chiéu
» Trong khong gian Oxyz, tim

Loai

(1) Hinh chiéu vudng goc A(x,;y,;z,)

1én (a): Ax+By+Cz+D=0,
A
A

'ﬁ(z

Phuong phap
qua A

L(a)c’{
» Goi H laHCVG ctia A 1én
(0)=H=dn(a)>t=2=H(?).
 CTnhanh: H(x, —At;y, —Bt
t:AxM+ByM+CzM+D.

qua A

—

> Viét A: S
uA = n(n)

7

Zy —Ct) vOoi

len A': 2

A’ +B* +C?
Cach 1:
A ua A
> Vigt (a):{ T8 o 1T
1 A’ n(“’) = uA'

» Goi H 1aHCVG ctia A 1én A’
:H:A’m(a)—n‘z?:H(?).

Cach 2:

> Tham s6 hoa HeA:Ez(?t).

(3) Hinh chiéu vudng gdc ctia A’ 1én
(a): Ax+By+Cz+D=0.
Cdch 1.

> H lahinh chifu cta A thi AH.il, =0=>t=?
DA’

> Toadd H.
i(af’{

Cach 1:
qua A
» A lahinh chiéu vubng géc ctia A’ 1én («)

—

> Viet (ﬁ){ iy
= A= (a) (B ) — phuong trinh giao tuyén.
Cdch 2:

» Tim A=(a)nd—giai hé im t= A(?).
> Ldy Med (M=A).

> Goi H la hinh chiéu vudng goc cia M 1én (a)

» Goi A la hinh chiéu vubng géc ctia d 1én ()

A
qua
->A {H
u. = AH
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% CT nhanbh:
x=xo—at+(a(Bz+C2)—A(b.B+C.C))k

A':dy =y, —bt+(b(A% +C?)-B(a.A+cC))k véi
z=z,—ct+(c(A?+B*)-C(a.A+b.B))k

t:Ax0+By0+Czo+D'

Aa+Bb+Cc
R~ Dang 4.19. Lién quan doi xung
» Trong khong gian Oxyz, tim
Loai Phwong phap
(1) M’ 1a diém d6i xting cia M qua it A quaM  [quaM
(a):Ax+By+Cz+D:O. 1€t AL J_(a) And ﬁA:ﬁ(Q).

% CT nhanbh:
(xy +2At;y, +2Bt;z, +2Ct)
M’ [ Ax,, +By,, +Cz, +D
A’ +B*+C?

» Goi H 1aHCVG ctia M Ién ()
=H=dn(a)>t=?=H(?).
> Goi M' la diém d6i xitng cia M qua (a)<:>H la

trung diém MM’ = M’(?) .

(2) M' 1a diém d6i xtng cia M qua
A:x_xo _YTY _27% )

a b c
s CT nhanh:

(2x0 -x,, +2at;2y,~y,, +2bt;2z,~z,,

M’ o a(xM —x0)+b(yM —y0)+c(zM —zo)
a’ +b° +c?

1A

» Goi H laHCVG ctia M 1én A
M =A0(a)>t=2=H(?).
> Goi M' la diém d6i xting cia M qua A< H la

trung diém MM'= M'(?).

M
> Vi (a):{q”“M@{"””

(3) A 1a dwong thang d6i xting d qua
(a): Ax+By+Cz+D=0.

d’

M

> Tim giao diém [ =d () valdy Med (bat ky).

quaM quaM
=

L(e)

> Tim giao diém H = d’m(a)

—

> Viét d’:{ ~
Uy =1,

> Goi M' la di€ém d6i xting cia M qua (a)<:> H la

trung diém MM' = M'(?) .

quaM’

qua I

> Hinh chiéu ctia d 1a A :{
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VI TRI TUONG POI

A.LY THUYET CHUNG.

1. Diém va mat cau, méat phdng va dudng thdng

Xét diém M (xo Yo ;ZO) voi:
> Mit cau (S) :x? +y* +2° —2ax—2by —2cz+d =0 tdm [, ban kinh R.
» Mit phang (P) : Ax+By+Cz+ D=0 co vecto phédp tuyén 1,,

> Pudng thing d: X0 _ ¥~ % 272

% ¢4 vecto chi phuong i, .

b c
Ta c6 cac vi tri twong d6i sau:
Diém
Tinh IM va so sanh vdi ban kinh R
. IM>R Diém M nam ngodi mt cau
Madt cau ~ N N <y
IM=R biém M nam trén mat cau
IM<R Diém M nam trong mit cau
Thay toa do M(xo;yo;zo) vao (P) : Ax+By+Cz+D=0
Miit phang | Ax,+By,+Cz,+D=0 Diém M nam trong mat phang
Ax,+By,+Cz,+D#0 Diém M nam ngodi mat phang
A \ x-X, y-Y, z-Z
Thay toa d0 M(x,;vy,;z,) vao d: 0 — . g
y tC : ( 0 Yo o) 1 b -
-X -Y -7 , > A \ 2
Yo% _Jo : I biém M nam trén duong thang
a c
xo_Xoiyo_Yoizo_Zo . i
a b ¢ biém M nam ngoai duong thang
1 trong 3 phan s6’ # nhau
x=X,+at
Puong thing Thay toa do M(xo;yo;zo) vao d:qy =Y, +bt
z=2,+ct
x, =X, +at
Y, =Y, +bt —cho cung gia tri t Diém M nam trén dwong thang
z, =2, +ct
x, =X, +at
Yo =Y, +bt —>Kkhong cho cung gia tri t | Diém M nam ngoadi duong thang
z, =2, +ct
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2. M@t cdu va mat phdng, dudng théng
Xét diém mat cau (S) s x? +y2 +2% —2ax— 2by—2cz+d =0 tam I, ban kinh R, voi:

> Mit phang (P) : Ax+By+Cz+D =0 co vecto phap tuyén 1,,

- X Z 7 ? -
0 = % co vecto chi phuong u, .

a b c

y_Yo _ 2=

> Duong thing d: >

Ta ¢ cac vi tri twong d6i sau:

Mt cdau

Tinh d(I;( ) va so sanh véi ban kinh R

( (P Mit phang khong cit mat cau

Mt phing

P

>R

R Mit phang tiép xiic mat cau tai M
<R Mit phang cit mit cau (*)

)>
)=
4(53(P)) <

(1
)
4(13(P)
)
(

Tinh d(1;(d)) va so sanh véi ban kinh R

, d(I;d)>R Puong thang khong cit mit cau
Duong thang 5 p
d(1;d) Puong thang tiép xiic mat cau
d([;d) <R Duong thang cdt mit cau (* *)

(*): Mit phang cat mat cau theo giao tuyén la dudng tron ¢ tam I' va bén kinh 7.

Bidu thic lién h¢ R=,[r* +d*(I;(P))

(* *) : Puong thang cat mat cau tai hai diém A;B.

Biéu thirc lién hé R = J ’13 N
3. M@t phdng va mdt phéng, dudng théng
Xét diém mat phang (P) : Ax+By+Cz+D =0 co vecto phép tuyén 1,, voi:
> Mit phang (Q) : A'x+B'y+C'z+D'=0 c6 vecto phap tuyén 7,
-X

-Y -Z, : m
o _ Y=Y _2-4 co vecto chi phuong i, .

b

> Puong thang d: al

Ta c6 cac vi tri twong ddi sau:

Miit phing (P)

Xét ti 18 2 vecto phép tuyén ctia 2 mat phang

A B C y

T e t (P) cat mat (Q)
Md?g)ldng %:5:%;&% Mat (P) song song mat (Q)

A B C D y

TTE D t(P) trungmat( )

AA +BB+CC =0 Mt (P) vudng goc mat (Q)

Tham s6 héa Hed = H (7) va thay vao mat phang (P)
Puong thiing Puwoc phuong trinh: A(x0 + at) + B(y0 + bt) +C(z0 + ct) +D=0< f(t) =

f(t)=0 v6 nghiém Puong thing song song mét (P)
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f(t)=0 ¢6 1 nghiém

Puong thang cdt mit (P)

f(t)=0 v0 s6 nghiém

Puong thang nam trong mit (P)

Xét tich vo huong vécto chi phuong

cua d va vecto phap tuyén cta (P)

Aa+Bb+Cc=0va M(X;Y,;Z,) ¢

Duong thang song song mat (P)

(P)

Aa+Bb+Cc#0

Duong thang cdt mat (P)

Aa+Bb+Cc=0va M(X,;Y,;Z) e

Puong thang ndm trong mit (P)

(P)

4. Pudng thang va dusng thdng
Xét hai duwong thang d,;d, lan lugt c6 VICP i, ;ii, va cdc diém M,; M, nam trén d,;d, .

A4
[ﬁl;Mle}
|
=0 | =0 |
d =d, d,//d,

----------------------

., 0
----------------------

------------------
--------------------------

.. K
-----------------------------------------

Puong thing d,

Duong thing
d

1

d, trung d,

d, song song d,

A rpr
X, tat=x,+at

Va xét hé tuwong giao (I) DY, Fa,t=

Z, +a,t

Yo +agt’

. 1yt
=2z, ta,t

l

# ki, va (I ) c6 nghiém duy nhat

=

d, cit d,

1

k
#kil, va (I) v6 nghiém

=

d, chéo d,
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B. CAC DANG BAI TAP.
R~ Dang 5.1. Vi tri tuong ddi véi mat cau

Mt cdu
Tinh d(I,(P ) va so sanh voi ban kinh R
: ( (P )) >R Mt phang khong cat mat cau
Mt phang - ~
( (P )) R Mt phang tiép xiic mat cau tai M
( (P )) <R Mit phang cdt mit cau
Tinh d([, d)) va so sanh véi ban kinh R
, d(I;d)>R Duong thang khong cdt mat cau
Duong thang - -
d(I;d)= Puong thang tiép xiic mt cau
d(I;d)<R Duong thang cdt mat cau
Tinh IM va so sanh vdi ban kinh R
IM>R Diém M nam ngodi mt cau
Diem . ) POV
IM=R biém M nam trén mat cau
IM<R Diém M nam trong mit cau

R~ Dang 5.2. Vi tri tuong ddi véi mat phdng
Mt phing (P)

Mt phing

Q)

Xét ti 1é 2 vecto phap tuyén ctia 2 mat phang

A B C

e e Mat (P) cat mat (Q)

A B C D 5

L-Z-Zsr Mat (P) song song mat (Q)
A B C D 5

X:E:E_H Mat (P) trung mat (Q)

AA+BB+C(C'=0

Mat (P) vudng goc mat (Q)

Tham s6 héa Hed = H(?) va thay vao mat phang (P)
Puoc phuong trinh: A(x, +at)+B(y, +bt)+C(z,+ct)+ D=0« f(t)=

f(t) =0 vo nghiém

Puong thing song song mét (P)

f(t) =0 c6 1 nghiém

Duong thang cidt mat (P)

Puong thing | f (t) =0 v0 sO nghiém Puong thang nam trong mit (P)
Xét tich v6 hudng vécto chi phuwong cuia d va vecto phép tuyén ctia (P)
Aa+Bb+Cc=0va M(XO,YO,Z ) ¢ (P) Duong thang song song mat (P)
Ag+Bb+Cc=0 Puong thing cit mat (P)
Aa+Bb+Cc=0 va M(XO,YO,Z ) (P) DPuong thang nam trong mit (P)
Thay toa do M(xo;yo;zo) vao (P) :Ax+By+Cz+D=0

Diém Ax, +By,+Cz,+ D=0 Diém M nam trong mat phang

Ax,+ By, +Cz;+D #0

biém M nam ngodi mat phang
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R~ Dang 5.3. Vi tri tuong déi véi dudng thang

Puong thing d,

d, trung d,

1 ﬁ 1 2
i, =k, va M, ¢d, d, song song d,
Puong thing X, +at=x, +at’
d, Va xét hé teong giao (I) DY, +at =y +ant
z, +a,t =z, +ayt’
u, # kii, va (I ) c6 nghiém duy nhét d, cit d,
u, # ki, va (I ) v6 nghiém d, chéo d,
R’ Dang 5.4. G6C
(1) Hai duong thAng d,;d,: cooveevvvveeeecceeeeeeeeeeeeeonnns Cos(all;d2 )‘ = ‘illliz‘ .
-
(2) Hai mat phang (a,);(0): oo Cos((al);(az)) = ‘_7,11“712“
1]° nZ
(3) Duong thang d va mit phang (a) D sin(d;(a))‘ = E .ud
i [
Chii : 0° <((«),(8)) <90°
R’ Dang 5.5. Khodng cdch
(1) Hai diém A; B oo 4| Jos ) + (s -v2) + (2]
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[Q;MMO]
(2) Piem M, va At e d(MO;A): fi‘
—ia—d(AA)=d(M,;A)
[d,;i, |- MN

(3) Hai duong A ; A, (MeAl;NeAZ): .............. d(Al;A2)=

[4:c5) 5
AB&CD d(Al,Az):

cheo nhau

_— —

[AB ;CDJ

_ ‘axo +by, +cz, +d‘

(4) Piem M, va mat (a):ax+by+cz+d=0: ....... d(MO;(a))

—

M)

{(ﬂ)// (o)

a0 (o) (o)

MyeA

Gt

& Bién soan: Gv Lé Minh Tam - 093.337.6281 Trang 165



