SO GIAO DUC VA PAO TAO KY THI CHQN HQC SINH GIOI CAP TINH THCS

HUNG YEN NAM HQC 2025 - 2026
- Mén thi: TOAN
PE CHINH THU'C Thoi gian lam bai: 150 phiit, khéng ké thoi gian giao dé

Ciu 1 (3,0 diém).

, VOl x20;x =1,
x-1  x+2Jx+1 2

V-2 x+2 ] X =2x+]

1. Cho biéu thitc A4 =(

a) Rut gon biéu thirc 4.
b) Tinh gié trj biéu thirc 4 khi x=7-4+/3.

2. Cho (x+\/xz +2026)( v+ +2026) =2026.. Tinh gié trj biéu thirc P =x* 4 27,

Cau 2 (3,0 diém).

a) M6t hop dymg 40 vién bi co ciing khéi lwong va kich thudc. Trong 40 vién bi d6 c6 4 vién bi mau
vang, con lai 14 céc vién bi mau xanh hoidc mau do, s vién bi mau do gap hai lan s6 vién bi mau xanh. Ban
Nam l4y ngau nhién mot vién bi trong hyp. Tinh xéc suét dé ban Nam ldy dugc vién bi mau xanh.

b) Tim tét ca c4c ciip s6 nguyén (x;y) thoa man 9x* +5y* —12xy +6x-10y +6=0.

Cau 3 (4,0 diém).
a) Gii phuong tiinh V9 +x+y7-x=4.

2 2
B Gl Bphusomgitin | ) ¥ Faddy=D
y(x+y) =25 +2x+13y.
Ciu 4 (3,0 diém).

a) Hai chiéc thuyén ¢ hai vi tri 4 va B cach nhau 250m va
thang hang v6i chan H cua thap hai ding DH & trén bién. Tir 4 va
B ngudi ta nhin thdy dinh D cia thap hai ding dudi cic goc
DAH =30°, DBH =60°. Tinh chidu cao DII ciia thap hai dang
(tham khdao hinh vé bén).

b) Cho AABC vubng tai 4 (AB < AC). Puong phén giac trong va duong phan gidc ngoai tai dinh 4
clia tam gi4c cit duong thang BC lan luot tai M va N . Chimg minh ring I */5.

AM AN AB
Cu 5 (3,0 diém). Cho dudmg tron (0) va ddy cung BC = a khéng déi (O e BC).Piém A di dong trén cung
lon BC sao cho tam gidc ABC c6 ba géc nhon. Cic duomg cao AD, BE,CK cét nhau tai
H (DeBC, Ee AC, K € AB).
a) Chimg minh bén diém 4, K, H, E cing thujc mot duong tron.
b) Trong trurdng hop BHC = BOC . Tinh AH theo a vé tim vi tri clia A dé tich DH.DA nhén gia trj 16n nhét.
azl,b>-1

Vab+a-b-1+1<2Jb+1.
208vab+a-b-1 +15(a—1)
25a+27b+2 b+1

Ciu 7 (2,0 diém). l}ién sb xe may dién ciia ban An c6 dang 89MD -abce.de. Trong d6 abede 1a mét sé t
nhién c6 ném chit so, biét rang khi bo di ba chir so cudi clia né thi ta dwoc mdt s6 méi bang cén bac ba cua sb
ban déu. Xéc djnh bién s6 xe may dién ctia ban An.

Cau 6 (2,0 diém). Cho céc s6 thic a,b thoa man {

Tim gi4 trj 16n nhét cua biéu thic B =

Hét
Thi sinh khong dwge siv dung tai li¢u va mdy tinh cAm tay.
Cin bd coi thi khong gidi thich gi thém.




=7 =

Loi giai dé thi HSG mon Toan 1é6p 9, tinh Hwng Yén
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NGUYEN KIM SO
Trung tdm Boi dwdng va Phdt trién tai nang Todn hoc Nam Sdng - SMATH

Cau 1 (3,0 diém).
Vx-2  Vx+2 )_x2—2X+1
x=1 x+2vx+1 2

1. Cho biéu thirc A = ( voix=20:x# 1.

a) Rit gon biéu thirc A;
b) Tinh gia tri ciia Akhix = 7 — 4+/3.
2.Cho (x + Vx2 + 2026)(y + /y? + 2026) = 2026. Tinh gié tri biéu thirc P = x?%%7 + y2027,

Loi giai:

V-2 Vx+2 ) x2—2x+1

1.Ta bién déi: A = (V2 - —2=2—) . 2=

_[ V-2 _ Wx+2 ](x—1)2 _ (Vx=2)(Vx+1) - (Vx+2)(Vx-1) (x-1)2
S lVE-)E+Y) (x+)l o2z T (Vx-1)(Vx +1)° 2
_x—VR-2-(x+vx-2) (E-1)°(Vx+1)’ _ —2vx (E-1)*(WE+D)’
C (E-DER+) 2 - (VE-1)(VE+1) -

VayA = —x +Vx, véix20;x # 1.
n A » » ~ o 2
b) Thay x = 7 — 4+/3 (théda man diéu kién) vioAvadéy7 — 4y/3 = (2 - \@) ta dwoc:

A=—(7-43)+ /(2—\@)2 =—7+4V3+2 -3 =-5+33.

VayA = —5+ 33 taix = 7 — 4V/3.

2.Déy (x —Vx? +2026) va (y—m) deéu khac 0, bang cach nhan lién hop ta dwoc:
(x+ VxZ +2026)(y + /y2 + 2026) = 2026

[(x+ VxZ +2026)(x - VxZ +2026)]|(y + yy* + 2026)(y — /y? +2026)]

= 2026

(x - Vx7+2026)(y — /y? + 2026)

20262 _ _ 5 _ > _
Ve mone)y v 20m) =2026 = (x — VxZ +2026)(y —/y? + 2026) = 2026

Suy ra: (x + VxZ + 2026)(y +/y? + 2026) = (x — VxZ + 2026)(y — y/y? + 2026)
hay x,/y? + 2026 = —y,/y? + 2026 = xy < 0. (*)
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Bang cach binh phwong hai vé ta dwoc:

x2(y? +2026) = y%(x? + 2026) = x* = y%2. Kéthop véi (*) suy rax = —y.
Khi do: P = x2027 4 y2027 — (—y)2027 4 (2027 _ _ 2027 4 (2027 _ ¢

Vay két luan: P = 0.

Cau 2 (3,0 diém).

a) Mot hop dwng 40 vién bi ¢é cing khéi lwong va kich thwéc. Trong 40 vién bi d6 c6 4 vién bi mau
vang, con lai 1a cac vién bi mau xanh hodc mau dé, sé vién bi mau dé gap hai lan s6 vién bi mau
xanh. Ban Nam ldy ngau nhién mdt vién bi trong hop. Tinh xac suat dé ban Nam lay dwoc vién bi
mau xanh.

b) Tim tat ca cic cdp s6 nguyén (x; y) théoa man: 9x* + 5y° — 12xy + 6x — 10y + 6 = 0.

Loi giai:

a) Goi s6 vién bi mau xanh la x (vién). Diéu kién: x € N".

Khi d6 s6 vién bi mau dé 1a 2x (vién).

T6ng s6 bi mau do6 va xanh 1a 40 — 4 = 36 (vién) nén ta c6 phwong trinh:

x+2x = 36

x = 12 (théa man).

Nhuw thé trong hép c6 4 vién bi mau vang, 24 vién bi mau do6 va 12 vién bi mau xanh.

Khi ban Nam lay ngau nhién mot vién bi trong hop sé c6 40 kha nidng c6 thé xay ra nén n(Q) = 40.
Goi M 1a bién ¢6 “Ban Nam lay dwoc vién bi mau xanh”.

Khi @6 sé két qua thuan loi cho bién ¢6 M1a: n(M) = 12.

Vay xac suat dé ban Nam ldy dwoc vién bi mau xanh la: P(M) = % =—-
b) Ta phan tich va dwa phwong trinh da cho vé dang sau:

9x* + 5y® —12xy+6x—10y+6 =0

(9x® + 4y? —12xy+6x—4y+ 1)+ (y?—6y+9)—4=0
(Bx—2y+ 1?2+ (y—3) =4hay|3x—2y+ 1|> + |y — 3| = 4.
Péy 4 = 0%+ 2% = 22 + 02 nén ta chi c6 thé xay ra:

(3x—2y+1=0

Uy =3 =2

Giai hé nay ta dwoc nghiém nguyén thoaméanla:x = 3; y = 5.

(|3x — 2y + 1| =2
ly—3=0

Giai hé nay ta dwoc nghiém nguyén thoamanla:x = 1; y = 3.

® Trwong hop:

® Trwong hop:

Vay phwong trinh da cho c6 cac cap nghiém nguyeén (x; y) la: (3; 5) va (1; 3).
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Cau 3 (4,0 diém).

a) Giai phwong trinh: VO + x + V7 — x = 4;
(x+y)P+y?+x+4y=0
y(x +y)? = 2x2 + 2x + 13y

b) Giai hé phwong trinh: {
Loi giai:
a) Xét phwong trinh: V9 + x + V7 — x = 4.

Diéu kién: —9 < x < 7. Khi d6 binh phwong hai vé ta dworc:

2
(Vo9+x+V7—x) =16
94+x+2V9+x-V7—x+7—-x=16
29 +x-V7—x=0.

Ta xét cac trwong hop:

® Trwong hop 9 + x = 0 =2 x = —9 (thdéa man);

® Trwong hop 7 — x = 0 = x = 7 (thoa man).

Vay x = —9vax = 7 la cac nghiém cta phwong trinh da cho.
Lwu y: D61 véi bai toan nay hoc sinh c6 thé giai bang cach st dung bat ding thirc cin thitc vVa + Vb
>+/a + b, ddu “=" xay ra khi ab = 0.
xX+y)2+y>+x+4y=0 L)
y(x+y)? =2x*+2x+ 13y (2)
Khai trién phwong trinh (1) trong hé:
xX+y)2+y>+x+4y=0

X2+ 2xy+y?+y?+x+4y=0

x? +x = —2xy — 2y? — 4y

b) Xét hé phwong trinh: {

Thay vao phwong trinh (2) ta dworc:

y(x +y)? = 2(x? +x) + 13y

y(x +y)? = 2(—2xy — 2y? — 4y) + 13y

y(x+y)? +4xy +4y? -5y =0

ylx+y)? +4(x+y)—5]=0.

Ta xét cac trweong hop:

® Trwong hopy = 0:

Thayvao hé tadwoc: x> +x=0=>x=0; x = —1.
Trwong hop nay ta dwoc cac nghiém (x; y) la: (0; 0) va (—1; 0).
® Trwdng hop (x+y)? + 4(x+y) — 5 = 0, ta phan tich:
x+y)2+4(x+y)—-5=0
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x+y—-1Dx+y+5 =0

x*Xétx+y—1=0=>x=1—y, thay vao (1) ta dwoc:
12+y2+(1—-y)+4y=0

y*+3y+2=0

y=<L y==2

-Voiy=—-1 = x=2;

-Voly=-2 = x=3.

Trwwong hop nay ta dwwoc cac nghiém (x; y) la: (2; —1) va (3; —2).
*Xétx+y+5=0=x=—5—y,thayvao (1) ta dvoc:

(=52 +y*+(-5-y)+4y=0

y? + 3y + 20 = 0. Phwong trinh nay vo nghiém.

Noi tom lai, cac cap nghiém (x; y) cua hé phwong trinh da cho la: (0; 0); (—1; 0); (2; —1) va (3; —2).

Cau 4 (3,0 diém).

a) Hai chiéc thuyén & hai vi tri A va B cAch nhau 250 m va
thang hang vé&i chan H cla thap hai dang DH & trén bién.
Tiwr A va B ngwoi ta nhin thay dinh D cta thap hai dang
dwéi cac goc DAH = 30°, DBH = 60°. Tinh chiéu cao DH
cua thap hai dang (tham khao hinh vé bén).

b) Cho tam giac ABC vuong tai A (AB < AC). Pwong phan

giac trong va dwong phan giac ngoai tai dinh A ctia tam

30°

A

4 < N & A . M ’ . ¥ 1 1 ‘[E
giac cat dwong thang BC lan lweot tai M va N. Chirng minh rang T o /\E .

Loi giai:

a) Ta mo hinh hoa lai bai toan nhw hinh vé bén véi A, B la vi tri D
cua hai chiéc thuyén, DH 1a chiéu cao ctia thap hai diang.

Khi do:

ABD = 180° — DBH = 180° — 60° = 120°

= ADB = 180° — (ABD + DAB) = 180° — (120° + 30°) = 30° 30° o0

= tam giac BAD can tai B= BD = BA = 250 (m). B 250m B H
Str dung hé thirc gitra canh va goc trong tam giac vuong HAD ta dworc:

HD = BD.sinDBH = 250.sin60° = 250 g = 125v3 (m).

Vay chiéu cao ctia thap hai dangla: 125v/3 m.
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Lwru y: Trong trwong hop cac géc nang HAD va HBD khong dic biét, hoc sinh thiét 1ap hé thitc
AB _
cotHAD—cotHBD

AB = AH — HB = HD.cotHAD — HD. cotHBD = HD(COtHAD - COtHBD) = HD =
b) Goi D va E 1an lwot 1a hinh chiéu vuéng goc ctia B 1én AM, AN. Khi dé:

1 1 e
Sapan = AN.BE = - AN. AB. sinEAB i
. | : o__1_
= JAN.AB.sin45° = -~ AN. AB. E 4A'
SapaM = 5 AM.BD =~ AM. AB. sinDAB D
— 1 AM.AB.sin45° = —— AM. AB. N B M C
2 242

Péyrang AM L AN nén tam giac AMN vudng tai A, d6 d6: Syman = %AM. AN.
ViSpman = Sasan + Sagam

1 1 1 1 1 V2
:>EAM.AN — mAN.AB +EAM'AB=>E+E = E
Bai toan dwoc chirng minh.

Liru y: Hoc sinh c6 thé tinh d6 dai dwdng phan gidc trong va ngoai ciia tam giac dé giai bai toan nay.
Cau 5 (3,0 diém). Cho dwong tron (0) va day cung BC = a khong déi (O € BC). Piém A di dong
trén cung 1dn BC sao cho tam gidc ABC c6 ba goc nhon. Cac dwong cao AD, BE, CK cat nhau tai H (D
€ BC,E € AC, K € AB).

a) Chirng minh bén diém A, K, H, E cing thudc mét dwong tron.

b) Trong trwong hop BHC = BOC. Tinh AH theo a va tim vi tri cia A dé tich DH.DA nhén gia tri 16n
nhat.

Loi giai:

a) Do BE la dwong cao cia tam giac ABC nén BE L AC

= HEA = 90° = ba diém H, E, A cung nam trén dwong tron
dwong kinh AH. (1)

Twong tw CK L AB = HKA = 90° = ba diém H, K, A cling ndm
trén dwong tron dwong kinh AH. (2)

Twr (1) va (2) suy ra: bon diém A, K, H, E cung thuéc mét
dwong tron dwong kinh AH.

b) Theo két qua phan (a) ta c6 tit gidc AKHE ndi tiép

= KAE + KHE = 180° = KAE = 180° — KHE.

Do KHE = BHC (d6i dinh) = KAE = 180° — BHC

hay BAC = 180° — BHC.
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M3t khac BHC = BOC (gia thiét), két hop véi BAC = ~BOC ta dwoc:

| =

~BOC = 180° — BOC = BOC = 120°.

Goi M 1a trung di€ém cua BC, AO kéo dai cat (0) tai N. Khi dé:

NCA = 90° (géc ndi tiép chin nira dwong tron) = NC // BE hay NC // BH.

Twong tw ciing c6 NB // CH = tit giac BHCN Ia hinh binh hanh = HN di qua trung diém M ctia BC.
Khi d6 OM la dwong trung binh ctia tam giac NAH nén AH = 20M.

Mit khac, do tam gidc OBC can tai O, OM la dwdng trung tuyén nén dong thoi né ciing la dwong

cao, dwong phan giac. Trong tam giac vuong OMB ta tinh dwoc:

OM = BM. cotBOM =—a cot60° = —— -
2V3

a _aV3 ay3
Do dd AH=20M =2 ;7= ="=-Viy AH = =~

Tiép tuc ta xét hai tam gidc vuéng DHB va DAC c6 DBH = DAC (cung phu véi goc ACB)
DB DH
= ADBH ¢« ADAC :)E = E:) DH.DA = DB.DC.

DB + Dc)2

2 2
Theo bat dang thitrc co ban thi DB. DC < ( = a: -Suy ra: DH.DA < a: -

DAu “=" xay ra khi DB = DC nghia la D 1a trung diém ctia BC

= A la diém chinh giira ciia cung 16m BC.
a2

Vay khi A 1a diém chinh giiva cia cung 16m BC thi tich DH.DA nhén gi4 tri 1ém nhat twong (rng la =
a>1b>-1
Vab+a-b—-1+1<2Vb+1

208Vab+a—-b-1 , 15@a-1)
25a+2Th + 2 b+1

Cau 6 (2,0 diém). Cho cac s6 thwc a, b théa man {

Tim gia tri 16m nhat cua biéu thirc: B =

Loi giai:

Ta bién déi diéu kién ban dau nhw sau:

Vab+a—-b—1+1<2vb+1

Ja-Db+1D)+1<2vb+1

Bang cAich dGibién:x = a—1; y=b+1(x=0,y>0) tadwoc:xy + 1 < 2y.
P 2 - . X

Theo bat dang thitvc AM-GM thixy + 12 2\/5 = 2y= 2\/x_y = 7 <1.

s 208vab+a—b-— 15(a—1) _  208,/(a—1)(b+1) 15(a—1)
Khido: B =— =17 -+ bt1 2511270+ ) | be1
_ _ 208xy X\ _ 208xy (5)2
T 25x2 +27y? 15 (y) T 25(x% +y?) +2y? 15 y
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2 2 2
<2 g5 (5) = 215 (3) = 25415 (2) < 2+ 15,12 = 109,
25.2xy + 2y vy 25.2x + 2y \ 50+ 2; v 50+2.1

Hay B <19.Dau “="xdyrakhix=y=1= a=2; b= 0.
Vay gia tri nh6 nhit cua Bla 19.

Cau 7 (2,0 diém). Bién s6 xe may dién ctia ban An c6 dang 89MD-abc.de. Trong d6 abcde 1a mot
s6 tw nhién c6 nam chit s6, biét rang khi bé di ba chit s6 cudi clia n6 thi ta dwwoc mot sé6 méi bang
can bac ba cua s6 ban dau. Xac dinh bién s6 xe may dién ctia ban An.
Loi gidi:
S6 abcede khi bé di ba chir s6 cudi ta dwoc s6 @6 ab. Theo bai ra thi:
ab = 3\/ abcde = (%)3 = abcde = 1000.ab + cde
3 . T2 _
= (ab)” — 1000.ab = cde hay ab [(ab) - 1000] = cde.
Suy ra: (ab)” — 1000 > 0 = (ab)” > 1000 = ab = 32.
P& cde < 999 nén néu ab > 33 thi ab [(%)2 - 1000] >33(332 — 100) = 2937 (mau thuin).
N ——\ 3 ~ ~ 2 ~ = A El . -
Vay ab = 32, khi do (ab) = 32768. Ta thay s0 32768 thoa man dieu kién cua bai toan.
Vay bién s6 xe may dién ctia ban An la: 89MP-327.68.
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