TOPLTAT ) THUYET

ON THI TOT NGHIEP THPTQG - TOAN 12




Muc luc

. MucLycC

CHUONG 1
Hé bat phuong trinh bac nhéat hai an

1 Bét phuong trinh bac nhat haian ........................ 4

N

Hé bat phuong trinh bac nhat haian ..................... 5

CHUONG 2
Phuong trinh lugng giac

1 Gia tri lugng giac ctia géc lugng gide .............. ... ... 8
2 Cong thiic lugng giac. ... i 10
3 Ham s6 lWong @iac. .. ....oooiei 12
4 Phuong trinh lugng gidc coban............. .. .. ... ... .. 14
CHUONG 3
16 Day s6. Cap sb6 cong va cap so6 nhan
T DAY SO . it 16
2 Capsdcong vacapsdonhan .............................. 17

CHUONG 4

19

Ham s6 mit va ham s6 logarit

1 Liy thtta véiso mit thuc ................................. 19
2 Logarit. ... 21
3 Ham s6 mi va ham s6 logarit. ............................ 22
4 Bai toan lai suat - tang trudng .. ... 22
5 Phuong trinh, bat phuong trinh mi va logarit. ............ 23

™ Vo Diie Tai - B 0889 977 004 1
C




zs|

CHUONG 5
Dao ham va tng dung ctia dao ham

1 Daoham. ... . .. 25

37|

49|

Ung dung ctia dao ham. . ............................ ... 27

CHUONG 6
Nguyén ham va Tich phan

Nguyén ham . ... 37
Tich phan. .. ... . 39
Ung dung hinh hoc cfia tich phan......................... 40
CHUONG 7

Théng ke

Cac dac trung ctia mau so lieu khong ghép nhéom ....... .. 49
Cac diic trung ctia mau s6 lieu ghép nhom . ............... 53
CHUONG 8

T6 hop - Xac suat

1 Daisbtohop ..o 58
2 Bién c6 va dinh nghia co dién clia Xac suat ............... 59
3 Xacsuat codieu kieén ... 61

™ Vo D Jid - $) 08859977 004




Muc luc

CHUONG 9
Phuong phap toa do trong mit phang

1 Badudng conic ........... 63

CHUONG 10

66

Hinh hoc khong gian

1 Quan hé song song trong khong gian...................... 66

2 Quan hé vudng goc trong khong gian ................. ... 68

3 Goc va khoadng cach trong khong gian ............ ... .. .. 69

4 Thé tich cta khdi dadien ... 82
CHUONG 11

Vecto va hé toa do trong khong gian

1 Vecto trong khong gian. ............ ... oL 89

2 Toa do ctia vectd trong khong gian ....................... 91

CHUONG 12

Toa do trong khong gian

1 Phuong trinh mét phéng ................................. 95
2 Phuong trinh dudng thing trong khong gian.............. 100
3 Cong thiic tinh goc trong khong gian ..................... 105
4 Phuong trinh mat cau.................................... 106
5 Mot s6 bai toan cyc tri trong hinh khong gian ............ 109
6 Phuong phap toa do héa hinh khong gian................. 111

™ Vo Diie Tai - B 0889 977 004 3
C




CHUGONG 1. HE BAT PHUGNG TRINH BAC NHAT HAI AN

CHUONG @

HE BAT PHUONG TRINH BAC NHAT HAI AN
Bir 1. Bat phuodng trinh bac nhat hai 4n

le Bt phueng trinh bac nhét hai 4n

& Dinh nghia 1.1.

BAt phuong trinh bac nhét hai an z, y ¢6 dang 13 ax + by < ¢
(ax + by > ¢, ax + by < ¢, ax + by > c), trong d6 a, b, ¢ 1a nhiing s6
thuc, a va b khéng dong thai bing 0, = va y 1a cac an sb.

¥ Cap s6 (zo;yo) duge goi la mot nghiém clia bat phuong trinh bac nhat
hai an ax + by < ¢ néu bat ding thitc axg + byy < ¢ ding.

% Bat phuong trinh bac nhét hai an luoén c6 vé sé nghiém.

29 Biéu dién mién nghiém ctia bat phuong trinh bac nhit hai 4n

.
& Dinh nghia 1.2.
% Trong mit phing Ozy, tap hop cac diém c6 toa do la nghiem ctia bat
phuong trinh az + by < ¢ goi 13 mien nghiém ctia bat phuong trinh.
% Duong thing d: axz + by = ¢ chia mat phang Oxy thanh hai nita mat
phéng bo d
© Mot nita mit phang (khong ké bo d) 1a mién nghiém ctia bat phuong
trinh ax + by > c.
© Mot nita mit phang (khong ké ba d) 1a mién nghiém ctia bat phuong
trinh ax + by < c.

\
Cach biéu dién mién nghiém ctia bat phuong trinh az + by < ¢

¥ Budc 1: Vé dudong thing d: ax + by = ¢ trén mit phing Ozy.

% Buéc 2: Lay diém Mo (wo;yo) (thudng 1a gdc toa do O) khong thuoc d.

Y Budc 3: Tinh axg + byg va so sanh véi c.

4 ™ Vo Duie Tii - $) 0559 971 004
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CHUGONG 1. HE BAT PHUGNG TRINH BAC NHAT HAI AN

¥ Budc 4: Néu azg + byy < ¢ thi nita mit phang bd d chita My 14 mién
nghiém ctia bat phuong trinh. Néu axg + byp > ¢ thi nita mit phang b
d khong chita My 1a mién nghiém ctia bat phuong trinh.

Mién nghiém ctia bat phuong trinh ez + by < ¢ 1a mién nghiém ctia
bat phuong trinh azx 4 by < ¢ bd di duong thang ax + by = ¢ va biéu
dién duong théng bang nét dt.

Bir 2. Hé bat phuong trinh bac nhét hai an

1¢ HE bét phwong trinh bac nhit hai in

.
& Dinh nghia 1.3.
# Hé bat phuong trinh bac nhit hai an 14 mot hé gdm hai hay
nhiéu bat phuong trinh bac nhat hai an.
% Cap s6 (zo;yo) la nghiém clia mot hé bat phuong trinh bac nhét hai
an khi (zo;yo) dong thoi 1a nghiém ciia tat cd cac bat phuong trinh
trong hé.

\

2¢ Biéu dién mién nghiém ciia hé bat phuong trinh

.
& Dinh nghia 1.4.
# Trong mat phing Oxy, tap hop cac diém c6 toa do la nghiem ctia he
bat phuong trinh bac nhét hai 8n 1a mién nghiém cta hé bat phuong
trinh do.

% Mién nghiém ctia hé 1 giao cac mién nghiém ctia cac bat phuong trinh
trong hé.

L

Cach biéu dién mién nghiém ctia hé bat phuong trinh bac nhét

hai an

¥ Budc 1: Trén cling mit phing Oxy, xac dinh mién nghiém ctia mdi bat
phuong trinh bac nhat hai an trong hé va gach bé mién con lai.

¥ Budc 2: Mién khong bi gach 1a mién nghiém ctia hé bat phuong trinh
bac nhat hai an.
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CHUGONG 1. HE BAT PHUGNG TRINH BAC NHAT HAI AN

Néu bai toan yéu cau tim gia tri 16n nhat (hay nhd nhat) ciia biéu

thitc F(x;y) = ax + by, véi (x;y) 14 cac nghiém ciia he bat phuong

trinh bac nhat hai an, ta lam nhu sau

¥ Budc 1: Xac dinh mién nghiém ctia hé bat phuong trinh bac nhat
hai an. Gia st d6 1a mién da gidc 414y ... A,.

% Budc 2: Tinh gia tri clia biéu thitc F(x;y) tai cac dinh clia da gidc
trén.

¥ Budc 3: So sanh cac gia tri thu dudge, ta duge gia tri 16n nhat (hoac
nhé nhat) can tim.
) v

= vids 1

r—y+22>0
Cho céc gia tri ,y thoa man diéu kién ¢ 2oz —y — 1 < 0. Tim gia tri 16n
3r—y—22>0
nhét ctia biéu thitc T = 3z + 2y.
N o gidi.

Mién nghiém ctia hé da cho 14 mién trong tam giac ABC (ké ci dudng
bien) trong d6 A(1;1), B(2;4), C(3;5). Gia tri 16n nhat cia T = 3z + 2y
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CHUGONG 1. HE BAT PHUGNG TRINH BAC NHAT HAI AN '

dat dugc tai cac dinh ctia tam giac ABC. Do Ty =T(1;1) = 3-1+2-1 = 5,
Tp=T(2;4)=3-2+2-4=14vaTc=T(3;5) =3-3+2-5=25nén
gid tri 16n nhat ctia T = 3z + 2y 1a 25 dat duge khi 2 = 3 va y = 5.
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CHUGNG 2. PHUONG TRINH LUONG GIAC

CHUONG @

PHUONG TRINH LUGNG GIAC
Bar 1. Gia tri ludng giac cua goc lugng giac

O.ItCéc gia tri lugng giac ciia goc lugng giac

(& Dinh nghia 2.1.

Tréen duong tron luong giac, goi M 1a diém Yy
biéu dién géc luong giac c6 s6 do o. Khi dé M . "
Y& Hoanh do x¢ cia M duge goi 1a cosin 0 N

|
|
clia «, ki hiéu la cos a. !
1

\a
¥ Tung do yo ctia M duge goi 1a sin cua Zo O T
a, ki hiéu 1a sin a. J/—

11n &

. , . 8
¥ Néu cosa # 0, ti soO

duge goi 1a

CoS & .
) o sin a
tan cia «, ki hiéu la tana = .
COoS &
£ . 2 A COSa . N ~ 2 - PN N
¥ Neu sina # 0, ti s — duge goi la cotang cia «, ki hiéu la
sin «
CoS &
cota = — .
L sin «v

Y V6i moi gia tri cla a, ta ¢6
& —1<sina <1.
& —1<cosa < 1.
& sin (a+ k27) =sina (k € Z).
& cos (a+ k2m) = cosa (k € Z).
# tana xac dinh khi o # g +kr (k€ 2).

¥ cot @ xac dinh khi a # kn (k € Z).

% DAu ctia cac gia tri lugng giac
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CHUGNG 2. PHUGNG TRINH LUONG GIAC

T,y
o | an [ amn] av) 2 &
sin | + + - — an | )
cos + — — + : 0] (2)7r T
tan N — . B (a1 | avy/ /-
cot + - + - 3?”

O.Zth)ng thitc lugng gidc co ban

. 9 9 sin « cos «
sin“a+cos“a =1 tana = cota = —
cos sin o
2 2 1
tana-cota =1 1+tan“a = 3 1+cot?a=——
cos” sin” «
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CHUGNG 2. PHUONG TRINH LUONG GIAC

0.3 tGié tri lugng gidc cta cac goc co lién quan dic biét

Hai cung d6i nhau

Hai cung bu nhau

cos (—a) = cos

sin (7 — o) = sina

sin (—a) = —sin« cos (T — a) = —cos
tan (—a) = — tan « tan (mr —a) = —tana
cot (—a) = —cot cot (m — a) = — cot «

Hai cung hon kém nhau

Hai cung phu nhau

sin (7 + ) = —sin« sin (——a) = cosa
™ .

cos (T +a) = —cosa cos (5—04) =sina
7r

tan (m + ) = tan« tan (5—04) = cot
i

cot (T + a) = cot v cot (5—04) = tan«

V6i moi goc lugng giac o va sé nguyén k, ta co

¥ sin (o + k27) = sin a.

% tan (a+ k) = tan a.

¥ cos (a+ k2m) = cos a.

¥ cot (a+ km) = cot a.

BaAr 2. Cong thic luong giac

1e Cong thdc cong

10
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CHUGONG 2. PHUONG TRINH LUONG GIAC

cos (a — b) = cosacosb+sinasinb

cos (a 4+ b) = cosacosb—sinasinb

sin (a — b) = sinacosb—cosasinb

sin (a + b) = sinacosb+cosasinb

_ tana —tanb

t b=
an (a ) 1 +tanatanb

B tana + tanb

t bHy=—---——
an (a +) 1 —tanatanb

2t Cong thic nhan doi

cos2a = cos?a —sin?a =2cos?a—1=1-2sin’«
2t
sin 2 = 2 sin v cos a tan 2a = L(;
1 —tan“ «
3¢ Cong thitc ha bac
9 1 + cos 2« . 9 1 — cos 2« 9 1 — cos 2«
cos“a = ——— sin“fag = —— tana = ———
2 2 1+ cos2a
4¢ Cong thitc bién ddi tong thanh tich
cosa+cosﬁz2cosa+ﬁcosa_ﬁ
2 2
cosa — cos 3 = —2sin +Bsina_ﬁ
2 2
sina+sin6=2sina+/8cosa_ﬁ
2 2
sina — sin 8 = 2 cos +Bsin&_ﬁ
2 2
. . T T
sma+cosa:\/§sm<a+z> :\/§cos(a—1>
. . us T
sma—cosa:\/ism(a—Z) :—\/§c08<a+z)

5¢ Cong thitc bién ddi tich thanh tong
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CHUGNG 2. PHUONG TRINH LUONG GIAC

cosa - cos B = % [cos (o + ) + cos (a — )]

sina - cos B = % [sin (o + ) + sin (a — ()]

sina - sin 8 = —% [cos (o + B) — cos (a — )]

Bir 3. Ham s6 ludng giac

1¢ Sy bién thién ciia ham sb lugng gidc

Ham s6 y =sinzx

Ham s6 y =cosz

Tap xac 2 =R 2 =R
dinh
Tap gia T=[-1;1] T=[-1;1]
tri
Tinh La ham s6 1é La ham s6 chin
chéan 1é
Tinh La ham s6 tuan hoan véi chu | La ham s6 tuan hoan vé6i chu
tuan kiT =2m. kiT = 2.
hoan |y 56 y = sin(ax +b) c6 | Ham s6 y = cos (ax +b) c6
. 2 N 2
chu ki tuan hoan T = ﬁ chu ki tuan hoan T = ﬁ
a a
Su bién | Ham s6 ddéng bién trén | Him s6 dong bién trén
thién (—g + k2 g n k27r). (=7 + k2m; k27).
Ham s6 nghich bién trén Ham s5 nghich bien trén
T 3 (k2m;m + k2m).
<— + k21, — + k27r>.
2 2
Ham s6 y = tanz Ham s6 y =cotz
Tap xac @:R\{g-l-kﬂkez} 2 =R\ {kr |k €Z)}
dinh
12 ™ Vo D Jid - $) 08859977 004




CHUGONG

2. PHUONG TRINH LUGNG GIAC

Tap gia T—R T-R
tri
Tinh La ham sb 18 La ham sé 18
chin 1é
Tinh La ham sb tuan hoan v6i chu | La ham s6 tuan hoan véi chu
tuan kT =nm. kT=nm.
hoan | ya 56 y = tan (ax +b) c6 | Ham s6 y = cot (ax +b) ¢6
chu ki tuan hoan T = |7T—| chu ki tuan hoan T = ’7T—|
a a
Su bién | Him s6 dong bién trén | Ham s6 nghich bién trén
thién <_g + k; g + ]m>. (kmym + k).

2¢ Do thi ham sb

% Do thi ham s6 y =sinx

_ O | 2T X
B} | |
________________ NI
% Do thi ham s6 y = tanx
Y
—2 — T /
/_3; -z or sz o @

= N Diie i - B 0889 977 004
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CHUGNG 2. PHUONG TRINH LUONG GIAC

% Do thi ham s6 y = cot

=2 _3mN\—7m| —

N
[NIE]
ME]

N

BAr 4. Phuong trinh lugng giac co ban
lt Phuong trinh sinx =m

%* Diéu kién cé nghiém —1 < m < 1.
% Diéu kién xac dinh z € R.

% Coéng thiic nghiém

) ) r=a+ k27
& sinx =sina <
r=m—oa+k2r.
x = a’ + k360°
x = 180° — a® + k360°.

& sinxg =sina® &

¥ Mot s6 trudng hop dic biét
& sine =0 x = kr. @sinwzl@wzg—i—k%ﬁ

& sin:x:—l(:)a::—ngk?w.

Zt Phuong trinh cosz =m

% Diéu kién c6 nghiém —1 < m < 1.
% Diéu kién xac dinh z € R.
% Coéng thiic nghiém

r=a+k2r

& cosxr = cosa &
r=—uo+ k2m.
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CHUGNG 2. PHUGNG TRINH LUONG GIAC

x = a° + k360°
x = —a° + k360°.
% Mot sb trudng hgp dac biét

& cosx = cosa® &

<>cosac=0<:)x=g+k7r. & cosxr =1« x=Kk27.
& cosx=-1&z=m-+ k2.

3¢ Phuong trinh tanz =m

¥ Diéu kién c6 nghiém m € R.
% Didu kién xac dinh = # g + k.

Y% Coéng thiic nghiém
¢ tanz =tana < x = o + k.
& tanz = tana® < z = a° + k180°.

% Mot sb trudng hgp dac biét
& tanz =0 z = k. <>tana:=1<:>a:=%+k7r.

& tanxz—l@x:—%—i—lm.

4 Phuong trinh cotx =m

¥ Diéu kién c6 nghiém m € R.
% Diéu kién xac dinh z # kr .
Y% Coéng thiic nghiém
& cotr =cota & x=a+ k.
& cotx = cota® & x = a° + k180°.

%* Mot sb trudng hgp dac biét
@cotsz@x:g—Fkﬂ. @cotmzl@ng—i-lm.

& cotx:—lﬁax:—%%—km
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CHUGONG 3. DAY SO. CAP SO CONG VA CAP SO NHAN

CHUONG @

DAY SO. CAP SO CONG VA CAP SO NHAN

Bir 1. Day sé
1¢ Pinh nghia day sb

(& Dinh nghia 3.1.

¥ Mobi ham s6 u xac dinh trén tap cic s6 nguyen duong N* dugc goi 1a
mot day s6 vo han (goi tét 1a diy s6), ki higu 1a u = u(n).

% Ta thuong viét u, thay cho w(n) va ki hieu day s6 u = u(n) béi (u,),
do d6 day s6 (uy,) duge viét dusi dang khai niem wuq, ug, - . ., Up, - - ..

% S6 uq goi 1a s6 hang dau, u,, goi l1a sd hang thit n va goi 1a s6 hang
L tong quat cia day sb.

.
& Dinh nghia 3.2.
% M&i ham s6 u xac dinh trén tap M = {1;2;3;...;m} v6i m € N*
duge goi 13 mot day sd hitu han.
% Dang khai trién ctia day s6 hitu han 1& uy, us, ..., Up.
| S0 up goi la s6 hang dau va sb u,, goi 1a s6 hang cubdi.

2¢ Cic cich cho mjt diy so

% Liet ké cic s6 hang. % Cong thiic s6 hang tong quét.

¥ Phuong phap mo ta. ¥ Phuong phéap truy hoi.

3¢ Day so ting, diy s6 giam va day s6 bi chin

& Dinh nghia 3.3.
% Day s6 (uy,) duge goi la day s6 tang néu u, 1 > Uy, véi moi n € N*.

% Day s6 (up,) dudc goi 1a day s6 gidm néu uy, 1 < Uy, v6i moi n € N*.

16
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CHUGONG 3. DAY SO. CAP SO CONG VA CAP SO NHAN

n Mot day sb c6 thé khong ting khong giam. J

;
& Dinh nghia 3.4.
% Day s6 (u,) duge goi la bi chan trén néu ton tai s6 M sao cho
Uy < M, v6i moi n € N*.
% Day s6 (u,) duge goi 1a bi chian dudi néu ton tai s6 m sao cho
Uy > m, V61 moi n € N*.
% Day s6 (uy,) dudc goi 1a bi chan néu né vira bi chén trén vita bi chan
dudi, nghia 1a ton tai m, M sao cho m < u, < M, v6i moi n € N*.

BaAr 2. Cap soO cong va cap so6 nhan

1¢ Cap sb cong

% Dinh nghia: Day s6 (u,,) dugc goi la cap s6 cong néu ’ Upt1 = Up + d |,
véineN* deR.

Trong do, |d = up+1 — un ‘ dugce goi la cong sai.

%* S6 hang téng quat ’un =wuy + (n—1)d|, véin > 2.

% Tinh chét ]ukﬂ +up_1 = 2uy |, v6i k > 2.
Khi d6 diéu kieén dé ba s6 a, b, ¢ lap thanh mot cap sb6 cong theo ding
thit tir d6 Ia a;’C =b|

. 2 N 2 —1)d
Y Tong ctia n s6 hang dau|S,, = n(u12+un) = n 2w —{—2(n |
n € N*.

2¢ Cép s nhan

%* Dinh nghia: Day s6 (uy,,) dugde goi 14 caAp s6 nhan néu ,
véin € N*, g € R.
u .

Trong do, | g = —ntl dugc goi la cong boi.

Un,

% S6 hang tong quat |u, = u; - ¢" |, véi n > 2.
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CHUGONG 3. DAY SO. CAP SO CONG VA CAP SO NHAN

% Tinh chat [u2 = ug_q - ugs1 |, v6i k > 2. Khi d6 diéu kien dé ba s6 a,

b, ¢ lap thanh mot cap s6 nhan theo ding thit ty do 1a .

Ul(l_qn)
1—gq

% Tong ctia n sd hang dau | S, = , V6l g # 0 vain € N*.

% Cap s6 nhan vo han (u,) c6 cong boi g v6i |g| < 1 duge goi la cap sb
nhan lui vé han.

sx Tong ctia cap so nhan lui v6 han la

S=ui4+us+...+u,+...=

18 ™ Vo D Jid - 8 0889 977 004




CHUONG 4. HAM SO MU VA HAM SO LOGARIT

CHUONG

HAM SO MU VA HAM SO LOGARIT
Bir 1. Liy thira véi sé6 mii thuc
1¢ Dinh nghia

1.1¢ Liiy thira véi s6 mii nguyén

(& Dinh nghia 4.1.
Cho n 1a s6 nguyén duong.

Y V6iatuy y,tacé|la=a-a-a---al, v6i a la cd sO va n la s6 mi.
—_——

n thira s6
1
4 S LA < 20 N
Y V6i a la so thuyc khac 0, tacova a "= 7l
S

I.ZtLﬁy thira véi s6 mii hiru ti

& Dinh nghia 4.2.

Cho s6 thuc a va s6 nguyén duong n. S6 b dude goi la can bac n clia s6

a nén 4" = al

¥ Néu n 1a s6 1é thi mdi s6 thuc a chi c6 mot can bac n va ki hiéu 1a
{/a. Can bac 1 clia 6 a chinh 1a a.

¥ Néu n 1& s6 chan thi mdi s6 thuc duong a c6 hai cian bac n 13 hai
s6 d6i nhau, gia tri duong ki higu la /a (goi 1a cin s6 hoc bac n
cla a), gid tri am ki hieu 1la — {/a.

\

& Dinh nghia 4.3.

Cho s0 thuc a duong va s6 hitu ti r = —, trong d6 m 1a mdt so nguyén
n

va n 1a s6 nguyén duong. Lity thita clia a v6i s6 mii r, ki hieu 1a a”, xac

dinh bdi cong thic |a” = an = /a™ |
S

™ Vo Diie Tai - B 0889 977 004
C
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CHUONG 4. HAM SO MU VA HAM SO LOGARIT

1.3¢ Liiy thira véi s6 mii thyc

& Dinh nghia 4.4.

Cho a 1a 86 thuc duong va « 1a mot s6 vo ti. Xét day so hitu ti (ry,) ma
limr,, = . Gi6i han ctia day s6 (a’) goi 1a liy thita ctia @ v6i s6 mil

&, ki higu a®, nghia 1a [a® — lima™ |

2( Tinh chéit

2.1¢ Tinh chit ciia lily thira

a™-a" = amt" (a™)" =a™" (ab)™ = a™ - o™
i G =% | @) =6

0
0<a<bl=a">p

am>a"0$1m<n
a>1 a>1
=a">1 =am <1
m >0 m <0
O<axl1 0<axl1
=a" <1 =am >1
m >0 m <0

2.2¢ Tinh chat ciia ciin bac n

Va- /b= /ab

§|

§|

(va)™

am

SRS

khi n 1é

a/7
o/
{ la|, khin chén

tu nhién 1é
{n I nhién :>\"/E<%

a<b

n tu nhién chin
{ ' = fa< Vb

O0<a<bd
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CHUONG 4. HAM SO MU VA HAM SO LOGARIT

BAr 2. Logarit

1e Khai niém logarit

& Dinh nghia 4.5.

Cho a, b >0 va a # 1. S6 thuc o dé a® = b dudc goi 1a logarit cd sb a
cta b va ki hiéu la log, b. Nghia la |a =log,b < a® =b ‘

2¢ Cic quy tic tinh logarit

log,1=0

log,a=1

alog.b — p

log, (a%) = a

log,, (bc) = log, b+ log, ¢

b
log,, o= log, b —log, c

log, b* = alog, b

1
log,. b = —log, b
a

log.b
log, b= 987
log,.a

1
log, b =
logy a

log, b -log, c =log, c

log,b-logya =1

logab>logac<a—>1>b>c>0

0<a,b<1 0<a<1l<b
log,b >0« log, b <0«
1<a,b O<b<l<a
0<a<1

log,b>log,c +— 0<b<ec

3¢ Logarit thap phan va logarit tu nhién

3.1 tLogarit thip phan

¥ Logarit co s6 10 ctia mot so6 duong a goi 1a logarit thap phan cta a, ki
hiéu 1a log a hodc lga. Nghia la lloga =log;ga ‘

3,2tL0garit tu nhién

¥ Logarit co s6 e clia s6 duong a goi 1a logarit tit nhién ciia a, ki hiéu 1

1 T
Ina. Nehia I [lna = log,a|. Trong doe = Tm (14 1) ~27183
Tr—+00 X
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CHUONG 4. HAM SO MU VA HAM SO LOGARIT

BAr 3. Ham so0 mia va ham so logarit

1¢ Ham s6 mii y = a”

* Tap xac dinh: 2 = R. 0<a<ly a>1

¥ Tap gia tri: T = (0; +00).

¥ Ham s6 y = a® lién tuc trén R.

% Su bién thién

0<ax<l1 Nghich bién trén R 0 "
a>1 Dong bién tren R

% D6 thi luon di qua diém (0;1), (1;a).
2¢ Ham sb logarit y = log, =

Tap xac dinh: 2 = (0; +00).

* y a>1
% Tap gia tri: T =R.
¥ Ham s6 y = log, z lién tuc trén R.
¥ Su bién thién oA >
0<axl Nghich bién trén 2
a>1 Dong bién trén 2
O0<a<l1

% Do thi luon di qua diém (1;0), (a;1).
Bir 4. Bai toan lii suit - ting truéng

¥ Lai don: ’Sn = A1+ nr%)
thoi gian giii va S, 1a tong s6 tien nhan duge.

, véi A 13 s6 tien gii, r% la 1ai suat, n 1a

% Lai kép - Bai toan tiét kiem: ]sn = A(1+r%)" |, véi A la s6 tidn

gui, % la lai suat, n la thoi gian g va S, 1a tong s6 tien nhan dugc.

% Lai kép lién tuc: | S, = A-e""% | v6i A la s6 tién g, % la 1ai suét,

n la thoi gian gii v S, 1a tdng s6 tién nhan dugc.
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CHUONG 4. HAM SO MU VA HAM SO LOGARIT

Bir 5. Phuong trinh, bat phuong trinh mii va
logarit

1¢ Phuong trinh va bét phuong trinh mii

1.1 tPhu’dng trinh mii

% Phuong trinh mii cd ban: |a/® =b < f(z) =log, b

% Phuong phéap dua vé ciing co s6: |af(®) = a9 o f(z) = g(z) |

1.2(B5t phuong trinh mii

a>1 0<a<l1
al@ > b e f(z) >log, b /@ > b e flx) <log,b
al@ > a9 o f(z) > g(x) ol @ > a9 o f(z) < g(x)

¥ Phuong phap giai bat phuong trinh mil tuong tu phuong phap giai
phuong trinh m.

¥ Bat phuong trinh a® > 0 c6 tap nghiém 1a S = R. v

2¢ Phuong trinh va bét phuong trinh logarit

2.1 tPhu’dng trinh logarit

% Phuong trinh logarit co ban |log, f(z) =b < {

% Phuong phap dua vé ciing co s6

>0
log, f(z) = log, g(z) <  g(x) >0
g
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CHUONG 4. HAM SO MU VA HAM SO LOGARIT

2.2 tBﬁt phuong trinh logarit

a>1 0<a<l1
T 0
log, f(z) > b < f(z) > ab log, f(x) > b= {;El‘; Z o
log, f(z) > log, g(x) log, f(x) > log, g(x)
{g(x) >0 { flz) >0
& &
f(z) > g(z) f(z) < g(z)

% Khi gidi phuong trinh va bat phuong trinh logarit phai tim diéu
kién xac dinh.

¥ Phuong phap gidi bat phuong trinh logarit tuong ti phuong phap
giai phuong trinh logarit. v
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

CHUONG @

PAO HAM VA UNG DUNG CUA PAO HAM

BaAr 1. Dao ham

1¢ Cac quy tic tinh dao ham

1.1 tBﬁng dao ham cac ham thudng gip

Pao ham ctia ham so cap DPao ham cia ham hgp

(C) =0, véi VC € R
(z) =1

(z®) = - 27! (u®) = a-ut !
VA = 5= Vi = 5
1

(aw—I—b)'_ ad — be
cx+d/)  (cx+d)?
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

dr+e

<aa:2 + bx —i—c)/ B

adz? + 2aex + be — cd

(dz + e)?

(sinz) = cosx

(sinu) =u'-cosu

(cosz) = —sinz (cosu) = —u' - sinu
1 o
tan )’ = —s— fan u) =
(tan) cos? x (tanu) cos? u
1 /
(cotz) = —— (cotu) = — ‘u2
sin® sin® u

(a*) =a*Ina

(@) =u -a" -Ina

(ex)/ — e:c (eu)/ _ u/ eu
r 1 r !
(loga ‘7:) - T - lna (]'Oga U) U - lna
1 /
(Inz)" = 7 (Inu) = —

I.ZtQuy tic tinh dao ham

(utv) =u £

(k-uw) =k -

(u-v) =u - v4+u-v

uw v —u-v

() -

02

[f (u(@))

= u/(z) - f' (u(x))

29 Y nghia ciia dao ham trong hinh hoc va vat Ii

2.1 tY nghia vat Ii cia dao ham

¥ Mot vat chuyén dong c6 phuong trinh ctia quang dudng s theo thoi gian

tla s = s(t). Khi do

& Van toc tic thoi cta vat do 1a | v(t) = §'(¢) |

& Gia toc titc thoi cta vat do 1a ’ a(t) =v'(t) = s"(t) ‘

¥ Dién lugng Q truyén trong day dan 1a mot ham s6 theo thoi gian ¢ c6
dang @ = Q(t). Khi d6 cuong do tiic thoi ctia dong dien 1a| I(t) = Q'(¢) |.

26
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

2.2(8’( nghia hinh hoc ctia dao ham

% Phuong trinh tiép tuyén ctia do thi ham s6 (C): y = f(x) tai diém
M (x0;yo) thuoc (C) 1a ’y = f'(x0) - (x — x0) +yo |, v6i f'(x0) 1a he sb
gbc clia tiép tuyén.

¥ Mot s6 dieu kién thudng diing

Diéu kién Cong thiic
Tiép tuyén c6 hé sé goc k fxo) =k
Tiép tuyén song song véi dudng thing y = ax + b f(xo) =a

. . . . 1
Tiep tuyén vuong goc véi duong thing y = ax + b f(xo) = -

Bir 2. Ung dung cua dao ham

1¢ Tinh don diéu ciia ham sb

¥ Ham s6 dong bién trén K néu

Vo, 29 € K: 21 < 29 = f(acl) < f(xz)

Trén K, do thi 1a mot "duwong di lén" khi xét tit trai sang phai.
¥ Ham s6 nghich bién tréen K néu

Vo, 29 € K: 21 < 29 = f(acl) > f(wg)

Trén K, do thi ld mot "dudng di xudng" khi xét tit trai sang phai.
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

Lién hé giva dao ham va tinh don diéu: Cho ham s6 y = f(z) ¢6
dao ham trén khoadng (a;b).

.
I Dinh i 5.1.
e Néu ¢/ > 0, Vz € (a;b) vi dau bang chi xdy ra tai hitu han diém
thi ham s6 y = f(z) dong bién trén (a;b).
e Néu ¢/ <0, Vz € (a;b) va dau bang chi xdy ra tai hitu han diém
thi ham s6 y = f(x) nghich bién trén (a;b).

2¢ Cyc trj clia ham sb

Cac tén goi:

B PP (x1;91) 1a diém cyc dai ctia dd thi ham s6;
e 2 la diém cuc dai ctia ham s6;
e 11 la gid tri cyc dai ctia ham sb.

~ (z2;92) 1a diem cyc tieu ctia do thi ham so;
e 15 1a diém cic tieu ctia ham s6;

e yo la gia tri cuc tiéu ctia ham sb.

Ghi nhé cach xét dau:
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

@ Néu
f'(2) = (z — a)(z — b)%(z — ¢)*(x — d)>" ™, ¥n € Nx
thi phuong trinh f'(z) =0 c¢6
¥ = = a la nghiém don;
Y& x = b la nghiém kép;
¥ x = ¢ 1a nghiém boi chén;
% z = d 13 nghiem bdi 18.
@ Khi xét dau f/(x) thi f’(z) sé khong déi dau khi qua nghiem
kép (nghiém boi chin) va déi dau khi qua nghiem don (nghigm
boi 18).

Nghiém boi chén

Nghiém boi 1é
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

3¢ Gia tri 16n nhat, nhb nhat cia ham sb

Cho ham s6 y = f(z) xac dinh trén tap 2. Ta c6
® M 1a gia tri 16n nhat cia ham sé néu
flx) < M\NreP
dzg € D : f(xg) = M.

Ki hiéu | max f(x) = M
€9

n la gid tri nhé nhat ctia ham s6 néu
f(z) >nVere P
Jxg € Z: f(xo) =n.

Ki hiéu | min f(z) =n
€Y

Dé tim max min ctia ham s6 y = f(x) trén doan [a;b] (f(x) lién tuc
trén doan [a;b] va c6 dao ham trén (a;b) (c6 thé tric mot s6 hitu han cic
diém) va f'(z) = 0 chi tai mot s6 hitu han cdc diém trong (a;b)), thi ta
c6 thé giai nhu sau:

Giai f'(x) = 0 tim cac nghiem zg € (a;b);

Tim cac diem z; € (a;b) ma tai d6 dao ham khong xac dinh (néu c6).
Tinh toan f(a), f(wo), f(@i), f(b) ()

Goi M, n lan luot 1a s6 16n nhat va s6 nhé nhat clia cac két qua tinh
toan & bude (x) thi

M =max f(r); n=min f(x
nas f(z) nir f(z)

Ta c6 thé dimng cac bat ding thiic cé sin dé danh gia biéu thitc can tim
max, min.
e Bit déng thiic Co-si cho hai s6 khong am a, b:
a+b>2Vab

Dau "=" x4y ra khi a = b.

e Bit déng thiic Co-si cho ba s6 khong am a, b, c:
a+b+c>3Vabe
Dau "=" x4y rakhia=b=c.
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

4¢ Dudng tiém cin ciia do thi ham sb

4.1 tl)u'(‘mg ti€ém can ngang (TCN):

@ Dinh nghia: Dudng thing y = m dudc goi 1a mot duong tiém
can ngang (hay ti€ém can ngang ) ctia do thi ham s6 y = f(z)
néu

xgr_noo f(z) = m hodc xgrfwf(x) =m.
Duong thing y = m la tiém can ngang ctia do thi ham s6 y = f(x)
duge minh hoa nhu hinh bén duéi

Yy Yy
y=m y:f(/x)\ %
\/ m
m y=m
T O T
a) lim_f(z)=m b) lm f(z)=m

@ Cac buoc tim TCN:

® Tinh lim f(x)va lim f(z).
T—r—00

T—-+00
@ Xem G "vi tri" ndo ra két qua hitu han thi ta két luan c6
tiém can ngang & "vi tri" do.

4,2(Du'(‘ing tiém can ditng (TCD)

@ Dinh nghia: Duong théing z = a dugc goi la mot duwong tiém
can ding (hay tiém can dirng ) ciia do thi ham s6 y = f(x)
néu it nhat mot trong cac dieu kién sau thod méan:
lim f(z) =+o0, lim f(z)= 400, lim f(z)=—o0, lim f(z)= —o0
z—a~ z—at T—a~ z—at

Duong thing = a la tiém can ding clia do thi ham s6 y = f(x)
duge minh hoa nhu hinh bén dudi.
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e y = f(z)
y = f()
/ 0] a T Oa T
T=a
a) lim f(z) = +o0 b) lim+ f(x) =40
Yy Yy
r=a r=a

@ Céc buéc tim TCD:

@® Tim nghiém ctia mau, gid st nghiem dé la x = xg.
@ Tinh gi6i han mot beén tai zg. Néu x4y ra lim f(z) =
T—To

oo hodgc lim f(z) = oo thi ta két luan =z = =z la duong
r—xd

tiém can ding. v

4.3 t})u’(‘ing ti€ém can xién

@ Dinh nghia: Dutng thing y = az +b, a # 0, dugc goi la duong
tiém can xién (hay tiém can xién) ctia do thi ham s6 y = f(z)
néu

zll}r_noo[f(x) — (ax + b)] = 0 hoac IET@[f(.%) — (ax +b)] = 0.
Duong thang y = ax +b 1a tiém can xién ctia do thi ham s6 y = f(x)
duge minh hoa nhu hinh bén dudi:
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CHUONG 5. PAO HAM VA UNG DUNG CUA PAO HAM

a) lim [f(z)—(axz+b)]=0 a) lim [f(z)— (ax+b)]=0

T——00 xT—>+00

@ Cac buoctimTCX y = ax + b: Ta x4c dinh hé s6 clia a va b trong
2 truong hgp sau:

® Tinh a = lim M,b: lim [f(x)— ax].

r—+0c0 I T—+00
@ Tinh a = lim @,b: lim [f(x)— ax].

5¢ Khio sit va v& do thi mjt s0 ham s6 cd ban

5.1¢ Ham so bac bay = ax3 + bx? + cx +d

@ TH1. 3 = 0 c6 hai nghiém phan biét 21 va xo. Khi d6, ham s6 c6
hai diém cuc tri z = z1 VA & = z9.

EEXI RN [a<o] 4

T2 it !
T

" \;z_iox'z \a:

@ TH2. o = 0 c6 nghiém kép . Khi d6, ham s6 khong c6 cuc tri.
y v
J’i/ \41\
[1° oo\

@ TH3. ¢ =0 vo nghiéem. Khi d6, ham s6 khong c6 cc tri.

T
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- N
flo N

® Ham sb6 khong c6 diém cuc tri

b2 — 3ac < 0 hoac {

@ Ham s6 ¢6 hai diém cuc tri
a#0

{b2 — 3ac > 0.

@ Lién hé tong tich hai nghiem
2b
1+ 22 = T34

o

1T = %

@ Toa do tam dbi xtng clia do thi, né chinh la trung diém clia doan
ndi 2 diém ciye tri. Hoanh do tam déi xing la nghiém phuong trinh

y”zO@x:—gi.
a \ 4

2 b
S.ZtHﬁm S0y = iiid (c #0,ad — bc #0)

d d—cb
© Tap xiic dinh D = R\ {_E}; Dao ham o — (Z:chl)?'

@ D6 thi nhan giao diém ctia hai dudng tiém can lam tam déi xing.

@ Hinh dang do thi:

34
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y' >0 | y y | y' <0
__—————-I'T"?A \""'T-j ————————
,f:/ 10) z 10) \:,i x
o d
® Tiém can du’ngx:—z.
@ Tiém can ngangyzg.
c
b
@GiaovéiOm:yzO:xz—a.
b
@GiaovéiOy:x:O:y:E.
4
2+b
Ham sﬁy:w(a#o,m#m (da thic tir khong
5.3 mx + n

chia hét cho da thuc mau)

n

am - 2+ 2an - x + b.n — m.c

(V) TapxécdinhD:R\{—E};Daohamy’: (ma )2

@ Ham s6 2 diém cyc tri khi 4/ = 0 ¢6 2 nghiém phan biét; Ham s6
khong ¢6 cye tri khi 4/ = 0 vo nghiém.

@ D6 thi nhan giao diém ciia tiém can ditng va tiém can xién lam tam
doi xing.

@ Hinh dang do thi:
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36

Y ;
2
"
”
,
s
s
s

v

1
I
I
I
I
I
I
I
10 x
1
I
I
I
I
I
I
1

‘ a > 0, y' = 0 c6é 2 nghiém phan biét

s
s

Y

|
I
I
I
I
I
I
I
I
4
1
1
I
I
I
I
I
I
I

a > 0, y' = 0 vd nghiem

e

a < 0, y' =0 vd nghiem
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CHUONG 6. NGUYEN HAM VA TICH PHAN

CHUONG @

NGUYEN HAM VA TICH PHAN
BAr 1. Nguyén ham

1y Dinh nghia

(& Dinh nghia 6.1.

% Cho ham s6 f(z) xac dinh tren khodng #. Ham s6 F(z) goi la
nguyén ham cta ham s6 f(z) trén # néu F'(z) = f(z), Vo € K#.

% Néu F(r) 1a mot nguyen ham ctia ham s6 f(x) thi ho cdc nguyen ham
ctia ham s6 f(z) la F(x) 4+ C, véi C € R.

/f (x)+C,v6i C eR

“

Néu F(x) va G(z) déu 1a mot nguyén ham ctia ham s6 f(x) thi khi
d6 ton tai C' € R sao cho G(z) = F(z) + C.

2¢ Tinh chét ciia nguyén ham

/f (z)+ C, v6i C € R.

* /kf(x)dx:k/f(x)dx, véi k € R\ {0}.

x [ £g@) do = [ f@)dot [ go)dn

3¢ Nguyén ham ctia mot so0 ham so so cap

/Odz:C /1dz:x+C

1;0‘"‘1
xdx = +C,a# -1 —d:v———-l—C
a+1

2
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1
/sinacdx: —cosx +C /cosxda::sinaH—C
1 1
/ 5— dr =tanz + C /_2 dr = —cotz +C
cos? x sin® x
/emdgc:ex-i—C /a$d$=“—+c
Ina

% Mot sb6 cong thitc nguyén ham dac biét

1 pya+l
/(ax—kb)ad:cza-%%—c,a;&—l

1 1
/ dxza-ln|ax+b|+0

ax +b
1
/smax—i—b =—a-cos(a:c+b)+0
1.
/cosa:v-i—b x = —-sin(ax +b) + C
a

1
— 4 b) 4+ C
cosan—i-b dz a an(az +b) +

1
/ dz = —— - cot(ax +b) + C
sin ax—i—b a
/eaz—&—bd:U:

1

a

1 mr+n
/amx—i-ndx:_'a +C

m Ina

. eaa:—l—b + C

de Y nghia vat Ii ciia nguyén ham

% Mot vat chuyén dong c6 phuong trinh van tdc theo thai gian t 1a v(t)

thi phuong trinh chuyén dong ctia vat 1a | s(t) = /v(t) dt|.

% Mot vat chuyén dong cé phuong trinh gia téc theo thoi gian ¢ 1a a(t) thi

phuong trinh van téc ctia vat 1a |v(t) = /a(t) dt |.
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BAr 2. Tich phan
1¢ Dinh nghia

(& Dinh nghia 6.2.

Cho f(z) 1a ham s6 lién tuc trén doan [a;b]. Goi F(z) 1a mot nguyen
ham ctia f(z) trén doan [a; b]. Hieu s6 F(b) — F(a) goi 1a tich phan ti a
dén b (hay tich phan xac dinh trén doan [a;b]) clia ham s6 f(x), ki higu

b
la / f(z)dz.

b
/ f@)dz = F(@)| = F(b) — F(a)

.

2¢ Tinh chit ciia tich phan

* /af(x)dx:O
* /bf(sc)dacz—/af(x)dx.
a b

b b
* /kf(m)dm:k/f(zv)dx, voi k € R.
b

w [ 1) £ 9(w)] do = /b f()do + /b g(x) de.

¥ /bf(m)dmz/cf(x)da:—i—/bf(x)dx.

b b
% Tich phan khéng phu thudc vao an, nghia la /f(z) dz = /f(t) dt.

a a
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3¢ Y nghia vat Ii ciia tich phan

Mot vat chuyén dong doc theo mot dudng thang sao cho van tbc ciia né tai
thoi diém ¢ c6 phuong trinh 1a v = v(t). Khi dé

¥ Do dich chuyén ctia vat trong khoang thoi gian tit ¢; t6i to 1a

to

/v(t) dt |

t1

Y Quang dusng vat di duge trong khodng thai gian tiur £1 t6i to 1a

7|v(t)| dt |

t1

% Do dich chuyén la khoang céach tit vi tri dau dén vi cudi ctia vat,
cho biét do dai va sy thay doi vi trf clia vat.

¥ Quang duong la do dai ctia vat thuye hién duge trong sudt qua trinh
chuyén dong.

% Vi du: Mot vat di chuyén tit diém O dén diem A sau do lui lai vé
diém B trong khoang thdi gian ¢; t6i to nhu hinh vé sau

>

%) B4

Khi d6, do dich chuyén clia vat trong khoang thoi gian ti téi to
bing doan OB, con quang dusng vat di chuyén trong khoang thai
gian tit ¢1 tdi to b?mg OA+ AB. v

Bir 3. Ung dung hinh hoc cuia tich phin

1y Ung dung tich phan dé tinh dién tich hinh phiing
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% Cho ham s6 y = f(x) lien tuc trén [a;b].
Dién tich hinh phéng giéi han bsi do thi Y
ham s6 y = f(z), hai dusng thing x = a,

x = b va truc Oz la S:/|f(w)\da:. O‘

% Néu dé bai chua cho a, b thi a, b 1A nghiém ctia phuong trinh
f(z)=0.

¥ Néu phuong trinh f(z) = 0 ¢6 nhiéu hon 2 nghiém thi a, b lan lugt
1a nghiém nhoé nhat va nghiém 16n nhat ctia phuong trinh f(z) = 0.

¥ Néu dé bai cho hinh phang gisi han béi truc Oy thi nghia la dé bai
cho hinh phang giéi han béi duong x = 0.

% Cho hai ham s6 y = f(z) vay = g(z) lien
tuc trén [a; b]. Dién tich hinh phang gi6i han
béi hai do thi y = f(z), y = g(z) va hai
dudng thing = a, x = b la

0|
S = /|f z)|dx |
Néu dé bai chua cho a, b thi a, b 14 nghiém ctia phuong trinh
f(x) = g(z).

29 Ung dung tich phan dé tinh thé tich vat thé
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2.1¢ Thé tich ciia vt thé

¥ Goi B la phan ctia vat thé giéi han béi 2
mat phéng vuong géc véi truc Ox tai a, b.
Goi S(z) 1a dién tich thiét dien ctia vat thé .
bi cit bdi mat phang vuong goc véi truc Ox ‘
tai diém c6 hoanh do z (a < x < b). Khi do,
thé tich V ctia phan vat thé B 1a

V:iﬂ@w

2.21Th5 tich ctia khéi tron xoay

% Cho ham s6 f(z) lién tuc, khéng am trén
[a;b]. Hinh phing gi6i han béi cac dudng
y = f(x), truc Oz, x = a, x = b khi quay
quanh truc Oz tao thanh mot vat thé tron
xoay. Thé tich ciia vat thé tron xoay la

V= Tr/bfZ(m)da:

% Hinh phing gidi han béi cac duong y = f(z), y = g(z), x =a, z = b
khi quay quanh truc Oz tao thanh mot vat thé tron xoay. Thé tich ciia
vat thé dé 1a

b
V:W/|f2(a:) —g2(x)‘ dz |

¥ Hinh phéng gi6i han béi cac dusng = = g(y), truc Oy, y = ¢, y = d khi
quay quanh truc Oy tao thanh mot vat thé tron xoay. Thé tich ctia vat
thé do la

d
V=7r/92(y)dy.
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3¢ Mot s6 phuong trinh hinh phing cin nhé

¥ Phuong trinh duong théng cé dang la . Néu duong thing

song song hodc trung v6i truc Oz thi phuong trinh ¢6 dang .

% Duong tron tam I(a;b) va ban kinh R c6
phuong trinh 1a | (z —a)? + (y — b)? = R?|.

Y
Néu dat he truc toa do Ozxy sao cho O la tam
ctia duong tron thi phuong trinh cia dudng
tron 1a | 22 4+ y? = R?|. Khi d6, phuong trinh o
cua ntta duong tron phia trén truc Ox la

y= VR 22|

N\
/

¥ Duong elip c6 do dai truc lén bang 2a
va truc bé bang 2b c6 phuong trinh
2 2

Y Y
la ¥+b—2

cuia nta elip phia trén truc Oz la

2
xr
y=0y1-75

Y
b

=1|. Khi d6, phuong trinh Q)a
—b

s Parabol c6 truc déi xitng song song hoic y
trung v6i truc Oy c¢6 phuong trinh la 2

y = ax® + bz + c| Ta thuong dit he truc

sao cho truc doéi xtng tring véi truc cua

Oy, khi d6 phuong trinh ctia parabol c6 / 0 \ "
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¥ Parabol di qua gbc toa do O va nhan truc
Oz lam truc doi xing c¢6 phuong trinh 13

. Khi d6, phuong trinh ctia nta
x

parabol phia trén truc Ox la |y = \/7 .
a

4% Dién tich va thé tich mot s6 hinh dic biét

4,1tC6ng thite dién tich hinh elip

22 2

Cho hinh elip ¢6 phuong trinh — + 2= 1.
a

Khi d6 dién tich cta hinh elip dugc tinh theo

cong thiic

S = mab

4.21C6ng thitc dién tich c¢dng parabol

\/

Duong thang y = m vuong géc véi truc parabol
(P) tao thanh mot cong parabol c6 dién tich
dugce tinh theo cong thiic

4
S =_-Rh
3

/

O

(—R—)\ T
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4.3tC6ng thitc dién tich parabol bi ciit béi dudng chéo

Mot parabol y = ax? + bz + ¢ c6 2 diém A, B Blxa; o)
lan lugt ¢6 hoanh do z7, 2 thuoc (P). Khi do

dién tich hinh phang giéi han béi (P) va AB  A(z1;91)

dugc tinh theo cong thic

a(zy — x2)3

S = 5

- y=az?+br+c
4.4¢ Cong thiic the tich va dién tich hinh nén

Cho doan thang SA quay xung quanh truc Oy, Y
ta dugc hinh nén (N) c¢6 dinh S va day la duong
tron tam O ban kinh OA. Khi d6 SA = ¢ goi
la duong sinh, OA = r goi 14 ban kinh day,
SO = h goi la dudng cao ciia hinh nén. Ta ¢
2 = h? 12

Y% Dién tich xung quanh: .

% Dién tich toan phan:

Stp:SXq—i—Sdéy:W-r-E—l—ﬂ-r?.

1 2

¥ Thé tich: V=§7r-r -h|

4.5¢ Cong thic thé tich va dién tich hinh tru

Cho doan thing AA’ quay xung quanh truc Oy, y
ta duge hinh tru (T') ¢6 déay la dusng tron tam
O, ban kinh OA. Khi d6 AA’ = ¢ goi 1a duong A’
sinh, OA = r goi la ban kinh day, OO’ = h goi
12 chiéu cao ctia hinh tru. Ta c6 ¢ = h. , L
% Dién tich xung quanh: ’qu =27-r-h|

B/

% Dién tich toan phan: X+ 1o B

Stp:qu+25déy:27r-r-h+27r-r2.

s Thé tich: [V = -1 1]

™ Vo Diie Tai - B 0889 977 004 45
C




CHUONG 6. NGUYEN HAM VA TICH PHAN

4.6¢ Cong thitc thé tich va dién tich hinh cau

Cho duong tron tam O ban kinh R quanh y

xung quanh truc Oz, ta dugc hinh cau tam
O ban kinh R.

¥ Dién tich ctia mit cau: .

. PN 4
% Theé tich cta khoi cau: |V = §7TR3 .

4.71C6ng thitc thé tich khdi tron xoay sinh ra béi Elip

. 22 o2
Chc: Elip (E):/a_2+b_2 =1 (a,b > 0). y
The tich ctia khoi tron xoay khi quay hinh b

phing giéi han bdi Elip (E)

4 _
S Quanh truc Ox 1a |V = §7rab2 . “ Eﬁ ‘o

4
Y Quanh truc Oy la |V = §7ra2b .

4.8(C6ng thie thé tich hinh ném

% Thé tich khéi ném loai I

Chon truc Oz trung véi dudng kinh. Thiét dién

cit bdi mit phing vuong goéc véi truc Oz tai diém

c6 hoanh do = (—R < z < R) la mot tam giac
vuong c¢6 do dai hai canh lan lugt la VR?2 — 22 vi R
VR? — 22 - tano. Khi do6, dién tich thiét dien la

1

S(z) = 3 (R? — 2?) - tana. R
= Thé tich ctia vat thé la

A

2
(R2 — xz) -tanadx = §R3 tan o

<
| Il
T~
o
B
o,
3
| Il
B —
N —
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% Thé tich khéi ném loai II

Chon truc Oz trung v6i ban kinh. Thiét dién cat bdi
mit phang vuong goc véi truc Oz tai diém c6 hoanh
do z (0 < & < R) la mot hinh ch® nhat c¢6 do dai
hai canh lan lugt 1a 2v R? — 22 va (R — ) - tan .
Khi d6, dién tich thiét dién la

S(x) =2VR? — 2%(R — ) - tan a.

= Thé tich ctia vat thé la

R
Vv /S dm—/ R? — 22(R — z) - tanadz
0

2 3
= <§—§>R tan a

4.9¢ Cong thiic thé tich khdi chém cau

Khéi chém cau c6 ban kinh R va chiéu cao h

(0 < h < R) sinh ra khi quay hinh phang gidi
han bdi cung tron c6 phuong trinh y = v R? — 22,

truc Oz va duong thang x = R — h, x = R quay
quanh truc Oz. Thé tich ctia khéi chém cau la

R
VZTF/( R2—x2)2dx=wh2<R—g>

R—h

4.10 tCﬁng thitc thé tich cai phao

Thé tich ctia mot cai phao ¢6 ban kinh R
va r nhu hinh vé la
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4.11 tCﬁng thitc thé tich chao Parabol

Khoi chao Parbol ¢6 ban kinh R va chiéu cao h sinh m
ra khi quay hinh phang giéi han béi dudng cong ¢

R? .
phuong trinh y = Ta:, truc Oz va dudng thing

x =0, x = h quay xung quanh truc Oxz. Thé tich
ctia khoi chdo Parabol 1a

h
V= / % = —szh
0
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CHUONG @
THONG KE

Bir 1. Céac dic trung cta mau sb liéu khong
ghép nhom

1¢ Céc s dic trung do xu thé trung tam

1.1 tS(‘) trung binh

.
& Dinh nghia 7.1.

S6 trung binh ctia mau sb lieu 1, xo, ..., z,, ki hieu 1a Z, dugc tinh

bang cong thiic

1 +2x2+ ... +2Tp
n |

T =

Néu mau sb lieu cho dusi dang bang tan sd thi sé trung binh duge

mi1xy + Mok ot mg

tinh theo cong thic |z = et 2Bz ¥ ...+ M , trong d6 my,
n

1 tan sb cta zx van =my +mo + ... + my.

% Y nghia
& S6 trung binh cho biét vi trf trung tam ctia mau s6 lieu.
& Néu mau s6 lieu khong c6 gia tri bat thuong (rat 16n hodc rat bé so
v6i da s6 cac gia tri khac) thi ta dung s6 trung binh dé lam dai dién
cho mau s6 lieu.

1.2156 trung vi

& Dinh nghia 7.2.
S6 trung vi clia mau s6 lieu, ki hieu 1a M,, 14 gia tri chinh gita cta
mau sb lieu.

¥ S6 trung vi khong nhat thiét 13 mot s6 trong mau s6 lieu.
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% Dé tim trung vi cia mot mau sé liéu, ta lam nhu sau

& Budc 1: Sap xép cac gia tri trong mau s6 liéu theo thtt tuy khong
gidm va xac dinh so gia tri n clia mau s6 lieu.
n+1

& Buée 2: Néu n la s6 18 thi sd hang thit 1 s6 trung vi. Néu n

L e . . . n
la s6 chan thi so trung vi 1a s0 trung binh cdng ctia s6 hang thi 5 va

s6 hang thi g + 1.

% Y nghia

& S6 trung vi chia doi mau s6 lieu thanh hai phan.

& S6 trung vi khong bi anh huéng bdi gia tri bat thuong, con sd trung
binh thi bi &nh huéng bdi gia tri bat thusng.

& Néu mau s6 lieu khong c6 gia tri bat thuong thi s6 trung binh va s6
trung vi xap xi bang nhau. Con néu mau s6 lieu c6 gia tri bat thuong
thi ta khong sit dung sé trung binh dé do xu thé trung tam ma
dung trung vi.

1°3tTﬁ phan vi

& Dinh nghia 7.3.

T phan vi clia mau s6 liéu gom ba gia tri, goi la t& phan vi thit nhat,
thit hai va thit ba (1an lugt ki hicu Q1, Q2, Q3), ba gia tri nay chia mau
s0 lieu da sap xép thanh bén phan déu nhau.

¥ Dé tim t& phan vi ctia mau sb liéu, ta lam nhu sau
& Budc 1: Sap xép mau s6 lieu theo thi tir khong gidm.
& Budc 2: Tim trung vi clia mau s6 lieu. Gia tri nay 1a Qs.
& Budc 3: Tim trung vi clia nita mau s6 lieu bén trai Qo (khong bao
gom Q9 néu n 18). Gia tri nay la Q1.
© Budc 4: Tim trung vi clia nita mau s6 lieu bén phai Q2 (khong bao
gdm Q9 néu n 18). Gia tri nay la Qs.
% Y nghia
& Néu mau so lieu c6 nhiéu s6 liéu c¢6 sy chénh léch 16n so véi trung vi
thi ta nén chon thém nhiing s6 khac lam dai dién ciia mau do.
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& Bo ba gia tri Q1, Q2, @3 phan anh do phan tin ctia mau s6 lieu.
Nhung mdi gia tri Q1, Q2, @3 lai do xu thé trung tam ctia phan sb
lidu tuong ting ctia mau dé.

1.4tM6t

[E Dinh nghia 7.4.

M6t ctia mau sb lieu 13 gia tri xuat hien véi tan s6 16n nhat, ki hieu M,.

~ = PR EPN 2z 2 P2 ~ 19 o X A
n Mot mau so liéu ¢6 thé c6 mot hoac nhieu mot. J

# Y nghia: C6 thé ding mét dé do xu thé trung tam ctia mau s6 lieu khi
mau s6 liéu c6 nhiéu gia tri trung nhau.

2¢ Cac s6 diic trung do do phan tin

2.1 tKhoéng bién thién

& Dinh nghia 7.5.

Khoang bién thién, ki hieu 1a R, 1 hieu s giita gi4 tri 16n nhat va gia
tri nhé nhat ctia mau s6 liéu, nghia 13

R = Zmax — Tmin |

% Y nghia

& Khoang bién thién ctia mau sd lieu phan anh sy “dao dong”, “su dan
trai” clia cac s6 liéu trong mau do.

© Khoang bién thién sé bi &nh hudng bdi cac gia tri bat thuong trong
mau s6 licu. Do d6, khi mau s6 lieu c6 gia tri bat thudng thi khoang
bién thién khong phan anh chinh x4c do dan trai trong mau sb lieu.

Z.ZtKhoéng t& phan vi

& Dinh nghia 7.6.

Khoang tit phan vi, ki hiéu 14 Ag, 1a hiéu s6 gifta t¢ phan vi thi ba
va t1 phan vi thit nhat, nghia 1a

’AQ:Q3—Q1‘~
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* Y nghia
& Khoang t1t phan vi cho biét mitc do phan tén ctia 50% s6 liéu chinh
gitta ctia mau s6 lieu da sdp xép va ¢ thé gitp xac dinh cac gia tri
bat thudng clia mau so6 lieu do.
& Néu mau s6 lieu c6 gia tri bat thuong thi ta sit dung khoang ti¢
phan vi dé do do phan tén thay cho khoang bién thien.
2.3¢ Phat hién gid tri bét thuong ciia miu sb liéu

% Dé phat hién gia tri bat thuong ctia miu sb liéu, ta lam nhu
sau

& Budc 1: Xac dinh tit phan vi Q1, Q2, Q3 ciia mau so licu.
& Budc 2: Tinh khoang ti phan vi Ag cia méau s6 ligu.

3 3
& Budc 3: Tinh @ — EAQ va @3 + §AQ.

3 3
& Budc 4: Tim cac gia tri nhé hon Qq — §AQ hoac 16n hon Q3 + §AQ
clia mau so lieu, cac gia tri d6 1a gia tri bat thuong ciia mau so lieu.

2.4 ¢ Phuong sai - D léch chuin

.
& Dinh nghia 7.7.
Cho mau s6 lieu thong ké c6 n gia tri z1, 22, ..., T, va cb sd trung binh
cong la 7.

(1 —Z)2 + (22 —2)2 +... + (z, — T)? |

% Phuong sai la gia tri| s2 =

L*;‘z Do léch chuan la cian bac hai ciia phuong sai, nghia 1a | s = Vs? |,

# Y nghia
<& Phuong sai va do léch chuan do mitc do phan tan ctia mau so lieu.
Mau s6 lieu nao c6 phuong sai hay do lech chuéan nhé hon thi mic do
phan tén (so véi s6 trung binh) ctia cac s6 lieu trong mau d6 sé thap
hon.
& Khi ta can cha § dén don vi do ctia s6 lieu thong ke thi ta sit dung
do lech chuan dé do do phan tan.
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Bir 2. Cac dic trung ctia miu so6 liéu ghép nhém

1¢ Mau s ligu ghép nhém

(& Dinh nghia 7.8.

Mau sb liéu ghép nhém 13 miu sb lieu cho dusi dang bang tan sb
ghép nhém. M6éi nhém s6 lieu 1a tap hop gom céc gid tri clia s6 lieu duge
ghép nhém theo mot tiéu chi xac dinh. Nhom s6 lieu thuong duge cho
| dudi dang [a;b), trong d6 a la dau mat trai, b 14 dau mit phai.

% Pé chuyén méu sb liéu khong ghép nhém sang mau sé licu ghép
nhém, ta lam nhu sau
& Budce 1: Chia mién gia tri clia mau s6 liu thanh cac nhom.

® Budc 2: Dém s6 gia tri cia mau s6 lieu thudoc mdi nhom (tan s6) va
lap bang thong ké cho mau s6 lieu ghép nhom.

¥ Do dai ctia nhém [a;b) 1a b — a.
¥ Khong nén chia thanh qua nhiéu nhém hosic qua it nhom.

¥ Cac nhém khong giao nhau, cac nhém nén c¢6 do dai nhu nhau va
tong do dai cac nhém 16n hon khoang bién thien.

2¢ Cic s0 dic trung do xu thé trung tim

Xét mau so lieu ghép nhom duge cho 6 bang sau

Nhom la1; az) [az; a3) . [ak; agy1)
Tan sb mq mo mp
Gia tri dai dién 1 2 Tk
a1 , R a; + Qi1
Gia tri dai dién ctia nhém [a;;a;41) 1a | x; = % L

|
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2.1186 trung binh ctia mau sé liéu ghép nhém

% S6 trung binh ciia miu s6 licu ghép nhém, ki hieu 1a Z, duge tinh theo
cong thiic

T = mi1x1 + MmoZo + ...+ MEpTk
- )
n

trong A6 n=m1 +mo + ...+ my.

D6i v6i s6 lieu rai rac, ngudi ta thuong cho cac nhom dudi dang kq — ks,
trong do k1, ko € N. Nhom k; — kg dugc hiéu 1a nhém gom cac gia tri
ki, ki+1, ..., ko. Khi d6, ta can hiéu chinh lai mau s6 lieu ghép nhém
bing cach chuyén nhém k; — ko thanh nhém [k — 0,5; ko + 0,5).

%

Y nghia: S6 trung binh ctia mau s6 lieu ghép nhéom xap xi bang s6
trung binh ctia mau s6 lieu goc, n6 cho biét vi tri trung tam ctia mau
so lieu va c6 thé dung deé dai dién cho mau sb liéu.

2.2¢ Trung vi ciia miu so6 liéu ghép nhém

% Dé tinh trung vi ctia mau sb liéu ghép nhém, ta lam nhw sau
& Budc 1: Xac dinh nhém chia trung vi clia mau s6 lieu ghép nhom.
Gia st d6 la nhom thi p: [ap; api1).

& Budc 2: Trung vi clia mau so lieu ghép nhém 1a

n
5—(m1+...—|—mp_1)

M, = ap + : (ap—I—l - ap) )

mp

néu p = 1, ta quy uéc mq + ...+ mp_1 = 0.

# Y nghia: Trung vi clia mau s6 lieu ghép nhém x4p xi bing trung vi ciia
mau s6 lieu goc va c6 thé dung dé dai dien cho mau sb lieu. Néu méau
s6 lieu c6 gia tri bat thuong thi ta dimg trung vi thay cho s6 trung
binh dé dai dién cho méu sb licu.

2.3¢ Tt phan vi clia mau sb li¢u ghép nhém

¥ D@ tinh t1t phan vi thit nhat Q; ctia mau sb lieu ghép nhém, dau tien
ta xac dinh nhém chita @1, gia sit d6 la nhém thit p: [ap; aps1). Khi do
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4

(m1 —i—...—|—mp_1)

ap +

mp

: (ap+1 - ap) -

¥ D@ tinh ti¥ phan vi thit ba Q3 clia miu s6 lieu ghép nhém, dau tién
ta xac dinh nhom chia @3, gid st do 1a nhom thit p: [ap; ap+1). Khi do

3n

(m1 4+ ... +mp_1)

Qs

4

ap +

mp

: (ap+1 - ap) .

Y T phan vi thi hai Q2 chinh 1a trung vi M.

# Y nghia: Cac td phan vi cia mau sb lieu ghép nhém xap xi bing céc
t phan vi ctia mau sb liéu goc, chiing chia mau s6 liéu thanh 4 phan,
mdi phan chita 25% gia tri.

2.4tM(‘)t ctia miu s6 liéu ghép nhém

¥ Dé tim mét ctia mau s6 lieu ghép nhom, ta lam nhu sau
& Budc 1: Xac dinh nhém c6 tan s6 16n nhat (goi 1a nhém chita mot)
clia mau s6 lieu ghép nhom, gid st d6 1a nhom j: [aj;a;41).

& Bude 2: Mot ctia mau so lieu ghép nhom 13

m; —m;—1

(myj —myj_1) + (m; —mjp

Mozaj+ )-(aj+1—aj).

# Y nghia: Mét clia mau s6 lieu ghép nhém xap xi biing mét ctia mau s6
licu gbe, né duge diing dé do xu thé trung tam ciia mau sb lieu.

3¢ Cic sb dic trung do d§ phan tin

3.1 tKhoéng bién thién

¥ Khoang bién thién ctia mau s6 litu ghép nhém duge tinh theo cong
thic

R=agy1 —ar|

¥ Khoang bién thién ctia mau s6 lieu ghép nhém luon 16n hon hodc bang
khodng bién thién ctia mau so lieu géc. Khodng bién thién ctia mau sb
lieu ghép nhém xap xi bang khoang bién thién ctia mau so liéu goc.
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¥ Khoang bién thién ctia mau s6 lieu ghép nhém chiu d&nh hudng cia
gia tri bat thuong

# Y nghia: Khodng bién thien ctia mau s6 lieu ghép nhém do mic do
phan tan ctia mau s6 lieu d6. Khoang bién thién cang 16n thi mau sb
litu cang phan tan.

3.21Khoéng t phan vi

% Khoang tit phan vi clia mau sb lieu ghép nhém duge tinh theo cong
thic

’AQ:QS—QI‘-

% Khoang t1t phan vi ctia mau sb lieu ghép nhém xap xi bang khoang ti
phan vi ctia mau s6 liéu goc.

¥ Khoang tit phan vi ctia mau s6 lieu ghép nhém khong chiu anh hudéng
clia gia tri bat thuong.

# Y nghia: Khodng ti phan vi ctia mau s6 lieu ghép nhém dung dé do
miic do phan tan ctia mau s6 lieu. Khoang tit phan vi ctia mau s6 lieu
ghép nhém cang nhé thi dit lieu cang tap trung xung quanh trung vi.

Dé x4c dinh gia tri bat thudng ctia mau sb lieu ghép nhom ta lam
tuong tu nhu déi véi mau so6 lieu khong ghép nhom.

3.3¢ Phuong sai va dd léch chuin

¥ Phuong sai ctia mau sb lieu ghép nhom, ki hieu 1 s2, 1a mot s6 dudc
tinh theo cong thiic

82:ml(arl—E)Q—i-mg(wg—E)2+...+mk(xk—i)2

n

# Do léch chuan ctia mau s6 lieu ghép nhém, ki hieu la s, 1a can bac hai
s6 hoc clia phuong sai ctia mau s6 lieu ghép nhém, nghia 13
s =152

¥ Phuong sai va do léch chuan ctia mau s6 lisu ghép nhém xap xi bing
phuong sai va do léch chuan clia mau s6 liéu gbe.
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* Y nghia: Phuong sai v do léch chuan ctia mau s6 liéu ghép nhém ding
dé do do phan tén ciia mau s6 lieu ghép nhém. Phuong sai va do lech
chuéan cang l6n thi dit liéu cang phan tan. Do léch chuan cé cung don vi
v6i don vi clia mau sé lidu.

Phuong sai ctia mau so lieu ghép nhém cé thé duge tinh theo cong
thiic

1
s2=ﬁ(m1-$%+m2'l’§+---+mk'x%)_(i)Q‘

4¢ Cach sit dung may tinh Casio dé tinh céc sé diic trung

¥ D@ tinh cac s6 dic trung ctia mau s6 lieu ghép nhém, thi ta lam nhu déi
v6i mau sb lieu khong ghép nhém & phia trén, nhung phai bat cot tan
s6 trong thong ké. Céc gia tri clia cot = chinh 1a cac gia tri dai dién cta
tirng nhém.

% May tinh Casio chi c6 thé tinh dugc s6 trung binh Z, phuong sai oz,

do lech chuan ox. Cac dai luong Q1, Med, Q3 ma may tinh hién thi déu
khéng chinh xac.
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cHUONG (@)
TO HOP - XAC SUAT

Bir 1. Pai s6 té hop
1¢ Quy tic dém

% Quy tic cong: Mot cong viec X c6 thé thyce hien theo mot trong k
phuong an khac nhau nhu sau
& Phuong 4n 1 ¢6 ny cach thuc hién.
& Phuong an 2 c6 no cach thuc hién.
LT
& Phuong an k c6 ny cach thuc hién.

= Khi d6 s6 cach thuyc hién cong viec X 1a |ny +no + ...+ ny | cach.

% Quy tac nhan: Dé thyc cong viec X thi phai hoan thanh &k cong doan
lien tiép nhu sau
& Cong doan 1 ¢6 ny cach thyc hién.
& Cong doan 2 c6 no cach thyc hién.
SO S
& Cong doan k c6 ny cach thyc hién.

= Khi d6 s6 cach thyc hién cong viec X 1a |ny X ng X ... X ny, | cach.

% Quy tac cong dugc ap dung khi cong viec dugc chia thanh cac
phuong 4n phan biét (thyc hién mot trong cac phuong an dé hoan
thanh cong viéc).

% Quy tac nhan dugc ap dung khi cong viéc c6 nhiéu cong doan noi
tiép nhau (phai thic hién tat ca cdc cong doan dé hoan thanh cong

viéc). v
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2¢ Hodn vi, chinh hop va t6 hop

2.1 tHoén vi

% Hoan vi chi dugc stt dung khi bai toan yéu cau sap xép n phan ti.

% SO cach sap xép n phan tt vion chd 14 |P, =n!=1-2-3---n|

% D@ an 5! trong may tinh Casio, ta lam nhu sau 5 u.

2.2(T6 hep

% T6 hgp duge sit dung khi nao toan yéu cau chon k phan ti trong n
phan tit, chtt ¥ mdi phan tit chi xuat hién mot lan.

% S6 cach chon k phan tit trong n phan tit 1a|CF =

% Tinh chat: [CE = Cr*|va|CFol 4k | =Ck)|

% Dé an C% trong may tinh Casio, ta lam nhu sau 7 q P 4.
2,3(Chinh hgp

¥ Chinh hgp dugc sit dung khi bai toan yéu cau chon k phan ti trong
n phan tii, roi sap xép k phan tit do.

% 86 céach chon k phan tit trong n phan tit r6i sip xép la | AF =

% Mobi quan he giita hoan vi, t6 hgp, chinh hop | Ak = CE . Py |.

% Dé an A% trong may tinh Casio, ta lam nhu sau 7 q O 4.

Chinh hop va t6 hop déu chon k phan tit trong n phan tit, nhung chinh
hop 1a chon cé xép thit tw, con td hop 1a chon khong xép thit tu.

Bi1 2. Bién c¢6 va dinh nghia c6 dién cua xac
suat

1¢ Bién ¢
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1.1 t})inh nghia

% Phép thit ngau nhién 14 mot thi nghiem hay mot hanh dong ma két
qué ctia né khong thé biét duge trude khi phép thit duge thuc hien.

¥ Khong gian mau ctia phép thit 1a tap hop tat cd cac két qua cé thé
khi thye hién phép thi, ki hiéu 1a €.

¥ Bién cb E la mot tap con ciia khong gian méau .
¥ Két qua thuan 1oi cho mot bién ¢6 E lien quan dén phép thit T 1a két
qua ctia phép thit T lam cho bién c6 d6 xay ra.

1.2¢ Céc bién c6 thudng giip
Cho hai bién c6 A va B. Khi d6

% Bién cd doi clia bién c6 A la bién c6 “A khong xay ra”, ki hieu la A.

¥ Bién cb giao ciia hai bién c¢6 A va B la bién ¢6 “A va B cling x4y ra”,
ki hicu I AN B (hay AB).

% Bién cd hop cta hai bién ¢ A va B la bién ¢ “A hoiic B xay ra”, ki
hieu 14 AU B.

¥ Hai bién c¢6 A vd B dudc goi 1a xung khic véi nhau néu bién ¢d A xay
ra thi bién c¢6 B khong xay ra va ngugc lai. Khi d6 AN B = @.

¥ Hai bién c6 A v B dugc goi 1a doc lap v6i nhau néu sy xdy ra ctia A
khong lam dnh hudng dén viec xdy ra clia B.

2¢ Dinh nghia co dién clia xic suat

(& Dinh nghia 8.1.
Cho phép thit T c6 khong gian mau 1 Q. Gia sit cac két qua c6 thé ciia
T la dong kha nang. Néu F 1a mot bién c6 lien quan dén phép thit 7' thi
xac suat ciia E dugdc cho bdi cong thic

)

trong d6 n(Q) va n(F) tuong ung la s6 phan tit ctia khong gian mau

Q2 va bién co E.

% Tinh chét
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& P(@)=0vaP(Q)=1. ® 0<P(A) < 1.

3¢ Cic quy tic tinh xéc suit

#¢ Cho bién ¢6 A. Xéac suét cta bién ¢ d6i A ctia A 1a

P(A) =1 P(A).

¥ Cho hai bién c6 A va B bat ki khi d6
'P(AUB) =P(A) + P(B) - P(AB) |

¥ Néu hai bién ¢6 A va B xung khic thi
'P(AUB) =P(A4)+P(B)|.

Hai bién ¢6 AB va AB xung khéc v6i nhau khi d6
P(AB) + P(AB) = P(ABU AB) = P(A)

¥ Néu hai bién c¢6 A va B doc lap thi
'P(AB) = P(4) - P(B)|

Bir 3. X4c suit c6 diéu kién

1¢ Dinh nghia xac suat c¢6 dieu kién

(& Dinh nghia 8.2.

Cho hai bién ¢ A va B. Xac suat ciia bién c6 A v6i dicu kieén bién cb
B da x4y ra dugc goi 1 xac suat ciia A véi diéu kién B, ki hieu la
P(A | B). Néu P(B) > 0 thi

_P(ANB) _P(AB)
PATB="56) = BB)

V6i méi bién ¢6 ngdu nhién A va B, trong d6 P(B) > 0, ta ¢6

P(A|B)=1-P(A| B)
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2¢ Cong thitc nhan xac suét

I Pinh 1i 8.3.
Cho hai bién c6 A, B 1a bién c6 bat ki. Khi d6
|P(AB) =P(A| B)-P(B) = P(B | 4) - P(4)|

Cho hai bién ¢6 A va B théa man 0 < P(A),P(B) < 1. Khi d6, A va
B doc 1ap khi va chi khi |P(4) = P(A | B) |va | P(B) = P(B | 4) .

va

3¢ Cong thitc xic suiit toan phan va cong thiic Bayes

¥ Cho bién c6 A va B, Khi dé, ta c6 cong thiic xac suat toan phan
nhu sau

P(B)=P(B | A) P(A) +P(B | A)-P(A)|.

% Cho A va B la bién ¢d, véi P(B) > 0. Khi d6, ta c6 cong thitc Bayes

nhu sau
P(B|A)-P(A)+P(B|A)-P(A)
Cong thiic Bayes c6 thé viét dudi dang | P(A | B) = P(B |1;23)P(A) |
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CHUONG @

PHUGNG PHAP TOA D(} TRONG MZ:&T PH}S\NG
BAr 1. Ba dudng conic

1 1 Elip

.
& Dinh nghia 9.1.

Cho hai diém c6 dinh va phan biet Fy, Fy. Dat F1Fy = 2¢ > 0. Véi s

a > ¢, tap hop cac diém M sao cho M F, + M F, = 2a duge goi la duong

elip. Hai diém Fy, F» dugc goi la hai tiéu diém va F} F» = 2¢ duge goi

[ 1a tiéu cu cla elip.

(& Dinh nghia 9.2.

Cho elip ¢6 phuong trinh chinh tic la m—2 + 'Z—2 =1 véia>b>0.
a
* c? =a? - b2 Yy
P Bs S

Tiéu diém ciia elip 1a Fy (—¢;0), F5 (c;0).
Az
A1 F1 0) F2 z

Tiéu cu cia elip 1a 2c.

* X% %

Elip c¢6 hai truc déi xitng la Oz, Oy va
tam dbi xiing 13 gbe toa do O. Q B R
Elip ¢6 dinh 1a A;(—a;0), A2(a;0), B1(0; —b), B2(0;b).

Do dai truc I6n cuia elip 1a A1 Ay = 2a.

Do dai truc bé cta elip 1a B1 By = 2b.

Hinh chi nhat co s cla elip ¢6 boén dinh 1a P(—a;b), Q(—a; —b),
R(a; —b) va S(a;b).

% V6i diém M (z;y) thudc elip, ta c6 ban kinh qua tiéu ciia M 1a

% % %

& MF, =a+ Sz ® MFy=a— Sz
a a

~ P c
s« Tam sai cia elip la e = —.
L a
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(*;‘z Céc dudng chuan cia elip tng véi Fy v Fo la A: z = :FE_
e

21 Hypebol

(& Dinh nghia 9.3.

Cho hai diém c6 dinh va phan biet Fy, Fy. Dat F1Fy, = 2¢ > 0. V6i s6
a>0vaa < c, tap hop cac ditm M sao cho |MFy — M F,| = 2a dugc
goi la duong hypebol. Hai diém Fy, F» dudc goi la hai tiéu diédm va
\Fng = 2¢ dugc goi la tiéu cu ctua hypebol.

(& Dinh nghia 9.4.

2 2
Cho hypebol c6 phuong trinh chinh tic ac_2 — :Z—z =1}, v6ia,b>0.
a
PA¢ C2 = CL2 = b2. b b
. y=-—-x y=-1u
¥ Hypebol ¢6 hai tiéu diem Ia a Y ) 4
Fi(—¢;0) va Fa(c;0).
% Tiéu cu ciia hybebol 1a 2c. A Az
Fy) —a a 5 x
% Hypebol ¢6 hai dinh 1a A;(—a;0) va
As(a;0). b

% Hypebol c6 hai truc déi xing 1a Oz va Oy, va c6 tam dbi xiing 13
goc toa do O.

Y& Truc Oz duge goi 1a truc thuc va truc Oy dude goi la truc ao.
Y& D6 dai truc thuc cia hypebol 1a 2a.
¥ Do dai truc ao ctia hypebol 1a 2b.
% Hinh ch@ nhat co s& c¢6 dinh la (—a;b), (—a; —b), (a; —b), (a;b).
b
s« Hypebol c¢6 hai dudng tiém can c6 phuong trinh 1la y = +—=.
a
% Véi diém M (x;y) thudc hypebol, ta c6 ban kinh qua tiéu ctia M 1a

® MFlz‘a—kEx‘. ® Mng‘a—Ex‘.
a a

c
¥ Tam sai cua hypebol la e = —.
L a
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[*;‘z Céc dudng chuan ciia hypebol tng véi Fi va Fr 1a A: z = :Fg.
e

3 14 Parabol

(& Dinh nghia 9.5.
Cho diém F c6 dinh v duong théing A c¢6 dinh khong di qua F. Tap hop
cac diém M céach déu F va A dugc goi la dudng parabol. Diém F dugc
goi 1a tieu diém, A dugc goi 1a duwdng chuan va khoang cach tit F dén
| A dugc goi la tham s6 tiéu ciia parabol.

n Parabol trong hinh hoc khong phai la mot ham s6. J

& Dinh nghia 9.6.
Cho parabol ¢é6 phuong trinh chinh tic|y? = 2pz |, v6i p > 0.

% Parabol c6 tieu diém F (g, O). y
% Parabol c6 dudng chuan la A: z = —g.
% Parabol cé6 mot truc déi xitng 1a Ox. F  zm
# Parabol c6 dinh la 0(0;0). —|° !
% Tham sé tiéu ctia p clia parabol gip al__ > :
doi khoang cach gitta dinh O(0;0) va tieu b M

diém F (g; 0).

¥ V6i M (z;y) thudc parabol, ban kinh qua tiéu cta M la MF = :1:—1—%.

% Parabol ¢6 tam sai e = 1.
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cHUONG (1)
HINH HOC KHONG GIAN

BAr 1. Quan hé song song trong khong gian

1¢ Vi tri tuong doi ciia hai dudng thing trong khong gian

Cho hai duong thang a va b trong khong gian. Khi do, vi tri tuong déi ciia
hai dudng thang a va b xay ra mot trong hai trusng hgp sau
% Truong hop 1: Néu a va b dong phing.

a cit b tai diém A a song song vii b a trung véi b

¥ Trudng hop 2: Néu a va b khong dong phang a

hay a va b chéo nhau.

rE Dinh li 10.1
(@) (B) = x
Néu { (@) N (y) = b thi “’/I;’bc//dong aw
| lenm=c T
r@ Hé qua 10.2.
aC ()
o 1€ ) o
éu thi |[A=a
a//b A=h.
\ ()N (B)=A
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I’ Pinh 1i 10.3.
o {d1 //ds . [dl //da
d2 //d3 d1 = dg.

2¢ Vi tri tuong doi cia dudng thing va mit phing

A

Cho dudng thang d va mit phang («). Khi d6, vi tri tuong ddi ctia dusng
thang d v& mat phang () xay ra mot trong ba trudng hgp sau

d d
i
b S| A S
a//(p) an(p)= (M) dc(p)

I’ Pinh 1i 10.4.

Néu {d 7 (P)

& c(P).d/d thi d//(P).

I Dinh Ii 10.5.

. {a//(a)

ac (B (@)n (@) =b "

.
[5 Hé qua 10.6.

(P)//d
Néu { (Q)//d thi d//A.
(P)N(@)=A

3¢ Hai mit phing song song

Cho hai m#t phang (a) va (3). Khi d6 () //(8) & (o) N (B) = 2.
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.
I Pinh 1i 10.8.

a//(B)
Néu < b//(B) thi () //(B)-
anb={A} va a,b C (a)

.
I Dinh li 10.9.

() //(B)
Néu ¢ (@) N (y) = a thia//b.
B)N(y) =0

[ Dinh 1i 10.10.
Cho (P)//(Q)//(R).
‘ {dﬂ (P)={A},dn(Q) ={B},dn(R) ={C}
d'n(P)={A},dn(Q)={B'},d n(R)={C"}
AB  BC CA

= = = :
L AIB/ BIC/ C/A/

BAr 2. Quan hé vuong goc trong khong gian

1¢ Pudng thing vuéng géc véi mit phing

(8 Dinh nghia 10.11.
| Cho dudng thang d va mit phang (o). Khidé d L (a) < Va C (a),d L a.

.
I} Dinh li 10.12.
dla
. jdLo
Néu thid L («).
anb={A}

a,b C (a)
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(& Dinh nghia 10.13.
Cho doan thang AB, goi I 1a trung diém ctia AB. Mat phang (P) di qua
| { va vudng goc v6i AB goi la méat phing trung truc cta AB.
(@ Tinh chét 10.14.
Y d//d } =d L1 (P). ¥ d,J- (P)} =d//d.
d 1l (P) d 1 (P)
(P)//(Q) d L (P)
e S ] SV
* 4//(P) } =dld. A dLd } = 4//(P)
d L (P) (P) Ld d C (P)
2¢ Hai mit phing vuéng géc
rE Dinh li 10.15.
Néu {Z JC_ E;; thi () L (8).
(i}, Dinh 1i 10.16.
(@) L (8) (@) L (7)
* ()N(B)=d p=al(B). * (B)L(v) =d Ll (7).
aC (a),ald ()N (B)=d

BAr 3. Goéc va khoang cach trong khong gian
1y Goc trong khong gian

1.1¢ Géc giita hai dudng thing

& Dinh nghia 10.17.
Géc gitta hai dudng thiang m va n, ki hieu (m,n), la géc giita hai
dudng thang a va b di qua mot diém va tuong ting song song véi m va n.
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Véi hai dudng thing a va b bat ki thi

0=
% 0° < (a,b) < 90°. % (a,b) = 0° thi
a//b.

Céach xac dinh géc giwta hai dudng thang d va d’ trong khong gian
s Cach 1: Sit dung dinh nghia.

& Buéc 1: Lay mot diém A bat ky (thuong A € d d
hoic A € d'). Qua A, dung duong thing A va
A’ theo thtt tir song song véi d va d'. A
= (d,d') = (A, A). < A

& Buéc 2: Tinh goc gitta hai dudng thang A va
A’ bang ti s6 lugng gidc trong tam giac vuong \il
ho#c dung dinh 1i ham s6 sin, cosin trong tam
gidc thuong.
Y Cach 2: Sit dung tich vo huéng.
& Budc 1: Tim hai vecto @ va ¥ theo thi tu 1a cac vecto chi phuong
ctia duong thing d va d'.
& Buée 2: Tinh s6 do géc « gifta hai vecto v thuong st dung
tich vo huéng ctia hai vecto dé tinh géc.
¢ Budc 3: Khi d6, goc gitta hai duong thang d va d’ bing
© Bang goéc o néu 0° < a < 90°.
© Béng goc 180° — a néu a > 90°.
1.29 Géc giita dudng thing va miit phiing

& Dinh nghia 10.18.

% Néu duong thing a vuong goc véi mat phang (P) thi (a, (P)) = 90°.

% Néu dudng thing a khong vuong mit phiang (P) thi (a, (P)) = (a,d’),
v6i @’ 1a hinh chiéu ciia a trén mat phang (P).

Véi duong thang a va mat phang (P) bat ki thi
¥ 0° < (a, (P)) < 90°. ¥ (a,(P))=0°thia C (P).
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Céach xac dinh géc giita dudng thang a va mit phang (P)
¥ Cach 1: Tryc tiép
& Budc 1: Tim giao diém M ciia dudng théng s
d v mat phang (P).
& Budc 2: Lay diéem S € d vadung SH 1 (P).

Khi do ' A}w

(d,(P)) = (d, HM) = SMH = a.

® Buéc 3: Tinh 6 do clia goc SMH.
¥ Cach 2: Tinh gian tiép theo mot trong hai huéng sau.
& Huéng 1: Chon mot duong thing A//d ma goc giita A va (P) c6
thé tinh duge. Tt do, ta cé (d, (P)) = (A, (P)).
& Huéng 2: Chon mot mat phang (Q)//(P) ma goc gitta d va (Q) b
thé tinh duge. T do, ta c6 (d, (P)) = (d, (Q)).

1.3¢ G6c giita hai mat phing

& Dinh nghia 10.19.
Cho hai mét phang (P) va (Q). Ké a L (P) va b L (Q). Khi d6

((P), (@) = (a,b).

V6i hai mat phang (P) va (Q) bat ki thi
# 0% < ((P),(Q)) < 90°.

* ((P),(Q)) = 0° thi

Cach xac dinh géc giita hai mat phang (P) va (Q)
s Cach 1: Sit dung dinh nghia.

& Buéc 1: Tit diem O ké OE 1 (P), OF L (Q). Khi d6
((P),(Q)) = (OE,OF).
& Budc 2: Tinh goc (OE,OF).
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% Cach 2: Dung cho hai miat phang cit nhau.

¢ Buéc 1: Tim giao tuyén A clia hai mat phéng (P)
va (Q).

¢ Buéc 2: Tit mot diém O trén A, trong mit phing
(P) ké dusng thang d L A, trong mit phéng (Q),
ké duong thing d’ L A.

& Buéc 3: Khi do, ((P), (Q)) = (d.d') = o

% Cach 3: Sit dung hai mat phing vuong géc.

¢ Buéc 1: Tim miat phang (R) vuong goc véi ca hai mat phang (P)
W (Q)

& Budc 2: Tim giao tuyén (R) N (P) =d va (R)N(Q) = A.

& Budce 3: Khi do ((P), (Q)) = (d,A).

¥ Cach 4: Dung dién tich clia da gidc chiéu.
Goi S 1a dién tich ctia da gidc 4# trong mat phang (P) va S’ la dien
tich hinh chiéu 5’ ctia 2 trén mat phang (Q) va ¢ la goc gitta (P) va
(Q). Khi do

1,4tG6c nhi dién

(& Dinh nghia 10.20.

Hinh gom hai nita mat phang (P), (Q) c6 chung bs a 4
dugc goi la mot géc nhi dién, ki hiéu 1a [P, a, Q]. Dudng
thing a goi 14 canh va cac nita mat phang (P), (Q) goi

14 cdc mit ctia goc nhi dién do. @ '
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% 0° < [P,a, Q] < 180°.
M e (P)

¥ V6i ¢ N € (Q) thi[P,a,Q] =[M,a,N].
M,N ¢ a

Cach xac dinh go6c nhi dién [P, a, Q)

¥ Buéc 1: Tit mot diém O bat ki trén duong thang a,
vé tia OA L a, OA C (P) va OB L a, OB C (Q).
Khi do

[P,a,Q] = AOB
% Buéc 2: Tinh goc AOB.

1.5(Céch xdc dinh géc ctia mot s6 hinh chép thuong gip

Hinh chép S.ABC ¢6 SA L (ABC)

s (SB,(ABC))=SBA | (SC,(ABC))=SCA
Néu AABC vuong tai B ((SBC), (ABC)) = SBA
AQ C
4 Néu AABC vuong tai C ((SBC), (ABC)) = SCA
Néu AABC vuong tai A thi ké AE\J_ BC, khi d6
S ((SBC),(ABC)) = SHA.
Néu AABC deu thi goi H 1 trung/dlém BC, khi d6
A c ((SBC),(ABC)) = SHA.
H
B
1S, BC, A] = ((SBC), (ABC))
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SA 1 (ABCD)

Hinh chép S.ABCD, c6 ABCD la hinh ch@ nhat (hinh vudng),

(SB,(ABCD)) = SBA

(SC,(ABCD)) = SCA

(SD, (ABCD)) = SDA

(SB,(SAD)) = BSA

(SC, (SAD)) = DSC

(SC,(SAB)) = BSC

B ¢ (SD, (SAB)) = DSA
s 1S, BC, A] = ((SBC), (ABCD)) = SBA
[S,CD, Al = ((SCD), (ABCD)) = SDA
[S,BD, A] = (SBD), (ABCD)) = SHA
: s Néu ABCD 1a hinh vuong thi H = O

SA 1 (ABCD)

Hinh chép S.ABCD, c6 ABCD la hinh thang vudng tai A, B,

(SB,(ABCD)) = SBA

(SD, (ABCD)) = SDA

(SC,(ABCD)) = SCA

1S, BC, A] = ((SBC), (ABCD)) = SBA

[S,CD, A = ((SCD),(ABCD)) = SHA
NéuABzBCzTDthiHEC

Hinh chép tam giac déu S.ABC

(SA, (ABC)) = SAO

(SB,(ABC)) = §BO

SC,(ABC)) = SCO

540 = SBO = 5CO
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[S,AB,C] = ((SAB), (ABC)) = SMO
[S, BC, A] = ((SBC), (ABC)) = SNO
1S, AC, B] = ((SAC), (ABC)) = SPO

SMO = SNO = §PO

Hinh chép tit giac déu S.ABCD

(SA, (ABCD)) = SAO
(SB,(ABCD)) = SBO
(SC, (ABCD)) = SCO
(SD, (ABCD)) = SDO

SAO = SBO = 5CO = SDO

1S, AB, O] = ((SAB), (ABCD)) = 57\4?)
1S, BC,0] = ((SBC), (ABCD)) =

[S,CD,0] = ((SCD), (ABCD)) = SPO
[S, AD,0] = ((SAD), (ABCD)) = 5QO

SMO = SNO = SPO = SQO

Hinh chép S.ABC c6

mit bén (SAB) vudng goéc véi day

S

(SA, (ABC)) = SAH

(SB,(ABC)) = SBH

(SC,(ABC)) = SCH
((SAC), (ABC)) = SMH
((SBC),(ABC)) = SNH

= Ngo Dic Jid
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Hinh chép S.ABCD c6 mat bén (SAB) vudng goc véi day la
hinh ch@ nhat

(SA,(ABCD)) = SAH
(SC, (ABCD)) = SCH
(SB,(ABCD)) = SBH
(SD, (ABCD)) = SDH
((SAD), (ABCD)) = SAH
((SBC),(ABCD)) = SBH

((SCD),(ABCD)) = SMH
Hinh lang tru ding tam giac ABC.A'B'C’

. ' (A'B,(ABC)) = A'BA

(A'C,(ABC)) = A'CA

[A', BC, A') = (A'BC), (ABC)) = AIMA

C ¥ Diém M la hinh chiéu ctia diém A trén
doan thang BC.

¥ Néu AABC can tai A (hodc déu) thi M 1a

B trung diém ctia BC.
Hinh hop chi nhat ABCD.A'’B'C'D’
A’ D’ —
A (A'B,(ABCD)) = A’BA
AN —
N AN (A'C,(ABCD)) = A'CA
U RN
(A'D,(ABCD)) = ADA
B C
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A D' | % ((A'BD),(ABCD)) = A'HA, véi H la
/}\\\\ hinh chiéu ctia diém A trén doan thing BD.
B'¥— 4 ¥ Néu ABCD 1la hinh vuong thi H = O, vé6i
S O la tam ctia hinh vuong ABCD.
JASI----r-=-pD
/I ’ _ :‘ -7
e H
B C

2¢ Khoang cach trong khong gian

2.1¢ Khoiing cich tir mdt diém t6i mat phing

& Dinh nghia 10.21.
Cho diém A va mat phang (). Khi d6 d(4, (o)) = AH, v6i H 1a hinh
chiéu ctia A trén mit phang ().
Cach xac dinh khoang cach tit diém A dén mat phing (a)
% Buéc 1: Tim mit phang (8) di qua A va vuong
géc v6i mit phing (a).
¥ Budc 2: Tim giao tuyén A = () N (B).

% Buéc 3: Trong mit phang (8), ké AH L A. ‘l
= OH 1 (a) = d(4, (a)) = AH. )

% Budc 4: Tinh do dai doan AH.

# Néu da c6 dudng thing d L («) thi ké Az//d cit (o) tai H.
# Néu AB// () thi | d(4, (a)) = d(B, (a)) |

. . . L d(A () AT
¥ Néu AB cét («) tai I thi AB.(a) _BI'

2.2(Khoéng cich giita duong thing va mit phing song song

& Dinh nghia 10.22.
Néu d//(a) thi d(d, («)) = d(A4, («)), v6i moi A € d.

™ Vo Diie Tai - B 0889 977 004 77
C




CHUGNG 10. HINH HOC KHONG GIAN

2.3tKhoéng cich giita hai mit phiing song song

[5/ Dinh nghia 10.23.
Néu (a)//(B) thi d((e), (8)) = d(4, (8)), v6i moi A € (a).

2.4tKhoé’1ng cach giita hai duong thing chéo nhau

.
& Dinh nghia 10.24.
Cho hai duong thing chéo nhau a va b. Duong thing A cit va vuong goc
v6i hai dudng thang a, b thi duge goi 1 dudng vudng géc chung clia
a va b. Néu A cit a tai A va cat b tai B thi AB goi la doan vuodng goc
| chung ctia a va b.

Cach xac dinh doan vudng géc chung cta hai duéng chéo nhau a
vab
¥ Néu a va b vudng géc véi nhau.

¢ Buéc 1: Dung mat phing (a) chita a va vuong géc véi b tai B.
& Budc 2: Trong (), dung BA 1 a tai A.
= AB la doan vuong goc chung ctia a va b.

% Néu a va b khong vudng géc véi nhau.
Cach 1

b

ANM'

¢ Buéc 1: Dung mat phing () chita a va song song véi b.
& Buéce 2: Lay diém M tuy y trén b dung MM’ 1 («) tai M'.
& Budce 3: Tu M’ dung b'//b cét a tai A.
® Budc 4: Tu A dung AB// MM’ cét b tai B.
= AB la doan vuong gbéc chung ctia a va b.
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Cach 2

& Buéc 1: Dyng mit phang (o) L a tai O, () cat b tai 1.

& Budc 2: Dung hinh chiéu vuong goc b’ clia b len ().

¢ Buéce 3: Trong mat phing (a), vé OH L b tai H.

& Budc 4: Tt H dung dudng thang song song v6i a cit b tai B.

¢ Budc 5: Tit B dyng dudng théng song song véi OH cit a tai A.
= AB la doan vuong gbéc chung ctia a va b.

& Dinh nghia 10.25.
Néu hai duong thang chéo nhau a va b c6 doan vuong géc chung AB thi
d(a,b) = AB

Cach xac dinh khoang cach gita hai duéng chéo nhau a va b
¥ Cach 1: Dyng duong vuong géc chung AB ciia hai duong thang chéo
nhau a va b. Khi dé6

d(a,b) = AB
% Céach 2: Tim mit phang («) chita a va song song véi b. Khi d6
d(a,b) = d(b, (@) |

¥ Cach 3: Duyng hai mit phéng song song va lan lugt chita hai dudng
thing a va b. Khi dé

d(a,b) = d((), (8)) |
¥ Cach 4: Tinh khodng cach dua vao thé tich ti dien

1
Vapep = 5 AB-CD -d(AB,CD) -sin(AB,CD)

v6i AB, CD la hai canh ddi nhau ctia mot ti dién.
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2.51Céch xdc dinh khoang cich trong mét sé6 hinh chép thudng gip

Hinh chép S.ABC c¢6 SA L (ABC)
S S S

T
|
S

B B B
d(B,(SAC)) = BH | d(C,(SAB))=CH | d(A,(SBC)) = AH
d(B,(SAC)) = AB
d(C,(SAB)) = CA.

% Néu AABC vuong tai C thi H = C = d(B, (SAC)) = BC.
% Néu AABC vuong tai B thi H = B = d(C, (SAC)) = BC.
Hinh chép S.ABCD, c6 ABCD la hinh ch@ nhat (hinh vudng),

% Néu AABC vuong tai Athi H= A= {

SA 1 (ABCD)
8 d(A,(SCD)) = AH
I d(B,(SCD)) = AH
K b d(4, (SBC)) = AK
[ v d(D, (SBC)) = AK

d(A, (SBD)) = AH

d(C,(SBD)) = AH

Néu ABCD la hinh vuong thi I = O.
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Hinh chép S.ABCD, c6 ABCD la hinh thang vudng tai A, B,
SA 1 (ABCD)

B C

d(A4, (SBC)) =d(D,(SBC)) = AH d(A4,(SCD))=AH
Néu AD =2AB =2BC thi M = C
Hinh chép tam giac déu S.ABC

d(0, (SAB)) = OH

w10 d(C, (SAB)) = 3d(0, (SAB))

d(0, (SAB)) = d(0, (SBC)) = d(0, (SAC))
d(A, (SBC)) = d(B, (SAC)) = d(C, (SAB))
Hinh chép ti giac déu S.ABCD

d(0, (SCD)) = OH

d(A, (SCD)) = 2d(0, (SCD))

d(0, (SAB)) = d(0, (SBC)) = d(0, (SCD)) = d(0, (SAD))
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Bir 4. Thé tich cua khéi da dién

1¢ Thé tich khdi da dién

% Thé tich V ctia khéi chop c6 dién tich day S va chiéu cao h la

1
V=--Shl
3

¥ Thé tich V ctia khéi chop cut déu c6 dien tich day 16n S, dién tich day
bé S’ va chiéu cao h la

vzé.h.(swwmy

¥ Thé tich V ctia khéi lang tru cé dién tich day S va chiéu cao h 1a

[V=5-h}

¥ Thé tich V ctia khéi hop chit nhat c6 ba kich thudce a, b, ¢ la

V=abcl

¥ Thé tich V ctia khéi lap phuong c6 canh a la

V=ad

2¢ Phén biét cic khéi da di¢n co ban

2.1 tH‘lnh chép

¥ Hinh chép déu la hinh chép c6 day la da giac déu va chan duong cao
trung véi tam cla cic da gidc day.

¥ Hinh chép tam giac déu la hinh chép cé day la tam gide déu va chan
dudng cao trung véi trong tam cia day.

¥ Hinh chép tit gidc déu la hinh chop c6 day 1 hinh vuong, chan dudng
cao tring véi giao diém hai dudng chéo hinh vuong.

¥ Tt dién déu la hinh chép tam gidc déu nhung cé tat ca céc canh bing
nhau.

2,2tHinh lang tru

Y% Lang tru ding la ling tru c¢6 cac canh bén vuong goc véi day.
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O T

X% X %

Lang tru deéu la ling tru ding c6 day 1a da giac déu.

Lang tru tam giac déu la lang tru ding va c6 day la tam giac déu.
Lang tru ti¢ giac déu la lang tru ding, ¢6 day la hinh vuéng.
Lang tru c6 day la tam giac déu la lang tru xién, c6 day la tam
giac deu.

Lang tru c6 day la ti giac déu la lang tru xién, c6 déay la hinh
vuong.

Hinh hop la lang tru xién c6 day la hinh binh hanh.

Hinh hop ding la lang tru ding ¢6 day la hinh binh hanh.

Hinh hop ch® nhat 1a lang tru ding c6 day la hinh chit nhat.

Hinh lap phuong la hinh lang tru ding c6 day va cdc mét bén la hinh
vuong.

3¢ M{t so hinh chép thudng gip

Hinh chép c6 canh bén vuéng goc véi day
S S
A Q c D
B B C
% Chiéu cao ctia hinh chép 1a SA.
Hinh chép c6 mat bén vudng goc véi day
S S
A C D
H
B B C
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% Chiéu cao hinh chép 1a SH, v6i SH 1a duong cao clia tam gidc SAB.

. R . AB
* Neu ASAB deu thi H la trung diem cia AB va SH = 2\/5.
% Néu ASAB vuong tai S thi LI + !

vHons e SH? ~ SA? T SBY

. ~ ~ ) . AB
* Neu ASAB vuong can tai S thi SH = -

< R . . AB?
% Néu ASAB can tai S thi SH =/ SA2 — 0

Hinh chép déu

B

% Chiéu cao hinh chép 1a SO, véi O 1a tam dudng tron ngoai tiép da
giac day.

. AB?
¥ V6i hinh chop tam giac déeu S.ABC thi SO = | SA2 — 5
JN e e . AB?
¥ V6i hinh chop tit giac déu S.ABCD thi SO = {/SA2 — 5
4% Ti s6 thé tich
¥ Cho hinh chép S.ABC, goi A’, B’, ¢’ lan g

lugt 1a cac diém thuoc cac canh SA, SB,
SC'. Khi do, ta ¢6

Vsapc  SA” SB' SC'
Vsape SA SB SC
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s Cho hinh choép S.ABCD c6 day ABCD la
hinh binh hanh. Goi A’, B’, C', D' lan lugt
la céc diém thuoc cac canh SA, SB, SC,
SD. Khi dé, ta co

Vs.apcp  abed <1 1 1 1)

Vsapcp 4 5+E+E+E

SA'”  SB SC' . SD

il TS T s T 50 = 5p
i, r_1.1
a ¢ b d

¥ Cho ling try ABC.A’B'C’, mot mat phang
(P) cat 3 canh bén cla lang tru tai M, N,
P. Khi do

Vapcounp  A'M+ B'N+C'P

VaBoc.mMNP ~ AM +BN+CP

s Cho hinh hop ABCD.A’B'C'D’, mot mait

phing (P) cit 4 canh bén clia lang tru tai

M, N, P, Q. Khi dé

Vapop.unpg  A'M+B'N+C'P+D'Q
Vapep.mnpg — AM + BN+ CP+ DQ

B c
S¢ Mot s6 cong thitc tinh nhanh thé tich khoi da dién

¥ Thé tich ctia khéi chép S.ABC c6 ba canh SA 1. SB 1 SC, SA = a,
SB=bva SC=cla

abe
Vs.ape = < I
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% Thé tich ctia khéi chop S.ABC ¢6 ba canh SA L SB 1 SC, AB = a,

BC =b, AC = cla

1 [(a®>+b* = P)(a* + = b?) (B> + * — a?)

Vs.apc = Tz

2

% Thé tich ctia khdi chép S.ABC c¢6 ba mat (SAB) L (SBC) L (SAC),
SasaB = 51, Saspe = 52, Sasac = 53 1a

Vs.apc =

V2515253

3

# Thé tich ctia khéi chép S.ABC ¢6 SA L (ABC), (SAB) L (SBC),

B/S\CzavaA/S\Bzﬂla

SB3? - sin2a - tan 3

Vs.apc =

12

Y 'I;hétich cﬁa/lim‘)i chép S.ABC ¢6 cac canh SA =a, SB=10b, SC = ¢,
ASB = 3, ASC = ¢ va ((SAB), (SAC)) = a la

abc | . .
Vs.apc = e sin asin Bsin @ |.

# Thé tich ctia khéi chép S.ABC ¢6 SA = a, SB = b, SC = ¢, ASB = a,

B/S%':B,C/S?l:golé

abe

Vs apc = ?\/1 —cos? o — cos? B — cos? o + 2cosacos Bcosp .

% Thé tich ctia khoi chép S.ABC ¢6 SA =a, Sasap = S1, Sasac = S92,

((SAB), (SAC)) = a I

Vs.apc =

25155 sin «

3a

% Thé tich ctia tit dien ABCD c¢6 AB = a, CD = b, d(AB,CD) = d va

(AB,CD) = o la

1
Vapep = 5

ca-b-d-sina|.
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% Thé tich ctia khéi tit dien ABCD c6 AB = CD = a, AC = BD = b,

AD =BC =cla

12

2
Vapep = V2 (a2 4+ b2 —c2)(b?2 + 2 —a?)(a® + 2 — b?) |,

¥ Thé tich ctia khéi tit dien déu ABCD c6 tat ca cac canh bing a la

av/2
12 |

Vapep =

% Thé tich ctia khéi chép tam gide déu S.ABC c6 canh diy bing a va

canh bén bang b 1a

a+/3b2 — a?

Vs.apc = 15

# Thé tich ctia khéi chop tam gide déu S.ABC c6 canh day bing a va mat

bén tao véi mit phang day goc o 1a

a’ tan o
24

Vs.apc =

% Thé tich ctia khoi chop tam giac déu S.ABC c6 cac canh bén bang b va

canh beén tao v6i mat phéng day goc S 1a

Vs apc = 1

V/3b3 - sin 8 cos? 8

¥ Thé tich ctia khdi chép tam gide déu S.ABC cé cac canh day bing a,

canh bén tao véi mit phing day goc S la

a’ - tan

Vs apc = 1

¥ Thé tich ctia khoi chop tam gidc déu S.ABC c6 canh day bing a. Goi
(P) 1a mat phang di qua A song song v6i BC va vuong goc véi (SBC),

goc gitta (P) véi day la « la

a’ cot «
24

Vs.apc =
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% Thé tich ctia khéi chop déu S.ABCD

c6 cac canh bang a la

Vs.apcp =

a3v/2
o

% Thé tich ctia khdi chép tit giac déu S.ABCD c6 cac canh day bang a,

va, cac canh bén bang b 1a

Vs.apcp =

a?\/4b? — 2a?

6

% Thé tich ctia khéi chop tit giac déu S.ABCD cé canh day biang a, goc
tao bdi mat bén va mit phang day la o la

Vs.aBcp =

a’ - tan

6

# Thé tich ctia khéi chép tit giac déu S.ABCD c6 canh bén bing b, géc

gitta mit bén va méit day la «a la

4p° - tan a

Vs.apcp =

3v/(2 + tan2 a)®

¥ Thé tich ctia khéi chép tit giac déu S.ABCD cé canh day biang a, goc

gitta canh bén va mat day bang 8 1a

a3

Vs.apcp =

V2

-tan o |.

% Thé tich khéi chop ti gide déu S.ABCD c6 canh déy bing a, SAB = a,

vl v € (45°;90°) 1a

Vs.apcp =

a’ vVtanZa — 1

6

88
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CHUONG @

VECTO VA HE TOA PO TRONG KHONG GIAN
BAr 1. Vectd trong khong gian

1y Dinh nghia

& Dinh nghia 11.1.
% Vecto trong khong gian 14 mot doan thing c6 huéng.

¥ Ki hieu AB 1a chi vectd _c)(’) diém dau A, diém cudi B. Ngoai ra, vecto
con duge ki kieula @, b, @, ...

bAS ‘E‘ = AB la do dai cia vecto E

% Hai vecto dugc goi 1a cting phuong néu chiing c6 gia song song hoic
trung nhau.
Y Hai vecto cing phuong thi ching c6 cung huéng hoic nguge huéng.

#1-[7

E), b cung hudng.

X T=1

¥ \_@ectd—kh@ng la vecto c6 diém dau va diém cudi tring nhau, ki hicu
0.

N

2¢ Cac phép toan vecto

#* Quy tic ba diém: Véi ba diém A, B, C, ta c6

AB+BC =AC |

% Quy tac hinh binh hanh: Cho hinh binh hanh ABCD, ta c6

AB + AD = AC'|

% Quy tac hinh hop: Cho hinh hop ABCD.A'B'C'D’, ta c6
— —
AB + AD + AA' = AC!
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¥ Quy tac hiéu: Véi ba diém A, B, C ta c6

AB—AC =CB|
nV(ﬁ hai diém A, B bét |, ta c6| AB = —BA | J

* Tich ctia mot sd véi mot vectas: Cho vecto @ # O va 86 k # 0. Khi
do, k - @ 1a mot vecto

& C6 do dai bang |k| - ||
& Cung huéng véi @ néu k > 0.

& Nguge hudéng véi @ néu k < 0.

_)
# Cho hai vecto @ va ? kgéc ﬁ Khi d6 @ va b clung phuong
@Elk#o,saochoﬁzkb.

Y Dt e @8 b dim A, B, O thimg bng B A5 — k- A0,

%

Quy tic trung diém: Néu M la trung diém cta

A
BC thi
o |MB+
. M
A

f#

& | AM = ( + ﬁ) V61 A Ta diém bat L.

l\DI»—\

% Quy tdc trong tam: Goi G la trong tam ctia tam
gidc ABC, khi d6 ta co

6 |GA+GB+GC =1

& | MA+ MB + MC = 3MC |, véi M 1a diém bat B c
ki.
%
* Gobc glu’a hai vecta: Cho hai vect_) va b B
khic 0. Tit mot diém O bat ki, vé OA d va AN
O? = ? Khi dé, géc gitta hai vecto @ ? la Y_\
gbc A0B. b 1) A
(2,%) = (0A,08) = 40B 7
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%* 0° < (7,?) < 180°.

% Néu (@,5) =90° thi @ L 5.

% (AB,AC) = (BA,C4A) = BAC
(4B,04) = (BA, 4C) = 180° - BAC.

\ 4
— ) -
% Tich vo huéng ctia hai vectd @ va b la mot s6, ki hieu @ - b, va
— — —
duoe xéc dinh béi cong thic | @ - b = |a|- ‘ b ‘ ccos (2.7 |

— 77\ _ 73 22 — |7
*cos(a,b) |7|‘?‘ ¥ |'d|
*@LbeT b =0

BaAr 2. Toa d6 cua vecto trong khong gian
1y He¢ truc toa do trong khong gian

% Gbc toa do: 0O(0;0;0).

Y% Truc toa do: truc hoanh Oz, truc tung Oy,
truc cao Oz.

% Mit phang toa do: (Oxy), (Oyz), (Oxz)
doi mot vudng géc véi nhau.

* Vec_t>d don vi: ¢ = (1;0;0), j = (0;1;0)
va k = (0;0;1).

2¢ Toa d¢ cta vecto

& Dinh nghia 11.2.
— - -
Trong khong gian Oxyz, @ = a1- i +ag- j +az- k < @ = (a1;a2;a3).

% Cac phép toan vecto

Cho hai vecto aj = (a1;a9;as3) va ? = (by;bo; b3).
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_>
b = (a1%b1; agtbo; astbs) k-d = (k-ai;k-ag;k-as)
a1:b1
— —
qd=0b< as = by ﬁcﬁngphumngb(:)ﬂ:%:%
by by b3
az = b
- - -
E)-b:al-bl—FaQ-bz—l-ag-bg 7Lb<:>7-b=0
_>
— a-b
d| = \a? +ad + a3 cos(d, b) = W
al-1b

3¢ Toa d caa diém

& Dinh nghia 11.3.
. —_—
Trong khong gian Ozyz, OM =

|

#* Toa do diém dic biét

%

Tpre 1

— -
+yn j ek & M (xus yus 2r).

M € Ox thi M (z;0;0)

M € (Ozy) thi M(x;y;0)

M € Oy thi M(0;y;0)

M € (Oyz) thi M(0;y; =)

M € Oz thi M(0;0; z)

M € (Oxz) thi M(z;0; z)

% Toa do cua vecto E = (TB —TA;YB — YA} 2B — ZA)-

%* D6 dai doan thang AB = \/(xB —24)° + (yp —ya)® + (25 — 24)%.

% Diém M Ia trung didm ctia AB & M (

TA+TB Ya+YB ZA+ 2B
2 ’ 2 ’ 2

).

¥ Diém G la trong tam ctia AABC thi

TA+IB+To Ya+yYB+Yc za+ 2B+ z2C

o

)

3

3

).

)

3

¥ Néu ABCD la hinh binh hanh thi A+ C = B + D.
% Diéu kien dé ba diém A, B, C thing hang la

tp—xA=k(zc —x4)
AD — EAC < yB — ya = k(yc —ya)

zp — 24 = k(2o — z4)

92
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% Diém M chia doan AB theo ti le MA = kMB véi k # 1 thi

M<$A—kl’B.yA_kyB'zA—sz>
-k 1-k  1-% /)

* DiémMthéaméndiéukiéna-MA—i—b-MB—i—c-MC’:ﬁthi

a-xzA+b-xg+c-zco
€T =
M a+b+c
_a-yatb-yptc-yc
a+b+ec
a-za+b-zp+c-zo
=
at+b+c

% Diém D la chan dudng phan giac trong AD ciia AABC thi
AB
DE=-22.DC.
AC ?
¥ Diém E la chan duong phan giac ngoai AF ctia AABC thi

AB

¥ Diém I la tam duong tron noi tiép AABC thi
BC-TA+CA-TB+AB-IC =10

( _BC"TA—FCA‘:CB—FAB-IL’C
= BC +CA+ AB

- yI:BC'?JA+CA‘?JB+AB‘Z/C
BC +CA+ AB

_BC-ZA+CA-ZB+AB-ZC
S BC + CA+ AB

4e Tich c6 hudng cia hai vects va ing dung

r5/ Dinh nghia 11.4.
Trong khong gian Ozyz, cho @ = (a1;a9;a3), (b1; be; b3). Khi do,
tich c6 huéng cua d va 7 la mot vecto, ky hiéu 1a [7, ?}, ¢6 toa do
xac dinh béi )

[2.7)-(

= (agbz — agba;azby — a1bz; arby — azby).

_>
b =

az as
by b3

az ai
bs by

ay az
b1 by

)

I

L
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% Tinh chat va ing dung

Tinh chat

:i
=

a cuing phuong ? & [7,?} = ﬁ [7,7} 1d va [a, 1L
[@. %] =-[7.7] [@.%]| =121 ] sin (@)
Ung dung trong tinh dién tich, thé tich

Dién tich tam giac ABC Dién tich hinh binh hanh
ABCD

SAAB(;:%HE,@H Sapcp = HE’EH

Thé tich t& dién ABCD Thé tich hinh hop
ABCD.A'B'C'D’

= - |[4B,4¢] - 4D v = |[AB, D] - a4

Tinh déng phang

q: 7; @ déng phing thi [7, 7} =0

A, B, C, D dong phing thi [AB, AC] - AD =0
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CHUONG @

TOA PO TRONG KHONG GIAN
Bir 1. Phuong trinh mit phang

1¢ Vecto phip tuyén ciia mit phing

— 2
% Vecto 77 khac 0 va ¢6 gid vuong goc véi mat phing (P) dugce goi la
vectd phap tuyén ctia mat phiang (P).

% Mat phéng (P): Az + By + Cz + D = 0 c6 vecto phap tuyén la

W= (4;B;0)|
% Vecto phap tuyén clia cac mat phang toa do
Mit phang Vectd phap tuyén
(Oxy) Tom =[1:7]=F = (0;051)
(Oyz) oy = [7, K] =7 = (150;0)
(Ox2) 0wy = [1. k] =7 = (0:1;0)

2¢ Phuong trinh mat phing

% Phuong trinh cia mat phang (P) di qua diém M (xo; yo; 20) VA ¢6 vecto
phap tuyén 7 = (4; B; 0) la

’A(w—mo)—i—B(y—yo)—i—C(z—zo)=O‘.

% Mit phéng (P) di qua ba diém A(a;0;0), B(0;b;0) va C(0;0;¢), véi
a-b-c# 0 thic6 phuong trinh la

y
b

X z
—+Z4S=1]
a C

% Phuong trinh ctia cac mat phing dic biét
Cho mit phing (a): Az + By + Cz+ D = 0.
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Cac hé sb Phuong trinh Tinh chat
D=0 Az +By+Cz=0 (o) di qua gbc toa do O
A=0 By+Cz+ D=0 (a)//Ox
B=0 Az +Cz+ D=0 () /] Oy
C=0 Az +By+D =0 ()//] Oz

A=D=0 By+Cz=0 (o) D Ox

B=D=0 Az +Cz=0 (o) D Oy

C=D=0 Ax+ By =0 () D Oz

A=B=0 Cz+D=0 (a)//(Oxy)

B=C=0 Az +D =0 () //(Oyz)

A=C=0 By+D =0 (a)//(Oxz)

A=B=D=0 Cz=0 (o) = (Ozy)
B=C=D=0 Az =0 (o) = (Oyz)
A=C=D=0 By=0 (o) = (Ox2)

3¢ Vi tri twong dbi giita hai mit phéng

Cho mat phéng (P): Az+By+Cz+D = 0va

(Q): Alz+B'y+C'2+D" = 0.

Mbi quan hé Piéu kién
(P) = (Q Smp=o=o
(P)//(Q) = p=Ct D
(P) cat (Q) %#ghoacg#ahoacé#g
(P) L(Q) AA'+ BB +CC' =0

4¢ Khoang cach

%* Khoang cach tir diém M (xo;yo; 20) t6

i mat phang (P)

+ Czy+ D]

(M, (P)) = |Azo + Byo

VAT BT (P
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%* Khoang cach giita hai mit phing song song
Cho (P): Ax+By+Cz+D =0va (Q): Azr+ By+Cz+ D’ = 0. Khi
dé

DD
VALt O?

5¢ Mot so dang todn viét phuong trinh mit phing thudng gip

d((P), (@) =

@ Viét phuong trinh (P) di qua ba diém A, B, C khong thang
hang.
% Céch xéc dinh 7: 7 = [AB, AC].
@ Viét phuong trinh (P) di qua A va song song véi mat phang
Q).
% Cach xac dinh @: 7 (p) = 7 (q).
@ Viét phuong trinh (P) di qua A va vuéng goéc véi dudng
thing d.
% Céch xac dinh @: 7 (p) = Uy
@ Viét phuong trinh (P) 1a mat phang trung truc ciia AB.
¥ Budéc 1: Tim toa do trung diém I ciia doan théng AB.
% Buéc 2: Xac dinh vecto phap tuyén ctia (P) 1a 7 = AB.
% Buéc 3: Viét phuong trinh mat phéng (P )
(5) Viét phuong trinh (P) di qua A va chita dudng thing d.
% Céch xdc dinh : 7 = [@3, AM], véi M 1a diém thuoc d.
@ Viét phuong trinh (P) chita hai dudng d; va da cit nhau.
# Céch xac dinh @: 7 (p) = [Wq,, T a,).
% (P) di qua diém M thuoc d; (hodc thuoc da).
@ Viét phuong trinh (P) chita d; va song song véi da, v6i dy va
ds chéo nhau.
#* Cach xéac dinh @: @ (p) = [T q,, V).
% (P) di qua diem M thuoc d.
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©®

Viét phuong trinh (P) di qua A va song song véi hai dudng
thing chéo nhau d; va ds.
% Céch xac dinh @: 7 (p) = [Uq,, T a,).
Viét phuong trinh (P) vudng géc véi hai mit phing cit nhau
(Q) va (R).
# Céch xéac dinh @: 7 (py = [ (g), @ (r)]-
Viét phuong trinh (P) chita dudng thang d va vudng géc véi
mit phang (Q)-
# Céch xéac dinh @: 7 (py = [Wa, W (q)]-
%* (P) di qua diém M thuoe d.
Viét phuong trinh (P) di qua A, song song dudng thing d
va vudng géc véi mit phiang (Q).
# Céch xac dinh @: W (p) = [Uq, T (@)]-
Viét phuong trinh (P) song song véi (Q) va caAch M mot
khoang h.
% Buéc 1: Néu mit phang (Q): Ar + By + Cz + D = 0 thi mat

phang (P) c6 phuong trinh 14 Az + By +Cz +m =0 (m # D).
* Budc 2: V6i M (xo; yo; 20), ta c6

A(M, (P)) = h = |Azg + Byo + Czo + m)| _

VA2 + B2+ C?

Viét phuong trinh (P) chita d vA caich M mot khoang h.

% Budc 1: Goi vecto phap tuyén ciia (P) la np = (A4; B;C), véi
A%+ B2+ C?#0.

= np Luy=np-ug=0. (1)
%* Buéc 2: Chon mot diém A(xo;yo; z0) thuoe d = A ciing thuoce
(P).

= (P): A(x — z0) + B(y — yo) + C(z — 20) = 0.

Thiét 1lap phuong trinh khoang cach tit M t6i (P) theo h.  (2)
% Budc 3: Tu (1) rat C theo A, B (hodc A, B theo C) r6i thé vao

(2). 2 2

Giai phuong trinh dang cap (2) de tim A, B, C.
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Viét phuong trinh (P) chita d va tao véi (Q) mdt goéc a.

% Budc 1: Goi vecto phap tuyén ctia (P) la np = (A; B;C), v6i
A2+ B2+ C?#£0.

= np Luj=np-uj=0. (1)
¥ Budc 2: Thiét lap phuong trinh
_, . g
cosa = |cos (np,ng)| = —=r——=- (2)
npl-[ng

¥ Budc 3: Tu (1) va (2), tinh C theo A, B roi dua vé phuong trinh
ding cap A, B, tit d6 tim A, B, C.

@ Viét phuong trinh (P) tiép xiic v6i mat cau S(I; R) tai A.
% Cach xéc dinh : 7 (p) = I4.
69 Mot sb cong thic tinh nhanh

% Cho diém M (x5 yar; zar) va mat phang (P): Az +By+Cz+D = 0.

Hinh chiéu ctia M trén (P) la ’ H(xpy — At;yny — Bt zy — Ct)
_ Axpy + Byy +Czy + D
B A2+ B% 4+ C?

, trong

do |t

% Cho diém M (x5 yar; zar) va mat phang (P): Az +By+Cz+D = 0.

Diém déi xing ctia M qua (P) la ’ H(xp — 2At;yp — 2Bt; 2y — 2Ct)
_ Axpy + Byy +Czy + D
B A2 1 B2 4 (2

u

trong do |t

% Mit phéng phan gidc clia hai mat phang (P): ayjz +biy +c12+dy =0
va (Q) a2x+b2y+02z+d2 =01la

ar+bhy+cz+d ia2x+52y+62z+d2
Va2 + b2+ c? Va3 + b2 + c3

% Phuong trinh mat phang (P) song song va cich déu hai mat phing
(Q):ax+by+cz+dy =0va (R): ax+ by +cz+dy =0 (dy # do) la

dy + do
2

ax + by +cz + =0\
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Bir 2. Phuong trinh dudng thing trong khéng
gian

1¢ Vecto chi phuong ciia dudng thing

% Vecto @ khéc T vacé gia song song hoic tring véi duong thang d dugce
goi la vecto chi phuong ctia duong thing d.
T =x9+ at

% Duong théng d: { y =yo + bt hodc d: To% _Y~%h _ZT%

a b c di

z=2z9+ct
qua diém M (xo;yo; z0) VA ¢ vectd chi phuong U= (a;b;¢).
Y% Vecto chi phuong ctia céac truc toa do

Truc toa do Vecta chi phuong
Ox Tos = @ = (1;0;0)
Oy Toy =1 = (0;1;0)
Oz Uos = 7 = (0;0;1)

2¢ Phuong trinh dudng thing

% Phuong trinh tham s6 clia dusng thang d di qua diém M (xq; yo; 20)
va ¢6 vecto chi phuong @ = (a;b;¢) 1a

T =x9+at
y=1yo+bt |
z =29+ ct

% Phuong trinh chinh tac cltia dudng thing d di qua diém M (xo; yo; 20)
va ¢6 vecto chi phuong W = (a;b;¢) (a;b;¢ #0) la

T—%o _Y—Y _ 22— 20

a b c

Mot duong théng cé nhiéu phuong trinh tham sé va phuong trinh
chinh téc tiy thudc vao diém va vecto chi phuong st dung dé viét
phuong trinh.
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3¢ Vi tri tuong doi
3.1 tVi tri tuong doi cta hai dudng thing

Cho d di qua diém ]\{> va ¢6 vecto chi phuong @ va d’ di qua diém M’ va
¢6 vecto chi phuong u'.

Vi tri Diéu kién
= —
7,1/} =0
d//d L
7,MM’} £0
L
| =10
d=d - N
W,MM’} -0
N
[7, u'} =+ ﬁ
d Cé:t d, — s
[7, u/} MM =0
= —
d chéo nhau d’ [7 u'] MM #£0

3.2¢ Vi tri tuong ddi ctia duong thing va miit phiing

Cho d di qua diém M va ¢6 vectd chi phuong @ va mit phing (P) c6 vecto
phép tuyén 77.

Vi tri Diéu kién Vi tri Diéu kién
U =0 U =0
@) {M c () Y {M ¢ (P)
d cit (P) U £ kT d L (P) U =kn

4 Khoang cach

4.1¢ Khoang cich tir diém téi duong thing

Cho duong thing d di qua A vA c6 vecto chi phuong . Khi do, khoang
cach tit M téi duong thang d 1a

(x|
d(M, d) = ST
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4.21Khoéng cach giita hai duong thing chéo nhau

Cho duong thang d di qua diém _]\>4 , ¢6 vecto chi phuong @ va duong thing
d' qua M’, c6 vecto chi phuong u'. Khoang céch giita hai duong thang chéo
nhau d va d’ 1a

@, W‘

U 4) = 7 =

5¢ Mot sb dang todn viét phuong trinh dudng thing thudng gip

@
©)

@@@@

102

Viét phuong trinh d di qua hai diém A, B cho trudc.

% Céach xac dinh @: @ = AB.

Viét phuong trinh d di qua A va song song v4i dudng thang
d.

% Cach xac dinh ¥: ¥ = ug.

Viét phuong trinh d di qua A va vudng gbéc véi miit phing
(P).

# Céch xac dinh ¥: ¥ = 7(p}

Viét phuong trinh d di qua A va vudéng géc v6i hai dudng
thazlng dy, ds.

% Céch xac dinh o: ¥ = [ug, ug]-

Viét phuong trinh d di qua A va song song véi hai miit phang
(P); (Q)-
# Céch xéac dinh ¥: ¥ = [0z}, 7).

Viét phuong trinh d 1a giao tuyén ciia hai mat phang (P) va

(Q)-

% Cach xac dinh U = [—m>, (Q)].

¥ Cht y: Ta can tim thém mot diém A ma d di qua, do la diém
chung ctia hai mat phang (P), (Q). Dé tim diém nay ta di gidi he

pP) .
phuong trinh {EQ? bang cach chon z = 0.
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@ Viét phuong trinh d di qua A, vudng géc va cit dudng thang
d.
¥ Buéc 1: Tham sb6 héa phuong trinh ctia duong thing d’.
% Budc 2: Goi H € d’, dé H 1a hinh chiéu vuong goc ciia A len d’
thi AH L g, khi d6 @), = AH.
% Budc 3: Viét phuong trinh d di qua A va ¢6 vectd chi phuong .
Viét phuong trinh d di qua A va cit hai dudng thang d, ds.
¥ BuGc 1: Tham s6 hoa dy, do va goi M, N (theo tham sb ¢y, to)
thudc dy, do.
¥ Buéc 2: Thiét lap diéu kien dé A, M, N thing hang < A ,
ﬁ cung phuong. Tim dugc tq, to.
s Budc 3: Thay t; vao phuong trinh Cfléﬂ, tim duge M. Ta ¢6 d
di qua A va ¢6 vecto chi phuong uj = AM.
@ Viét phuong trinh d di qua A vudng géc véi dudng thang dy
va cat dudng thing ds.
% BuGc 1: Tham s6 hoa toa do do va goi M (theo tham s6 t2) thuoc
ds.
% Bude 2: Thiét lap didu kien AM L @ dé tim to.
% Bube 3: Thay ts vio dy dé tim M. Khi d6 @), — AM.
Viét phuong trinh d song song v6i A va cit hai dudng thang
dy, ds.
¥ BuGc 1: Tham s6 hoa dy, do va goi M, N (theo tham sb t1, t2)
thudc dy, do.
% Bude 2: Thiét lap didu kien MN cing phuong véi 7% dé tim ¢,
to.
¥ Budc 3: Thay tq, to vao di v do dé tim M, N. Ta ¢6 d di qua
M va c6 vecto chi phuong uj = M
@ Viét phuong trinh d nim trong (P) va cit hai dudng thang
di, ds.
% Budc 1: Tim giao diém M, N cla di, da véi (P).
% Bube 2: d di qua M, N. Ta ¢6 @) = MN.
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@ Viét phuong trinh d 1a dudng vudng géc chung ciia di va da

chéo nhau.

% BuGc 1: Tham s6 hoa dy, do va goi M, N (theo tham sb ¢y, to)

thudc dy, do.
MN T =0 42 i .
e tim 11, 2.
MN a7 =0

¥ Buéc 3: Thay tq, to vao di v do dé tim M, N. Ta ¢6 d di qua
M va ¢6 vecto chi phuong ug = M N

s Budc 2: Thiét lap diéu kien {

@ Viét phuong trinh d 1a hinh chiéu ctia A xudng miit phing
(P).
% Cach 1
¢ Buée 1: Tim giao diém I ctia A va (P).
& Buéc 2: Lay diém M thudc A va tim hinh chiéu vuong goc H
cia M dén (P).
& Budéc 3: Viét phuong trinh dusng thing d di qua I va ¢ vecto
chi phuong ug = IH.
* Cach 2
¢ Buéc 1: Viét phuong trinh mat phing (Q) chita A va vuong
goc véi (P).
& Budéc 2: Khi d6 dudng thing d chinh la giao tuyén ciia hai mit
phing (P) va (Q).

69 Mot s cong thitc tinh nhanh

T =x9+ at
% Hinh chiéu ctia M (xpr;ynr; 2ar) trén duong thang d: { y = yo + bt 13

z2=2zy+ct

]H(a:o + at; yo + bt; 2o —l—ct)‘

a(xar — xo) + b(ynmr — yo) + c(zar — 20) .

Gi|t =
Vet a? + b2 4 2
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T =x9+at

% Diém ddi xing ctia M (275 yar; 2ar) qua dusng thang d: { y = yo + bt

z=2zy+ct
la
’M’(Qazo — xp + 2at; 2yg — yar + 2bt; 220 — 2pp + 2ct) ‘
|, a(@ym — o) + b(ym — yo) + clzm — 20)
VOl |t = )
a? + b% + ¢?

T =x9+ at
% Phuong trinh hinh chiéu vuong ctia dudng thing A: { y =yo + bt lén
z=2z9+ct
mit phéng (a): Az + By+Cz+ D =0 1la
x =x9—at + [a(B2+C2) — A(bB +cC)| k
y=yo—bt+ [b(A?+C?) — B(aA+cO)| k
z=2zy—ct+ [C(A2+BQ) — C(aA+bB)| k

véi e — Axg+ Byg+ Czg+ D
N Aa+ Bb+ Ce

BAr 3. Cong thuc tinh géc trong khong gian
1¢ Goc giita hai mit phing

# Cho hai mat phing (P) va (Q) lan lugt c6 hai vecto phap tuyén la 7 p)
va W(Q). Khi dé géc gitta (P) va (Q) duge tinh theo cong thic
_ |nB-ng|

cos ((P),(Q)) = |cos (p, 13)| = m=—=5
npl - ng

2¢ Géc giita hai dudng thing

Cho du?(\jgof thing d c6 vecto chi phuong 1 va dudng thang d’ c6 vecto chi
phuong u’. Khi dé6 goc gitta hai d va d’ duge tinh theo cong thiic
%
‘7 s
= ﬁ
]| -

u

cos(d,d') = ‘cos <7,7>‘
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3¢ Géc giita dudng thing v mit phing

Cho dudng thang d ¢6 vecto chi phuong @ va mit phing (P) ¢6 vecto
phap tuyén 7. Khi d6, goc gitta duong thing d va mit phing (P) dugc

>
tinh theo cong thic |sin(d, (P)) = |cos (777)| _ ’|7| |n || .
a7

Bir 4. Phuong trinh mit ciu
1¢ Phuong trinh mit ciu

% Phuong trinh mat cau (S) ¢6 tam I(a;b;c) va ban kinh R 1a
(z—a)?+ (y—b)?+ (2 —c)? = R?

% Phuong trinh 22 + 2+ 22 — 2ax — 2by — 2cz +d = 0 1a phuong trinh mat
cau khi va chi khi |a? + 0% +c2 —d > 0 ‘ Mat cau d6 c6 tam | I(a;b;c)
va ban kinh | R = Va2 + b2 + 2 —d|.

29 Vi tri twong dbi giita hai m3t ciu

Cho mat cau (S7) ¢6 tam Iy, ban kinh R; va mét cau (S3) ¢6 tam I, ban
kinh Rs.

M&bi quan hé Piéu kién
(S1), (S2) ngoai nhau LIy > Ry + Ry
(S1), (S2) trong nhau LI, < |Ry — Ry
(S1), (S2) tiép xtc ngoai LI, =R+ R
(S1), (S2) tiép xtc trong LI, =|R; — Ry
(S1), (S2) cat nhau theo mot duong tron | |Ry — Ro| < I115 < Ri+Ro

3¢ Vi tri tuong d6i cia mit ciu va dudng thing

Cho mit cau (S) c¢6 tam I, ban kinh R va duong thang A.

Mobi quan hé Pieu kién

A khong cat miat cau (S) d(I,A) > R

A tiép xic v6i mit cau (S) d(I,A)=R

A cat mat cau (S) tai hai diém A, B d(I,A) < R
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4¢ Vi tri twong déi ctia miit ciu va mit phing

Cho mit cau (S): (z —a)?+ (y —b)? + (2 — ¢)? = R? c6 tam I(a; b; c), ban
kinh R va mat phing (P): Az + By +Cz+ D = 0.
Goi H la hinh chiéu ctia I lén miat phiang (P), ta c6 TH = d(I, (P)).

Mbi quan hé Diéu kién
Mit phing (P) khong cit mat cau (9) d(I1,(P)) >
Mit phing (P) tiép xtic v6i mit cau (S) d(I,(P)) =
Mit phang (P) cit mat cau (9) d(1,(P)) <
n Néu mit phang (P) cit mat cau (S) theo thiét dién 1a mot duong tron
C(H,r) thi duong tron (C) c6 ban kinh » = vVR2 — TH2.

4

5¢ Mot sb dang toan viét phuong trinh mit ciu thudng gip

@ Viét phuong trinh mit cau (S) c6 dudng kinh AB.
¥ Budc 1: Tim toa do tam I la trung diém clia AB.
% Budc 2: Tinh ban kinh R = I'A (hoac = IB).
% Budc 3: Viét phuong trinh mét cau (5).
@ Viét phuong trinh mit cau (S) c6 tam I(a;b;c) tiép xic véi
(P).
% Cach xac dinh R: R = d(I;(P)).
@ Viét phuong trinh mit cau (S) c6 tam I va cit mit phang
(P) theo giao tuyén la dudng tron (J;r).
% Céach xac dinh R: R?2 = 1J? 4 2.
% Cha y: IJ = d(1, (P)).
@ Viét phuong trinh mit cau (S) tam I tiép xtc véi dudng
thing d tai tiép diém H.
7.5

# Cach xac dinh R: R = IH = d(I,d) = T voi M la
ug

mot diém bat ki thuoc d.
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®

©®

108

Viét phuong trinh mat cau (S) tam I va cit dudng thing d
theo day cung AB.

A_B>2

2

Viét phuong trinh mit cau () di qua bén diém A, B, C, D
cho trudc.

% Cach 1

& Buéce 1: Goi [ 13 tam clia mat cau.

% Cach xac dinh R: R? = d?(I,d) + (

IA? = 1B?
& Budc 2: Thiét lap hé phuong trinh { TA? = 1C?
I1A? = D
& Buéc 3: Gidi hé phuong trinh tim dugc tam I va ban kinh
R=1A.
® Budc 4: Viét phuong trinh miat cau (.9).
* Cach 2

& Budc 1: Goi phuong trinh mét cau (S) la
22 + % + 22 — 2ax — 2by — 2cz +d = 0.
& Budc 2: Thay toa do A, B, C, D vao phuong trinh cia (5),
tur d6 1ap hé phuong trinh.

& Buéc 3: Giai hé phuong trinh tim duge a, b, ¢, d.
Viét phuong trinh mat cau (S) di qua ba diém A, B, C va
c6 tam I € (P).
* Budc 1: Goi tam I(a;b;c).

IA? = IB?
% Budc 2: Thiét lap he phuong trinh { 1A% = 1C?
Ie(P).

Y Buéc 3: Gidi hé phuong trinh tim duge I va ban kinh R = T A.
% Budc 4: Viét phuong trinh mit cau (5).

Viét phuong trinh mit cau (S) c6 tam I va tiép xtc véi mit
cau (8’) cho trudc.

% Budc 1: Tim toa do tam I’ va ban kinh R’ ctia mit cau (S7).
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Y Buéc 2: Tim ban kinh R cia S.
& Néu tiép xtc trong thi II' = |R — R/|.
& Néu tiép xtic ngoai thi II' = R+ R'.
% BuGc 3: Viét phuong trinh mat cau (9).
@ Viét phuong trinh mit cau (S) c6 tam I va cit dudng thang
d tai hai diem A, B théa man AIAB vuéng hoac déu.
¥ Budc 1: Tim moi quan hé gitta ban kinh véi AB.
& Néu ATAB vuong thi sé vudng can tai I.

Do d6, canh huyén AB = V2IA < JA = A—B
AB vz
= R=JIA=—.
V2

& Néu ATAB déu thi R = AB.

) AB\? _,
% Buéc 2: Ap dung cong thic R? = d?(I,d) + <7> de tim R.

¥ Budc 3: Viét phuong trinh mat cau (9).
BA1 5. Mot sb bai toan cuc tri trong hinh khong
gian
@ Dang 1: Cho mit phang (P) va hai diém A, B. Tim M thudc mit
phang (P) dé M A + M B nho nhat.
% Néu A, B trai phia véi (P).
& Dé MA+ MB nhé nhat < M, A, B thing hang. Khi d6 M
la giao diém ctia AB v6i mat phang (P).
% Néu A, B cung phia véi (P).
& Buée 1: Tim toa do diem A’ dbi xing v6i A qua (P).
& Buée 2: Tim toa do diem M = A'B N (P).
@ Dang 2: Cho mit phiang (P) va hai diém A, B. Tim M thudc mat
phing (P) dé |M A — M B| 16n nht.
% Néu A, B ciing phia véi (P) thi [MA — MB| 16n nhat khi M,
A, B thang hang & M = AB N (P).
% Néu A, B trai phia so vé6i (P).
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@)

@

110

¢ Buée 1: Tim toa do diém A’ dbi xing v6i A qua (P).
& Budc 2: Tim toa do diem M = A'B N (P).
Dang 3: Cho M (z; yo; 20) sao cho zg-yo - 20 # 0. Viét phuong trinh
mat phang (P) di qua M va cét ba truc toa do tai ba diem A, B, C
sao cho Vpoapc dat gia tri nhé nhat.
% Cong thidc: (P): Tyl Zos
To Yo 20
Dang 4: Viét phuong trinh mit phang (P) chiia dudng thang d sao
cho khoang cach tit M ¢ d dén (P) lén nhat.
¥ Tinh chat: MH < ME v6i E va H lan lugt 1a hinh chiéu vuong
géc cia M len d va (P).
% Cong thitc: Mat phang (P) di qua A thudc d va c6 vecto phap
tuyén np = M
Dang 5: Viét phuong trinh mat phang (P) di qua A va cach M mot
khoang 16n nhat.
¥ Tinh chat: MH < MA, véi H 13 hinh chiéu vuong géc ctia M
trén (P).
. . . < =3 T
% Cong thic: (P) di qua A va c6 np = AM.
Dang 6: Viét phuong trinh mit phang (P) chita dudng thang d sao
cho (P) tao véi duong thing A (khong song song véi d) mot géc 1én
nhat.
% Céng thiic: (P) qua A € d va c6 np = [[ug, x|, wg).
Dang 7: Cho A//(P). Viét phuong trinh duong thing d thudc mat
phing (P) sao cho d//A va cach A mot khodng nho nhat.
¥ Cach lam: Lay diém A € A va ha hinh chiéu vuong goc clia A
Ia A" len (P). Khi d6, d di qua A’ va ¢6 uy = ux.
Dang 8: Viét phuong trinh duong thing d di qua A va ndm trong
mit phang (P) sao cho khoang cach tit M t6i dudng thang d 1a 16n
nhat (AM khong vuong goc véi (P)).
% Tinh chat: khoéng cach luon < MA.
—
Y% Cong thitc: d di qua M va ¢6 vectd chi phuong g = [n_>p, AM].

™ N Die Jid - $) 0559 971 004
C




CHUONG 12. TOA PO TRONG KHONG GIAN

@ Dang 9: Viét phuong trinh dudng thing d di qua A va nim trong
mat phing (P) sao cho khoéng cach tit M t6i dusng thang d 1a nhé
nhéat (AM khong vuong goc véi (P)).

% Céng thitc: d di qua diém A vA c6 vectd chi phuong
@ = |[mp, AM] 7B,

BaAr 6. Phuong phap toa do héa hinh khong gian
1y Hinh chép

Hinh chép c6 canh bén SA vudéng goéc véi mat day

Day 1a tam gidc deu Day la tam giac can tai A

S S

z z

% Goi O la trung diém ctia BC. | % Goi O la trung diém cta BC.
Chon hé truc nhu hinh vé. Chon hé truc nhu hinh vé.

% Toa do diém # Toa do diém

0; —AB\/g; 0>

0(0;0;0) A ( 5 0(0;0;0) A(0;0A4;0)

B (—ATB; 0; 0) C (ATB, 0; 0) B(—0B;0;0) C (0C;0;0)

S (O; AB\/§; SA) S(0;0A;SA)

2
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Day la tam giac can tai B

z

S

y B

Chon hé truc nhu hinh vé.

% Toa do diém

% Goi O la trung diém cia AC.

Déy 1a tam giac vuong tai A

z

S

BNy

Y% Chon hé truc nhu hinh vé.
¥ Toa do diém

% Chon hé truc nhu hinh vé.
% Toa do diém

0(0;0;0) A(—0A;0;0) A(0;0;0) B (0; AB;0)
B (0;0B;0) C (0C;0;0) C (AC;0;0) S(0;0;SA)
S(—0A;0;SA)
Day la tam giadc vuong tai B Day la tam giac thuong
S z S z
Y
B
Y

* Dung duong cao BO cua
AABC. Chon hé truc nhu hinh vé.

# Toa do diém

B(0;0;0) A(0; AB;0) 0(0;0;0) A(—0A;0;0)
C (BC;0;0) S(0; AB; SA) B (0;0B;0) C (0C;0;0)
S(—0A;0;SA)
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D&y la hinh vudng, hinh chi nhat
z

S

B
Y

Y Chon hé truc nhu hinh vé.
¥ Toa do diém

C

A(0;0;0) B (0; AB;0)
C (AD; AB;0) D(AD:;0;0)
S(0;0;SA)

D&y 1a hinh thoi

Y Chon hé truc nhu hinh vé.
¥ Toa do diém

0(0;0;0) A(OA4;0;0)
B (0;0B;0) C (-0C;0;0)
D(0; —OD:;0) S(OA;0;SA)

Day la hinh thang vudng
z
S

B
Yy C

s Dyng CH 1 AD. Chon hé truc
nhu hinh vé.

% Toa do diém

A(0;0;0) B (0; AB;0)
C (AH; AB;0) D (AD:;0;0)
S(0;0;SA)

Hinh chép c6 mat bén (SAB) vudng géc véi mat day

Day la tam giac vuong tai A, mit
bén la tam giac can tai S

z

Day 1a tam giac vuong tai C', mat
bén 1a tam giac can tai S

z
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% Goi H la trung diém ctia AB.
Chon hé truc nhu hinh vé.

¥ Toa do diém

A(0;0;0) B (AB;0;0) A(0; AC;0) B (BC;0;0)
AB BC A
C (0; AC;0) S<2;0;SH> C (0;0;0) 5(20;20;5]{)

% Goi H la trung diém cia AB.
Chon hé truc nhu hinh vé.

¥ Toa do diém

Day 1a tam giéc can tai C, mit
bén 1a tam giac can tai S
z

S

H
B

* Goi H la trung diém ciia AB.
Chon hé truc nhu hinh vé.

¥ Toa do diém

AB
H(0;0;0) A (O; ;O) 0(0;0;0) A(0; OA;0)
AB
B(O;—2;0> C (CH;0;0) B(0; —OB;0) C(0C;0;0)
S (0;0;SH) S(0;OH;SH)

Day 1a tam giéc thuong, mat bén
la tam giac thuong

¥ Dung duong cao CO ctia ANABC
va duong cao SH ciua ASAB.
Chon hé truc nhw hinh vé.

¥ Toa do diém

Day la hinh chit nhat, mat beén 1a

tam giadc thuong
4

% Dung duong cao duong cao SH
trong ASAB. Chon hé truc nhu
hinh vé.

¥ Toa do diém

A(0;0;0) B(0; AB;0)
C(AD; AB;0) D(AD;0;0)
S(0; AH; SH)
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Hinh chép déu

% Goi O la trung diém cta BC.
Chon hé truc nhu hinh vé.

¥ Toa do diém
A (0;
AB

o) | oG

S (O; ;SH)

Y Chon hé truc nhu hinh vé.
¥ Toa do diém

Hinh chép tam giac deu
z

ABV3
2 )

0(0;0;0)

5(

)
)

AB

)

ABV3
6

ABV3

0(0;0;0)

A( 5 ;0;0)

B (0;—AB\/§;O) C (AB\/i;O; 0)
2 2
D (0;%5;0) S(0;0;S0)

2¢ Hinh lang tru

Lang tru ding

Hinh hop chit nhat Lang tru ding c6 day la hinh thoi
z z
D’ D’
Alp 1 Ay
1 >
I X I
B | (o4 B’ | : c’
-1 R S O -
4 D @ AN
)/ )/ N
7 ///// O N
B
C Y B C
Y T
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¥ Toa do diém

A(0;0;0)
C(AD; AB;0)
A'(0;0; AA")
C'(AD; AB; AA)

s Chon hé truc nhu hinh vé.

B(0; AB;0)
D(AD; 0;0)
B'(0; AB; AA")
D'(AD;0; AA")

Y Goi O la tam hinh thoi day
ABCD. Chon hé truc nhu hinh vé.

¥ Toa do diém
0(0;0;0)
B(0; OB; 0)
D(0; —OD:;0)
B'(0;0B; AA)

A(—0OA;0;0)
C(0C;0;0)
A'(—OA;0; AA)
c'(oc;o;,cc’)

D'(0;—0OD; DD")

Lang tru tam giac déu

O

A -
B/
y
~— I R o
A~ e

L

% Toa do diém

% Goi O la trung diém ctia BC. Chon hé
truc nhu hinh vé

AB
0(0;0;0) A (0; 2\/§;0)
AB ) <AB' ' >
B( 5 ;0;0 C 5 :0;0
A (0; —ABZ\/g; AA’) B’ (—ATB; 0; AA’)

Lang tru ding c6 day la
tam giac thuong

A(0; 0A;0)
C(0C;0;0)

B'(-OB;0; AA)

¥ Toa do diém

s Dung duong cao AO trong AABC. Chon
hé truc nhu hinh vé.

B(—-0OB;0;0)
A'(0;0A; AA)

C'(OC;0; AA')
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Lang tru xién

Lang tru xién c6 day la tam giac
déu, hinh chiéu ctia dinh trén mat
phéng déi dien 13 trung diém mot

canh ctlia tam giac day

¥¢ Chon hé truc nhu hinh vé, ta dé
dang x4c dinh duge cac diem O, A,
B, C, A

¥ Tim toa do cac diém con lai
thong qua hé thic

—
AA"'=BB' =CC’

Lang tru xién c¢6 day la hinh

vuong (hinh chit nhat), hinh chiéu

ctia mot dinh 13 mot diém thuoc
canh day khong chita dinh do

Dl

¥ Chon hé truc nhu hinh vé, ta dé
dang xé4c dinh dugc cac diem O, A,
B,C, D, A

% Tim toa do céc diém con lai
thong qua hé thic

L

<~

— 7
AA'=BB'=CC"=DD
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