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= CHUONG TRINH TOAN LOP 12

PHAN<= MOT SO YEU TO GIAI TICH

CHUONG = UNG DUNG DAO HAM DE KHAO SAT HAM SO

BAI 1. TINH PON PIEU VA CUC TRI CUA HAM S

= Ham so cﬁ'p. . __Hamhgp Phép toan
(1) (C)' _0 Quy tic dao tlao cua ham hop 25 (u iv)' Uty
f =f'(u)u’
(2) (x)' =1l [ (u)] (u)4 (26) (u.v)' =u'v+uy
(3) (x”’ )’ =Xt (14) (u”‘)’ =qu“tu’ 7) (Hj _uv-viu
v V2
1 _u
@ (Vx) = ok | @ (Vu) = o (28) (ku) =ku', (k 12 hing s6)
1) -1 1y - KY —kv
5 Z == -] = ~| =
) (X) v (16) (uj = (29) (Vj v
(6) (sinx) =cosx | (17) (sinu) =u’.cosu el ,
' 1 -
(7)  (cosx) =-—sinx (18) (tanu) = u (30) (X—aj = Xaofl
, 0 cos’ u )
_ , a
8 (tanx) Coslzx (19) (cosu) ——u’.:%inu an (ax+b]' e d‘ _ad-be
(9) (cotx)' :sigzx (20) (cotu)’ :si_nliu cx+d (cx+d)?  (cx+d)?
x\ _ ax o , ax’ +bx+c '_adx2+2aex+(be—cd)
(10) (&) =atina | (2n) (a") =a".Inau (32) [ dx+e ] - (dx+e)’
(11) (ex) —e’ (22) (e” )' =e"u’
r 1 p u’
(12) (Ioga X) x.Ina &, (Iogau) - u.lna
’ 1 p v
(13) (Inx) == (24) (Inu) ZUU

Ham s6 y = f (x)

* Goi la dong bién trén K néu Vx,x, € K ma x <x, thi f(x)<f(x,).
* Goi la nghich bién trén K néu Vx,x, e K ma x <x, thi f(x)> f(x,).

Dinh IV

* Néu f'(x)>0,vxeK thi ham sé
* Néu f'(x)<0,vxeK thi ham s6

f (x) dong bién trén K
f

y
y = f(x) nghich bién trén K
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Ch

(1) Trén K,
* Néu f'(x)=0 thi hams6 y = f (x) khong doi
*Néu f'(x)=0 va f'(x)=0 tai hitu han diém thi ham s6 y = f (x) dong bién
* Néu f'(x)<0 va f'(x)=0 tai hiru han diém thi ham s6 y = f (x) nghich bién
(2) Ham s6 y = f (x) ddng bién trén K thi dd thi @i /én tir tréi sang phai (Hinh tréi).
Ham s6 y = f (x) nghich bién trén K thi do thi di xuong tur tréi sang phai (Hinh phai).

Yi

y=f(x)/
—-—‘—l—-—
0 - K- » T

Cho ham s6 y = f (x) x4c dinh va lién tuc trén khoang (a;b) (a c6 thé la —wo, b c6 thé 1a +o0) va diém

X, €(a;b).

* Jh>0saocho f(x)< f(X,) véimoi xe(X,—h;x,+h)c=(a;b) va x#x, thi tanéi hamso f (x) dat cuc
dgi tai X, .

* 3h>0 sao cho f(x)> f(x,) véi moi xe(x,—h;x,+h)c=(a;b) va x= x, thi ta ni ham so f (x) dat
cuc tiéu tai X, .

Chi
(1) X,: Piém Cuc dai (Cuc tiéu) ciia ham sé = Goi chung la diém & U cieiose aui e da
Cuc tri cua ham Sﬁr Ojc' Q> = ctia ham s@
IC tri © @ "
-7 . - - . oA ” . ;\Q ;;_ ( :
(2) Yep: Giatri Cyc dai; y.,: Gia tri Cyc tieu cua HS; Goi chung @\"“& 2 Y

Ia Gia tri Cuc tri; Goi gon la Cuc tri.
(3) (Xo; Yep ): Piém Cuc dai, (X;; Yer ) : Diém Cuc tiéu cua do thj Piem cucfai

ctia ham/sd 3 !

ham sé. Tt >
- __q___: ;;ié”&'f

Diém cuec tiéu

1
1
1
! \ ~
! cua ham so
1
1
1
1
1

s abe o e )
Gia tri LL:xf tieu ol [ 7., V\f\(’ \0\
(cue tiéu) ) ’{\C '_b\,
ctia ham s& & ’Zﬁ}

RPN

piéu Kign dii dé ham sé dat cuc tri tai mét diém
Gia st ham s6 y = f (x) lién tuc trén khoang (a;b) chira diém X, va c6 dao ham trén cac khoang (a;x,) va
(Xo;b). Khi do:
* Néu f'(x)<0 véimoi xe(a;x,) va f'(x)>0 véi moi x e(xy;b) thi X, 1a mot diém cuc tieu ciia ham so
t(x)
éu f'(x)>0 voimoi xe(a;x,) va f'(x)<0 véi moi X e(Xy;b) thi X, 1a mot diém cuc dai ciia ham sé
f(x).
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(1) Dinh li trén dugc thé hién bang bang bién thién

x a Xy b x a Xy b
Fix) + - Fix) + -
Yer
Néu dao ham doi déu tir (+) sang (-) khi x qua Néu dao ham ddi dau tir (-) sang (+) khi x qua
diém x, xac dinh thi ham s6 dat cuc dai tai X, diém x, xac dinh thi ham s dat cyc tiéu tai X,

(2) Néu f'(x,)=0 nhung f'(x) khong d6i dau khi x qua diém x, thi ham sé khong dat cuc tri tai X, .

(3) S6 diém cuec tri cua ham sé bang sé 1an ddi diu cua dao ham tai cac diém xac dinh caa ham sé.

CAC DANG TOAN THUONG GAP

. XET SUBIEN THIEN CUA HAM SO
Buwoc 1. Tim tap xac dinh
Buwéc 2. Tim dao ham. Tim nghiém cia dao ham va diém khong xac dinh cua dao ham.
Buwdc 3. Lap bang bién thién:

X_| Bién TXD; nghiém cua dao ham va diem khéng xéc dinh cua dao ham (theo thir tu tang dan).
y' Xét dau dao ham vy’

. BR% chiéu bién’ thién (mii tén chéo lén khi y'>0, chéo xuéng‘khi y'<0);

bien Giagi han hz:slm 56: Gié’tri ham Sq tai C§1C diém x twong ing vao dau, cuoi cac mii tén
Buwéc 4. Dya vao bang bién thién, két luan chiéu bién thién trén tirng khoang.

PHUONG PHAP XET DAU BIEU THUC
Xét diu biéu thic f (x)
Buwdéc 1. Tim tap xac dinh (Néu can)
Budéc 2. Tim nghiém cua f (x).
Buréc 3. Lap bang xét du , i
Cach 1. Xet dau bang cac quy tac da biét:
(1) Ddu cuia Nhj thize bac nhdt f (x)=ax+b (a=0)

-b
X —00 — +00
f(x) Tréi ddu a 0 Cung ddu a
(2) Ddu ciia Tam thize bdc hai f (x)=ax* +bx+c, (a=0), A=b*—4ac
X X b
A<0 ~ 01 A=0 - 2a i
f(x) cung ddu a f(x) Cungddua O Cungddua
_ X X
A>0 X > - - - —— 2 N 7 B
f(x) Cungddua 0  Traiddua 0 Cung ddu a

Céc nghiém chia tap xac dinh thanh nhiéu khoang, mdi khoang chon mét diém dai dién va tinh gia tri caa
f (x) tai cac diém do, xac dinh dau va dién dau vao bang xét dau
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@
A/ V6 Cong Truong
X=X,

Vidul: Giase f(X)=0<|x=x, (X <X, <X).

X=X,
X, c X, d
0 - 0 +
f(c)<0 f(d)>0

Quy tic: Hai khoang lién ké nghiém don (boi 1¢) khac ddu; Hai khoang lién k& nghiém kép (boi chin) ciing

dau

1.X4c dinh loai nghiém cua f (x) (néu dugc): nghiém nao Ia nghiém don (bdi 1€), nghiém kép (boi chan)

2.X4c dinh dau cua f (x) trén mot khoang nao dé, tir d6 1an luot suy ra dau cua cac khoang con lai.

X=X,

Vidu2: Giase f(x)=0<|x=x, (X <X, <X).Trongdo: x,,X, langhiém don; X, la nghiém kép

X=X,

Hoanh d¢ giao diém cua d6 thi ham sé y = f (x) va y = g(x) la nghiém cua phuong trinh f (x)=g(X)

Hoanh d9 giao diém ciia do thi ham s6 y = f (x) va truc hoanh Ia nghiém cua phuong trinh f (x)=0

Vidu 3: Choham so y = f (x) xéc dinh trén R va c6 d6 thi nhu hinh v&.
= Loi gidi 7
Do thi va truc hoanh ¢6 2 diém chung tai hoanh @6 x =0, x =3, nén ta co:
x=0
f(x)=0e L _a
Trén (—o0;0), (0;3) d6 thi ndm trén truc hoanh nén f (x) co gia tri duong;
trén (3;+00) dd thi ndm dudi truc hoanh nén f (x) c6 gia tri am.
Bang xét dau

AY

X —00 0 3

—+00

f(x) + 0 + 0 —

Vidu 4: Cho ham sé y=f (x)=g(x)—h(x) xac dinh A
trén R véi y=g(x), y=h(x)lan lugt c6 do thi la duong N |
cong va duong thang nhu hinh vé.

m--
g

w Loi gidi -
Do thi 2 ham sé y=g(x), y=h(x)c6 3 diém chung
tai hoanh d6 x=-2, x=0, x=4, nén ta co:

X=-2
f(x)=0<=g(x)-h(x)=0<=g(x)=h(x)<=|x=0
x=4

——————dn

0983.900.570 6
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Trén (—o0;-2), (0;4), d6 thi ham s6 y =g(x) ndm dusi y=h(x) nén g(x)<h(x)< g(x)—h(x)<0
hay f (x) c6 gia tri am;

Trén (-2;0), (4;+), d6 thi ham s6 y=g(x) nam trén y=h(x) nén g(x)>h(x)< g(x)-h(x)>0
hay f (x) c6 gia tri duong.

Bang xét diu

X —Qo0 —2 O 4 —+00
f(x) - 0 + 0 - 0 +

Dang 1.1. Ham 6’ cho béi bang bién thién, dé thi.
Vidu 5:Cho ham s6 y = f(X) c6 bang bién thién nhu sau
X |- -2 0 2 +oo

!

y

+ 0 - 0 + 0 -
3 3
- , ] >
Ham s6 y = f (x) nghich bién trén khodng nao dudi day
A. (=2:0). B. (—o0;-2). C. (0:2). D. (0;+0).
v Loi gidi
Dua vao bang bién thién, ta c6: y'<0 trén cac khoang (—2;0), (2;+x).

Vay ham $b nghich bién trén cac khoang (—2; O), (2; +oo). Chon dap an A

Vi du 6:Cho ham s6 y = f (x) c6 dd thi nhu hinh v&. Ham sé da cho dong bién 4y
trén khoang nao? P .
A. (~»;0). B. (1,3). |
C. (0;2). D. (0;+0). 2rp
= Léi gidi L R
Dua vio db thi, ta thdy db thi di Ién trén céc khoang (2;0). of t 2 3 X

Vay ham s6 dong bién trén cac khoang (—2;0). Chon dap 4n C

Dang 1.2. Ham sé cho bei biéu thirc hodc biéu thire dao ham
Vi du 7:Ham s6 y =—x® +3x? —4 dong bién trén khoang nao?
A. (2;+x). B. (0;2). C. (-4,0). D. (—0;0).
w Loi gidi

Téap xac dinh: D=R

A ' 2 ' XZO
Tacod: y=-3x"+6x; yY=0< (=2
x | —oo 0 2 +o0
y' — 0 + 0 —

+00 0
4 —a
Dua vao bang bién thién thi ham sb da cho ddng bién trén khoang (0;2). Chon dép 4n B
Viduy 8:Cho ham sé y=f(x) lién tuc trén R va c6 dao ham f’(x)=(1—x)2(x+1)3(3—x). Ham s
y = f (x) ddng bién trén khoang nao duéi day?
A. (—o0;1). B. (—o0;—1). C. (£3). D. (3,+).

0983.900.570 7 2024-2025
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w Loi gidi
x=1
Ta co: f’(x):0<:>(1—x)2(x+1)3(3—x)=0c> X=-1.
Xx=3
Bang xét dau:
X —a0 -1 1 3 +0
7(x) - o + 0 + 0 -

Ham sé dong bién trén cac khoang (-1;3). Chon dép 4n C

Bwoc 1. Tim tap xac dinh q
Buwoéc 2. Tim dao ham. Tim nghiém cta dao ham va diém khong xac dinh ctua dao ham.

Buwéc 3. Lap bang bién thién:

X Dién TXD; nghiém cua dao ham va diém khong xac dinh ctia dao ham (theo thu ty ting dan).
y' Xét dau dao ham y”’

V& chiéu bién thién (mili tén chéo 1én khi y' > 0, chéo xudng khi y'<0);
y Dién Gigi han ham sb, Gia tri ham s tai cac diém x twong Gmg vao dau, cudi cac miii tén

Buwéc 4. Dua vao bang bién thién va dinh 1i, két luan cyc tri.

Dang 2.1. Ham 5 cho béi bing bién thién hodc do thi
Vidu 9:Cho ham s0 y = f (x) c6 bang bién thién nhu sau

x |-oo 0 2 oo
Y - 0 -+ 0 -
oo 5
, 2 1 -
Ham so dat cuc dai tai diém
A. x=1. B. x=0. C. x=5. D. x=2.
= Loi gidi

Dua vao bang bién thién, dé dang thay dap an A
Vidy 10: Chohamso f(x) lién tuc trén R\{0} vaco bang xét dau cua f’(x) nhu sau:

X | —0 -1 0 | 2 0
f'(x) ‘ + 0 - 0+ | -0 -
S6 diém cuc tri cua ham sb da cho 1a
A 4. B. 1. C.2. D. 3.

= Loi gidi
Duya vao bang bién thién, ta thiy dao ham f'(x) d6i du 3 lan khi x qua cac diém x=-1, x=0, x=1,
nhung X =0 1a diém khong xac dinh nén ham s6 chi c6 diém cuyc tri. Chon dap 4n C
Vidu 11: Cho ham s6 bac ba y = f(x) c6 do thi 1a duong cong trong hinh bén. Gia tri yA
cuc dai cua ham so6 da cho la
A -1, B. 3.
C. 2. D.O0.
= Loi gidi
Dua va do thi, ta thay do thi ham so6 c6 diém cuc dai la (0;3) , diém cuc tiéu la (2; —1) / \i/ —
T—

. Chon dap an B

S
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Vidu 12: Chohamsb y=ax*+bx®+c c6 do thi 1a duong cong trong hinh bén. Diém \Y
cuc tiéu cua d6 thi ham sb da cho c6 toa do 1a
A. (-12). B. (0;1).
C. (12). D. (1,0).

__,,
8y

= Loi gidi
Dua va d6 thi, ta thiy do thi ham s6 c6 2 diém cuc dai 1a (-1 2), (L2)va 1 diém cuc
tieu 1a (0;1). Chon dap én B

Dang 2.2. Ham sé cho béi biéu thic hogc biéu thire dao ham
Vidu 13: Diém cuc dai ciia d6 thi ham s y = x* —6x* +9x c0 tong hoanh d6 va tung d6 bang
A. 5. B. 1. C. 3. D. -1.
. Loi gidi

x=1
Ta co: y'=3x2—12x+9:0<:{x_3

Bang bién thién

— o 1 3 + @
' + - 0 +
4 + o
r O~ 4
'y - . g -
— o ,*"fﬂ -\_\* |:| ,a"'#

Khi d6: X.p =1= Yop =4 = Xp + Yep =5. Chon dép an A
Vidu 14: Cho ham s f(x) c6 dao ham f’(x):(x—l)(x—z)z(x—S)g(x—4)4, vx e R. S diém cuc tri
ctiia ham sb da cho 1a
A. 3 B.5 C.2 D. 4
= Loi gidi
f'(x)=0<xe{1;2;3,4}
Bang bién thién:

—
b
a3
.
+
H

—C

X
7G) T 0 - o0 -0 o0 =

) _I,/’/ \-\ /+I

Duya vao bang bién thién: Sé diém cuyc tri ctia ham s6 da cho 1a 2. Chon dap 4n C
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BAIl 2. GIA TRI LON NHAT — GIA TRI NHO NHAT CUA HAM S

(9Dinh nohia:

Cho ham sé y = f(x) x4c dinh trén D
* S6 M dugc goi la gid tri 16n nhat (GTLN) ciia ham s6 y=f(x) trén D néu f(x)<M;VvxeD va
I, eD:f(x)=M.
Ki hiéu M =max f (x) hoac M =max f (x).
xeD D
* S6 m dugc goi la gia tri nho nhat (GTNN) ciia ham s6 y = f (x) trén D néu f(x)=m;vxeD va
I, eD:f(x)=m
Ki hiéu m=min f (x) hoac m=min f (x).
xeD D
f(x)<M, vxeD
I, eD: f(x)=M

(1) Néu ham s6 chi ¢6 1 cuc dai trén K thi max y =y, . Néu ham s6 chi ¢6 1 cyc tiéu trén K thi miny = ye;
K

f(x)>m, vxeD
<:>m§xf(x):M

min f (x)=m
EleeD:f(xo)zm@DI ()

(2) Néu ham s6 dong bién trén doan [a;b] thi min y = y(a), maxy = y(b)

Néu ham s6 nghich bién trén doan [a;b] thi min y = y(b), maxy = y(a)

B Tim gia tri 6n nhat, gia tri nhé nhat ciaa ham sé trén mét doan
Tim gid tri I6n nhat, gia tri nhé nhat ciia ham s6 y = f (X) trén doan [a;b]

Buwoc 1: Tim dao ham f'(x), Tim cdc diém X, X,,..., X, trén khoang (a;b), tai d6 f'(x)=0 hodc f'(x)
khong xac dinh. (Tim céc nghiém va cac diém khong xac dinh cua dao ham f '(x) trén khoang (a;b))
Buwéc 2: Tinh f(a), f(b), f(x), f(X,),... f(x,)

Buéc 3: Két luan: max f(x)= max{ f(a), f(b), f(x), f(X)... f (xn)}. (Gia trj 16n nhat & Budc 2)
min f (x)=min{f (a), f(b), f(x), f(X,),... f(x,)}. (Giatri nhd nht & Budc 2)
CHTim gia tri lon nhat, gié tri nhé nhat ciia ham sb trén khoang (hay nira khoing)
Buwoc 1. Lap bang bién thién - biat K vao vi tri ;hich hop;
Buwoéc 2. Dya vao bang bién thié,n, nharJ xét va ket luan GTLN-GTNN
Cha y: Trén mot khoang ham s6 c6 thé khong c6 hay chi c6 GTLN hoac GTNN.

CAC DANG TOAN THUONG GAP

Vidu 15: Ham sé y = f(x) xac dinh, lién tuc trén khoang (2;+o0) va c6

. N x | 2 +
bang bién thién nhu sau. Chon ménh dé dung. 0 ~ 0 < =
A. min f(x)=5. B. min f(x)=-4.
(2;+0) (2;40) 7 12
C. max f(x)=12. D. max f(x)=7.
max f (x) max f (x) fo] TN 4 7
= Loi gidi -

Dua vao hang gia tri f (X) ta thay, gia tri —4 13 gia tri nhé nhat cua ham sé trén khonagr (2;+).
Chon B

0983.900.570 10 2024-2025
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Vidu 16: Cho ham s6 f(x) lién tuc trén [-1;5] va c6 dd thi trén y
doan [-1;5] nhu hinh v& bén dudi. Tong gid tri I6n nhat va gia tri nho
nhét ciia ham s6 f (X) trén doan [-1;5] bang

A -1 B. 4
C.1 D. 2 x
o sLodgidi

Dua vao df) thi ta théy, Biém‘cao nhat cua do thi la diém c6 tung do
bang 3, diém thap nhat cua do thi c6 tung do bang -2
Vay gié tri 16n nhat 1a 3 va gia tri nho nhat 14 —=2. Chon C
Vidu17: Gié tri 16n nhat caa ham sé f(x)=—x*+12x>+1 trén
doan [-1;2]bing

A 1l B. 37. C. 33. D.12.

= Loi gidi
x=0e[-1,2]
o Dao ham: f(x) =—4x* +24x%; '(x)=0e | x=/6¢[-12]
x=—6¢[-12]

o f(-1)=12, f(2)=33 f(0)=1

Vay, max f(x)=33
Vi du 18: Tinh gié tri nho nhat cua ham sé y = 3x+i2 trén khoang (0;+o0).

X
. . . 33 .
A. miny=339.. B. miny=7.. C. miny="—".. D. miny=23/9..
(0;+0) y \/_ (0;400) y (0;+00) y 5 (0;+0) y \/_
= Loi gidi
N 8 .
e Dao ham: y :3—F, . 0 \E o
y'=0<:>%=3c>x3:§<:>x:§/§ v - 0 +
X 3 3

e Bang bién thién:
Duva vao bang bién thién, ta co: v

N 81 .3 )
iy -8 36

0983.900.570 11 2024-2025
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BAI 3. PUONG TIEM CA

(METiem can ding

buong thé.ng Xx=a duogc goi la mot duong tiém cdn ding (hay tiém can ding) ¥
ciia do thi ham s y = f (x) néu it nhat mot trong cac diéu kién sau thoa man:
lim f (x)=400, limf(x)=—o0, lim f(x)=4c0, limf(x)=—c

x—a~ X—a_ x—a’ x—a’
Céch tim tiém cdn ding O a

Dé tim tiém can diing cua d6 thi ham sb thi ta tinh gidi han caa ham sé tai cac
nghiém ctia mau. Dya vao dinh nghia ta két luan tiém can dang. (Xem so do ¢ trang sau)

yAl T iém can ngang

buong th'f{ng y =m dugc goi la mot dwong tigm can ngang (hay tiém
can ngang) ciia do thi ham s y = f (x) néu

lim f(x)=m hogc lim f(x)=m

X—>—00 X—>+00 -

© v

Pé tim tiém can ngang caa do thi ham s6 thi ta tinh gi¢i han caia ham s6 tai 2 dau vo cuc. Dua vao dinh
nghia ta két luan tiém can dung. (Xem so’ dé ¢ trang sau)

Puong thing y=ax+b,a=0,
duoc goi la duong tigm cdn xién
(hay tiém can xién) cua do6 thi ham
s0 y=f(x) néu

XILnl [f ax+b)] =0  hoic o )
IIm[f(X)—(ax+b)]:O Z ' 0 v O ”

a) lim [ f(x) - (ax + 5)] =0 1|m [ f(x)=(ax+h)]=0
Truwong hep tong quat:

Néu lim m:a va lim[ f(x)—ax]=b hogc lim f(X)—a va lim[ f (x)—ax]=b thi duong thing

X—>+00 X X—>+ X——00 X X—>—00
y=ax+b latiém can xién
P(x)
Q(x)’

Truwong hgp hamsé y = f (x) = Véi bgc ciia P(x) 1én hon bgc cia Q(X) mgt don v

Cach 1. Chia da thuc

Néu y=f(x)= 2 =ax+b+ k) ,a=0va lim m:0 thi duong thang y =ax+b la tiém can
Q(x) Q(x) =22 Q ()
Xién
Cach 2.
Tinh hé s6 a, b cua tiém can xién y =ax+b theo cong thuc:

ar . , A of o e S Ry rman x X
* a=—L la thuong cua 2 h¢ so6 cua lity thira bac cao nhat cua tr va mau;
M

* b=lim[ f (x)—ax] hay b= lim[ f (x)—ax]

X—>+00 X—>—00

0983.900.570 12 2024-2025
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O PO TIM DPUONG TIEM CA

Tiem Tinh gidi
can han tai vo
ngang cue

Tinh gi¢i

Tiem .
o han tai x,
dli:ng (nghiem
Mau)

—

Jim £ () = yo. TCN: y =y, ‘
lim f(x) =+
o Khong c6 TCN |

hoac khong c6 lim f(x)
X—00

lim f(x) = +co.

X—Xg

}—{ TCD: x = x,

Khong co TCD x = x,

lim f(x) =y,
xX—Xg

hoac khong c6 lim f(x)
X—Xg

Tiém :
can —-[ Al_l)lllm [f() = (mx +n)] = 0. H TCX:y=mx+n ’
xién —

—

4 Ham nhdt bién

(c#0,ad — bc #0)

TCN:y:% ’

TCh: y = ? (nghi¢m cua 111511)]

DUONG |
TIEM
CAN

(ciia d6 y=fx =
thi ham so

y=/fkx)

Ham béc hai trén bdc nhét
ax? + bx +c
dx +e

(Voi a,d # 0 va nghiém
mdu khdc nghiém tir)

(nghi¢m cua mau)

TCB:y=‘—d“:’ ]

a
m=- |
d

TCX:y=mx +n

n=_lim [f(x) — (mx)] ‘

Ham hitu 1y:

y=fx) =90

(Da thiec chia
Da thikc)

1 Bac T >Bac Mau —{ Khongc6 TCN |

TCN: y ==L
ay
(thwong ctia 2 hé 50 cua liy thira
bac cao nhat ¢ tir va mau)

Bac Tit = Bac Mau

Bac T < Bac Mau —[ TCN:y =0

TH1: Mau c6 nghiém x,va Tt khong co
nghiém x,:;

TH2: Ta va Mau c6 nghiém tring x,,
nhung Bac nghiém boi cua Mau > Bac
nghi¢m boi x, cua T

TH1: Mau vo nghiém; |

Khong co
TCb

TH2: Moi nghiém ctia Mau déu trung
nghiém Tw va Bac nghiém boi cia Mau <
Bac nghiém boi cua T

0983.900.570
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CAC DANG TOAN THUONG GAP

[. TIM DPUONG TIEM CAN NGANG, DUNG.
Vidu 19: Cho ham so f (x) ¢6 bang bién thién nhu sau

X —oo 0 1 +x
v + 0 - +
2 3
! 0 / \A —a 3 /
Téng sb tiém can ngang va tiém can dung cua do thi ham sb da cho 1a
A 4. B. 1. C. 3. D. 2.

’ w Loi gidi
Dua vao bang bién thién, ta c6 :
lim f(x)=0va lim f(x)=5 nén tiém can ngang cia do thi ham sé 1a 2 duong thang y =0, y =5.

lim f (X)=—o0 nén tiém cén ding cua do thi ham so 1a duong thang x =1. Chon C
x—1"
Vidu 20: Tiém can ngang cia do thi ham sé y = X +11 la
X_
A y:%. B. y=3. C.y=-1. D.y=1.
w Lot gidi
. 3x+1 <y . 3x+1 R s ah b L K
Taco: limy=Ilim 1 =3va limy=Ilim 1 =3 nén y =3 latiém can ngang cua do thi ham so.
X—>+00 X—>+00 X_ X—>—00 X—>—00 X_
Chon B
Hay ta c6 thé dung cong thirc: Phuong trinh tiém can ngang 1a y = a_ 3 =3
c 1
Vidu 21: Tiém can dang cia do thi ham s6 y = 2X+12 la
X_
A X=2. B. x=-2. C. x=1 D. x=-1.
w Lot gidi

Tap xac dinh D = R\{l} .

Taco limy=—o0;limy=+oc0, suy ra dd thi c6 tiém can diang 1a x=1. Chon C
x—1"

x—1"

Hay ta c6 thé dung cong thirc: Phuong trinh tiém can dang 13 x = 4 __Tl =1

C

, 2 R oom " , S FAR " 2 AR Abe Lo £ 5x? —4x-1 .

Vidu 22: Tong so tiém can ding va tiém can ngang cta do thi ham so y = S la

X —_
A. 0. B. 1. C. 2. D. 3.
w Loi gidi
Tiém can ngang:
L _ B5x*—4x-1
Taco: limy=lim 1 =5 nén do6 thi ham s6 c6 mot tiém can ngang y =5.
X—>+oo X—to X° —
Tiém can dirng:
Cho X’ =1<> x==1
2
s . 5x"—4x-1 n « L
Taco: limy= I|m52— =3 nén X =1khoéng la tiém can dang.
x—1 x—1 X =1
2
lim y= lim 5)(2—4);1 = —oonén dd thi ham sé c6 mot tiém can dung x = —1.
x—(-1)" x—>(-1)" X5 —

0983.900.570 14 2024-2025
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Tong cong do thi ham sé ¢ 2 tiém can. Chon C

Vidu23: Db thihamsé y= X TImVx+l ;X*l ¢6 it ¢4 bao nhiéu dudng tiém can ding va ngang?
X" —£ZX
A 0. B.1. C.2. D. 3.
w Léi gidi

Tap x4c dinh ciia ham s6 1a D =[-1;0)u(2;+w).
Taco: lim y=—g; limy=+00; limy=0.
X—0~ 4 x-2F X—>+0
Vay db thi ciia ham s6 c6 duong tiém can dimg x =2 va tiém can ngang y =0. Chon C
2. TIM DUONG TIEM CAN XIEN.
z N A n . , R nfo s z X2 —3x+1
Vidu 24: Tim tiém can xién cua do thi ham so y = f(x) = —
X_
= Loi gidai
Tap xac dinh: D=R\{2}.

2 2_ _
Taco: a=lim 10— jim X 23X 4y im0 —ax] = lim | 222X im 22X
X—+0 X X—>+0 (X—Z).X X—>+00 X—>+00 — Xo+0 Y —
Ta ciing c6 lim w=l, lim[f(x)—x]=-1.
x—-o X X——0
Do d6, d6 thi ham sb c6 tiém can xién 1a duong thang y = x—1.
Ch
Hesé a=2r -1
a, 1

2
A L Z X°=3x+1 . P " , R R n N , 2
Do thi ham s6 y=————— cung vai tiém can dung X =2 va tiém can xién y =x-1 cta né dugc thé

hién trong Hinh 10.

=Yy

oy /1 2|

Hinh 10

0983.900.570 15 2024-2025
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BAIl 4. DO THI HAM SO

MBS0 do khao sat va vé do thi ham sé:
Buwdc 1. Tim tap xac dinh
Buwdéc 2. Su bién thién:
+ Tim dao ham. Tim nghiém cua dao ham va diém khong xac dinh cia dao ham.
+ Tinh gidi han caa ham sé tai cac “dau ngoic tron” ctia TXD. Suy ra cac duong tiém can (néu co)
+ Lap bang bién thién:
X Dién TXD; nghiém cua dao ham va diém khong xac dinh ctua dao ham (theo thu ty ting dan).
Xét dau dao ham
V& chiéu bién thién (mili tén chéo 1én khi y’ > 0, chéo xudng khi y'<0);
Dién Gigi han ham sd, Gia tri ham s tai cac diém x twong wng vao dau, cudi cac mii tén
Budc 3. V& do thi: Lap bang gié tri (hay diém dic biét), v& do thi va nhan xét vé do thi
yMICac dang do thi ham sé thwong gap
a) [EEVAJIRE v = ax® +bx® +cx+d (a=0)

a>0 a<0
v v
Phuong trinh y'=0
c6 hai nghiém phén biét. \ )
/ I % \/ o \ S
YA YA
Phuong trinh y'=0
c6 nghiém keép. N . = .
O T (@ T
Y Yi
Phuong trinh y'=0
vO nghiém. 9 > -
i O T

(1)Hai ddu dé thi: PTHS bac 3 (bac 1¢ ndi chung) ludn c6 mot dau di 1én va mot dau di xudng.
DPdu bén phdi: Bilén >a>0; Pixubng >a<0.

(2)Giao diém véi truc Oy: Nam phia trén truc hoanh > d >0 ; Nam phia duéi truc hoanh >d <0
QuaO0<d=0

(3)Piém cuc tri: Hai diém cuc tri nam:
Khac phia so véi truc Oy - a.c<0;
Cuing phia bén phdi Oy > a, ¢ trai diu vai b ; Cung phia bén trai Oy 2 a, b, ccling dau.
C6 diém cuc tri thuoc Oy > ¢=0

0983.900.570 16 2024-2025
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(4)Tam déi xieng: diém 1(Xy;Y,), V6i X, :;—b (langhiem PT y"=0) va y, = f ()
a

Tam d6i xtimg ciing 13 trung diém cua doan thang ndi 2 diém cuec tri.

Tam ddi xing nam bén phdi truc Oy > a, b trai diu; bén tréi truc Oy > a, bcung déu.

, ad-bc
= <0
(cx+d)
T
s I -
. x
Nhdn xét do thi:
(1) Tam déi xaeng 1a diém | (%%} (1a giao diém 2 duong tiém can). at
b
A a 173
(2) Tiégm cgn ngang: y==; / d
c A
A Py ” . _d = A » = a
Tiém cdn dung: x = ~ (nghiém caa mau). e .
(3) Giao diém véi Oy: x=0=y="2; oo b
i‘jb i | :
Giao diém véi Ox: y=0= x=— (nghiém cua tu). " |
a 0P
QuaO«< b=0
(4) Ham sé déng bién < ad —bc >0 ;
Ham sé nghich bién < ad —bc <0
2
BJHam sé hizu ty bdc hai chia bac mét: = axd+—b>;+c (a=0)
X+
a, d cung ddu a, d trai ddu
I | Yh

Phwong trinh y' =0 c0 hai

&Y

nghigm phan bigt. (

g A ———— N

0983.900.570 17
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TN

Phuwong trinh y' =0 v0
nghiém.

y8

Nhén xét dé thi:

(1)Tiém cdn ding x = _g (Nghiém caa miu)

(2)Tiém cdn xién: Pilén néu a, d cung diu va di xuéng néu a, d tréi dau.

CAC DANG TOAN THUONG GAP

Vi du 25: D6 thi ciia ham s6 nao dudi day co dang nhu dudng cong trong hinh vé y
bén?
A y=—x+2x*+1. B. y=—x*+3x+1.
C. y=x>—3x+1. D. y=—x>-2x"-1. .
: : . = Loigiai , \ /o \ g
Do thi co6 dau bén trai di 1én, dau bén phai di xuong nén ham so bac léva a>0 , do

dé loai CéuwA, C ‘
Giao diém cua do thi va truc tung nam phai trén truc hoanh nén d > 0. Do d6 chon B
Vidu 26: Do thi sau 1a d6 thi caa ham so6 nao sau? v

2x—3 —X '
A y= . B.y=—-—.
Y 2X—-2 Y x-1 &

x-1 X+1 —
C.y=—=. D.y=—=2=. -
y X+1 y x—1 (J\ .
w Lot gidi

‘ A a P R ~_a , .
Tiém can ngang y =— nam phia trén truc hoanh nén — >0, do d6 loai cau B.
C C

Tiém can dang x = =9 nim ben phai truc tung nén 4.0 (nghiém ctua mau la sé duong), do d6 loai cau C.
c c

Giao diém cua db thi va truc tung nam phia duéi tryc hoanh nén tung do giao diém vy :g <0. Do d6 chon
cau D
X +x-1

Vidu 27: DPuong cong nao dudi day 1a d6 thi cia ham s6 y = .
X —

.1..

e

/
/

)

3,5 -1 0
<, -1
A 7

P S

|
|
|
|
|
7
[z 3 & 5 x >
|
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v

‘1.

=
IS
ra
=]
rad
.
e

-

= Loi gidi

Cau D khong dung dang db thi nén loai.

x® —2X ,
(x-1)

Bang bién thién

Taco: y'=

: y=0<

x=0
X=

+ 0 - || - 0 +

Vay chon A

NN

Ch('y. C6 thé nhan xét, do dao ham c6 2 nghiém va hé sé a, d cing ddu nén dd thi c6 dang cau A

0983.900.570
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BO SUNG KIEN THUC: SU TUONG GIAO GIUA HAI PO TH

(1)S6é nghiém cita phuong trinh f (x)=g(x) 12 s6 giao diém ciia 2 d6 thi ham s6 y = f (x) va y=g(x).
(2) Hoanh d¢ giao diém ciia 2 d6 thi ham sé y = f (x) va y=g(x) la nghiém cta phuong trinh hoanh d¢
giao diem f (x)=g(x).

BAI TOAN 1. CHO 2 HAM SO. XAC PINH GIAQ DIEM CUA 2 DO THI HAM SO

(Dau hiéu nhgn biét: Trong de cO tir "'Cat™, "'tiép xuc'", "giao diem" hay "diém chung'...)

Tim giao diém: ciia dwong cong (C):y = f (x) va dwong thang (d):y =g(x)

Buwéc 1. Lap PT hoanh d¢ giao diém cua (C) va (d) : f (X) =g(x) (*)

Bueéc 2. Giai PT(*) tim x (1a hoanh d¢ giao diém)>Thay x vao y = f (x) hay y = g(x) > Tinhy (1a tung d6
giao diém).

Vidu 28: S6 giao diém cua do thi ham s6 y = x* +3x® va d6 thi ham s6 y =3x*+3x la

A. 3. B. 1. C. 2. D. 0.
= Loi gidi
Chon A 7 ‘
Phuong trinh hoanh d¢ giao diém cua hai do thi da cho la:
x=0
X% +3x° =3x2+3x<:>x3—3x:0c>x(x2—3):0<:> x=+3 .
‘=3

Hai @6 thi da cho cit nhau tai 3 diém.
Vidu 29: Sé giao diém ciia do thi ham s6 y = —x* + 7x véi truc hoanh l1a

A. 0. B. 3. C.2. D. 1.
w Loi gidi

Chon B

Phuong trinh hoanh d6 giao diém ciia do thi va truc hoanh 1a: —x®+7x=0

Xx=0

2 _ =
<:>X(X 7) O<:>[X=J_r =

S6 giao diém cua d6 thi ham sé y = —x® + 7x véi truc hoanh bang 3.

A‘g TOAN 2: DUNG PO THI HOAC BANG BIEN THIEN PE XAC PINH NGHIEM CUA PHUONG

Cho ham sé y = f (x)co bang bién thién hoge dé thi = Tim nghi¢m (hay sé nghi¢m) phuwong trinh
F(x)=0 (c6 chira f(x))

Buoc 1. Bién doi: F(x)=0(1)< f(x)=b (2)

(PT(2) 1a PT hoanh d¢ giao diém cua(C):y=f(x) va (d):y=b, véi (d) la duong thang cing phuong
truc Ox va cit troc Oy tai diém c6 tung do y=b)

Buréc 2. V& thém dudng thang (d):y =b 1én bang bién thién hogc do thi.

Buréc 3. Dya vao bang bién thién hogc do thi: Két luan (S6 nghiém PT F (x) =0 bang Sé diém chung cua
(C):y="F(x)(d):y=b

0983.900.570 20 2024-2025
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Vidu 30: Cho ham s bac ba y = f (x) c6 dd thi la duong cong trong hinh b );‘
, v=/(z)
bén. S6 nghiém thuc cua phuong trinh f (x)=-1 la N
A. 3. B. 1. o\
C. 0 D. 2 L\ N
= Loi gidi R A
S6 nghiém thyc cta phuong trinh f (x)=-1 13 s giao diém cua dd thi ham R
s6 y=f(x) vaduong thing y =-1. 2=

'

y :f(w)gg
2 E 0 7 T 2 3 -
\ : y =—1
T hinh vé suy ra 3 nghiém.
Vidu31: Chohamso f(x) c6 bang bién thién nhu sau:
x — -1 2 +a0
f(x) + 0 - 0 +
2 +a0
£(x) / \ /
—m -2

S6 nghiém thyc cua phuong trinh 2f (x)+3=0 la

A.0. B. 1. C.2. D. 3.
= Loi gidi

Chon D
Taco: 2f (x)+3=0< f(x)=—g
x —® -1 2 +
Sfx) + 0 - 0 +
2 +m
f(x) / _\—‘ /_
—a0 _2 = 3
y=-z

Nhin bang bién thién ta thiy phuong trinh nay c6 3 nghiém.
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CHUONG = NGUYEN HAM. TICH PHAN

BAI 1. NGUYEN HAM

Cho ham s6 f (x) xdc dinh trén K. Ham s6 F(x) duoc goi 1a nguyén ham cua ham sé f(x) néu
F'(x)= f(x), voimoi xe K.

Dinh IV

Cho F(x) Ia mot nguyén ham caa ham s6 f (x) trén K. Khi do:

e V6i mdi hing s6 C, ham sé F(x)+C ciing 1a mot nguyén ham cua ham s6 f (x) trén K.

e Néu G(x)la mot nguyén ham cua ham so f (x) trén K thi ton tai hing s6 C sao cho G(x)=F (x)+C
voimoi xe K

Nhu vay, moi nguyén ham cua ham s f (x) trén K déu c6 dang F(x)+C, véi C la hang sé. Ta goi
F(x)+C,C eR laho tat ca cac nguyén ham ciia ham s f (x) trén K, ki hiéu J' f (x)dx va viét:

j f(x)dx = F(X)+C

F (x) la mot nguyén ham cua f (x)
< F'(x)=f(x)
<:>I x)dx = F(x)+C (ho nguyén ham)

(1) Biéu thirc f (x)dx duoc goi la vi phan cia nguyén ham F (x) cua f (x), ki hiéu 1a dF (x)
Vay, dF (x)=F'dx = f (x)dx

(2)Moi ham s f (x) lién tuc trén K déu c6 nguyén ham trén K.

(3)Khi tim nguy@n ham caa mot ham sé6 ma khdng chi rd tap K thi ta hiéu 1a tim nguy@n ham caa ham sé d6
trén tap xac dinh cua no.

(4) j f'(x)dx = f (x)+C

yANguyén ham ciaa mot ham sé so cap

Nguyén ham ciaa ham sé hrgng giac

Nguyén ham cia ham s liiy thira (5) Icos X — sin x4+ C
(1) [odx=C
'[ (6) jsinxdx=—cosx+C
(2) Ildx:x+C
yil (7 .[ dx:tan x+C
(3) [x“dx= c+C (a#-1)
+
“ . (8)j X =—CcotX+C
Nguyén ham cia ham s y == sin® )
X Nguyén ham caa ham so mii

(4) jldx=|n|x|+c (9) [e'dx=e*+C

X X

a
10) |a"dx = O<a=l
. (10) I Ina ( )
Cong thirc nguy@n ham bé sung
_ 2 n

(11) [kdx=kx+C (13) [Vxdx == x/x +C (15) J~(ax+b)ndle(ax+b) c
(12) [dx=—=+C .- a

X2 X (14) Ide:2&+C (a#0, n=-1)

X
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<M CAc tinh chat caa nguyén ham

(1) ka x)dx = kjf(x )dx, véi k la hang s6 khac 0
(2) I[f (x)+g(x)]dx = j dx+jg
@) J[f()—g(x)]dx=[f(x)dx—[g(x)

CAC DANG TOAN THUONG GAP
1. TIM HO NGUYEN HAM

Vidu 32: Tim ho nguy&n ham cua ham s6 f (x)=cos x +6x
w Loi gidi
Ta co: j x)dx = I(cosx+6x)dx J.cosxdx+6J'xdx sinx+3x*+C.

N n R , N e X 2X
Vidu 33: Tim ho nguyén hoam cua ham so f (x)= +2 :
X
= Loi gidi

Ta co: I dx

_I(XZ_é)dxzJ'xzdx—z'f%dx=§—2lnx+c :

2. TIM NGUYENHAM CO DPIEU KIEN

Vidu 34: Timnguyén ham F(x) cuahamso f(x)=sinx+cosx thoa man F(%j=2.
= Loi gidi
Ta coI x)dx = I(smx+cosx)dx=—cosx+sinx+C
Ma F(EJZZQ_COSEJFSinEJFC:2®1+C:2©C:1
Vay F(x)=-cosx+sinx+1.
Vidu 35: Cho F(x) lamot nguyén ham cua f (x)=e"+2x thoa man F(O)=§.Tinh F(1)
= Loi gidi
Taco F(x) f(e +2x)dx=e*+ X" +C

3

Ma F(0)=1+C= E:C:%:F(x):ex+x2+%.

Vay F(l):e1+12+%:e+g
3. BAI TOAN THUC TE

Buwéc 1: Xét mdi lién hé giita cac dai' luong

=Xét méi quan hé giita cac dai lugng quang duong s(t) va toc do v(t) theo thoi gian t
+ Téc d¢ 1a dao ham ciia quang duong: v(t)=s'(t)

+ Quing dudng la nguyén ham cua téc do: Iv(t)dt =s(t)+C

=Xét méi quan h¢ giita cac dai lugng téc do v(t) va gia toc a(t) theo thoi gian t

+ Gia tdc la dao ham ctia toc do: a(t)=V'(t)

+ Téc do 12 nguyén ham cua gia téc: ja(t)dt =v(t)+C

Buwée 2: Dya vao diéu kién cua gia thiét dé tim dai lugng theo yéu cau.
Buoc 3: Két luan.
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Vidu 36: Mot 6 t6 dang chay thi ham phanh va chuyén dong cham dan véi tde @6 cham dan déu duoc tinh
theo ham s6 v(t)=18—-2t (m/s). Tinh quing dudng 6 t6 chay duoc tir lic him phanh dén khi dimg han.

= Loi gidi

Taco [v(t)dt=[(18—2t)dt=18—t*+C

Tai thoi diém ham phanh thi t =0, s=0, tacd: s(0)=0<18.0-0°+C=0<C=0

Nén s(t) =18t —t*

Khi ding han thi v=0,taco: 18-2t=0<t=9

Vay quing dudng 6 to chay duoc tir lac ham phanh dén khi dimng han 1a S(lO) =18.10-10* =80 (m)
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BAI 2. TICH PHAN

(MEDién tich hinh thang cong
Hinh thang cong

Cho ham sé y = f (x) lién tuc va khong am trén doan [a;b]. Yy
Hinh phang giéi han boi:

» @6 thi ham s6 y = f (x),

» truc hoanh,

» hai duong thang x=a,x=b (a<b)

duoc goi la hinh thang cong. O
Dién tich hinh thang cong

Néu ham s6 y = f (x) lién tuc va khong 4m trén doan [a;b] thi dién tich S cua hinh thang cong gi¢i han
boi:

Do thi ham sé y = f (x), truc hoanh va hai duong thang x=a,x=b (a<b)
duoc tinh bsi cong thuc: S=F(b)-F(a)

v’ Trong d6 F(x) la mot nguyén ham cua f (x).
2.

Cho ham s6 f (x) lién tuc trén doan [a;b]. Néu F(x) la mot nguyén ham cia f (x) trén doan [a;b] thi

b
hiéu sé F(b)—F(a) goi latich phan tr a dén b cuahamsé f (x), ki hiéu If x) dx

b
\/Vietj dX F

.=F(b)-F(a)

v Goi j 1a du tich phan; a 1a can dudi; b 1 can trén,

v’ f(x)dx la biéu thirc duéi dau tich phan, v f(x) laham sé duéi dau tich phan
(1)Truong hop a=b: j x)dx =0;Truong hop a>b: j :_j f(x)dx

b
(2)Tich phan khong phu thuoc vao bién sé x hay t, nghia 1a j f(x)dx = j f (t)dt
(3)Néu hams6 f(x) c6 dao ham f'(x) va f'(x) lién tuc trén doan [a;b] thi

j f'(x)dx = f (b)— f (a)
(4)Ynghm hinh hoc ciia tich phan

Néu ham s6 y= f (X) lién tuc va khong am trén doan [a;b] thi dientich S 4 V=)
ciia hinh thang cong gi¢i han boi: d6 thi ham s y = f (x), truc hoanhva hai
duong thang x=a,x=b

>
X

b
Vay S = f(x)dx. O a b

(5)Tbc @ v(t)=0 tai moi thoi diém t € [a;b] thi quang duong di chuyén trong khoang thoi gian tir a dén b
dugc tinh theo cong thuc:

S= s(b)—s(a)=z‘v(t)dt.
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b
J' f (x)dx duoc goi la gia tri trung binh cia ham
a

a

(6)Cho ham 55 (x)lién tyc trén doan [a;b]. K do L

) f(X) trén doan [a;b].
3.

Cho hai hamsé y=f ( ) y= g( ) lién tuc trén doan [a; b], k 14 s thuc. Khi do, ta c6 cac tinh chat:
Tinh chat 1: jkf x)dx = kj

b b b b b

Tinh chat 2: I[f (x)+g(x)]dx:f f (x)dx+Ig(x)dx ; _[[f (x)—g(x)]dx:f f (x)dx—Ig(x)dx

a a a a a

Tinh chadt 3: i f (x)dx j dx+I x)dx ce(a;b)

a

CAC DANG TOAN THUONG GAPIEE
1. SUDUNG CAC KIEN THUC CO BAN
M Ap dung dinh nghia, tinh chat va bang cong thirc nguyén ham co ban.

1 I f (x)dx =0 (Tich phan ¢6 hai can giéng nhau thi bang 0).

()

b
—[ f (x)dx (Tich phan ddo can— thém ddu trir).

a

—
—
>
~
o

x
Il

k.f(x)dx = kj x)dx véi k eR.

w
Dy T | DT | O —T
1
—h

(x)]dx = I dx+_[g

b
5 | Trong doan [a;b],téntai Ce[a;b] thi If(x)dX:I f (X)dx+jf x)dx

a a

M Y nghia hinh hoc cia tich phan:
Néu ham s6 y = f (x) lién tuc va khong Am trén doan [a;b] thi dién tich cua hinh thang cong gisi han bai:

b
dd thi ham s6 y = f (x), truc hoanh, hai duong thing x=a,x=b 1 S =jf X ) dx

Vi du 37: Choj x)dx = 5vajg x)dx=2. Tmhj[zf 3g(x) |dx
= Loi gidai
3
TacéﬂZf(x (x)]dx = ZI X)dx — 3jg x)dx=25-32=4.

Vi dy 38: Choj x)dx =1, jf(t)dt=—4.Tinhjf y)dy
2

w Loi gidi
4 4 4 4

Ta co: I f(t)dt:j f (x)dx, If(y)dy:j f(x)dx.
-2 -2 2 2

Khi do: .Zf f (x)dx+i f (x)dx:j f (x)dx.
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4 4 2 4
:>_|. f(x)dx= I f (x)dx—f f(x)dx=-4-1=-5.Vay I f(y)dy=-5.
2 -2 -2 2
Vidu 39: Tinh dién tich hinh thang cong gi6i han béi do thi ham s6 y = f (x)=e*, y y=e
truc hoanh, truc tung va duong théng x=1.
= Loi gidi
Hamsé y = f (x) =€ khong am trén doan [0;1] va c6 mot nguyén ham F(x)=e” 1

]

Dién tich hinh thang cong 1a S =F (1)-F (0)=e'—e’ =e—1 (dvdt). o] 1 X

\/

2. TICH PHAN HAM SO CHO BO1 NHIEU CONG THUC
g(x) khix<b

h(x) khi x>b

Cho ham sé f(x)z{ lién tuc trén D. Tinh J :If x)dx
Xét b e[a;c].

Budc 1. Kiém traham s6 f (x) c6 lién tuc tai x=b?

Tac lakiem tra lim f (x)=lim f (x) = f (b)<:> I|m g(x)=limh(x)= f(b)

x—b~ x—b* x—b*

Buéc 2. Tach can: J = I x)dx = jg dx+jh

Bwdc 3. Tinh cac tich phan thanh phan, suy ra ket qua.

x? -1 khi x>2 JS-
1

Vidy 40: Chohamso f(x) ={ . Tinh tich phan 1 = | f (x)dx.

x? —2x+3 khi x<?2
w Loi gidi
lim f (x)=lim(x*-1)=3
Taco 4% HT( ) va f(2)=3.
lim f (x)= Iim(x2—2x+3):3

X—2" X—2"

Do d6 ham sé da cho lién tuc tai x=2.

Ta co: I:jf(x)dx:i(xz—2x+3)dx+J3.(x2—1)dx:()§—x2+3xJ +
1 1 2

RIS RIEIGoRP2 B.41 TOAN CO HOC

» Tinh quéng dwong chuyén dgng: Mot vat chuyén dong véi toe do v(t), quang duong chuyén dong cia
b

vt trong khoang thoi gian t=a dén t=b (a<b) la s = [v(t)dt

» Tinh tée dp chuyén dgng: Mot vat chuyén dong véi gia toc a(t), toe do cua vét do trong khoang thoi
gian At=t,—t lav :Ta(t)dx.
t
» Tinh tée dg trung binh cria chuyén dgng: Mot vat chuyén dong véi toe do v(t), toe do trung chuyen
dong cua vat trong khoang thoi gian t=a dén t=b (a<b) 1a v :lea bv(t)dt .

Vidu 41: Mot vat chuyén dong véi toc do 10m/ s thi ting toc véi gia toc a(t)=3t+t>. Tinh quing duong

vat di dugc trong khoang thoi gian 10 gidy ké tir lac bit dau ting tdc.
= Loi gidi
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Ham tc do Ia(t)dt:j(3t+t2)dt:§+§+c.

Lay mdc thoi gian (t = 0) lic tang toc = V(O) =10=C=10.
t° 3t?
Ta dugc: v(t)= §+7+1O.

Sau 10 gidy ké tir luc ting toc, quing duong vat di dugc 1a:
10
S :T(E+3t—2+10]dx :(£+E+1Otj :@m
3 2 12 2 .
Vidu 42: Mot 6 t6 chuyén dong véi toc do 20m/ s thi ham phanh nén tdc dJ cua xe thay doi theo thoi gian
t (gidly) dugc tinh theo cong thirc v(t)=20-50t (0<t<4). Tinh téc d6 trung binh cta 6 to trong khodng
thoi gian tir lac him phanh dén luc dimg han.

= Loi gidi
Téc do 6 to luc hdm phanh 1a 20m/s hay v(t)=20-50t =20 <t =0
O t6 dimg khi toc d6 bang 0 hay V(t):20—50t =0ct=4

Vay toc do trung binh ciia 6 t6 trong khoang thoi gian tir lac ham phanh dén ltc dimg han 1a
4

:%_Ojjv(t)dt =%J‘(20—50t)dt =10 (m/s)

0

<l
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Ml Tinh dién tich hinh phing

vk y = f(x)

Dién tich hinh phing gisi han bsi 4 duong: y=f(x), y=g(x),
b
x=a, x=b (a<b) duoc tinh bai cong thuc: S:ﬂf (x)-g(x)|dx (1)

ol a

A |

>0 -~

(a) Dién tich hinh phang gisi han boi 4 duong: y = f (), truc hoanh ¥
b
Ox:y=0, x=a, x=b (a<b) dugctinh bsi cong thirc: S= [|f (x)|dx % y=/(x)
@ 9 U -
(b) Neu hinh phang gidi han khong dii 4 duong nhu trén (thieu itnhat O] ¢ W b oz
1 trong 2 duong thang x =a, x =b) thi ta thyc hién nhu sau:

Giai phuong trinh f (X)— g (X) =0, tim cac nghiém X, X,,..., X, (goi 1a cac hoanh do giao diém) > Chon
can dudi trong cong thac (1), (2) la s6 nho nhat va can trén 1a s6 16n nhat trong cac sé6 a,b (néu co),
Xy Xpyoony X

(c) Néu phuong trinh f (Xx)—g(x)=0 c6 n nghiém X, X,,....X, €[a;b] (gia st x, <X, <...<x,) thi tich

phan (*) duoc tach thanh téng (phan doan tich phan) nhu sau:
X b

j(f(x)—g(x))dx j(f(x)—g(x))dx

a X

X5

j( f (x)—g(x))dx
X
YA Tinh thé tich khoi tron xoay]

S= + +...+

n

Thé tich khéi tron xoay duoc sinh ra khi quay quanh truc Ox hinh phang
gi6i han boi cac duong: y = f (x), Ox, x=a, x=b (a<b) dugc tinh boi
cong thuc:

b
V=z[[f()] dx (3)
Chay 7 , , .

(@) Néu hinh phang gigi han khéng du 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x=a, x=b)
thi ta thuc hién nhu sau:

Giai phuong trinh f (X) =0, tim cac nghiém X, X,,..., X (goi la cac hoanh d6 giao diém) = Chon can dudi
trong cong thic (1), (2) 1a s6 nho nhét va can trén 1a s6 16n nhat trong cac s6 a,b (néu o), X, X,,..., X, .

(b) (Mé réng) Thé tich vat thé tron xoay duoc sinh ra khi quay quanh truc Ox 4 »~® ’
hinh phang gi¢i han béi cac duong: y=f(X); y=9g(x); x=a; x=b (Véi _ /////M |
f (x).9(x)>0,vxe[a;b]) duoc tinh bai cong thic: f‘ i :

\Y :EHfz(x)—gz(x)‘dx (4)

¥y =gix)

CAC DANG TOAN THUONG GAP ‘7 ” ‘7
1. XAC BINH CONG THUC, TINH DIEN TICH CUA HINH PHANG CHO BO1 HINH V
Phwong phdp: Dung Dinh i 1
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Dién tich hinh phang giéi han bsi 4 duong: y="f(x),y=9(x), ¥ y = f(x)

b
x=a, x=b (a<b) duoc tinh bai cong thuc: S:ﬂf (x)-g(x)|dx (1) %

Buéc 1. Xac dinh y = f (x), y=g(x), x=a, x=b theo hinh v& o y=9@
Néu hinh phang gi¢i han khong da 4 duong thi a 1a hoanh do giao diém cuc
tréi (nho nhat) va b 1a hoanh do giao diém cuc phai (I6n nhat) cua 2 duong y = f (x), y =g(x)
Buwéc 2. Lap cdng thic tinh dién tich (1) va tinh két qua
a)Co thé ap dung phuong phap trén doi véi dang toén tinh thé tich vat thé tron xoay.
b)Néu hinh phing duoc phan chia ra nhiéu phan béi cac giao diém c6 hoanh do X, X,,..., X, €[a;b]thi ding
cbng thire phan doan tich phan:

S:j]f (x)—g(x)‘dx:]:‘f (x)—g(x)‘dx+®f (x)—g(x)‘dx+...+j.‘f (x)—g (x)|dx

Ol a b =

Xétdau f(x)—g(x) trén timg doan tich phan dé bo dau gia tri tuyét doi.
Trén doan [m;n]:
Néu f(x)-g(x)>0 (dwong y = f(x) nam phia trén duong y = g(x)) thi [f (x)—g(x)|= f (x)—g(x)

Néu f(x)—g(x)<0 (dudng y= f (x) ndm phia duéi duong y = g(x)) thi ‘f(x)—g(x) =g(x)—f(x

Vidu 43: Goi$ la dién tich hinh phang (H) giéi han boi cac duong y = f(x) truc T4
0 2
hoanh va hai duong thang x =—1, X =2 (nhu hinh v&). Bat a= [ f (x)dx,b=[ f (x
-1 0

ménh dé nao sau ddy dung? -1

A.S=b-a. ERSI== = Y

C.S=a-b. D.S=b+a. ; -

= Loi gidi
Ta thay:
Hinh phing dugc gi6i han boi 4 duong: y = f (X), truc hoanh Ox:y =0, x=a, x="b
2
Viy din tich hinh phang da cho 1a S= [ |f (x)—0|dx
Do hinh phang duoc phén chia ra 2 phér_l boi giao diém O c¢6 hoanh d6 x =0 nén
2 0 2
S= Hf (x)-0|dx = Hf (x)—0|dx+J'|f (x)—0|dx
-1 -1
0 2
= [[0—f (x)]dx+ [[ £ (x) o]dx_-j dx+j X)dx=-a+b (Chon A)
-1 0
Vidu 44: Goi S I dién tich mién hinh phang duqc to dam trong hinh Vvé. y
Ménh dé nao dung? y=f(x)
1 2 ‘
A S=- I (x)dx—| f (x)dx B Szjf(x)dx —If(x)dx /_ Ol N

-1
1 2
f(x)dxD. S :I f (x)dx +j f (X)dx
1
, = Loi gidi
Ta thay:
Hinh phing dugc giéi han boi @b thi ham s6 y = f (x) vatruc hoanh Ox:y =0
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Giao diém cuc trai c6 hoanh d6 x = -1, giao diém cyc phai c6 hoanh do x=2.
Vay dién tich hinh phing da cho 1a S= ﬂ f (x)—0]dx
Do hinh phing duoc phan chia ra 2 phéﬁ boi giao diém c6 hoanh d6 x =1 nén
S= j‘| f (x)-0|dx = hf (x)—0|dx+i|f (x)—0|dx

3 e

1 2 2
= [[ f(x)—0]dx+[[0—f(x)]dx= j dx—[ f(x)dx (Chon B)

-1 1 1
Vi du 45: Dién tich phan hinh phing gach chéo trong hinh vé bén dugc tinh theo 4
cong thirc nao dudi day?

A. i(Zx—Z)dx. B j
) 2
D. |

1

(2x2—2x—4)dx. -?

C. I(—2x2+2x+4)dx. (—2x+2)dx. =y <3
-1
, > Loi gidi

Ta thay:

Hinh phang duoc gidi han béi 2 d6 thi ham s6 y =x? —2x—1, y=—x*+3

Giao diém cuc trai co hoanh d6 X = -1, giao diém cuc phai c6 hoanh d6 x =2 va hinh phang khdng bi
phan chia.

Vay dién tich hinh phang da cho 1a

S= ” X* —2x—1)—(—x +3‘dx_f[ x2—2x—1)—(—x2+3)]dx=J%(2x2—2x—4)dx (do trén doan
he O

[—1, 2] phan do thi y=-x?+3 nam trén do thi y = x* —2x—-1). (Chon B)

2. TINH DIEN TICH HINH PHANG GIO1 HAN BOT CAC PUONG CHO BANG CONG THUC

Phwong phdp: Dung Dinh i 1

Buwdc 1. Xac dinh y= f (x), y=9(x), x=a, x=b

Néu hinh phang gigi han khong dii 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x=a, x=b) thi
ta thuc hién nhu sau:

Gidi phuong trinh f (Xx)—g(x)=0, tim c4c nghiém X, X,,..., X, (§oi 1 céc hoanh d¢ giao diém) > Chon
can dudi trong cong thac (1), (2) la s6 nho nhat va can trén 1a s6 16n nhat trong cac sé6 a,b (néu co),

X(s Xgyeons X
Buwéc 2. Lap cdng thic tinh dién tich va tinh két qua

Vidu46: Tinh dién tich hinh phang gi6i han boi ham s6 y=x*—4x?+4, y=x? duong thang x=0,
x=1.
7 . Loi gidi
Hinh phang da cho giéi han du 4 duong.
1 1
Dién tich hinh phang dd cho 1a S = ﬂx“ —4X* +4- xz‘dx = Hx“ —5%% +4{dx = %
0 0
Vidu 47: Tinh dién tich hinh phang gisi han bai d6 thi ham sé y = x* —4x+3, truc hoanh va hai duong
thang x=1,x=2.
s Loi gidi
Truc hoanh c6 phuong trinh y =0. Hinh phang da cho gidi han du 4 duong.

Dién tich hinh phang di cho 1a S :ﬁ(x2 —4x+3)—0‘dx:ﬂx2 —4x+3‘dx=§.
1 1
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Vidu 48: Tinh dién tich hinh phang gisi han bi cac duong cong y =x(1-x) va y = x*—x.
9 = Loi gidi
Hinh phang da cho gidi han khong du 4 duong.
Gidi phuong trinh hoanh d6 giao diém cta 2 dudng y =x(1-x) va y =x>-x
x=0
Ta co: x(l—x)—(xg—x):O@x3+x2—2x:0c> X=-2=a
x=1=b

Vay dién tich hinh phang da cho 1a S = _j]x(l— x)_(x3 _ x)‘ dx = DXB +x2—2x|dx = i—;

3. TINH THE TICH VAT THE TRON XOAY

Phwong phdp: Dung dinh li 2

Thé tich khéi tron xoay duogc sinh ra khi quay quanh truc Ox hinh phiang
giGi han boi cac duong: y = f (x), Ox, x=a, x=b (a<b) duoc tinh boi

cong thuc:

V= ;zi[ f ()] dx (3)

Buwgc 1. Xac dinh y= f (x), Ox:y=0, x=a, x=b

Néu hinh phang gigi han khong dii 4 duong nhu trén (thiéu it nhat 1 trong 2 duong thang x=a, x=b) thi
ta thuc hién nhu sau:

Giai phuong trinh f (x) =0, tim cc nghiém X, X,,..., X, (goi 1a c4c hoanh d¢ giao diém) > Chon can dudi
trong cdng thic (1), (2) 1a s6 nho nhét va can trén 1a sé 16n nhat trong cac s6 a,b (néu o), X, X,,..., X,.

Buwéc 2. Lap cong thic tinh thé tich (3) va tinh két qua

Vidu 49: Tinh thé tich khéi tron xoay sinh ra khi quay hinh phang gisi han béi cac duong sau xung quanh
truc Ox: y=x*+3, y=0, x=0, x=2.
7 = Loi gidi
Hinh phang da cho gidi han du 4 duong nhu Dinh |i 2.
2
Thé tich khdi tron xoay dd cho 1a V = ﬂ'J-(XZ + 3)2 dx = % Vi
0
Vidu 50: Tinh thé tich cia vat thé tao nén khi quay quanh truc Ox hinh phang D giéi han boi do thi
(P):y=-x*+2x vatruc Ox.
7 > Loi gidi
Hinh phang da cho gidi han khong du 4 duong nhu Dinh |i 2.

9 4 <
Giai phuong trinh hoanh d¢ giao diém cua 2 duong y =—x*+2X va “
y=0

) ) x=0=a

Taco: X" +2x=0&
x=2=b
e LA p 2\2 167
Thé tich khdi tron xoay da cho 1a V = 7 [(2x-x*) dx = T '
0
H’}n/’y .;',
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PHAN< HINH HOC VA PO LUONG
CHUONG = VECTO VA HE TOA PO TRONG KHONG GIAN

BAI 1: VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

IBVecto trong oo 7
Vecto trong khong gian la mot doan thang c6 huéng.
g?éc khai niém lién quan dén vecto trong khong gian dwoc dinh nghia twong tw nhw vecto trong mat
phang: : e o
* Gia vecto la duong thang di qua diém dau va diém cudi cua vecto.
e Hai vecto duoc goi 1a cung phuong néu gia cua ching song song hoic tring nhau.
* Hai vecto cung phuong thi ching cung huéng hoac ngugc hudng.
e Hai vecto duoc goi 12 bang nhau néu ching cing huéng va cing do dai.
e Hai vecto dugc goi 1a d6i nhau néu chiing nguoc hudng va cing do dai.
* Vecto c6 diém dau tring diém cudi duoc goi 1a vecto-khong. Vecto-khong cling phuong, ciing hudng Véi
moi vecto.
Tf)ng va hiéu cua hai vecto.
Tong cua hai vecto
Trong khéng gian, cho hai vecto &b . Ly diém O bt ki va hai diém A, =y =
Bbsao cho OA=4, AB =b . Ta goi OB la téng cua hai vecto @ va b , kihieu >
a+b. A4 b B
Phép Iy tong cua hai vecto duoc goi 1a phép cong vecto. Gy B

Hiéu cua hai vecto 0

Trong khong gian, cho hai vecto a,b . Ta goi a+(-b) 1a hiéu cua hai

tich ctia vecto véi mét so.

vecto @ va b, ki hieu a-b .
Phép lay hiéu cta hai vecto dugc goi 1a phép trir vecto. A

i Y _
. : ‘ \, d-b
Tich cra vecto véi mot so 0< \
Trong khong gian, cho s thuc k # 0 va vecto d#0. ; Mp
1

’ Tich cua sb k véi vecto d 1a m@t vecto, ki hiéu ka , S:img huéng véi a
néu k >0, ngugc hudng voi @ néu k <0 va co d6 dai bang |k |.|a].
(a)Céc tinh chat vé phép toan vecto trong khong gian twong tu nhu trong mat phang
(b)Hai vecto @ va b (b khac 0) cung phuong khi va chi khi c6 sé k sao cho a=kb .
(c)Ba diém phan biét A, B,C thing hang khi va chi khi c6 sb k khac 0 dé AB=kAC .

Cdc quy tic vé phép todn vecto.

Vi ba diém A, B,C . Ta co:

1.Quy tédc ba diém

AB+BC = AC.
-
B
A
2.Quy tdc higu | V6ibadiém A B,C.Taco:
vecto AB— AC =CB. _
(
B
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A D

3.Quy tdc hinh Néu ABCDIa hinh binh hanh thi ta c6
binh hanh AB + AD = AC.

B C

Cho hinh hop ABCD-A'B'CD’'. Ta cb:

4.Quy téc hinh hép Ry By i [

Néu M la trung diém cua doan thang AB thi

SQuy tac Trung | yA L MB =0 va A M B
diém dogan thang

IA+1B=2.IM, VI
, Néu G la trong tdm cua tam giac ABC thi y
6.Quy tac trong GA+GB+GC =0 va
tam tam giac — -
IA+1B+IC =3.IG, VI B A c
A
) Néu G la trong tam cua tu giac (hay ta dién) N
7.Quy tac treng | ABCD thi
tam i giac (UF | GA 4 GE+GC+GD=0 va
dign) - T D
IA+IB+IC+ID=4.G, VI B
M

XMl Tich vo huwéng cia hai vecto
GOc giita hai vecto trong

Trong khong gian, cho i va V 1 hai vecto khac 0. LAy mot diém A bat ki, goi
B va C 1a hai diém sao cho AB =, AC =V . Khi do, ta goi BAC la géc giira hai
vecto 0 va v, ki hiéu (G,V).

0" <(d,v)<180’; ~

Néu (U,\7)=90° thi ta ndi U va vV vudng goc vai nhau, ki hiéu U L v .

Cuia hai vecto

Trong khong gian, cho hai vecto U va vV khac 0. Tich vo huéng cta hai vecto G va V 1a mot sd, ki hiéu
-V, duoc xac dinh boi cong thac
G-V = [a]{9|-cos(d,V).

(1) Trong trudng hop G =0 hodc V=0, ta quy wéc G-V =0.
() G-G=0*4uf; i2>0; i’=0<0=0
(3) Voi hai vecto i va v khac 0, tac6 cos(t,V) = ‘H”‘i‘ .

ul|v
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(4) Vé6i hai vecto G va V khac 0,tacé U LV < G-V=0.

Twong ty nhu trong mét phing, tich vd huéng cua hai vecto trong khong gian ciing c6 cac tinh chat sau:
Véi ba vecto &,b,¢ vasd k, ta co:
(1) a-b=b-a (2)5-(5+6)=é~5+é-6 (3)(ké)-5=k(é-6)=é-(k6).

Vidu 51: Cho hinh hop ABCD.A'B'C'D’. Tinh tbng AB+AD+ A'C'.
D

CI
= Loi gidi
Theo quy tic hinh binh hanh ta c6, AD + AB = AC .

Vidu 52: Cho khéi 1ap phwong ABCD.A'B'C'D’ . Tinh géc giira vecto AB va vecto AD .

= Loi gidai
A B
D : C
A ) _________________ B
D C

Taco (E;ﬁ): DAB

Tathdy AB_L AD = DAB=90°. Viy (E; ﬁ) =90°
Chon A
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BAI 2: TOA PO CUA VECTO TRONG KHONG GIA

(MlH¢E toa do trong khong gian

Trong khong gian, cho ba truc Ox,0y,0z d6i mot vudng goc. 2)
Goi 1, j,k lan lugt 14 ba vecto don vi trén cc truc Ox,Oy,Oz . Hé
ba truc nhu vay dugc goi la hé truc toa do Descartes vudng goc

Oxyz trong khong gian hay goi don gian la h¢ to do Oxyz . 1‘ ,
* biém O dugc goi la goc toa do. . A
e Cac truc Ox,0y, 0z duogc goi la cac truc toa do. Lt)@ K“L& 2
* Cac mat phang (Oxy),(Oyz),(Ozx) doi mot vudng goc véi =~ J T

nhau duoc goi 1 c4c matphang toa do.
* Khong gian vai hé toa d6 Oxyz con dugc goi la khdng gian Oxyz .

— —

*Vii,j Kk labavecto don vi d6i mot vudng géc véi nhau nén i2 = j2=k?=1vai-j=j-k=k-i =0.
Ml Toa do ciia diém va vectc

Trong khong gian Oxyz, cho diém M . Néu OM = xi +yj +zK thi ta goi bd
ba sb (X;y;z) 1a toa do cua diém M ddi véi hé truc toa do Oxyz va viét
M =(x;y;z) hoac M(x;y;z); x la hoanh d¢, y la tung do, z 1a cao d¢ cua
diém M .

Trong khong gian Oxyz , cho vecto d. Néu @ =a,i +a,] +a,k thi tagoi bo ba

o

s0 (a,;8,;8,) latoa do clia vecto d doi véi hé toa do Oxyz va viét
d=(a;a,;a,) hoic d(a,;a,;a;).

(1) Toa d6 cia diém M 14 toa do ciia vecto OM , tic la M =(x;y;2) < OM =(X;y;2).
) _ [a=h
(2) Cho a=(a;;a,;a;), b=(b;b,;b,). Khido: a=b < 1a, =b,
a, =h,
TOA PO CAC PIEM PAC BIET
Diém thugc truc toa do Diém thujc mat phing toa dp
M € Ox < M (x;0;0) M €(Oxy) < M (x;y;0)
M €Oy < M (0;y;0) M e(Oxz) < M (x;0;2)
M €Oz < M (0;0;2) M €(Oyz) < M (0;y;2)

Hinh chiéu ciia diém 1én mat phang toa dé, truc toa dg

Hinh chiéu cia diém | (OXY) 12 H(a;b;0) Hinh chiéu cia diém | OX 12 H(a;0,0)

M (a;b;c) 1én MP toa | (Oxz) la H(a;0;c) M (a;b;c) léntructoa | Oy la H(0;b;0)

do: (Oyz) la H (0;b;c) do: Oz la H(0;0;c)

Diém doi xirng cia 1 diém qua mat phang tea dé, truc toa dé

Hinh chiéu cia diém | O% 12 M'(a;-b;—c)

Piém déi ximg cua diém | () 12 M'(a;b;—)

M (a;b;c) qua mat (Oxz) la M '(a;-b;c) M (a;b;c) quatryctoa | Oy la M '(—a;b;—c)

C
c

b
phang toa do: (Oyz) 1a M '(—a;b;c) do: Oz la M '(—a;-b;c)
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BAI 3: BIEU THUC TOA PO CUA CAC PHEP TOAN VECTO)|

MlBicu thirc toa d§ ciia tong, hi¢u hai vecto va tich ciia mdt s6 véi mdt vecta
Trong khong gian Oxyz , cho hai vecto @ =(8,;a,;a,) va b =(b;;b,;b,) va sé thuc k . Khi do:

a+b=(a +b;a, +b,;a,+b,) d-b=(a,-b;a, —b,;a,-b) ka = (ka,; ka,; ka;)

Cho hai vecto d=(a,;a,;a,) va b =(b;b,;b,),b =0.

a, = kb
Hai vecto d va b ctng phuong khi va chi khi ton tai s6 k sao cho {a, =kb,
a, = kb,
hay 2-2_% (1 pb, 0)
b2 b3

yBlIBi¢u thirc toa dd ciia tich vo hwéng
Trong khdng gian Oxyz , tich vé huéng cia hai vecto @ =(a;;a,;a,) va b =(b;;b,;b,) dugc xac dinh boi

cong thuc a-b =ab, +a,h, +ah,.

(1) @Lb < ab +ab, +a, =0, (ab khic 0)
@) |al =& & +a
?3) cos(a,B): iiki _ ab, +a,b, +ah,
‘aHb‘ Jal +a +al -\ b7 +b? +b?
3.
(1) AB =(Xg—Xui Yo — YaiZs — Zn)-
(2) AB:‘E‘:J(XB—XA)2+(yB_yA)2+(ZB_ZA)Z .

(3) Toa d6 trung diém M cua doan thang AB 1a M (XA ; Xo YatY¥s . Zat 2y j

,(a,b khac 0).

2 2

3 3
(5) Ba diém phan biét A, B, C thing hang khi va chi khi AB, AC cung phuong hay AB =k.AC, k e R

(4) Toa do trong tim G cua tam giac ABC I G(XA“;BJFXC Yt Yt ¥e -ZA”B”CJ.

Vi du 53: Trong khong gian Oxyz, cho hai vecto d =(2;-15) va b =(0;-2;—4). Tim toa d6 cua cic vecto
sau: d+b, 25—%5.
= Loi gidi
Ta co:
a+b=(2+0;(-1)+(-2);5+(-4))=(2-31).
2d =(4,-2,10), %6 =(0;-1-2). Do do: 23—%6 =(4,-112).
Viduy 54: Trong khong gian Oxyz, cho ba diém A(1;2;-1), B(2;-13) va C(-3;5;1). Tim toa d¢ diem D
sao cho AB=2DC .
= Loi gidi
Goi D(x;y;z) 1a diém cén tim.
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Tacé: AB=(L-3;4), DC =(-3-x5-y;1-2).

7
X=——

1=2(-3-x) 2

Tu gidc ABCD 1a hinh binh hanh < AB =2DC < {-3=2(5-y) < y=§ .
4:2(1—2) z7=-1

7.13
Vay D| ——;—;-1].
iy o -22:-1)

Vidu 55: Trong khong gian Oxyz , cho tam giac ABC biét A(1;0;-2),B(2;1;-1), C(1;-2;2). Tim chu

vi cua AABC.
w Lot gidi
Theo cdng thice tinh d6 dai ta dugc

AB = \/(2—1)2 +(1-0)" +(-1+2)" =43; BC=+1+9+9=410; AC=+0+4+16=25.
Chu vi cia ABC : /3 ++/10+245.
Vidu 56: Trong khong gian Oxyz, cho ba diém A(2;-15),B(5,-5;7), M (X; y;1). Véi gia tri nao cia X ,
ythi A,B, M thang hang.

= Loi gidi
Taco AB=(3-4;2), AM =(x—-2;y+1-4).
2 N D AN X-2 y+1 -4 Xx=-4
A,B,M th hang. < AB, AM h —_—=— = .
ang hang. < cung phuong < 3 2 5 <:>{y=7
Vidu 57: Trong khong gian Oxyz, cho A(-1-2;3), B(0;3;1), C(4;2;2). Tinh s6 do BAC .
= Loi gidi
Taco: BAC =(AB,AC)
AB=(15-2), AC=(54;-1)
_ ABAC _ 15+5.4+(~2)(-1) _ 935
|ABJ|AC| 1?45+ (<2) [5* + 42+ (-1 O
Vay BAC = (E,A—c) ~ 40°29'

COS(E,A—C)
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CHUONG = PHUONG TRINH MAT PHANG, PUONG THANG, MAT CAU

BAI 1. PHUONG TRINH MAT PHANG|

MV ecto phap tuyén va cip vecto chi phwong
* Vecto fi khac 0 va cé gia vudng goc véi mat phang (a) duoc goi 1a vecto phdp tuyén cia mat phang («)
* Néu hai vecto & V& b khéng ciing phwong va gid cua ching song song hoic nam trén mat phing(e) thi

a,b duogc goi la cap vecto chi phwong cua mat phing (a) :

(1)Néu n 1a mot vecto phap tuyén cua (a) thi k-i (k#0) ciing 1a mot vecto phap tuyén cua (o) (NOi

cach khac, mot mit phang c6 vo sb vecto phap tuyén va ching cung phuong nhau)
(2) Mot miat phiang hoan toan duoc xac dinh khi biét mot diém va mot vecto phap tuyén cua n6, hoic biét
mot diém va mot cip vecto chi phuong cua mat phang doé.

YA Tich c6 hwéong caa 2 vecta
Trong khong gian Oxyz , cho hai vecto & =(a,;a,;8,) va b=(b;b,;b,).
Vecto fi = (a,b, —ajb,;ahy —abs;ab, —a,b;) duoc goi la tich cé hwdng ciahai & va b, ki hieu 1 [ &,b]

A . P a, & 8 &
2 = G : ; . J = My T A, = —CiS% .
(1)Biéu thic ab, —a,b, thuong dugc ki hiéu Tuong tu a,b, —ab ab —ab
1 ™2 b2 b3 b3 bl
= a
Nhu vay: [é,b]z 2 % a3 a1 | %
b, b, ‘o, b,
(2)d cung phuong véi b <:>[a b] 0 il

(3)Néu i :[a,b] thi vecto fi vudng goc véi ca hai vecto & va b

B
(4)Néu mat phang (a) nhan hai vecto & va b lam cap vecto chi phuwong thi 4E< /
« C

() nhan fi= [é, 5] lam vecto phap tuyén.

<MPhuong trinh tong quat ciaa mit phang

Trong khang gian Oxyz , m3i mat phing déu c6 phuong trinh dang Ax+By+Cz+D =0 (1), véi A, B, C
khénﬁ ddng thoi bang 0, duoc goi 1a phwong trinh téng quat cua mat phang.

(1)Mbi pillIO’ng trinh Ax+By+Cz+D=0 (véi A B, C khong dong thoi bang 0) déu xac dinh mot mat
phang nhan fi=(A;B;C) lam vecto phap tuyén.

(2)Cho mit phang (&) c6 phuong trinh Ax+By+Cz+D=0 .

Khi d6: Ny(Xo; Yo: Z,) €(@) < AX, +By, +Cz,+D =0

(N6i cach khac, Mot diém thuoc mot mat phang khi chi khi toa do cua diém thoa man phuong trinh cta
rl_nne_‘lr':hp;héng. Khéi quat, Mot Biem thuoéc mot Hinh khi chi khi toa d6 cua Biém théa man phuong trinh ctia

(3)Mat phang(o) qua M (X,; Y,:Z,) va c6 vecto phap tuyén n=(A; B;C)c6 phuong trinh 1

A(X=%,)+B(y—Y,)+C(z-2,)=0(2) <= Ax+By+Cz+D=0, véi D=-Ax,—By,—Cz,

(4)Phuong trinh mat phang trong cac trwong hep da biét:

Tinh chat mit phing Phwong trinh Hé sb
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(@) di qua/chira goc O. (a): Ax+By+Cz=0 D=0

(a) song song hogc chira Ox. (a):By+Cz+D=0 A=0 (Chta Ox khi D=0)
(«) song song hodc chira Oy . (a): Ax+Cz+D=0 B =0(Chua Oy khi D=0)
(«) song song hodc chira Oz. (a): Ax+By+D=0 C =0 (Chua Oz khi D=0)
(«) song song (Oxy). (a):Cz+D=0 A=B=0

(«) song song (Oxz). (a):By+D=0 A=C=0

(«) song song (Oyz). (a): Ax+D=0 BEICET

Phuwong trinh cdc mét phing tpa dp: (Oyz):x=0; (Oxz):y=0; (Oxy):z=0

(5) Phwong trinh theo doan chan:
Mit phing cét cac truc toa d Ox, Oy, Oz lan luot tai cac diém A(a;0;0), B(0;b;0),C(0;0;¢) cé phuong

trinh dang: X Y, 2 (3) (a#0,b=0,c=0) (goi la phuwong trinh mdt phing theo dogn chin)
a C

MlDiéu kién dé hai mit phiang song
Cho 2 mit phang (a;): AX+By+C,z+D, =0 va (,): AX+B,y+C,z+D, =0 lan luot c6 vecto phap

tuyén la i, =(A;B;C,), 0, =(A,;B,;C,). Khi do:

1 n =kn, :B;;C,)=k(A,;B,;C
(Otl)ll(ocz)@{nl kn, @{(A& i) =k (A, 2)@ﬁ=5:&¢3,(AZ.BZ.CZ.DZ;to)
D, #k.D, D, #k.D, A, B, C, .
2 n =kn. :B:C,)=k(A:B,:C
(%)E(%)@{nl . @{(A i G) =k (AE, Z)Qﬁzﬁzﬁzﬂ,(Az.Bz.cz.Dz;to)
D,=kD, |D =kD, A B C, D,
3 ().(e,) catnhau <7, va i, khong cung phuong
4 | (e)L(ct) = M, =0< AA,+BB,+CC, =0
Al hoang cach tir mdt diém dén mdt mit phang
Khodng céach Céch tinh & Cbng thsc
1.Khod ach ta jé)
oang - cach — tr  diem |AX, + By, +Cz, +D|
M (X YeiZ,) den mgt phang d(M,(a)):
JA? +B?+C?

():Ax+By+Cz+D=0

Céach 1: Bang khoang céch tir 1 diém thuéc mit phang nay dén mit

phang kia.
LAy M (X,; Yo:Z,) €(B) . Khi dé: d((a),(B))=d(M;(a))

2.Khodng céach gi#a 2 mat phang

song song:
():Ax+By+Cz+D=0

va (B):A'x+B'y+C'z+D'=0
Véi (A;B4CY)=k(A;B;C)

Céch 2: Bong nhét hé s6 clia phuong trinh 2 mat phang: ’
Bién doi 2 phuong trinh ctia 2 mat phang sao cho cac hé so cua
X, Y,z tuong g bang nhau. Chang han (a):Ax+By+Cz+D=0

va (f):Ax+By+Cz+D,=0

K do: d((«);(8)) =—2=2

JA? + B? +C?

Mo ACBIET

Khodng cich tiv diém

Dén

B&ng

M (X5 Yo s Zw)

Gobc toadd O

2 2 2
\/XM +Yu’ +2y,

Truc toa do Ox

IV’ +2,° (cho

hoanh do bang 0)
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Mgt phang toa d6 (Oxy) | \[z,,% =|z,,| (cho hoanh 6 va tung do bing 0)

CAC DANG TOAN THUONG GAPIE "
1. XAC DINH VECTO PHAP TUYEN CUA MAT PHANG

(1)Vecto fi khéc 0 va c6 gid vudng géc voi mit phang (o) dugc goi la vecto phdp tuyén caa mat phing («)

(2)Néu mit phang (ar) nhan hai vecto & va b 1am cip vecto chi phuong thi () nhan A = [3,5] lam vecto
phép tuyén

(3)Néu mat phang (&) c6 phuong trinh Ax+By+Cz+D =0 thi vecto fi=(A;B;C) la mot vecto phap tuyén
ctia mat phang (@)

(4)Mat phang (Oxy) c6 vecto phap tuyén la k = (0;0;1).
Mt phing (Oxz) c6 vecto phap tuyén la j = (0;1;0).
Mt phing (Oyz) c6 vecto phap tuyén Ia i=(10;0).

Vi du 58: rong khong gian Oxyz , cho mat phang (P):3x—y+2z—-1=0. Vecto nao dudi ddy khong phai la
mot vecto phap tuyen caa (P) ?
A. n =(-31L-2). B. n,=(312) C.n,=(3-12) D. n, =(6;-2;4)
w Loi gidi
Dua vao phuong trinh (P):3x—y+2z—1=0, ta thy véc to phap tuyén cua (P) 1&: ns = (3,-12)
ﬁ; = (-3;1;,-2) =-1(3;-1;2) la mot vecto phap tuyén cia (P)
n, = (6;-2;4) = 2(3;~1;2) 1a mét vecto phéap tuyén cua (P)
Vidu 59: Trong khong gian Oxyz, cho hai diém A(2;L-3), B(0;-2;5). Xéc dinh mét vecto phap tuyén
ctia mat phang («) vudng goc véi duong thang AB .
w Loi gidi
Puong thing AB la gia cua AB.
Do mit phang (&) vudng goc véi duong thang AB nén mot vecto phap tuyén cia mat phang («) la
AB =(-2,-3;8)
Vidu 60: Trong khong gian Oxyz, mat phang (a) song song Véi gia cua hai vecto
d=(1-2;3), b =(3;0;5). Tim vecto phap tuyén caa mit phang (e ).
= Loi gidi
Do mit phang (er) song song véi gié ciia hai vecto @ va b nén & va b 1a cap vecto chi phuong ciia mat
phing ()
Vay vecto phap tuyén ciia mat phang («)la fi = [é, b } =(-10;4;6).

2. XAC BINH PIEM THUOC MAT PHANG
Cho mét phang () c6 phuong trinh Ax+By+Cz+D=0 .
Khi d6: No(Xo; ¥oi Zo) € () < Ax, + By, +Cz,+D =0
(NGi cach khéc, Mot diém thuoc mot mat phang khi chi khi toa do cua diém thoa man phwong trinh cua

mat phang. Khai quéat, Mot Biém thuoc mot Hinh khi chi khi toa do cia Diém thoa man phuong trinh cua
Hinh)

Vidu 61: Trong khong gian N (0;8;0)(Q,), diém nao dudi day nam trén mét phang (Q,)//(Q,).
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A. 1(0;5,0). B. MN . C. (P). D.
(P):3x—y+4z+5=0.

w Loi gidi

+ Thay toa do diém m,n vao phuong trinh mat phing (P,):mx+2y+nz+1=0 ta dugc
(Qn):x—my+nz+2=0 nén (a):4x—y-62+3=0.

+ Thay toa d6 diém m+n vao phuong trinh mit phang m+n=0 ta dugc m+n=2 nén m+n=1.

+ Thay toa d6 diém m+n =3 vao phuong trinh mit phang (P,):mx+2y+nz+1=0 ta dugc n, (m;2;n)
nén (Q,):x—my+nz+2=0.

+ Thay toa d6 diém n, (1,—m;n) vao phuong trinh mat phing (e): 4x—y -6z +3=0 tadugc n, (4;-1-6)
nén (P,).
3. LAP PHUONG TRINH MAT PHANG. ] ]
Cdch 1: Xdac dinh 2 yéu to co ban cua mat hdn la Diém di qua va vecto phap
Buwdc 1. Tur gia thiét, xac dinh cac vecto va cac yéu to khac (néu can)
Budc 2. Xéc dinh toa do diém M (x,;Y,;2,) Vva toa dd vecto phap tuyén n=(A;B;C) clia mt phang

Buéc 3. Thay vao phuong trinh A(X—X,)+B(y—Y,)+C(z—2,)=0, Thu gon vé phuong trinh tong quat

Dang | Piéu Kién xdc dinh mdt phang (&) (gid thiét cho) Di qua diém Vecto phdp tuyén

1 Qua M vasong song (B): Ax+By+Cz+D=0 M n,=n,=(AB;C)

. Qua M va vuéng géc dwong thang AB M E = AB
Qua M va vuéng goc dwong thang (d) M n, = a,

3 La mgt phang trung triec doan AB M a trung diém AB | n_ = AB

4 Qua 3 diém A, B, C A(hayB,hayC) | n,=| AB,AC]
Qua A, B va song song CD A (hay B) n,= :E @}
Qua A, B va song song (d) A (hay B) Ez :ﬁ i]

° Chira (d) va song song AB Ldy M e (d) n,=|a, AB|
Chita (d) va song song (d’) Lay M e (d) EZ :a, a}
Qua 2 diém M, N va vudbng goc mat phang(f) M (hay N) n,= :W @]

° Chiza (d) va vudng goc mat phang (f) Lay M e (d) n,= :a@]

7 Qua diém M va vubng goc 2 mat phang (5), () M n,= _@’rﬂ

8 Qua diém M va song song 2 dieong thing (@), @) | M n,=|aa, |

9 tth%crz]gd‘z(‘(e;r)n M, vubng goc mp(p) va song song diwrong M EZ :a@]

10 Chita (d) va di qua M € (d) M hay Ldy N &(d) E: [W,a}

Bwdc 1. Goi mit phang da cho c6 phuong trinh dang: Ax+By+Cz+D =0

Buwdc 2. Tir gia thiét, xac dinh 4 hé s6 A, B, C, D (kiém tra diéu kién, néu c6)

Bwoc 3. Thay vao phuong trinh Ax+By+Cz+D =0

Néu mat phang khong qua gbc toa dd O thi phuwong trinh mét phang dugc bién dbi vé dang ax+by +cz =1

(4).
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Khi mat phfmg duoc xac dinh boi 3 yéu td thi ta 1ap duogc hé phuong trinh bac nhét 3 4n a, b, c. Giai hé
phuong trinh tim a, b, ¢ rdi thay vao phwong trinh (4) va thu gon va phuong trinh dang tong quat.

Vidu 62: Trong khong gian Oxyz , 1ap phuong trinh mit phang () qua diém A(—11;2) va song song véi
mat phang («):2x-2y+z-1=0
w Loi gidi

Céch 1.

Mat phang () c6 vecto phap tuyén n, =(2;-2;1)

Do mit phing (/) song song mat phang () nén mat phang () nhan n, =(2;,-2;1) lam vecto phap
tuyén.

Ma mit phang () qua diém A(-11;2)

Vay phuong trinh mét phang (B) 1a 2(x+1)-2(y-1)+1(z-2)=0<2x-2y+z+2=0

Céch 2.

Do mat phang () song song mit phang (&) nén mat phang (3) cé phuong trinh dang

2X—2y+z+m=0, voi m=-1.

Ma () di qua diém A(-L12) nén —2-2+2+m=0< m=2 (nhan)

Vay phuong trinh mit phang (B) la 2x—2y+z+2=0.
Vidu 63: Trong khong gian Oxyz, viét phuong trinh mdt phang (ABC), véi A(-10;3), B(2-11),
C(%-10).

w Loi gidi

Céch 1.

Tacé AB =(3;-1-2); AC =(2-1-3)

Do mit phing (ABC) chia AB, AC nén mat phang (ABC) ¢ vec to phép tuyén
n= [E; @J =(-1-51).

Ma mét phang (ABC) qua A(-10;3)

Vay phuong trinh mit phang (ABC) Ia —(x+1)-5(y—0)+1(z-3)=0< x+5y-z+4=0

Céch 2.

Gia sir mat phang (ABC) ¢6 phuong trinh dang ax+by +cz =1 (*) (gia str mit phiang khong qua O)

Do mit phang (ABC) qua A, B, C nén thay toa do 3 diém A, B, C vao phuong trinh (*) ta ¢6 hé phuong

-a+0b+3c=1 L 51
trinh: <2a-b+c=1 @(a;b;c):(__;__;_j
4 44

a-b+0c=1

Vay phuong trinh mat phang (ABC)Ié —%X—%y+%2 =1 X+5y-z+4=0

Vidu64: Trong khong gian Oxyz, cho hai diém A(2;4;1),B(-11;3) va mat phang
(P):x—3y+2z-5=0. Lap phuong trinh mat phang (Q) di qua hai diém A, B vavudng goc véi mat phang

(P).

Cach 1.
Tacé: AB=(-3;,-3;2), vecto phap tuyén caa mp(P) Ia n, =(1,-3;2).

= Loi gidi
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Do mit phing (Q) di qua hai diém A,B va vudng géc voi mat phing (P) nén AB, n, la cap vecto chi
phuong cia mp(Q). Suy ra, n= [ﬁ E] =(0;8;12) la vecto phap tuyén ciia mp(Q).

Mit phang (Q) di qua A(2;4;1)

Vay phuong trinh mét phang (Q)la 0(x—2)+8(y-4)+12(z-1)=0<2y+3z-11=0.

Céch 2.

Gia sir mt phang (Q) c6 phuong trinh dang ax +by +cz =1 (gia st mt phiang khong qua O)

Ta co:

Mt phang (Q) qua diém A(2;4;1) nén 2a+4b+c=1 (1)

Mit phang (Q) qua diém B(-1;1;3) nén —a+b+3c=1 (2)

Mit phing (Q) vudng goc mét phang (P) nén a.l+b(-3)+c.2=0 (3)

Giai hé phuong trinh (1), (2), (3), tadugc: a=0, b= %—, c :%

Vay phuong trinh mit phang (Q) la O.X+% y+% 2=1<2y+32-11=0

Khi giai cach 2 ma h¢ phuong trinh khong giai duogc (khi d6 mat phang di qua goc O ) thi ta phai giai bang
cach 1.

4. TINH KHOANG CACH
Vi du 65: Trong khong gian Oxyz, cho mat phang (P):2x—2y+z—1:0. Tinh khoang céch tir diém
M (-1;2;0) dén mat phang (P).
= Loi gidi
2.(-1)-2.2+0-1 5
\/22 +(=2) +22 3

Vidu 66: Trong khong gian Oxyz, tinh cach gitta hai mat phang (P):x+2y+2z-10=0 va
(Q):2x+4y+4z-5=0

Taco: d(M,(P))

= Loi gidi
Céach 1.
Lay A(213)e(P). Do (P) song song véi (Q) nén khoang cach giita 2 mit phang (P), (Q) la
~ |22+4.1+43-5 5
d((P).(Q))=d(A(Q)) a4 3
Céch 2.
Taco (P):x+2y+2z-10=0<> 2x+4y+4z—-20=0 (Dong nhat hé s ctia x, y, z trong 2 phuong trinh)

Do mp(P) song song véi mp(Q) nén khoang cach gitra 2 mit phang (P), (Q) 1a
_[20-(-5) s

d((P)(Q)) m 3
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BAI 2. PHUONG TRINH PUONG THANG TRONG KHONG GIA

(RVecto chi o

* Vecto @ khac 0 va c6 gia song song hoic tring véi duong thang d dwoc goi | vecto chi phwong cia
duong thang d .

(1) Néu & 1a mot vecto chi phuong ciia duong thang d thi k.a (k =0) ciing 1a mot vecto chi phuong cia
d . (NGi cach khac, mot dudng thang ¢ vo sb vecto chi phuong va chiing ciing phwong nhau)

(2) Mot duong thang hoan toan dugc xac dinh khi biét mot diém va mét vecto chi phuong cua no.

(3) Néu duong thang d vudng goc véi gia 2 vecto U, V thi &=[U,V] 1a vecto chi phuong ctia d .
yMEPhuong trinh cia dwong thang

Puong thing d di qua M (X,;Y,;2,) Va c6 vecto chi phuong a =(a;a,;a,), co:

X=X, +at
Phuwong trinh tham sé: |y = y, +at, (t € R) @
zZ=17,+ait
Phurong trinh chinh tic: X;:(O - y;Zyo - Z;:O (a.a,.3, 20) (2)
X=t x=0 x=0
Phwong trinh cdc truc tpa djp: Ox:3y=0 Oy:qy=t Oz:{y=0
z=0 z=0 z=t
X=X, +at
(1) Cho dwong thang d c6 phuong trinh tham s6: { y =y, +a,t,(t € R). Véi mdi gid tri ciia tham s6 t duy
z=1,+apt

nhét x4c dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.

X% Y= h "% (3.a,a,0). Vi mdi giatri
| a & a
duy nhat cua cac tilé thire ta xac dinh duoc toa do mot diem thudc duong thang va nguoc lai.
XA\ tri twong doi gitra 2 dwong thang.

(2) Cho duong thang d c6 phuong trinh chinh tac:

X=X, +at
Cho hai duong thing (d):{y =y, +a,t di quadiém M (X,;V¥,;Z,), co vecto chi phuong a=(a,;a,;a,)
Z=17,+a4t

X=x'+a't'
va (d'):{y=y',+a’,t' diquadiém M'(X';;y';2'), ¢6 vecto chi phuong a'=(a';a’,;a’)
z=17'+a',t'
X, +at=x'+a’t' (1)
Xét hé phuong trinh turong giao gitra (d) va (d): (1):qy, +at=y',+a’,t' (2).
z,+at=2'+a',t" (3)

Khi do -
VI fri fwong | pidy kign
doi ’
dvad song| @a  cung  phuong  (hay | Hay: Hay:
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va va va
H¢ phuong trinh (1) vO nghiém M e(d):> M §E(d ) MM khong clng phuong
Voi a a
Hay: Hay:
gh\;i d’tring Hé phuong trinh (1) ¢ vo s nghiém \?a a cung phuong 8,a’, MM cing phuong
Me(d)=Mg(d")
Hay:
d va 4’ cht | Hé phuong trinh (I) c6 ding 1 nghiém a, a' khong cing phuong
nhau (") =(ty;t') va
(a2 MM =0
a,a' khong cung phuong (hay Hay:
d va d’ cheéo (a1 a,;a,)=k(a';a’,;ay),vkeR) a‘, a' khong cung phuong
nhau V;i -
He phuong trinh (I) vo nghiém [a, a']-MM '#0

4. [

Cho hai duong thang d, d' c6 lan luot vecto chi phuong a=(a;a,;a,), a'=(a';a’,;a’y) va hai mat
phang (a), (a') ¢6 lan luot vecto phap tuyén ﬁ:(A; B;C), H':(A'; B';C"). Khi do:

‘aa‘ |a1a +a,a',+a,a’)|
COS(d d ‘a‘ ‘a‘ \/al +a’+a; \/a'2+az +a'y’
_ ) ‘a.n‘ ) la,A+a,B+aC|
S'”(d’(“))—‘a‘.‘ﬁ‘ _\/alzJrazz+‘51322_\/A2+Bz+C2
nn' AA+B.B'+C.C
cos{(a).(a))= ‘L\ ni \/A2+|BZ+; J/:'Z B'|2 c”

CAC DANG TOAN THUONG GAPji ”
1. XAC PINH VECTO CHI PHUONG CUA PUONG THANG.

X=X, +at

(1) Néu duong thang d c6 phuong trinh tham sé {y = Yo +at,(teR) thi d co vecto chi phuong
z=17, +at

= (81; a,; ag) (toa do vecto chi phwong 13 cac hé s6 cua tham s6 t)

(2) Néu duong thang d cé phuong trinh chinh tic X7% Y=Y 274 . (a.a,.a, #0) thi d co6 vecto chi
& & &

phuong a=(a;;a,;a,) (toa do vecto chi phuong 1a cic s & mau)
(3) Truc toa dd Ox c6 vecto chi phuong 13 i= (3,0;0).

Truc toa do Oy c6 vecto chi phuong I j = (0;10).

Truc toa dd Oz c6 vecto chi phuong 13 . k = (0;0;1)

Vidu 67: Trong khdng gian Oxyz, xac dinh mot vecto chi phuong cua duong thang dudi day:
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Xx=2-t
a)d,ly=t142tp)d, XL_¥=2_ 241 o4 X1 y-1 27z
1 2 2 2 1
=3+t
w L gidi

a) Puong thing d, c6 mt vecto chi phuong 13 a, =(-12;1).
b) Budng thing d, c6 mot vecto chi phuong 1 a, =(2;1;2).
c) Phuong trinh duong thang d, chua ding cAu trdc nén ta viét lai
x—l= y—l= 2-12 —d- x—1= y—l= z2-2
2 2 1 2 2 -1
Vay duong thang d, c6 vecto chi phuong 1a a, =(2;2;-1).

d:

2. XAC DINH TOA4 DO DIEM THUOC DUONG THANG.
X=X, +at
(1) Cho duong thang d c6 phuong trinh tham s6: < y =y, + azt,(t € R). Vé6i mdi gié tri cua tham sé t duy
Z=17,+a4t
nhat x4c dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.

(2) Cho dudng thing d 6 phuong trinh chinh tic; 222 —Y Yo _27% (a,.,.8, =0) . V&i mdi gia trj
a &, a
duy nhat cua cac ti 18 thuc ta xac dinh duoc toa d6 mot diém thudc duong thang va nguoc lai.

Vi du 68: Trong khong gian Oxyz, xéc dinh toa d6 hai diém thuoc mdi duong thang dudi day:

X=2-t
a) d :qy=1+2t, b) d :x—lzy—2:z+1’
! 202 1 2
Z=3+t

= Loi gidi

a) Cho t =0, ta tinh duoC x=2-0=2; y=1+2.0=1; z=3+0=3.

Vay A(Z;l; 3)edl (toa do diém A 1a cac hé s6 tu do trong cac phuong trinh)

Cho t =1, ta tinh dwgc x=2-1=1 y=1+2.1=3; z=3+1=4.Vay A(1;,3;4)ed,

x-1 y-2 z+1
2 1

Vay C(L2,-1)ed, (toa dd diém C la sb di ciia cac hé sé tu do & céc tir thire trong phuong trinh)

x-1 y-2 z+1
2 1

Vay D(3;31)ed,

b) Cho

=0, tatinh dugc x=1+2.0=1 y=2+1.0=2; z=-1+2.0=-1.

Cho

=1, tatinh dugCc Xx=1+2.1=3;, y=2+1.1=3;, z=-1+2.1=1.

3. LAP PHUONG TRINH DPUONG THANG.
Phwong phdp: Xdc dinh yéu té: Piém di qua va vecto chi phwong (nhw bang dwdi ddy)
B1. Tir gia thiét, x4c dinh cac vecto va cac yéu té khac lién quan (néu Can)
B2. Xac dinh toa d6 vecto chi phuong va toa do mot diém cua dudng thang
B3. Thay vao phuong trinh tham s6 hay phung trinh chinh tic

Dang glifiutfll( ilgtncﬁzi Zfiilh g g @ Di qua diém | Vecto chi phuwong
1 QuaA,B A hay B a, = AB

2 Qua A va song song dwong thang A A i = aj

3 Qua A va vudng goc mat phang () A a, = n,
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Diéu kién xdc dinh dwong thang d . .z ,
Dang (gid thiét cho) Di qua diem | Vecto chi phwong
4 Qua A va vuéng géc 2 dwong thang di, dz A i = _;%, a—dzJ
c Qua A, song song (a) va (B) (hay song song MP nay va f o= -E’@-
chera trong MP kia) -
6 La giao tuyén cua (a) va (B) | e(@)n(B) | a, =|n,.n,
Oua A, vuéng géc dwong thang A va song song (hay chiza — = —
7 9 <z A ad = aA 1 na
trong) mat phang (o) L i

Vidu 69: Trong khdng gian Oxyz, viét phuong trinh ctia dwdng thang d
a)bi qua hai diém M (2;0;-1) va N(2;,-3;1)

b)Di qua diém A(2;-1;0) va vudng goc véi mat phang («):2x—z+5=0

a)Do duong thing d diqua M, N nén MN ¢6 gié 1a duong thing d , suy

= Loi gidi

ra dudng thing d nhan MN = (—1;3; 2) lam vecto chi phuong.

X=2-t

Puong thang d qua M nén c6 phuong trinh tham s 14 { y =3t

Hay duong thang d qua N nén c6 phuong trinh chinh tic la X

z=-1+2t

y-1

Puong thang qua 2 diém M, N nén c6 thé chon diém toa do diém M hay N dé thé vao phuong trinh.
b)Do duong thang d vudng goc véi mat phang () nén vecto phéap

tuyén ﬁ:(Z;O;—l) ctia mit phang (a) c6 gia song song hoac trung véi

duong thang d , suy ra duong thang d nhan n lam vecto chi phuong.
Ma duodng thang d di qua diem A(2;-1,0)

X=2+2t

Viy phuong trinh tham s6 cua duong thang d 1a <y =-1

z=-1

-
fn ]’

Do vecto chi phuong c6 thanh phan toa d bang 0 nén duong thang khdng viét duoc dang phuong trinh

chinh tic.

4. XET VI TRI TUONG PO CUA HAI PUONG THANG.
Céach 1.

Cho hai dwong thing (d) di qua diém M , c6 vecto chi phuong ava (d') di qua diém M, c6 vecto chi

huong a'

Vi tri twong doi

Diéu kign

d va d’ song song

a

, a' cung phuong vd MM ' khong cung phuong vé6i a, a'

d va d’ trung nhau

Q|

,a', MM* cung phuong

d va d’ cit nhau

QD

d va d’ chéo nhau

a,

, @' khong cung phuong va [5, E'J.M '=0
a' kh

ong cung phuong va [5, E‘J.M ‘£

Cach 2.
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Trwong hgp 1: Hai dwong thiang cho béi phuwong trinh tham sé

X=X, +at
Cho hai duong thing (d):{y =Y, +a;t di quadiém M (X,;Y,;Z,), c6 vecto chi phuong a=(a,;a,;a,)
Z=17,+at
X=x'+a'.t'
va (d'):{y=y',+a',t' diquadiém M'(x';;y';2'), ¢6 vecto chi phuong a'=(a';a’,;a’)
z=17'+a,t’
Phwong phap:

X, +at=x+a’t'" (1)
B1: Lap Hé phuong trinh tuong giao gitra (d) va (d): (1):4y, +at=y',+a’,t' (2).

z,+at=z+a’yt" (3)
B2: Dya vao nghiém H¢ phuong trinh (1), ta két luan vi tri twong ddi:

Vi tri twong doi Diéu kign
a, a' cung phuong (hay (al;az; as) = k(a'l;a'z; a-s)) I:|a£
d va d’ song song va a, a' cung phuong
Hé phuong trinh (1) v6 nghiém vaMe(d)=Mg(d")
Hay
dvad’tring nhau | Hé phwong trinh (1) ¢6 v sé nghiém a, a' cling phuong

vaMe(d)=Mg(d")

d va d’ cat nhau Hé phuong trinh (I) c6 dang 1 nghiém (t;t")=(ty;t')

o

khong cung phuong (hay

d va d’ chéo nhau (a1a2 3;)#k(a';a’5;a%), vk eR)
va
H¢ phuong trinh (1) vO nghiém

X, +at=x+a’t" (1)

Céach gidi H¢ bac nhdt 2 an gém 3 phwong trinh: {y, +at=y' +a',t' (2) (1)(@ntt')
z,+at=z'+a’t" (3)

X, +at=x+at'" (1)

0y

Giai Hé phuong trinh gdm 2 phuong trinh (thuong chon (1) va (2))
Yo +at=y' +a’,t' (2)

® Néu Hé phuong trinh (11) v nghiém thi Hé (1) vo nghiém;

@ Néu Hé phuong trinh (11) ¢6 1 nghiém (t;t") =(ty;t’y) thi thé nghiém nay vao phuong trinh (3):

© Néu théa phuong trinh (3) thi Hé phuong trinh (I) ¢6 1 nghiém (t;t")=(t,;t',);

® N@;u khong thoa phuong trinh (3) thi Hé phuong trinh (1) vo nghiém; ‘

® Néu Hé phuong trinh (I1) v6 s6 nghiém thi Giai Hé gom phuong trinh (2) va (3) (hay gom phuong trinh
(1) va (3)): Khi d6, nghiém cua Hé phuong trinh nay ciing 14 nghiém cua Hé phuong trinh ()]

Truwong hop 2: Mgt phwong trinh tham so V& Mm@t phwong trinh chinh tic.

Trwong hop 3: Hai phwong trinh chinh tic. . i

Phuwong phdp: Hai truong hop nay giai phac tap nén dua ve truong hop 1 dé giai
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Vidu 70: Trong khong gian Oxyz , xét vi tri twong ddi ciia cac cap duong thang sau:

x=1+t Xx=2+2t
a)d:qy=2t (teR)vad:{y=3+4t'(t'eR)
z=3-t z=5-2t'
X=1+2t
b) d:{y=-1+3t(teR) va dﬁx—lzyzzzzzzl
Z=5+t

c) d:§ZY_—1:£ va d':X_lz yo2_giz

1 -1 2 5) 1 —2

w Loi gidi

a)Dung cach 1.

buong thang d di qua diém M (10;3), c6 vecto chi phuong a=(1;2;-1)

Puong thing d ' di qua diém M'(2;3;5), ¢6 vecto chi phuong a' =(2;4;-2)

MM "= (1;3;2)

Ta co: a=%§' hay a, a' cung phuong va MM ' = k.a, Yk hay MM ' khong cung phuong véi a, a'
Vay hai dudng thang d va d’ song song

b)Dung cach 2.

Taco: d va d’ lan luot nhan d=(2;3;1) va & =(3;2;2) l1a cac vecto chi phuong.

Vi @ va @ khong cing phuong nén d va d’ cat nhau hoc chéo nhau.

X=1+3t'
d’ qua M (1;—2;—1); c6 VTCP 5'2(3;2;2) nén c6 phuong trinh la: d':<y=-2+ 2t’(t’eR)
z=-1+2t
1+2t=1+3" (1)
Xét h¢ phuong trinh: §—1+3t =-2+2t' (2)
5+t=-1+2t" (3)
(- 3
2t-3t'=0 T 5
Tir (1) va (2), ta co: o >
g-2=-1" |, _ 2
5
3 ., 2 . ) 3 2 .
Thay t:—g,t ="z vao phuong trinh (3), ta dugc: 5+ T =-1+2 —c (Sai)

Suy ra hé phuong trinh v6 nghiém

Vay hai duong thang d va d’ chéo nhau.

c)Tacé: d diqua M(0;1;,0) va co vecto chi phuong & =(1,-12);

d" di qua M'(1;2;-2) va c6 vecto chi phuong &' =(5;1-2).

Céch 1.

Tacé: MM '=(11-2)

Tathdy a, a' khong cing phuwong va tinh dwoc [5, 5’] MM '=0

Vay hai duong thiang d va d’ cit nhau.

Cach nay khong tinh duoC toa d¢ giao diém cua hai duong thang nén nhiing bai toan c6 yéu cau tinh toa
do giao diém thi ta phai dung céch 2.

0983.900.570 50 2024-2025



) , ’
‘/A/ Vo Cong Truong Tai liéu on thi Tot nghiép THPT theo chuong trinh mgi 2018 Mon Toan

Cach 2.

X =t X =1+5t'
Phuong trinh thamsécia d va d’ lanluotla d:{y=1-t vad':{y=2+t'
z=2t z=-2-2t
t=1+5t' t—5t' =1 f=_2
Xeét hé phuong trinh {1-t=2+t" <<{-t-t'=1 < 31(Hé ¢ nghiém duy nht)

A=-2-2  |A+2A=-2  |U=-3

Viy hai duong thang d va d’ cét nhau tai diém | (—% g —5) (thay t = —% vao phuong trinh duong

thang d hay thay t'= —% va phuong trinh duong thang d ')

thrngphap Dung cong thirc 6 muc 4,

Hay c6 thé Tinh goc bang may tinh cam tay (MTCT).

Vao moéi trudng vector trén MTCT, tinh g6c giita cac cip vecto phap tuyén ciia mat phang hay vecto chi
phuong cta duong thang.
(1)Go6c gida hai dwong thang d, d'

Néu 0°<(a,a’)<90° thi (d,d")=
Néu 90° <(a,a’) <180° thi (d,d" :1800—(5,5');
(2) Goc gida hai mgt phang ((«).(a'))
Néu 0°<(n,n")<90° thi ((a),('))=(n.n);
Néu 90° <(n,n") <180° thi ((a),
(3) Goc gia dwong thang d va ma
Néu 0°<(a,n)<90° thi (d,(e))=90°—(a,n);

Néu 90°<(a,n) <180° thi (d,(«))=90°—(180°~(a,n))=(a,n)-90°

Vidu 71: Trong khéng gian Oxyz , tinh cac goc:

Xx=t x=1-4t'
a)Giira hai duong thang d, :1y=5-2t vad,:qy=2+t'
z=14-3t z=-1+5t

X=3 _ y;4 = Z+13 va mit phang (P):2x+y+z-1=0.

¢)Gitta hai mit phang (P):X+2y+2z+10=0 va (Q):—x+y+2z+13=0.

b)Giira duong thang A:

= Loi gidi
a)Puong thang d; c¢6 mot VICP U, =(1,-2;-3).
Dudng thang d, ¢6 mot VICP U, =(-4,15).

Taco: cos(d,,d,)= |U 'U| ‘1 )+ ( 2)1+(3)5 :ﬁ

\/12 _3)’ .\/(—4) 112452 2

Vay (d,,d,)=30°
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Dung MTCT.
Tinh goc gitra 2 vecto chi phuong, ta dugc: (uﬁ1 @) =150°

Vay (d,.d,)=180°~(u;,u, ) =180°~150° = 30°

b)Pudng thing A ¢6 mot VICP U = (L,2-1).

Mit phing (P) c6 mot VIPT fi=(2;11).

. 1.2+2.1+(-1).1] 1

Ta co: Sln(A( )) |u|| |_\/12+22 \/22+12+12 5

Vay (A,(P))=30°
Dung MTCT.
Tinh gbc gitra 2 vecto chi phuong cta duong thang va vecto phap tuyén cia mat phang, ta dugc:

(u,n)=60°
Vay (A,(P))=90°(u,n)=90°-60°=30°
c)Mit phang (P) c¢6 mot VIPT 1a fi, =(12;1).
Mt phang (Q) c6 mét VIPT 1a fi, =(-112).
1.(-1)+21+1.2) 1

A.f)
T ,: P y = 12 = Y

Vi ((P).(Q))=60°
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BAI 3. PHUONG TRINH MAT CA

|, bén kinh R Kf hiéula S(1,R).
Doan thang ndi hai diém trén mat cau va di qua tAm goi 1a duong kinh cia mat cau.
Cho mat cau S(1,R)
(1) Néu IM =R thi diém M nam trén mat cau
(2) Néu IM >R thi diém M nam ngoai mat cau
(3) Néu IM <R thi diém M nam trong mat cau

yMlPhuong trinh miit cau

(1)Mt cau (S) c6 tam 1 (a;b;c), ban kinh R c6 phuong trinh 1a (x—a)2 +(y—b)2 +(z—c)2 =R? (1)

(2) Phuong trinh dang x* +y® + 2> —2ax—2by —2cz+d =0 (2) v6i a’ +b’ +¢® —d >0 la phuong trinh mat

cAu (S) c6 tam I (a;b;c) va ban kinh R =+/a?+b?+¢? —d

CAC DANG TOAN THUONG GAP
1. XAC DINH TOA DO TAM VA BAN KINH CUA MAT C4AU CHO BOI PHUONG TRINH.
Vidu 72: Trong khong gian Oxyz, trong cac phuong trinh sau, phuong trinh nao la phuong trinh cua mat
cau va xéac dinh toa do tam, ban kinh.

a) (x—1)° +(y+2)° +2>=9 b) x* +y? +2° —2x+4y—62-2=0.
Q) X +y -2 +2x—y+1=0 d) X¥*+y?+7°+2x—2y+5=0
= Loi gidi

a) Phuong trinh (x—l)2 +(y+2)2 +72°=9 dang dang (1) vaco a=1, b=-2,¢=0, R*=9
Vay phuong trinh da cho la phuong trinh ctia mt cau c6 tam 1(1;—2;0) va ban kinh R=3.

b) Phuong trinh X2+ y? +z? —2x+4y—6z—2=0. ding dang (2) vacé a=1, b=-2, c=3, d =—2 (ldy hé
sé cua X, Y, z lan lwot chia cho —2 ta dwoc a, b, ¢ va d 1a hé sé tir do)

Kiém tra dicu kién: a? +b? +¢® —d =12 +(-2)" +3 —(~2) =16 > 0 (thoa diéu kién)

Vay phuong trinh dd cho 1a phuong trinh cia mat cau co tam | (1,-2;3) va ban kinh
R=\1+(-2) +3 —(-2) = 4.

¢) Phuong trinh X +y? —z° + 2x—y+1=0 khong dting dang (1) va (2).

Vay phuong trinh da cho khong phai 1a phwong trinh mit cau.
d) Phuong trinh X* +y*+2° +2x—2y+5=0 dung dang (2) vacé a=-1,b=1¢c=0,d=5

Kiém tra diéu kién: a?+b*+c®>—d = (—1)2 +1% +0° —=5=-3<0 (khong thoa diéu kién)
Vay phuong trinh da cho 1a khong phai phuong trinh ctia mat cau.

2. LAP PHUONG TRINH MAT CAU.
] éu té: Tam va bdn kinh, (nhw bing dwéi da
B1. Tir gia thiét, x4c dinh cac vecto va cac yéu té khac lién quan (néu can)
B2. Xac dinh toa do tdm va béan kinh caa mat cau

B3. Thay vao PT (1).
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Dang Diéu Kign xdc dinh mdt cau (gia thiét cho) Tam Ban kinh
1 | Matcau (S) tam I di qua A [ R=IA
; : AB
2 Mat cau (S) duwong kinh AB 1 la trung diem AB =5
Mqt cau (S) tam | tiép xtic mat phang(c) I R=d(l,(a))
4 | Mgt cau (S) tam | va tiép xiic duong thang A | R=d(1,A)
g | Mat cau (S) tam | va cat mp(a) theo dwong tron co | R=+r?+d?
ban kinh r véi d =d(1,())

B1. Goi mat cau da cho ¢6 PT dang x* +y? + 22 —2ax—2by—2cz+d =0, (2)

B2. Tur gia thiét 1ap hé 4 PT an a, b, ¢, d > Giai tim a,b,c,d

B3. Thay vao PT (2) ] .

Dang 6: Mgt cau (S) ngoai tiep tir dign ABCD (hay di qua 4 diém A, B, C, D)

+ Goi phuong trinh mat cau (S) ¢6 dang: x* +y? +z° —2ax—2by—2cz+d =0 (2)

< 2ax+2oy+2cz—d =x* +y* +2% (2°)

+ A B, C, De(S) = Toad¢ 3 diém A, B, C, D théa man PT(2) > Thay toa d¢ A, B, C, D vao PT(2), Ta

dugc hé 4 phuong trinh 4 4n a,b,c,d

+ Giai hé tim a,b,c,d

Dang 7: Mgt cau (S) di qua 3 diém A, B, Cvatam | € (a)

+ Goi phuong trinh mit cau (S) c6 dang: x* +Yy? +2* —2ax—2by—2cz+ d =0 (2) = tam 1 (a;b;c)

+ A, B, Ce (S) = Toa d6 3 diém A, B, C thoa man PT(2) = Thay toa d6 3 diém A, B, C vao PT(2), Ta

duoc 3 phuong trinh 4 an a,b,c,d

+ Tam | (a; b;C) e (0)= a, b, ¢ thoa man phuong trinh mat phang(a) = Thay a, b, ¢ vao phuong trinh mat
phang(a), ta duoc thém 1 PT 4 4n a,b,c,d

+ Giai hé 4 phuong trinh trén tim a,b,c,d

Dang 8: Mt cau (S) di qua 2 diém A, Bvatam | e (d)

Cach 1: Puong thang (d) cho boi phuwong trinh tham so

+le(d) = 1(x +at; y, +at;z, +agt)

+ A Be (S) = Al? = BI? - Ta duoc phuong trinh 4n t = Giai tim t > Thay t, tim toa do diém |

Ciach 2: Puong thang (d) cho béi phirong trinh chinh tac:

+ Goi phuong trinh mit cau (S) c6 dang: x* +Yy? +2* —2ax—2by—2cz+ d =0 (2) = tam 1 (a;b;c)

+ A Be (S):> toa 6 diém A, B thoa man PT(2) = Thay toa do A, B vao PT(2), Ta duoc 2 phuong trinh

44n a,b,c,d

+Tam I(a,b,c)e(d) = a, b, ¢ théa man phuong trinh dudng thang (d) > Thay a, b, ¢ vao phuong trinh

duong thang (d), ta duoc thém 2 PT 34na, b, ¢

+ Giai hé 4 phuong trinh trén tim a,b,c,d

Vidu 73: Trong khdng gian Oxyz, Viét phuong trinh cic mit cau (S) trong céc truong hop sau:
a) Cotam 1(12;3) di qua diem A(L1;2).

b) C6 duong kinh AB véi A(L0;-3) va B(3;2;1).

c) Co tam 1 (1;—2;1) vatiép xtc véi mat phiang (Oxy).

d) Di qua bon diém M (2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2)
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w Loi gidi

a) Mit cau (S) cd tam 1(L2;3) di quadiém A(LL2) nén cébankinh Ia R = 1A=+/0% +1* +1? = /2 Vay
phuong trinh cua mat cau (S) 1a (x—l)2 +(y—2)2 +(z —3)2 =2.

b) Mit cau (S) c6 duong kinh AB nén c6 tam 1(2;1;—1) 1a trung diém cua doan thang AB va ban kinh

la R=%=J€

Viy phuong trinh ciia mat cau (S) 1a (x—2)° +(y—1)° +(z+1)" =6.
c) Do mat cau (S) c6 tim 1(1;-2;1) va tiép xic (Oxy) nén c6 ban kinh

R=d(13(0xy)) =z = 1) -1
Vay phuong trinh mt cdu (S) 12 (x—1)" +(y+2)" +(z-1)" =1.
d) Goi phuong trinh mdt cu (S):x* +y®+z? —2ax—2by —2cz+d =0 (a2+b2+cz—d >O)
& 2ax+2by +2cz—d =X + y* + 2% (*)
Vi M,N,P,QE(S) nén ta c6 hé phuong trinh
da+4b+4c—d =2% +2% + 22 a=3
8a+0b+4c—d =4%+0*+2° b=1
8a+4b+0c—d =4%+2°+0° “e=1
8a+4b+4c—d=4>+22+2> (d=8
Vay phuong trinh mét cau (S): x> +y®+z° —6x—2y—2z+8=0

Véi dang toan lap phuong trinh mat cau qua 4 diém thi ta c6 thé giai truc tiép bang MTCT:

Nhap hé s6 cua Hé phuong trinh bac nhat 4 an theo quy tic nhu sau:

3 hé s6 dau lan luot 12 c&c thanh phan toa d6 cua cac diém nhan 2

Hé s thir tu luén bang —1

Hé s6 thir nam (hé s6 tu do ¢ vé phai) |1 tong binh phwong cua cac thanh phan toa d6 cua cac diém.
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PHAN< THONG KE VA XAC SUAT

CHUONG # CAC SO PAC TRUNG PO MUC DQ PHAN TAN CUA MAU SO LIEU GHEP

BAI 1. KHOANG BIEN THIEN KHOANG TU PHAN VI CUA MAU SO LIEU GHEP NHO

Bl hoang bién thién

Khoang bién thién, ki hiéu R, caa mau s lieu ghép nhom la hiéu s6 gitta dau mat phai caa nhom cudi
Cuni va dau mat tréi ciia nhom dau tién c6 cha dir liéu caa mau sé ligu.

Xét mau sb lidu ghép nhém duoc cho & bang sau:

Bang 1
Nhom [z, 12,) [or,2 10y) (a1, )
Tin s6 n, 1, e ,

Néu n, va n,,, cing khac 0thi R=u,, —u,.

Khoang bién thién caa mau sb liéu ghép nhém ludn Ién hon hoic bing khoang bién thién cua mau sé liéu
goc.

Khoang bién thién caa mau sb liéu ghép nhdm 1a gié tri xap xi khoang bién thién cia mau sé liéu gbc va
c6 thé dung dé do mirc d6 phan tan cia mau s liéu.

Khoang bién thién R =u,, —u, chua phan 4nh duoc day di mirc d6 phéan tan cia phan I6n cac s6 liéu. Hon
nira, gid trj cia R thuong tang vot khi xuat hién gia tri ngoai 18 trong mau sé liéu. Do d6, dé phan &nh muc
d6 phan tan cua sb liéu, nguoi ta con dung cac s6 dic trung khac.

Vi du 74: C0 Ha thong ké lai duong kinh than gd ctia mot s6 cdy xoan dao 6 nam tudi duoc trong & mot 1am
truong ¢ bang sau.

Puong kinh (cm) | [40;45) | [45:50) | [50;55) | [55;60) | [60;65)
Tan s6 5 20 18 7 3
Hay tim khoang bién thién cua mau s6 liéu ghép nhom trén.
= Loi gidi
Khoang bién thién ciia mau s6 liéu ghép nhom trén 13 65— 40 = 25( cm).

Y nghia ciia khoang bién thién ciia mau sé liéu ghép nhém

[1Khoang bién thién cta mau so liéu ghép nhém la gia tri xap xi khoang bién thién ctia mau so liéu goc va
6 thé dung dé do mirc d6 phan tan cta mau so liéu.

[1Khoang bién thién R =u, , —u, chua phan anh dugc day da mic d6 phéan tan caa phan Ion céc so ligu.
Hon nira, gid tri cia R thuong ting vot khi xuat hién gié tri ngoai 1& trong mau sé liéu. Do @6, dé phan anh

mtrc d6 phan tan caa sb liéu, ngudi ta con dung céc sé dic trung khac.
YARIKhoang tir phan vi

Bang 1
Nhom [2,5 12,) [20:: 21) (e 1, ,,)
Tin s6 n, 1, e ",

T phéan vi tha i, ki hiéu 1a Q,, véi i =1,2,3 ciia mau s6 liéu ghép nhém (Bang 1) dugc xac dinh nhu sau:

g
Qi :um + 4n (um+l_um)

m

Trong do:
On=n+n,+...+n, lacdé mau;

0 [Up; Uy ) 12 nh6M chira ta phan vi thi i ;

m? ~¥'m+l
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[n. 1atan s6 ciia nhém chia t phén vi thir i ;

OC=n+n,+...+n_, (Tong tan s cic nhém trudc nhom chira ti phan vi gei 14 tdn sé tich lity).

Khoang ta phén Vi cua mau so liéu ghép nhom cling dugc xac dinh dua trén tir phén vi thir nhat va tix phan
vi thir ba nhu d6i vai mau so liéu khong ghép nhém.

Khodng ti phan vi ciia mau so liéu ghép nhdém cho & Bang 1, ki hiéu A, 1a higu gitra tir phan vi tha ba
va tir phan vi thi nhat: A, =Q, - Q..

nghia ciia khoang tie phan vi cia mau s liéu ghép nhém

[1Khoang tir phan vi ctia mau so liéu ghép nhom la gia tri xap xi cho khoang tir phan vi ctia mau so liéu
goc va c6 thé dung dé do mirc d6 phan tan cua nua gitra cia mau so liéu (tap hop gom 50% s6 liéu nam chinh
gitra mau so liéu).

[JKhoang tt phan vi cia mau sb liéu ghép nhém cang nho thi di liéu cang tap trung xung quanh trung vi.

[1Khoang t&r phan vi duoc dung dé xac dinh gia tri ngoai 1é trong mau sb liéu. Gia tri x trong mau sb liéu
1a gi& tri ngoai I& néu x >Q; +1,5A, hodc x<Q, —1,5A,.

[JKhoang ti phan vi ciia mau s6 liéu ghép nhom khong bi d4nh huong nhiéu béi cac gia tri ngoai 1é trong
mau s liéu.

QUY TAC TIM CAC TU PHAN V] VA KHOANG TU PHAN VI CUA MAU SO LIEU GHEP NHOM
MNhom [z, 12,) [o0,2 1) [T

Tén so n, iy n,

Buéc 1: Xac dinh ¢ mau n=n, +n, +...+n,

Budc 2: Xac c}inh’céc nhom chira cac tir phéan vi

Sap xep lai mau so li¢u theo tht tu khong giam, ta dugc X, <X, <...<X, .

- Trung vi ctia mau, ki hiéu Ia M, la gia trj & chinh gira ddy X, X,,---, X, . Cu thé:

+Néu n lé thi trung vi mau la M, =x_, (S6 li¢u dng chinh gita)
2

2 2

- Tt phan vi cia mot mau ngau nhién gém 3 gia tri, d6 I3 tu phan vi tht nhé:[, tht hai va tha baq(lén luot ki
hi¢u la Q,,Q,,Q;). Ba gia tri nay chia tap hop dir li¢u da sap xep thanh bon phan deu nhau. Cu theé:

+ Gia tri tor phan vi tha hai, Q,, chinh la trung vi cua maul.

+ Gia tri t&r phan vi tht nhat, Q,, la trung vi caa ntra s6 lidu da sap xép bén trai Q, (khong bao gom Q,
néu n l¢). ’ - ‘ ,

+ Gia tri ta phan vi thtr ba, Q,, la trung vi cua nua so li¢u da sap xep bén phai Q, (khdng bao gom Q, néu
n le).

. S s L ox 1 . o :
+ Neu n chan thi trung vi mau la M, =§(xn +X, j (Trung binh céng cua 2 so liéu ¢ gitra)
1

"ZJI ":)2 {)1

- e i Te=-

25% 25% 25% 25%

Buwéc 3: Xac dinh cac dai lwong, yéu té va thay vao cong thic tinh ta phan vi

0 [Up;Up. ) 12 nhGM chira te phan vi thi i ;

[n, 1atn s6 ciia nhém chira t phén vi thir i ;

[1C=n+n,+...+n_, (Tong tan s cac nhom trudc nhém chia tir phan vi gei 1a tén sé tich liiy).

0983.900.570 57 2024-2025



] .
@ Vo Cong Truong Tai liéu on thi Tot nghiép THPT theo chuong trinh maoi 2018 Mon Toén
CACH GHI NHO VA AP DUNG CONG THUC TINH TU PHAN V,

Nhom [u,;u,) [uyuy) | | [UpasUy) [UpiUppor) o | [usue) | Comiu

Tan s n, n, n_, n, N,

Nhom chua ti
phéan vi

Thé te ciia Téng tin sé cia cac nhém

TP:V ) P ié dirng trujéu: qhém chira

~ TPV (Tan so tich liv)

A PR
[ D6 dai caa *
nhom ghép ,l

T phin vi
(TPV) thir:

— _ S
( L=u,,—u, \_ P

i ———\____\_\_

S i g S
Dau mutbén phai ™
cua nhém chika /

Tan s6 cua nhom

chira TPV ) TPV

QUY TAC TIM GIA TRI NGOAI LE

Buwdc 1: Xac dinh cac ta phan vi va tinh gia tri khoang ti phan vi: A, =Q, - Q..

Buwéc 2: Tinh Q —15A, va Q, +15A,.

Buwéc 3: Két luan: cac gia tri x (trong mau s liéu) nam ngoai doan [Ql —%AQ;Q3 +§AQ} la gia tri ngogi 1¢

Vung chera gia tri ngogi 1¢

X, Giatringogilé Q —15A Q;+1,5A Giatri ngoai l¢ X
Q Q

n

Vidy 75: Hing ngay ong Thing déu di xe but tir nha dén co quan. Dudi ddy 1a bang thong ké thoi gian cua
100 lan 6ng Thang di xe buyt tir nha dén co quan.

Thin gian (phat) | [15; 18) | [18;21) | [21:24) | [24:27) | [27;30) | [30;33)

Sé ot 22 38 27 8 4 1

a) Hay tim khoang t& phan vi cia mau s liéu ghép nhom trén.
b) Biét rang trong 100 lan di trén, chi c6 dung mot 1an 6ng Thang di hét hon 29 phut. Thoi gian cua lan di
do6 ¢o phai la gia tri ngoai Ié khong?
= Loi gidi
a) C& mau n=100.
GO X; X5 .3 %o 1a MAu s6 lidu goc gom thoi gian 100 lan di xe buyt ctia 6ng Thang.
Taco: X,,..., %y, €[15;18); X5, -, Xgo € [18;21); Xey, ..., Xgy €[2124); X, X5 €[24;27) ;

Xag:- - Xgo €[ 27;30); X0 €[30;33).

Ja A . ’ A 5 X A qia A N 1 r Ja A . ’ A 5 X A
T phéan vi thir nhat cua mau so liéu goc la E(x25 +X,q) €[18;21) . Do do, tir phan vi thir nhat cua mau so

liéu ghép nhom 1a
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693
(21-18) = ==,
(21-18)=—2

Tt phan vi thi ba cua mau sé liéu géc 1a %(x75 + Xy ) €[21;24) . Do do, tir phan vi thir ba cua mau sb liéu
ghép nhom la

=21 (24-21)=—.
R " 27 ( ) 3

Vay khoang ti phan vi cia mau sé liéu ghép nhom la
68 693 505

Q - .
3 38 114
b) Trong lan duy nhit 6ng Thing di hét hon 29 phat, thoi gian di cua 6ng thusc nhoém [30; 33). Vi

6683
+1,5A, =
R @ 228

<30 nén thoi gian caa lan 6ng Thing di hét hon 29 phut 13 gia tri ngoai 18 cia mau sé liu

ghép nhém.
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BAI 2. PHUONG SAI VA PO LECH CHUAN CUA MAU SO LIEU GHEP NHO

sai va d¢ léch chuan
G 16p 11, ta da biét gia tri dai dién cia nhom [a:b) 1 ¢ =1(a+b) .

Tuong tw nhu cach tinh s6 trung binh, phuong sai va do Iech chuan cua mau sé liéu ghép nhém cé thé duoc
xac dinh thong qua gia tri dai dién va tan s ctia mdi nhom.
Xét mau sb liéu ghép nhom cho bai bang sau:

Nhom [1,: u,) [1,: 15) [TRETANN
Gia tri dai dién €, s C;
Tén so n, n, n

Phuong sai cia mau sb liéu ghép nhom, ki hiéu S2, dwoc tinh bai cong thic:
1 —\2 —\2 —\2

SZ:—[ —X) +n,(c,—x) +...+n (c, —x }
| (6= %)+ (e, —x) +.+n (o)

Trong do:
n=n+n,+...+n, lacd mau

1 s A N
x==(nc, +n,C, +...+n.c, ) 1aso trung binh
n

Do lech chuan cua mau sb liéu ghép nhom, ki hiéu S , 1a can bac hai s6 hoc ciia phuong sai.
(1) Phuong sai ciia mau s liéu ghép nhom c6 thé duoc tinh theo cong thic sau:
1 —2
S? ==(nc+n.C> +...+nc
~(n ¢)-x

(2) Trong thong ké, nguoi ta con dung dai luong sau dé do muc do phan tan caa mau sé lidu ghép nhém:
¢-_1 [nl(c1 x) +n (c —>_<)2+...+n (c —?()2}.
-~ n-1

(1)Per(mg sai ctia mau so liéu ghép nhom la gla tri xap xi cho phuong sai ctia mau sé liéu goc. Po léch chuan
ctia mau so liéu ghép nhom ciing 14 gia tri Xap xi cho d6 léch chuan caia mau s6 liéu gbc. Chiing duoc ding
dé do mirc d6 phan tan cia mau sb liéu ghép nhom. Phuong sai va do léch chuan cang Ion thi dit liéu cang
phén tan.

(2) Po léch chuan co cung don vi voi don vi cia mau sb liéu.

Vi du 76: Théng ké tong sb gio nang trong thang 9 tai mot tram quan trac dat @ Ca Mau trong cac nam tir
2002 dén 2021 dugc thong ké nhu sau:

11,6 1349 130,3 1342 1409 1093 1544 1563 1161 96,7

1052 808 20,8 110 109 139 145 161 126 114

a) Hay tinh phuong sai va do léch chuan ciia mau sé liéu trén.

b) Hay lap bang tan s6 ghép nhém véi nhom dau tién 1a [80;98) va do dai mdi nhém bang 18. Tinh phuong
sai, do léch chuan caa mau sé liéu ghép nhém.

¢) Hay tinh sai s6 twong ddi cua do léch chuan caa mau sé liéu ghép nhém so véi do léch chuan cia mau
s lidu gbc.

(Két qua cac phép tinh 1am tron dén hang phan nghin.)

w Loi gidi
a) Cdmau la n=20.
S6 trung binh ctia mau s6 liéu trén 1a
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Y= 111,6+134,9+...+114 122,755,
20
Phuong sai cia mau so liéu trén la

S = 2—10(111, 62 +134,9° +...+1142)—122, 7552 ~ 515, 453,

Do léch chuan caa mau sé liéu trén 1a
S, ~ /515,453 ~ 22,704,
b) Ta c6 bang sau:

S6 gitr ning [80; 98) [98; 116) | [116; 134) | [134; 152) | [152; 170)
Gia tri dai dién 89 107 125 143 161
$6 ndm 3 6 3 5 3

S trung binh cia mau sé liéu ghép nhém 1a
- 3.89+6.107+3.125+5.143+3.161

X2 =124,1.
, 2
Phuong sai ciia mau so liéu ghép nhém la
1
2 [ —

S; 0 (3.892 +6.107% +3.125% +5.143? —H'.’,.lfilz)—fl.24,12 =566,19.
Do léch chuan cua mau sé lidu ghép nhém 1a
S, =4/566,19 ~ 23,795.

¢) Sai s6 twong di cua do léch chuan caa mau sé liéu ghép nhém so véi do léch chuan caa mau sé lidu goc
la
|S,—S,| [23,795-22,704
S, 22,704

-100% ~ 4,805%.
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CHUONG < XAC SUAT CO PIEU KIEN|

BAI 1. XAC SUAT CO PIEU KIE

(MIDinh nghia xac suat c6 diéu kién
Cho hai bién co6 A va B . X&c suat cua bien co A vai diéu kién bien co B da xay ra dugc goi la xac suat
cia A véi diéu kién B. Kihigu P(A[B).

thic tinh xac suat cé diéu kién

Cho hai bién cé A va B trong @6 P(B)> 0. Khi do: P(A|B):%
chuy ,
(1)Cobng thezc nhan x&c suat:
Néu A va B la hai bién c6 bat ki thi P(AnB)=P(A).P(B|A)=P(B).P(AB).
(2)Cho A va B Ia hai bién cb véi P(B)>0. Khi dé, ta co: P(A|B):%
Trong d6: N(ANB) la sé cac truong hop thuan loi ciia (ANB);
n(B) laso cac trudng hop thuan loi cua B.
(3)Néu A va B Ia hai bién c6 bat ki, véi P(B)>0 thi: P(A|B)=1-P(A|B)
(4))Cho A va B lahaibiéncévéi 0<P(A)<1 0<P(B)<1.
Khi do, A va B 1a hai bién cd doc lap khi va chi khi P(A)=P(AB)=P(A[B) va
P(B)=P(B|A)=P(B|A)
(5)Giao cua hai bién cé A va B con duoc ki hiéu AB
(6)Nhirng bai toan xay ra xac suat diéu kién thudng di kém véi viéc sir dung quy tic nhan xéc suat, khi gap
bai toan nay ta can luu y dén su doc lap caa bién cb dé van dung cong thirc dung.

YSllSo d0 hinh cay
hdn xéi

(1)Xéc suat xay ra caa mdi két qua bang tich cac xac suat trén B

o e Ak LA ; P(BIA)
cac nhanh cua cay di den ket qua do.
Chang han: P(AB)=P(A).P(B|A)
_ P(A = —
(2) P(B)=P(AB)+P(AB) *) P(BIA) B
. — : . : . O P(B|A B
Vidu 77: Mot truong hoc ¢6 70% hoc sinh thuong xuyén P(K) —
choi the thao va ¢ 62% hoc sinh nam thuong xuyén choi the A
thao. Trong s6 hoc sinh thuong xuyén choi the thao, tinh xac —= _
suét d& hoc sinh do 1a nam gioi. P(BIA) B
= Loi gidi

Goi A I bién Cél“HQc sinh thudng xuyén choi thé thao” vaB la bién cb “Hoc sinh 1a nam gi6i”
Suy ra, AB la bién co “Hoc sinh nam thuong xuyén choi thé thao”
Tac6: P(A)=70%=0,7; P(AB)=62%=0,62
Vay trong s6 hoc sinh thuong xuyén choi thé thao, x4c suat dé hoc sinh d6 1a nam gi6i la
P(AB
P(B|A)= (AB)_o062_9
P(A) 07 10
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Vi dy 78: Cho hai bién c6 AvaB co P(A)=0,3 P(B)=0,6 va P(A|B)=0,4. Tinh P(AB), P(A|B).
» Loi gidi
Theo cdng thirc nhan xac xuat, tacé P(AB)=P(B).P(A|B)=0,6.0,4=0,24.
Vi AB va AB la hai bién c6 xung khic va ABUAB=B nén theo tinh chit cua xac suét ta co
P(B)=P(AB)+P(AB)= P(AB)=P(B)-P(AB)=0,6-0,24=0,36.

P(AB) 0,36
P(B) 06
Vidu79: Hop tha nhét c6 4 vién bi xanh va 6 vién bi do. Hop tha hai c6 5 vién bi xanh va 4 vién bi do. Lay
ngau nhién 1 vién bi tir hop thir nhat chuyen sang hop thir hai. Sau d6 1y ngau nhién 1 vién bi tir hop thi hai.

Str dung so dd hinh cay, tinh xac suat cua céc bién cé: )

A: “Vién bi lay ra tir hop thir nhat c6 mau xanh va vién bi lay ra tir hop thir hai ¢6 mau d6”

B: “Hai vién bi lay ra cung mau”.

=0,6

Theo cong thirc Xac suat co didu kién, ta co P(Z\| B) =

= Loi gidi
Gol X,:“Vién bi lay ra tu hop thir nhat c6 mau xanh”, X, : “Vién bi l1ay ra tir hop thir hai c6 mau xanh”
D, : “Vién bi lay ra tir hop thi nhat c6 mau do”, D, : “Vién bi 1ay ra tir hop thir hai c6 mau do”

. 2 3
Taco: P(X )_E’ P(Dl)_5 3 X,
3 2
P(X,|X,)= 3 (D|X)=g
2
1 1 = Xy >
P(X2|Dl) E (DlD):E S) - D,
. 22 4 5 1
Vay P(A):P(XlDz):P(Xl).P(DZ|X1):g.g:2—5 0 > X,
3
23 31 27 D
P(B)=P(X,X,)+P(DD,)==.=+=.===— - 1
(B) (”)+(”)55+5250 1
2 P
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BAI 2. CONG THUC XAC SUAT TOAN PHAN VA CONG THUC BAYE,

. thirc xac suat toan phan
Cho hai biéncd A va B véi 0<P(B)<1, taco:

P(A)=P(AB)+P(AB)=P(B).P(A|B)+P(B).P(A|B)

goi la cdng thirc xac sudt toan phan

Ch( y: Cong thirc x4c suat todn phan ciing ding voi moi bién cb B bat ki
YARCOng thac Bayes|

Cho hai bién c6 A va B véi P(A)>0,P(B)>0, taco:

P(B).P(AlB)
P(A)

P(B|A)=

JCh

(1) Cong thuc xac suit toan phan ciing ding véi moi bién cb B bat ki

(2) Cho hai bién ¢6 A va B véi P(A)>0,P(B)>0,do P(A)=P(B).P(A|B)+P(B).P(A|B)
P(B).P(A|B)

P(B).P(A|B)+P(B).P(A|B)

Nén cong thirc Bayes con c6 dang: P(B|A)=
(3) Céc cong thic can nho

» P(A)+P(A)=1

» P(A|B)+P(AlB)=1

» P(AnB)+P(ANB)=P(A)

» P(AnB)+P(AnB)=P(B)

(4)Cong thirc x4c suat toan phan va Cong thire Bayes duoc &p dung trong cac trudng hop su Viéc bai toan dé
cap dén gom nhiéu giai doan c6 su lién quan nhan qud trong qua trinh xay ra.

CAC KIEN THUC CAN NAM CUA CHUONG,
P(ANB)

P(B)

(1) Cong thikc xdc sudt cé diéu ki¢n: P(A|B)= hay viét lai P(A|B)= >(8) (P(B)>0)

(2) Tir (1) suy ra: P(AB)=P(A).P(B|A)=P(B).P(A|B)
(3) Do hai bién c6 AB, AB i nhaunén P(A)=P(AB)+P(AB)
(4) T (2), (3) suy ra Cong thire x&c sudt toan phan: P(A)=P(B).P(A|B)+P(B).P(A|B)

P(B).P(A|B),(P(A)>O)

P(A)

(6) Tir (4), (5) suy ra dang khac ciia Cong thirc Bayes: P(B|A)=

(5) Tr (2) suy ra Cong thiic Bayes: P(B|A)=

P(B).P(A|B)
P(B).P(A|B)+P(B).P(A|B)

Vi du 80: Cho hai biéncd A va B.
a)Véi P(A)=0 P(B|A)=0,3 P(B|A)=0,6. Tinh P(B).
b)P(B)=0,2; P(A|B)=0,5; P(A|B)=0,4. Tinh P(B|A)
» Loi gidi
a)Taco P(A)=1-P(A)=1-0,1=0,9

Ap dung cong thirc x4c suat toan phén:
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P(B)=P(A)P(B|A)+P(A)P(B|A)=010,3+0,9.0,6=0,57.

b)Taco P(B)=1-P(B)=1-0,2=0,8.
Ap dung cong thuc Bayes:
P(B| )_ P(B)P(A|B) 0,2.0,5 5
P(B)P(AIB)+P(B)P (A|B) 0,20,5+0,80,4 21
Vidu 81: Trong mét truong hoc, ti I€ hoc sinh nir 1a 53%. Ti 1€ hoc sinh nir va ti 1€ hoc sinh nam tham gia
cau lac bo nghé thuat X lan luot 1a 21% va 17%. Chon ngau nhién 1 hoc sinh cta truong. Tinh xac suat hoc
sinh d6 c6 tham gia cau lac bd nghé thuat X.

~0,238.

. Loi gidi

Goi A: “Hoc sinh dugc chon 1a nit”, = A: “Hoc sinh duoc chon 13 nam”;

B : “Hoc sinh duoc chon c6 tham gia cau lac b nghé thuat X

Theo gia thiét ta c6 P(A)=1-P(A)=1-0,53=0,47;P(B|A)=0,21; P(B|A)=0,17

Theo cong thirc x4c sudt ting phan, ta co x4c suat hoc sinh dugc chon ¢é tham gia cau lac bo nghé thuat X
la

P(B)=P(A)P(B|A)+P(A)P(B|A)=0,530,21+0,47.0,17=0,1912.
Vidu 82: Gid st ti I¢ nguoi dan cua tinh X nghién thuég: 14 1a 20%; ti I¢ nguoi bi bénh phoi trong s6 nguoi
nghién thuoc 1 1a 70%, trong so nguoi khong nghién thuoc 1a la 15%. 7

(a)Hei khi ta gap ngau nhién mot nguoi dan cua tinh X thi khd ndng ma d6 bi bénh phoi 1a bao nhiéu %?

(b)Tinh x&c suat ma nguoi do 1a nghién huoc 1a khi biét bi bénh phoi.

= Loi gidi

(@) Goi A: “Ngudi nghién thude 147 = A: “Nguoi khong nghién thube 147

v B: “Nguoi bj bénh phéi” , ,

Dé nguoi ma ta gdp bi bénh phoi thi nguoi d6 nghién thudc 14 hodc khong nghién thuoc 14

Tacan tinh P(B), voi P(B)=P(A).P(B|A)+P(A).P(B|A)

Tacé: P(A)=0,2=P(A)=0,8; P(B|A)=0,7;P(B|A)=0,15

Vay P(B)=P(A).P(B|A)+P(A).P(B|A)=0,2.0,7+0,80,15=0,26

Do @0, ti 18 nguoi méic bénh phoi cua tinh X 13 26%

(b)Xéc suat ma nguoi d6 1a nghién hudc 14 khi biét bi bénh phoi 1a P(A|B)
P(A)P(BIA) 0207 7

P(B) 0,26 13

Theo cong thuc Bayes, tacé P(A|B)=

Nhu vay trong sé ngudi bi bénh phdi cua tinh X, c6 khoang % s ngudi nghién thudce 14,
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PHU LUC = CHUONG TRINH TOAN LOP 10 VA 11

PHAN = DAI SO VA MOT SO YEU TO GIAI TICH

l. PAI SO TO HOP

(OuY tic dém
MO tic cong

Mot cbng viéc dugc hoan thanh béi mot trong hai hanh dong: Hanh dong tha nhat c6 n cach :[huc hién,
hanh dong thir hai c6 m cach thuc hién (khéng trung véi bat cir cAch nao cua cau hanh dong thar nhat). Khi do

cdng viéc c6 thé duoc thuc hién bai n+m cach.

OROuI tac nhéan

Mot cong vie dugc hoan thanh boi hai hanh dong lién tiép: Hanh dong thir nhét c6 n cach thuc hién, véi
moi cach thuc hién hanh dong thir nhat c6 m cach thuc hién hanh dong thir hai. Khi d6 cong viéc cé thé duoc

thuc hién boi nm cach. )
yallHoan vi, chinh hop va to hop

Logi Dinh nghia Cong thec tinh sé lwong tl:))ig'r Y R
MOi vi tri sap xép thr ty cia n phan tir Lay hét n phan
Hoanvi | (neN*) goi la mot hoan vi cua n | P,= n.(n-1).(n—2)....2.1=n! tr dé sap xep
Am thi tu
phan tir.
MJi vi tri sap xép thir tu k phan tir dugc ' Lay k phan tir
Chinh | 13y trong n phén tir(n>k) goi la mot | A* =n(n-1)....(n—k+1) = n: trong n phan tu
. —k)! | dé sdp xép tht
e chinh hop chap k cta n phan tir. (n k)' ?1(: 8 Gy Ik
MOi tap hop k phan tir dugc lay trong Liy k phan tir
Téhep | N phan tir(n>k) goi l1a mot to hop o =% trpn?(hnA phan tir
chap k cua n phan tu. ki(n—k)! va Xnong sap
xep thir tu

Logi Cc“)ng vigc thuc hign

Cong thire dém

Hoan vi vong quanh

Sép xép n phan tir theo mot vong tron

(n-1)!

Chon k phan tir trong n phan tir va sap xép vao m vj tri

- 2 k Ak
Chinh to hQ’p (k <n k< m) CnAn
Cong thare dac biét
. | |
01=1 Néuk=nthi A ==L pi-p
o 1
co=ci=1 C,=n
Ci=Cr* (0<k<n) Ci+C=Cyt (0<k<n)

n | — — — k
>CK=C04Cl4C2+..4Cl =2" (0<k<n) | ct=— 1t __NO-D0=2).(-k+D)_A
k=0 k!(n—k)! k! k!

[N thic Newton
CYCONg tharc nhi thac Newton
(a+b)"=Cja"+Cla"'b+CZa"%? +...+Cla" b +..+Cb" = > "Cka" b ,(n e N*)
k=0
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T inh chdt ciia nhi thiec Newton

[JSé cac s6 hang caa cong thic 1a n+1
[1S6 mii ctia @ giam dan tir n dén 0, s6 mii cua b tang tir 0 dén n; dong thoi tong cac so6 mil ctia a va b trong

mdi hang tir déu bang n

[1S6 hang tong quét thir k +1 c6 dang T,,, =C*a"*b* (k=0,1,...,n)
[1C&c h¢ s6 caa nhi thirc cach déu hai sé hang dau va cudi bang nhau: C* =C"*;0<k <n

CAC DANG BAI TOAN PEM

Quy tiac: Hanh dong nao cé diéu kign manh nhdt thi thiec hién dém trwéc nhat,...

A

Dang 1. Dém sé lwong sé tw nhién

B1: Goi s6 tu nhién c6 dang: a,a,...a, va a, thudc tap chira cac chir s6 theo dé.

B2: Chon chit s6 thoa diéu kién bai ton dat vao cac hang s theo thir tu wu tién: Hang nao cé diéu kign
“manh” nhat thi thuc hién truwwéc nhat. (Cha y phan ra nhiéu truong hop néu bi trung dieu kiégn)

B3: Dung Quy tac nhéan dé tinh két qua ting trudng hop va Dung Quy tac cong dé tinh Két qua ca bai.

Tinh chit chia hét Diu higu chia hét

S 1¢ Chir s6 tin cung 1a chit s6 1é

S6 chan (S6 chia hét cho 2) | Chir s6 tan cung 1 chit s6 chin

Chia hét cho 3 Tong cac chir s6 chia hét cho 3

Chia hét cho 4 S6 gdm 2 chir sb cudi 1a s6 chia hét cho 4

Chia hét cho 5 Chit s6 tan cung 13 0 hodc 5

Chia hét cho 6 Chia hét cho 2 va 3

Chia hét cho 7 Nhan d61 chur ’sé cudi c.:l‘mg r0i lay sb gém cac chir sé con lai trir cho phép
nhan d6 néu két qua chia hét cho 7 thi s6 da cho s€ chia hét cho 7

Chia hét cho 8 Sb gdm 3 chir s6 cudi 1a s6 chia hét cho 8

Chia hét cho 9 Tong cac chit s6 chia hét cho 9

Chia hét cho 10 Chir s6 tan cung 13 0

Chia hét cho 11 Tf)ng cac chir s6 & hang 1é trir di tong cac chit s6 & hang chan 1a mot s chia
hét cho 11.

Chia hét cho 25 Hai chit s6 tan cung 14 00, 25, 50 hodc 75.

Dang 2. Dém s6 cach sap xép
@ Sap xép xen ké 2 nhém A, B:
TH1. S6 phan tr 2 nhém bang nhau: n(A)=n(B)=m-> S6 cach sip xép 1a 2m!m!.

TH2. Sé phan tir 2 nhém hon kém 1 don vi: n(A)=m, n(B)=m+1-> Sé cach sip xép la m!.(m+1)!
@ Sip xép theo nhém A, B, C: cho n(A)=a, n(B)=b, n(C)=c

TH1. Chi c6 céc phan tir nhdm A ké nhau - S6 cach sip xép 1a al.(b+c+1)!

TH2. Céc phan tir 2 nhém A, B ké nhau - S cach sip xép 1a albl.(c+2)!

TH3. Céc phan tir 3 nhém A, B, C k& nhau = S6 cach sap xép la albl.c!.3!

© Tuong ty cho sip xép n nhém.

® Sap xép nhom A ¢ n phan tir sao cho ¢6 k phan tr a, a,,...,a, khong ké nhau (k snTJrlj:

B1. Xem s vi tri can sap xép 1a 2(n—k)+1 > Sap xép n—k phantt a,, a,,,,...,a, Vao cac vi tri chdn
> C6 (n—k)! cach

B2. Sap xép k phanta a, a,,...,a, vao n—k+1 vj tri con lai > C6 A", ., cach

Vay S6 cach sap xép 1a (n—k)LA,
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Dang 3. Pém so cach chen

® Chon khong sip xép:

[JChon k phan tir loai I tir cc nhém A, B, C,... & Phéan nhiéu Truong hop, chon mdi nhém 1 56 lugng phan
tr loai I, sao cho tong 50 luong phan tir loai | & méi truedng hop phai bang k phan tu.

@ Chon c6 sap xép (Chinh té hep): Chon k phan tir trong n phan tr va sap xép vao m vi tri

(k<n, k<m)cé: C¥.A¢ cach

1. AM SO LUONG GIAC VA PHUONG TRINH LUONG GIA

N \ SinAy tangAt / y
\ \ / Vi
\\ / //
N ‘3 7
AN / 7
\\ / d
N 7
N 7/
AN 7/
AN /7
N /
N 7/
AN /7
S o N /7 P
\\\_ﬁ 1 /// \/§ /// s
RN g -7 cotang
15
T —
—f 3
6
1 0(rad) X
A "
cosin
-/3
1r § 3
//// AN -1 \\\\
e N S
7 N\ ~
7 N ~
7 N
Ve AN
Ve AN
/7 AN
7 AN
Ve AN
Ve AN
Ve AN
// \\
\
// "/g \\
Ve AN
Ve \ AN
,// \\ \\.
CONng thire lwgng gia
He¢ thiee co ban Cos doi
sina+cos’a=1 tana.cota=1 sin(—a)=-sina tan(-a)=-tana
1+tan’a= 1+cot’a= cos(~a) =cosa cot(-a) =—cota
cos’ a sin’a
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Sin bu

sin(z—-a)=sina tan(z-a)=—tana

—cota

—COS«x

cos(z—a) cot(z—a)

Chéo phu

. T T .
sin| =—a |=cosa, cos| —-a |=sina
(2 j [2 j

tan [%—aj = cot Cot(g—a] =tana

Tang, Cotang hon kém n
sin(a+7)=-sina

CoOS|a+7mw)=—-COSx

Cong thec ha bdc

> 1+cos?2a

cosa=——
2

_1-cos2a
2

tan? a.— 1-cos?2a

1+cos?2a

sin’a

Cong tharc cong Cong thirc nhan doi
sin(axb)=sina.cosb+ cosa.sinb sin2a=2sina.cosa
cos(a+h)=cosa.cosbFsina.sinb cos2a =cos’a—sin’a
+ =2cos’a-1
tan(aib):—tfna_tanb ~ .,
lf¥tana.tanb =1-2sin“a
tan 23_:21:a_nza
1-tan’a
Cong thizc bién doi tich thanh tong Cong thec bién doi tong thanh tich
1 _
cosa.cosb=E[cos(a+b)+cos(a—b)] cosa+cosb=2005a%b.cosa7b
; . 1 ] . a-—
sma.smb:E[cos(a—b)—cos(a+b)] cosa—cosb:—ZSlnaTm.sma—zb
. 1-. ) ) ) . a+b a-b
sma.cosb=E[sm(a+b)+sm(a—b)] sma+smb=25m7.cosT
a+b a-b

sina—sinb=2cos——.sin——
2 2

lHam s6 lwong giad

1.y=sinx

2.y =C0S X

OTXP: D=R.TGT: T =[-11]

OTinh chdn lé: La ham 1é¢ = B thi d6i xung qua
goc toa do

OTinh tuan hoan: Tuan hoan véi chu ki 27z

T

: Nghich
<) o

[1Sw bién thién: Bong bién trén (

bién trén
2 2

(16 thi:

OTXP: D=R.TGT: T =[-11]

[Tinh chan chédn: La ham 1é = D6 thi d6i xang qua
truc tung.

[ Tinh tudn hoan: Tuan hoan vai chu ki 27

[1Sw bién thién: Nghich bién trén (0; ) ; Dong bién

trén (7;27)

[1Bé thi:

L

#

y=sinr I =COST

"\
b
.
s T &

=

~ 10
5

# “
Y
T2 RN B
. F
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3.y=tanx

4.y =cotx

OTXD: DzR\{%+kﬂ/k€Z}.TGT: T=R

OTinh chdn 1é: La ham 1é = D6 thi ddi xang qua
géc toa do

[ Tinh tuan hoan: Tuan hoan véi chu ki 7

S bién thién: Ludn dong bién trén ting khoang

xac dinh —Z;Z X z;g—ﬂ
2 2 2 2

(D6 thi:

O7TXD: D=R\{kz/keZ}.TGT: T =R

OTinh chdn 1é: La ham 1é = D6 thi dbi xang qua
géc toa do

OTinh tuan hoan: Tuan hoan vai chu ki 7

S bién thién: Ludn nghich bién trén ting khoang
xac dinh (0;72'); (72;272)

[1Pé thi:

\w \ i
2 2 3 i

Dang f(u)=f(v)

sinu=m, (-1<m<1)
< sinu=sine, (a =sin’1(m))

keZ

U=a+k2r
= :
Uu=rz-a+k2r

) . u=v+k2r
SInNU =SINV &
U=r—-V+k2r

cosu=m, (-1<m<1)
& CoSU =CoSa, (a = cos’l(m))

{u:a+k27z

keZ
U=-a+k2r

COSU=COSV < U=xv+k2x

tanu=m
& tanu =tan e, (a = tan‘l(m))

SU=a+kr, keZ

tanu=tanve u=v+kr

cotu=m

1
& cotu =cota, (a =tan* (—D
m

Su=a+kr, keZ

cotu=cotve u=v+kr

Truong hop dic bigt: Poi voi phuong trinh sinu =

m, coOsu =m

[JNéu m = %1 thi chi can ly 1 trong 2 cong thirc nghiém.
[JNéu m =0 thi chi can lay 1 trong 2 cong thiic nghiém va thay k27 thanh kz

Cu thé:

sinu=1l<u :%+k27z

sinu=-1<u :—%+k27r

sinu=0< u=kr

cosu=lsu=k2r

cosu=-leu=r+k2z

T
cosu:0<:>u:5+k7z
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Cép sb cong

Cap s6 nhan

Diy sb (un ) 13 cép s6 cong
Dinh nghia .
<u,=u +d (neN )

Dy s6 (u, ) 1a cap s6 nhan

SUu,,=u,-q,(VneN’)

So6 hang tong quat | U, =u,+(n—1)d , (n EN*) u =u.q"", (n eN*)
Tinh chét u, :%,(kzz keN') U =U U, (k22, keN)
Téong n s6 hang dau | S, Nl +4,) Khiq=1: S =ny,
tién 2 n
n Khi g1 S —u, 9

S,=U +U, +...+U, Sn=§[2ul+(n—1)d] ST
Cong sai, cong bgi | d=u,—u,; d="k_m q=—nd g = e

g ] g s n+l n? - k—m un 2 um

(\YAR ;10T HAN, HAM SO LIEN TU

MG iG¢i han caa day s

Giéi han hiru han

Gidéi han vo cuc

1. Giéi han dic bigt:

e [im 1=O;o

lim ik=0(kez+)
n—+o N n—+0 N
elimg"=0(|g/<1);elimC=C
2. Dinh li: Cho limu, =a, limv, =b. Taco:
e lim(u,+ v,)=axb e lim(u,v,)=ab
e lim2 =2 (néub=0) e lim|u,|=lal

v, b

o limJu, =v/a (u,, a>0)

3. Tong cua cdp so nhan lui vo han

" (lal<1)

S=u+ug+ug®+...=
1 1q lq l—q

1. Gioi han dac biét.

o limn* =400 (k eZ") o lim/n = +wo

e limq" =+ (>1)

2. Pinh li:(Quy tdc vé gi6i han vé cuc)
/Ia /la¢0

Uy —0; ty

NN Vn\‘o o a#0

(Dd'u cua gioi han vo cuc dwoc xac dinh theo quy

tac nhdn dau)

—>o; [u,.v.]>o
Vv N

yBGi6i han cia ham s

Gioi han hiru han

Gioi han vo cuc, gidi han tai vo cuc

1. Gidi han dic bigt:
e lim x=x,;e limC=C (C lIa hang so)

X=X, X=X
2. Dinh li: Cho lim f(x)=L, lim g(x)=M . Taco:
x—>x0 x—)xo
o lim [f(x)+g(x)|=L+M;
)C—))CO

 lim [f(x)=g(x)]=L-M

o lim [f(x).g(x)]=L.M;

1. Gidi han dac bigét:

k

e lim x" =+o0;

X—>+00

. k|40 néu k chdin
e lim x" = . )
—o0 néu k 1é

X—>—00
. . C
elimC=C;e lim —=0
X—>F00 X—>o0 xk

2. Dinh li: (Quy tdc vé gidi han vé cuc)

x—)xo
o i V& (néuM =0)
X=X, g(x) M
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o lim \f(x) =VL (f(x)20) o lim | fo|=lLl
3. G|;| han mgt bén:
lim f(x)=L< lim f(x)= lim f(x)=L

x—>x X—)Xo X—)Xo

fx)”"
g(x),

f(x)"

g(X),.

[f (). 9(¥)] > o
L &

0 L#0
(X — x, hay x — )
(Dcfu cua gioi han vo cuc dwoc xdc dinh theo
quy tac nhan dau)

—> 00 ;

-0 X

3. FER R

y=f(x) lién tuc tai x, < lim f (x) =
X=X

f (%)

y=f(x) liéntyctai x, & lim f(x)=lim f(x)=

X—>Xg"

f(x)

Ham s6 lién tuc trén mot khoang khi ham sé lién tuc tai moi diém thudc khoang dé.

Ham s y=f(x) lién tyc trén mot doan [a;b] néu y= f(x)lién tyc trén(a;b) va lim f(x)=

XILT f(x)=f(b)

o Ham s6 da thuc lién tuc trén R .

f(a)

X—a

e Ham sb phan thirc, cac ham sé luong giac lién tuc trén ting khoang xac dinh cua ching.
e Tong hiéu, hiéu, tich, thwong cta cdc ham s6 lién tuc tai mot diem la ham so lién tuc tai dieém do.

V. AM SO MU VA HAM SO LOGARI
1
e a"=aa..a T, o,oan =
(tich cua n thura s a) ca =aaea =- e ar=Ya"
e a’=1 ,(a=0) non o
o (ab)y=ab"e [2]| =2 M
1 b) b
ea"=—,(a=0)
e @")'=(@")"=a"
AP hép tinh l6garit
o logb=c<a”=b e log,(b.b,)=log, b +log, b, o log b=Iogcb
(a,b>0;a#1) . log (blj log, b, —log. b log, a
e log,1=0 “\ b, : e log, b= 1
e log,a=1 e log, (b*)=c.log, b log, 2
o |0ga(a“):a0 2%t _p 1 e log.a.log,b=1log_ b
e log .b=—1log, b B
a e log, (b”)=Llog,b
o

4 r
A ~ by hY A 1A

1. Ham s6 mii y=a* (0<a=1)

a>1

OTXD:D=R. TGT: T =(0;+x).
[JTHam s6 ludn dong bién

[1Tiém can ngang la truc Ox

O<ax<l

OTXD:D=R. TGT: T =(0;+).
[JHam sé luén nghich bién

[1Tiém can ngang la truc Ox
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Do thi nam phia trén truc hoanh
¥ T y=aX
(> 1)

[1P6 thi nam phia trén truc hoanh
}' b

OTXD: D =(0;+%). TGT: T =R.
[IHam s ludn dong bién

[1Tiém can dung la truc Oy

(Do thi nam phia bén phai truc tung

L

o 1 a X

y=log x
fa=>1)

_{_,j/ i&{a{]}
ol 1 x ol 1 x
2. Ham s logarit y=log, x, (0<a=1)
a>1 O<axl

OTXD: D =(0;+x). TGT: T =R
[JHam s ludn nghich bién

[1Tiém can dung la truc Oy

(Do thi nam phia bén phai truc tung

¥ 4
&

]..

O ) 1\
y=log,x
OD<a<l)

Chay : Do thi ham s6 y=a*va y=log, x (hai him nguoc nhau) d6i xtng nhau qua duong thang y = x

trinh mii, logarit

Mi

Logarit

Dang a' =b,(a>0,a=1)
[1b< 0: Phuong trinh v6 nghiém
Ob>0:a"=b<u=log,b
Chuy: a"=a"<u=v

Dang log,u=b,(a>0,a=1)
OPiéu kién: u>0
Olog,u=b<u=2a

Chay: log,u=log,v<u=v
(Piéu kién: u>0; v>0)

Dang a" >b,(a>0,a=1)

[b<0: Bat phuong trinh c6 nghiém véi moi u thoa
diéu kién xac dinh.
Ob>0:a">b<u>log,b, khi a>1
a'>b<u<log,b, khi 0<a<l

Chu y: Tuong tu cho cac bat phuong trinh:
a'<0;a"<0;a">0

Tong quéat

a'>a'<u>y, khia>1

a'>a' <u<y, khi 0<a<1

Dang log,u>b,(a>0,a=1)

[biéu kién: u>0
log,u>b<u>a’, khi a>1
log,u>b<u<a®, khi 0<a<l

ChU y: Tuong tu cho cac bat phuong trinh:
log,u<b; log,u>b; log,u<b

Tong quéat

log,u>log,veu>y, khi a>1
log,u>log,veu<v, khi0<a<l
(Piéu kién: u>0; v>0)
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ham mii — l6garit vao bai toan thuc té

Bai toan

Cong thac

Dién gidi

1.Tinh tién ga#i 13i kép:
Guri mot lan va rat mot lan

T, =T,(1+r)"

T, : s tién ban dau giri;
r: 1di suat/ki;
n: so Ki gui;
T,: so tien sau n Ki gui.

2.Tinh tien gei tiét kigm lai
kép:

Mai i gii mét lan sé tién cé
dinh va ch7 rat mét lan

T, =T,.

“Tr[(u r)’ —1}

T, : s tien giri mai ki;
r: 1di suat/ki;

n: so Ki gui;

T,: so tien sau n Ki gui.

3.Tinh tien vay trd gop i

t: 56 tién tra mdi ki;

kép: o o (T r(l+r)’ T, : s6 tién vay ban dau;
Vay mgt lan va tra gop co - (1+r)" -1 r: 1i suat/ki;
dinh moi ki n: s6 ki phai tra
4Tinh tién rut dinh Ki: T, : 0 tién giri ban dau;
Gui mgt lan va rat dan moi ki r: 13 suat/ki:
56 tien co dinh T, =T,.(1+r)' +M[1—(1+ r)' | | n:sd ki gui;
r T : s tién con lai sau n ki;
M: sb tién rit moi Ki.

5.Tinh sé dan ting, giam: S, : 56 dan ban dau;

5. =5, e r: ti & bién dong dan so/ki;

n: so Ki;
S, : S0 dan sau n ki.

6.Tinh lwong phong Xa ban
ra:

m, :khéi lugng chat phong xa ban
dau;

t: thoi gian ban ra;

T: chu ki ban ré;

m, : khéi lugng tai thoi diém t.

7.Tinh cwong d dong dat:

M: cuong do déng dat;

A: bién do rung toi da;

A, : bién d6 chuan (hang s dinh
trudc).

8.Cong thac lién hé 2 trgn
dong dat co cung bién do
chuan:

A,M,va A,,M,: lan luot 14 bién do
rung t6i da, cuong do cua tran dong
dat thir nhat va thir hai.

VI.

{8ID 20 ham
A Ticp tuyen

Phuong trinh tiép tuyén ctia duong cong (C):y = f () tai tiép diem M (X,; Y, ) ¢6 dang:

Y=Y = k'(X_XO) (*)
Trong do:
X, : Hoanh do tiép diém;
Yo = Y(X%,): Tung do tiép diem;
k=f"(x,): Hé s goc cua tiép tuyén.
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B1. Tim dao ham y'= f '(x)
B2. Dya vao gia thiét, tinh x;, y,, f'(%,).
B3. Thay vao phuong trinh (*), thu gon, ta dugc phuong trinh tiép tuyén can tim (Chu ¥: So diéu kién, loai

phuong trinh néu co)
ﬁl

[1Puong thang (d):y =

ax+b-> Heé sé goc k, =a;

Quy tdc Igp phwong trinh tiép tuyén ciia dwong cong FEREES)

[1Puong thang (d):ax+by+c=0.> H¢ sb goc k, :%a.

Od||d =k, =k,;e d Ld' <k, Kk, =—1

Cac dang phwong trinh tiép tuyén

Gid thiét Theo GT, Ta co: Cdc dai lwong can tinh
Biét hoanh dj tiép diem | X, Tinh: y, =y (%), k= f'(X)
Biét tung dj tiép diem | Y, Ti: Y, =Y(X%,) = Tinh duge X, va k= f'(x,)
Biét h¢ s6 goc ciia tié X : , .
wuyén 8 P |k Tu: k= f'(x,) > Tinh duoc X, va y, =y(X,)
Biét tiép tuyén song Tir: k= f'(x,) > Tinh duoc XO’ va yo,: y(%)
song dwong thing (d) k'=k,g (Cha y loai phuong trinh tiép tuyen trung
phuong trinh duong thang d)

Biét tiéep tuyén vuon -

i ¥l kky=-lok="" Tir: k= /(%) = Tinh dugc % VA y, = y(%)

goc dwong thing (d)

Biét tiép tuyén qua
A(Xa:Ya)

Giai tim X, > Tinh y, =y (X)), k=f'(x,)

Tiép tuyén tai giao diém

cia (C):y="f(x) va f(X%)=ax,+b Gidi tim X, > Tinh y, =y(%,), k=f'(x))
(d):y=ax+b

Tiép tuyén tai giao diém . ) . ,
ciia (C) va Ox Y, =0 Tu: Y, = Y(X,) = Tinh duge X, va k= f'(x,)
Tiép tuyén tai giao diem X, =0 Tinh: o = y(x0)1 K = f'(XO)

clia (C) va Qy
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PHAN <= HINH HOC VA PO LUONG

VII. INH HOC PHANG

1)Tam giac vudng: Cho tam gidc ABC vuéng tai A c6 dudngcao AH va trung tuyén AM . Ta co:
e BC? = AB? + AC?(Pi-ta-go) ¢ AH.BC = AB.AC
e AC>=CH.BC ¢ AB*=BH.BC

. 12: 12+ 12-AH= AB.AC A

AH AB® AC AB2 + AC?

BH AB? AB? CH AC? AC*? BC
[ ] = = [ ] = = [} AM = —

BC BC® AB?*+AC®? BC BC? AB’+AC? 2 B H M C
e Di¢ntich: S= %.AB.AC (bang ntra tich d6 dai 2 canh goc vudng)

g ., . AC . . ) AB ) ) AC
e Ti so lwong giac: sinB=— (sin = doi/huyén), cosB =—— (cos = ké/huyén), tanB=— (tan =
ong g o ( yen) o ( yen) e (

d6ilkd)

2)Tam giac vudng can: Cho tam gidc ABC vudng can tai A c¢6 duong cao AH . Ta

) C
co: Q

2 2 2 aﬁ
oAB=AC=a.BczaﬁoAH=a£-Dientich:S=AB _ ACT _BC a
2 2 2 4 NuEAN:

3) Tam giac déu: Cho tam gidc ABC déu canh a, c6 tdm I va duong | 4)Nira tam giac déu:
cao AH. Ta co: A

a+/3 a3 &

AH =232 o Al = Y2

) 2 ° 3 af3 2a

a3 .. ... alf3
o |H = : e Dién tich: S = 4 B e c ] a

5) Tam giac thuwong: Cho tam giac ABC d6 dai canh BC =a, AC =b, AB =c, duong cao AH =h,, trung
tuyén AM =m_, phan giac AD, ban kinh dudng tron ngoai tiép la R, ban kinh dudng tron noi tiép lar. Ta
co:

e Dinh li cosin: a’ =b” +c¢”—2bc.cos A e Dinh li sin: a b ¢ A

- =— =— =2R
sinA sinB sinC
b® +c®—a’ , b?+c* a’ bc AB DB
OCOSA:—Oma = ——0R= [ ] =
2bc 2 4 2h, AC DC

B H M C
e Di¢n tich:
1 1, . abc .
S=E.a.ha S=§bc.smA S:ﬁ S=pr S=\/p(p—a)(p—b)(p—c) (v6ip=

a+b+c

)

yAlIH¢ thire lwong trong tir giac

1)Hinh thang: Dién tich hinh thang ABCD c6 day AB,CD: S :%(AB+CD).h (véi h 1a chiéu cao va h

bang khoang cach giira AB va CD)
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1

2)Hinh thang vudng: Dién tich hinh thang ABCD vuong tai A, D: S :E(AB+CD).AD

khoang cach gitra AB va CD)

3)Hinh binh hanh: Dién tich hinh binh hanh ABCD: S :%(AB+CD).h (véi h 1 chiéu cao va h bing

1

4)Hinh thoi: Dién tich hinh thoi ABCD: S = > AC.BD (bing nira tich d6 dai 2 duong chéo)

SE 1 AB.sin A (bang nira tich do dai mot canh véi sin mot géc)

5)Hinh chir nhat: Dién tich hinh chit nhat ABCD: S = AB.BC (bang tich chiéu dai va chiéu rong)

6)Hinh vudng: Cho hinh vuéng ABCD canh a, tdm O

2

eAC=BD=ay2 o OA=0B=0C=0D=a"- *

Dién tich: S = a’

KHlH¢E thire lwong

| Dién tich hinh tron ban kinh R: S =z.R* e Chu vi duong tron ban kinh R: C =2z.R

ECAc tam cua tam giac

[ Trong tAm tam gidc 1a giao diém 3 duong trung tuyén

[Trye tam tam giac la giao diém 3 duong cao

[1Tam duong tron ngoai tlep tam giac 1a giao diém 3 dudng trung truc
[1Tam dudng tron ndi tiép tam giac 1a giao diiém 3 duong phan giac

BT 0a 40

Cho u=(x;y),v=(x:y"

-~ - X=X -~ - -
uzva{y—y' Utv=(xtx3yty’) ku = (kx; ky) UV = XX"+ Yy’
I e T

ulvexx'+yy'=0 ‘U‘Z X“+y COS(‘J’V) ‘a‘ M

Cho A(X4;¥Ya): B(Xs:Ys)
EZ(XB XA;yB_yA) AB = \/ yA)
M 14 trung diém cua AB: G latrong tam tam glac ABC.

X :XA+XB. :yA+yB. :XA+XB+XC. :yA+yB+yC

M 2 M 2 3 , 3
G la trong tdm ta gidc ABCD : M chia AB theo ti so k:

_XA+XB+XC+XD.y :yA+yB+yC+yD =XA_kXB. =yA_kyB
4 e 4 o1k M 1k

VM Phirong trinh
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Puong thang A di qua diém M (X,;Y,) vacé 1 VTPT n=(A;B) hay c6 1 VTCP a=(a;b), co:
Phwong trinh tong quat: A(X—X,)+B(y—Y,)=0< Ax+By+C =0 (véi C=—Ax,—By,)
X=X, +at

y:y0+bt’ (teR).

Phwong trinh tham sé- {

Phuong trinh chinh tic: 2~ — % (ab=0)

a

Duong thang qua M (X,;Y,) €6 hé sé goc k ¢6 phuong trinh dang y—y, =k (Xx—X,)
Puong thang qua 2 diém A, B c6 phuong trinh dang X=X _ Y=Y

Xp—Xg Ya— Vs
b)
Khoang cach tir mot diém M (X,,;Y,, ) dén mot duong thang A: Ax+By+C =0 la
_|Ax, + By, +C]|

d(M,A)= Nrana

KB Phuong trinh dwong tron

buong tron cé tdm 1 (a;b) va ban kinh R, c6 phuong trinh:
Dang 1: (x—a)’ +(y—b)’ =R?.
Dang 2: X2+ y? —2ax—2by+c =0, v6i didu kién a>+b?>—c>0 va R=+a’+h?—c.

4.

WDinh nghia
Cho hai diém phan biét F, va F,. Pat FF, =2¢>0.
Tap hop tat cd diém M thoa MF, +MF, =2a, véi a>c¢ >0 la mot elip.

b)
Trong mat ph:fmg Oxy, cho K (—C;O) , F, (C : 0) (hai tiéu diém thuéc truc
hoanh).

2

2
rs q \ . , X
Véi b? =a*—c?, ta co phuong trinh elip c6 dang: P y—2

=1, véi

a>b>0.

OICA4c yéu to cia elip

Truc 16n AA =2a; Trucbé BB, =2b;

Tiéu cw FF,=2c va a’ =b’+c’.

Toa do dinh A (—a;0),A,(a;0),B,(0;—b),B,(0;b).
Tiéu diém F, (—c;0), F,(c;0).

SHlHYypebol
a)

Cho hai diém phan biét F, va F,. Pat FF, =2¢>0.
Tép hop tit cd diém M théa [MF, —MF,|=2a, véi 0<a<c la mot hypebol.

YW Phwong trinh Hypebol:
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Trong mit phang Oxy, cho F.(—c;0), F,(c;0) (hai tiéu diém thudc truc
hoanh).

2 2
V6i b? =a® —c?, ta ¢6 phuong trinh elip c6 dang: — 7= 1, véi
a

a,b>0.
c)
Doan thang AA, =2a goi la truc thue, doan thang B,B, = 2b goi 1a truc
a0 cua hypebol.
Tiéu cw FF, =2c va a’ +b* =c’.
Toa do cac dinh A (-a;0), A,(a;0).
Tiéu diém F,(—c;0), F,(c;0).

Giao diém O cua hai truc 1a tAm ddi xirng cua hypebol

lParabol
WDinh nghia

Cho mot diém F va mot duong thang A c¢b dinh khong di qua F . y

Tép hgp cac diem M cach déu F va A 1a mot duong parabol.

Diém F goi la tiéu diém va A goi la dudng chuin cia parabol (P).
(W Phuwong trinh Parabol:

Goi H 1a hinh chiéu vudéng goc ciia F trén A.

Goi khoang cach tir tiéu diém dén duong chuan 1a p=HF . H
Chon hé truc toa do Oxy, voi O 1a trung diém HF (nhuw hinh vé) thi F (g;Oj
va Aix=—2. A
2

Khi d6, phuong trinh (P) 1a: y? =2px, v6i p>0.

SHinh dang parabol va cé4c yéu té

O la dinh; Ox goi la truc ddi ximg cta parabol (P).

p goi 1a tham sb tiéu cua parabol (P).

Tiéu diém F (g : oj va duomg chudn A x = —g .

IX. PUONG THANG VA MAT PHANG. QUAN HE SONG SONG KHONG GIA

IMChirng minh quan hé song song

1. Chietng minh hai dwdng thang song song
Str dung két qua hinh hoc phang dé chitng minh
a)Hinh thang: Hai canh day song song
b)Céac dang hinh binh hanh (hinh binh hanh thuwong, hinh thoi, hinh chiz nhgt, hinh vudng): Hai cap canh
d6i song song va bang nhau.
c)Pwong trung binh:
[ Pwong trung binh cia tam giac: Poan thang ndi trung diém hai canh, song song va bang nira canh con
lai.
[JPwong trung binh hinh binh hanh: Poan thang ndi trung diém hai canh ddi, song song va bang hai canh
con lai.
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d)Dinh Iy Thalés trong tam giac 7
Mot duong thang chan hai canh cua tam giac theo cac doan thang tuong

A
g ti 1é thi duong thing d6 song song véi canh con lai va nguoc lai M /\N

AML_AN s /
AB AC

2. Chirng minh dwong thang song song mit phing

DL: Néu dwong thang d khong

chiza trong mat phang () va | (d & (a) "
Cach | song song voi dwong thang d' | <d || d"
1 chira trong mat phang () thi | |d'c (@)
dwong thang d song song Vdi =d ()
mdt phang (a).
DPL: Néu 2 mat phang song | (d ()
Cach | song thi moi duong thang nam @)1 (B)
2 trong mat phang nay deu song
song véi mat phang kia. =d || (p)

3. Chitng minh 2 mit phiang song song

DL: Néu mgt phang nay c6 | |(a)>a,b
Cach | Chika 2 duong thd’r_lg cat nrlau anb=l
1 cung song song véi mat phang .

kia thi hai mat phang song song | (& P11(5)

nhau. = (@) 11(B)

HQ: Néu mgt phing nay c6 | (abc ()

chu"a 2 dwong thang cat nhau | [anb=1
Cach | lan lwot song song 2 duong alla’, bilb’
2 thang chiza trong mat phang kia .

thi hai mat phang song song | (&b'=(5)

nhau. = () 11(B)

, Ace(a)n

Tim 2 diem chung phan biét () (A)
Cach |cia 2 mat phang = Giao | |B<(@)N(/)
1 tuyen la duwong thang diqua 2 | | A+ B

diem ch do

rem cnung ao — AB :(a)m(ﬂ)
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Tim I diém chung cua 2 mat

phdng va ching té trong 2 | |1 €(@)N(B) J
Cach mdt‘ phcfng lan ot ¢6 chia 2 | ) g — (@), bc(B)
5 dwan_g thang song song nhau b
= Giao tuyen la duong thang a|l
di qua diem Chqng va song :>(a)ﬁ(,8) (Ix||a||b /a/
song 2 dwong thang doé.
Tim 1 diém chung cua 2 mgt
phang va ching to trong mat | (| ¢ (a)(B) a
phang nay c6 chwa 1 dwong
Céch |thang song song véi mat| 1@< () K
3 phang kia=> Giao tuyén la all(B) /ﬁ\/

dwong thang di qua diém
chung va song song duong
thang do.

siao diém ciia duwong

= (a)n(B)=1Ix(Ix]|a)

Néu trong (er) c6 chia san

{(a)aa

B3: Trong (A), tim giao
diem | cuadvab = 11agiao
diem cuabva ().

TH1 | dwongthangacatbtgilthil | lanb=I
la giao diém cia b va (). =b(a)=1 / -
Néu trong (@) khong chira
san dwong thang a cdt b nhw
THA1 thi ta thuc hién nhu sau:
B1l: Chon mat phang phu
(B) chira b sao cho giao (8)=b
THo |tuyéncia (o) va (B) détim. @)=t
B2: Tim giao tuyén d cua| (4P=!
(a) va (p). =bn(a)=1

MM Tim thiét dién cia hinh chép, Ling

tru dwoc ciat béi mot mit phang

Cach 1: Tim tat ca céc doan giao tuyen cia (a) véi cac mat cia hinh chop, lang tru > Thiét dién 1a da
giac tao bai cac doan giao tuyén do.
Cach 2: Tim tat ca cc giao diém cua (ar) Vi cac canh (néu c6) ciia hinh chop, lang try - Thiét dién la

da gi4c tao bai cac giao diém do.

QUAN HE VUONG GOC TRONG KHONG GIA

X.

(MChirng minh quan hé vudng goc.

1. Chirng minh 2 dwong thang vuong goc

Céach
1

trong mat phang ay.

PL: Néu mot duong thang vuong goc
V6i mét mat phang thi dwong thang do| [d L (a)
vudng goc vdai Moi duong thang chira

ac(a)

>Pé chirng minh 2 dwong thcfng vubng | =>d La
goc, ta chung minh: dwong thang nay
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vudng goc vdéi mat phang chita dwong
thang kia.

HQ: Néu mgt duong thang vudng goc | (d | AB
Cach | voi hai chh cua mgt tam giac thi {d 1L AC
2 duong thang do vuong goc voi canh
con lai cua tam giac ay. =d LBC
2. Chitng minh dwong thing vudng géc mit phang
DL: Néu mgr duong thang vudng goc | (d La;d Lb
Cach | Vo1 2 duong thzdng cat nhgu cung chL}a} anb=1l
1 trong mat phang thi duong thang do abc(a)
vudng goc véi mat phang dy. D &
=d 1 (2)
L
HQ1: Néu 2 mat phang vubng goc (@) L(A)
Cs nhau thi bd ki dwong thang nao nam | | (@) N (F)=d
ach
5 trong mat phang nay va vuéng goc véi | |A < (B)
giao tuyen 2 mgt phang sé vudng goc | (A | g
mdt phang kia.
=>Al(a)
B|
HQ2: 2 mgt phang phan biét cing @nF)=e o/ g !
Céach | vubng géc mat phang thiz 3 thi giao | 1(@) L (7) !
3 | tuyen cua 2 mat phang dé (néu cd) sé | |(B) L (») S I
vudng goc mat phang thiz 3 do. o
gg at phang thur 5 do —d L (y) e
A
3. Chirng minh 2 mit phang vuéng goc
DN: Hai mat phang vudng géc khi mat
phang nay chia mgr duong thang
Cach | Yu0ng gdc vai mat phang kia. 7 Ac(f)
1 2 Dé ching minh hai mat phang | (AL ()
vuong goc, ta chizng minh: mat phang | (@) L(B)
nay c6 chira mot dwong thang vuong
goc mat phang kia.
PL: Néu mat pha h st (£)=4
éu mat phang nay cé chia mg
Cach duong thang vudng goc Vdi hai duwong Llgadb
5 thang cat nhau nam trong mat phang | |[anb=1
kia thi hai mgt phang vudng géc nhau. a,bc(a)
=(a) L(B)

yBBTim hinh chiéu ciaa diém Ién mit phing

e Dinh nghia: H 14 hinh chiéu cia M Ién (o) < MH L (a)tai H.
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TH1: C6 duong
thang A di qua diém
M va vubng goc mat
phing(«) taiH > H
la hinh chiéu caa M
lén (@)

nhu THI.

(8)L(a)

e Tim d =(a) N (p)
eVe MH L d tai H
= MH 1 (a)tai H

TH2: Chua c6 san duong thang A

e Tim mit phang(B)qua M va

= H lahinhchiéucia M Ién (@)

3. &R

1. G6c giira 2 dwong thing

cit nhau

DN: Goc giita 2 duong thang
cit nhau la goc co sé do nho
nhat (goc nhon) trong 4 goc
tao thanh.

2. Géc gitra 2 dwdng thang bat ki
DN: Goc giira 2 dudng thang | (ala’ . N
bat ki la goc giita 2 duong b”b.j(a’b):(a’b)

thang cat nhau lan luot song
song vai 2 duong thang do.

3. Géc gitra dwong thang va mat phang

DN: Goc giira duong thang va
mat phang la goc gitra duong
thang voi hinh chieu cua no
trén mat phang.

(d, () =(d,d")

Vé6i d' 1a hinh chiéu cua d
1én ()

Liy A Bed

Tim A', B' lan luot 14 hinh chiéu cua A, B
lén (@)

> d' (hay A'B') la hinh chiéu cua d Ién
()

> (d, (@) =(d,d")

Dgc bigt: Néu d cit () tai | thi:

{AI ()=

AH L () taii H

= (Al,(a))=AlH

4. Géc nhj dién va goc phang nhi dién

DN: Goc nhi dién (hay nhi
dién) la hinh tao boi hai nua
mat phang va giao tuyén cua
hai nira mat phang do.

Goc nhi dién [e,d, 3]

DN: Goc phang nhi dién caa mot goc nhi dién 1a goc cé dinh nam trén canh
caa nhi dién, c6 hai canh lan luot nam trén hai mat caa nhi dién va cung

vuodng géc vai canh caa nhi dién

Cich xdc dinh go6c phang nhj dién:
(@) (B)=d
ac(a);bc(p)

ald; bld
anb=1
= [a,d, B]=alb
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Hai nira mit phang «, B 13 hai
mat cua nhi dién; d la canh

cua nhi dién

sl < hoiing cich

1. Khoang c4ch tir mot

diém dén mit phing

DN: Khoang cach tir mot
diém dén mat phang la
khoang céch tir diém do
dén hinh chiéu caa n6 1én
mat phang.

Tim H la hinh chiéu cua A 1én
(a).

Khi d6:

d(A (x))=AH

2. Khoang cach giira dwong thang va mét phang song song

DN: Khoang cach gitra
duong thang va mat phang
song song la khoang céach
tr 1 diém bat ki thuoc
duong thing dén mat
phang.

Liy AeA.
Khi do:
d(A, () =d(A (a))

3. Khoang céch giira hai mit phiang song song

DN: Khoang céach gitra hai
mat phang song song la
khoang céch tir 1 diém bat
ki thuoc mat phiang nay
dén mat phang kia.

Lay Ae(a).
Khi do:
d((«),(8)) =d(A(B)

4. Khoang cach giira ha

i dwong thang chéo nhau

DN: Khoang céach gitra hai
duong thang chéo nhau 1a
d6 dai doan vubng goc
chung caa 2 duong thang
do.

Tim duong thang A cling vuéng
goc a tai M va vubng goc vai b
tai N. Khi do:
{A Lataii M

. =d(ab)=MN
ALbtaii N

Céch khéc:

Khodng céach giga hai
dwong thang chéo nhau 1a
khoang cach gitra duong
thang nay véi miat phang
song song chtra duong
thang con lai.

{(a):a

(a)!1b
= d(a,b)=d(b,(x))

Khodng céach giga hai
dwong thang chéo nhau 1a
khoang cach gitta 2 mat
phang song song lan luot
chtra 2 duong thang do.

{(a) Sa,(f)>b
(a)/1(B)
=d(a,b)=d((@).(8))
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AB||(a)=d(A(a))=d(B,(a)) d(A(a)) Al
ABN(a)=I :—d(B,(a)) =

T hé tich khoi da dién

Khai hp chiz nhat Khéi ldp phwong Khéi ling tru
1 I A B
. | Ay
c r?i D
‘.g)"l—____n—_---__ G(,JI-———Q—-——— -
D’ C'
Bang tich 3 kich thudc Bang lap phuong canh (I:Baa;g 2l fieh @y Mk Gt
Khéi chop Khéi chop cut

V=%s.h V=%(S+\/§+S').h

Bang mot phan ba dién tich day
nhan chiéu cao

Quy tic tinh thé tich khm da dién:

*B1: X4c dinh céac yéu td: duong cao, day - Lap cong thue thé tich (khal trlen)

*B2: Xac dinh cac dai luong khong gian (neu c0): cac loai goc khong gian, cac loai khoang cach,..
*B3: Tinh s6 do cua céc yéu to (co trong cong thurc thé tich & B1)

*B4:Thay vao cong thirc thé tich & B1> Két qua.

1. Cong thiic ti s6 thé tich: Cho hinh chép S.ABC va4’, B’, C’ lan luot thudc s
canh bén SA, SB, SC. Khi d6:

Vonae  SA' SB' SC

Ve SA SBSC
(*Chu y: Chi &p dung cho hinh chép tam giéac)

2. Khoang céch tir 1 dinh dén mat @i dién caa mét hinh ti dién (hinh
chdp tam giac):

Seep-d (A (BCD))=d (A, (BCD))= 3Vaeco

VA.BCD =

Wl

BCD
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1. Hinh chép c6 mot canh bén vuong goc day (hay hai méit bén vudng goc veéi day)

Dang 1: Hinh chop S.ABCD c6 day 1a hinh chir nhat va canh bén
SA vubng goc mit day. H, K lan luot 1 hinh chiéu cua A 1én
SB, SD.

[JNéu mot duong thang vudng goc véi mot mit phang thi duong
thang d6 vudng géc voi moi duong thang chira trong mat phang.
[JNéu mot mit phang vudng goc véi mot dudng thang thi mat
phing d6 vudng goc véi moi mat phang chira duong thang.

SA 1 AB,BC,CD, DA, AC,BD,...
(ABCD) L (SAB),(SAC),(SAD)...
[1BC L(SAB), AD L (SAB);

[0 AB L (SAD), DC L (SAD);

[JAH L(SBC); AK L(SCD)

[INéu day 13 hinh vuéng thi BD L (SAC)

DSAJ_(ABCD):{

S

Dgang 2: Hinh chdp S.ABC c6 day ABC la tam giac vuong tai B
va canh bén SA vudng goc mét day. H la hinh chicu cua A 1én
SBva K la hinh chiéu cua B 1én AC.

. SAJ_(ABC):> {SAJ_ AB,BC, AC,...
(ABC) L (SAB),(SAC),...

[1BC L (SAB);

[ AH 1 (SBC);

[1BK L (SACD)

Dang 3: Hinh chép S.ABC c6 day la tam giac déu va canh bén
SA vudng goc mit day. M 1a trung diém BC, H lan luot 12 hinh
chiéu cua A 1én SM

[1BC L(SAM);

(] AH L (SBC);

1.Hinh chép déu:

(La hinh chép cé day la da gide déu va hinh chiéu cia dinh lén day (chdn dwong cao) tring tam ddy)

Tinh chat (chung): ‘
-Cac canh bén bang nhau, canh day bang nhau

-Buong cao cua hinh chop 1a SH (Vi S 1a dinh va H 1a tam day)
-GOc gitra c&c canh bén va mat day bang nhau,
-GOc gitra cAc mat bén va mat day bang nhau.

-Cac mit bén 1a nhitng tam giac cén tai dinh hinh chép va bang nhau

Pinh

S Canh bén
A Trung doan
\ Mat bén

Pudng caoo

Mat day
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Dang 1: Hinh chdp tam gidc déu:

Tinh chat (riéng):

Mat day la tam gidc deéu 7
buong cao cua hinh chép la SH (Vé6i S 1a dinh va H 1a giao diém
2 duong trung tuyén cua tam giac day)

GOc gitra canh bén va mat day la: SAH =SBH =SCH =« .
Goc giita mat bén va mat day la: SIH = 3 (v6i | 13 trung diém
canh day)

Goc gitra canh

bén va mat day Géc gilra mat

bén va mat d4

Céch vé hinh chép tam gide déu S.ABC
(hodc ti dign déu):

Vé day ABC > Dung trong tam H (La
giao diém 2 duong trung tuyén) > V& SH
vuodng goéc (ABC) - Ve cac canh bén

Dang 2: Hinh ti dign déu 12 hinh chdp tam giac déu c canh
bén bang canh day (hinh chop tam giac c6 tat ca cac canh bang
nhau.

Cho khéi tt dién déu canh a, chiéu cao h va d 1a khoang cach
gitra hai canh doi dién. Ta co:

& B

h=a— d=a—
3 2

Dang 3: Hinh chép tir gidc déu

Tinh chat (riéng):

Mat day 1a hinh vudng 7
Dbuong cao cua hinh chdp 1a SH (Véi S 1a dinh va H la giao diém
2 duong chéo cua day hinh vudng)
Goc gitra canh bén
SAH =SBH =SCH =SDH =a.
Go6c giira mat bén va mat day 1a: SIH = 3 (vé6i | 1a trung diém
canh day)

-

va mat day la:

Goc gitra mat|
bén va mat d
Goc gitra canh

bén va mat day

Cach vé hinh chop ti gidc déu S.ABCD:
V& day hinh binh hanh ABCD - V& H la
giao diém cua hai duong chéo AC & BD
- V& SH vudng goc (ABCD) - V& cac
canh bén

3. Hinh chép c6 mét mit bén vudng goc day

—> DPuong cao hinh chép 1a duong cao cia mat bén do (ha tur
dinh hinh chdp).

Vi du: Hinh chop S.ABCD c06 (SAB) vubng goc mat day (ABCD)
- Puong cao SH cua tam gidc SAB la duong cao hinh chép
S.ABCD

S

5. Hinh chop c6 tat ca canh bén bang nhau:

- Puong cao hinh chép 1a doan thang ha tir dinh hinh chop dén
tam dudng tron ngoai tiép cua da giac day.

Vi du: Hinh chép S.ABC cac canh bén SA, SB, SC bang nhau va
day ABC la tam giac vudng tai B >Buong cao hinh chop la S,
véi | 1a tim duong tron ngoai tiép tam giac ABC (I 1a trung diém
AC)
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6. Tw dién vubng: (Ta dién c6 3 mat la 3 tam giac vuéng tai
cung mot dinh hay c6 3 canh d6i mot vudng géc)

- Chan dudng cao wng véi dinh vudng Ia truc tam mat ddi dién
véi dinh vuong.

Vi du: Hinh chép S.ABC c6 mat bén SAB, SBC, SCA la tam giac | # c
vuong tai S >Buong cao SH, (vai H 1a tryc tdm tam gidc ABC)

8.
Tinh chat: Hinh chép cut co sy
+ C4c canh bén dong quy;

+ Cac mat bén la hinh thang;

+ Hai mét day song song va dong dang nhau; o ey
+ Puong cao la doan thang ndi tir mot diém thudc day nay dén hinh chiéu cua né i
1én day kia;

Hinh chop cut déu:

+ Céc canh bén ddng quy:;

+ Cé&c mat bén Ia hinh thang cén;

+ Hai mat day 1a hai da giac déu, song song
va dong dang nhau;

+ Puong cao 1a doan thang ndi tir mot diém
thudc day nay dén hinh chiéu cua né Ién
day kia;

+ GOc giira cac canh bén va mat day bang
nhau;

+ Goc phang nhi dién tao bai cac mat bén va mat day bang nhau.

N

Hinh chép déu

Hinh chép cut déu

Tlnh chat: Hinh Lang tru cO:

+ Céc canh bén song song va bang nhau;

+ Cac mat bén la hinh binh hanh;

+ Hai mat day song song va bang nhau;

+ Puong cao 1a doan thang ndi tir mot diém thude day nay dén hinh chiéu caa
no 1én day kia;

+ Goc giita cac canh bén va mat day déu bang nhau;

B

Hinh hgp: 1a lang try co day la
hinh binh hanh

Lang tru dung: 1a lang tru c6 cac

Lang tru déu: 13 ling try dung co
canh bén vubng gbc véi day

day 1a da gidc déu

buong cao: 4°’H (voi H 1a hinh

Puong cao la cac canh bén 44,
BB, CC

Pbuong cao la cac canh bén 44,
BB, CC

chiéu cua 4 1én (ABC)
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Hinh hgp ding: 1a hinh hop co
cac canh bén vudng goc day (day
Ia hinh binh hanh)

B (%
A 1 D
h /BL 777777777777777 C
AR z
Puong cao:

A'A,B'B,C'C,D'D

Hinh hép chi# nhgt: 1a hinh hop
dung c6 day 1a hinh chir nhat (c6 6

mét déu 1a hinh chit nhat)
A B'
. |
D i c
':
i No—
D C
buong cheo:

AC' =~/ AB? + AD? + AA®

Hinh Ig@p phwong: 1a hinh hop co
6 mat déu la hinh vudng
A’ B’

Puong chéo: AC'= ABA3
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PHAN = THONG KE VA XAC SUAT

- Gid stir ta c6 mOt mau so lidu la X, X,,..., X, .

S6 trung binh (hay s trung binh cong) ciia mau s liéu nay, ki hiéu 13 X, dwoc tinh boi cong thirc
X + X, .+ X,
. :

X =

- Gia sw mdu so liéu dwoc cho dwdi dang bdang tan so

Giatri x X, . X,
A A
Tanso n, n, n,

nX +n,X, +...+nX,
n

Khi d6, cong thirc tinh s6 trung binh tré thanh X = ,trong d6 n=n+n,+...+n,.

Ta goi N 1a c& mau.
Chu
ca Ne o.x £ \ - AN o X £ qea s A . .
Kihiéu f, =— la tan s6 twong doi (hay con goi la tan suat) cta X, trong mau so liéu thi s0 trung binh con
n

c6 thé biéu dién 1a X = f,x + f,x, +...+ . X, .

Yn

S6 trung binh cia mau so li€éu dugc dung lam dai dién cho cac so li€u cia mau. N6 1a mét so do xu the
trung tam ctia mau do.

2.
Sép xép lai mau s liéu theo thir tu khong giam, ta dugc X, <X, <...<X, .
Trung vi cua mau, ki hiéu la M., 1a gia tr1 6 chinh gitra day X, X,,---,X,. Cu thé:

+Néu n=2k +1, k eN thi trung vi mau la M, =X,

+Néu n=2k, k eN thi trung vi mau la M, :%(Xk + X ) -

Trung vi dugc ding dé do xu thé trung tm ctia mau s6 liéu. Trung vi 13 gia tri nAm & chinh gitta ctia mau
s6 liéu theo nghia: ludn c6 it nhat 50% s liéu trong miu 16n hon hodc bang trung vi va it nhat 50% sé liéu
trong mau nho hon hodc bang trung vi. Khi trong mau xuét hién thém maot gid tri rat 16n hodc rat nho thi s6
trung binh s& b thay d6i ddng ké nhung trung vi thi it thay doi.

- T phan vi ctia mot mau ngau nhién gdm 3 gia tri, d6 1a tu phan vi thi nhat, tha hai va tha ba (1an luot ki
hiéu 1a Q,Q,,Q, ). Ba gia tri nay chia tap hop dit liéu da sip xép thanh bon phan déu nhau. Cy thé:

+ Gia tri t phan vi thtr hai, Q,, chinh 1a trung vi cua mau.

+ Gia tri t&r phan vi thir nhat, Q,, 14 trung vi ctia nira s6 lidu da sap xép bén trai Q, (khong bao gém Q,
néu n 1&).

+ Gia tri tir phan vi thr ba, Q,, 1a trung vi ciia ntra s liéu da sap xép bén phai Q, (khong bao gém Q, néu
n 1é).

Y nghia cua tir phdn vi
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Cac diém t& phan vi Q,Q,,Q, chia mau s6 lidu da sap xép theo th tu tir nhd dén 16n thanh bén phan, moi
phan chita khoang 25% tong s s6 lidu da thu thap dwoc. T phan vi thir nhat Q, con dugc goi 1a t phan vi
dué6i va dai dién cho ntra mau sé liéu phia duéi. Tt phan vi thir ba Q, con dugc goi 1a tr phan vi trén va dai
dién cho ntra mau s6 liéu phia trén.

o, 25 0,

& B -

25% 25% 25% 25%

3.

- Cho mét mau s liéu dudi dang bang tin sb. Gia tri c6 tan s6 16n nhat duoc goi 1a mdt ciia mau sb liéu, ki
higula M, .

M6t dic trung cho gia tri xuat hién nhiéu nhat trong mau. liéu co tan sd xuit hién bang nhau thi miu sb
lidu d6 khong c6 mot.

)R CAC SO PAC TRUNG PO MUC PO PHAN TAN CUA MAU SO LIE

bién thién va khoang ti phan vi

Sap xép mau sé ligu theo tha ty khong gidm, ta dugc: x, <X, <X, <...< X

Khodng bién thién caa mot mau sé lidu, ki hiéu 13 R, 1a hiéu gitra gié tri Ion nhat va gié tri nho nhat caa
mau s6 liéu do, tic 1a: R=x, — X,

Khodng tir phan vi, ki hi¢u la A, , la higu gitta Q, va Q,, tic la: A, =Q, —Q,

Vidu 1

Hay tinh khoang bién thién va khoang t: phan vi caa mau sé liéu: 10; 20; 3; 1; 3;4; 7 ; 4; 9

Giai

Xét mau s lidu da sip xép 1a: 1; 3; 3; 4; 4; 7; 9; 10; 20.

[JKhoang bién thién cua mau sé liéu 1a: R =20 -1 = 19.

[JC& mau la n =9 1a 6 & nén gié tri ta phan vi tha hai 1a: Q, =4.

(TG phan vi tha nhat 12 trung vi caa mau: 1; 3; 3; 4. Do d6 Q, = 3.

[T phan vi tha ba 1a trung vi caa mau: 7; 9; 10; 20. Do d6 Q, =9,5.

[JKhoang ti phan vi cia mau la: A, =9,5-3=6,5..

Y nghia cua khodng bién thién va khodn

Khodng bién thién ddc trung cho d¢ phan tan cia toan bé mdu sé liéu.

Khodng tiz phan vi ddc trung cho dé phan tan cia mgt niza cac sé liéu, co gia tri thuge doan tir Q1 dén Qs
trong mau.

Khodng tiz phan vi khong bi ankh huéng béi céc gid tri rat Ién hodc rat bé trong mau.

Gia tri ngoai ¢

Khoang ta phén vi dugc dung ~c‘fé x4c dinh cac gia tri ngogi lé trong mau, d6 1a cac gia tri qua nho hay qua
I6n so véi da so6 cac gié tri cia mau.

Cuy thé, phan tir X trong mau la gié tri ngoai ¢ néu x <Q, —15.A, hodc x>Q, +15.A,

Trong Vidul, Q,+1, 5.A,=9,5+15.6,5=19,25 va Q -1, S5.A,=3-156,5=-6,75

Nén mau c6 mot gid tri ngoai 18 1 20.
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Sy xuat hién cua céc gia tri ngoai I& 1am cho s trung binh va pham vi caa méu thay d6i 16n. Do d6, khi
mau cé gia tri ngoai &, nguoi ta thuong sir dung trung vi va khoang tir phan vi do murc do tap trung va mic
d6 phan tan cua da s6 cac phan tir trong mau s liéu.

yBlPhuong sai va do léch chuan

Gia str ta c6 mot mau sb ligu 1a x;; X,;...; X,

[JPhwong sai cua mau sb liéu nay, ki hiéu 1a S?, dwoc tinh bai cong thic:
52 =1 (% %) + (%, ~X) +...+(, %)’
n

trong d6 X 1a s trung binh cua mau sé liéu.

[JCan bac hai caa phuong sai duoc goi 1a dé 1éch chudn, ki hiéu 12 S.
Cha y: C6 thé bién déi cong thirc tinh phuong sai & trén thanh:

2

l(xf+x§+...+x§)—¥ :

s2==
n

Trong thdng ké, ngudi ta cling quan tim dén phuong sai hiéu chinh, ki hiéu 1a §?, dugc tinh bai cong thic:

2 1 NG _\2 _\2
$ :n—_l[(xl—x) +(x, —X) +...+(xn—x)}

sai va do léch chudn
Phwong sai la trung binh ¢dng Ciia cdc binh phwong d6 1éch tir mdi gid tri cia mau so liéu dén so trung
binh.
Phurong sai va d¢ léch chuan dwge ding d@é do mire @ phan tan cua cac sé liéu trong mau quanh sé trung
binh. Phwong sai va dé 1éch chudn cung lén thi cac gia tri cia mdu cang cdch xa nhau (c6 dé phan tan lén).

Gid sir mdu sé liéu dwge cho dwéi dgng bdng tan so:

Giatri x X, X,
Tanso n, n, n,

Khi d6, cong thirc tinh phuong sai tré thanh:

trong d6 N=n +n, +...4+n,
C6 thé bién d6i cong thirc tinh phwong sai trén thanh:

1 o
% == (X} +1,6 .41, X7 ) =X,
n
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YUIRCAC SO PAC TRUNG PO XU THE TRUNG TAM CHO MAU SO LIEU GHEP NHO

<JlS6 trung binh va mét cia mau so liéu ghép nhém

WS lizu ghép nhom

Mau s ligu ghep nhom thuong duoc trinh bay dudi dang bang thdng ké c6 dang nhu sau:
Bang 1: Bang tan so ghép nhom

Nhom [u;u,) [u,;u;) Uy Uy

Tén s n, n, . n,

Jllch
- Bang trén gém k nhom [uj;ujﬂ) véi 1< j <k, mdi nhém gom mot sé gid tri dugc ghép theo mot tiéu
chi xac dinh.
-Cymau n=n_+n,+...+n, .

- Gia tri chinh giita m&i nhém dugc ding 1am gid trj dgi dign cho nhom 4y. Vi du nhom [u;;u, ) ¢ gid tri
dai dién la %(u1+u2).

- Hiéu uj,, —u, duoc goi la do dai cua nhom [uj;u;,, ).

Mgt sé quy tdc ghép nhom cia mau sé ligu

Mdi mau sb liéu c6 thé duoc ghép nhém theo nhiéu cach khac nhau nhung thudng tudn theo mét s6 quy
tac sau:

- Sirdung tir k =5 dén k = 20 nhdm. C& mau cang lén thi can cang nhiéu nhom sé ligu. Cac nhém co cling
d6 dai bang L thoa man R <k.L, trong @6 R 14 khoang bién thién, k 1a s6 nhom.

- Gia tri nhé nhét cua mau thudc vao nhém [u,;u, ) va cang gan u, cang tot. Gia tri 16n nhat cua mau thugc

nhom [u,;u,.,) vacang gan u,,, cang tét.

IS5 trung binh

Gia sir mau s6 liéu duoc cho duéi dang bang tan s ghép nhom:

Nhém Nhom 1 Nhoém 2 Nhém k
Gia tri dai dién o) C, ... C,
Tan sb n, n, N,

S6 trung binh ciia mau sé liéu ghép nhom, ki hiéu X , duoc tinh nhu sau:
e, +n,C, +...+NC,
n

X =

trong d6 n=n,+n,+...+n,.

Y nghia ciia sé trung binh ciia mdu sé ligu ghép nhom
S6 trung binh ciia mau sé liéu ghép nhom la gié tri xap xi cho sb trung binh ciia mau sé liéu géc.
NG thuong dung dé do xu thé trung tam ctiia mau sé liéu.
)
Bang 1: Bang tan sé ghép nhom
Nhém [u;u,) [u,;u,) [y Uy

Tan s6 n, n, N,

Nhom chira mét caa mau sé lidu ghép nhém 1a nhém ¢ tan s6 16n nhat.
Gid str nhém chira mét 13 [u,;u,.., ), khi &6 mét ciia mau sé ligu ghép nhom, ki higu 1a M, dugc xac
dinh bai cong thuc

n, =N

M, =u_+ m__ml (Uppy —Up)-
(nm _nm—1)+(nm _nm+l)

Chu y: Néu khong c6 nhém ké truse ciia nhém chaa mot thi n_, =0. Néu khdng c6 nhém ké sau cia

nhom chira métthi n_, =0.
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Y nghia ciia mét ciia mau sé ligu ghép , , o ’

- M’6t cua mau so liéu khéng ghép’nhém la gié tri o lghé ga’mg xuat hién cao nhat khi lay mau. Mét cua
mau so liéu sau khi ghép nhom M, xap xi véi mot cua mau so lieu khéng ghép nhom. Cac gia tri nam xung
quanh M, thuong c6 kha ning xuat hién cao hon cac gia tri khac.

- M6t mau s6 lieu ghép nhém cé thé c6 nhiéu nhém chira mét va nhiéu mét.

a)

Cong thire x4c dinh trung vi caa mau so liéu ghép nhom:
- Goi n la cd mau.

- Gia st nhém [u,,;u,,.,) chira trung vi;

- n, 1atan s caa nhém chwa trung vi;
-C=n+n,+...+n,

Khi do: M, =u,_ +2 (Upsy — Uy, )-

Yn

T dit liéu ghép nhdm noi chung khdng thé xac dinh chinh xac trung vi ciia mau sb liéu géc. Trung vi cua
mau so liéu ghép nhdm la gia tri xap xi cho mau so liéu goc va c6 thé lay lam gid tri dai dién cho mau so liéu.

b)

thire xdc dinh ti# phan vi ciia mau sé liéu ghép
Tir phan vi tha hai caa mau sé ligu ghép nhom, ki hiéu Q,, ciing chinh 1a trung vi caa mau sé ligu ghép
nhom.
Dé tim t phan vi thir nhat caa mau sb liéu ghép nhom, ki hiéu Q,, ta thuc hién nhu sau:

- Gid sir nhém [u,;u,,.,) chia ti phan vi thie nhat;

- n_ latan sb ciia nhém chira tr phéan vi tha nhat;
-C=n+n,+...4n,

Khi doé: Q=u_ +2 (U —Up)

Tuong tw, dé tim tir phan vi thir ba caa mau sé liéu ghép nhom, ki hiéu Q,, ta thuc hién nhu sau:
- Gia st nhom [u;;u;,, ) chira tir phan vi thir ba;

- n, latan s cua nhém chua tir phan vi thir ba;

-C=n+n,+...+n;,

Khi do:

Yn

Ba diém tir phan vi chia mau s6 liéu da sap xép theo thu ty khdng giam thanh bon phan déu nhau. Giéng
nhu v6i trung vi, n6i chung khong thé xéc dinh chinh xac cac diém tir phan vi ciia mau s6 liéu ghép nhom.

Bo ba ti phan vi cua mau sb lieu ghép nhom la gia tri Xap xi cho t& phan vi caa mau sb liéu gc va duoc
str dung lam gié tri do xu thé trung tam cua mau sé liéu.

T phan vi thir nhit va thir ba do xu thé trung tm caa nira dudi (cac dit liéu nho hon Q,) va nua trén (cac

dit ligu I6n hon Q,) ciia mau s6 liéu.
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XIV. 1C SUA
1.

) tat ca cac két qua co thé xay ra caa mot phép thir goi 1a khdng gian mau. Ki hiéu: Q

Bién cé la tap con cua khdng gian mau
Bién c6 khong thé xay ra goi cla bién cé khong. Ki hiéu 1a @
Khoéng gian mau 1a bién cb ludn xay ra goi 12 bién ¢ chic chan.

(A9

n(Q) o]
Trong d6:n(A)=|Q,| 1as6 phan tir (hay két qua thuan loi) ciia bién c6 A;

Xac suat cua bién c6 A la: P(A) =

n(Q)=|Q| la s6 phan tir cua khong gian mau (hay tat ca két qua co thé xay ra cua phép thi).
b)
e P(2)=0 ;¢ P(Q)=1;¢ 0<P(A)<le P(K):l— P(A)

QUY TAC TINH XAC SUATH , 7 ‘
Budc 1. M6 ta khong gian mau Q (Néu duogc). Kiém tra tinh hitu han cia Q, tinh dong kha nang cua cac
két qua. Dém sb két qua co the xay ra ciia phép thir: Tinh n(Q)

Budc 2. Xac dinh bién c6 A va Dém so két qua co the xay ra cua bién co A: Tinh n(A)

Buéc 3. Tinh x4c suat cia bién co A: P(A)=

6 giao va quy tic nhan xac suat]

a) FEY IR

Cho hai bién CO A va B.Biéncd"Ca A va B cung xay ra", ki hiégu AB hoic AnB
dugc goi 1a bién cé giao cia A va B.
Chu y: Tap hop md ta bién co AB la giao cua hai tap hgp mo ta bién co6 A va bién co

B . Bién c6 AB xay ra khi va chi khi ca hai bién c6 A va B xay ra. A B
()lHai bién co xung khag

Hai bién ¢ A va B duoc goi la xung khiac néu A va B khong dong thoi xay ra.

OWBién co dic lap
Hai bién c6 A va B duoc goi 1a doc 1ap néu viec xay ra hay khong xay ra cua bién cb @

nay khdng lam anh huong toi Xac suat xay ra cua bién ¢b kia. [9)
§)BQuy tic nhan x4c sudt cia hai bién cé dgc lap e
D¢ tinh xé4c suat cua giao céc bién ¢b doc Iap, ta s dung quy tic nhan xac suat sau:

Néu hai bién cb A va B doc lap thi P(AB) = P(A)P(B).
Chu y: Tir quy tac nhan xéac suat ta thay, néu P(AB) = P(A)P(B) thi hai bién cé A va B khong doc lap.

SMBién c6 hop va quy tic cong xac sua
a)

Cho hai biéncd A va B. Bién cd

cb hop cua A va ,B : , .y
Chuy: Bien co AUB xay rakhi cé it nhat mot trong hai bién c6 A va B xay ra. Tap

hop Mo ta blen CO Au B la hop cua hai tap hop mé ta bién c6 A vabiéncd B.

b)
Cho hai bién c¢6 xung khic A va B.Khi d6 P(AUB) =P(A)+ P(B).
Cho hai bién c6 A va B.Khi d6 P(AUB)=P(A)+P(B)—P(AB)

An

S+

A hoic B xay ra", ki hiéu 1a AUB , duoc goi labién 4
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