TRUNG TAM LUYEN THI DIEM 10

BAI GIANG

TOAN 12

(Tai liéu theo sach maéi)

TAI LIEU LUU HANH NOI BO






Chuong1.
Bai 1.
®

MUC LUC

VECTO VA HE TRUC TOA PO TRONG KHONG GIAN
VECTO TRONG KHONG GIAN

LY THUYET CAN NHO oo
PHAN LOAI VA PHUONG PHAP GIAI TOAN

B Dang 1. X4c dinh véc-to, chiing minh ding thiic véc to,dd dai véc to......oooiiooo.

& Dang 2. X4c dinh géc va tinh tich v6 huéng cta hai vécto.......................

BAI TAP TU LUYEN oo
TOA DO CUA VEC TGO TRONG KHONG GIAN

LY THUYET CAN NHO oo
PHAN LOAI VA PHUGNG PHAP GIAI TOAN ...

B Dang 1. Toa dd difm, t0a d6 VEC T0........ooooooooooooooeoeeoeeeeeeeeeeeeeeeee

%& Dang 2. Toa d6 héa mét sb hinh khdng gian............................

BAI TAP TU LUYEN oo
BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

LY THUYET CANNHO
PHAN LOAI VA PHUGNG PHAP GIAI TOAN ...

% Dang 1. Toa db clia cdc phép toan vec to, toa do diém, dd dai doan thgng .................

& Dang 2. Tich v6 hudng, tich cé huéng hai vec to va tng dung........................

BAL TAP TU LUYEN



VECTO VA HE TRUC TOA

DO TRONG KHONG GIAN

§1. VECTO TRONG KHONG GIAN

LY THUVET CAN NHO
1. Téng cua hai véc ta

binh nghia 1.1.
Trong khong glan cho ha1 Vectd a vab. Lay ba diém

A
O, A, B sao cho OA —7,AB=1. - Ta goi OB la tong 7 e
ctia hai vécto 7 va b, ky hiéu @ + b b. a -
Phép lay tong cta hai vécto @ va b duoc goi la phép B
O

cOng vécto.

A © Quy tac ba diém: Véi ba diém A, B, C, ta c6 AB +

BC = AC
@ Quy tic hmh binh hanh Cho ABCD la hinh binh ,
hanh, ta c6 AB + AD = AC B B ¢
&) Quy tuc hinh hép: Cho hinh hjp ABCD. A'B'C'D'. Ta ¢6 AB + A D
AD + AA = AC' i~
B \
A H thie tuong t:  BA + BC + BB = BD. . |
A/’Y____\\_____ D/
B/ CI

Tinh chét 1.1.

® Tinh chatgiaohoén: @+ b = b + @;
® Tinh chatkéthop: (7+b) + T =7+ (b + 7);
® V&imoivécto @, talubncé: 74+ 0 =0 + 7 = @.

@ Téng cta ba vécto @, b,C THb+T= (7+ ?) T
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1. VECTO TRONG KHONG GIAN

2. Hiéu cua hai véc ta

Pinh nghia 1.2.
a) Vécto doi:

® Vecto dbictia @ ki hiéula — 7.

g A ?
® Vecto 0 duoc coi la vecto doi cua

® Vecto dbi ctia AB la BA, nghia la —AB = BA (diing d¢ lam mét diu trir trudc vecto).

chinh no.

b) Binh nghia hiéu cua hai vécto: Trong khong gian, cho

hai vécto @, b. Ta goi @ + (— ?) la mhiéu cta hai vécto e =
Zvab, kyhieu? —b. /A\>
Phép lay hiéu ctia hai vécto dugc goi la mphép trir vécto. a > 7
O
E’ B
A & vsibadion A, B, Ctaco AB — AC = CB.

® Haivécto Tvi b dbinhauthi @+ b = 0.

3. Tich ctia mot sd v8i mot véc-ta

ki hiéu la k@, dugc xac dinh nhu sau:

© C6 d6 daibang |k| - | 7.

A 0.7=00vk 0=0.

Pinh nghia 1.3. Cho sb thuc k # 0 va vecto @ # 0. Tich ctia mot sb k véi vecto @ 1a mot vecto,

@ Cung hudng vdi vecto @ néu k > 0, nguge hudng véi vecto @ néu k < 0.

Tinh chét 1.2.

He thic trung diém, trong tam:

@ I 1a trung diém ctia doan thang AB thi

° 174)—1—1_3)26);
1

— ZAB;...
2

@ G la trong tam cua tam giac ABC thi

—>

01_14):—1,'

=l

° (jﬁl) + @’ + (?f = 6;
o GA = _§A—f<,- GA — —2GE..
Nhan xét:

1AL LS e . A
@ Voi hai véctg @ va b bat ky, v6i moi sO

B A
A B K C

h va k, ta luén co

o k(7+0)=kd+kb; o (h+k)7=hd+kd; o h(kd)= (k) T;
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN 4

¢« 1.7=7, o (-1)-F=-7 W e TV
k=20

@ Hai vécto 7 va b (b khac 0) ciing phuong khi va chi khi c6 sé k sao cho @ = kb.

® Ba diém phan biét A, B, C thing hang khi va chi khi c6 s6 k # 0 dé AB = kAC.

4. Tich vo hudng cua hai véc-to

binh nghia 1.4. -
Trong khong gian, cho @ va T 1a hai vécto khac 0. Lay mot diém /
A/

A bat ky, goi B va C la hai diém sao cho AB =, AC = 7. Khi dé,
ta goi BAC la goc gitra hai vécto @/ va U, ky hiéu (i, 7).
A 0° < (7,7) < 180°.

\7‘ |
‘l /
e Néu i cung hudng vdi T thi (i, 7) = 0°%; :

o Néu U nguoc hudng véi T thi (i, 7) = 180°;

o Néu il vudng géc vdi T thi (i, T) = 90°.

~ A . . 7’ N 7 g
Dinh nghia 1.5. Trong khong gian, cho hai vécto 1 va ¥ khéc 0.
Tich v6 hudng cta hai vécto @ va ¥ 1a mot s, ki hiéu ¥ - ¥, dugc xac dinh bdi cong thirc
- -

U -7 = |u|-|7]| cos(&, D)

A

—>

® Trong truong hop 1 = 0 hodc ¥ = 0, ta quy wéc i - v = 0.
—
@ - d=w2=|d5 @07 =0s7=0.
2.0 o o - — o = 2 - — a)?;

® Vi hai vécto 1, v khic 0, ta cé cos(u, v) =

. . ’ ’ —> / q
@ Vi hai vécto W, T khdc 0, taco i L < W -7 = 0.

- A o P = s R 2
Tinh chat 1.3. Vé§iba vécto @, b, € va s6 thuc k, ta co:

-

e 7-b="b-7; oﬁ-(

=
_|_
ol
!
N}
=)
+
N
ol

o ki) - b=K7 -b0)=7- (kD).

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Xéc dinh véc-to, chitng minh ddng thirc véc to,dd dai véc to

T

Cho hinh lap phuong ABCD.A'B'C'D’ canh bang a. Goi G la trong tam tam gidc AB'D’.

a) Timvectd:(—f‘(?’-i—ﬂ; EZF—I—E‘&)—I—D’A’. b) Chl’xngminh:ﬁ,’)—f—[)—c)—l—m:ﬁ.
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{5 ) 1. VECTO TRONG KHONG GIAN

¢) Chtng minh: B'B + AD + CD = B'D. d) Chitng minh: BB’ — C'B' — D'C’ = BD'.
e) Ching minh: A’'C = 3A'C. f) Tinhdo daivécto @ = AB+ A'D' + AA’.
o L& gidi.
Al /
a) Vi ABCD A'B'C'D’ la hinh hop nen BA = CD Va D'A’ = CB. : P
Suy ra CC'+BA+D'A'=CC +CD+CB = CA'. Ny A
b) Vi tit gidc ABCD 1a hinh binh hanh nén BC = AD va DC = AB. |
Ap dung quy tac hinh hop suy ra !
— — e — — e —_—> 4}‘ ”””””” --—+D
BC+DC+ AA"'= AD+ AB+ AA' = AC o
B C

¢) Tacé AD = B'C',CD = B'A’. Do d6

BB+ AD+CD=BB+BC +BA =BD.

d) Taco

B_-CB -DC = BB — (D’c’ 4 C’B’) _ BB —D'B
_ BB + (—D’B/> _ BB +B'D = BD.

e) Do G la trong tAm tam gidc AB'D’ nén GA + GB' + GD’ = 0. Khi d6, theo quy tac hinh hop
ta co

A'C —AA+AH+A®7
AG+GA+AG+GH+AG+GU
— 3A'CG.

f) Tac()?[:z@)—kA’D’—Fm:@#—zﬁ#—@:Z@.Suyra|ﬁ’| = AC' = a\/3.

o

Cho hinh hop ABCD.A’B'C'D’. Hay xéc dinh céc véc-to (khac 0) c6
diém dau, diém cudi 1a cac dinh ctia hinh hop ABCD.A’B'C'D’ théa

a) cung phuong voi AB; b) cung phuong AA ;
c) bang vdi AD: d) bang véi A'B ;
e) déivei CD'; f) déiveéi B'C.

o LOi gidi.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Goi M, N, O lan lugt l1a trung diém
cia AB,CD va AC. Chung minh réng
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN m

a) BN va DM déi nhau;

b) SA+SB+ SC+ SD = 450;

—

) SD-BN—-CM=5

o L& gidi.

a) T giac ABCD la hinh binh hanh nén AB = CD va AB J/
CD,suy ra BM = DN va BM // DN.
Do d6 BMDN la hinh binh hanh.
Hai véc-to BN va DN c6 cung do dai va ngugc hudng nén
chiing 1a hai véc-to d6i nhau.

b) Ta 6 SA + SC = 250; SB + SD = 250. Suy ra

—_—  —> —>

+SB+SC+ 5D = 450.

Xl

c) Tu caua, ta co BN = —DM
SuyraSD BN—-CM=SD+DM—CM = SM+ MC =

SC.

Ba luc F, b F cung tac dong vao mot vat c6 phuong doi mét vudng goc
nhau va c6 d6 16n lan luot1a 2N, 3N, 4 N. | o

a) Tinh d6 16n hop luc cta B, F. E

b) Tinh do6 16n hop luc caa ba luc da cho.

o LOi giéi.
a. Goi O la vi tri tren Vat ma ba luc cung tac dong vao. GoiA, B, C la A
cac diém sao cho F1 OA Fz = OB F3 OC. Khi dé6

‘F_‘z)—f—fe:‘ —OFE=+\/32 14 =5N.

b. Dung cac hinh chir nhat OBEC va OEFA thi ta co

OB + OC = OF
OA + OF = OF.
Do d6 Fi + B +F, = OA + 0B + OC = OA + OE = OF.
Véy do 16n hop luc cua Fy, F, va Fz 1a
]1?1+1?2+1?3] — OF = /OA? 1 OF2
= /OA2 + OB2 4 OC?

= V2243244 = V29N,
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T ) 1. VECTO TRONG KHONG GIAN

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

| Caul

Cho hinh hop ABCD.EFGH. Céc véc-to c6 diém dau va diém cubi
1a cac dinh ctia hinh hop va bang véc-to AB la cac véc-to nao sau

(A)CD, HG, EL. DC, HG, ET.
©DC. AC, FE ©)5C. GH. EF.

o LOi gidi.

Cho hinh hop ABCD.A'B'C'D’. Trong cac khang dinh sau, khang
dinh nao sai?

(A)AB + B'D' = AD. (B) AB+CD = 0.
(C)AC' + A'C = 2AC. (D)AC - D'D = 0.

o LS gidi.

Cho hinh lap phuong ABCD.A’B'C'D’ canh a. Khang dinh nao sau A D’
day la khang dinh sai?

(A)|AC| = av/2. ® |AC'| = av/3. B ¢
(©BB+DB = 0. (D)BA + BC + BB’ = BC.. R ;
B L~ ~le

o LOi gidi.
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN G\

Cho hinh lap phuong ABCD.A'B'C’'D’. Goi O la tam ctia hinh lap A D'
phuong. Khang dinh nao dudi day la dung? i
(A)AOD = ; (AB+ AD + A4)). Y ¢
A0 = % (AB + AD + AA)). //-/Q\-\\— ----- D
©A0 = 1 (AB + D + A7), plL——¢
(D)AC = 2 (AB+ AD + AA))

o L& gidi.

Cho hinh lap phuong ABCD.A'B'C’'D’ canh a. Tinh d6 dai vecto ¥ = AB' + AD’ theo a.
(A)|F] = av2. ®) |¥] = 2av2. (©)|%] = 2av/6. D)|¥| = aV/6.

o L& gidi.

Hinh 1ap phuong ABCD.A’B'C’D’ canh a. Tinh d¢ dai vécto A D’
X = AA’ + AC' theo a. | |
@ﬂ\/i. (1 + \/§> a. B : C’

@ﬂ\/g- @# omoosog ---+D

o L& gidi.
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(9 ) 1. VECTO TRONG KHONG GIAN

=

Trong dién truong déu, 11{(: tinh dién F (don vi: N) F + + + + + + +
tac dung lén dién tich diém c() dién tich g (don vi:
C) dugc tinh theo cong thirc T = q- E, trong do Y ?v MY Y
Ela cu’dng do dién truong (don vi: N/C). Tinh d6 x
16n cta luc tinh dién tac dung lén dién tich diém — _ _ _F
khi g = 107 C va do 16n dién truong E = 10°
N/C.

(A)10~3 N. 104 N.

(©107“N. (D)107N.

\ Y Y \

L =1
E

o LS gidi.

Cho t& dién ABCD. Ménh dé nao dudi day la ménh deé D
dung?
(AWAB—-AD =CD+BC.  (B)AC— AD = BD — BC.
(©BC+AB=DA-DC. (D)AB- AC=DB-DC.

o LS gidi.

Cho tir dién ABCD. G01 G la la trong tam tam glac ABC. Tim k D
théa dang thic vecto DA+ DB+ DC = k- DG.

Ak = 1. Bk =3.
(©k =2. D)k =3.
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {10 )

o LOi gidi.

Cho hinh lang try ABC. A’B C’ Goi G’ a trong tdm ctia tam gidc

A C’
A'B'C'.Datd = = AA', b = AB, T = AC. Véc-to AG' bang V
1 1 I S
®§<a -|—3b+c). §(3a—|—b+c).
©§(H+b+3?). @g(ﬁ’+b+?) ., .
B
o LOi gidi.

Cho hmh chop So ABCD c6 day ABCD la hinh binh hanh.
c

PatSA = a@,SB=1b,SC = ¢, SD = d.Khéng dinh nao
dudi day la dung"

WT+2C=b+4d. B 7+b+C+d=0.
©Fd+d=v+7 D7T+b=7C+4d.
o LOi gidi.
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¢ 11 ) 1. VECTG TRONG KHONG GIAN

=D

Mot chiée dén tron duge treo song song v6i mdt phang nam ngang
bdi ba sgi day khong dan xuét phat tir diém O trén tran nha va lan
lugt budc vao ba diém A, B, C trén deén tron sao cho céc lyc cang
Fi, B, F3 1an lugt trén mbi day OA, OB, OC dé6i mét vudng goc voi
nhau va ‘ﬁ ) = ‘1?2) ‘ = ‘1?3: ‘ =15 (N). Tinh trong lugng ctia chiéc dén
tron do.

(A)14v/3 (N). 15v/3 (N).

(©)17v3 (N). (D)16v/3 (N).

o LOi gidi.

Mot chiée den chum treo c6 khoi luong m = 5kg duoc thiét ké vdi dia
den dugc gitt boi bdn doan xich SA, SB, SC, SD sao cho S.ABCD la hinh
chép ti gidc déu c6 ASC = 60°. Tim do6 16n cta lyc cang cho moi soi
xich. Ly ¢ = 10m/s”,

@153—\/§N- %N. ©253_\/§N. @MN.

o LS gidi.

Cho ti dién RYFS. Cé bao nhiéu vecto duoc tao thanh cé diém dau 1a R va diém cudi 1a mot
trong cac dinh con lai ctia ta dién.

(A)4. ®3. ©2. D)1.

o LS gidi.
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {12 )

| Cauts

Cho hinh lang tru HKY.H'K'Y’. Goi L, L’ 1a trung diém cta KY, K'Y’ tuong ting. Cac vectd khac
vectd khong c6 diém dau va diém cubi la cac dinh ctia lang tru va cing phuong véi KL la

AKY,YK. KY, YK.
(©OKY, YK, K'Y, Y'K. (D) KYK'Y'.
o L& gidi.

Cho hinh lang tru PJI.P']'I'. Goi E, E’ 1a trung diém ctia ]I, J' I’ tuong ing. Cac vecto khéc vecto
khong c6 diém dau va diém cubi la cac dinh ctia lang tru va cuing huéng véi JE la

WILIT. ®JL1]. ©JLIJT,I].  OI,IT.

o L& gidi.

Cho hinh ldng tru ZBC.Z'B'C’. Goi R, R’ 1a trung diém cta BC, B'C’ tuong ting. S vecto bang
RR'1a

(A4, ®1. (©2. D)3.

o L& gidi.

Cho hinh lang try TSL.T'S’L’. Goi P, P’ la trung diém ctia SL, S'L’ twong ting. S6 vecto ddi ctia
P'Pla

A)2. 1. ©4. D)3.

o L& gidi.
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¢ 13 ) 1. VECTG TRONG KHONG GIAN

PHAN II Cau tric nghiém ding sai. Trong méi ¥ a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

Cho hinh hop chit nhat ABCD.A'B'C'D’ ¢6 canh AB = a; AD = Al o
aV/3; AA’ = 211 Xét tinh diing, sai ctia cac khang dinh sau: |
a) AB’ - CD’ = 0. B c
b) A'D+CB = 0. |
o) |AB+ AD| = av/5. Apoommmoomeoo -/D
d) |AB + A'D’ + CC'| = 2/2a. B* ‘
o’ LOi gidi.
Cho hinh 1ap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Xét tinh ding, A o
sai ctia cac khang dinh sau: | [
a) B'B—DB = B'D. b) BA + BC + BB’ = BD. B/ c
o) |BA+BC+BB/| =ay2. d) |BC—BA+CA|=a. 3
e 4D
B / C
o LOi gidi.
Cho hinh lédng try tam gidc ABC. A'B'C' 6 AA = @, AB = b va A cl
AC = 7. Goi M la trung diém cta BC. Xét tinh dung, sai ctia cdc
khang dinh sau:
a) BC=-7-0b+7. b) BC'=4d—-b+7C
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN (s )

o LOi gidi.

Cho tit dién ABCD. Goi M, N lan luot la trung diém ctia cac canh
AD va BC, I 1a trung diém MN. Xét tinh ding, sai cta cic khang
dinh sau;

a) AB— CD AC BD. b) AB+CD AD—l—CB

o AB+ DC = 2MN. d) JA+IB+IC+ID=0.

o L& gidi.

Mot chiéc 6 t6 dugc dat trén mat day dudi cta mot khung
sat c6 dang hinh hop chit nhat véi ddy trén la hinh chir nhat
ABCD, mat phang (ABCD) song song véi mat phang nam
ngang. Khung sat d6 duge budc vao méc E cta chiée can cdu
sao cho cac doan day cap EA, EB, EC, ED c6 do dai bang nhau
va ciing tao v6i mat phang (ABCD) mét goc bang 60°. Chiéc
can cau kéo khullg sat len theo phuong thang ding. Biét rang
cac luc cang F, B, F3, F4 déu c6 cuong do la 4700 N va trong
ludng cta khung sat la 3000 N.

a) Fl + F2 F3 + F4

b) F1+F3 —P2+F4.

o |F + | = 8141 N (lam tron dén hang don vi).

d) Trong lugng cta chiéc xe 6 t0 1a 16282 N (lam tron dén

hang don vi).

o L& gidi.

D S N I I P I T TR IR & T TR SE T T T
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¢ 15 ) 1. VECTG TRONG KHONG GIAN

Cho hinh lang tru TAL.T'A’L’ ¢6 day 1a tam giac TAL can tai T, canh bén bang 3 va géc & dinh
bang 30°. Goi E la trung diém ctia AL. D¢ dai ctia TE (lam tron dén két qua phan trdm) bang

KQ: i

o LS gidi.

pleTyle] e Xac dinh géc va tinh tich vé huéng clia hai vécto

Cho hinh 14p phuong ABCD.A'B'C'D’ ¢6 canh bang 5.
a) Tim goc gitra cac cap véc-to sau: AC va AB; AC va B'D’; AC va CD; AD' va BD.
b) Tinh cac tich v hudng AC - A—é; AC - B'D’; AD' - ]3_15;

¢) Ching minh AC vuong goc voi BD.

o’ LOi gidi.
a) Taco
A, D/
e (AC,B'D') = (AC,BD) = 90°.
(3¢, #D) - (4, 5D) 1
* (R'@) = (agC_D)) = 180° —45° = 135° (E la diém g ‘\C
déi xting cta A qua C). .

e AD' = BC' = (AD,BD) = (BC,BD) = C'BD. Lai
6, tam gidc C’'BD la tam gidc déu nén C'BD = 60° =
(AD’, BD) = 60°.

b) Tacé AC = BD = B'D' = 5/2.Suy ra

e AC-AB = AC.AB. cos45° = 25.
e Do AC vudng goc B'D’ nén AC-B'D =0.

_ 1
e AD'.BD = AD'.BD.cos60° = 5\6.5\/‘.E = 25.
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {16 )

c) Tacan chumg minh AC’ BD =0.
Ta cé: AC' = AB +AD + AA’ va BD = AD — AB nén

AC'-BD — (AB+AD+ AA'). (4D - 8)
— AB.AD — AB® + AD® — AD.AB + AA'.AD — AA . AB = 5> —5* = 0
Suy ra AC vuong goc voi BD.
a2
Cho t dién déu ABCD c6 canh bang a va M la trung diém ctia CD.

a) Tinh cac tich vo huéng AB- AC, AB- AM. b) Tinh géc (AB, CD).

o L& gidi.

a) Tacé AC - AC = |AB| - |AC| - cos(AB, AC)
— AB- AC - cos BAC

—a-a-cos60”

—_— —> 2
Tuong tu ta cing c6 AB- AD = %.

B 1 — g
Talaico AM = E(AC + AD), suy ra

—_— ——> — 1 — —> 1 —» — —_— —— 1 2 2
AB-AM = AB-~(AC+AD) = ~(AB-AC+AB-AD) =~ [ -+ %
2 2 2\2 2
b) Tacé AE - CD = (AM + MB) - CD = AM - CD + MB - CD.
Ma AM BM la M 1a trung tuyén ctia cac tam gidc déu ACD, BCD nén

AMJ_CD MBJ_CD
SuyraAM CD MB CD—O

Tir cac két qua trén ta co AM-CD = 0. Suy ra (/ﬁ?, C_D)) =90°.

s

Cho biét cong A (don vi: ]) sinh béi lyc T tc dung
lén mot Vat dugc tinh bang cong thic A = E. d
trong do d 1a vecto biéu thi do dich chuyén ctia vat

(don vi cua ‘ d ‘ la m) khi chiu tac dung cua luc E.

Mot chiéc xe c6 khéi lugng 1,5 tan dang di xubng trén mot doan duong doc c6 géc nghiéng 5°
so vdi phuong ngang. Tinh cong sinh bdi trong luc P khl xe di hét doan dudng doc da1 30 m

(Iam tron két qua dén hang don V1) biét rang trong luc P dugc xéc dinh béi cong thirc P =mg,
v6i m (don vi: kg) 1a khéi lugng ctia vat va ¢ 1a gia toc roi tu do ¢6 do 1on ¢ = 9,8 m/s?

o L& gidi.
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Ta c6 1,5 thn = 1 500 kg.
D6 16n ctia trong lyc tac dung Ién chiée xe la ’1—5‘ =m|g|=1500-9,8 = 14 700 (N).
Vecto d biéu thi do dich chuyen cua xe c6 do dai la ) d ‘ =30 (m) va (P d) = 90° — 5° = 85°.
Coéng sinh ra boi trong luc P khi xe di hét doan duong ddc dai 30 m 1a

LR

: d‘ ~cos (P, d) = 1470030 - cos 85° ~ 38 436 (]).

)

Mot chat diém A nam trén mit phang nim ngang (zx) chiu tac 2
dong bdi ba luc Fl, Fz, F3 Cac luc fl, Fy c6 gia nam trong («)
va (Fl, F2> = 135°, con luc F5c6 gid vudng goc voi (x) va hudng
lén trén. Xdc dinh cuong d6 hop luc ctia cac luc fl, fz, fg, biét réng
d6 16n ciia ba lyc d6 lan luot 1a 20 N, 15 N va 10 N.
135° Fp

o’ LOi gidi.
Goiflé hop luc ctia cac luc 1_-")1, T—")Z, f3, ticla F = f1+f2+fg, ta co
-2 — - - \2
‘ ‘ = (F1+F2+F3)
f%+f%+f§+2f1-f2+2f2-f3+2f3-f1
20% 4152 +10%>42-20- 15 - cos 135°
725 — 300v/2.

Vay ‘f‘ — /725 — 300v/2 ~ 17,34 (N).

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuong
an.

| Cauz

Cho hinh lap phuong ABCD.A’B'C'D’. Khang dinh nao sau day la ;

khéng dinh sai? N l i
@)(4'C, AD) = 45°. (A’C’, B'B) = 90°. B
(C©)(A'4,CB) = 45°. (D) (AB,CD) = 180°, Y

B ~C
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o LOi gidi.

Cho tu dién déu ABCD, Goi M, N lén_h)xqt léil;ung diém cac canh
AB, AC. Hay tinh goc gitra hai vecto MN va BD.
(A)(MN, BD) = 150°. (MN, BD) = 120°.
(©(MN, BD) = 30°. (D) (MN, BD) = 60°.

o L& gidi.

Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh va mat S

bén SAB la tam gidc déu. Tinh goc gitta hai vecto DC va BS.
(A)(DC, BS) = 120°. (DC, BS) = 60°.
(©(DC, BS) = 90°. D) (DC, BS) = 150°.

o L& gidi.
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Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Mat
bén ASB la tam gidc vuong can tai S va c6 canh AB = a. Tinh

D¢ 43, 2
®. ®-%-

2

a a2
_?- @E-

o LS gidi.

(A)a2V2. a?.

Cho hinh 1ap phuong ABCD.EFGH c6 cac canh béng a. Tinh AB - EG. E H

a%\/2 ; G
© 2 ° @a \/5' 14/](______ D
B¢
o LOi gidi.
Cho hinh 1ap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh Al D
AB'- A/C'. |
oy WA,
5 2. <
2 e Ak---t-2)D
B — C

o L3i gidi.
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Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang a. Tinh Al o
AB' - BD. |
@f —a? B’ | C’
> A .
2 -z p R
B/’ C

o L& gidi.

Cho hinh chép ti gidc déu S.ABCD c6 do dai tat ca cac canh bang a. S
Tinh AS - BC. !

2 2
e ®=-

% >
a a

o L& gidi.

Cho hinh chép tit gidc déu S.ABCD c6 dé dai tat cd cc canh bang a.
Tinh AS - AC.

(A)—a2. %2.
— (D) a2.

o L& gidi.
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| Caull

Cho ti dién ABCD biét AB = AD = BD = a, AC = 2ava CAD = A
120°. Tigh BC - AD. \ N
@——aZ. ~a? |
12 g
= __ =2
©2a . @ 54 . c
D

Cho hinh chép S.ABC c6 SA = SB = SC = AB = AC = ava S
BC = a+/2. Tinh géc giita cac vecto SC va AB.

(A60°. ®90°.

©120°. (D)150°.

o L3i gidi.

Cho ta dién OABC c6 cac canh OA, OB, OC d6i mot vudng goc va C
OA = OB = OC = 1. Goi M la trung diém cta canh AB. Tinh goc
gitta hai vectoc OM va AC.

GV: LE XE- 0967.003.131




Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {99 )

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding
hoac sai.

| Caul

—> 7 2 SR SSG T Ao LY PP 9
Trong khong gian, cho hai véc-to 4 va b cung c6 do dai bang 1. Biet rang goc gitra hai véc-to

do la 45°.
V2 V2

o |[7+7|=2+V2 d |7 - 25| =o.
o LOi gidi.
Cho ti dién déu ABCD c6 canh bang a va M la trung diém ctia CD. A
—_— —— —_— — 2
a) AM-CD =o. b) AB-AC = .
— — 2
o AB-CD =0. d) AM-AB = -7
D
B
M
C
o LOi gidi.
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| Cau3

Mot chat diém 6, vi tri dinh A cda hinh lap _phuong T .
ABCD.A'B'C'D’. Chaigjérifhiu tac dong béi ba luc 4, b, C lan o 2
luot cung hudng véi AD, AB va AC' nhu hinh vé. D6 16n cta cac D '\ z
luc @, b va € tuong ting 1a 10N, 10 N va 20 N. -\ c
a) a+b="7C. Y
b) |7+ b|=20(N) Ao
o |7+7C|=|b+7) \
d) |7+ b+ | = 32,59 (N) (lam tron két qui dén hang phin muvi).  © &

o LS gidi.

@ BAI TAP TU LUVEN

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mét phuong
an.

g

Cho tit dién ABCD. Dat AB = 3, AC = b, AD = ©.Goi G la trong tdm tam giac BCD. Déang
thirc nao sau day dung?

AWAG=F+b+7. H}’:% T+b0+7
@A_G’:%(E’JFEEE’). @A_G':jI 7+0+7)

| Cauz

Cho ttr dién ABCD. D3t AB = @, AC = b, AD = €. Goi M 1a trung diém ctia doan BC. Dang
thirc nao dudi day dung?

@D_’M:%(HJrTo’—z?). W:%(E’Jrz?—?
@D_’M:%(7+?+2?). W=%(ﬁ’+2?+?).
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Cho ta dién ABCD Goi M va P lan lugt 1a trung diém ctia cac canh AB va CD. Dt AB = b

[

AC=7C,AD=d. Khang dinh nao sau day dting?

(¢+d-7). (B) MP =

+b6-¢
©MP=5(C+b-d). (D)MP = (?+EZ’+?).

o LOi gidi.

Cho tir dién ABCD va diém G thoa man GA+GB+GC+GD =0 (G la trong tam cua ta
dién). Goi Gy la giao diém ctia GA va mat phéng (BCD). Khéng dinh nao dudi day dung?
(A)GA = —2G,G. GA = 4GyG. (C)GA = 3G,G. (D)GA = 2G,G.

o L& gidi.

E

Cho hmh chop S.ABCD c6 day ABCD la hinh binh hanh. Dat SA = a, _B) = ?,
SD=4d. Khang dinh nao dudi day la dung?

AZ+C=1b+4. ®7

T+d=0b+7. 7

JAC = C.Goi G 1a trong tdm cda tam

=

Cho hinh lang tru ABC.A'B'C’. Dat AA = 7, AB =
giac A’B'C’. Vecto AG' bang?

GV: LE XE- 0967.003.131




1. VECTO TRONG KHONG GIAN

-

Cho hinh lang tru ABC.A’B'C’. Dit AA’ = @, AB

i
theo @, b, C?
A4

, AC = 7. Hay biéu dién vecto B'C’

I
S

ABC =7+b -7 ®BC=-7+b-7.
©BC =7+b+7 DBC =-7-b+7.

CB = b,

Cho hinh lang tru ABC.A’B'C’. Goi M la trung diém ctia canh BB'. Dt CA = 7,
AA’ = ¢.Khang dinh nao sau day ding?

@AM =7+7 7. ®AM=F+7 -7
©AM=F-7+,7 ©AM=7-7+0

o LOi gidi.

7,AB=1,AC = 2, BD = d.Khing

Cho hinh ling tru tam gidc ABC.A'B'C’. Dat AA’ = 7,

dinh nao sau day la dung?
AT =0b+7. B7+b+C+d=0.
d T+b+7=4d.

©br-2+d=0
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Cho hinh 1ap phuong ABCD.A’B'C'D’. Goi O 1a tdm cta hinh 14p phuong. Khang dinh nao
sau day la dung?
(A0 = ; (4B + AD + AA). )0 = 7 (AB + 4D + AA)).
(©)40 = 1 (AB + AD + 44)). 40 = % (AB+ AD + A4,
4 3
o LOi gidi.

70,32
(WAC' =—-F+ b +7. BAC' =G+b-7.
©AC=G+b+7 DAC'=7-1+7.

o s s oRs o e e e e e o o e s o s tfe s s s s g 3 e e e s e,e s s s s e 2 s s e e s s e s s s YL s s e s e s 2 s s s s e e ss e.0 s s SO e s s e e s s e s s s se s e s e se s e s se,e e

hoac sai.

Trong khong gian, cho tit dién ABCD c6 trong tam G.
a) GA+GE+GC+GD=10. b) OC = ; (04 + 0B + OC +0D).
o BC=GA+GC+GD. &) AC = - (AB + AC + AD)
o LOi gidi.
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Trong khong gian cho hinh hop ABCD. A'B'C'D’ tam O.
a) AC = AB+AD—|—AA’ b) AB+BC’+CD—|—DA’_0
) AB-|-AA”=AD+DD/. d) AB-|—BC+CC'=AD-|—DO-|—OC’.

o LS gidi.

Trong khong gian, cho hinh chop S. ABCD co day ABCD 1a hinh binh hanh tam O. Goi G 1a
diém thoa man GS > + GA 1+ GB g GC+GD=0.

a) AB—I—BC+CD+DA—SO b) OA+0OB+0C +0D = 0.

¢) SB+SD =55C. d) GS =30C.

o LS gidi.

Trong khong gian, cho hinh 1ap phuofng ABCD.A'B'C'D’ ¢6 canh bang a. Goi I 1a tAm hinh
Vuong ABCD, g01 Gla trong tam cua tam gidc AB'C (tham khao hinh Ve)
a) AB+ AD + AA’ AC. b) GA GA + GB + GC = 2Gl.

o) AB+AD = A'C d) BD' = 2BC.

o LS gidi.

Trong khong glan cho tit dién ABCD. Goi M, N lan luot la la trung diém AD, BC.
a) AB DC MN dong phang. b) AB, AC MN khong dong phang.
o) AN,CM,MN déng phang. d) BD,AC, MN déng phang.

o LOi gidi.
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Trong khong gian, cho ti dién ABCD. Trén canh AD va BC lan lugt lay cac diém M, N sao cho
AM = 3MD va BN = 3NC. Goi P, Q lan lugt 1a trung diém AD va BC.

a) PQ = AC + DB. b) MN = MA + AC + CN.
) m:m—l—ﬁ—l—B_I\f d) ﬁ,AC,Z\TI\?dGngpbﬁng.
o’ LOi gidii.

Cho hinh hop chtr nhat ABCD.A’B'C’'D’ ¢6 canh AB = a; AD = av/3; AA" = 2a. Xét tinh dung,
sai ctia cac khang dinh sau:

a) AB+CD' =0. b) A'D+CB = 0.
0 ‘@’Jmﬁjza\/ﬁ. d) |AB+ A'D' +CC'| = 2v/2a.
o LOi gidi.
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52. TOA DO CUA VEC TO TRONG KHONG GIAN

LY THUVET CAN NHG

1. Hé toa do trong khdng gian

binh nghia 2.1.
Trong khong gian, ba truc Ox, Oy, Oz d6i mot vudng goc z
v6i nhau tai goc O ctia méi truc. Goi 7, 7, ¥ lan luot 1a cac
véc-to don vi trén cac truc Ox, Oy, Oz.

® Hé ba truc nhu vay dugc goi 1a hé truc toa dd Descartes
vudng goc Oxyz, hay don gian la hé toa d6 Oxyz. Diém
O duogc goi la géc toa do.

@ Cac mat phang (Oxy), (Oyz), (Ozx) d6i mot vuong goc
v6i nhau duoc goi la cac mat phéng toa do.

@ i2=j2=k2=1vai-j=j-k=Fk-i=0
Khong gian véi hé toa d6 Oxyz con dugc goi la khong gian Oxyz.

2. Toa dd cta diém

Phuong phap 2.1.
Trong khong gian v6i hé toa dd Oxyz, cho diém M. Toa do z
diém M duoc xac dinh nhu sau:

@ Xac dinh hinh chiéu M; ctia diém M trén mat phang R
Oxy. Trong mat phang toa do Oxy, tim hoanh do 4, LM
tung do b cua diém M;. -

Syl

‘

|

‘

@ Xac dinh hinh chiéu P ctia diém M trén truc cao Oz, A
diém P tng vdi sb ¢ trén truc Oz. S6 ¢ 1a cao do ctia A ’
diém M. H My

B0 s6 (a;b;c) 1a toa d6 cta diém M trong khong gian véi
hé toa do Oxyz, ki hiéu la M(a; b; c).

3. Toa do cia vecto

Phuong phap 2.2.
Trong khong gian Oxyz:

® Toa dd ctia diém M ciing 1a toa do ctia vecto OM.

® Cho u. Dung diém M(a; b; c) thoa OM = # thi toa
dod cua diém M la toa do cta i. Theo hinh vé thi

7 =0M=0H+OK+0P=ai +bj +ck.

Suy ra

ﬁ’:(a;b;c)(:)U:aTerTJrc?.
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A Toa d5 cic véc to don vi ldn heot 1 7 = (1;0;0), ] = (0;1;0), k = (0;0;1).

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Toa do diém, toa dé vec to

Khi xac dinh toa do diém, toa d6 véc to ta chu y cac két qua sau:
® U= a?—l—b?+ck e Ui = (a;b;0).

Ui =07
@ ﬁ’(ul;uz;ug) = 7))(?)1,'02;7}3) & Uy =70y
Uz = 03

® OM = (a; b;c) thi M(a; b;c).
@ AB = (XB—XA;YB—YA; 2B —24).

® Chiéu diém M(a; b; c) 1én mat phéng toa d6 (hoac truc toa dd) thi "thanh phr?m bi khuyét"
bﬁng 0. Chéng han: M(1;2;3) chiéu lén (Oxy) thiz = 0. Suy ra hinh chiéu 1a M;(1;2;0).

® Ti gidge ABCD la hinh binh hanh khi va chi khi AD = BC

T

Trong khong gian Oxyz, cho A(3; —2; —1). Goi Ay, Az, A3 lan luot 13 hinh chiéu cta diém A trén
cac mat phéng toa do (Oxy), (Oyz), (Oxz). Tim toa d6 cuia cac diém Aq, Aj, As.

o L3 gidi.

Toa do ctia cac diém A; = (3; —2;0).
Toa do ctia cac diém A, = (3;0; —1).
Toa do cuia cac diém Az = (0; —2; —1)

Trong khong gian Oxyz, cho A(—2;3;4). Goi H, K, P lan lugt 1a hinh chiéu ctia diém A trén cac
truc Ox, Oy, Oz. Tim toa do ctia cac diém H, K, P.

o L gidi.
Tim toa do ctia cac diém H = (—2;0;0).

Tim toa do ctia cac diém K = (0; 3;0).
Tim toa do ctia cac diém P = (0;0;4).

a5

Trong khong gian Oxyz, cho A(1;1; —2), B(4;3;1) va C(—1; —2;2).
a) Tim toa d6 cua vécto AB.

b) Tim toa dd ctia diém D sao cho ABCD la hinh binh hanh.

o L& gidi.
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a) Tacd AB = (4 —1;3—1;1— (—2)) = (3;2;3).

b) Goi toa do ctia diém D 1a (xp;yp;zp), ta c6 DC = (-1 —=xp;—2—yp;2—2zp).
Tt gidc ABCD la hinh binh hanh khi va chi khi

—1—xD:3 xD:—4
DC=AB&{ —2-yp=2c_yp=—4
2—ZD:3. ZD:—l.

Vay D(—4; —4; —1).

Trong khong gian Oxyz, cho hinh hép ABCD - A’B'C'D’ ¢6 A(4;6; —5), B(5;7; —4), C(5;6; —4),
D’(2;0;2). Tim toa d6 cdc dinh con lai cia hinh hép ABCD - A’B'C'D’.

o’ LOi gidi.

A/
D'(2;0;2)

B i

| c
A6, -5)

B R D
B(5;7; —4) C(5;6;, —4)
Xp = XA — Xp+ XC xp =4
Tac6 AD=BC < {yp=ya—ys+yc < {yp=>5 .SuyraD(4;5;—5).
Zp =zA — 2B+ ZC zp = —5

Dod6 DD’ = (2—4;,0—5;2— (=5) = (=2 57).

Theo tinh chat ctia hinh hop ta c6 AA" = BB’ = CC' = DD’ = (—2; —5;7). Suy ra toa d¢ dinh con
lai cia hinh hop la A’ = (2;1;2), B'(3;2;3), C'(3; 1, 3).

PHAN I. Céu trac nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuong
an.

Trong khong gian Oxyz, cho @ = —27 +3 +5k. Toa d6 ctia véc-to 7 la

(A)(2; —3; —5). (2;3; -5). (©)(—2;3;5). (D) (2;3;5).

o LS gidi.
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Trong khong gian Oxyz, cho véc-to & =37 + 4k — J . Toa dé ctia véc-to i 1a
B3 -1;4). (3:4,-1). ©@;-1,3). D43 -1).

o L& gidi.

Trong khong gian Oxyz, diém nao sau day thudc truc Oz?
(A) M(1;0;0). M(1;0;2). (©)M(1;2;0). (D) M(0; 0; —2).

o L& gidi.

Trong khong gian Oxyz, cho diém M théa OM =27 + | . Toa d6 diém M la
(A) M(0;2;1). M(1;2;0). (©)M(2;0;1). (D) M(2;1;0).

o L& gidi.

Trong khong gian Oxyz, cho vecto OA = 7 —2k. Toa do diém A la
(W) (1;0; -2). 0;1; -2). (©(0;-1;2). D) (1;-2;0).
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()
| Caus

Trong khong gian Oxyz, xac dinh toa do clia diém A biét A nam trén tia Ox va OA = 2.

(A) A(0;0;2). A(2;2;0). (©)A(0;2;0). (D) A(2;0;0).

o LOi gidi.

Trong khong gian Oxyz, xac dinh toa do ctia diém A biét A ndm trén tia dbi cta tia Oy va
OA =3.
(A) A(0; 3;0). A(0; —3;0). (C)A(0; —9;0). (D) A(3; —3;0).

o LS gidi.

Trong khong gian Oxyz, cho hai diém A(1; —1;2) va B(2; 1; —4). Véc-to AB c6 toa do 1a
B (-1;-2;6). (3,0, ©(1;0;-6). D) (1;2;-6)

o LOi gidi.

Trong khong gian Oxyz, cho hai diém A(1;3; —2), B(3; —2;4). Véc-to ﬁ co toa do la
(A)(2;5;6). (4;1;2). (©)(@; —5;6). (D) (—2;5;6).

o LS gidi.
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Cho hai diém A, B thda man OA = (2; —1;3) va OB = (5;2; —1). Tim toa d6 véc-to AB.
(A)AB = (2; —1;3). AB = (3;3;—-4). (©)AB = (7;1;2). (D) AB = (3; —3;4).

< L3i gidi.

Trong khong gian Oxyz, cho hai diém M va N biét M(2;1; —1) va MN = (-1,2—-3). Toado N

(A)N(1; —3; —4). N(1;3; —4). (CON(-1;3; —4). (D) N(1;3;4).

o L& gidi.

Hinh chiéu vudng goc ctia diém A(3; —4;5) trén mat phang (Oxz) la diém
(A) M(3;0;0). M(0; —4;5). (C)M(0;0;5). (D) M(3;0;5).

o LOi gidi.

Hinh chiéu vuéng goc ctia diém A(1;2;3) trén mat phang (Oxy) la diém
(A) M(0;0; 3). N(1;2;0). (©)Q(0;2;0). (D) P(1;0;0).

o L& gidi.
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Hinh chiéu vudng géc ctia diém M(2; 1; —3) 1én mit phang (Oyz) c6 toa do la

(A)(2;0;0). (2;1;0). (©)(0;1; -3). (D) (2;0; -3).

o LS gidi.

Hinh chiéu vuéng géc ctia diém A(3;2;1) trén truc Ox c6 toa do la

(A)(0;2;1). (0;2;0). (©)(3;0;0). (D) (0;0; 1).

o LS gidi.

Hinh chiéu ctia diém M(2; 3; —2) trén truc Oy c6 toa do la

(A)(2;0;0). (0;3;0). (©)(0;0; -2). (D) (2;0; -2).

o LS gidi.

Trong khong gian Oxyz, cho hinh binh hanh ABCD véi A(—2;3;1), B
B(3;0; —1), C(6;5;0). Toa do dinh D la C

(A)D(11;2;2). D(1;8;2).
(©)D(11;2; —2). (D) D(1;8; —2). ) P

o L&i gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cho «cic diém A(1;0;3), B
B(2;3; —4),C(—3;1;2). Tim toa d6 diém D sao cho ti gidc ABCD la C
hinh binh hanh.
(A)D(4;2;9). D(~2;4; -5). ‘ <
(©)D(6;2; -3). D) (~4;-2;9).
o’ LOi gidii.

Cho hinh hép ABCD.A'B'C'D" <6 A(1;0;1), B(2;1;2), A
D(1; —1;1),C'(4;5; —5). Tim toa d6 dinh C ctia hinh hop.
(A)C(2;0;2). C(2;0;2).
(©)C(2;0;2). (D)C(2;0;2).
o’ LOi gidii.

Cho hinh hop ABCD.A'B'C'D’ ¢6 A(1;0;1), B(2;1;2), D(1; —1;1),C'(4;5; —5). Tim toa do dinh
A’ ctia hinh hop.
(A) A'(—1;—5;8). Al(—1;—5;8). (C)A(~1;-5;8). (D) A/(—1;—5;8).

o L& gidi.

GV: LE XE- 0967.003.131
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Trong hé truc toa d6 Oxyz cho diém B(—4,1, —2). Tim toa do ctia véc-to OB.

(A)(—4,1,-2). 4,-1,2). (©)(—4,1,0). (D)(—4,0,-2).

o LOi gidi.

Trong hé truc toa d6 Oxyz cho véc-to ¢ = (4,3, —1) va diém B. Biét OB = C. Tim toa d6 cua
diém B.

(A)(0,3, —1). 4,3, —1). (©)(—4,-3,1). (D) (4,0, —1).

o LS gidi.

Trong khéong gian véi hé truc toa d6 Oxyz cho véc-to 17 =27 — 37 — k. Toa do ctia véc-to i 1a
bao nhiéu?

(A)(@2,—3,-1). (-1,-3,—1). (©)(-1,2,-3). (D)(-3,2,—1).

o L3i gidi.

Trong khong gian v6i hé truc toa do Oxyz cho hai diém A = (3,-3,3)va B = (4,—1,—1). Toa
do cua vécto AB.

(A)(=7,2,—4). (10, —5,2). (©)(~1,-2,4). D) (1,2, —4).

o LS gidi.
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Chuong 1. VECTO VA HE TRUC TQA DO TRONG KHONG GIAN

()

Trong khong gian véi hé truc toa do Oxyz cho ba diém A = (-3, —4, —4), B = (2,2,0) va diém

= (3,4, —1). Toa do diém D dé ABCD la hinh binh hanh.

@(—8, ~10, -3). 2,2,-5). ©®6,3).

(D) (-2, -2, —5).

o L& gidi.

D(1; —1;1),C'(4;5; —5). Tim toa d6 dinh D’ ctia hinh hop.
(A)D/(—1; —6;8). D'(—1;—6;8).
(©)D/(~1;—6;8). (D)D'(~1;—6;8).

Cho hinh hép ABCD.A'B'C'D’ <6 A(1;0;1), B(2;1;2),

o LOi gidi.

PHAN II Cau tric nghiém ding sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon ding

hoac sai.

—» — —>

n 1a tham so.
a) Toadd @ = (1;3;—4).
b) Dung diém A théa OA = 7 thi (1 —4;3).

¢) Ton tai gla triccamvandé b =
d) Néu@ = b thim+n=09.

Trong khong gian Oxyz, cho @ = 3k —4j v ab = (m — n;4m — 6n; n? —3m+ 2), v6im,

o L& gidi.

GV: LE XE- 0967.003.131
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2. TOA PO CUA VEC TG TRONG KHONG GIAN

| Cou2s

Trong khong gian Oxyz, cho @

2K.Dung OA = @ vaOB = b.
a) @ = 27 + 2k, pee=eeemoeees B
b) Toadd b = (0;2;2). e
) Toa dd AB = (—2;2;0). e
d) Géc AOB = 45°.

Yy
=
&

Trong khong gian Oxyz, cho hinh hop o'

%BC.O’A’B’C’ 6 A(1;1;-1), B(0;3;0), . c
BC'" = (2;—6;6). Goi H, K lan lugt 1a trong tdm Al : B
ctia tam giac OA’O’ va CB'C. \

a) Toa do diém C’ 1a (2; —3;6). ‘
b) Toa do diém O’ 1a (3; —5;5). \
¢) Toa do véc to AB = (—2;3; —6).

Qcccocscass C
d) Toa do véc to HK = (—1,2;,-1).

o LOi gidi.

Dang @ Toa dd héa mét sé hinh khong gian

® Chon mot diém ma tir d6 c6 ba duong doi mot vudng géc nhau lam gbe toa do

@ Xay dung toa do cac diém trén hinh da cho tuong ing vai hé truc vira chon.
@ Toa do cac diém dac biét:

e M e Ox = M(x;0;0). e M e Oy = M(0;y;0).
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e Me Oz= M(@;0;z). o M e (Oxy) = M(x;y;0).
e M € (Oxz) = M(x;0;z). o M € (Oyz) = M(0;y;2).
Cho hinh hop chir nhat ABCD.A'B'C'D’ ¢6 canh z
AB = AA’ =2, AD = 4. Goi E la tam ctia hinh chi
nhat ABCD, F la trung diém AC'. Vé&i hé toa do Oxyz A’ D

duoc thiét 1lap nhu hinh bén (gbc toa do O trung véi |
A), hay xac dinh toa do cac dinh cua hinh hép chi 3 S
nhat va toa do hai diém E, F. B’ :

o LS gidi.

Mot may bay M dang cAt canh tir phi trudng. V6i hé toa do
Oxyz dugc thiét lap nhu Hinh bén, cho biét M 1a vi tri cua
may bay véi OM = 14, NOB = 32°, MOC = 65°. Tinh toa
do diém M.

B Y
o LOi gidi.
Ta co: z
OC = OM cos65° ~ 5,9. Ce
ON =CN = OMsin65° ~ 12,7. \F\\\\
OB = ON cos 32° =~ 10,8. e M
OA = BN = ONsin32° =~ 6,7. e T i
Vi OANB la hinh chit nhat nén ON = OA + OB. o 65° 7 5
Vi OCMN la hinh chtr nhat nén T o : — g
— —_— _ = — — — — A 7 \\\\\ : ,///
OM =0OC+ON =0A+0B+0C=6,7i +10,8] +59k. ,,,,,,,,,,,,,\I:]/
X
Do dé M(6,7;10,8;5,9).

PHAN I. Cau tric nghiém nhiéu phuong én lya chon. Mdi cau héi hoc sinh chi chon mot phuong
an.
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=ED

Hinh bén mé t& mot san cau 1ong véi kich thudc theo

tiéu chuan quéc té. Véi hé toa do Oxyz dugce thiét lap y B

nhu hinh bén (don vi trén moi truc la mét), gia sa AB /! /ﬂr 1,55 m

la moét tru cau 16ng dé cang ludi, hay xac dinh toa do 57 A 77
cua B. / /%6,10m

(A)(6,1;6,7;1,55). B (6,7;6,1;1,55). o« _________

@(6,1;0;1,55). @(0;6,7; 1,55). 13,40 m

o LOi gidi.

Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang 2. V6i hé 2
toa do Oxyz duoc thiét lap nhu hinh bén (gbc toa do O trung Al
v4i diém A), toa do diém B’ 1a
(A) B(0;2;0). B(2;2;2). o
(C©)B(2;2;0). (D)B(2;0;2). [ N D

D/

o LOi gidi.

Cho hinh lap phuong ABCD.A’B'C'D’ ¢6 canh bang 2. 2
Véi hé toa dd Oxyz dugce thiét 1lap nhu hinh bén (gbc
toa do O trung voi diém A), toa d6 diém C’ 1a

(A)C'(2;2;0). C'(2;2;2).

(©)C'(2;2;0). (D)C'(2;0;2). -
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o LOi gidi.

Cho hinh chép ti gidc déu S.ABCD c6 canh day bang
av/2, canh bén bang a+/5. Goi O 1a tim ctia hinh vudng
ABCD. Véi hé toa d6 Oxyz dugc thiét 1ap nhu hinh
bén (goc toa do O trung vdi tam hinh vuoéng ABCD),
toa do 5Cla
@S_(f = (2a;0; —2a). SC = (2a; —a; —2a).
@S_(f = (a;0; —2a). @S_(f = (a;0; 2a).

Cho ta dién SABC ¢6 ABC la tam givéc vuong tai B, BC = 3, S .

BA = 2, SA vudng goc voi mat phang (ABC) va c6 do dai

bang 2. Véi hé toa do Oxyz dugc thiét lap nhu hinh bén (gbc

toa do O tring véi diém B), tim khang dinh sai. y
(A) A(0;2;0). B(0; 0; 0). A
(©)C(0;0;3). (D)S(—2;2;2).

o L& gidi.

GV: LE XE- 0967.003.131
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Cho hinh chép S.ABC c6 ddy ABC la tam giac déu canh
bang 2, SA vuong géc voi ddy va SA = 1. Véi hé toa do
Oxyz dugc thiét lap nhu hinh bén (géc toa do O trung
vdi trung diém ctia doan BC), hay tim toa d6 diém S.
(A)S(0;v/3; 1). S(0;V3;1).
(©5(0;V3; 1). D)S(0;V3; 1).

o LOi gidi.

O mot san bay, vi tri cia may bay dugc xac z
dinh bdi diém M trong khong gian Oxyz nhu
hinh bén. Goi H 1a hinh chiéu vuéng géc ctia b
M xubng mit phang (Oxy). Cho biét OM = 50, N
(7,0H) = 64°, (OH,OM) = 48°. Tim toa do ™
ctia diém M. %0
(A)M(14,7;30,1;37,2). o }
(B) M(14,7;30,1;37,2). i 3 7BV

(C)M(14,7;30,1;37,2). )
(D)M(14,7;30,1;37,2. A \_v/

o LS gidi.

PHAN II. Cau tric nghiém duing sai. Trong mdi y a), b), ¢), d) § moi cau, hoc sinh chon ding hoéc
sai.
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Chuong 1. VECTO VA HE TRUC TQA DO TRONG KHONG GIAN

(u)

Cho hinh chép S.ABCD c6 day ABCD la hinh chit nhat, AB =1,
AD = 2, SA vubng goc v6i mat day va SA = 3. Voi hé toa do
Oxyz dvfoc th1et lap nhu sau: Goc toa do O trung vOi dlem A, cac
véc to AB, AD, AS lan luct cung hudng voi i, j va k. Xét tinh
dting sai ctia cac khang dinh sau

a) Toa do D(0;2;0). b) Toa d6 C(1;2;3).
o) Toa do S(2;0;0). d) Toa do I(1;1;0).
o’ LOi gidii.

Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang 2. Véi

V4

hé toa do Oxyz dugc thiét 1ap nhu hinh bén (gbc toa do O Al T D
trung véi tam hinh vudng ABCD), hay xét tinh ding sai cua |
cac khang dinh sau: B | é

a) Toa do A(—1;0;0). b) AC’ (21/2;0;2). o

o) Toa o D'(0;v/2;2). d) BD = (0;0;2). AR

gl 0™
C
X

o L& gidi.

GV: LE XE- 0967.003.131
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| Cau3o

Cho hinh lang tru ABC.A’B'C’ c6 day ABC la tam giac déu z
canh bang 2 nhu hinh vé. Hinh chiéu vuéng géc ctia A’ 1én
(ABC) truing v6i trung diém canh AB, géc A’AO = 60°. Vdi
hé toa do Oxyz dugce thiét lap nhu hinh bén (géc toa do O
trung voi trung diém ctia doan BC), hay xét tinh dung sai B
cta cac khang dinh sau:

a) Toa do diém A(—1;0;0).

Al C’

b) Toa do diém C(0;/3;0). A U Y
¢) Toa do diém A'(0; —1;/3). > -

d) Toa d6 diém C'(1; V3 \/5)

o LS gidi.

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 16i vao 6 két qua
@ BAI TAP TU LUYEN

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

Trong khong gian Oxyz, hinh chiéu vuong goc ctia diém A(1;2;5) 1én truc Ox c6 toa do la

(A)(0;2;0). (0;0;5). (©)@;0;0). (D) (0;2;5).

o LOi gidi.

Trong khong gian v6i hé toa do Oxyz, toa do hinh chiéu ctia diém A(—2; —1;3) trén mat phrfmg
(Oyz) 1a

(A)(0; —1;0). (B) (—2;0;0). (©)(0; -1;3). (D) (—2;—1;0).

o LS gidi.

GV: LE XE- 0967.003.131
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Trong khong gian véi hé toa do Oxyz, cho diém M(1;2;3). Goi H 1a hinh chiéu vuéng géc cta
M 1én mat phéng (Oxy). Toa do cua H la

(A)H(—1; —2;3). H(0;0;3). (©H(1;2;0). (D) H(1;2;0).

o L& gidi.

Trong khong gian Oxyz, cho @ = (2;3;2) va b= (1,1;1). Vecto @ — b6 toa do la

(A)3;4;1). (—1;—2;3). (©)@3;5;1). (D) (1;2;3).

o L& gidi.

Trong khong gian Oxyz, cho diém A(1;1;1). Tim toa do hinh chiéu vuéng géc ctia diém A trén
mat phang (Oxz).

(A)(1;0;1). (0;1;0). (©(1;1;0). D) (0;1;1).

o’ LOi gidi.
Trong khong gian védi hé truc toa dd Oxyz, cho @ = — 7 + 27 _3k. Toa do ctia @ 1a
B)(-2-1;-3). (=3;2;,—1). ©@-3-1). ©(-1,2;-93).
o’ LOi gidii.

GV: LE XE- 0967.003.131
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Trong khong gian vdi hé truc toa do Oxyz cho hai vector @ = (1;1; —2), b= (—2;1;4). Tim toa
dod cuavector ¥ = @ —2b.

(A)(5; —1; —10). (0;3;0). (©)(—3;3;6). (D) (5; —1;10).

o LS gidi.

Cho diém A(1;3; —1). Hinh chiéu vuéng géc ctia diém A trén mat phang (Oyz) 1a diém
(A) M(3;0;0). N(0;3; —1). (©)P(0;1;0). (D) Q(0;0; —1).

o LOi gidi.

Trong khong gian Oxyz, hinh chiéu vuéng goc ctia diém A(1;2;5) 1én mat (Oxz) c6 toa do la

(A)(1;2;0). (0;2;5). (©)(1;0;5). (D) (0; 1;5).

o LOi gidi.

Trong khong gian Oxyz, cho hai diém A(1; —1;2) va B(2; 1; —4). Vecto AB c6 toa do

(A)(3;0; —2). (1;2; —6). (©)@;0; —6). (D)(—1;—2;6).

o L&i gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cho diém A(1; —2; 3). Hinh chiéu vuéng géc ctia diém A 1én mit phang
(Oyz) co toa do la

(A)(1;0;3). (1,0;0). @(1; —2;0). (D) (0; —2;3).

o L& gidi.

Trong khong gian v6i hé toa d6 Oxyz, cho hai vectola ¥ = (2;1; —1) va ¥ = (1;3;1). Toa do
ctia vecto (1 +27) tuong ting la

(A)(3;4;0). (1, —2; —2). ©®;7;1). (D) (5;5; —1).

o L& gidi.

Trong khong gian Oxyz, cho diém A(2; —1;0) va diém B(3;1;1). Toa do diém ddi xing véi A
qua B 1a

(A)(1;—2; —4). (0;3; —1). (©)4;3;2). (D) (0;1;3).

o L& gidi.

Trong khong gian Oxyz, cho biéu didn ctia vecto @ qua cac vectodonvila @ =27 + k —37.
Toa do ctia vecto @ la

(A (2;-3;1). (1;—3;2). ©(@2;1;-3). D) (1;2; -3).

o LOi gidi.
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Trong khong gian Oxyz, cho diém M théa man hé thicc OM = 27 + | . Toa do diém M la
(A) M(0;2; 1). M(1;2;0). (©)M(2;1;0). (D) M(2;0;1).

o LS gidi.

Trong khong gian v6i hé toa d6 Oxyz cho hinh binh hanh ABCD va cac dinh c6 toa do lan luot
la A(3;1;2), B(1;0;1), C(2;3;0). Toa d6 dinh D la

(A)D(4;4; 1). D(0;2; —1). (©)D(1;3; —1). (D) D(0;2;1).

o LOi gidi.

—

Trong khong gian véi hé toa do (O; i ; 7,' ?), cho hai vecto 7 = (1;2;3) va b =27 —4k. Tinh
toaddvecto =4d — b.

(AT = (-1;-2;3). 7 =(-1;2;7). ©i =(-1;-23. D7 =(1;27).

o LS gidi.

—

Trong khong gian voi hé toa do (O; i ; 7,' ?), cho hai vecto 7 = (1;2;3) va ? = 27 — 4?. Tinh
toaddvecto =4 — b.

W7 =(-1;-23. ®7=(-127). ©i =(-1;,-63. D7 =(1;27).

o LS gidi.
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Trong khong gian Oxyz, cho ba diém M(2;0;0), N(0; —3;0), P(0;0;4). Néu MNPQ la hinh binh
hanh thi toa do diém Q la

(A)(-2-3:4). (-2-3;4). ©(2:34). D) (3:42).

o LOi gidi.

Trong khong gian Oxyz, cho ba diém A(—4;1; —5), B(2;3; —7), C(3; —2;9). Toa d6 diém D dé
ABCD la hinh binh hanh la

(A)(2;3:-3). (-3;-3;-3). (©)(-3:-3:3). (D) (-6;5;-12).

o L& gidi.

e s oRe s e e s s e s e s e e s P R N I R S S I I I B S 2 A I I R IR

PHAN T1I. Ciu trac nghiém diing sai. Trong méi'y a), b), ¢), d) & méi cau, hoc sinh chon dting
hoac sai.

Trong khong gian Oxyz cho hai vecto @ = (—2;1; —3), b= (—1; —3;2) va diém A(4;6; 3)
a) Toa do vecto @ —2b =(0;1;,-1). b) Toa do diém B(2;7; 6) thi @ = AB.
) Haivecto #va b cung phuong huéng.  d) Goc gitra vects @ va b bang 120°.

o L& gidi.

Trong khong gian Oxyz, cho ba vecto 7 =(-1;1,0), T; =(1;1;0), ¢ = (1;1;1).
a) Do dai vecto @ bang v/2.
b) Vecto b vudng goc véi 4.
o) Vecto b vuéng géc véi <.
d) Toa do vecto 3@ +2b — ¢ bang (—2;4; —1).

o L& gidi.

GV: LE XE- 0967.003.131
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Trong khong gian véi hé toa do Oxyz, cho hinh hop ABCD.A’B'C'D’ biét rang cac diém c6 toa
do A(2;1;0), C(0;3;0), C'(—1;2;1), D'(0; —2;0).

a) Toa do cac diém A’, B’ 1a A'(1;0;1), B'(0;4;2).

b) Toa do cac diém B, D la B(l 5; 1) D(l —1; —1).

<) ToadovectdABlaAB =7 +4] —|— x.

d) Toa do vecto B BD 1aBD =1 —5] _3%.

o LS gidi.

Trong khong gian Oxyz, cho —|— 37{ — 47 vab = (m — n;4m — 6n;n% — 3m + 2), véim, n
la tham so.

a) Toado @ = (1;3; —4).

b) Dung diém A théa OA = 7 thi A(l —4;3).

-

) Ton tai gla trichtamvandé b =
d) Néu@ = b thim+n=09.

o LS gidi.

Trong khong gian Oxyz, cho hinh hép OABC.O’A'B'C’ ¢6 A(1;1; —1), B(0; 3;0), ﬁ = (2, —6;6).
Goi H, K 1an luot la trong tam cta tam giac OA’O’ va CB/C'.

a) Toa do diém C’1a (2; —3;6). b) Toa d6 diém O’ 1a (3; —5;5).
¢) Toa dd vects AB' = (—2;—3; —6). d) Toa dd vecto HK = (—1;2; —1).

o LS gidi.
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Trong khong gian véi hé toa d6 Oxyz cho cac vecto ¥ =27 — 27 + k, T = (m;2;m + 1) v6i m
1a tham s6 thuc. C6 bao nhiéu gia tri caa m dé || = |7|? KQ: tiiiiiiiiiiien,

o L& gidi.

o s s o o o s s s s s s s e s s ol o s s o s 8 s s s s o sps 2o 8 s s o tLe o s e s s o s s s s e s e sps 2. 8 s s e s s s s o £ s o s s s s s s s s s s s s s s s s s s s e s s s s s s s e s

Trong khong gian Oxyz, cho hai diém A(3;1; —2), B(2; —3;5). Diém M thudc doan AB sao cho
MA = 2MB, toa d6 diém M 1a (a;b;c). Khi d6 a + b + c bang? |00
o L5 gidi.

Trong khong gian vdi hé toa do Oxyz cho cac vecto ¥ = 27 — ZT + 7;, T =(m;2;m+1)voéim
1a tham s6 thuc. C6 bao nhiéu gia tri caa m dé || = |7|? KQ: oiiiiiiiiiianan,
o LS gidi.

Trong khong gian Oxyz, cho hai diém A(4;2;1), B(—2; —1;4). Tim dugc toa do diém M(a; b; c)
théa man dang thtic AM =2MB.Khidéa+ b+ c? KQ: v
o L5 gidi.
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Trong khong gian vdi hé toa do Oxyz cho ba diém M(2;3; —1), N(—1;1;1) va P(1;m — 1;2). Tim
m dé tam gidc MNP vuong tai N. KQ: ovviiiiiiiiiee,

o LS gidi.

Mot chiéc xe dang kéo cang soi day cap AB trong cong truong xay dung, trén d6 da thiét 1ap
hé toa d6 Oxyz nhu hinh vé dudi v6i do dai don vi trén cdc truc toa d6 bang 1m. Tim duoc toa

do caa vector AB = (a; b; ¢). Khi d6 tinh a + c. KQ: i

o LOi gidi.

Cho biét may bay A dang bay véi vecto van toc @ = (300;200;400) (don vi: km/h). May bay
B bay cting hudng va c6 toc do gap ba lan téc do ctia may bay A. Tinh toc do ctia méy bay B.

KQ: o

o LS gidi.

Mot thiét bi tham do ddy bién nhu hinh vé duge ddy bdi mot luc 7 = (5;4; —2) (don vi:
N) giup thiét bi thuc hién d6 doi @ = (70;20; —40) (don vi: m). Tinh cong sinh boi luc f.

KQ: i

o LS gidi.
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53. BIEU THO'C TOA DO CUA CAC PHEP TOAN VECTO

LY THUVYET CAN NHO

1. Biéu thtc toa do ctia phép todn cdng, trif, nhan mot sé6 thuc v8i mot véctd

Dinh nghia 3.1. Trong khong gian Oxyz, cho hai véc-to @ = (aq; ay; az), b= (by; by; b3) vasb k.
Khi do

®@FT+Db= (a1 + by; a2 + by; a3 + bs);
b

® @ — b = (ay — by;ap — by; a3 — by);

@ kd = (kay; kay; kas).

A Cho hai véc-to @ = (a1; a2; a3), = (b1; by; b3), v # 0. Hai véc-to a, v cung phwong khi va chi khi

a = kbl
ton tai mot so thuc k sao cho { a, = kb,
a3z = kbg.

2. Biéu thtdc toa do caa tich vd hudng hai vécto

Dinh nghia 3.2. Trong khong gian Oxyz, tich vd hudng cta hai véc-td @ = (ay;ap; as) va b=
(b1; by; b3) dugc xac dinh boi cong thuc

a- E) = a1by + axby + azbs.

A @® E)J_T?)<=>a1b1+ll2b2+a3b3:0;
@ |d| = /a3 +aj+a5 AB=/(xg— x4+ (yp—ya)+ (zB — 24)>

—

a-b _ a1b1 + arby + azbs
@ |b| VA rai+ad R+

3. Bidu thic toa do ciia tich c6 hudng hai véctd

(06i 7 £ 0vib #£ 0)

® cos (7; 3) =

Dinh nghia 3.3. Cho hai véc-to @ = (ay;az;a3) va b= (b1; bo; b3) khong cung phuong. Khi do6
vec to
w = (ﬂzbs — boas; asby — bzay ; arby — bl”Z)

A s 2. ? . , —> N i
vuong goc voica hai vécto a va b.

5
A @ Véc to w xdc dinh nhu trén con goi a tich c6 hudng ciia hai véc to @, b, ki hiéu @ = [d, @ ).

® Quy udc Y2\ _ 41by — aoby thi
b1 by
s a ds as ag a;  ap
[a i| < bz b3 b3 bl bl bz > az03 ha3, A30q 31 ; A102 12

® 7 khong ciing phitong v6i b < [7, I_ﬂ £ 0.
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4. Biéu thtdc toa do trung diém doan théng, trong tdm tam gidc
binh nghia 3.4.

Trong khong gian Oxyz, toa do trung diém va trong tdm
dugc xac dinh nhu sau:

@ Toa do trung diém M ctia doan thang AB la B 4
M M N
M(xA+xB_yA+yB_zA+zB) A
2 7 2 7 2 ’
A B K C

@ Toa do trong tam G cua tam gidc ABC la

XA+Xp+Xc Yya+ys+yc za+2zp+zc
G 3 ; 3 g 3 '

PHAN LOAI VA PHUGNG PHAP GIAI TOAN

Dang @ Toa dd cla cdc phép todn vec to, toa dd diém, do dai doan théng

T

Cho 7@ = (—2;3;2), b= (2;1;—1), € = (1;2;3). Tinh toa do ctia mdi vecto sau:

— - 7 — g 3.,
a) 3a; b) 2a — b; ) a—|—2b—§c.

o LS gidi.

Ta co
a) 30 = (3-(—2);3-3;3-2). Vay 34 = (—6;9;6).

b) Tac6 27 = (—4;6;4)va b = (2;1;—1). R
Do d6,2d — b = (—4—2;6 —1;4—(—1)). Vay 2@ — b = (—6;5;5).

Q) Do @ = (-2;3;2)va2b = (4,2; —2)nén @ +2b = (2;5;0).
Ngoai ra, vi —§E’ = <_§; —3;—2) nén @ 42b — §? = (12 —2)

2 2 2 277 2)
e

Trong khéng gian Oxyz, cho cac vée-to ¥ =37 —2] + k, T = —g
mj —nk.
a) Chiing minh % va ¥ cting phuong.

b) Tim gia tri ctia m va n dé véc-to U va w cing phuong.

o LOi gidi.
, —> — 3 1 —>
Tacou =(3;,-2;1), v = (—5;1;—5), w = (6;m; —n).
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a) Hai véc-tg i/ va U cing phuong khi va chi khi
3

- =3k 1
U=k <{1=-2k Sk=—3
1y
2
Nhu vay 7 = —%Tf nén hai véc-tg @/ va U cting phuong.
b) Hai véc-to ¥ va @ cing phuong khi va chi khi
6 =3k k=2
W=k {m=-2ks {m=—4
—n=k n= -2

Nhu vay m = —4 van = —2 thi hai véc-to @ va @ cing phuong. Khi d6 @ = (6; —4;2).

s

Trong khong gian vdi hé toa do Oxyz, cho ba diém A(3; —1;2), B(1;2;3), C(4; —2;1).
a) Chiing minh ba diém A, B, C khong thang hang. Xac dinh toa d¢ trong tim tam giac ABC.
b) Tim toa do diém D biét ABCD la hinh binh hanh.

c) Tim toa do giao diém E ctia duong thfang BC véi mat phezmg toa do (Oxz).

o LOi gidi.
a) Taco AB = (—2;3;1), AC = (1;,-1;,—-1). Vi =R # — nén hai véc-to AB, AC khong cung
phuong.
: : 8 1
Hay ba diém A, B, C khong thang hang. Suy ra, toa do trong tam la G (5 Y 2) .
b)

Ta giac ABCD 1a hinh binh hanh khi va chi khi

A D
4—XD:—2 xD:6
DC=AB&{ —2-yp=3a{yp=-5
1—zp=1 zp =0
Vay D(6; —5;0). B c

¢) Vi E thugc mat phang Oxz nén E = (x;0; z).
Taco AE =(x—3;1;z—2). R
Mat khac A, B, E théng hang nén hai véc-tod AB, AE cung phuong, do do:

(7
x—3——2% | 73

AE — kAB < {1 =3k o k:%
z—2=k 7

(“7 3

GV: LE XE- 0967.003.131




Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN { 58

- (o).

Ly

Trong khong gian Oxyz, cho ba diém A(5; —3;0), B(2;1; —1), C(4;1;2).
a) Tim toa do ctia vects i = 2AB + AC — 5BC.

b) Tim toa d6 diém N sao cho 2NA = — NB.

o L3 gidi.
AG;—3;0) [AB=(-3;4,—1) (24B = (-6;8,~2)
a) Tac6 { B2;1;-1) = { AC = (-1,42) = { AC = (-1;42) = @ = (~17;12;—15),
C(41;2) BC = (2,0;3) —5BC = (—10;0; —15)

: . JNA=0GC-x-3-y,—2)
b) Goi N(x;y;z), khido ¢ .,
NB=Q2-x1—-y;—1—2)

x=4
20 —x)=—-2+x 5 5 1
INA=-NBe{2-3-y=-1+yalV="3 :>N<4;—§;—§>.
—2z=1+z s 1
3
s
z

Mot phong hoc cé thiét ké dang hinh hop chit nhat véi chiéu

dai 1a 8 m, chiéu rong 1a 6 m va chiéu cao 1a 3 m. Mot chiéc den i

duoc treo tai chinh gitta tran nha cta phong hoc. Xét hé truc toa | y

d6 Oxyz c6 gbe O trung véi mot goc phong va mat phang (Oxy) 3 m C}* ””””” bm

tring v6i mat san, don vi do dugc lay theo mét (Hinh minh hoa : 3

bén). Hay tim toa do cua diém treo den. x m

o’ LOi gidi.
Goi cac diém B(3;0;0), C(3;6;0), D(0; 6;0) nhu hinh vé. .
N 1a trung diém OC, N’ 1a hinh chiéu ctia N 1én mét phang
tran nha. Suy ra N’ 1a diém treo den. S—
. . .. (043 0+6 040 - N
Ta c6 N c6 toa do la ; ; , suy ra i 7
2 2 ' 2 ; ; Dy
3 3 3m| OQksc-------- 1o==
N(E;?);O).Suyra N’ (5;3;3). /’:\)]\L}:\—:' 6 m
B - ~-
Vay toa do cta diém treo deén la (; ;3; 3). 8 m C
X

PHAN I. Cau tric nghiém nhiéu phuong an lua chon. Mbi cau héi hoc sinh chi chon mét phuong
an. Céc cau hoi sau déu xét trong khong gian Oxyz.

Cho 7 = (1;2; -3), b= (—2; —4;6). Khang dinh nao sau day diing?

©7b =27 D)7 =-2V.

S
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o LOi gidi.

Cho hai véc-to ¥ = (2;1; —3), ¥ = (1;0; —1). Tim toa do6 ctia véc-to @ = ¥ +27/.

2
(A)7(4;1;-5). 74;1;—1). (©)7(3;1;—4). 700;1; —1).

o L&i gidi.

Cho 7 = (1;-1;3), b= (2;0; —1). Tim toa do véc-to 1 =247 —3b.
U = (—4;,-2;9). U = (4;2,-9). @7 = (—4;,-5;9). @ U = (1;3;—11).

o LS gidi.

Cho hai véc-to 7 = (3;0;1), ¢ = (1;1;0). Tim toa do ctia véc-to b théa man biéu thic b — 7 +
2¢ = 0.
(A)b =(-2;1;—-1). b=(-1;2-1). ©0b=(521). Db =@1;-21).

o LS gidi.

Cho vecto @ = (1; —3;4). Vecto nao sau day cting phuong véi @?

(AT = (—2;—6;8). T =(-26,-8). (©d=(-268). = (2;—6; —8).

o LOi gidi.
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| Caus

Hai véc-to @ = (m;2;3) V?a?:(l;n;Z) cting phuong khi
1 3 2
m= = m= = m== m==
2 2 2 3
@n_4. n_4- ©n—2 @n_4
3 3 3 3

o L& gidi.

Cho hai diém A(2;3;1) va B(3;1;5). Tinh d6 dai doan théng AB.
(A)AB = /21. (B) AB =2/3. (C)AB =24/5. (D) AB = /13.

o L& gidi.

Cho hai diém M(3; —2;1) va N(0;1; —1). Tinh d6 dai doan théng MN.
(A)MN = v/17. (B) MN = 22. (OMN = v22. (D) MN = v/19.

o L& gidi.

Cho hai diém A(—1;1;2) va B(3; —5;0). Toa d6 trung diém ctia doan thang AB la

A (1;-2;1). (4;—6;2). (©)(2;-3;-1). D) (2; —4;2).

o L& gidi.
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Cho hai diém A(1;1;0), B(3; —1;2). Toa d6 diém C sao cho B la trung diém ctia doan AC la
(A)C(5; —3;4). C(4; —3;5). (©)C(~1;3;-2). (D) C(2;0;1).

o LOi gidi.

Cho tam gidc ABC véi A(0; —1,3), B(2;1;1), C(1;0; —1). Toa do trong tam cua tam giac ABC

(A)(1;0;1). B) (—1;0; 1). (©)0;1;1). (D) (1;1;0).

o LS gidi.

Cho OA = 7 — 27 + 37;, diém B(3; —4;1) va C(2;0; —1). Toa do trong tdm ctia tam giac ABC
la
(A)(1;-2;3). (—1;2; -3). ©@;—-21). (D) (—2;2; —1).

o LS gidi.

Cho tam giac ABC trong tam G. Biét A(0;2;1), B(1; —1;2), G(1;1;1). Khi d6 diém C c6 toa do
la
(A)(2;2;4). (~2;0;2). ©(~2;-3;-2). D) (2;2;0).

o LS gidi.
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Cho bbn diém A(1;0;3), B(2; —1;1), C(—1;3; —4), D(2;6;0) tao thanh mot hinh ti dién. Goi M,
N lan luot 1a trung diém cac doan théng AB, CD. Tim toa d6 trung diém G ctia doan MN.

(AG (%; g;o). G(2;4;0). (©)G(1;2;0). (D) G(4; 8;0).

o L& gidi.

Cho hai diém B(1;2; —3), C(7;4; —2). Néu E la diém thda man dang thic CE = 2EB thi toa do
diém E 1a

AbsY w(al) efal) el

o L& gidi.

Cho cac diém A(1; —1;0), B(0;2;0), C(2;1;3) va M 1a diém thdéa man hé thitc MA — MB + MC =
0. Khi d6 diém M c6 toa do la

(A)(3;2;3). (3;—2; —3). (©)(3;-2;3). D) (3;2; -3).

o LOi gidi.

Cho toa do6 cac diém A(—1;3); B(2; —2) va C(m; 1). Tim m dé 3 diém A, B, C thang hang.

@m:; mzé. ©m=_§. ©m=—1.

o L& gidi.
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Ta giac ABCD 1a hinh binh hanh, biét A(1;0;1), B(2;1;2), D(1; —1;1). Tim toa do diém C.
(A)(©0; ~2;0). (2:2;2). ©202). @@ -22).

o LOi gidi.

Cho hinh hop ABCD.A'B'C'D’ ¢6 A(0; 0;0), B(a; 0;0), D(0; 24; 0),
A’(0;0;2a),a # 0. Tinh d6 dai doan thang AC’.

(A)la]. ®2]al.
(©)3]al. @%.

o LS gidi.

Cho hinh hop ABCD.A'B'C'D’ ¢6 A(0;0;1), B'(1;0;0), C'(1;1;0). o
Tim toa do ctia diém D.
(A)D(0; —1;1). D(0; 1;1).
(©)D(0;1;0). (D)D(1;1;1).

o LOi gidi.
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PHAN II. Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & mdi cau, hoc sinh chon ding
hoac sai.

Cho Céi()iié’m A(1;—2;3),B(—2;1;2),C(3; —1;2).

a) AB = (-3;3;—1). b) AC = (=2, —1;1).
o) AB=3AC. d) Ba diém A, B, C khong thang hang.
o LS gidi.

Cho ba diém A(3;3; —6), B(1;3;2) va C(—1; —3;1). Goi M, A
N, K 1an lugt 1a trung diém ctia AB, BC va CA.

a) Toa do M (2;3;2).

b) V6i G la trong tam tam gidc ABC thi GC = 2+/5.

¢) Trong tam tam giac MNK la E(1;1; —1). M K
d) V6i D(—3;-3;9) thi ti gidc ABDC la hinh binh /\/\
hanh.
B C
N
o LOi gidi.

Cho hinh hop ABCD.A'B'C'D’, biét diém A(0; 0;0), B(L; 0;0),
C(1;2;0), D'(—1;3;5). Goi M, N la tdm cua cac hinh binh
hanh ABB'A’, ADD'A’.

a) Toa d6 D(0;2;0). B

b) Toa do A'(—1;1;5).

©) Toadd MN = (—1;1;0).

d) |AB + AD + CC'| = v/29.

on)

o L& gidi.
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Hai chiéc khinh khi cau bay lén tit cing mét dia z
diém. Chiéc thit nhét cach diém xuét phat 2 km ()

cach mat dat 0,5 km. Chiéc thu hai nam cach
diém xuat phat 1 km vé phia bac va 1,5 km vé
phia tay, dong thoi cach mat dat 0,8 km.

Chon hé truc Oxyz voi géc O dat tai diém xuét TN T

vé phia nam va 1 km vé phia déng, dong thoi * Tay

phat ctia hai khinh khi cau, mat phang (Oxy) Bac .- AN\l Nam
tring v6i mat dat véi truc Ox hu’dng ve phia 0. X
nam, truc Oy hudng vé phia doéng va truc Oz e
huéng théng ding lén trdi (Hinh bén dwsi), /7777
don vi do lay theo kilomet. Ve

8

a) Voihé toa do da chon, toa do khinh khi cau thit nhat 1a (2;1;0,5).

b) Vi hé toa do da chon, toa do khinh khi cau thi hai 1a (—1,5; —1;0,8).

¢) Khoang cach tir diém xuat phat dén khinh khi ciu thit nhat bang /21 km.

d) Khoang cach hai chiéc khinh khi cau la 3,92 km (Két qud lam tron dén hang phan trim).

o LS gidi.

Tich vé hudng, tich c6 hudng hai vec to va rng dung

T

Chobavécto @ = (3;0;1), b = (1, —1,-2), T = (2,1, —1), d = (1,7, —3).
b

a) Tinhﬁ)-?,—l;-?

, b , COS (ﬁ’, ) c) Ching minh 417

o LOi gidi.

a) Tacd @b =3-140-(-1)+1-(=2)=1vab -C=1-2+(=1)-1+(=2) - (=1) = 3.

b) Ta co |Zl>| =+324+0%24+12 = +(_1)2+(_2)2 — \/6

cos(ﬁ’,3>: @b = ! :\/E.
\E’Lﬁ‘ V10-v6 60

—

Q) Tacéd T=13+7-0+(-3)-1=0=4d L 7.
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+ETm

Trong khong gian Oxyz, cho @ = (1;0; 1), b =(1;1,0)va T = (—4;3; m).
a) Tinh goc gitta hai vecto @ va b.

b) Tim m dé vecto d = 2@ + 3D vudng géc véi <.

o L&i gidi.
7 =(1;0;1) I S
a) Tacod | - ( =cos(a;b) = — = —.
b =(1,1,0) |Z|-1b| 2
b) Tacé d =27 +3b = (5;3;2).
> o, 11
Tacoch@d-c:O<:)—20+9+2m:0(:>m:7.

T

Trong khong gian Oxyz, cho tam giac ABC c6 A(—1;0;2), B(0;4;3) va C(—2;1;2).
a) Chi ra toa dd mot véc to (khac 6) vuong goc voi hai véc to A_B), AC.
b) Tinh chu vi tam gidc ABC.

¢) Tinh cos BAC.
d) Tim d¢ dai duong phan giac trong AD caa tam giac ABC.

o LOi gidi.

a)

b) Tac6 AB=+1+16+1=3V2vaAC=+1+1+0.

<)
. Xy 4o N . . ., DB AB
d) Theo tinh chat duong phan giac trong ctia tam gidc, ta c6 DC = AC =
(x _ xp+3xc _§
PT T 2
DB — _3DC _Yys+3yc _7 (_§.Z.2>
Suyra DB = -3DC & ( yp = 1 =4 =D 1
. zp +3z¢ 2
(=D 4 4

) 1 49 1 3v6
Vay AD = ZJFE—FE_T'

Trong khong gian Oxyz, cho 3 diém A (0;1; —2); B (3;0;0) va diém C thudc truc Oz. Biét ABC
14 tam gidc can tai C. Tim toa d6 diém C.

o LOi gidi.
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Goi C (0;0;z) 1a diém thudc truc Oz.
Tam giac ABC can tai Cnén CA = CB.
SuyraCA?=CB> =1+ (z+2?=9+2>=z=1= C(0;0;1).

Trong khong gian Oxyz, cho ba diém M (2;3; —1), N(—1;1;1), P(1; m — 1;2). Véi nhirng gia tri
nao cua rm thi tam giac MNP vudng tai N?

o LOi gidi.
Taco NM = (3;2;-2)vaNP = (m—-21).
Vi tam giac MNP vuong tai Nnéntaco NM L NP & NM.NP=0&2m=0& m=0.
Vay m = 0 thoa yéu cau bai toan.

Cho hai diém A (2, —1,1); B (3, —2, —1). Tim diém N trén truc Ox cach déu A va B.

o’ LOi gidi.
N nam trén trE)Ox nén N (x;0;0). N
Khido,taco AN =(x—2;1;,—-1); BN =(x—3;2;1).
ViNcichdéu AvaBnén AN = BN & /(x—22+1+1=/(x—32+4+1<x=4.
Suy ra N(4;0;0).

a7

Trong Hoa hoc, ciu tao ctia phan tr ammoniac (NHs) c6 dang hinh
ch6p tam giac déu ma dinh 1a nguyén ti nitrogen (N) va day 1a tam
giac HyHyH3 v6i Hy, Hp, Hz 1a vi tri ctia ba nguyén tir hydrogen (H).
Goc tao béi lién két H — N — H, c6 hai canh la hai doan thang néi
N véi hai trong ba diém Hy, H,, H; (chéng han IT{NT—Ig, goi la goc
lién két ctia phan tr NH3. Goc nay xap xi 107°.

Trong khong gian Oxyz, cho mot phan tr NH; duoc biéu dién boi
hinh chép tam giac déu N.H;HyHj; v6i O la tam cua day. Nguyén
tu nitrogen dugc biéu dién boi diém N thuoc truc Oz, ba nguyén
tar hydrogen & cac vi tri Hy, Hy, H3 trong d6 H;(0; —2;0) va HyH3
song song voi truc Ox (Hinh bén).

N

a) Tinh khoang cach gitra hai nguyén tir hydrogen.

b) Tinh khoang cach gitra hai nguyén tir nitrogen vdi moi nguyén tr hydrogen.

o L& gidi.
V3 V3

a) Goix = H1Hp, khi d6 d0 dai OH; = x— < 2 = x—— & x = 24/3.

3 3
b) Goi y la khoang cach gitra hai nguyén tit nitrogen voi mdi nguyén tit hydrogen; khi d6 NH, =
y.
p dung dinh 1i cosin ta c6
HyH2 = NH? + NH2 — 2 NH; - NH, cos HyNHy <5 2y — 2% cos 107° = 12
12
2 P E— =
SV =2 geostor Y TP
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Chuong 1. VECTO VA HE TRUC TOA PO TRONG KHONG GIAN {68 )

I

Mot chau cay duoc dat trén moét gia do co bbn chan véi diém z
dat S(0; 0;20) va cac diém cham mat dat ctia bon chan lan luot 1a
A(20;0;0), B(0;20;0), C(—20;0;0), D(0; —20;0) (don vi cm). Cho

biét trong luc tic dung 1én chau cay c6 do lén 40(N) va dugc s 7
phéan bd thanh bén luc Fi, B, F3, Fy ¢6 do 1én bfmg nhau nhu F, F ]
Hinh 4. Tim toa do ctia cac luc néi trén (mdi centimét biéu dién AP
1
1 N) D / 0 B };
A
X

o LOi gidi.
Tit gidc ABCD c6 hai dudng chéo bang nhau va vudng géc vdi nhau tai trung diém ctia méi dudng
nén la hinh vuéng.

Ta 6 SA = (20;0; —20), SB = (0;20; —20), SC = (—20;0; —20) , SD = (0; —20; —20).

Suy raSA =SB =SC =SD = 20\/_ 2. Do d6 S.ABCD Ia hinh chop tu giac déu. Cac vécto Fl, Fz,
F3, P4 c6 diém dau tai S va diém cudi lan luotla A’, B/, C', D'.

Tac6 SA’ = SB’ = SC' = SD' nén S.A’B'C'D’ cling 1a hinh chép tu giac deu.

Goi Fla trong luc tac dung 1én chau cay va O’ 1a tdm ctuia hinh vuong A’B'C’'D’. Ta ¢6

F—E+bB+E+FE=SA+SB +5C +SD =450,

Ta c6 ’f‘ 40, suy ra ‘SO' = SO’ = 10. Do tam giac SO’ A’ vuong can nén SA’ = /2SO0’ = 10v/2.

Suy ra K= SA = %SA = (10; 0; —10). Chung minh tuong tu ta cing co

B = ESB = (0;10;-10), F; = 55C = (~10;0;~10), F; = 55D = (0; ~10; ~10).

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. Méi cau héi hoc sinh chi chon mot phuong
an.

Tich v6 hudng ctia hai vects © = (3;0;1) va ¥ = (2;1;0) la

@Ao. 6. (©)s. D) 6.
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69 ) 3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

o LOi gidi.

Tich v6 hudng ctia hai vecto 1/ = T+ 27 —kvad= (0;1; —2) bang

—4. 0. (©)4. D) —2.

o LS gidi.

Cho céc véc-to @ = (1;2;1) va b = (2;2;1). Tinh tich vo huéng @ - (7 — b ).

1. 2. ©2. D)1.

o LS gidi.

Mot thiét bi tham do ddy bién dugc day bdi mot luc 7 = (5;4; —2) (don vi: N) giup thiét bi thuc
hién d6 doi @ = (70;20; —40) (don vi: m). Tinh cong sinh bdi lyc f.

(A)480()). (®)530()). (©)510(). (D)500 ().

o LS gidi.

Géc gitta hai vée-to i va 7 = (—+/3;0,;1) bing

(A)60°. 120°. (©)150°. (D)30°.

o LS gidi.
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Cho hai véc-to @ = (—1;1;0) va T = (0; —1;0). Géc hgp bdi hai véc-to @/ va T bang

(A)60°. 45°. (©)135°. (D) 120°.

o L& gidi.

| Cau7

Cho hai véc-to @(—2; —3;1) va b(1;0;1). Tinh cos(7, b).
1

(A)cos(7, b) = ol (B)cos(7, b) = —237.
@cos(ﬁ’, ?) = L @cos(ﬁ’, _b)) _ Y

Cho 7@ = (3;2;1), b = (—2;2; —4). Gi tri ctia ]7 - ?] bing

(A)5v/2. 50. (©)2/5. (D)3.

o L& gidi.

Cho hai véc-to @/ = (—1;0;2) va T = (x; —2;1). Biét rang u - ¥ = 4. Khi d6 | 7| bang

(A)V21. ®2. (©s3. D)s.

o L& gidi.
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Tim s6 thuc a dé vec-to @ = (a;0;1) vudng gbc vdi vec-to 7 = (2; —1;4).

@a:—Z. Ba= -4 @a:4. @a:Z

o LS gidi.

Tim x dé hai vécto 7 = (x;x — 2,2)va b = (x;1;—2) vudng goc vdi nhau.

A)x = 3. ®x=1 ©[x:2 Ol

x= -3 X =

o LOi gidi.

Cho hai véc-to i = (1;—2;1) va T = (2;1; —1). Véc-to nao dudi day vudng goc véi ca hai véc-to
U va u?

(A w3 = (1;3;5). w3 =(1;-47). (©w;=147) D w; = (1;-3;5).

o LS gidi.

Tich ¢6 huéng cta hai véc-to @ = (—1;2;0) va b= (0;4; —3) c6 toa do la

(A)(—6;3; —4). (6;—3; 4). (©)(6:3;4). (D) (—6; —3; —4).

o LS gidi.
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Cho A(2;1;4), B(—2;2; —6), C(6;0; —1). Tinh tich v6 huéng AB - AC.
(WAB-AC=67. (B AB-AC=-67. (CAB-AC=33. (D)AB-AC = 6.

o L gidi.
Cho A(1; —2;3), B(2; —4; 1), C(2;0;2), khi d6 tich v6 huéng AB - AC bing
(A)4. ~1. (©)7. (D) -5.
o L&i gidi.

150°. (C)30°. (D) 120°.

o LS gidi.

Cho diém A(3; —1;5), B(m;2;7). Tim tat ca cac gia tri cia m dé do dai doan AB = 7.
@m:3hoécm:—3. m:9hoécm:—3.
@m:—3hoécm:—9. @m:9hoécm:3.

o L3 gidi.
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Cho ba diém A(3;2;8), B(0; 1;3) va C(2; m;4). Tim m dé tam giac ABC vudng tai B.

(A)m = 4. B)m = —10. (©)m = 25. Dm=—1.

o LS gidi.

Cho ba diém M(2;3; —1), N(—1;1;1) va P(1; m — 1;2). Tim m dé tam gidc MNP vudng tai N.

@mzo. B m=—4 @m:2. @m:—6.

o LS gidi.

Cho tam giac ABC c6 A(7;3;3), B(1;2;4), C(2;3;5). Tim toa do diém H 1a chan duong cao ké tu
A ctia tam giac ABC.

(A)H(3;4;6). H(-3;4;7). (©H2;41). (D) H(2; —4;3).

o LS gidi.

Cho hai diém A(1;1;0), B(2; —1;2). Goi M(0;0;z) l1a diém thudc truc Oz sao cho MA? + MB?
nho nhat. Khang dinh nao sau day la ding?

(A)z € (0;1]. B®)z € (1;2]. (©)z € (—1;0]. D)z e (-2 —1].

o LOi gidi.
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PHAN IL Cau tric nghiém diing sai. Trong méi y a), b), ¢), d) & méi cau, hoc sinh chon diing
hoac sai.

Choba vec-to 7 = (=1;1,0), b = (1;1;0)va € = (1;1;1).

2 —
a) |7] =2 b) |T| = V3. ¢) cos(d,¢)=—=. d) b 17
| @] | c] (@,7) N
o LOi gidi.
Cho hai vécto 17 = (0;2;3) va ¥ = (m — 1;2m;3).
a) [ = V3. b) |a’|=|?|<:>m:—§.
P TeTema, d)Tt’L?f@m:Z.
o LOi gidi.

Cho tam gidc ABC c6 A(1;2;0), B(0;1;1), C(2;1;0).
a) Tam giac ABC vuong tai A.
b) Chu vi tam giac la V7 4+ 3+ V2.
¢) Dién tich tam gidc ABC la v/6.

2 1
d) Tam duong tron ngoai tiep tam giac ABCla I (1 ;1 §>'

o L& gidi.
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Hinh minh hoa sg do mot ngdi nha trong hé truc toa do 0@:5:4)

Oxyz, trong d6 nén nha, bon bitc tuong va hai mai nha
déu 1a hinh chit nhat.

a) Toa do6 cua cic diém A(5;0;00. L2 G(4;5;3)

b) Toa dd ctia cac diém H(0;5;3). z /

¢) Goc nhi dién c6 canh la duong théng FG, hai mat

lan luot 1a (FGQP) va (FGHE) goi la goc dbc cta

mai nha. S6 do cta goéc dbc cia mai nha bang CFr--------- -7 B(4;5,0)

26,6° (lam tron két qua dén hang phan mudi cta /

do). /

d) Chiéu cao ctia ngdi nha la 4. 0(0; 0;0) A x

E(0;0;3)

o LS gidi.

@ BAI TAP TU LUYEN

PHAN 1. Cau tric nghiém nhiéu phuong an lua chon. M6i cau héi hoc sinh chi chon mét phuwong
an.

Cho ti dién ABCD. Lay G la trong tdm ctia tam g1ac ABC. Phat b1eu nao 0 sau day la sai?
(AWGA+GB+GC=0. (B)GA+GB+GC+GD = 0.
(C)GD — GA = AD. (D)DA + DB + DC = 3DG.

o LS gidi.

Trong khong gian Oxyz, cho diém M thod man OM = 27 +3 — 4k. Toa d6 ctia diém M
a
(A)(—4;3;2). (2;3; —4). (©)3;—4;2). (D) (—2; —3;4).

o LS gidi.
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Trong khong gian Oxyz, cho hai vecto ¥ = (3;2; —1), 7 = (5; —4;2). Toa do ctia vecto 1 — T
la

(A)(—2;6; —3). 2;—6;3). (©)(—2;—2;-3). D) (2;2;1).

o L& gidi.

Trong khong gian Oxyz, cho vecto i/ = (1; —2;3). Toa do cta vecto —3u 1a

(A)(3;-6;9). (—3;—6;—9). (©)(3;6;9). (D)(—3;6; —9).

o LOi gidi.

Trong khong gian Oxyz, cho tam giac MNP c6 M(2; —3;4),N(1;2;3) va P(3; —2;2). Trong tam
cta tam gidc MNP c6 toa do la

(A (2;-1;3). (6; —3;9). (©(—2;1;-3). (D)(—6;3; —9).

o LOi gidi.

Trong khong gian Oxyz, tich vd huéng cta hai vecto @/ = (2;3; —3) va U = (—3; —2;4) bang

(A)v22 — v/29. B —v22-v29. (©)24. (D) —24.

o L& gidi.
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=

Trong khong gian Oxyz, khodng cach gitra hai diém I(3;5; —7) va K(—5;5; —1) bang:

(A)100. 20. (©10. D)17.

o LOi gidi.

Trong khong gian Oxyz, cho hai vecto i = (3;1; —2) va ¥ = (—2;1;5). Toa d6 ctia vecto [, U]

la
(A)(5;7; —11). B) (=7;11; —5). (©)(7; —11;5). (D) (=5; —7;11).

o LS gidi.

Trong khong gian Oxyz,cho @ =27 —3k, b =47 + j + k. Tinh do daictia ¥ =27 — b.

®vA ®22 ©ve Oz

o LOi gidi.

Trong khong gian Oxyz, cho ba diém A(2; —1;5), B(5;5;7), M(x; y;1). Khi A, B, M thz?mg hang
thi gia tri cta x,y,z la

@x:7;y:7. x=4;y:7. @x:7;y:2. @x:7;y:—4.

o LOi gidi.
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Trong khong gian véi hé toa do O_xyz, cho ta dién ABCD véi A(1;4; —2), B(2;1; —3), C(3;0;2)
va D(2;5; —1). Diém G théa man GA + GB + GC + GD = 0 ¢6 toa do la:

(A)GER; —1;—1). G(2; —2; —1). (©G(1;1;-1). (D) G(6;3; —2).

o L& gidi.

Trong khong gian Oxyz, cho tam giac ABC c6 A(1; —1; —2) va trong tam G(2;1; —3). Toa d6 cta
vecto © = AB+ AC la

(A)(3;6;3). (3;6; —3). @(—3; 6; —3). D) (3;2;1).

o LOi gidi.

Trong khong gian Oxyz, cho hai diém A(1;2;1), B(2;1;3). Tim toa d¢ diém I thoa man IA +
2IB= 0.

®GEe3)  ®Gw)  ©Gy) @Gw)

o L& gidi.

Trong khong gian Oxyz, cho ba diém E(1;3;2), F(0; —1;5), K(2;4; —1) va tam giac ABC thoa
man AE + BF + CK = 0. Toa d6 trong tdam G cua tam giac ABC la:

(A)G(1;2;2). G(—1; —4;3). (©G(2;2;1). (D) G(1;—3;-1).

o L& gidi.
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Trong hé truc toa do Oxyz, cho hai vecto P—Q) =(0;1;,-2), PR = (—2; —1;0) va diém M(1; —2;2)
trung diém ctia doan QR. Toa d6 diém Q la

B (-1;1;-2). (—2;2; -3). (©)(0;1;3). D @;-1;1).

o LS gidi.

Trong khong gian Oxyz, cho bbn diém A(2;0;0), B(0;2;0), C(0;0;2) va D(2;2;2). Goi M va N
lan lugt 1a trung diém ctia AB va CD. Toa do trung diém I ctia doan thang MN la:

(A)I(1;1;0). 1(%;%;1). (©)1(1;1;1). (D) I(1;1;2).

o LS gidi.

Trong khong gian véi hé toa dd Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—2;3;3). Diém
M(a; b; c) 1a dinh thit tu ca hinh binh hanh ABCM, khi d6 P = a® + b? — ¢? c6 gia tri bang:

(A)42. —50. (©)—48. (D) 44.

o LS gidi.

Trong khong gian Oxyz, cho diém A(2;1;3) va diém B(4; —3;1). Toa d6 trung diém I ctia doan
thang AB la:

(A)(6; —2;4). (3;—1;2). ©a;—2;-1). (D) (2; —4; —2).

o LS gidi.
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Trong khong gian hé toa do6 Oxyz, cho ba vecto @ = (3;4;2), b= (=5;0;3), ¢ = (1;2; —4). Tim
toa dd ctavecto ¥ =34 +2b — C.

(AT = (2;10;16). 7 = (1;5;8). ©u =(-210;16). (D)@ = (2;—10;16).

o L& gidi.

Trong khong gian v6i hé toa do Oxyz, cho 7 =(-3;52), ? = (0;—1;3), ¢ = (1, —1;1). Tim toa
ddctia¥ =27 —3b +57.

(A)T = (=9;2;10). 7 =(-9-910). (©7 =9 -910. (D)7 =(9;2;10).

o L& gidi.

Trong mat phang toa do Oxy, cho hai diém A(0; —2;1) va B(1; —1;2). Tim toa d6 diém M sao
cho M = 2MB.

®M(§;_§;1)' M(%;—l;Z). @M(2;0;5). @M(l; —3;,—4).

o L& gidi.

Trong khong gian v6i hé toa do Oxyz, cho hai diém A(2;1;1), B(—1; —2;1). Toa d6 trung diém
ctia doan thang AB 1a?

@1(%;—%;1). (B) 1(—3;1;0). @1(2;—1;%). @1(1;%;%).

o L& gidi.
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Trong khong gian voi hé toa dd Oxyz, cho hai diém A(1;2;3), B(—2; —4;9). Piém M thudc doan
AB sao cho MA = 2MB. D6 dai doan thz?mg OM la:

(A)5. ® 3. © V54 O

o LOi gidi.

Trong khong gian v6i hé toa do Oxyz, cho ba diém A(1;1;1), B(2;3;2), C(3; —1;3). Tim toa do
diém D sao cho b6n diém A, B, C, D lap thanh mot hinh chi nhat.

@D(4;3;4). D(4; —1;4). @D(2; —3;2). @D(4; 1;4).

o LS gidi.

Trong khong gian Oxyz, cho hai diém A(—4;1;5), B(1;5; —3). Goi C la giao diém cta duong
thang AB va mat phang (Oyz). Trong cac khang dinh sau, khang dinh nao diing?
(AAC = 1 AB. AB = 5BC. (C)AC = 4BC. (D) AC = —4BC.

o LS gidi.

Trong khong gian Oxyz, cho vects @ = (1;1;-3), b = (2:2,-2), € = 27 + 27 — 6k va
d = (1;1; —1). Cap vecto nao sau day cung phuong?

ATvab. B Fvad. ©7vat. Db va?.
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o LOi gidi.

Trong khong gian Oxyz, cho ba diém A(0; 1; —1), B(1;2;0), C(m; n;0). Tim m, n sao cho ba diém
A, B, C thang hang.

@mzl;nzl. m:1;n:2. @m:2;n:1. @m:2;n:2.

o L& gidi.

Trong khong gian Oxyz, cho 2 vectd @ = (—1;2x — 1;1 — 3z) va b= (2 +3y; —1;, -2). Khi
@ = b thitong T = x + 2y + 32> bang:

@)2. (5. ©n1 D4

o L& gidi.

Trong khong gian vdi hé toa do Oxyz, cho ba diém A(1;2; —1), B(2; —1;3), C(—4;7;5). Toa do
chan duong phan gidc trong goc B cta tam gidac ABC la:

(A (-2;1;1). (;—12, %,’1)- @(I—f,%,l) D) (%, —2;1).

o L& gidi.

Trong khong gian Oxyz, cho hai diém A(6; —3;4), B(a;b;c). Goi M, N, P lan lugt la giao diém
cta duong thang AB véi cac mat phrgmg toa do (Oxy), (Oxz) va (Oyz). Biét rfémg M, N, P nam

GV: LE XE- 0967.003.131




(8% ) 3. BIEU THUC TOA DO CUA CAC PHEP TOAN VECTO

trén doan AB sao cho AM = MN = NP = PB.Gia tri cha tonga + b + c 1a

(A)17. ~17. (©-11. (D)11.

o LOi gidi.

Trong khong gian Oxyz, cho hai vectd @ = (1; —2;1) va b= (2, —4; —2).Khido6 7@ - T;béng

(A)8. -8, ©12. ~12.

o LOi gidi.

Trong khong gian Oxyz, cho @ = (xo, Yo, 20), b= (x1,Y1,21)- Toa dd [E’, ﬂ la

@(yozl — Y120; —X0Z1 + X1Z0; X0¥1 — X1Y0)- (Y0z1 — Y120; —X0Z1 — X120; X0Y1 — X1Y0)-
@(yozl — y120; —X0z1 + X120, Xoy1 — X1v0). (D) (Yoz1 — Y120; —X0Z1 — X120; XoY1 — X1Y0)-

o LS gidi.

Trong khong gian Oxyz, cho @ = (1;2;3), ¥ = (0; —1;1). Tim toa d6 cta vecto tich c6 hudng
ctia hai vecto # va ©.

A)(5;1; —1). B (5;—1; —1). ©(-1;-1;-1). D) (1;-1;5).

o LOi gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cosin ctia goc tao bdi hai vecto @ = (—1;2;0) va b= 0;,—2;1) 1a
4 4 4
— _g. %. _g.

o L& gidi.

Trong khong gian Oxyz, cho hai vecto 71 = (4;3;1) va 1 = (0;0;1). Goi P la vecto cing hudng
v6i [in, 7] va | P| = 15. Toa d6 cta vecto 7 la

(A)(0;9;12). (-9;12,0). (©)(0;9;12). (D) (9;-12,0).

o L& gidi.

Trong khong gian Oxyz, cho 7= (=3-11), ? = (4;1;2), ¢ = (1,0; m + 2). Tim m dé ba vecto
@, b, ¢ dong phang.

@m:—5. B m =5. @m:—l. @m: .

o L& gidi.

Trong khong gian v6i hé toa do Oxyz cho A(1; —2;0); B(1;0; —1); C(0; —1;2) va D(0;3; m). Gia
tri ciia m thuoc khoang nao sau day dé bén diém trén dong phang?

(A (1;2). (—2; —1). ©(-1;1). D) (5;7).

o L& gidi.

GV: LE XE- 0967.003.131
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Trong khong gian vdi hé toa d6 Oxyz, cho hai vecto 7 = (-1;3;2), 3 = (—3;—1;2). Tinh

’ '(510. 2, (©)4. D)3.

o LOi gidi.

Trong khong gian Oxyz, cho hai vecto ¥ = (—3;1; —1) va v = (1;0;5). Tich vd hudng cta hai
vecto nay bang

8. 8. (©)s. 3.

o L3i gidi.

Trong khong gian Oxyz, cho @ = (1;2;3), ¥ = (0; —1;1). Tim toa do ctia vecto tich c6 hudng
ctia hai vecto 7 va @.

(A)(5;1; —1). ®) (5;,—1; -1). ©(-1;,-1;-1). D (@1; -1;5).

o LS gidi.

Trong khong gian v6i hé toa do Oxyz, cho tam giac ABC voi A(1;2;3), B(1;0;4) va C(2;3;2).
Tinh dién tich S cta tam giac ABC.

(A)S = 2. B)S =2v2. (©)S =4v2. (D)S =3v2.

o LS gidi.

GV: LE XE- 0967.003.131
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Trong khong gian v6i hé toa do Oxyz, cho hai diém A(1;2;3); B(3;4;5). Dién tich tam giac OAB
bang

@ VE7. va ©) V. D)2v6.

o L& gidi.

- i =
Trong khong gian véi hé truc toa do Oxyz, cho hai vecto a = (3; =2;m), b = (2;m; —1) v6éim
A 2 ~ . s 7 A s =
1a tham s6 nhan gid tri thuc. Tim gia tri ctia m dé hai vecto @ va b vudng goc vdi nhau.

@mzl. B m=2. @m:—l. @m:—Z.

o L& gidi.

Trong khong gian Oxyz, cho diém A(—4;6;2). Goi M, N, P lan lugt 1a hinh chiéu ctia A trén cac
truc Ox, Oy va Oz. Tinh dién tich S ctia tam giac MNP.

(A)S = 14. B) S =28. ©s=v. @s=2.

o L& gidi.

Trong mat phang Oxyz, cho @ = (3; —1;2), b= (4;2; —6). Gia tri cua ‘E’ + ?’ bang

(A)66. V/66. (©)3v14. D)2.

o L& gidi.

GV: LE XE- 0967.003.131
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Trong khong gian vdi hé truc toa dd Oxyz, diém thudc Ox va cach déu hai diém A(4;2; —1) va
B(2;1;0) 1a

(A) M(—4;0;0). M(5; 0; 0). (©)M(4; 0; 0). (D) M(-5; 0; 0).

o LS gidi.

Trong khong gian vé6i hé toa dd Oxyz, cho hai diém A(1;1;0), B(2; —1;3). Tim toa do diém C
trén truc Oy dé tam gidc ABC vuong tai A.

@(0;1;%). (B) (0;2;0). @(0; %;0). @(0; %;0).

o Lo gidi.

Trong khong gian voi hé toa do Oxyz, cho ba diém A(1;0;2), B(1;1;1), C(2; —1;3). Hoi cosin ctia
gbc tao béi hai duong thang AB va BC bang bao nhiéu?

L ®) &. @?. D1

3 3

o LS gidi.

Cho hai vecto 7 va b tao véi nhau mot goc 60° va | 7| = 2, ﬂ = 4. Khi d6 ]a’ + ?‘ bing

(A)2+/5. B 2V/7. ©2. (D) v/5v/3 + 20.

o LOi gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cho tam gidac ABC c6 AB = (=3;0;4), AC = (5, —2;4). Do dai duong
trung tuyén AM1a

(A)VE. B®)5v2. (©)3v2. D)s.

o L& gidi.

Trong khong gian voi hé toa do Oxyz, cho hai diém A(1;2; —1), B(2;1;2). Diém M trén truc Ox
c6 hoanh d6 duong va théa man MA? + MB? = 23. Khi d6 toa do diém M la

(A) M(4;0;0). M(3;0;0). (©)M(2;0;0). (D) M(1;0;0).

o L& gidi.

Trong khong glan Oxyz cho hai vecto @ = (—=2;1;5) va ¥ = (m — 2;3;m + 1), m la tham s.
Tim m dé€ ¥ vudng goc véi .

@m— 4. ®m=4. @m:—3. @m:

o L& gidi.

Trong khong gian Oxyz, cho hai vecto i, ¥ théa man |i| = 3, | 7| = 4, (¥, ¥) = 60°. Tinh do
dai vecto ¥ +27.

(A)/97. 8. ©)7. (D)4vV/6.

o L& gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cho ba diém A(1;4; —5), B(2;3; —6) va C(4;4; —5). Tim toa do truc tam
H ctia tam giac ABC.

@H(;;4;—5). (B) H(1;4; —5). (C)H(2;3; —6). @H(7 1l 16).

333

o LS gidi.

Trong khong gian véi hé toa do Oxyz, cho bon diém A(1;1;4), B(5; —1;3), C(3;1;5) va D(2;2; m)
(v6i m 1a tham sb). Xac dinh m dé bén diém A, B, C, D tao thanh bén dinh ctia mot ti dién.

(A)m # 6. B)m # 4. (©m eR. D)m < 0.

o LS gidi.

Trong khong gian véi hé toa do Oxyz, cho hai diém A(1; —2;3), B(—2;2;2). Goi I(a, b, c) la tam
dudng tron ngoai tiép tam giac OAB. Tinh T = a2 + b? + 2,

@T:?. B)T=6. ©T=2 or=2.

o LOi gidi.

P R A R R BN S e S R I I S T

hoac sai.

Cho hinh chép ti gidc déu S.ABCD c6 d6 dai tAt ca cac canh déu bang a.
a) Tu giac ABCD la hinh vuodng. b) Tam giac SBD vuodng can tai S.
o) (SB,BD) = 45°. d) SB-BD = —a.

GV: LE XE- 0967.003.131
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o LOi gidi.

Trong khong gian Oxyz, cho cac diém A(1; —2;3), B(— 2 1;2),C(3; —1,2).

a) AB=(-3;3;—1). b) AC = (-2;—1;1).
o AB =3AC. d) Ba diém A, B, C khong thang hang.
o LOi gidi.

Trong khong gian Oxyz, cho hinh binh hanh ABCD c6 A(2; —1;-2),B(3;1;2), C(1;—1;1) va
D (xp;yp;zp)

a) AB = (1;2;4). b) DC = (1—xp;—1—yp;1—zp).
o) DC = AB. d) Toa do diém D la (0;3;3).
o L&i gidi.

Mot thap trung tam kiém soat khong luu & san bay cao 80 m st dung ra da c6 pham vi theo
do6i 500 km duogce dat trén dinh thap. Chon hé truc toa do Oxyz ¢ géc O trung vd6i vi tri chan
thap, mat phang (Oxy) trung véi mat dét, sao cho truc Ox hudng vé > phia tay, truc Oy hudng
ve phla nam, truc Oz hudng thang dung lén phia trén (don vi trén moi truc tinh theo kilomet).
Mot méy bay tai vi tri A cach mat dat 10 km, cach 300 km vé phia dong va 200 km vé phia bac
so voi thap trung tdm kiém soat khong luu.

a) Ra da & vi tri c6 toa do (0;0;0).

b) Vi tri A c6 toa do (300;200;10).

¢) Khoang cach tir may bay dén ra da 1a khoang 360, 69 km (lam tron két qua dén hang phan

tram).
d) Ra da cta trung tdm kiém soat khong luu khong phét hién duge may bay tai vi tri A.

o L& gidi.

GV: LE XE- 0967.003.131
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Trong khong gian Oxyz, cho ba diém A(4;2;1), B(2;1;3), C(—1;3; —2).

N 522
a) Toa do trong tam tam giac ABC bang 3 ; 3 ; 3)

b) Toa do trung diém doan thang AB bang (3; ; 2 2).

¢) Tit giac ABCD la hinh binh hanh thi toa d6 diém D = (1;4; —4).
d) Ba diém A, B, C thang hang.

o LOi gidi.

Trong khong gian Oxyz, cho ba diém A(3;5; 1), B(7; x;1), C(9;2; ).
a) Badiém A, B, C thang hang thi x +y = 5.
. (19 83
b) biém (3,3, 3
¢) Tam giac ABC vudng tai A khi va chi khix =13,y = —1.
d) Tich v6 huéng ctia AB - AC = —3x + 2y + 41.

) la trong tdm tam gidc ABCthix =1,y = 3.

o LS gidi.

Cho ba vecto 7@ = (—1;1;0), ? = (1;1;0) va ¢ = (1;1;1). Xét tinh dung sai
a) |7 =2 b) |T] = /3. 9 @@= =, ) BLE

V5

o LOi gidi.

GV: LE XE- 0967.003.131




(o)

Chuong 1. VECTO VA HE TRUC TQA DO TRONG KHONG GIAN

Cho hai vecto @7 = (0;2;3) va ¥ = (m — 1;2m;3).
a) [7] = VI3 b) |3|:|zz|<:>m:§.
9 T=Temei d)ﬁ’?:%
o LOi gidi.

Cho tam gidc ABC c6 A(1;2;0), B(0;1;1), C(2;1;0).
a) Tam giac ABC vuong tai A.
b) Chu vi tam gidc la v/7 + /3 + /5.
¢) Dién tich tam giac ABC la /6.

; 1
d) Tam duodng tron ngoai tiep tam gidc ABC 1a I (1 % 1).

o L& gidi.

PHAN III. Cau tric nghiém tra 16i ngan. Hoc sinh tra 15i vao 6 két qua.

Trong khong gian v6i hé toa do Oxyz, cho tit dién ABCD c6 cac dinh A(4,5,7), B(—3, —10, —2),
C(-2,-10,-1), D(0,y,0). Biét rf?mg D thudc truc Oy va thé tich ctia ta dién ABCD bf?mg 8. Tim
téng cac tung do y ctia diém D thoa man yéu cau bai toan (lam tron dén chi s6 thap phan thu

nhét). KQ: woviiii

o L& gidi.

Hai chiéc may bay khong ngudi lai cing bay 1én tai mot dia diém. Sau mot thoi gian bay, chiéc
may bay thtr nhat cach diém xuét phat vé phia Bac 19 (km) va vé phia Tay 11 (km), dong thoi
cach mat dat 0.8 (km). Chiéc may bay thit hai cach diém xuat phét vé phia Pong 30 (km) va veé

GV: LE XE- 0967.003.131
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phia Nam 8 (km), dong thoi cach mat dat 1.2 (km). Xac dinh khoang cach gitra hai chiéc may
bay. KQ: oo

o LOi gidi.

Ba chiéc may bay khong ngudi lai cung bay lén tai mot dia diém. Sau mét thdi gian bay, chiéc
mady bay thit nhat cach diém xuat phat vé phia Dong 33 (km) va vé phia Nam 57 (km), dong
thdi cach mat dat 4,9 (km). Chiéc mdy bay thit hai cach diém xut phat vé phia Bac 55 (km)
va vé phia Tay 46 (km), dong thoi cach mat dat 4,9 (km). Chiéc may bay thit ba nam chinh
gitra hai chiéc may bay thi nhat va thit hai, dong thoi cach mat dat trung binh gitra hai may
bay. Xac dinh khoang cach ctia chiéc mdy bay thi ba véi vi tri tai diém xuat phéat cta no.

KQ: i

o LOi gidi.

Trong khong gian Oxyz, cho hai vector i = (5;—4;2) va v = (3;4;4). Tinh d¢ dai |« +27|.
KQ: i

o LS gidi.

KQ: oo

GV: LE XE- 0967.003.131
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Cho hinh lap phuong ABCD.A'B'C'D’ ¢6 canh bang a. Goi M, N lan lugt 1a trung diém cta
A'D' va C'D’. Tich vé huéng MN - CB = na? (nla s6 thap phan). Gia tri ctia n bang bao nhiéu?

KQ: i

o L& gidi.

Cho hinh lap phuong ABCD.A’B'C'D’. Goi M, N lan lugt l1a trung diém ctia A’D’ va C'D’. Goi
¢ 1a goc gitra hai vecto MN va AB. S6 do clia géc ¢ bang bao nhiéu do?

KQ: o

o LOi gidi.

g

Mot nguoi diéu khién hai flycam dé phuc vu trong mot chuong trinh ctia dai truyén hinh.
Flycam 1 & vi tri A cach vi tri diéu khién 150 m vé phia nam va 200 m vé phia dong, dong thoi
cach mat dat 50 m. Flycam I1 & vi tri B cach vi tri diéu khién 180 m vé phia béc va 240 m vé phia
tay, déng thoi cach mat dat 60 m. Chon hé truc toa d6 Oxyz véi g6c O 1a vi tri nguoi diéu khién,
mat phang (Oxy) tring v6i mat dat, truc Ox c¢6 hudng tring v6i hudng nam, truc Oy c6 huéng

GV: LE XE- 0967.003.131
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tring vdi hudng dong, truc Oz vudng goc voi mat dat hudng 1én bau troi, don vi trén mdi truc
tinh theo mét. Khoang cach gitra hai flycam d6 bang bao nhiéu mét (Iam tron ket qua dén hang
don vi)?

o LS gidi.

GV: LE XE- 0967.003.131
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