SO GD&DPT THAI NGUYEN KI THI OLYMPIC CAC MON CHUYEN

TRUONG THPT CHUYEN DANH CHO HQC SINH LOP 8, LOP 9
(Dé thi gom c6 01 trang) NAM HOC 2025 — 2026
PE THI MON TOAN

Thoi gian lam bai: 150 phit, khéng ké thoi gian phdt dé

Cau 1. (1,0 diém) Giai phuong trinh 2¢2x+1 = x+2x -3
Céu 2. (1,0 diém) Tim tat ca cac s6 thuc m,n dé phwong trinh x* +5mx+3n=0 c6 hai nghiém
thuc phan biét a,b > 0va phuong trinh x* + 2mx+n=0 c6 hai nghiém thyc Ja , Jb.
Ciu 3. (1,0 diém) Ton tai hay khong da thirc P(x) théa man du ctia phép chia da thic P(x)
cho céc da thirc x* +7x+10 va x* +5x+6 lan lugt 1a 2x—1 va x+77?
CAu 4. (2,0 diém)
a) Tim tit ca cic sd nguyén duong n thoa man n* —151% +25 1a sd nguyén t6.
b) Cho cac $b nguyén a,b,c thdéa man ca ba $b
A=a’ +bc(2a+3b+3c); B=b’ +ca(2b+30+3a); c=¢ +ab(26+3a+3b)
déu chia hét cho 11. Ching minh ring ca ba s6 a,b,c¢ cing chia hét cho 11.
Ciu 5. (1,0 diém) Cho cac sb thuc duong a,b,c thay d6i, théa man a+b+c =3. Ching minh
a‘b+b'c+cta+18> 7(ab+bc+ca).
Ciu 6. (1,0 diém) Gieo ngiu nhién ddng thoi hai con xtic xic can d6i va dong chat. Tinh xac
sudt cia bién c¢b “Tich cac s6 chim xuét hién trén hai con xtc xic nhé hon téng cua ching”.
Cau7. (3,0 diém) Cho tam gidc 4BC nhon, khong can, c6 4B < AC, c6 cac duong cao BE,CF.
Duong tron () noi tiép tam gidc tiép xtc véi canh BC,C4, 4B 1an luot tai cac diém D,U,V . Gia
st duong thang DI cit cac dudng thang AC, AB lan luot tai cac diém M, N.

a) Chimg minh rang céc t&r gidc BDEM va CDFN 1a tlr giac noi tiép.

b) Pudng tron ngoai tiép tam gidc BDE cat dudng thang AB tai diém K = B. Pudng tron
ngoai tiép tam giac CDF cit duong thing AC tai diém H = C. Ching minh rang tt giac
HKMN 12 tir giac ndi tiép, tir 46 suy ra HK L EF.

¢) Duong thing HK 1an luot cit duong tron ngoai tiép cac tam gidc BDE ,CDF lan luot tai
cac diém XY (v6i X #K va Y= H). Goi J la giao diém cua cac duong thang YV va
XU . Chirng minh rang J 13 tim duong tron noi tiép clia tam gidc DXY .
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HUONG DAN CHAM
Cau Noi dung Pié¢m
DKXD: x>3 0,25
Ta viét lai phuong trinh da cho:
2W2x+1=x+2Jx-3
22x+1-x—2=2/x-3-2
4(2x+1)-(x+2)"  2(x-3-1)
2N2x+1+x+2 Jx=3+1
4x-x° 2(x—4) 0,25
Cau 1 Woxrlrx+2 Nx-3+1
2(x—4) N x(x—4) 0
Jx=3+1 22x+1+x+2
2 X
(x_4)(\/x—3 +1+2\/2x+1+x+2J:O
Xét x#4, taco \/%+1+2\/T+);+x+2:0,kh6ngxéyravi x>3. 0,25
Xét x =4 ta thdy thoa man DPKXD. ’ 0,25
Vay phuong trinh c6 nghi€ém duy nhatla x=4.
Tir gia thiét va theo dinh 1i Viete, ta c¢6
e a+b=-5m,
e ab=3n,
o a+ b=-"2m, 0,25
. ® \/%ZI/I.
Cau2 Via>0vab>0nén m<0 va n>0.
T ab=3n Vé\/E=n,tacé n*=3n,ma n>0 nén n=3. 0,25
Tix Va ++b =—-2m va a+b=-5m, ta co: a+b+2ab =4m’
—Sm+6 =4m’ 0,25

A4m* +5m—-6=0




(m+2)(4m—3)=0

Ma m<0OnéntacdO m=-2.

Thir lai ta thdy (m;n)=(-2;3) 1a cap s6 duy nhat thoa min dé bai. 0,25
Gia st ton tai da thirc P(x) thoa man yéu ciu bai toan. Ta viét
P(x):(x2+7x+10)Q(x)+2x—1, 0,5
P(x) =(x2 +5x+6)R(x)+x+7.
Cau3 [Khidotaco
(x42)(x+5)0(x)+ 2x—1=(x+2)(x+3) R(x) +x+7. 0.25
Cho x=-2 & cahai Vé, ta c6 -5 =5, mau thuan.
Vay gia str sai, tirc 1a khong ton tai da thire P(x) nao théa man. 0.25
a) Taco n*—15n" +25
= (n2 + 5)2 -25n°
:(n2 +5)2—(5n)2 03
= (n2 —5n+5)(n2 +5n +5) 1a s6 nguyén td.
Ma n>+5n+5>0 nén n* —5n+5>0, do d6
n’+5n+5>n"-5n+5>0 0,25
Ciling vi (n2 —5n+5)(n2 +5n+5) 1a s6 nguyén té nén n’ —5n+5=1.
Ta tim dugc n=1 hodc n=4. Thu lai, ta théy thoa man. 0,25
b) Taco A+B+C
Cau 4 =a’+b +¢’ +6abc+3ab(a+b)+3bc(b+c)+3ca(c+a)
:a3+b3+c3+3(a+b)(b+c)(c+a) 0,25
=(a+b+c)3 chia hét cho 11.
Do d6 a+b+c chia hét cho 11, ma
A=a’+bc(2a+3b+3c) 0,25
ciing chia hét cho 11 nén «* — abc ciing chia hét cho 11.
Gia st phan chiing rang ba s6 a,b,c¢ khong dong thoi chia hét cho 11. Khong
mat tong quat, gia st a khong chia hét cho 11. Tir ¢® —abc chia hét cho 11,
ta ¢c6 a> —bc chia hét cho 11, ma 0,25

a’*—bc=a’ —(b+c)2 +(b+C)2—bC=(a—b—C)(a+b+C)+b2+bC+6’2

nén »” +be+c> chia hét cho 11, suy ra (2b+c)2 +3c¢* chia hét cho 11.




Chu y rang v6i moi s6 nguyén x thi
x*=0,1,3,4,5,9 (mod 11).
Do d6 3¢* =0,3,9,1,4,5 (mod 11), suy ra

(2b+¢)’ =0,8,2,10,7,6 (mod 11).

Dai chiéu véi két qua x* =0,1,3,4,5,9 (mod 11) véi moi x nguyén, ta thiy | 0,25
chi co (2b+c)2 =3¢* =0 (mod 11) thda man, khi d6 cd » va ¢ cung chia hét
cho 11, ma 4=a’+bc(2a+3b+3c) chia hét cho 11 nén & chia hét cho 11,
hay a chia hét cho 11, vo li. Vay gia sir phan ching sai, ta c¢6 diéu phai
chirng minh.
Ap dung bat dang thic AM — GM, ta c6
a‘b+b+b+b>43a*b-b-b-b =4ab,
b4c+c+c+cz4m=4bc,
clata+ra+a>4c*a-a-a-a=4ca. 0>
T do tacod a‘b+b'c+cla+3a+3b+3c> 4(ab+bc+ca).
Causs Ma a+b+c=3nén a4b+b4c+c4a+924(ab+bc+ca).
Vi (a+b+c)2 —3(ab+bc+ca)= (at—b)2 +(b—c)2 Jr(c—a)2 >0 nén
3(ab+bc+ca)£(a+b+c)2=9. 0,25
Do d6 a'b+b'c+cta+18>4(ab+bc+ca)+9>7(ab+bc+ca).
Dau bang xay ra khi a =b=c =1, bat dang thirc dwoc ching minh. 0,25
S6 phan tir ctia khong gian mau phép thir la 7(Q)=6-6=36. 0,25
Goi A 1a bién cb da cho. Xét mot phan tir (a;b) € 4, khi d6 ab <a+b hay
(a-1)(b-1)<1.
Ciu 6 Ma a-1,b—1 14 s6 ty nhién nén (a-1)(h-1)=0, hay a=1 hogc h=1.Ta| 0,5
thay bat dang thttc ab <a+5b ding vo1 a=1 va ding vo1 b=1, do do
A:{(1;1);(1;2);(2;1);(1;3);(3;1);(1;4);(4;1);(1;5);(5;1);(1;6);(6;1)}.
Vay xé4c suit ctia bién cd 4 1a P(A4)= n(4) _ 11 0,25

n(Q)zg'




Cau7

(Hoc sinh vé hinh sai sé khéng dwoc tinh diém)

a) Vi BDM = BEM =90° nén t& gidc BDEM ndi tiép dudng tron dudng kinh

BM. Tuong tu, ta ¢6 t giac CDFN ndi tiép dudng tron dudng kinh CN. 10
b) Vi diém H thudc duong tron dudng kinh NC nén NHC =90". Vi diém
K thudc dudng tron dudng kinh MB nén NKM = BKM =90". Do dé tit gidc
HKMN ndi tiép dudng tr(‘)rrl duong kinh MN, suy ra MHK = MZ/\/T( . Mét khac, 1,0
ta co tor gidc BFEC ndi tiep duong tron duong kinh BC. Vi thé
EHK + AEF = MHK +180° — FEC = MNK + ABC =90’

Tir d6 ta c6 cac duong thing HK va EF vudng goc.
c) Goi R,S,P,Q lan luot la giao di€ém cua cac cdp duong thang
(4B;DY),(AC;DX),(MV;DY),(NU;DX). Ta c6

HYD+ BKY = HCD + HKN = HCD + HMN = MCD + DMC =90° 0

)

nén DY L AB. Ddng thoi, tir BKY = DMC, va tt KRY = MUI =90°, ta co
cac tam giac KRY va MUI ddng dang. Tir cac diéu nay ta co
VK VM

22 "7 (do céc tam giac KMV va RPV dong dang),
R = ( g g dang)




VM IM

e ——=""_(do V| DP),
VP ID
o M _IM (4o 1p,1U ddu la ban kinh cua (1)),
ID IU
. M _ YK (do cac tam giac MUI va KRY déng dang),
IU YR
Suy ra % = I;—Ili Goi V' 1a chan duong phan giac trong ké tr ¥ cua tam
gidc YKR, khi d6 theo tinh chat duong phan giac thi : =% suy ra
VK _VR Ap dung tinh chét diy ti s6 bang nhau, ta co
VK VR

V'K _ V'R _ VK+V'R _ KR 1

VK VR VK +VR KR
Do d6 VK =VK va VR=VR, ma V va V' cing nim trén doan thing KR
nén V' =V", tacla YV cling la phan giac ciia goc KYR, hay YJ 1a phan giac
gbc DYX . Tuong tu véi ching minh K _ K, ta co X _ % Goi U' la

YR VR XS US

chan duong phan giac ké tor X cua tam giac XHS, tuong ty cach chung
minh ¥ =V, tacé U=U", dan dén XU 1a phan giac goc HXS, suy ra XJ
1a phan giac goc DXY . Vay J 1a tam dudng tron ndi tiép tam gidc DXY .




