S dung phép thé triét tiéu
cho bai todn phuong trinh ham trén R™

LE Pauc LU TRAN NHAT QUANG!

Ngay 16 thang 2 nam 2026

Trong qua trinh gidi cac bai toan phuong trinh ham trén tap R, phép thé triet tieu
la mot cach tiép can budc dau rat dién hinh. Ta c6 thé hinh dung né thong qua 2 dang:
(i) truc tiép, titc 1a véi dé bai cho f(A) = f(B) + C vé6i A, B,C la cac biéu thiic chita
bién z,y; ta sé chon z,y dé A = B lam cho triét tieu duge cac dai lugng gidng nhau &
hai vé va thong thuong thu duge mau thuin, khi d6 ta sé c6 A = B v6 nghiém va tao
thanh diéu kién danh gia mdi cho f; (ii) gidn tiép, bieu thitc khong chita sin hai f &
hai vé, ta can danh gia bat ding thic them réi méi chon dudge gia tri cho céc bién sau.
Trong bai viét nhoé nay, ta sé ciing tim hiéu céc cach 4p dung ¥ tudng nay thong qua
nhitng bai cu thé, va hai kicu thé triet tieu truc tiép va gidn tiép.

§1 Cac vi du minh hoa

§1.1 Ki thuat triét tiéu truc tiép

Bai toan 1
Tim tat cd ham s6 f : Rt — RT thoéa méan:

fla)=f (x;(;)y) v f (@) Vo> 0,y € (0,22). (1)

Loi gigi. Gia sit ton tai ham f thoa man cac yéu cau bai toan.

2

Phan tich — Ta thi triét tieu f(z) va f (xf(—)y) bang cach chon x > 0, y € (0,2?%) thoa
z
man: )
==Y 2
r=—"<=y=u0" —zf(x).
7@ 2

Dé phép thé tren 1a hop l¢, ta can sy ton tai ctia s6 19 > 0 théa man x2 — zof(z9) > 0, hay
zo > f(0).

*Giang vién Truong Dai hoc Khoa hoc Ty nhién TP. HCM
tHoc vien Cao hoc Trudng Dai hoc Su pham TP. HCM
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Dau tien ta ching minh f(z) > x, Vo > 0. Gia sit phan chiing, ton tai xy > 0 sao cho zg > f(xo).
Khi d6 thay y = yo va x = 2% — x¢ f(x0) vao (1) thi dugc:

f@d=f®w+f<i%ﬁ)=¢f(igﬁ>:a\@w!

0 Zo

Do d6 f(y) >y, Yy > 0.

Phan tich — Tiép theo, ta thit triet tieu f(z) va f (@> bang cach chon z > 0, y € (0, 2?)
T
thoa man: )
)
a::T<:>f(y):x2>y.

Phép thé trén sé thyc hien duge néu c¢6 s6 yo > 0 sao cho f(yo) > yo, roi sau d6 chon
tiép ¢ = /f(yo) dé dam bao diéu kién yo € (0,2%). Ma & trén ta da ching minh duge
f(y) >y, Yy > 0, nén chi cAn mot bude phan chitng nita 1a bai todn duge gidi quyét tron ven!

Gid st phan ching, ton tai yo > 0 sao cho f(yo) > yo. Khi d6 yo € (0,23), 6 day o = /f (yo). Lic
nay ta thay x = zo va y = yo vao (1) thi duge:

f@dzf(ﬁ_%)+f@@:¢f<ﬁ_%>zax@M

f (o) (o)
Do d6 f(y) =y, Yy > 0. Thit lai thay ding.
Vay c¢6 duy nhat mot ham s6 thda méan cac yéu cau bai toan la f(z) = 22, Vo > 0. O

Binh luan. Viéc phét hién ra danh gia f(y) >y, Yy > 0 c6 thé néi la bude ngodt quan trong dé giai
quyét bai toan tren. Tt day, ta co thé tao duge bai toan khé hon nhu sau:
M¢ rong: Xét sd thuc m va ham s6 f : RT — RT thod méan diéu kien

a? —y yf()
@) > B

(a) Chtng minh rang néu m < 1 thi ¢6 vo s6 ham s6 f thod man, nhung néu m > 1 thi khong c6
ham s6 nao thod man.

v6i moi x > 0,y € (0;3@2) .

f(x)>f<

(b) V6i m =1, biét rang f(2") = 2", Vn € Z*, tim tat ca cdc ham s6 f thod méan dé bai.

Cac vi du tiép theo sé cung cap cho ban doc mot s6 dinh huéng khai thac cac danh gia thu duge tu
phép thé triet tieu.

Bai toan 2 (Quang Ninh 2022-2023)
Tim tat cd ham s6 f : Rt — R* thoéa méan:

F(3f(z) +3y) = f(Bx +y) + 2y, Vz,y > 0. (2)

Loi gidi. Gia st ton tai ham f thoa man cdc yéu cau bai toan. Truéc hét ta sé chiing minh

f(x) >z, Yz > 0. (3)
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3la — f(a)]

> 0 va
5 Va0

That vay, gid st ton tai a > 0 sao cho f(a) < a. Ltc nay ta thay x = a va y =

(2) thi duge:
3la— f(a)]=0= f(a) =a, vo i

Do d6 (3) dting. Ta sé chi ra f(z) = 2, Vo > 0 cling bang phan chiing: Gia st ton tai zo > 0 dé ma
f(xz0) > xo. Trong (2) cho x = xq thi co:

f(3f(x0) +3y) = f(Bxo +y) +2y, ¥y > 0. (4)
Dat A = 3f(xy) — 3o > 0. St dung (3) cho vé trai cia (4), ta dugc:

fBxo +y) +2y > 3f(x0) + 3y, Yy >0
= f(y+3x0) >y +3f(x0), Yy > 0.

Dén day thay y bdi y — 3z ta duge: f(y) > y+ A, Yy > 3xo. Lap lai qua trinh trén, ta sé thu duge
danh gia sau:
fly) > y+nA, Yy > 3xe,n € N*. (5)

Ta chiing minh khéng dinh trén bing quy nap theo n. Gia st ta da c6 f(y) >y + kA, Vy > 30 (k
12 mot s6 nguyén duong nao d6). Nhiem vu ciia ta bay gio 1a chiing minh:

fly) >y+ (k+1)A, Yy > 3.
R6 rang 3f(xg) + 3y > 3z¢ v6i moi y > 0 nén theo gia thiét quy nap thi:

F(3f(zo) + 3y) = 3f(wo) + 3y + kA, Yy >0

O £(3x +y) + 2y > 3f(w0) + 3y + kA, ¥y >0

Dén day thay y bdi y — 3z ta dugc:
fy) =2y +Bf(x0) = 3xo] + kA =y + (k+ 1)A, Vy > 3.
Do dé6 bat dang thitc (5) diing theo nguyén 1y quy nap. Bay gio, trong (5) ta chon y = 3z + 1 va

cho n — 400 thi c6 ngay diéu vo 1y. N6i cach khac, f(z) = z v6i moi z > 0. Thit lai thay day 1a
nghiém ham cta bai toan. O]

Binh luan. Danh gia (3) con c6 thé khai thac duge theo nhiéu huéng khac va dan dén nhitng 16i giai
doc dao. Chi tiét hon, ban doc c¢6 thé tham khao trong [2].

Tiép theo ta xét dén mot tng dung clia phép thé triét tiéu trong viéc chitng minh ham can tim 13
don anh.

Bai toan 3 (Son La 2021-2022)
Tim tat cd ham s6 f : RT — RT théa méan:

flz+ fx)+y) = f(2z) + f(y), Yo,y > 0. (6)
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Loi gidi. Gia st ton tai ham f théa man cac yéu cau bai toan.
Néu ¢6 s6 g > 0 thoa man f(zg) < zo thi bang cach thay z = zq va y = 29 — f(x0) > 0 vao (6), ta
thu duge:

f(2x0) = f(220) + f (20 — f(20)) = f(z0 — f(z0)) =0, vO Iy!

Diéu vo ly ay chiing t6 f(x) > x, Vo > 0. Ta tan dung nhan xét nay dé chiing minh f l1a don anh
nhu sau: Gia st ton tai hai s6 a > b > 0 sao cho f(a) = f(b) = c.

Trong (6) cho x = a va y = b thi duge: f(a+c+0b) = f(2a) +c.

Trong (6) cho x = b va y = a thi duge: f(a+c+0b) = f(2b) + c.

So sanh 2 déng thic trén ta thay: f(2a) = f(2b). Liic nay trong (6) lan lugt cho # = a va z = b rdi
so sanh 2 déng thtc vita thu duge, sé co:

fly+a+c)=fly+b+c), Yy>0.
Dén day thay y bdiy —b—cva dat T =a — b > 0 ta dugc:
fy)=fly+T), Vy>b+ec
Béing quy nap, ta dé dang chitng minh dugc:
fly) = fly+nT), Vy >b+c, neN".
Ap dung danh gia f(z) > x, Vx > 0 cho vé phéi ciia ddng thiic trén, ta dudc:
fly)>y+nT, Yy >b+ec, neN

Dén day chon y = b+ c+ 1 va cho n — oo ta c6 ngay diéu vo 1. Do d6 f phai 1a don anh.
Trong (6) thay y bdi 2y thi duge:

fz+ f(x) +2y) = f(22) + f(2y), Yo,y > 0.
Dén day doi vi trf clia « va y cho nhau roi déi chiéu véi dang thiic cii, ta thay:
flz+ flx)+2y) = fy+ f(y) + 22), Vz,y > 0.

Lai ¢6 f la don anh nén:

x4+ f(z)+2y=y+ f(y) + 2z, Yr,y >0

Do d6 f(z) =z + ¢, Vo > 0, véi ¢ 1a hang $6. Cho x — 0% vé6i chu y f(z) > 0, Vo > 0, ta duge
¢ > 0. Thit lai, ta thay tat cd ham s6 c6 dang f(r) = x + ¢, Vo > 0, v6i ¢ 12 hiang s6 khong am déu
la nghiém ham ctia bai toan. O

Binh luan.

v Khac vé6i bai toan trude, nghiem ham ctia bai toan nay khong phai chi 1a f(z) = z, Vo > 0; vi thé
khong thé bat chude y tudng “chin hai dau” z < f(z) < 2 dudec.

v" Ki thuat ching minh f don a4nh bang cach xay dung tinh tuan hoan va danh gia f(z) >z, Vo >0
rat thuong gip trong céc bai toan phuong trinh ham trén tap hop s6 thuc duong. Tong quat hon, ta
c6 két qua sau.
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B6 dé 1
Xét ham s6 f : RT — RT va gid sit ton tai cac s6 thic a, b, ¢, d > 0 sao cho

f(z) > cx,Vo >0 va f(x +a) = f(x+0b), Vo > d.

Khi do6, ta phai c6 a = b.

Bai toan 4 (2021 Korea Winter Program Practice Test)

Tim tat cd ham s6 f : Rt — RT théa méan:

@) f2y) =Af(z+yf(x)), Yo,y € RF.

Loi gigi. Trong déng thic trén thay y béi % ta dugc:

T
s =af (o + D0 vy e e )
Dé triet tieu f(y) va f (ZE -+ %@;)), ta can chon z,y sao cho:
_ o yf) _ 2
y=x+ 5 <y = 2—f(£E)'
L s 2
Nhu vay, néu ton tai o > 0 sao cho f(x¢) < 2 thi trong (7) ta cho z = z¢ va y = Wx?) > 0 sé

thu duge: f(zo) =4, vo lil Do d6 f(z) > 2, Vo € RT.
Trong (7) ddi vai tro ctia o va y cho nhau rdi so sanh véi dang thiic cii, ta dudc:

f(ﬁ%@)) :f<y+$ 2(‘”)) Vi,y € R*.

f 1a don anh. Khi d6 tit dang thiic trén ta suy ra:

2 YT
Dén day cho y = 1 thi duge f(z) = [f(1) — 2]z + 2, Vz € R*. Thay cong thiic nay vao (7) ta khong
tim dugec ham f théa man.
f khong phai 1a don anh, tic 1a ton tai a > b > 0 sao cho f(a) = f(b) = c.
Trong (7) lan lugt cho x = a v x = b 10i so sanh 2 dang thiic nay, ta dugc:
f(ﬁ%) :f(b+%>, Yy >0
= fly+a)=fly+b), Vy>0.

T+ _yf(x) =y+ xf(y)’ Vr,y € RT.

Dit T = a — b > 0 thi ding thic trén tré thanh:
fly)=fly+T), vy >b.
Bing quy nap ta dé dang suy ra:
f(z) = f(x +nT), Yz > b,Vn € N. (8)
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Phan tich — Trong (7) ta da dung phép thé triet tieu f(y) va f (:1: + %(x)) dé chiing minh

f(z) > 2. Tuy nhién céch ta lam kha “ngay tho™: chi cho hai phan “l6i” bén trong bang nhau.
Con gio day, khi da c6 them sy kieén f 1a ham tuan hoan, ta c6 thé triét tieu hai dai lugng nay
bang cach chon z,y > 0 va n € N* sao cho:
yf(x) 2nT — 2z
T Y, N
yanl=rt Ty Y= F@) -2
Dé phép thé trén 1a hop 18, ta can st ton tai clia 29 sao cho f(zg) > 2 va chon n di 16n dé dam
bao y > b. Tt d6 ta lap luan tiép nhu sau.

Y

Gia sit ton tai 2o dé f(z¢) = 2. Lic nay trong (7) cho x = y = x4 ta dugc f (.’Bo +

vo Iy! Do d6 f(z) > 2, Vx> 0.
Bay gio, v6i méi z > 0, ta lai chon s6 tu nhién n du 16n sao cho 2nT > 2z + b[f(z) — 2]. Khi d6

2nT — 2x
trong (7) cho y = ———— > b thi dugc:
g fle) -2
f@)f(y) =A4f(y +nT)
2 fla) =4
Vay f(x) =4, Vo € R*. Thit lai thay dung. O

Bai toan 5 (Spain MO 2018)

Tim tat cd ham s6 f : Rt — RT théa méan:

flz+fy) =yf(zy+1), Yo,y > 0. (9)

Loi gidi. Thyc hién phép thé triet tieu f(z + f(y)) va f(zy + 1), ta chiing minh dugc:

—1
MSO, Yy > 0.

y—1
Hé qua la
fly) <1, vy >1. (10)

V6imoi x > 1 vay > 0thi z + f(y) > 1, vi thé theo (10) ta c¢6 f(z + f(y)) < 1. Lic nay két hop
v6i (9) ta co:

1
flzy+1) < —, Vy >0,z > 1.
Y
Dén day thay y bdi 2 thi co:
T
Fy+1) < vy>0,2> 1.
Yy
. . 1
Dén day ¢d dinh y > 0 va cho x — 17 ta duge:  f(y+1) < —.
Yy

1
Do dé6 f(y) < o Vy > 1. Hon nita ta cing ¢6 lim f(y) = 0.
y_

Yy—>+o0
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Ap dung dénh gia tren cho vé phéi ciia (9), ta duge:

f(ﬂC—f-f(y))Sy-w—ly:é, Y,y > 0.

Dén day thay x béi z — f(y) thi duge:

f(z) < %f(y)u Vy >0,z > f(y). (11)

C6 dinh z > 0, do lim f(y) =0 < x nén ton tai ¢ > 0 sao cho f(y) < z, Yy > c. Luc nay tu (11)

Yy—r+00
ta co:

1
f(@ﬁx_—f(y), Vy > c.

Dén day cho y — +o0o v6i chu ¥ lim f(y) =0 thi duge: f(z) <

Yy—r—+00

. Do dé

8=

, Vo > 0. (12)

SR

f(x) <

Ap dung danh gia tren cho vé phéi ciia (9), ta duge:

Y 1
< — .
f(fﬁ+f(y))_xy 7 T Vo,y >0

Yy
Dén day thay x béi z — f(y) thi duge:

fla) € ———, ¥y >0, > f(y).

iU‘i‘;—f(Z/)

Chuy f(y) < =, Yy > 0 nén ta viét lai danh gia trén nhu sau:

1
Y
1

f(y)Zx—m

1 1
+—, Yy >0, > —.
Y Y

Diéu nay hoan toan tuong duong véi:

1 1
f(y)2x——+§, v >0,y > —. (13)

Dé thu duge f(y) > ~, ta sé c6 gang chitng minh f(1) = 1. Trong (9) cho y = 1 thi dugc:

1
Y
f(x—l—f(l)) = f(z+1), Yz > 0.

T (12) ta da c6 f(1) < 1. Gia st phan chiing rang f(1) < 1. Trong dang thiic trén thay x bdi
r— f(l)vadat T =1— f(1) > 0 thi co:

flz)=flx+T), Vo >1> f(1).
Trong (9) thay = bdi # + T va sit dung tinh chat trén thi duge:

f(x“‘f(y)):yf(l'y—i-l—l—Ty), Vy >0,z > 1.
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Dai chiéu véi (9) ta thay:
flzy+1) = f(zy+ 1+ Ty), Yy >0, z > 1.

. T —
Dén day thay x bdi

1
va y bdi % thi duge:

flz)=flx+y), Yy >0, z>y+ 1.

V6i hai s6 y > 0 va x > 1 tuy ¥, ta chon s6 nguyén duong n (di 16n) sao cho x +nT >y + 1. Khi
doé, tir dang thiic trén va tinh tuan hoan clia f trén (1, +00), ta suy ra:

f(z)=fx+nT) = flx+nT +y) = f(z+y).

No6i tom lai, ta thu duge
f(z)=flz+y), Vy>0, z>1
D3i vai tro clia x v y cho nhau 16i déi chiéu véi dang thiic cii, ta duge f(z) = f(y), Yo,y > 1.
Nhu vay f 1a ham hang trén (1, 4+00). Diéu nay 1a vo 1y vi 1iI_~I_1 f(y) = 0. Diéu vo ly ay chiing t6
y——+o00
=1
Gio day, ta sé thay z =1 vao (13):
, Yy > 1. (14)

. 1 . , .
Két hop v6i (12) ta duge f(y) = —, Yy > 1. Cudi cung, cho z = 1 vao (9) va sit dung két qua trén
Y

thi duge:
1 y
= , Vy >0
fy)+1 y+1
1
== f(y) = , =0
) . 1
Tht lai thay ding. Vay bai toan ¢6 duy nhat mot nghiém ham la f(z) = —, V& > 0. O
x

Binh luan. Trén day 1a mot 15i gidi duge nhém tac gia thire hién v6i mong mudn thé hién ré nét tinh
than ctia bai viét: st dung cac danh gia thu dugce tit phép thé triet tieu dé giai quyét bai toan. Dé
thay dugc nhiéu géc nhin thi vi khac xung quanh bai toan nay, doc gia c6 thé tim doc bai viét “Sdu
loi gidi cho mot bai toan phuong trinh ham” cia tac gid Nguyén Tai Chung, duge dang trong Tap chi
Toén hoc & Tudi t1é s6 540 (Théng 6-2022).

Bai toan 6 (Komal A.725)

Tim tat cd ham s6 f : Rt — R* thoa méan:

fley+fW)?) = f(@)f(y) +yf(y), Yo,y > 0. (15)

Lot gidi. Ta viét lai (15) nhu sau:

f(zy+ f(v)?) = [f(x) +y]- f(y), Vz,y > 0.
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2
Phan tich — Dén day ta nghi dén viec trigt ticu f (zy + f(y)?) va f(y), tic la thay z = 1—M
Yy

vao dang thtc trén, thu dugc:

1:f<1—f(§)2)+y>y.

2
Diéu nay chitng t6 rang: néu ton tai y > 0 sao cho 1 — ) > 0 thi chi c6 thé 1a y < 1. N6i cach
Y
khéc, ta co
fy) =y, vy > 1. (16)

Trong (15) cho y = 1 va dit a = f(1) thi duge:
f(z+a®) =af(z)+a, Yz > 0.

a2
x béi x + — vao (15):

A9

Dé tan dung két qua trén, ta thé “tinh tién

af (zy+ f()?) +a=f (93+ ) fly) +yfly), Yo,y >0

Qwﬁlgw <

L as@)fo) + anfl)+a= 1 (2+ ) 1)+ f o) vy >0
fy)

Dén day ta hi vong sé tim duge a. Chu ¥ ring tit (16) ta suy ra a = f(1) > /1 = 1, vi vay ta chi
can gia st phan ching a > 1. Hon nita tit déng thtc trén, ta co:

— f(2)+ (a— Dy + f(a:+%2),v:y,y>0.

2
f(a:—i—%) > (a— 1)y, Yo,y > 0.

2
Dén day thay y bdi — thi dugc:
y

2
—1
f(x+y)>a(a ),Va:,y>0.
)
Trong danh gia trén, cho x = 1 — y thi dugc:
-1
1>M, Vy € (0,1).

Dén day néu cho y — 07 thi ta c6 ngay diéu vo ly! Thanh thit a = f(1) = 1.
Nhu vay, cac két qua trude do tré thanh:

flx+1) = f(x)+ 1, Yz > 0;

f(m)—l—ﬁ: (x+§) Ve, y > 0.

Tit hai déng thic trén ta thu dude f 1a ham cong tinh trén R*. Vi vay, theo két qué clia phuong
trinh ham Cauchy, ta ¢6 f(x) = zf(1) = z, Vo > 0. Thi lai thay dung.
Vay f(z) = x, Yz > 0 la nghiem ham duy nhat ctia bai toan. O

Tiép theo ta xét dén mot bai toan c6 ki thuat xi 1y kha la sau day.
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Bai toan 7 (Truong Dong Vinh 2023-2024)
Tim tat cd ham s6 f : Rt — R* sao cho:

22° f(y)
f(x)

flz+ f(y) = fla) + + f (v*), Va,y > 0. (17)

Lot gidi. Gia st ton tai ham f théa man cdc yéu cau bai todn. Tt (17) ta dé dang co:
flz+fy) =f (), Yo,y > 0.

Gia stt phan chiing, ton tai yo > 0 sao cho y2 > f(yo). Khi d6 thay y = yo va z = y2 — f(yo) > 0
(khi d6 = + f(yo) = y2) vao bat dang thic trude d6 thi duoe: f (y3) > f (y3), vo ly!
Do d6 f(y) > y?, Vy > 0. Lic nay, trong (17) ta cho y = 1 va sit dung danh gia trén thi co:

22°f(1)
f(x)

fx) + +f(1) = f(z+ (1))

> [z + f(1))?, Yo > 0.
Dén day, khong con gi hop 1y hon 1a cho x = 1, thu dugc:
2> f(1)°’ +1= f(1) < 1.
Mat khac f(1) > 1 (do f(y) > y?, Yy > 0) nén f(1) = 1. Trong (17) cho y = 1 thi dugec:

223

/()

flx+1)=f(x)+ +1, Vo > 0.

Bang quy nap, ta dé dang chiing minh dugc
f(n) =n? Vn e N*.
Trong (17) cho y = n thi dugc:

22302

f(x)
= f(z+n?) - (w—l—n2)2 = [f(z) —27] -

+nt, VYzr>0,neN*

W, Ve > 0,n € N*.

Ki hieu Z va £ lan lugt 1a vé phai va vé trai clia dang thic trén. Véi mdi « > 0, ta chon n € N*
du 16n sao cho f(x) — 2zn? < 0, thé thi £ > 0 con Z < 0. Do d6 £ = % khi va chi khi f(z) = 2.
Do d6 f(x) = 22, Vx > 0. Thit lai thay thoéa man.

Vay ¢6 duy nhat mot ham s6 thda méan cac yéu cau bai toan la f(z) = 22, Vo > 0. O

f(z+n%) = flx)+

Binh luan. Bén duéi 1a mot bai toan duge xay dung tur ¥ tudng trén:

M¢ rong: Tim s6 thyc duong m nhé nhat dé ton tai duy nhat ham f: RT — RT théa man

mx5
f@+f@»=f@%kj@¥w+f@%,wuy>0

10



Phép thé triét tieu

§1.2 Ki thuat triét tiéu “gian tiép”
C6 nhing bai toan ma viéc triét tiéu nhing biéu thitc f & hai vé rat kho khan hoisic khong dé& thuc

hién. Ta can mot so6 nhan xét, danh gia ban dau méi c6 thée biét can phai triet tieu nhiing dai luong
nao. Ta cuing nhau thao luan cac vi du duéi day.

Bai toan 8
Tim tat ca cap ham s6 (f, P) véi f: RT — R* va P la da thiic khac hiang, c6 tat cd he sé déu
khong am sao cho dang thic duéi day ding:

flzy+ f(x)) = f(yf(x) + P(x), Vz,y > 0. (18)

Loi gidi. Gia st ton tai da thiic P va ham s6 f théa man yéu cau bai toan.

Ménh dé 1.1
f(z) <z, Vo> 0.

Chiing minh. Néu ton tai g > 0 sao cho f(zg) > o thi trong (18) cho x = zg vy = # >0
To) — X
o ) o)
Zo i)
= + P(xg) = P(xq) =0, vo 1y!
f(f(ﬁo)—x(J) f(f(xo)—xo) (#0) (#0) '
Do d6 f(z) <z, Vo > 0. O
Mt khac tut (18) ta ¢ f(zy + f(z)) > P(z), Y,y > 0. Vi vay, theo Menh dé 1.1 ta co:
P(x) <azy+ f(z) <zy+z, Yo,y > 0.
Dén day cho y — 0T thi dugc:
P(z) <z, Yz > 0. (19)

Nhu vay P chi c6 thé 1a da thiic bac nhat. Gid st P(x) = az + b, trong d6 a > 0 va b > 0. Thay vao
(18) ta dugc:
ar+b <z, Vr>O0.

Dén day cho # — 0T ta dugc b < 0, dan dén b = 0. Nhu vay, nhiém vu con lai lic nay 1a tim ham
f:RT — R" thoa man:

flzy + f(2)) = f(yf(2)) +az, Va,y > 0. (20)
Sau day ta trinh bay hai 16i giai cho bai toan trén.
Céach 1. Hién tai trong (20) khong con gi dé ta thic hién thé triét tiéu them lan nita. Ta can c6 ¥

tuéng dot pha hon sau day: Tu (20) ta dé dang c6

f(zy + f(x)) > az, Yo,y > 0. (21)

Phan tich — Do da ¢6 Ménh dé 1.1 nén néu chon dugc x,y > 0 sao cho xy + f(r) = az thi
thay vao (21) ta sé thu duge diéu vo ly. Y tudng nay cho ta nhan xét sau.

11
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Ménh dé 1.2
f(z) > ax, Yz > 0.

Chiing minh. Gia sit ton tai ton tai xy > 0 sao cho f(xg) < awg. Khi d6 trong (20) cho z = zy va

_ o= /%) f (o) > 0 thi duge: f (awg) > axg, trai véi Menh dé 1.1. Do d6 f(z) > ax, Vo > 0. O
Zo

Tro laz;jbdi toan: Ta sé ching minh f(z) = x, Vo > 0 bing phan chiing. Gia sit ton tai ¢ > 0 sao cho
s = o > 1. Trong (20) cho = = ¢ va thay y bdi % thi duge:

f(sy+ f(c) = fly) +ac, Yy > 0. (22)
Ap dung Meénh dé 1.2 cho vé tréi ciia (22) ta dugc:

fy) +ac > alsy+ f(c)], Yy >0
= f(y) = asy +a[f(c) — ], Yy > 0.

Bing quy nap, ta sé chiing minh rang:
fly) > as"y+a[f(c) — ], Vy > 0,Vn > 1.

Khéng dinh trén da ding véi n = 1. Gia st ta da c6 f(y) > as*y + a[f(c) — ], Vy > 0, véi k > 1
nao d6. Ap dung danh gia nay cho vé trai ciia (22) ta dugc:

fly) +ac > as*[sy + f(c)] + a[f(c) = ], Yy >0
= fly) > as"y +a[s"f(c) — ] +a[f(c) =], ¥y > 0.

Cha y réng s*f(c) — c = f(c) {sk - _c} = f(c) (s* —s) >0 (do s > 1), dan dén la

f(y) = as™ly +a[f(c) — ], Yy > 0.
Nhu vay khéng dinh ciing ding v6i n = k + 1. Do d6, theo nguyén 1§ quy nap toan hoc, ta két luan:
fly) > as™y +alf(c) — ], Yy > 0,¥Yn > 1.
Dén day thay y = 1 va chon — —|c—oo, v6i cht § s > 1, ta duge: f(1) > +o0, vo 1§! Diéu nay ching
—— > 1. Néi cach khac, f(z) >z, YV > 0.

f(c)

Két hop véi Menh dé 1.1, ta suy ra f(z) =z, Vo > 0. Thay cong thiic nay vao (20) ta dugc:

t6 khong ton tai ¢ > 0 sao cho

xy+x=axy+ar, Ve,y > 0= a = 1.
Vay chi ¢6 duy nhat mot cip ham s (f, P) théa man yéu cau bai toan la P(z) = f(z) =z, Va > 0.
Cach 2. Néu khong phat hien ra Meénh dé 1.2, ta van c6 thé giai tiép bai toan nhu sau: Dau tien ta
chiing minh f 1& don 4nh. Gié stt ton tai cac s6 thuc duong s > t sao cho f(s) = f(t) = c. Trong
(20) 1an lugt cho x = s va z = t 10i so sanh 2 dang thitc thu dugc, ta thay:

f(sy+c)—as= f(ty +c) —at, Yy > 0.

12
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Dén day thay y béi Yt dugc:
s

t
f(y—i—c):f(;'y—l—c) +a(s—t), Yy > 0.
Bing quy nap, ta ching minh dugc:
t n
f(y—i—c):f((g) -y—l—c) +n-a(s—t), Yy >0, Vn € N*.

T day ta c6 ngay:
fly+c)>n-a(s—t), Vy >0, Vn € N".

Dén day c6 dinh y > 0 v& cho n — 400 v6i chi ¥ s — t > 0, ta c6 ngay diéu vo ly! Do vay f phai la

don anh.
Trong (20) thay y béi

féJx) thi dugc:

Ty
f <m + f(x)) = f(y) + az, Vz,y > 0.
Dén day thay x béi x + 2 thi dugc:

f<;é1yz+fx+z) )+ ax] + az, Yr,y,z >0
gf(;éiy m—l—z): ( v fla ))+az, Vo, g,z > 0
G (g riea) =1 (i fg +10) Yew o
Lai ¢6 f la don anh neén tir ddng thic tren ta c6:
% + flx+2) = f(;c;;;(z> + Zﬂg) + f(2), Vz,y,2 >0

T+ 2 Tz } Zf()+f() flx+2), Vo,y,z > 0.

Y [f(:Hz) T i) T )

Do déang thtic trén ding v6i moi y > 0 nén ta phai cé:

xr+z _ Tz -

feta)  fwieE
Zf(x) = X z XT, z
e + f(2) = f(x + 2), Vz,z > 0.

Dat g(z) = Vo > 0 thi (24) tré thanh:

f(@)’
g(x+2) =g(x)g(2), Vo,2 >0
= Ing(x + z) =lng(x) + Ing(z), Yz,z > 0.

(23)

(24)

(25)

Nhu vay ham Ing(z) cong tinh tréen R*. Mat khac, theo Ménh dé 1.1 ta ¢6 g(x) > 1, Vo > 0,
dan dén Ing(x) > 0, Vx > 0. Do d6 theo két quéd ciia phuong trinh ham Cauchy, ta suy ra

Ing(z) = cz, Vo > 0 (c 1a hing s6 khong am). Dan dén f(z) = = Yz >0 Thay cong thitc nay
eCI

vao (25) ta tim duge ¢ = 0, hay f(z) =z, Y > 0.
Cudi cung, thay cong thitc trén vao (20) ta tim duge a = 1.

Vay c¢6 duy nhat mot cap ham s6 (f, P) théa man yéu cau bai toan 1a P(z) = f(z) = x, Vz > 0.
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Bai toan 9

Tim tat cd ham s6 f : Rt — R* thoéa méan:

f(yil—kf(y)):#(j_)l—i-y, Va,y > 0. (26)

Lot gidi. Néu n6i ham f thoa man (26) c6 tinh chat f(z) > z, Yz > 0 thi ¢6 1& ban doc sé c¢6 chut
nghi ngai. T gia thiét ta dé dang co:

x2
f(y—l—l +f(y)) >y, Yo,y > 0.

Dén day thay x béi \/x(y + 1) thi duge:

flz+ f(y)) >y, Va,y > 0. (27)

Phan tich — Budc ngoat clia bai toan chi thyc sy xuat hién néu ta dit ra cau hoi:

“Néu z + f(y) =y thi sao?”

Gia stt phan chiing, ton tai yo > 0 sao cho f(yo) < yo. Liic nay thay y = yo v x = yo — f(y0) > 0
vao (27) , ta duce f(yo) > yo, mau thuan véi gia si! Do d6 f(y) >y, Yy > 0.
Stt dung danh gia trén cho vé trai ciia (26), ta duge:

zf(x) x?

—_— > Va,y > 0.

Dén day cho y = x thi co:

zf(x) x’

W+x2$+1+f(:r), Ve >0
—zf(z) — f(z) -1
T+ 1@+ 1)

~~

<0

= [f(x) — 2]

>0, Vz > 0.

/

Do d6 f(z) —x < 0, Vo > 0, hay f(z) < z, Vx > 0. Ma § trén ta da ching minh dugc
f(x) >z, Vo > 0nén f(z) =z, Yz > 0. Thi lai thay dung.
Vay c6 duy nhat mot ham s6 thoéa man cac yéu cau bai toan 1a f(x) =z, Vz > 0. O

Tiép theo 1a mot bai toan rat thit thach nhu sau:

Bai toan 10 (Truong Dong Vinh 2025-2026)

Tim tat ca sé thuc m > 0 sao cho ton tai ham s6 f : Rt — R* thoa méan:

f<xy+@)=f<M)+x2 [m\/@+1},vx,y>0. (28)

LY

14
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Loi gidi. Xét s6 m > 0 sao cho ton tai ham f: RT — R* théa man (28). Ta dé dang co:

f(z)

f <xy + T) > 2%, Va,y > 0. (29)

f(z)

Ciing tuong tu véi bai trude, ta thit chuyén bidu thic 2y + < thanh z. Y tudng nay cho ta nhan
x

xét sau.

Ménh dé 1.3
f(x) > 22 Yz > 0.

g — (o)
3
vao (29), ta duge f(xg) > z2, mau thudn véi gid stt. Vi thé f(x) > 22, Vo > 0. O

Chaing minh. Néu ton tai xo > 0 dé ma f(xo) < x2 thi bang cich thay © = zo vay = >0

Binh luan. Chiing minh cho Ménh dé 1.3 ¢6 nét tuong tiy vé6i viec chiing minh f(y) >y, Vy > 06
bai trude dé — 16 rang la khong dé dé nghi dén. Sau day 1a mot hudéng tiép can cé phan tu nhién hon:

bat g(x) = @, Vz > 0. Lac nay (29) tré thanh:
i

[zy + g(x)] - g (zy + g(x)) > 2, Va,y > 0.

To — 9(930)
o

Gid stt ton tai zg > 0 sao cho xg > g(zp). Lic nay ta thay x =z va y = yo = > 0 vao bat
déng thic trude dé thi dugce:

zo - g(xo) > 33(2) = g(x0) > z0, vO ly!

Diéu vo 1y ay ching té g(z) > =, Vo > 0. Néi cach khac, f(z) > 22, Vo > 0.

Ap dung Menh dé 1.3 lien tiép ta dugc:

; (f(xig(y)) . fE;V . ffny)2 N f(;;)2 _ szy”Q(y) _ fiﬂg)Q ), Yo,y > 0.
Két hop véi (28) ta duge:
f (w + %”) > fiﬁ)z f(y), Ya,y > 0. (30)

Dén day, ta thit chon z,y > 0 théa man:

(@) (1-a)f@)

y=ay+—— = y=
Xz Xz

Phép thé trén chi hop 1é néu z € (0,1). T d6 ta c6 nhan xét sau.

Ménh dé 1.4
f(z) <z, Vx e (0,1). He qua la f(x) <1, Vx € (0,1).

15
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(1 = z0) f(x0)

Chitng minh. Xét zq € (0,1) bat ky, ta thay = = x¢ va y = yo =
Lo

> 0 vao (30) thi co:

) > L5 fan) = 20> ).

Do d6 f(z) <x <1, Vz € (0,1). O

Ky hieu .Z va Z lan lugt la vé trai va vé phai clia phuong trinh (28).

Trong (28) ta xét z,y € (0,1) thico @, % € (0,1) (do Menh dé 1.4), dan dén %i(y) € (0,1).

Lic nay, theo Ménh dé 1.4, ta co:

f@)f) |
Yy

X < (my/y + 1) 2%, Va,y € (0,1).
Mat khéac theo Ménh dé 1.4 ta lai co:
Z > [azgﬁ— @r, Vo, y € (0,1).
T hai danh gia trén, ta dugc:
{xy—i—@r < %4—@1\/@—# 1) 2%, Va,y € (0,1). (31)

Dén day, néu muoén cho y — 07 thi can tinh dugc lim+ @ trudce.
y—0 Yy

Ménh dé 1.5
f(z)

lim ——= =0.
z—0t X

w0 — f(20)

£C2

f(xo)

Zo

Chitng minh. Lay xy € (0,1) bat ky. Khi d6 theo Ménh dé 1.4, ta c6 r =
f(iUo)

Zo
qué nay vao (28), ta dugc:

> 0. Hon niia,

v6i moi y < r thi xgy + < 1, vi thé theo Ménh dé 1.4 thi f (ZEoy + ) < 1. Ap dung két

| > f (f(fl'O)f(y)

+ a2, Yy € (0,7).
O 4t v e )

Ap dung Meénh dé 1.3 cho vé phai ctia danh gi tren, ta dude:

2 2
1> {M} + xg > {x(%f(y)} +:13(2) = 33(2) [f<y2)2 + 1} , Yy € (0,7).
ToY 0y Y
Suy ra: )
1
x—%—1>f;y2) vy e (0,7)

16
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Trén day ta lay xo € (0,1) bat ky, vi vay ta thu dugce

% < \/; Vr € (0,1), y € (ox_x—i(”’”» . (32)

~ . 1
V6i mdi € > 0 bat ky, ta hoan toan chon dugde s € (0, 1) sao cho € = 1/ — — 1. Liic nay, thay r = s

s
vao (32) va dat 0 = 8_8—{(8) >0 (cha ¥ s € (0,1) nén f(s) < s), ta dugc:
‘M —0’ <e, Yy € (0,9).
)
) . o e fly)
Do do, theo dinh nghia giéi han, ta ¢6 lim ——= = 0. [
y—0t Yy

Lic nay day, trong (31) ta cho y — 07 thi duge:

{@]2 <a2? Vo€ (0,1) = f(x) <2 Voec(0,1).

Két hop véi Menh dé 1.4 ta duge f(x) = 22, Vr € (0,1). Lic nay, trong (28) ta ¢ dinh y > 0 va
chon z € (0,1) di nho sao cho

g;y_|_7 <1 ry+zr <1 . 1 y
[@16) e 1 <1(:*x<mm{m7m}
xy

thi (28) trd thanh:

(xy+x)2:x2-%y2>2+m2 [mm—i—l]

— (y+1)° = f;‘?z +my/ fly) + 1.

Tren day ta lay y > 0 bat ky, vi vay ta co

)= f(yQ)Q +mn/f(y)+1, Yy > 0.

(y+1
)

Dén day chon y € (0,1) thi tim duge m = 2. Thay ngudc tré lai, ta duge:

2
Y42y = fé‘z) +2v/f(y), Yy > 0.

f(y)?

y2

va 2y < 24/ f(y). Vi vay ding thitc trén xay ra khi va chi khi

f(y) = y?, Vy > 0. Thit lai thay ding.
Vay m = 2 1a gia tri can tim. Hon ntta, ting véi m = 2 ta tim dugc duy nhat mot ham s6 thoa man
de bai 1a f(z) = 22, Vx> 0. O

RO rang v6i moi y > 0 thi y? <
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Binh luan. Thit thach 16n nhat & bai toAn nay ndm & viéc phat hién va ching minh Ménh dé 1.5.
Sau khi thu dugc két qua nay, ta c6 thé xit 1y tiép bai toan mot cach ngin gon va tinh té hon ma
khong can phai tim cong thitc ctia f(x) trén (0, 1) trude, cu thé nhu sau.

Cach 2 (dua trén § tuéng ctia mot ban hoc sinh):

Trong (28) ta c6 dinh z > 0 bat ky va 4p dung Ménh dé 1.3 cho vé trai, thu dugc:

2
x x
[xy—l—f;)] <f<f;)f§/y)> + 22 [mdf(y)%—l} , Yy > 0. (33)
Theo Ménh dé 1.5 thi lim [f(x) . f(y)] = 0. Mat khac, tit Ménh dé 1.4 ta c6 lim f(x) =0 (theo
y—0+t x Yy z—0F
Nguyeén 1y kep), thanh thi hm+ f (f(ac) . f(y)) = (. Véi tat ca nhitng nhan xét trén, ta cho y — 0%
y—0 T Yy

trong (33) thi sé co:
2
[f;w)] <2’ = flx) < x>

Trén day ta xét z > 0 tuy y, vi vay f(z) < 2%, Vo > 0. Két hgp véi Meénh dé 29, ta duge
f(z) = 2%, V2 > 0.

Dé két thiic bai viét nay, ta xét ba bai toan sau day (ta sé di truc tiép vao 16i gidi chit khong phan
tich chi tiét nhu nhitng bai toén tréen).

Bai toan 11 (Phét trién tir dé thi Silk Road 2005)

Tim tat cd ham s6 f: Rt — RT, ting ngit trén RT va thoa man dong thoi cac tinh chat sau:
(i) f(2z) > 2f(x), Yo > 0;
(i) f(f(2)f(y) +x) = f(xf(y)) + f(x) v6i moi z,y > 0.

Loi gidi. Theo (i) thi ham s6 f(z) khong bi chan trén vi véi moi s6 nguyén duong n thi
f@EY =212 >...>2"f(1) = lim 2"f(1) = +oo.
n—oo

Theo (ii) thi f(f(x)f(y) -+ x) > f(:r;f(y)), Va,y > 0 nén
f@)f(y) +x>af(y), Yo,y >0 = fy)lz— f(2)] <z, Vz,y > 0.

Néu ton tai zo > 0 dé xg — f(zo) > 0 thi tit danh gia trén, ta c6 f(y) < v6i moi y > 0,

Zo
zo — f(wo)
kéo theo f bi chan trén, mau thuan! Do d6, ta luon c6 f(z) > z, Vo > 0. (%)
Tiép theo, ta dat a = f(1). Trong (i) ta thay x =y = 1 thico f (a®* + 1) = f(a) +a. Ma a*+1 > 2a
nén theo tinh tang ngat cua f, ta ¢
(0
[(@+1) > f(20) 2 2f(a).
Tit d6 c6 a > f(a), vi thé dang thiic phai xay ra. Do d6 a = 1 hay f(1) = 1.
Cudi cung, trong (ii) ta thay y = 1 thi dugc

f(f(z)+z) =2f(2) 2 f(2z), Yz > 0.

Ltic nay, theo tinh tang ngit cla f, ta ¢6 f(z) + x < 2z hay f(z) < x, Vo > 0. Ké hop véi (*) ta
duge f(z) =z, Vx> 0. Thit lai ta thay thoa man.
Vay tat ca cac ham s6 can tim 1a f(z) = z, Vo > 0. O
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Bai toan 12 (Chon doi tuyén TP. HCM 2024-2025)

Tim tat ci cac ham s6 f,¢g: R™ — R* thod man dong thoi cic diéu kién sau

(i) f(20242%) < 2024 f(g(x)) v6i moi z > 0;

(i) £ +39) 2 7o) + L1 61 moi 0, > 0
i) flz+v%) > fgly =2 véi moi x,y > 0.
9(yf(2))
Loi gidi. Trude hét, ta thay néu ton tai yo > 0 dé g(yo) > »2 thi bang cach thay x = g(yo) — v (khi
2 3
do =+ y2 = g(yo)) vao (i), ta co (@) <0, vo Iy! Vi thé nén g(y) < y* v6i moi y > 0.
9(yof ()

Khi d6, ctung ti (i), ta c6

Fle+y?) > o) + > f(9(y) + f(x), Va,y > 0.

Suy ra f (z + %) > f(z), Vo,y > 0, hay f la ham tang ngat tréen RT. Ngoai ra, ta cling c6

flet+2y’) = fla+y’ +9°) > flaW) + f (z+y°) > 2f(9(v)) + f(z), Yo,y > 0.
Nhu vay, bang quy nap, ta thu duge

f(z+ny?) > f(@)+nf(9(y)), Yo,y >0, n e N*. (34)
T day ta c6 ngay f(z + 2024y?) > 2024 f(g(y)) + f(z) v6i moi z,y > 0. Két hop véi (i), ta c6
f(z +2024y%) > £(20249°) + f(z), Yo,y > 0.
No6i cach khac, f(z+y) > f(z) + f(y), Vo,y > 0. Hée qua la
f(2024zx) > 2024 f(z), Vo > 0.
Mat khéc g(z) < x?, Vr > 0 va f tang ngit nén tu (i), ta co
f(202427) < 2024f(g(x)) < 2024f (2?),
hay f(2024x) < 2024 f(x) v6i moi > 0. Vi thé nén dang thitc phai xay ra, tiic I
f(2024x) = 2024 f(z) va g(z) = 2°, Va > 0.

Véi n € Z* tuy ¥, ta chon m € Z* sao cho n < 2024™. Khi d6 v6i mdi z > 0 thi

2024™ f(x) = f (2024 x) = f (nx + (2024™ — n)x) > nf(z) + (2024™ — n) f(z)
— 2024™ ().

Nhu vay dang thic phai xay ra, tic 1a f(nz) = nf(x) véi moi x > 0,n € Z*. (%)

1 1 ) 1
Dat a = f(1), trong (*) ta cho z = — thi c6 f (—> _— Tiép tuc thay z = — v6i m € ZT vao (x)
n n n m

() =rr ()= e
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N6i tom lai, ta ¢6 f(z) = ax v6i moi x € QT. Cudi cliing, v6i moi zy € RT tuy ¥, ta xét hai day s6
hitu ty duong (u,), (v,) sao cho

Up < To < Vp, YN €ZT va lim u, = lim v, =

thi theo tinh tang ngat cta f, ta co
flun) < f(xo) < flvp) = au, < f(x) < avy,, Vn € Z7T.

T day cho n — oo thi ¢ ngay azy < f(zo) < axg, thanh thi f(xy) = axe. Do d6 f(z) = ax,Vz > 0.
Tht lai, ta thay cdc ham f, g nhu trén déu thod man dé bai. Vay nén f(z) = az, Vor > 0 va
g(z) = 22, Vx> 0 la cac ham can tim, v6i a > 0 bat ky. O

Binh luan. Sau khi thu dugc (34), ta c6 thé chi ra g(z) = 22, Vz > 0 bing céch khac nhu sau:
Cdch 2: Trong (34) ta cho n = 2023 va x = y? thi co:

f(2024y%) > f (v*) +2023f(g(y)), Vy > 0.
Ap dung (ii) cho vé trai ctia danh gia tren, ta dugc:

20241 (g(y)) > f (y?) +2023f(g(y)), Yy >0
= f(9() = f (¥*), Vy > 0.

Ma f 1a ham tang ngit trén R nén ta phai c6 g(y) > y?, Vy > 0. Két hop véi danh gia trude do, ta

duge g(y) =y, Yy > 0.

Ban doc c6 thé thit sitc véi bai toan tuong tu sau day: Tim tat ca cac ham s6 f, g : Rt — RT thod man
y*f (@)

2 = —_— & .
f(w+y)—f(g(y))+g(yf(m))7 Yo,y >0

Bai toan 13
Tim tat cd ham s6 f : RT — R théa man: ton tai da thic P(z) khac hing, c6 tat ca he s6 déu

khong am sao cho
f(yf(@)? +2) =2*f(Py)) + f(x), Yo,y > 0. (35)

Loi gidi. Gia st phan chitng rang deg P > 2. Khi d6 v6i m&i z > 1 thi phuong trinh (an y)
yf(2)? + 2 = Ply) <= P(y) — yf(2)* — 2 =0

luon ¢6 nghiém y, > 0 theo Dinh 1y gié tri trung gian. Lic nay, trong (35) xét « > 1 va cho y = y,
thi dugc:

2 f(P(ys)) + f(z)

f(z) >0, voly vizx > 1.

F(P(y2))
Do d6 deg P < 1. Ma P(x) khéc hiang nén P(z) = ax + b, v6i a,b > 0 va a® + b* > 0.
. Y s
Trong (35) thay y b6i ——— thi c¢6:
) ok

fx+y) =2f (%+b) + f(z), Yo,y > 0.
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Tt day ta c6 luon f tang ngat trén RT. Néu nhu b > 0 thi f ( i 5+ b) > f(b), dan dén la

fl@)?
fy+z)>2*f(b) + f(x), Ya,y > 0.

) . N — n: k. Lo
Lay n € N*, n > 2025 tuy y. Khi do, v6i moéi k € 0,n — 1, ta thay x b6i  + — va y = — vao danh
n n
gia trén thi dugc:

2
f(x+k+1> . (:w%) f(b)+f(x+§) >x2f<b>+f(x+§>, Va > 0.

n

Tom lai, v6i z > 0 bat ky ta déu co:

f<:c+ﬂ> >f<x+§) + 2% f(b).

n
Cho k chay tit 0 dén n — 1 roi cong tat ca cac bat dang thiic lai, ta dudc:
fx+1)> f(x)+nz®f(b).
O tren ta lay n > 2025 bat ky, vi vay:
f(x+1)> f(z)+nx®f(b), ¥n > 2025.
Dén day cho n — oo ta thu duge dieu vo ly! Vi vay b = 0, va lac nay (35) trd thanh:

f o+ 25@)?) = @) +a*F ), Yo,y >0 (36)

Dén day thay y béi y + zf(y)2 roi st dung (36) thi duge:
a

y 2
f o+ 27@? + S0 @) = ) +2*F () + 2% (), Yy, > 0.
Dén day hoan ddi vi trf ctia « va y cho nhau roi doi chiéu véi déng thitc cit, thu dugc:

f o+ 257 + SR ) = f@)=aF () = f (y+ W)+ ) F@)?) = )=y ().

2

v6i moi z,y, z > 0. T day thay z béi 5 thi duge

F@Pf )
e ta+25@?) = f@) =22 0) = f (2 +y+ 2 0)?) = F) = v*F (@), Va,y,2 > 0. (37)

Dén day xét hai truong hop:
T+ gf(x)2 =y+ Ef(y)z, Va,y > 0. Khi d6 tur (37) ta suy ra:
a a

f@)+2%f (y) = f(y) +4°f (), Va,y > 0.

Dén day cho y = 1 thi duge f(1) = z%f(1), Vo > 0, vo Iy!
Ton tai xg, yo > 0 sao cho xy + @f(xgy £ yo + @f(yo)z. Khong méat tinh tong quat, gia si
a a

T
A=x9+ %f(%f — Yo — Eof(yo)z > 0.
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Thay © = ¢ va y = yo vao (37) va dat B = f(xo) + 22f (vo) — f(y0) — v2f (7o) thi duge:
7 (2470 + 25 @0)?) = £ (= + 0+ 22 (w0)?) + B, ¥z > 0.
Dén day thay x bdi  — C, trong d6 C' = yo + %f(yg)2 thi dugc:

fz+A)=f(2)+ B, V2> C.
Ta ciing dé dang quy nap dudc rang:
f(z+nA)=f(z)+nB, V2> C, neZ". (38)

Lic nay, trong (36) ta thay y béi y + A thi duge:

(o LA S 1) = F@) + 22 )+ Ba?, Vo 0,5 C
Dai chiéu véi (36) ta duge:

f (x + %f(x)2 + éf(x)Q) =f (x + %f(a:)2> + Bz?, Vx>0, y > C.

a(y — z)
f(x)?

Dén day thay y béi thi co6

Cf(z)?

a

f <y+§f(:c)2) = f(y) + B2* V2 >0, y > + .

Lay = > 0 va y > C tuy ¥, ta hoan toan chon duge n € Z* (di 16n) sao cho

Cf(x)”

a

y+nA >

+ x.

Vi thé, theo dang thitc trén ta c6

f<y+nA+§f(:v)2> f(y +nA) + Bz?

Sy (y - ?f(xf)

f(y) + Ba®.

No6i tom lai, ta thu dugce:
A 2 2
Fly+—f@)7)=fy)+Ba”, Vo> 0, y>C. (39)

Ap dung B dé RT, ta suy ra: Ton tai hing s6 k > 0 dé ma

kB
éf(x)szBxQ, Ve >0= f(x)=rz, Vo >0 (Véir: ACL) .

Thay vao (36) ta thu duge a = r?. Vay tat ca cap ham s6 (f, P) can tim la f(z) = rz, Vo > 0,
P(x) = r®x, Vo > 0, v6i r 1a hing s6 duong bat ky. O
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Binh luan. Sau khi thu duge (39), ta c6 thé hoan tat 15i gidi bai toAn mot cach “nhe nhang” hon nhu
sau: Trong (39) thay z bdi z + A va st dung (38) thi dugc:

2
24D AD ) = [f (y) + B2®] + 2BAx + BA®

v+ Srw2+ 28 )+

3¢ A
& (y n af(:c)2> +2BAz + BA?,

v6i moi x,y > C. Thyc hién tuong tu nhu bude chi ra (39), ta thu duge:

2
f<y+2Aan(a:)+AB > = f(y) + 2BAz + BA?, Vz,y > C. (40)
! (20+ MTBf(:r) + A52> _ (2C) = 2BAx + BA%, ¥z > C. (41)

Thay ngugc trd lai vao (40), ta dugc:

2 2
o+ 2250+ 22 = ) - 500 + £ (20+ 250 + 22 vy >

Chu ¥ 1a tit (41) ta thdy (M, +oo) C f(RY) vé6i M = f(2C) +2ABC + BA? néen déng thic trén c6
thé viét lai thanh:

fly+2)=f(y)—fRC)+ f(2C+2), Yy >C,z > D.

Dén day thay y bdi y + 2C va dat g(z) = f(z +2C) — f(2C), Vz > 0 thi ding thiic trén trd thanh:

gy) +9(z) =gy + 2), Vy,z > D.

Cudi cting 14 mot sd bai toan sit dung phép thé triet tieu dé ban doc tu rén luyen thém.

§2 Bai tap tu luyén
Bai 1. (APMO 2023) Cho trudc s6 thuc ¢ > 0. Tim tat cd ham s6 f : Rt — R* thoa man:
f((c+ )z + f(y)) = 2cx + f(x + 2y), Yo,y > 0.

Bai 2. (VMO 2022) Tim tat cd ham s6 f : RT — RT thoa man:
f(%?+w)=1+waVayemﬁaw
Bai 3. Tim tat ca cdc ham s6 f : R™ — RT théa méan

flz+2f(y) = fla+y)+2y+2f(y), Yo,y € RT.

Bai 4. (Kazakhstan MO 2020) Tim tat ¢4 ham s6 f : R™ — RT thoa man:

f@)fly)=f <ﬁ> , Yo,y > 0.

Bai 5. (Balkan Shortlist 2024) V6i ¢ > 0, chiing minh ring khong ton tai ham f: Rt — R*
thoa man
FW (@) +y+o) =zf(z+y), Yo,y >0.
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Bai 6. (Duyén hai Bac B6 2025 — khéi 11) Tim tat ca ham s6 f : R¥ — R* thoa man
af (x4 f(y) = f(flzy) +1), Yo,y > 0.
Bai 7. (Thai Lan TST 2014) Tim tat cd ham s6 f : RT — RT théa man
f(l+af(y) =yflx+y), Yo,y >0.
Bai 8.
(a) (Balkan MO Shortlist 2017) Tim tat cd cac ham s6 f : R* — R* thoa man:
fUf(e) +y) = fle) +3c+yf(y), Yo,y > 0.
(b) (Phét trién tir y (a)) Tim tit cd m € R sao cho ton tai ham s6 f : RT — R* thoa man:
flz+2025f(y)) = xf(x) + f(y) + max, Vo,y > 0.

Bai 9. (Kazakhstan MO 2024) Tim tat cd ham s6 f : RT — RT thoa man:
1
(o 220) = s (w4 3) o=

Bai 10. (Brazil MO 2019) Tim tat cd ham s6 f : Rt — R* thoa man:

[y + f(x) = F(f(2)f(y) + z, Yo,y > 0.
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