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LOI MO DAU

Trong bbi canh d6i méi cian ban va toan dién gido duc, cau tric dé thi Tot nghiép
THPT nam 2026 dang c6 su chuyén dich manh mé tit kiém tra kién thic han 1am sang
danh gia ning luc van dung toan hoc vao thuec tién.

Céc bai toan thuc té (Real-world problems) khong con ding lai ¢ mic d6 minh hoa don
gian ma doi hoi hoc sinh phai ¢6 tu duy mo hinh héa toan hoc (Mathematical Modeling)
sac bén dé chuyén d6i ngon ngit doi sébng sang ngoén ngt toan hoc mot cach t61 vu nhat.

Chuyén dé bdo cdo “PHUONG PHAP TIEP CAN BAI TOAN THUC TE TRONG PE
ON THI THPTQG 2026” dugc xay dung nham hé théng héa cac cong cu tu duy cbt 16i
dé giai quyét 16p bai toan nay. Thay vi tiép can theo tung dang bai riéng 18, chuyén dé
di sau vao ban chat ctia qua trinh mé hinh héa thong qua hai tru c6t phuong phap luan
chinh:

1) Ky thuat lua chon bién s6 t6i wu: Phén tich chién lugc d4t 4n phu dua trén ban
chat chuyén dong va hinh hoc. Cu thé 1a phudng phap bién thién theo thoi gian (¢)
dbi véi cac bai toan van toc, luu luong (nhu bai toan chuyén dong cta kién, thang
trugt, bom nudc) va phuong phap bién thién theo géc (a) dé xi ly cac bai toan cuc
tri trong khong gian giéi han (nhu bai toan thang xe cttu héa, khung tranh).

2) Tu duy suy luan logic va quy nap toan hoc: Trang bi ky nang phat hién quy
luat tu cac gia thiét roi rac. Thong qua phuong phap quy nap va khal thac gla thiét,
chuyén dé hutdng dan cach thlet lap cac cong thuc truy héi, cip s6 cong, cAp s6 nhan
dé giai quyét cac bai toan vé tdi uu nguon luc (diéu xe chong 1i1), quy luat tro choi
(chia keo, boc bi) hay két cau kién tric co.

Vi cach tiép can khoa hoc, chit ché va di thang vao ban chat van dé, chuyén dé nay
ky vong sé 14 tai liéu tham khao gia tri, cung cip cho gido vién va hoc sinh mét tu duy
mach lac dé chinh phuc cac bai toan thuc té mang tinh phan loai cao trong ky thi sap
toi.

Qua qua trinh nghién citu va phan tich ciu tric dé thi ciing nhu thuc tién day va hoc,
ching t6i nhan dién ba vin dé c6t 16i lién quan dén cac bai toan thuc té trong chuong
trinh 6n thi THPTQG 2026 nhu sau:

1) TAn suét xuit hién va mic d6 phan hoa cao trong dé thi: Trong xu hudéng d6i
méi kiém tra danh gia, cac bai toan thuc té (Real-world problems) da tré thanh mot
phan tat yéu trong ma tran dé thi tham khao va deé thi chinh thic cta Bo Gido duc
& Dao tao, cling nhu cic ky thi thi cia cac truong THPT trong diém. Pay thudng
12 nhém cau héi ndm 6 mic d6 Van dung va Van dung cao, déng vai tro then chét
trong viéc phan loai thi sinh (déc biét 1a phan khic diém 8+ va 9+). Thuc té cho
thay, du chiém ty trong s6 ludng khong qué 16n, nhung day lai 1a “diém nghén”
khién nhiéu hoc sinh méat diém déng tiéc do tam Iy e ngai d6 khé va ap luc thoi
gian.

2) Rao can vé tinh “La” va yéu cau tu duy pha cach: Khic véi cac bai toan dai
so hay hinh hoc thuan tay von c6 quy trinh giai (algorithm) co dinh, bai toan thuc
té luon mang tinh “dong” va tinh “la”.

e Thdch thiic vé doc hiéu: Pé bai thuong dai, chita dung nhiéu thong tin nhiéu
hoac cac thuat ngtt chuyén mon hep (vat ly, kién tric, kinh te...), doi héi hoc
sinh phai c6 ky nang loc thong tin va m6 hinh héa toan hoc.
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e Thdch thitc vé tu duy: Hoc sinh khong thé ap dung may méc cac coéng thiic c6
san (16i mon tu duy). Thay vao d6, cac em budc phai van dung linh hoat cac
cong cu toan hoc, tir viéc thiét lap ham s6, dao ham tim cuc tri cho dén viéc
phat hién quy luat day s6 dé giai quyét van de.

3) Su thiéu hut vé hé théng phuong phap luin trong tai liéu tham khao: Mic
du nguon tai liéu 6n thi hién nay rat phong pht, nhung da phan van ton tai nhitng
han che nhat dinh khi tiép can mang kién thic nay:

o Thiéu tinh hé théng: Céc tai liéu chi yéu ding lai & viéc tuyén tap cac bai toan
va cung cap l10i giai chi tiet cho tung bai riéng 1é.

o Thiéu tinh khdi qudt: Chua c6 nhiéu tai liéu di sdu vao phan tich ban chét,
duc ket thanh quy trinh tu duy hoac phéan loai phuong phap giai (nhu khi nao
nén dit 4n theo thoi gian, khi ndo dung géc, hay khi nao dung quy nap).

Piéu nay dan dén hé qua 1a hoc sinh thuong hoc theo kiéu “gép bai nao biét bai d6”,
thiéu kha nang tu duy doc lap dé xit ly cac bai toan méi la chua ting gip. Do d6, viéc
xay dung mot hé thong phuong phap tiép can bai ban la yéu cau cap thiet.

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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1 Phuong phap tiép cin bai toan thuc té trong dé 6n
thi TNTHPT 2026

1.1 Phuong phap dit an

Vi céc bai toan thuc té ¢6 yéu té tim min — max, dat 4n 14 mot buée dém quan trong
va can c6 su tinh té khéo 1éo nham lam qua trinh tinh toan tré nén don gian va nhe
nhang hon, hoic khai théc gia thiét mot cach hiéu qua va sdu sic hon. C6 nhiéu cach dit
4n tuy vao gia thiét hodc yéu cau bai toan, tuy nhién sau day, t6i trinh bay hai phuong
phép chinh dude dic két trong qua trinh giang day.

1.1.1 Thdi gian trong bai toan thuc té

Viéc xem xét mot thoi diém tong quat khi xay ra céac bién cb déng vai tro quan trong
trong tim hiéu cac ham dai luong theo thoi gian t.

Bai toan 1. Mot con kién dau 6 dau B ctia mét thanh ciing manh AB c6 chiéu dai L mét
dang dung canh mét biic tusng thang ding (hinh vé). Vao thoi diém ma dau B bat dau
chuyén dong sang phai theo san ngang véi van téc khong d6i v (m/s) thi con kién bat dau
bo doc theo thanh véi van toc khong ddi w (m/s) dbi véi thanh. Trong qua trinh bo trén
thanh, con kién dat dudc d6 cao cuc dai Amax 12 bao nhiéu mét d6i véi mit san? Cho dau
A cta thanh luén ty 1én tudng thang ding.

B B

Hinh 1: Minh hoa Bai toan 1

Y tudéng: Bing cach xét tai thoi diém ¢ (s), ta sé tinh d6 dai doan OA theo ¢ va vi tri
con kién lic nay sé 1a C, tinh d6 dai BC ro6i phoi hdp hinh vé dé tim ra 4.

Loi gidi. Véi thoi diém ¢ (s), ta ¢c6 OB =vt, BC = ut va theo Pytago ta cling c6

OA = VL2 -v?¢2.

Theo dinh ly Thales ta co

h  BC OA-BC VL2-v2t2-ut
—_— > h = = = f(t)
OA BA AB L

N p L p N
Bang cach xét bang bién thién cho f(¢) ta c6 maxf(¢) = ;— va dau bang xay ra khi
v
L
V2

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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Bai toan 2. Mot hinh 1ap phuong ABCD.A'B'C'D’ ¢6 canh bang L cm. Hai con kién xuét
phat tai cung mét thoi diém va di theo dudng thing véi téc d6 khong dsi. Biét rang con
kién thit nhat xuat phat tit diém A va bo dén diém B’ véi toc dd a cm/s va con kién thi
hai xuét phat tit diém D’ va bo dén diém C véi téc do b cm/s. Sau bao nhiéu giay ké tu
khi xuat phat thi khoang cach gitta hai con kién 12 ngan nhat?

Z

Bf C?
Hinh 2: Minh hoa Bai toan 2
Loi giai.
* Con kién 1 (M):
- Xuét phat: A(0;0;L).
. 1 -1
— Hudng di chuyén: Vecto don vi uq = (—;O;—).
g y 1 U1 VARG
- Van tbc: a.
- Toa d5 tai thoi diém ¢:

at
ymu=0, zy=L-—.

V2

XM =

sl

e Con kién 2 (N):
- Xuét phat: D'(0;L;0).
. 1 1
— Huéng di chuyén: Vecto don vi ug = (—;O;—).
g y 1 ug VAR
- Van tbc: b.
Toa do6 tai thoi diém ¢: x _ bt =L,z _ bt
/ J Lo « AN \/57 YN s RN \/§
Xay dung ham khoang cach tong quat: Khoang cach binh phuong d2(¢) gitta hai con
kién:
d*(t) = (xy —x3)* + (yn — ym)* + ey —2m)°.

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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Thay toa do vao:

2(h —_ )2 2 2
t“(b-a) LR t“(b+a) _2.L.t(b+a)+

— L?|.
2 2 NG

d?(t) =
Thu gon va dat:
d2@t) = ()= (@% + b2 - [V2L(a + b)]t + 2L2.

Tu day suy ra thoi gian hai con kién gan nhau nhat la:
3 L(a+b)
V2(a? +b2)’
O

Bai toan 3 (Thi thit Lé Thanh Tong Tp HCM 2026 lan II). Mién Trung Viét Nam von
luén phai oin minh chéng choi véi thién tai. Gia st trong moét dot ap thap nhiét d6i manh
1én thanh bao, Trung tam Du bao Khi tuong Thiy van Qudc gia phat di thong bao khan
vé con bao s6 4 ¢6 tén qubce té 1a Sao La. Trén ban do quy hoach phong chéng thién tai
dude gan hé truc toa do Oxy véi don vi do 1a 10 km (huéng Pong 1a truc Ox, huéng Bic 1a
truc Oy), vi tri ba thanh pho trong diém 12 Ha Tinh, Vinh (Nghé An) va Thanh Héa dudc
xac dinh 1an lugt tai cac diém 7'(0;0), N(-2;3) va H(-1;5). Tai thoi diém ban tin phat di,
tam bao Sao La dang ¢ ngoai khoi Bién Pong, cach thanh ph6é Ha Tinh 200 km. Vi tri
tam bao nam 6 huéng Pong Nam so v6i Ha Tinh, tao véi phuong Pong mét géc a sao cho
cosa = 0,8. Con béo di chuyén phiic tap theo huéng Tay Bac léch 60° so véi huéng Tay véi
van toc 20 km/h. Stc tan pha cta béo rat 16n véi vung nguy hiém 14 mot hinh tron cé
ban kinh ban dau 20 km va lién tuc mé réong thém 10 km méi gio. P& 1én phuong an so
tan dan cu dong bo, Ban chi dao can biét khoang thoi gian ma ca 3 thanh phd nay cung
nam trong vung nguy hiém ctia bao Sao La kéo dai bao nhiéu gio? (lam tron két qua dén
hang phan chuc).

Bachw

Hinh 3: Minh hoa Bai toan 3

Loi giai.

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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1. Chuyén d6i don vi va thiét 1ap thoéng sé

Theo dé bai, hé truc toa d6 c¢6 don vi do 14 10km (1dv = 10km). Ta quy ddi cac dai
lugng:

 Van t6c bao: v = 20km/h = 2dv/h.

e Ban kinh ban dau: Ry = 20km = 2dv.

e Toc d6 md rong: 10km/h = 1dv/h.

e Toa dd cac thanh phé: Ha Tinh 7(0;0), Vinh N(-2;3), Thanh Héa H(-1;5).

2. Toa @6 tam bao va ban kinh theo thgi gian ¢

a) Toa d6 tam bao ban dau S, (tai ¢ = 0)

Khoang cach T'S = 200km = 20dv. Tam b&o nim theo huéng Péng Nam (géc
phan tu IV), tao v6i huéng Pong mot géc a thoa man

cosa=0,8=sina=-1/1-0,82=-0,6
(do tung d6 am).

Suy ra toa dé tAm béo ban dau:
x0=20-0,8=16, yo=20-(-0,6) =-12.

Vay So(16;-12).
b) Vecto van téc cta bao

Huéng di chuyén 1a Tay Béc, léch 60° so véi hudéng Tay, nén géc hop véi truc
Ox la 120°. V6i v = 2dv/h, vecto van toc la

T =(2¢0s120°; 25in 120°) = (-1;V3).

¢) Phuong trinh tam bao va ban kinh theo ¢
Toa d6 tam bao tai thoi diém ¢:

xs =16 —1t,
S(¢
(){ysz—12+t\/§.

Ban kinh ving nguy hiém:
R(t)=2+t.

d) Thoi gian anh hudng dén cac thanh phd
Piéu kién dé mot thanh phé P nidm trong vung nguy hiém la

SP? < R%(1).

Thiét 1ap va giai bat phuong trinh bac hai theo ¢ cho ting thanh phd, ta dudgc:
e Ha Tinh T(0;0):

3% — (36 + 24V/3)t + 396 < 0 = ¢ € [7,00; 18,86].
e Vinh N(-2;3):

3¢2 — (40 + 30V/3)t + 545 < 0 = ¢ € [8,03; 22,62].

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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e Thanh Héa H(-1;5):
3t2 — (38 +34V3)t +574 < 0=t € [7,81; 24,48].
e) Két luan
Thdi gian ca ba thanh phd cung bi &nh hudng 14 giao cta ba khoang trén:
t € [max(7,00; 8,03; 7,81); min(18,86; 22,62; 24,48)] =[8,03; 18,86].
Do d6 tong thoi gian anh hudng la

At =18,86—-8,03 =10,83 = 10,8 (gi0).

]

Bai toan 4. Mot chiéc thang dai L mét tua vao bic tudng thing ding trén mat dat bang
phang. Khi dau duéi ctia thang di chuyén (trén mat dat) ra xa bic tudng véi van toc
khong doi 1a v (m/s) thi dau trén cia thang sé trudt xudéng doc theo bic tuong. Khi diém
dau thang cach mat dat ¢ mét thi van tbc di chuyén tic thoi ctia né bang bao nhiéu? (don
vi m/s)

y (Tng) A
£ + y(1)? = I
2zx’ +2yy’ =0
p
77750])
L
y(t) =a <
—_—
O~ v~ ~ T (Mt t)

x(t)

Hinh 4: Minh hoa Bai toan 4
Lgi giai. M6 hinh hoa bai toan
Gia su bic tuong trung véi truc tung Oy va mat dat trung véi truc hoanh Ox.
 Goi x(t) 1a khoang cach tit chan thang dén chan tudng tai thoi diém ¢.

e Goi y(¢) 1a khoang cach tit dau trén ctia thang dén chan tuong (d6 cao) tai thoi diém
t.

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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e Chiéu dai thang 12 hang s6 L.
Theo dinh ly Pytago trong tam gidc vudng tao béi thang, tusng va dat, ta luén cé6 méi
lién hé:
x(8)? + y(t)? = L2
LAy dao ham hai vé ta cé:
x'(t)-x(@)+y'()-y() = 0.
Thay x/(¢) = v vao phuong trinh:
x-v+y-y'(t)=0.
Suy ra van toc ctia dau trén thang la:

yt)y=-22 (x)
y

Pé bai yéu cau tinh tbc d6 khi dau thang cach mét dat mot doan a mét. Tic 1a tai thoi
diém y =a.
Ta can tim gia tri x tuong ang luc nay. Thay y = a vao phuong trinh Pytago ban dau:

?+a’=L%=>x=VL2-a2
Thay x = VL2 —a? va y = a vao phuong trinh (x):
, VL2 -a?-v
y(t)=————m—.
a
Pap $0: Vsethoi = AV —a2(m/s). O
a

Bai toan 5. Mét chau dung nuéc c¢6 dang hinh chép cut tit gidc déu véi chiéu cao A (dm),
canh ddy lan luot 14 a (dm) va b (dm) (a < b). Ngudi ta bom nuéc vao chau véi luu luong
khong ddi s lit/phit. Sau ¢ phit chiéu cao nudc trong chau 1a £(¢) (dm), biét lic dau chau
khong chita nuéc, tim f(2).

—

Luu lugng s

Muc nuée
y=f(t)

Hinh 5: Minh hoa Bai toan 5

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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Loi giai.
1) Tinh thé tich nuéc trong chau tai thoi diém ¢
Vi nuée dude bom véi luu ludng khong d6i s, thé tich nuée V trong chiu sau ¢ phut
la: V(#) =st
2) Thiét 1ap cong thiic thé tich theo chiéu cao y
Goi y 1a chiéu cao ctia muc nudc tai thoi diém ¢ (0 < y < 4). Khoi nudc trong chau
cung c6 dang hinh chop cut ti giac deu vdi:
e Chiéu cao: y
e Canh day duéi: a
e Canh mit nuéc (day trén ctia khdi nuéc): Goi 1a «.

Vi canh ctia hinh chép cut bién thién tuyén tinh theo chiéu cao, ta ¢6 méi quan hé
gitta canh mat nuéc x va chiéu cao y nhu sau:

b-a
h

x=a+ y.

Thé tich ctia khoi nuée (hinh chép cut) tinh theo cong thiic:

1 1 x°-d
V:—y(a2+x2+ax):—y-x a.
3 3 x—a
Tu phuong trinh
—g4 ——
x=a+——y
Ta c6
b-a
X—a= .
7 Yy
Thay thé (x —a) vao mau sb:
1 x®-ad h
V=y. _ 3_ 3
3" %5-a_  36-a” *)

. . b - N \ A R s A p R s
Bay gio, ta thay lai x =a + Ta y vao phudng trinh trén dé cé cong thic thé tich

_ 3
(a+b ay) —(13

theo y:

V(t)=

3(b-a)

3) Tim ham sb £(t)
Ta cho thé tich tinh theo hinh hoc bang thé tich nuéc bom vao:

(a+b_a )3—a3
A y

h
3(b—a)

_h 3l o 33(b—a)t_ 3
y_b—a(\/a +—h a)—f(t).

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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]

Bai toan 6. Mot cai bé nudce hinh nén dé nguge nhu hinh vé, ¢6 chiéu cao a cm, ban kinh
day bang b cm. Mot voi nude chay vao bé sao cho sau mdi gidy chiéu cao muc nudc ting
déu 1én ¢ cm cho dén khi day bé. Hay tinh téc do tang thé tich (m3/s) cia nudc tai thoi
diém cach mot giay ngay trudc khi bé day. (Két qua lam tron dén hang phan tram).

hinh nén

h

Hinh 6: Minh hoa Bai toan 6
Lgi giai.
1) Thiét 1ap cac ham theo thoi gian ¢

Goi ¢ (gidy) 1a thoi gian nudc chay vao. Chiéu cao muc nudc tang déu ¢ cm/s nén tai
thoi diém t:
h(t)=ct (cm)

Dua vao tam giac dong dang, ban kinh mat nudc r(¢) ti 1é véi chiéu cao:
rit) b b be
2) Xay dung ham thé tich V(z)
Thé tich khéi nuée hinh nén 1a

1
V = =nr?h.
3

Thay r(¢) va h(t) vao, ta dudc:

nb2e? 3 3
t cm®).
352 ( )

2
V(t)= ln (@t) (ct)=
3 a

3) Tinh téc d6 ting thé tich
Toc do ting thé tich 14 dao ham cta V(¢) theo ¢:

nb2ed

V()= —5—t (cm’/s).
a

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai
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4) Xac dinh thoi diém can tinh
Bé day khi chiéu cao nuéc dat 4 = a:

a
Clegll =a = teull = .

Thoi diém mot gidy trude khi bé day:

a—c¢

a
t0=tfu11—1=E—1= (s).

c

5) Tinh gia tri cu thé
Thay #¢ vao cong thic V'(2):

V'(to) = (@-c)® (cm?/s).

wb2c? (a - 0)2 B b2
a? c a?

Luu y: Néu dé bai yéu cau don vi m?/s thi nhan két qua trén véi 1076.
]

Bai toan 7. Mot tén trom dang cb ging kéo thung nit trang qua mot bic tudng c6 d6
day BC =1 m; biét rang tudng cao 4 m va soi day dudc kéo theo dudsng gap khiic ABCD c6
d6 dai khong d6i bang 20 m, doan BF = 0,5 m. Trong khi kéo thi tén trom ludén ghi dau
day theo mét thanh vin cta cau thang (dau day dich chuyén theo phuong AF). Biét rang
thanh vin cau thang hop véi phudng ngang mét géc bang 30°. Khi hai chd canh sat xuat
hién thi vi tri A cach F khoang 6 m va thung D tién vé phia E véi toc d6 1 m/s. Héi dau
day A roi xa diém F véi toc dd bao nhiéu m/s? (Lam tron két qua dén hang phan tram).

). hm
L

. Thanh vin ¢in thang
H (Phygong chuyén dong ciia A)

A

T
S
BT S

\fiﬁm N

Hinh 7: Minh hoa Bai toan 7
Loi gidgi. Pat DE = x (m), AF =y (m). Ta ¢6 CD = Vx2+16 va AFB = 180° — 60° = 120°.

Suy ra
AB%2=%%+0,52-2-5-0,5-c0s120° = % + 0,25 +0,5y.

Ta c¢6 phuong trinh chiéu dai day:

AB+1+CD:20©\/y2+0,5y+0,25+1+\/x2+16:20.

- \/y2+0,5y+0,25+ Va2+16=19 ()
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Thay y =6 vao (x) ta dudc:

\/62+0,5-6+0,25+Vx2+16:19:>\/39,25+\/x2+16:19:>xz12,1(m)

(Luu gia tri nay vao bién nhé A). Pao ham hai vé ctia (+) theo bién ¢ ta dudgc:

2y+0,5 dy, 25 dx o
2v/y2+0,5y+0,25 dt 2Vx2+16 dt

Thay y=6; x = 12,1; d_JtC = -1 m/s (do x ngay cang giam theo thoi gian ¢) vao (xx*) ta tinh
dudc

dy

— =~ 0,95m/s.

dt 7 °

Vay dau day A roi xa diém F véi toc do khoang 0,95 m/s. O

Bai toan 8. Nhu hinh vé, hinh vuéng ABCD c6 d6 dai canh bang 6 va hinh vuéng EFGH
¢6 d6 dai canh bang 3 dudc dat trén dudng thang AF.

Piém P xuéat phat tit diém A, mdi gidy di dudc 2 don vi doc theo cac canh cta hinh
vuong ABCD theo thittu A—-B—-C—D — A.

Piém @ xuat phat tit diém F, méi giay di dudc 1 don vi doc theo cac canh ctia hinh
vuong EFGH theo thitu F -G —H —E —F.

Biét ring BE = 3. Héi téc d6 bién thién cua PQ? tai thoi diém 4 gidy sau khi hai diém
P,Q lan lugt xuét phat tit A, F bang bao nhiéu?

D, C
6 H : G
., N _
._ P_, Q
A‘ = ""E‘ — ..--B--____:_j_l_____-E.____E__..-F

Hinh 8: Minh hoa Bai toan 8

Loi giai. Khi biéu dién toa do cia P,Q sau ¢ giay theo ¢, biéu thic sé khac nhau tuy
theo khoang cta ¢, nén ta hay tim toa do cta P,Q trong khoang chua ¢ =4.

Lay diém B lam gbc toa do, BC lam truc Oy, BF lam truc Ox.

Khi 3 < ¢ <6, toa d0 ctia @ ¢ thé viét 1a (9—¢;3). Ciing trong khoang 3 < ¢ < 6, toa do
ctia P c6 thé viét 1a (0;2¢ - 6).

bit PQ? = f(¢) thi:

() =(9-1)2+(3-(2t—6))>
=(9-1)%+(9-2t)
=5¢% - 54t + 162
Ta c6
= f'(t) = 10t — 54.
Do d6 tai t = 4, thi f'(4) = 10(4) - 54 = ~14.
TONG QUAT: Ta sé nghién citu d6 dai PQ & thoi diém ¢ trong chuyén dong.
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1) Thiét lap hé quy chiéu va chu ky
e Hé truc: Chon gbc B(0;0), truc hoanh trung dudng thang AF, truc tung trung
canh BC.
e Chu ki (T):
- Chu vi hinh vuéng ABCD 1a 24, van toc P 13 2 = Tp = 12s.
- Chu vi hinh vuéng EFGH 12 12, van téc @ 1a 1 = T = 12s.
e Chuyén dong lap lai méi 12 gidy. Ta xét ¢ €[0;12].
2) Xac dinh toa d6 va tinh PQ” theo tiing giai doan Vi hudng di chuyén thay doi
tai cac dinh, ta chia lam 4 giai doan (moi giai doan 3 giay).
a) Giaidoan 0<t <3 (P€AB,Q e FQG):
* P(-6+2¢;0); Q(6;7)
* PRZ=(6-(-6+21))%+(t—02=(12-2)® +t%> = PQ? = 5t — 48¢ + 144
b) Giai doan 3<t<6(PeBC, Q € GH):
* P(0;2t-6); Q(9-1¢;3)
s PR?=(9-12+(B8-(2t—6))>=(9-1)? +(9—2t)*> = PQ? =5¢> — 54t + 162
¢) Gilaidoan 6 <t<9(PeCD, Q€ HE):
e P(12-2£;6); Q(3;9—1)
e PR?=(3-(12-20))2+(9-t-6)?>=(2t - 9% +(3-1)? = PQ? = 5t> — 42¢ + 90
d) Giaidoan 9<t<12(PeDA,Q€cEF):
o P(-6;24—2¢t); Q(3—(t—9);0) = (12— ¢£,0)
* PR?=(12-¢t—(-6)>+(0—(24-2¢8))% = (18- 1) +(2t —24)? = PQ? = 5t~ 96t + 576
Coéng thitc tong quat: D6 dai binh phuong doan thang PQ tai thoi diém ¢
(0<t<12) 1a:
5t2-48¢t+144 khi0<t<3
5t -54¢t+162 khi3<t<6
5t2-42¢+90 khi6<t<9
5t2-96¢+576 khi9<t<12

PQ*(t) =

O

Bai toan 9. Trong tuong lai, mét khinh khi cau Z dang 6 ding vi tri cach thap cao 584 m
vé phia tay va 812 m vé phia nam, 6 d6 cao 344 m so v6i mat dat (cac sb liéu déu tinh cho
tam cta Z). Thuyén trudng mubn bay qua quang trudng va cho tau di theo huéng vé phia
thap cao. Z tréi theo mot dudng thang, mdi giay dich chuyén 3 m vé phia déng va 4 m vé
phia bac, dong thoi ha xuéng 1 m mbi gidy. Puong kinh ngang ctia Z 1a 24 m. Puong kinh
ngang cua thap tai o cao & (tinh béing mét) cho béi cong thic d(h) = 872 — 6k (m).

Trong qué trinh bay theo quj dao trén, khi khoang cach giita bé mat Z va bé mit
thap nhé nhat thi do cao ctia Z 1a bao nhiéu mét?
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z (Cao)

7 (Khinh khi cau)

Tém tit bai toan:
- Zy(812, —584, 344)
- Vén téc: ¥ = (—4,3,-1)
- Rz =12m

- Ry, = 436 — 3h

O (Chén thé

y (Dong)

z (Nam)
Hinh 9: Minh hoa Bai toan 9

Loi giai. Chon hé truc toa do:
e Goc O tai chan thap.
* Truc Oy: huéng tu tay sang dong.
e Truc Ox: huéng tit bic xudng nam.
 Truc Oz: thing ding hudng lén trén.

Khi d6 truc cta thap chinh 1a truc Oz (dudng thang x =0, y = 0).
Ban dau tam Z:

e Cach 584 m vé phia tay = y, = —584.

e Cach 812 m vé phia nam = x, = 812.

e Cao 344 m = z( = 344.

Vi moi giay:

e Di 3 m vé phia dong = +3 theo Oy.

e Pi 4 m vé phia bic = —4 theo Ox.

e Ha1lm = -1 theo Oz.

Suy ra Z tai thoi diém ¢ (giay):
Z(t)=(812—-4t;-584+3t;344—t), t=0.

D6 cao Z:
h(t)=344—t.

Khoang cach ngang tit tam Z téi truc thap:

r(#) = /22 + y(£)2 = V(812 — 4¢)2 + (584 + 38)2 = 5/(¢ — 200)2 + 16.

Khi dé ban kinh ngang cua thap:

d(h) _872-6h

Rinap(h) = = 5

(1)

(2)

(3)
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Ban kinh Z:
24
RZ = ? =12 m.

Tu () va B) ta co:

872-6(344—t) 872-2064+6¢ 6¢—1192

Rthép(h(t)) = 2 2 2

Tai thoi diém ¢, khoang cach gitta hai bé mat (theo phudng ngang) la:

A@)=r(t)— (Rthép(h(t)) +Rz)
Thay @), @), (B) vao (6) ta duoc:

—-1192
A(t) =5V/(t—200)2 + 16 - (—Gt 5 2 12).
Lay dao ham:

A'@t) = ot~ 200) -3.

V/(t—200)2 + 16

V(E-2002+16 V(E—2002+16

Pat u = ¢ - 200 (diéu kién u > 0)
5u
Vu?2+16

=3=>25u2=9w?+16)=>25u2=9u’ +144=> 16u’=144=>u’>=9>u = 3.

(4)

(5)

(6)

Lap bang bién thién ta suy ra dudc khoang cach gitta hai bé mit nhé nhat khi ¢ =

200 + 3 = 203 (giay).
D6 cao tuong ing: Ay, = A(203) = 344 — 203 = 141(m).

O

Bai toan 10. Nhu hinh bén phai, ta c6 mot cai coc dang hinh nén cut: ban kinh miéng
bang 9 cm, ban kinh ddy bang 3 cm, chiéu cao bang 12 cm. Ngudi ta rét nude vao coe sao
cho muc nudc ting déu véi téc d6 0,5 cm mbi gidy. Héi téc do bién thién thé tich nudc
trong coc tai thoi diém muc nuée bang mét nita chiéu cao cia cbe bang bao nhiéu em?/s

(lam tron két qua dén hang phan mudi). (Bé qua bé day thanh cbc)

Hinh 10: Minh hoa Bai toan 10
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Loi giai. Pat ¢ (giay) 1a thoi gian da tréi qua va A (cm) 1a chiéu cao muc nudc, ta cé
h=1t.
2
Mat khac, nhu hinh vé, ta ghép thém phan nén phia duéi dé dudc mot hinh nén 16n.
1
Khi do AB=9cm, EF =3 cm, AE =12 cm, CEzét cm.
Goi EG =a (cm). Khi d6, do AAGB ~~ AEGF nén:

AB AG 9 12+a

— ==
EF EG 3 a

Suy ra 3(12+a) =9a = 6a = 36 = a = 6(cm).
Lai goi CD = b(cm). Khi d6, do ACGD -~ AEGF nén:

CD CG b 3t+6
_LG_ b _ .

EF EG 3 6

Suy ra:

1 1
b:3(—t+1 =>b=-t+3(cm)
12 4

*(Luu y: File goc ghi doan bién d6i b = 1 + 3 truc tiép sau biéu thic ti 18).*
Goi V 1a thé tich nuéc trong cbe. Do d6:

1, 1, 1 (1 21
V=—nb"-CG 37[EF EG—SH(4t+3) (2t+6

1
- Zn-3%.6.
3 3

Hay:

1 (1 2 N 27 (1 3
V=zn|=t+3]| -2|=t+3|-187="=|=¢t+3| —18x.
374 4 3 (4

*(Poan nay t6i viét lai cong thitc cho gon dua trén két qua dao ham bén duéi).*
Lay dao ham theo ¢, ta dudc:

2 1 21 1 2
V'(t)z—n-3(—t+3) -—=E(—t+3) )
3 4 4 2\4

Muc nuéc trong cbc tang déu 0,5 cm méi gidy. Muc nude bang mot nita chiéu cao coc khi:

1t—12—6:>t—12
2" 2 S
Vi t =12 6 thoi diém can xét nén:
p m(l 2 n 9 T 3
V'12)==|--12+3] ==(B8+3)°=—=-36=187~56,5(cm"/s).
214 2 2

Vay tai thoi diém muc nuéc bing mot nita chiéu cao caa cbe, thé tich nude trong cbe
tang véi toc do 18w cm?/s.
[

Bai toan 11. Hai chit diém A va B chuyén dong thang déu cung hudng vé O véi van tbe
v = kv va goc AOB = a > 0° (tham khao hinh vé). Biet rang khi khoang cach gitta hai
chat diém A va B 1a nho nhat thi s6 do géc BAO = ¢. Tim tan¢ theo %, a.
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n

Hinh 11: Minh hoa Bai toan 11

Y tudng: Ta van tiép tuc xét 6 thoi diém ¢ (s), tap trung vao tinh toan dé dai OM, ON
va tinh d6 dai MN.

Loi gidi. Goi v 1a van toc ctia chat diém A. Suy ra van toc cta B 1a kv.

Gia st tai thoi diém ban dau (¢ = 0), khoang cach ctia A va B dén O lan ludt 14 ay va
by.

Tai thoi diém ¢, quang dudng cac chat diém di dude 1an luot 1a vt va kut.

Khi d6, khoang cach tit cac chat diém dén goc O tai thoi diém ¢ la:

OA =x(t)=ao—vt; OB = y(t) = by — kuvt.
Ap dung dinh 1y cosin trong tam gidc AOB, binh phuong khoang céch giita hai chét

diém 1a ham sb £ (¢):
f(t)=AB2=0A%?+0OB?-20A-0OB-cosa.

Thay cac biéu thiic phu thudc ¢ vao:
F(&)=(ag—vt)? +(bg—kvt)? —2ag—vt)by — kvt)cosa.

Pé khoang cach AB nho nhéit thi 7(¢) dat cuc tiéu. Ta tinh dao ham f/(¢) va cho bang

£ = [x2)2] + [y()%] — 2cos alx(t)y(®)] = 0.
Ap dung quy tic dao ham hop (véi x’ = —v va y' = —kv):

2x(t)(—v) + 2y(t)(—kv) — 2cos a [x' (1) y(t) + x(t)y'(t)] = 0.
Thay «', y' vao va rut gon:
—2vx—2kvy—2cosal-vy—kvx]=0.
Chia ca hai vé cho —2v (vi v # 0):
x+ky—cosa(y+kx)=0,

=>x+ky—ycosa—kxcosa =0,
= x(1—-kcosa)=y(cosa—k).

Suy ra:

Q

A

x cosa—=F k—cosa
OB vy

1—Fkcosa Fkecosa—1
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Khi do:
BH  ysina _ sina

tang =tanBAO = = = .
¢ AH x-ycosa ;—C—cosa

s A X N N
Thay ti so — vua tim dudc vao:
Yy

¢ sina t
ang = =cota —
¢ k—cosa ksina
—cosa
kcosa—-1

]

Bai toan 12. Goc toa do 1a diém xuat phat dong thdi ctia hai diém P, @ chuyén déng
trén mot duong thang (don vi do dai: mét, don vi thoi gian: gidy). Goi van toc cia chung
6 thoi diém ¢ 1an luot 14 v1(2), ve(?) thi

vi()=—2t—1, wva(t)=3t%+1.
Goi R 12 trung diém ctia doan PQ tai moi thoi diém.
a) Toa d6 ctia diém @ tai thoi diém ¢ = 1 béng 1.
b) Van téc ctia trung diém R tai thoi diém ¢=11a 1 m/s.

¢) R di qua gbc toa do tai ding hai thoi diém ¢=0va t=1.
N N g . N A . - . . A A 1N 2
d) Quang duong ma diém R di dudc tu ¢ = 0 dén khi n6 lai di qua goc toa do la o7

Loi gidi. Vihai diém P, @ xuit phat dong thai ti gbc toa d6 va chuyén dong trén dudng
thang, nén néu van toc ctia ching 6 thoi diém ¢ 1a

Vi) =-2t—1, ve(t)=3t2+1

thi vi tri cta chung la
x1(t)=—=t2—t, xo(t)=£+t.

a) Sai. Toa d6 ctia diém @ tai thoi diém ¢ =112 x2(1) =2.
b) Sai. Vi tri va van t6c cta trung diém R cta doan PQ, ky hiéu 1an ludt 14 x(2),v(2), 1a

H4xet) 1. 1 3
x(t):M:—t?’——tQ:U(t):—t2—t
2 2" 2 2

nén tai thoi diém ¢ = 1 thi van tbc bang 0,5 m/s.
¢) Pung. Thoi diém diém R di qua gbc toa do lan thit hai dude xac dinh béi

1 ¢
x(t):0©§t2(t—1):0:

d) Sai. Quang dusng ma diém R di dudc cho dén khi lai di qua gbc toa d6 1a

1 1 3 1 3
S:f |v(t)|dt:f —tz—t'dt:f (t——t2)dt
0 012 0 2
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(Vi trong khodng (0;%) van téc ém va (%;1) van tbc duong, ta can phd tri tuyét doi
cdn than. Xét déu v(t)=t(3t—1): v(¢) <0 vdi t € (0;2) va v(t) >0 vdi t € (3;1)).

2/3 1
S:f (t—§t2)dt+f (§t2—t)dt
0 2 2/3\2

1

2 B\ B 2
e

2 2l 2 2)lys
(55 053]
S e T

9 27 27 9
2 2 4
_2.2_4

27 27 27

1.1.2 Bat dau tir viéc dat géc trong bai toan thuc té

So v6i d6 dai, viéc dat géc dé tinh toan va bién d6i c6 nhiéu 1di thé hon vé viéc tim ra
ham so lién ket cac gia thiet 6 dang don gian, cac quan hé vé dong dang dudc khai thac
triét dé va dé quan sat. Tuy nhién sé khé khin trong viéc xét ham so6 dé tim ra diém cuc
tri.

Bai toan 13. Hinh bén mé ta mot mat cit ngang ctia mot toa nha cao tang. Mot chiée
thang tit xe cttu hda 1én dén mat tuong phia trudc cia toa nha phai vudt qua phan mai
che cao a(m) so véi méit dat va ving mai nay nhé ra b(m) so véi tuong. Gia s, do cao cua
xe cttu hoa 1a khong dang ké, hay tim do dai ngan nhéat cta chiéc thang dé cac linh citu
héa c6 thé thuc hién nhiém vu nay.

N4

«—— o ——>|

Hinh 12: Minh hoa Bai toan 14

Ldi gidi.
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1. Thiét lap ham sb d6 dai Do dai chiéc thang L 1a téng ctia hai doan:

e Poan tit mat dat dén mai hién (d1): d1 = ,L
sinf
a3k R b
e Doan tu mai hién den tuong (dg): do = ——
cosf
Vay ham s6 do dai thang theo géc 0 1a:
a b

L) =

— + .
sinf cos®

2. Tinh dao ham

Pé tim d6 dai ngén nhéat (cuc tiéu), ta tinh dao ham caa L theo 6:

acosO bsin0

L'©)=- .
© sinf  cos20

Hoac viét lai theo dang cot va tan:

b
L'0) = ——2 coth + —— tan®.
sin@ cosO

3. Tim diém cuc tri
Cho L'(6) =0:
acost bsind sin®0 «a

a
= o =— otan®0=—.
sin29 cos?20  cos30 b b

a
tanf = {/—.
an \/;

4. Tinh d6 dai ngan nhat (Coéng thitc tdng quat)
1/3

Suy ra géc t6i uu théa méan:

T tan6 = XL ta c6 thé biéu dién sinf va cosd thong qua tam giac vudng:
_ o3 pL3
sinf=———, cosf=———.
Va2 1 523 Va2 1 523

Thay vao phuong trinh L(9) ban dau:

a b
L onin = n _ 023/ q23 £ p2/3 1 p2/3\/ 023 1+ p2/3.

a1/3 b1/3

VaZB+ 028 Va2B 1 b3
Rut gon biéu thec:

Lo = @23 + 523)Va23 + 523 = (423 1+ p23)L. (423 4 p2/3)12,

Keét qua cuoi cung: D6 dai ngan nhat cta chiéc thang la

Lmin — (a2/3 + b2/3)3/2.
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]

Bai toan 14. Ba Bich xin mét “chit Tam” dudc son son thép vang trong mot hinh chit
nhat ABCD kich thuéc a cm x bem. Ba treo bitc tranh nay trén tuong. P& tang diém nhén
cho buc tranh, ba trang tri moét khung hinh cach diéu la hinh chit nhat MNP@® sao cho
cac diém A, B, C, D lan lugt thudc cac canh QM, MN, NP, PQ (xem hinh vé). B4 muén
phan dién tich chiém ché ctia hinh chit nhat MNPQ trén tuong 12 16n nhat (can d6i nhat).
Hoi dién tich 16n nhét d6 bang bao nhiéu cm?2?

N

Hinh 13: Minh hoa Bai toan 15
Loi giai.
1. Thiét lap bién sb va cac hé thitc lwong Pat QAD = x véi didu kién 0° < x < 90°.
Xét tam giac vuong AAQD (vudng tai @):
AQ =AD -cosx=a-cosx va @QD=AD-sinx=a-sinx.
Vi MNPQ 13 hinh chit nhat = MAB = 180° —90° — x = 90° — x
Xét tam giac vuong AAMB (vudng tai M):

* AM =AB c0os(90°—x)=AB-sinx =b-sinx
* MB=AB-sin(90°—x)=AB -cosx=b-cosx
Do tinh chat d6i xiing cta hinh chit nhat, ta dé dang suy ra: Chiéu rong ctia hinh
cht nhat MNPQ la
M@ =AM +AQ =bsinx +acosx.
Chiéu dai cta hinh chit nhat MNPQ: Vay

MN =MB+BN =bcosx+asinx.
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2. Xay dung ham dién tich
Dién tich hinh chtt nhat MNPQ la:

Sx)=M@ -MN =(acosx+bsinx)(asinx + bcosx).
Khai trién biéu thec:
S(x) = a®cosxsinx +abcos®x +absin’®x + b2 sinxcosx,

S(x) = (a® + b%)sinxcosx + ab(sin x + cos® x).

2

, A . S L. 1.
St dung cac cong thic ludng giac sin®x + cos?x = 1 va sinxcosx = 3 sin2x, ta dudc:

1
S(x)=ab + §(a2 +b?)sin2x.

3. Tim gia tri 16n nhat
Pé dién tich S(x) dat gia tri 16n nhat, biéu thic sin2x phai dat gia tri 16n nhat. Ta
biet rang véi moi goc 2x, ta ludén c6 sin2x < 1.
D4u “=” xay ra khi:
sin2x =1 2x =90° & x = 45°.

Khi d6, gia tri 16n nhat cta dién tich la:

2ab+a?+b% (a+b)?

1
SmaX:ab+§(a2+b2): 5 5

O

Bai toan 15. Cho tam giac déu ABC c6 canh bang a. Dung tam giac déu DEF ngoai tiép
tam giac ABC sao cho ba dinh A, B, C lan lu¢t nam trén ba canh ctia tam giac DEF. Tim
gia tri 16n nhat cta dién tich tam giac DEF.

Hinh 14: Minh hoa Bai toan 16
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Ldi gidi.

1. Thiét 1ap bién sb va cac goc Gia st ba dinh A, B, C 1an lugt thudc ba canh EF,
FD, DE ctaa tam giac DEF. Pat DCB = x véi dieu kién 0° < x < 120°.

Vi tam gidc ABC la tam giac déu nén BCA = 60°. Xét diém C nam trén doan thang
DE, ta c6 goc bet DCE = 180°. Suy ra goc ECA dudc tinh nhu sau: ECA =120° —x.

2. Tinh canh ctia tam giac 16n theo bién x

Xét hai tam giac nhé 6 géc 1a ABDC va ACEA. Do tam giac DEF déunén D =E =
60°.

e Xét trong ABDC, ta c6
DBC =180°-D -DCB =180° —60° —x = 120° — x.

Ap dung dinh 1y ham sé Sin cho tam gidc ABDC véi canh BC =a:

DC _ BC L DC = a-sin(120°—x)  2asin(120° —x)
sin(120° —x)  sin60° - sin60° V3 '

e Xét trong ACEA, ta co
EAC=180°-E -ECA = 180° —60° — (120° — x) = «.
Ap dung dinh 1y ham sb Sin véi canh AC =a:

CE AC - _a-sinx 2asinx
sinx  sin60°  sin60° 3

3. Xay dung ham d6 dai canh tam giac DEF

Goi canh ctia tam gidc déu DEF 1a L. Ta ¢6 L = DE = DC + CE. Thé cac két qua tinh
dudc 6 trén vao:

L(x)= 2—\/% [sin(120° — x) + sinx].

Bién d6i lugng giac

3 1
sin(120° —x) = sin 120° cosx — cos 120° sinx = o5 cosx + 5 sinx.

Thay vao biéu thic ctia L(x):

L(x)= —|—cosx+ Esinx

2a (V3 3
V3| 2 '
Rt gon biéu thiic vé dang sin téng:
L(x) = a(cosx + V3sinx) = 2a sin(x + 30°).
4. Tim gia tri 16n nhat
Dién tich tam giac déu DEF dudc tinh bang cong thic:

L2V3
SpEF = Y
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Pé dién tich 16n nhéat thi canh L phai 16n nhat. Tu biéu thic L(x) = 2a sin(x + 30°), ta
thay gia tri nay 16n nhat khi

sin(x+30°) =1 x+30°=90° © x =60°.

Khi x = 60°, d6 dai canh 16n nhat la:

Lyax = 2a.

]

Bai toan 16. Nhu hinh, mét huy hiéu ki niém c6 ciu tric gom hai dudng tron déng tam
ban kinh 1an lugt 1 cm va 2 cm, tam O. Tam gidc can ABC ¢6 dinh A nam trén dudng tron
ngoai, hai diém B,C nam trén dudng tron trong; O va A nam cung phia dbi véi duong
thang BC. Goi S; 1a dién tich hinh quat-day (phan giéi han béi day BC va cung nhé BC),
goi S 12 tong dién tich ciia AOAB va AOAC. Khi So—S; dat gia tri 16n nhat thi huy hiéu
dep nhat. Hay tim gia tri 16n nhat d6? (Iam tron két qua dén hang phan tram, don vi
cm?)

A4
f ]
! \
e e
a/ . III.I IIII \
[ I.' I". ':I |
| - | |
| '._ f #-_____.-"_le HHHHII"I, II| |
E-..u ul H,'b.-[:
e D_ﬂ__/

Hinh 15: Minh hoa Bai toan 17

Ldi giGi. Diat BOC =20 €(0,7) nén 0 e (o, g) Ké OD 1 BC tai D. Khi d6 D 1a trung diém
cia BC. Vi AABC can tai A nén A, O, D thang hang. Lai c6
BOA=AO0C =n-0.
ViOB=0C=1, nén
Ny Ny 1, 1 , 1
S1 =dién tich quat BOC —dién tich ABOC = 5 14.20 - 5 -OB-0C -sin260 =0 - B sin26.
Con

1 — 1
SQ:Q-SAOAB:2-§-OA-OB-sin(AOB):2-§-2-1-sin(n—9):2sin9.

Vi thé ) .
Slz5-29-12—5-OB-OC-sin29z9—sin0cosH,

1
82:2-5-1-2-sin(ﬂ—9):2sin6.
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Suy ra

1

Sy—S;=2sin0+-sin20—60, Oe (o,z).

2 2

Dit
1
f©)=2sin0+sin20-0, e (o,g).

Khi d6

£'(0)=2cosO +cos20 — 1 =2cosH+2cos?0—1-1=2cos?0 +2cos6 —2.

Giai f'(0) =0:
2¢0520 +2c0s0 —2=0< cos?0 +cosh —1=0.

Ta dudc

-1+v5 -1-V5 .

cosf = 2 v5 hoac cosf = v5 (loai).
Ki hiéu
-1+v5 b4
cosfy = 5 Op € (O, 5) .
~ . -1+v5 < . 2 e e 124

Vi vay 6 = 6, tac cosO = g thi £(0) 16n nhat, hay S —S; = 1,15 dat gia tri 16n

nhét.
O]

Bai toan 17. Nhu hinh vé, cho hinh ch@ nhiat ABCD ¢6 AB =17, AD =9. Goi P,Q la hai
diém trén doan thing BC va R 14 mét diém trén doan thang CD sao cho cac diéu kién
sau dudc théa man:

(i) BP=1,PQ=6
(ii) PAQ =PRQ.

Khi d6, gia tri ciia PR? 1a bao nhiéu?

N

™

AN/

-

e

A B

_ _*1 1

Hinh 16: Minh hoa Bai toan 18
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Loi gidi. Pat PAQ =PRQ =0, QAB=a, PAB=§.

D R —T— (

Hinh 17: Phan tich goc Bai toan 18

Khi d6 tu hinh ta c6 tana =1 (do BQ =BP +PQ =1+6=7=AB = AABQ vudng can).
Va tanf = % Do do:

6
1-= el
t -t 3
tan@ztan(a—ﬁ):lalla :nﬁ = 1:%:1_
+tanatanpf 141.2 ¢
7 7
Ta co
CQ=AD-(BP+PQ)=9-(1+6)=2.
Goi RC =, déit PRC =y, QRC = 6. Khi d6
¢ PC 8
any=— =—
Y RC «x
(ViPC=PR+QC=6+2=8)va
QC 2
tand = —— =—.
an RC «x
Nén e 5 6
tany —tané el x 6x
t H:t —5: = = =
an an(y =9) 1+tanytand 8 2 16  x2+16
1+-— 1+
X x X

Tu d6 ta c6 phuong trinh:
6x 3 9
— =S5 24x=3x%+16
STt
©3x%2-24x+48=0
<x2-8x+16=0
s (x-4°%=0

< x=4.
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Vay RC =4.
Xét tam giac vuong APCR:

PR?=RC?+CP%2=42+8%=16+64=80.

1.2 Phuong phap suy luan logic va quy nap toan hoc

Néu & phan trudc, tu duy ham s6 va hinh hoc giai tich gitp ching ta mé hinh héa cac
chuyén dong lién tuc, thi 6 phan nay, ching ta sé budc sang mot khia canh thu vi khac
ctia toan hoc thuc té: Tu duy roi rac va Logic quy nap.

Cac bai toan thuc té khong phai lic nao ciing tuan theo cac quy luat bién thién tron
tru ma thudng xuat hién duéi dang cac chubi su kién lip lai, cac quy luat tro choi hay
bai toan chia tai san theo chu ky. Mau chét dé giai quyét 16p bai toan nay nam 6 kha
nang "giai ma" quy luat an giu, chuyén déi cac dit kién ngon ngit doi thuong thanh cac
mo6 hinh day s6 (cAp s6 cong, cap s6 nhan) hoac cong thitc truy hoi. Tit d6, hoc sinh khéng
chi rén luyén dudc tu duy logic chat ché ma con hinh thanh ky nang du bao chinh xac
cho cac két qua cubi cung trong mot hé théng phiic tap.

Bai toan 18. Mot budi chiéu no, bén bép lita hong trong gian nha 4m 4p, ngudi ta nhin
thiy ba me con cung an d4au phong rang. TAm an trudc, co boc 1 hat dau va bd vao miéng;
Cam la ngudi bbc dau tiép theo, c6 bd 2 hat dau vao miéng; di ghé 1a ngudi boc dau ké
tiép lién b6 3 hat vao miéng. Tré lai lust ctia TAm, c6 1ay 4 hat dau, réi Cam lay 5 hat
d4au, di ghé 1ay 6 hat dau... Bita 4n hao hiing nhu thé cho dén lugt cudi cimg thi sb hat
dau khong du theo quy luat tro choi, ngudi nao dén ludt cudi sé lay hét s6 dau con lai.
Sau bita 4n 4m ap 4y, TAm nhan ra minh d& cho vao bung 317 hat dau. Héi tong sb6 dau
ma ba me con da &n trong t6i d6 1a bao nhiéu?

Loi gidi. S6 dau ma Tam da an 14 tong cta day s6 1+4+7+10+...

S6 dau ma Tam da #n ting lugt theo quy luit cap sb cong véi sé6 hang dau u; =1 va
cong sai d = 3.

Sau n lugt tham gia (ca riéng TaAm), tong s6 ddu ma TAm da an 1a:

S _nl2ui+(n-1d] _ nl2+(n-1)-31 n@Bn-1)
" 2 - 2 2

Xét phuong trinh S, =317:

3n—1
nBn—1) o7 sn?_pn_634=0.

Giai phuong trinh bac hai nay, ta thay khong c6 nghiém nguyén duong (vi A=1-4-3-
(—634) = 7609, /7609 =~ 87,2). Piéu nay chiing t6 6 lugt cudi cung ciia minh, TAm da khéng
an du s6 ludng theo quy luat ma chi &n phan con lai.

Ta thit v6i gia tri n gan nhat.

Néu n =14, s6 dau TAm an tron ven trong 14 ludt dau la:

14(3-14-1
Sl4z¥ =7-41 =287 (hat).

S6 dau TAm an & lugt thit 15 (ludt cudi cung vét dia) la:

317 -287 =30 (hat).
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Theo quy luat, 6 lugt thit 15 ctia TAm, 16 ra c6 4y phai boc:
uis=u1+14d =1+14-3 =43 (hat).

Vi 30 < 43 nén ding 1a Tam da an lugt cudi cung va lay hét s6 dau con lai.

Tinh téng s6 dau

Chu ky an 14 8 ngudi (TAm — Cam — Di ghé). Trudc khi dén lugt thi 15 cia Tam (ludt
vét dia), thi TAm, Cam va Di ghé déu da an da 14 ludt tron ven.

Tong s6 lugt boc dau tron ven ctia ca 3 ngudi la:

14 x 3 = 42 (lugt).

S6 hat dau dudc an trong 42 ludt dau tién 1a tong cta day sb tu nhién lién tiép ti 1

dén 42: 2424 1)
+
Sup gt =1+2+3+---+42= — =21-43 =903 (hat).

Tong s6 dau ba me con da an bang sbé dau trong 42 lugt dau cong véi sé6 dau TAm dn
6 ludt cuoi cung:
Téng cong = 903 + 30 = 933 (hat).

]

Bai toan 19. C6 hai vg chong da nghi ra mét tro choi day tri tué nhu sau: Ho st dung
hai ly nuéc gidng hét nhau, méi ly chita t6i da 240 ml nuée. Ban dau, ngudi vo c6 mot ly
nudc day va ngudi chong c6 mot cai ly réng. Bude thit nhat ngudi v rét 1/2 luong nude
trong ly ctia minh sang ly ctia ngudi chong; budc tiép theo ngudi chong lai rét 1/3 lugng
nude trong ly ctia minh sang cho ly ngusi vd. Qua trinh nay ct tiép tuc ma mdi lan rét
thi mau s6 dudc cong thém 1; tro chdi nay hap din dén miec ca hai ngudi thuc hién dén
bude thi 100 thi ding lai, hoéi luong nuéc trong ly ngudi chong khi d6 1a bao nhiéu ml?
(Lam tron két qua dén hang don vi, gia s trong qua trinh rét nudc khéng cé giot nudc
nao tran ra ngoai).

Ban dau Ly nguwoi vo: V ml Ly ngwoi chong: 0 m!
Budc thir nhat: 1, 1,
Vg rét 1/2 nuée trong ly cho chong 2 2
Budc thir hai: 1 1. |2 |
N o . —V+=V=|=V =¥
Chéng rot 1/3 nudc trong ly cho vo 2 3
, N =
, Bm'rcthtrba. . —V—l-:V=—V lV
Vo rot 1/4 nudc trong ly cho chong 4 3 2 2
Buwde thir tu: 1 N 11 v_|3y "
C‘héng rot 1/5 nudc trong ly cho vo 2 52
, Btrr;r'cthlrnam: i z_l_EV: v 1,
Vo rot 1/6 nudc trong ly cho chong 5 65 2 2

Hinh 18: Minh hoa Bai toan 20

Loi giai. Qua trinh nay dudc lap di 1ap lai va ta thay rang trong cac budc 16 (nguvi vg
rét nuée cho ngudi chong) thi lugng nude hai ly bang nhau.
- Budc thi 99 thi lusng nude hai ly bang nhau. - Buéc thit 100 (nguoi chong rét 1/101
nudc trong ly cho vg), lugng nudc trong ly nguoi chong la:
1 1 1 50 50

Vo IV =—V="".240~119ml.
2° 101 2 101 101
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]

Bai toan 20. S chi huy phong chéng 1ii cia mot thanh phé nhan duge ban tin mua méi
nhét: trong 24 gis t6i, muc nudc 1i bén ngoai dap chan li 6 khu vuc ndi thanh sé vuot
qua muc nude bao dong. Vi vay can khén cap diéu déong may moéc thi cong dé gia cb, nang
cao dap chan la.

Tinh toan cho thay, d€ hoan thanh cong trinh gia cb ning cao dap chin la can diéu
20 xe ben mot loai nhat dinh, trung binh méi xe ben phai lam viéc 24 gio. Hién tai sé
chi huy phong chéng 1ii chi ¢6 1 xe ben ¢ thé lap tic dua vao thi cong, cac xe ben con lai
phai diéu tir cac cong trinh khéc vé. Gia st cac xe ben duge diéu dén coéng trudng cach
nhau 20 phut, méi lan c¢6 ding 1 xe téi hién truong dé tham gia lam viéc. P& trong vong
24 gis hoan thanh céng trinh gia ¢b nang cao dap chén 1i, s6 chi huy it nhét con phai
diéu thém bao nhiéu xe ben loai nay?

Loi gidi. Theo dé bai, mot xe ben can lam viéc 20-24 = 480 (gio) mdi c6 thé hoan thanh
phan viéc gia cb, nang cao dap chin la.

Gia st can it nhat n xe ben loai nay thi méi c6 thé hoan thanh céng trinh trong 24
gio. Khi d6 thoi gian 1am viéc (don vi: gio) clia n xe ben nay, néu xép theo thit tu giam
dan, lan luct 14 a1,as,...,a,.

Do ci sau 20 phut (tic % gio) méi c6 thém 1 xe dén cong trudng, nén day (a,) 12 mot
cAp sb cong c6 cong sai —3. Suy ra a; = 24.

Goi S, 1a tong n s6 hang dau caa cip sb cong (a,). Khi d6

nn—-1)

1
S,=nai+ d:24n—gn(n—1).

Khi n =23, ta c6 Sg3 ~467,7 <480. Khi n =24, ta ¢6 Soq = 484 > 480.
Vi vay n = 24, tic can it nhat 24 xe ben. Pa c¢6 san 1 xe, nén con phai dieu thém

24 -1 =23 xe ben.

Bai toan 21. Hinh 1 12 két cau xa trong kién tridc c6 ciia moét ngdi chuia 6 Hué.

Hinh 19: Hinh 1: Két cAu xa
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Cl |\

o D X

Hinh 20: Hinh 2: Mt cat mai

Cac doan AA’,BB’,CC',DD’ 1a cac thanh xa; khoang cach ndm ngang giita hai thanh
xa ké nhau goi 1a "buéc’, khoang cach thang ding goi 1a "d6 nang'.

Hinh 2 14 hinh cit méai cia mét ngdi nha cd, trong dé cac doan DD1,CC1,BB1,AA; 1a
d6 nang; cac doan OD,D1C1,C1B1,B1A; 1a nhitng budc bang nhau.

Ti s6 gitta d6 nang va budc ca cac thanh xa ké nhau lan lugt 1a
cCi ., BB AA,

DD,
oD, ~'7’DC; "YCB, "*BA;

Biét rang k1, ks, k3 1ap thanh mét cip sb cong cé cong sai 0,1, va hé sb géc cua dudng
thang OA bang 0,725. Hay tinh k3.

'
! A
;B’ d '
[:,'J Ay
p~| B
i v B
(J .U1 _:]: X

Hinh 21: Minh hoa Bai toan 22 (Hinh 3)
Loi giai. N6i OA va kéo dai A1A cat truc Ox tai Ay. Khi d6
OA; =40D

(vi ¢6 bén budc bang nhau).
Vi kq, kg, k3 la cap so cong cong sai 0,1 nén

ko =k3-0,1, k1=Fk3-0,2.

Do ce
1
=k
DiC;  *
nén
CCi1=k1-D1C1=k1-OD1=(k3-0,2)0OD;.
Tuong tu,

BB1=ky-C1B1=(k3—-0,1)ODq, AA1=k3-B1A1=k30D;.
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Lai co
DD,

0D,

= 0,5 :>DD1 = O,5OD1.
Suy ra

AA3=DD;+CC1+BB1+AA1=0,50D1+(k3—-0,2)OD1+(k3—-0,1)OD1+k30D;.

Do d6
AAz = (3k3 + 0,2)0D1.
Suy ra
— AAs (3k3+0,2 OD1 3k3+0,2
tanAOAq = = = =0,725.
mATL2= 04, 40D, ’
Giai phuong trinh:
3k3+0,2

1 =0,725=>3k3+0,2=2,9=>3k3=2,7=>Fk3=0,9.

O

Bai toan 22. (THPT Lé Lgi - Thanh Héa 2025) Hai ban cung chdi tro choi nhu sau, ban
thi nhat bo vao hop 2 vién bi thi ban thi hai sé€ bé vao so bi gap doi so bi cia ngudi kia
dong thoi lay ra khoi hop 1 vién, cudc choi dung lai néu so bi trong hop 16n hon 2000
vién. Hoéi sau it nhat bao nhiéu lan choi thi dung cudc choi?
L&i giai. Theo quy téc choi da cho ta thay cudc choi theo day sb
ui1=2, ups1=2u,—-1, Vvn>1.
Bién doi
Ups1—1=2u,-1), Vn>1.
va dat
vp=u,—1, Vn=>1.
ta co
Un+1 =20

12 cAp s6 nhan c6 cong bdi g =2, v1 =1.

Téng ctia n s6 hang dau ctia cap s6 nhan 1a

C11-2m)
Sn= "

" _1,
do d6 tong sb bi trong hop la:
T,=S,+n=2"+n-1>2000=>n>11.
]

Bai toan 23. Nhu hinh vé, mét hinh chép cut ti gidec déu dude chia thanh 9 phan, trong
d6 c6 1 phan 1a hinh hop chit nhat, 4 phan 1a ling tru tam giac ding, 4 phan la hinh
chép ti gidc. Biét thé tich mdi ling tru tam giac ding la 3, thé tich méi hinh chép ti giac
12 1. Khi d6 thé tich ctia hinh chép cut ti giac déu bang
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Hinh 22: Minh hoa Bai toan 22 (Hinh 3)

Ldi gidi. Goi chiéu cao ctia mdi lang tru tam giac ding 1a . Méi hinh chép ti giac ¢é
day la hinh vudng canh b. Goi chiéu cao ctia hinh chép cut ti giac deu la A.

Vi thé tich méi lang tru tam gidc ding bang 3 va moi hinh chép ti gidc bang 1 nén
ta co:

1

—ab-h=3

2

1

~b%.h=1

3
Tu .

5abh =3=abh=6=a?b%h?=36.
Tu )
§b2h =1=b2h=3.

Suy ra

a’h-(b%h) =36 = a’h-3=36 = a’h = 12.
Do d6 thé tich hinh chép cut tit giac déu l1a

V=a?h+4-3+4-1=12+12+4=28.

1.3 Cac bai toan co6 noi dung lién mon

Trong ky nguyén s6, Toan hoc khong chi 1a cong cu tinh toan thuan tiy ma con la
ngén ngit van ning dé€ mo ta cac quy luat van dong cta thé giéi thue. Chuyén dé nay sé
dua chung ta kham pha vé dep tng dung cua vi tich phan théng qua cac m6 hinh vat ly
kinh dién nhu su téa nhiét hay déng luc hoc chit 16ng. Thach thic 16n nhit khong nim
6 ky thuat tinh toan, ma 6 tu duy mé hinh héa (Mathematical Modeling): chuyén
dich céc hién tudng tu nhién thanh cic phuong trinh vi phan, thiét 1ap méi lién két bién
chiing gitta cac dai lugng bién thién. Pay chinh 14 buéc dém quan trong dé rén luyén tu
duy giai quyét van dé (Problem Solving) trong bdi canh thuc tién.

Bai toan 24. Trong gio sinh hoat STEM, céc ban hoc sinh thuc hién mét thi nghiém vé
su téa nhiét. Mot ly tra néng vita dude pha xong véi nhiét d6 ban dau 1a 95°C va dit 1én
ban trong phong thi nghiém c¢é nhiét d6 khong d6i 1a 25°C. Cac ban bt dau bAm dong ho
do dac luc 10 gic dung. Lac nay nhiét do cua ly tra do dudc 1a 65°C. Pung 1 gio sau, nhiét
d6 caa ly tra do dude gidm xubng con 45°C. Biét rang téc do thay doi nhiét do ctia vat thé
ti 16 thuan véi su chénh léch nhiét do gitta vat thé va méi truong. Héi coe tra dude pha
trude lac cac ban hoc sinh bat dau bAm gis bao nhiéu phut (Két qua 1am tron dén hang
don vi).
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Loi giai. Phén tich dinh hudng: DE giai quyét bai toan nay, ta can thiét 1ap mét ham sb

T(t) m6 ta nhiét d6 theo thoi gian. T gia thiét “t6c do thay d6i nhiét do ti 1é thuan véi

su chénh léch nhiét d5”, ta lién hé dén dao ham 7'(¢) va thiét lap mét phuong trinh vi

phan. Muc tiéu 12 tim quy luat gidm nhiét dé€ suy ra thoi diém trong qua khi khi nhiét
do 1a 95°C.

a) Goi T'(t)la nhiét do cta ly tra tai thai diém ¢ (gio), nhiét d6 moi trusng 1a 25°C. Theo

gia thiét, ta c6
T'(t)

Suy ra
In(T(t) — 25) = kt + C = T(t) = 25 + ***C = 25 + Me*?,

trong d6 M = €.
b) Chon moéc thoi gian ¢ =0 14 lic 10 gis. Khi d6 T'(0) = 65, nén
65 =25+ M = M = 40.

Do d6
T(t) = 25 + 40e*?.

c¢) Tai thoi diém ¢ =1 (lic 11 gio), nhiét do 1a 45°C. Khi d6
45=25+40e* = e* = 0,5 =k =1n(0,5) = —In2.
Suy ra

1 t
T(t) = 25 +40e "2 = 95 1+ 40 (5) )

d) Goi to 1a thoi diém pha tra, khi d6 T(¢) = 95°C. Ta c6

1\o (1) 7
= =>|=| ==
s =l -

7 .
to = log0'5(z) ~ —0,8 (gio0).

95=25+40

Suy ra

e) Déi ra phat:
0,8 x 60 = 48 phut.

Vay ly tra dudc pha truée lac 10 gio khoang 48 phut.
O

Bai toan 25. Mot bé nudc hinh hop chit nhat ¢ day 1a hinh vuéng canh 2 m, chiéu cao
1 m. Ban dau bé day nudc. Nguvi ta mé mét cai voi 6 day, nudc chay ra véi toc do ty 1é
thuén véi can bac hai cta d6 cao ctia nudc tai bat ki thoi diém nao. Gia st d6 cao cta
nuéc trong bé tai thoi diém ¢ 1a A(¢) va V(¢) 12 thé tich cta nude hién tai sau ¢ phit mé
voi thi ta co6

Vit)y=k-Vh(), (keR).

Biét rang, muc nudc giam 19 cm sau 2 phut, héi sau bao nhiéu phut thi bé can nude.
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Phén tich dinh hudng: Bai todn yéu cdu tim thoi gian dé bé can (tic h(t) = 0). Ching
ta c6 cong thiic vé toc do thay doi thé'tich V'(t), nhung dai luong can tim lai lién quan dén
chiéu cao h(t). Do bé c6 hinh dang cb dinh (hinh hop), thé tich va chiéu cao cé mbi quan
hé tuyén tinh V = Staay - h. Do d6, ta sé chuyén phuong trinh vi phén cia V vé phuong
trinh vi phdn cia h, ti dé tim ham sb h(t) cu thé.

Loi gidi. Vibé nuéc c6 dang hinh hop chit nhat ¢6 chiéu cao A(¢) va ¢6 day luon 1a hinh
vudng canh 2m nén thé tich ctia hinh hop tai thoi diém ¢ la

V(t) =22 - h(t) = 4h(2).

Suy ra V'(t) = 4h/(¢).
Ta co:

!/ ! h,(t) k
V)=k-Vh@t)o4h' )=k -V h(t =—
(2) (t) & 4h'(2) @) e O
k k
< 2Vh@) = 1 < (Vh@) = 3

Nguyén ham hai vé, ta dudc:
k k
\/h(t)=f—dt= —t+C.
8 8
Ban dau bé day nudc, chiéu cao bang 1m,
k
V h(t) = §t +1

(ing véi gia thiét muc nude ban dau 1a 1m).
Muc nuéec giam 19cm (0,19m) sau 2 phut, tic la tai ¢ =2, A(2) =1-0,19 = 0,81. Thay
vao phuong trinh:

k k k k
\/0,81:§-2+1:>0,9:Z+1:>Z:—0,1:>§:—0,05

Vay phuong trinh la:
Vv h(t)=-0,05¢+ 1.

Bé can nuéc khi A(¢) = 0:
—-0,05t+1=0=0,05¢ = 1=t =20 (phut).
L]

Bai toan 26. Vi nuéc va dau khong hoa tan vao nhau nén néu dau d6 vao nudc sé tao
thanh mét mang hinh tru trén bé mét nuée. Ban kinh r(¢) cia mang nay lan ra véi toc
do ti 1é thuan véi chiéu cao A(¢) cia mang dau. Gia s mét lit dau bi d6 trén mét ho tinh
ling. Ban kinh ban dau cta vét tran 14 20 cm va sau 2 gidy né tiang lén 50 cm. Héi sau
bao nhiéu phit (lam tron dén hang phan muoi) thi ban kinh vét tran dat 5 mét?

Loi giai. Vi mang dau nay lan c6 dang hinh tru, nén ta cé thé tich khéi dau
V =m-r2(t)- h(t)

(thé tich nay 1a khong d6i),
Vv

= h(t) = Jl'rT(t)
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Ban kinh r(¢) cia mang dau lan ra véi téc d6 7/(¢), ma toc d6 lan ra r/(¢) ti 16 thuan véi
chiéu cao k() cia mang dau nén theo tinh chat ctia hai dai luong ti 1é thuan, ta cé

r'()=k-h(t) (*)
Thay h(t) = ‘2/ vao biéu thic () ta dude:
nra(t)
o \%4
r(t)= knrz(t)'

\%4 . ‘. . \% . ez
Vi k— la mot dai ludgng khong doi nén dat a = k;. Khi dé
T

F(t)= o o r2(0) () =a© 3r%0) (1) = 3a & () = 3a.
r4(t)

Nguyén ham hai vé, ta dudc
ro(t) = f3a dt & r3(t)=3at+C.

Tut gia thiét: ban kinh ban dau cta vét tran 1a 20cm va sau 2s né ting lén 50cm, ta
c6 hé phuong trinh:

r(0) = 20, - C = 20° = 8000, - C = 8000,
r(2) =50 3a-2+C =503 a = 19500.

= r3(t) = 58500¢ + 8000 (cm).

P6i 5m = 500cm.

Ban kinh vét tran dat 4m tuong duong véi *(Luu y: Pé bai héi 5 mét, nhung trong 16i
giai gbc dong nay ghi 4 mét, sau dé dong thay s6 lai thay 500 (ttc 1a 5 m). Tb6i giit nguyén
con sb 500 trong biéu thiic tinh toan dé khép véi dap sb 35,6.)%

r3(t) = 5002 = 5002 = 58500+ + 8000.

5003 — 8000 ,
= ~2136,61s =~ 35,6phit.
58500
O

Bai toan 27. Hiéu suét caa tim 14 luu lugng mau dude bom béi tim trén mot don vi thoi
gian (luu ludng mau chay vao dong mach cht). P do hiéu suit cta tim, ngudi ta bom
A(mg) chat chi thi mau vao tdm nhi phai, chay qua tim rdi vao déng mach cha va do
nong do chat chi thi mau con lai 6 tim dén thoi diém 7T'(s) khi chat chi thi mau tan sach.
Goi c(t) 12 nong do (mg/l) chat chi thi mau tai thoi diém #(s) thi hiéu suat ctia tim dudc
xac dinh bdi

F=—2 .

f c(t)dt
0

Biét 1
c(t)= Zt(lz_ t), v61 0 <t < 12.

Tinh hiéu suét ctia tim khi bom 8 mg chét chi thi mau vao tam nhi phai (1am tron dén
hang phan tram theo don vi /s).
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Loi giai. Tu dé bai ta cé:
e A =8mg (luong chat chi thi mau dudc bom vao),

1
* of)=1112-1),0<<12,

e T 14 thoi diém chét chi thi mau tan sach, tic 14 (T) =0.

e Tu 1
c(t) = Zt(12 -1)=0,

ta c6 t =0 hodc t = 12. Vi T 1a thoi diém chét chi thi mau tan sach (sau khi bom),
nén T = 12 (giay).

Vay ta can tinh

12 1
—t(12- )
fo 4t( t)de

12 1 1 12
f Z(12t-2dt==| 2t-+>)dt
o 4 4 Jo

1 t3 12
-
4 3o

1
= 2(864 -576)=—-288="72.

1
4
Tinh hiéu suét cta tim F:

o4 _8_ é(l/s) ~0.11(1/s).

T
f c(t)dt
0

Két qua: Hiéu suit ctia tim xap xi 0,111/s.

Bai toan 28. O 45°C, phan ting hoa hoc phan huy 2N,05 x4y ra theo phuong trinh
2N205 = 2N204 + Og

v6i noéng dd c(¢) (mol/L) ctia 2N50s5 (c(2) > 0) tai thoi diém ¢ gidy (¢ > 0) thoa man
c'(#)=—-0,0005- c(#).

Biét khi ¢ = 0, nong do ban dau ctia 2N505 1a 0,05mol/L va nong d6 trung binh ctia 2N505
(mol/L) tit thoi diém a gidy dén thai diém b gidy (a < b) dudce cho béi cong thiic

1 b
t)dt.
b_afa c(t)

Nong d6 trung binh ctia 2N,05 ti thoi diém 10 gidy dén thoi diém 20 giay 1a a-10~* (mol/L).
Tinh a (Iam tron két qua den hang don vi).

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai



1. Phuong phdp tiép cdn bai todn thuc té trong dé 6n thi TNTHPT 2026 38

Loi giai. DPE tinh dudc nong d6 trung binh, ta can di tim c(¢).
Theo gia thiet, ta co ¢'(¢) = —0,0005 - c(t)

c'(t) )
=~ = ~0:0005 & (nle(1]) = ~0,0005.
c

Nguyén ham hai vé, ta dugc
In|c(#)] = —0,0005¢ + C = c(t) = e~ %0005+C

Biét tai ¢ = 0 thi ¢(0) = 0,05mol/L < ¢€ = 0,05 = C =1n0,05. Suy ra

C(t) —e —0,0005¢+1n0,05 )

Nong d6 trung binh tit thoi diém 10 gidy dén thoi diém 20 giay 1a
1 20 1 20
— f c()dt = — f ¢~ 0:0005t+In0,05 94 . ) 0496 ~ 496- 1074,
20—-10 J1o 10 J1o

Vay a = 496.

Bai toan 29. Trong linh vuc ky thuat thong tin lién lac, cong thic Shannon
S
CcC=Wwl1 1+ —
082 ( N)

duge thita nhan rong rai nhu co sé 1y thuyét. N6 cho biét: trong mét kénh truyén chiu

nhiéu Gauss trang, toc do truyén tin t6i da C phu thudc vao bang théng kénh W, cong

suat trung binh S ctia tat ca cac tin hiéu trong kénh va cong suit nhiéu Gauss N bén
~ S s 1N 42 A 42 PN A~ X “pz <X 9

trong kénh; trong do v & la ti so tin hiéu trén nhieu (SNR, “tin-nhieu”).

Cho sb liéu tham khao: Ig5 = 0,6990.

A Pe 2 A 3 « X S N v % A A A A A ~

a) Neu khong thay doi ti so tin-nhieu 7o ma tang bang thong kénh W 1én gap doi, thi
C téng gap doi.

b) Néu khéng thay d6i bang thong kénh W va cong suat trung binh S ctia tat ca cac
tin hiéu, ma giam cong suat nhieu Gauss N trong kénh xuong bang mot nia, thi C
tang gap doi.

2 0. 1« N N <A s A L. xS R
¢) Neu khong thay doi bang thong kénh W, ma nang ti so tin-nhiéu N tu 255 1én
1023, thi C tang 25%.

£ 0 £ ~ S
d) Neu khong thay doi bang thong kénh W, ma nang ti so tin-nhieu — tu 999 1én

N
4999, thi C tiang khoang 23,3%.

N\, o 2 o A 7, S
Lgi giai. Theo cong thic Shannon: C = Wlog, (1 + N

a) Pung. Khi ¥ khong d6i, ma W ting gap déi, ta c6

S
C'=2w1 (l —)ZZC.
089 +N
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b) Sai. Khi W va S khong d6i, con N giam mét niia, ta c6

S 28
C' =Wlog, (1 + M) = Wlog, (1 + ﬁ) .

Trong khi d6
S
2C =2W1 1+—].
ng( + N)
v 2S S
10g2 (1 + F) ?f 210g2 (1 + ]v) ,
nén C khong tang gip d6i, suy ra ménh dé sai.
¢) Ding. Néu % tang tit 255 1én 1023, thi

{Cl = Wlogy(1 + 255) = Wlog, 256 = 8W,

Cs = Wlogy(1+1023) = Wlog, 1024 = 10W.
Ti sb Co 10W
2
22 - —1,25,
C, 8wW
nén C tang 25%.

d) Pung. Néu ]% tang tit 999 1én 4999, thi

C1 = Wlogy(1+999) = Wlog, 1000,
Cs = Wlogy(1 +4999) = W log, 5000.

Do dé

Cs _logy5000 1g5000 1g(5-10%) lg5+3 0,6990+3

_ - = ~1,233.
Ci log,1000 1g1000 3 3 3

Vi vay C tang xap xi 1,233 -1 = 0,233, titc khoang 23,3%.
]

Bai toan 30. Mot nan nhan tai nan dudc tiém tinh mach mét loai thube dé tran tinh.
Nong d6 f ctia thuoc trong mau ngay sau khi tiém la f£(0) = 1mg/ml.
To6c d6 thay déi £/ cia nong d6 thudce trong mau dude moé hinh héa bang ham:

F'()=0,025¢"%% _0, 01
(¢ tinh bang phut; £/(t) tinh bang mg/ml méi phut).
a) Ham sb f(t)=—-0,5¢"%% _0,01¢+ 1.
b) Sau 30 phit, nong d6 bang 1,09mg/ml nhung dang giam.
¢) Nong d6 thubc dat cuc dai bang 1,12mg/ml sau khoang 18,3 phuit.

d) Cé6 thé xuat hién tac dung phu nhu chéng mét néu nong do téng véi toc do it nhat
0,010mg/ml moi phut; dieu nay xay ra trong khoang 4 — 5 phut dau sau khi tiém.

Nguyén Hoang Vinh Truong THPT chuyén Luong Thé Vinh, Pong Nai



2. Ddnh gid vé sdng kién dudc tao ra 40
Loi giai.
a) Theo gia thiét, ta c6
c'(t) = -0,0005 c(2).
Suy ra
c'() ,
= -0,0005 < (In|c(?)]) = —0,0005.
c(t)
LAy nguyén ham hai vé, ta dugc
In|c(t)| = —0,0005¢ + C = c(¢) = e~ %0005+C,
b) Biét rang tai t = 0 thi
¢(0) = 0,05 (mol/L) < € = 0,05 = C =1n0,05.
Do do
o(t) = e~0:0005:+1n0,05
¢) Nong db trung binh ctia chat trong khoang thdi gian tit 10 giay dén 20 giay la
1 20 1 20
— f ct)dt=— | 700005:+In0,05 44 . 0 0496 = 496 - 1072,
20-10 J1o 10 J1o
Suy ra a = 496.
L]

2 Panh gia vé sang kién dudc tao ra

2.1 Tinh méi ctaa sang kién

M6 ta diém méi co ban va tinh wu viét: Sang kién “Phuong phép tiép can bai

toan thuc té trong dé thi thit mon toan THPT QG 2026” khong chi diung lai 6 viéc giai
cac bai toan riéng 18, ma tap trung vao viéc chuin héa quy trinh tuw duy mé hinh

héa (Mathematical Modeling). Tinh méi dudc thé hién qua su so sanh sau:

Phuong phap truyén
thong/San cé6

Giai phap cua sang kién (Diém méi)

Tiép can theo dang bai
(Chuyén dong, Lai suit,
Hinh khong gian...) moét
cach roi rac.

Tiep can theo cong cu tu duy: Phan loai dua
trén ky thuat dat bién (bién thién thoi gian ¢,
bién thién géc a) va phuong phap suy luan (quy
nap, logic rdi rac).

Hoc sinh thuong lung
tung khi gap cac bai toan
c6 ngtt canh la hoac lién
mon (Vat ly, Sinh hoc).

Xay dung quy trinh 3 buéc: Poc hiéu tit khéa —
Thiét lap ham sb/Phuong trinh vi phdn — Téi
uu hoa, giap hoc sinh tu tin x ly cac bai toan
lién mon (nhu bai toan néng dé thube, dinh
luat Shanon, d6 lan truyén vét dau...).

Chu yeu dua vao cong
thic tinh nhanh (meo), it
rén luyén ban chat.

bi sau vao ban chat d~ao ham, tich phan va day
so dé giai quyéet goc ré van de, dap tng yéu cau
danh gia nang luc cta ky thi 2026.

Bang 1: Bang so sanh tinh méi ctia sang kién

Nguyén Hoang Vinh

Truong THPT chuyén Luong Thé Vinh, Pong Nai



2. Ddnh gid vé sdng kién dudc tao ra 41

Khang dinh tinh sang tao: Day 1a hé théng phuong phap luan do tac gia tu nghién
ctitu va dic két qua qua trinh giang day thuc té tai trusng THPT chuyén Luong Thé Vinh,
chua dudc cong b trong cac tai liéu gido khoa chinh thong hay céc sach tham khao hién
hanh. Hé thong bai tap (tit Bai toan 1 dén Bai toan 31) dudc chon loc va lam méi sb liéu
dé phu hop vé6i bbi canh thuc tién hién dai (AI, Y hoc, Kién truc cé).

2.2 Hiéu qua ap dung

Hiéu qua kinh té: Mic du sang kién thudc linh vuc gido duc, khong truc tiép sinh
ra 1¢i nhuén bang tién mat, nhung hiéu qua kinh té dudc thé hién qua viéc tiét kiém
thdi gian va chi phi 6n tap:

* Giup hoc sinh giam thiéu thoi gian hoc thém tran lan cac dang bai khong trong

tam.

e Cung cap nguon tai liéu chat ludng cao, mién phi cho thu vién nha trudng, tiét

kiém chi phi mua ban quyén tai liéu tham khao.

Hiéu qua xa hoéi (Hiéu qua gido duc): Sang kién da gép phan nang cao chat luong
day va hoc b moén Toan, cu thé:

 Tang ning suit va hiéu qua céng tac: Gido vién cé bo cong cu giang day bai

ban, giam tai ap luc soan giao an cac chuyén dée van dung cao.

e Cai thién tu duy hoc sinh: Hoc sinh chuyén tit tam ly “s¢” bai toan thuc té sang

hiing thi kham pha. K§ nang doc hiéu va mé hinh héa toan hoc dudc nang lén rd
rét.

2.3 Kha nang ap dung cua sang kién

e Tinh trang ap dung: Sang kién da dudc 4p dung thit nghiém va chinh thic trong
cong tac boi dudng hoc sinh giéi va 6n thi Tot nghiép THPT tai trusng THPT chuyén
Luong Thé Vinh, tinh Pong Nai trong nam hoc 2025 - 2026.

e Linh vuc ap dung: Gido duc va Dao tao (Giang day mon Toan bac THPT, Gido
duc STEM).

* Diéu kién can thiét dé ap dung:

- DPbi vdi gido vién: Can nim viing kién thic lién mén co ban (Vat 1y, Héa hoc,
Sinh hoc) va ky nang st dung cong cu tinh toan giai tich.

- Déi véi hoc sinh: Can trang bi nén tang kién thic vé ham s, dao ham, nguyén
ham va day s6 6 mtc d6 nhan biét - thong hiéu truée khi tiép can chuyén deé
nay.

- C0 sé vdt chdt: Cé thé ap dung trong 16p hoc truyén théng hodc hé trg béi may
chiéu d€ minh hoa cac hinh anh thuc té (cau, thap, so do...).

e Pham vi ap dung: Sang kién c6 kha niang nhan réng cao, c6 thé ap dung cho:

- Céc truong THPT, THPT chuyén trong toan tinh Pong Nai.

- Lam tai liéu tham khao cho gido vién Toan trén toan quéc trong viéc doi méi
phuong phap kiém tra danh gia theo dinh huéng phat trién ning luc.
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3 Phan két luin
3.1 Bai hoc kinh nghiém

T qua trinh nghién ciu va ap dung sang kién vao thuc tién giang day, ching toi rat
ra mot so bai hoc kinh nghiém sau:

e Tinh thai su: Cac bai toan thuc té can lién tuc dudc cap nhat sb liéu va ngit canh
(nhu bao 1d, dich bénh, cong nghé Al...) dé tao su gan gii va hap dan hoc sinh.
Khong nén st dung cac bai toan véi so liéu qua ct ky, xa roi thuc te.

e Vai tro ctia ngudi thay: Gido vién khong chi 14 ngudi truyén thu kién thic toan
hoc ma phai dong vai tro la ngudi huéng dan (mentor), gitp hoc sinh két noi Toan
hoc v6i cac mon khoa hoc khac va doi song.

 Can bang ly thuyét - thuc hanh: Can dam bao hoc sinh ndm chéc cong cu todn
hoc (dao ham, tich phan) truéc khi di vao m6 hinh héa. Tranh viéc “thuc te hoa”
guong ép khi hoc sinh chuwa di nén tang.

3.2 Kién nghi va dé xuat
Pé sang kién dudc lan téa va phat huy hiéu qua cao hon, t6i xin manh dan dé xuét:

* Dbi v6i Sé Gido duc va Pao tao: Can t6 chiic nhiéu hon céc hoi thao chuyén dé
vé “Toan hoc va Thuc tién”, tao dién dan dé€ gido vién chia sé kho ngan hang cau
héi thuc té chat luong. Tang cudng ti trong céc cau héi nay trong cac dé thi kiém
tra dinh ky ctia Tinh.

 Dé6i véi cac truong THPT: Khuyén khich hinh thanh cdc CLB STEM Toan hoc,
ndi hoc sinh cé thé trai nghiém viéc do dac thuc té (vi du: do chiéu cao cot cd, tinh
luu lugng nuée...) sau d6 vé 16p dé moé hinh héa va gidi quyét bai toan.

T6i xin cam doan day la cong trinh nghién ctu ctia ban than, khong sao chép noi
dung ctia ngudi khac. T6i xin chiu hoan toan trach nhiém veé tinh trung thuc ciia bao cao
nay.

Dong Nai, ngay ..... thang ..... nim 2026
Ngudi viet bao cao

NGUYEN HOANG VINH
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